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Abstract

In this paper we establish a weak and a strong law of large numbers for supercritical superprocesses
with general non-local branching mechanisms. Our results complement earlier results obtained for su-
perprocesses with only local branching. Several interesting examples are developed, including multitype
continuous-state branching processes, multitype superdiffusions and superprocesses with discontinuous
spatial motions and non-decomposable branching mechanisms.
© 2019 Elsevier B.V. Allrights reserved.
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1. Introduction

A natural and interesting question in the theory of superprocesses is how fast the mass as-
signed to a compact set grows as time evolves. For superdiffusions, Englédnder and Turaev [17]
proved a weak convergence of the ratio between the mass in a compact set and its expectation.
Later, weak (convergence in law or in probability) and strong (almost sure convergence) laws
of large numbers have been established for superdiffusions successively in [15,16,18,29] and
the references therein. For superprocesses where the spatial motion may have discontinuous
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paths, Chen et al. [8] is the first paper that established the almost sure limit theorems. They
showed that the principal eigenvalue of the L2-generator associated with the mean semigroup
determines asymptotic properties of the superprocesses. When the branching mechanism is
purely local, the corresponding L>2-generator is a local perturbed Schrodinger operator (that
is, the operator obtained through Feynman-Kac transform by a positive continuous additive
functional). Motivated by their work, Wang [32] and Kouritzin and Ren [24] established the
strong law of large numbers (SLLN in abbreviation) for super-Brownian motions and super-
a-stable processes, where the branching mechanisms are quadratic and spatially independent.
The key ingredient in their work is Fourier analysis, which requires that the transition density
of the Feynman—Kac semigroup can be represented in terms of spectral measure and the
eigenfunctions of the Schrodinger operators. Very recently, a new approach to SLLN has been
taken in [9,15]. The core of their proofs is the skeleton decomposition, that represents the
(purely local branching) superprocess as an immigration process along a branching Markov
process, called the skeleton. An advantage of this method is that it enables one to transfer results
directly from the theory of branching Markov processes. However, for a general (non-local
branching) superprocess, even the existence of the skeleton needs to be justified.

In the above mentioned papers, the branching mechanisms are assumed to be purely local.
Unfortunately, there is less work on the limit theorems for non-local branching superprocesses.
In a recent paper, Kyprianou and Palau [26] established a spine decomposition for a multitype
continuous-state branching process (MCSBP in abbreviation) and used it to study extinction
properties. Concurrently to their work, a similar decomposition has been obtained by Chen
et al. [7] for a special class of multitype superdiffusions. This decomposition is further extended
in [30] to superprocess with a branching mechanism which has both local and non-local parts.
Very recently, Kyprianou et al. established in [27] the SLLN for a supercritical MCSBP. The
papers mentioned above concerned only special kinds of non-local branching superprocesses.
In fact, for a MCSBP (resp. a multitype diffusion), if one considers the E-valued spatial
motion on an enriched state space E x I, where [ is the finite or countable set of types,
then the mutation in types is the jumps in the /-coordinates, and the associated Feynman—Kac
semigroup is generated by a matrix (resp. a coupled elliptic system, cf. Examples 3.7 and
3.8). So, the spectral theory of matrices (resp. the potential theory for elliptic systems) can be
applied. For a general non-local branching superprocess, the associated Schrodinger operator
takes the form J — a + y, where J is the generator of underlying spatial motion, a is a
bounded function, y is an integral operator, and a, y are related to the branching mechanism
(cf. Eq. (4)). Since y can be quite general, the methods mentioned above are not applicable
and a different approach is needed. In this paper, we characterize the Schrédinger operator
in terms of the associated bilinear form, and impose some technical assumptions ((A1)—(A3)
) to ensure the existence of a positive principal eigenvalue —A; and a ground state of the
Schrodinger operator. These conditions may look strong but they hold for a large class of
processes, and we illustrate this for several key examples in Section 3.2. Under these and
a few more assumptions, we show in Theorems 3.3 and 3.4 that the mass of a (non-local
branching) superprocess on every compact set grows exponentially at rate —\, and the ground
state determines the asymptotic distribution. Our proof of SLLN follows two main steps, first to
obtain the SLLN along lattice times and then to extend it to all times through approximation
of bounded functions by resolvent functions. Our approach to the convergence along lattice
times relies on a stochastic integral representation of superprocesses (Proposition 4.3). This
representation enables one to decompose the superprocess into (not necessarily orthogonal or
worthy) martingale measures, and therefore is useful in studying the structure properties of
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superprocesses. We are not the first ones to use stochastic analysis to study the limit theorems
of superprocesses. A similar idea was used in [27] for MCSBPs and in [29] for superdiffusions
on bounded domains. However, in this paper, we extend this idea much further by considering
superprocesses where the spacial motion may be discontinuous and the branching mechanism
is allowed to be non-local.

The remainder of this paper is organized as follows. We start Section 2 with a review on
definitions and basic properties of symmetric Borel right processes, non-local branching super-
processes, mean semigroups and the associated bilinear forms. In Section 3 we present the main
results on weak and strong laws of large numbers and give concrete examples. In Section 4,
we investigate the martingale problem and establish a stochastic integral representation for
superprocesses. Finally, in the last section we give the proofs of the main results.

2. Preliminaries

Throughout this paper, “:=” means “is defined to be”. Suppose that E is a Luzin topological
space with Borel o-algebra B(E) and m is a o-finite measure on (E, B(E)) with full support.
Let E; := E U {90} be the one-point compactification of E. Any function f on E will be
automatically extended to E; by setting f(3d) = 0. Let M(E) denote the space of finite Borel
measures on E topologized by the weak convergence and M(E)? := M(E) \ {0} where 0
denotes the null measure. For u a measure on B(E) and f, g measurable functions, let ( f, u) :=
f £ f()u(dx) and (f, g) = f £ S (x)g(x)m(dx) whenever the integrals make sense. Sometimes
we also write u(f) for (f, u). For a function f on E, || fllec = sup,cg | f(X)]. If f(x,1) is
a function on E x [0, +00), we say f is locally bounded if sup, iy r)Sup,cg | f(x, )] < 400
for every T € (0, +00). We use By(E) (respectively, BT (E) or C(E)) to denote the space
of bounded (respectively, nonnegative or continuous) measurable functions on (E, B(E)). For
a,b e R, let a A b :=min{a, b} and a~ := max{—a, 0}.

2.1. Spatial motion

Let & = (2,H,H,, 0, &, 1II,,¢) be an m-symmetric Borel right process on E, where
{H, : t > 0} is the associated natural filtration, {6; : ¢ > 0} is a time-shift operator of &
satisfying & o 6, = &, for s,¢ > 0, and ¢ :=inf{t > 0 : & = 9} is the lifetime of &£. Denote
by {P, : t > 0} the transition semigroup of &, in other words,

P f(x) = 1L [f(&)], Vf e B (E).

It is known that {P; : ¢+ > 0} can be uniquely extended to a strongly continuous contraction
semigroup on L%(E, m), which we also denote by {P, : t > 0} (cf. [5, Lemma 1.1.14]). Then,
by the theory of Dirichlet forms, there exists a symmetric quasi-regular Dirichlet form (£, F)
on L?(E, m) associated with &:

F= {u € L*(E,m): sup %/ (u(x) — Pru(x)) u(x)m(dx) < +00},
t>0 E

E(u,v) = lim0 % / (u(x) — Piu(x)) v(x)m(dx), Yu,v € F.
t— E

Moreover, this process is quasi-homeomorphic to a Hunt process associated with a regular
Dirichlet form on a locally compact separable metric space (cf. [21]) and all of the results
of [21] can be applied to & and its Dirichlet form. Henceforth, we may and do assume that
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& is an m-symmetric Hunt process on a locally compact separable metric space associated
with a regular Dirichlet form (£, ). In addition, we assume that & admits a transition density
p(t, x, y) with respect to the measure m, which is symmetric in (x, y) for each ¢t > 0.

2.2. Non-local branching superprocesses

In this paper, we consider a superprocess X := {X; : t > 0} associated to the spatial motion
& and a (non-local) branching mechanism i given by

Y(x, f) = a0 fx)+b&) f(x)* = nx, f)

+ / (e —1+v({xDf0) H(x, dv), M
M(E)?

forx € E and f € B;(E), where a(x) € B,(E), b(x) € B;(E), n(x, dy) is a bounded kernel
on E and H(x, dv) is a o-finite kernel from E to M(E)° such that

sup/ (1) Av(1)* + ve(D) H(x, dv) < +o0.
M(E)

xeE

Here, v,(dy) denotes the restriction of v(dy) to E \ {x}. To be specific, X is a M(E)-valued
Markov process satisfying that for every f € B, (E) and every u € M(E),

P, (e7VX0) = e=(Vifm), for t > 0,

where V; f(x) .= —logP;, (e’(f 'X’)) is the unique nonnegative locally bounded solution to the
integral equation

Vif(x) =P fx)— I [/0 U (&s, Vtsf)ds] .

Such a process is defined in [28] via its log-Laplace functional and referred to as the (P;, ¥)-
superprocess. The branching mechanisms defined in (1) are quite general. For example, let

dL(x, 1) = a(x)r + b(x)A> + / (e — 1+ u) 7" (x, du), 2)
(0,400)

for x € E and A > 0, where (u A u?)*(x, du) is a bounded kernel from E to (0, +00), and

AN e SR I GRS EA e
M(E)?
for x € E and f € BT(E), where v(1)mVX(x, dv) is a bounded kernel from E to M(E)°.
Then (x, f) — ¢%(x, f(x)) + ¢"L(x, f) is a branching mechanism that can be represented
in the form of (1). A branching mechanism of this type is said to be decomposable with
local part ¢ and non-local part ¢™X. In particular, if the non-local part equals 0, we call
such a branching mechanism purely local. Another usual way to define superprocesses with a
decomposable branching mechanism is as a scaling limit of a sequence of branching particle
systems (cf. [13,14,28]).
We can rewrite (1) into

Y(x, f) = ax)fx)+bx)f(x)* —y(x, f)

+ / (e — 1+ v(f)) H(x, dv), &)
M(E)
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where y(x, dy) .= n(x,dy) + ./M(E)O vy (dy)H (x, dv) is a bounded kernel on E. We note that,
Y given by (3) is purely local if and only if y(x, 1) =0 for all x € E.

By [28, Theorem 5.12], a (P;, ¥ )-superprocess X has a right realization in M(E). Let us
denote by W(T the space of right continuous paths from [0, +00) to M(E) having zero as a
trap. Here, we assume that X is the coordinate process in WS’ and (F;)ref0,007 18 the filtration
generated by the coordinate process, which is completed with the class of P,-negligible
measurable sets for every u € M(E). We emphasize that the branching mechanisms considered
in this paper are allowed to be non-local and non-decomposable. In Section 3.2 we give a
concrete example of a non-local and non-decomposable branching mechanism (Example 3.9).

2.3. Mean semigroups and the associated bilinear forms

It is known from [28, Proposition 2.27] that for every u € M(E) and f € B,(E),
P/L ((fv Xt>) = <;Btf’ M>’

where 33, f(x) is the unique locally bounded solution to the integral equation

B f(x) = P f(x) — I [/0 a(Es)‘Bt_xf(&)dS} + I, [/O ¥ (s, mt—sf)dsi| : “

By the Markov property of X, the operator 3, satisfies the semigroup property, i.e., BB =
PB,4s for all £, s > 0. Moreover, 3, admits a transition density p(z, x, y) with respect to the
measure m. In fact, if m(B) = 0 for some B C E, then by the hypothesis P,15(x) = 0 for all
t > 0 and x € E. Therefore, B3;15(x) = 0 is the unique locally bounded solution to (4) for
f = 1p. This implies that 3, < m and p(z, x, y) exists.

We now introduce a class of nonnegative smooth measures on E (cf. [4]).

Definition 2.1. A nonnegative measure y on E is called a smooth measure of £ if there is a
positive continuous additive functional A} of & such that

/ FCop(@n = lim 1, [ / f(és)dAf] Vf € BX(E).
E = 0

Here, II,,(-) = [, IL.()m(dx). In this case, p is also called the Revuz measure of Aj.
Moreover, we say that a smooth measure p belongs to the Kato class K(§), if

t
lim sup/ / p(s, x, y)u(dy)ds = 0.
10 xee Jo JE
A function g is said to be in the class K(§) if the measure g(x)m(dx) is in K(&).
Clearly all bounded measurable functions are included in K(§). It is known (see, e.g.,

[1, Proposition 2.1.(1)] and [31, Theorem 3.1]) that if v € K(§), then for every € > 0 there is
some constant A, > 0 such that

f u(x)*v(dx) < € E(u, u) + AG/ u(x)*m(dx), Yu € F. 5)
E E

First, we assume the following condition holds.

/ y(x, dy)m(dx) is a Kato measure of &. (A1)
E
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Under condition (Al), it follows from (5), the boundedness of x — y(x, 1), and the
inequality

1
lu(x)u(y)| < 5<u<x>2 + u(y)?)

that for every € > 0, there is a constant K. > 0 such that

f / u(u(y)y (x, dyym(dx) < € £, u) + K. / u(@)Pmd),  Vu e F.
EJE E
It follows that the bilinear form (Q, F) defined by

Qu, v) = E(u, v) + /E a () (m(dx) — /E /E UGy (x, dy)m(dx)

for every u,v € F is closed and that there are positive constants K and By such that
Qp,(u, u) := Qu, u) + Bo(u, u) > 0 for all u € F, and

1Q(u, v)| < K Qg (u, u)*Qp, (v, v)'/%, Yu,v € F.

Then, from [25], for the closed form (Q, F) on L*(E, m) there corresponds a unique pair of
strongly continuous, dual semigroups {7; : r > 0} and {T, t > 0} on L%(E, m) satisfying that

Il 2y < €, 1Tl 2gmy < €', and that for all « > By,

Qu(Gaf &) = Qu(g. Guf)=(f,g), VfeL E,m), geF.

Here G, f = f(;roo e T, fdt and G, f = f(;roo e T, fdt.
We make two more assumptions. Assume that

a(x), y(x,1) e L*(E, m), (A2)

and that, there exist a constant A; < 0 and strictly positive functions &, 7 € F with h bounded
continuous, ||A ;2 ) =1 and (4, h) =1 such that

Q(h,v) = A(h,v), O(v, h) = A (v, h), Yv e F. (A3)

It is proved in [30] that under (A1)—-(A2), for every t > 0, T; is the unique bounded linear
operator on L*(E, m) which is equal to B; on L*(E, m) N By(E). More precisely, for all
f e LXE,m)NBy(E), T, f = B, f in L*(E, m). On the other hand, condition (A3) implies
that T,h = e *1'h and T,h = e *1'h in L*(E, m) for all # > 0. Therefore, conditions (A1)—(A3)
amount to saying that —A; is the principal eigenvalue of the L2- -generator of the semigroup
(B;)i>0, and that & is the associated ground state.

Let us make a short remark on (A3). In the case of a purely local branching mechanism
where ¢ = ¢F is given in (2), the associated Lz-generator of (P;);>o takes the form J — a,
where 7 denotes the L2-generator of underlying spatial motion. In this case, condition (A3) is
satisfied, for instance, by symmetric diffusions on bounded smooth domains in R as well as
symmetric a-stable processes on R (cf. Example 3.6 and the references therein). In Section 3.2
we give more examples of non-local branching superprocesses for which conditions (A1)—(A3)
are satisfied.

3. Main results and examples

3.1. Statements of the main results

Now we are going to present the main results of this paper. The first one relates the principal
eigenvalue of B3, and the associated ground state with a martingale.
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Proposition 3.1.  Suppose (A1)—~(A3) hold. For every n € M(E), WH(X) == "' (h, X,) is a
non-negative P, -martingale with respect to the filtration {F; : t > 0}.
We assume the following condition holds for the remainder of this paper.
The operators f +— ¥ (-, f) and f — y(-, f) —a(-) f(-) preserve CE(E). (A4)

Here CE(E) denotes the set of bounded measurable functions that are finely continuous with
respect to &.

Let W;‘O(X ) be the martingale limit of W,h(X ). Our second result gives the L”-convergence
of W(X) fora p € (1,2].

Theorem 3.2. Suppose (A1)—(A4) hold. If there is p € (1,2] such that

sup hl(x) v(h)? H(x, dv) < 400, (A5)
xeE M(E)

then, Wlh(X) converges to Wé’o(X) in LP(P,) for every p € M(E).

We define the operators

~ )‘lt
P f(x) = Y (fh)(x) (6)
and
At
~t t, 3 = = t, 3 > 7
pi(t,x,y) h(x)h(y)p( x,y) (7

fort >0, x,y € E, f € BZF(E), where p(z, x, y) is the transition density of 3, with respect
to m. An intuition of the above operators is given in Section 5.1, where it is showed that they
can be seen, respectively, as the transition semigroup and the transition density function (with
respect to hhm) of an auxiliary process 5 see Proposition 5.2 and Remark 5.3.

Theorem 3.3 (Weak Law of Large Numbers). Suppose (Al)—(AS5) hold. If

lim sup essup |p(¢,x,y)— 1| =0, (A6)

1>+ ycE yeE
then, for any u € M(E) and f € BY(E) with f/h bounded,
lim e'(f, X,) = (f, HDWL(X)  in LP(P,).

t——+00

Theorem 3.4 (Strong Law of Large Numbers). Suppose (A1)—(A6) hold. If
lim [Pigp ¢l =0 Vo € ColE). (A7)

where Co(E) denotes the space of bounded continuous functions that vanish at 9, then, there
exists (X of P,-full probability for every uw € M(E), such that on X, for every m-almost
everywhere continuous function f with f/h bounded,

lim eM'(f, X,) = (f, HW(X).

t—+00

The proofs of the above results will be given in Section 5.
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Remark 3.5. In this paper we assume that the spatial motion is a symmetric Borel right
process. This assumption is not necessary. An extension is possible, at least, to some extent.
One direction is to assume that the spatial motion is a transient Borel standard process on a
Luzin space, which has a strong dual process. Definitions of smooth measures and the Kato
class can then be extended, while still preserving the properties used in this paper. We refer the
readers to [4,10] for the Kato class measures defined in this way. Therefore, methods in this
paper can be applied to establish the LLN for such superprocesses. Nevertheless, we keep to
the less general class of spatial motions in this paper for the sake of mathematical convenience.

3.2. Examples

In what follows, we will illustrate our main results by several concrete examples for which
the branching mechanisms are local or non-local.

Example 3.6. In the case of a purely local branching mechanism where v = ¢~ is given by
(2), the auxiliary process 5 moves as a copy of the Doob /-transformed process £” of the spatial
motion (cf. Proposition 5.1 and Remark 5.3). Therefore, conditions (A5)—(A7) are reduced to
the following:

(A5)  sup, g h(x)P~" [i o uPmh(x, du) < +oo for some p € (1,2];

(A6’) 1iml—>+00 SUPycE eSSUpyeE“]h(l, X, )’) - 1| = O’

(A7) limoy |P!p —Plo =0 Vo € Co(E),
where Plh denotes the transition semigroup of &” and p”(t, x, y) denotes its transition density
with respect to the measure m(dy) = h(y)?>m(dy). There is a large class of (purely local
branching) superprocesses that satisfies conditions (A1)-(A7), see for example, [9, Examples
1,2,4,5]. Therefore, Theorems 3.3 and 3.4 can be applied to these superprocesses.

Example 3.7. Suppose E = {1, 2, ..., K}, m is the counting measure on E and P, f(i) = f(i)
foralli e E,t >0and f € BY(E).Fori € Eandu = (uy,us,...,ux)" €[0, +00)X, define
the function

(i, u) = au; —i—b,uf —u-n; —i—/ (e_”‘y —14u- y) I;(dy), 8)
(0,400)K

where u - y = ZieE u;y; is the inner product of two vectors, a; € (—o00, +00), b; > 0,
m = ity .., nix)" € [0, 00)X, and I'(dy) is a measure on (0, +00)X such that

[ aepaaynan <o md [ yhansa frizjek
(0,400)

(0,+00)K

Without loss of generality we can assume that ;; = 0 for all i € E (otherwise, we can change
the value to a;). We assume that there is a p € (1, 2] such that

K
/ >yl Iidy) < 4o, Vi € E. 9)
(0,400)K P

As a special case of the model given in Section 2.2, we have a non-local branching superprocess
{X; : t > 0} in M(FE) with transition probabilities given by

P, [exp (—(f. X,)] =exp(—(V, f.n)) for u € M(E), t > 0and f € B](E),
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where V; f(i) is the unique nonnegative locally bounded solution to
t
V@)= f0) = [ W VfMs  forrz0.ieE.
0

Forevery i € E and u € M(E), we define u) := u({i}). The map p — (uV, ..., u®)Tis a
homeomorphism between M(E) and [0, +00)X. Hence {(X;l), e X;K))T .t > 0} is a Markov
process in [0, +00)X, which is called a K-type continuous-state branching process (K -type
CSBP in abbreviation). Define the K x K matrix M() = (M(1););.jep by M(1);; = Py [X,(j >]
for i, j € E. Let B, denote the mean semigroup of X, that is

K
Pof () =Py [(f. XD =Y M@y f(j)  fori € E, t=0and f € BY(E).
j=1
According to [2, lemma 3.4],

M) =4, t>0,

where the matrix A = (A;;); ; is given by A;; = —a;0;; + n;; and AT is its transpose. If AT
is irreducible, then Perron-Frobenius theory implies that there exist A € R and right and left
eigenvectors h, h € Rf with all their coordinates strictly positive such that

MOh=c¢"h  and kM@ =eVh',  forallz> 0.
For convenience we shall normalize k and /2 such that h-h =h-h = 1. Moreover, we have
e MM(t)j — hih; ast— 4oo Vi, jeE. (10)
When A <0, the K-type CSBP is extinct a.s., in other words,

: @ _ —
. (amt w0)

for any u € M(E) (cf. [26, Theorem 2] and [30, Example 7.1]). Henceforth we assume
/1 > 0. In Vlew of (9) and (10), one can easily verify that condmons (A1)—(A5) hold for

= —A, h and 7 and that (A6) holds with p(z, i, j) = e~ (h; T i M(t),j (cf. [30, Example
7 1]) The auxiliary process S is a finite-state Markov chain and hence is a Feller process. So
condition (A7) is automatically true. We note that W;(X) := e~ M ZlK L hi X, @ s a nonnegative
martingale. Applying Theorems 3.3 and 3.4, we conclude that for every u € M(E) andi € E,
lim;, 4 e’A’X(') = h W P,-as. and in LP(P,), where W, denotes the martingale limit of
W;(X). In particular on the event {W,, > 0},

x;” hi

lim (]) K : 7

o Z, 1 X Zj:l hj

The a.s. convergence of this result is also obtained in [27, Theorem 1.4].

Example 3.8. Suppose that S = {1,..., K}, D is a bounded C"! domain in R?, and m is
the counting measure times the Lebesgue measure on E = S x D. Suppose L? (i € §) is a
second order differential operator of the form

d

. 9 . 0
L@ z : o R4
0x, ( "*’"(x)axm> on i

n,m=1
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where for every x € RY, BO(x) = (ot,(l’;)m()c))]Sn.mS , 18 a uniformly elliptic symmetric
matrix with o) (x) € C**(RY) and y € (0, 1). Here, C*¥(R) denotes the space of
two times continuous differentiable functions whose second order derivatives are y-Holder
continuous. Let (6%, IT) be a symmetric diffusion on RY with generator £©, and &©-P
be the subprocess of &@ killed upon leaving D. It is known that the semigroup of &P,
denoted by P,(i)’D, admits a transition density function p%)(t, x, y) with respect to the Lebesgue
measure, which is symmetric in (x, y) for each t > 0. For f € BT(E), we use the convention
f) =M, x), ..., f(K, x)DT = (fi(x), ..., fx(x))T. Let £ be a Markov process on E with
semigroup P, f(i,x) = P,(i)’Dfi(x) for f € BY(E) and (i, x) € E. Define the branching
mechanism

Ui, x), ) =¥, f), Vi, x) € E, feB(E),

where V¥ (i, -) is given by (8)—(9) in Example 3.7. Suppose {X; : ¢t > 0} is a (P, ¥)-
superprocess in M(E). For every i € E and u € M(E), we define wDA) = pndi} x A).
The map u — (uV, ..., u)T is a homeomorphism between M(E) and M(D)X. Hence,
(XM, xS T .t > 0} is a Markov process in M(D)X, which is called a K-type
superdiffusion.

Let us denote by 33, the mean semigroup of X, that is,

K

Pofx) =Py, | D (f;. X))

j=1
In view of (20), we have
Pof i, x) = PP fi(x) + / e i PO P (B, N(x)ds
0 J#i
for every f € By(E) and (i,x) € E, where g; and n;; are the linear local and non-local
parts of ¥ (i, -), respectively. Now let ap := maX;cg (—a,- + Zjes nij) + 1 and Q;f(i,x) =
e 'R, £(i, x) for all f € B,(E). Then, Q, satisfies that

Q1 f(i,x) = e @ POP f(x)
+ /0 0 (a4 ag) Y POYP(Q, (], s

J#i
This implies that Q, is the semigroup of a switched diffusion (6, Z;);>0 on E with generator
O R ) 0
0o £ ... 0
Su = . . ) . u+ Qu, Yu: D~ RX
0O 0 ... ®
where Q = (¢ij)1<i,j<k 1S given by —q;; = a; + ap and ¢q;; = n;; for i # j. The movement

of the switched diffusion (6;, =),>¢ is described as follows: The process © moves as an
S-valued Markov chain with intensity matrix Q. When O is in a state j € S, = moves as
an independent copy of £/ until © has a jump. When © changes from j to another state
k € S, = immediately and continuously evolves as an independent copy of £%-? and so on,
until the lifetime of ©. It is known by [11, Theorem 5.3] that Q, admits a transition density
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function ¢ (¢, (i, x), (j, y)) with respect to m. Moreover by [11, Theorem 5.3] one can deduce
that for every i, j € S and ¢t > 0, (x,y) — q(¢, (i, x), (j, y)) is jointly continuous and that
there are positive constants #y, ¢;,i = 1,...,4 such that

cipoeat, x,y) < q(t, (i, x), (j, y) < c3polest, x,y), vVt e(0,5], i,j €S, (1

where po(t, x, y) is the transition density of a killed Brownian motion in D. It follows
immediately that 3, has a transition density p(z, (i, x), (j, y)) with respect to m which satisfies
that

c1e® poeat, x, y) < p(t, (i, x), (, ¥)) < 36 po(eat, x, y), Vi € (0,151, i,j €S.

Note that sz p(t, (i, x), (j, v))*m(di, dx)m(dj, dy) < +oo for every t € (0, to]. Thus %, is
a Hilbert—Schmidt operator in L>(E, m) and hence is compact. The same is true for its dual
operator &fS,. If we use o(£) and a(ﬁ) to denote the spectrum of the generators of J3; and ‘J},
respectively, then it follows by Jentzch’s theorem that —X; := sup R(o (L)) = sup E}i(a(ﬁ)) is
a simple eigenvalue for both £ and L, and that an eigenfunction i of £ associated with —A;
and an eigenfunction h of £ associated with —A; can be chosen strictly positive on E and
satisfying | £ h*dm = |, £ hhdm = 1. Tt is proved in [7, Section 3] that there exists a constant
¢s > 1 such that

¢5'8p(x) < h(i, x), h(i,x) < csdp(x), V(i x) € E. (12)

Here, 6p(x) denotes the Euclidean distance between x and the boundary of D. We assume
A1 < 0. One can easily verify that conditions (A1)—(A5) hold for this example. Moreover,

eMip(t, (i, x), (j,y) _ eM1Tq(t, (i, x), (j, )
h(i, )h(j, y) h(i, )h(j, y)
In view of (11) and (12), one can apply a similar argument as in [7, section 3] to show that

the semigroup Q; is intrinsically ultracontractive, i.e. for any ¢ > 0 there is a constant ¢; > 0
such that

q(t, (i, %), (j. ) < ¢h(i, X)h(j. ), V(. x), (i, y) € E.

As a consequence, there exist constants t1, cg, ¢7 > 0 such that

P, @, x),(, )= (13)

|ﬁ(ta (i7x)9 (,]’ )’)) - 1| S Cée_C7t7 Vt > tla (ivx)’ (J’ }’) € E

Hence, condition (A6) is satisfied. It is known that there are positive constants C;,i = 1,...,4
such that for any r € (0, 1] and x, y € D,

) 8 Ll
Ci <% A 1> (% A 1) e < po(t, x,y)

) § ey
§C3< Lj/(;)/\1>< lj/(;y)/\l>t_ge_c4|2 ‘ . (14)

In view of (11)—(14), we can apply similar calculations as in [9, Example 3] to show
condition (A7) is satisfied. Let Wy, denote the limit of the nonnegative martingale W, =
eM? Zf:, (hj, X). Applying Theorems 3.3 and 3.4, we conclude that for every u € M(E),
i € Sand f; € CH(D) with f;/h; bounded, lim,, o0 €1 (fi, X{) = W [, fi(0)h:i(x)dx
P,-as. and in LP(P,).
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Example 3.9. Suppose that E is a bounded C!! open set in R? (d > 1), m is the Lebesgue

measure on E, a € (0, 2), B € [0, Ad) and that & = (&, II,) is an m-symmetric Hunt process

on FE satisfying the following conditions: (1) £ has a Lévy system (N, t) where N = N(x, dy)

is a jumping kernel given by
Ci

Ix — y|dte

for some constant C; > 0.

(2) & admits a jointly continuous transition density p(t, x, y) with respect to m and that
there exists a constant C, > 1 such that

N(x,dy) = dy, x,y€E

Cylqp(t, x, y) < plt, x, y) < Cagpl(t, x, y), V(t,x,y) €0, 1] x E x E,

where

St (SN (i t
qﬂ(t,x,y)z(l/\ fﬁ) <1/\ fl/z) (t d/ /\m). (15)

Here 6g(x) stands for the Euclidean distance between x and the boundary of E. One concrete
example of £ is the killed symmetric a-stable process in E. In this case, (15) is satisfied with
B = «/2. Another example of & is the censored symmetric a-stable process in E introduced
in [3] when « € (1, 2). In this case, (15) is satisfied with § = « — 1. In fact, by using [6], one
could also include the case when E is a d-set, o € (0, 2) and £ is an «-stable-like process in
E.

Suppose that the branching mechanism v is given by (1) and satisfies (A4). We further
assume that the kernel y(x, dy) has a density y(x, y) with respect to m, which satisfies that

y(x,y) < Calx — y[™¢ Vx,yeE

for some C3, € > 0. It is proved in [30, Example 7.3] that (A1)—(A3) and (A6) are satisfied.
They also proved that the mean semigroup 33, of this superprocess has a density function
p(z, x, y) with respect to m such that (x, y) — p(¢, x, y) is jointly continuous for each r > 0
and

Cylap(t,x, y) < p(t, %, y) < Cagp(t, x,y) Vi€ (0,11, x,y € E, (16)
for some C4 > 1. Moreover,
Ci'8p(x) < h(x), h(x) < Csép(x)!  VxeE (17)

for some Cs > 1. In view of (7) and (15)—(17), we can show condition (A7) by applying
similar calculations as in [9, Example 5]. Therefore, Theorems 3.3 and 3.4 can be applied to
this example as long as condition (AS5) holds. By (17), condition (A5) is satisfied if and only
if there is a p € (1, 2] such that

sup sgﬂ(x)/ v(80)P H(x, dv) < +o0. (18)
xeE M(E)®

An example of a branching mechanism that satisfies (18) and cannot be decomposed into
local and non-local parts is

Y(x, f) = ax)fx)+bx)f(x)

! ) 1 (19)
+ ) /0 (exp(—utf () = wm(x, )} = 1+ uf() 5 du,
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where 0 € (1,2), a(x) € Cy(E), b(x),c(x) € C;r(E), c(x) < Cgdg(x)? for some Cg > 0,
and 7 (x, dy) is a probability kernel on E which has a density function 7 (x, y) with respect
to m satisfying that 7 (x, y) < C7|x — |~ for some €, C; > 0. In fact, ¥ given by (19) can
be represented in the form of (3) with H(x, dv) being the image of c(x)u"""?du under the

mapping u — ud,(dy) + u’m(x, dy) of [0, 1] into M(E)°, and y(x,dy) = %Tr(x, dy).

4. Martingale problems and representation of superprocesses

The martingale problem of superprocesses with branching mechanisms given by (1) is
studied in [28] under some Feller type assumptions and the assumption

sup/ v(1)>H (x, dv) < +00.
M(E

xeE

These conditions guarantee that the martingale measure induced by the martingale problem is
worthy. Using the worthy martingale measure, [28] establishes a representation for superpro-
cesses in terms of stochastic integrals. In this section, we shall drop the above L2-moment
condition and investigate the martingale problem under much weaker hypotheses. As a result,
we obtain the same type of representation for superprocesses when the underlying martingale
measures are not necessarily orthogonal or worthy. All martingales or local martingales
mentioned in this section will be relative to the filtration (F;);>o and the probability P,, where
u e M(E).

4.1. Martingale problems of superprocesses

A measurable function f is said to be finely continuous relative to & if t — f(&) is
a.s. right continuous on [0, 4-00). Let U® denote the a-resolvent of (P;);>¢, (in other words
U%f(x) = f0°° e ™ P, f(x)dr). Recall that CE(E) is the set of bounded measurable functions
that are finely continuous with respect to &. Fix an arbitrary 8 > 0, define D(A) :=U ﬁCf(E ),
and for any f = UPg € D(A) with g ¢ Cg(E), set Af = Bf — g. It is known (cf.
[28, A.6]) that (A, D(A)) : D(A) — CE(E) defines a linear operator which is independent
of B. Moreover for every f € D(A), (P, f — f)/t converges boundedly and pointwise to A f
ast — 0. We call (A, D(A)) the weak generator of &. For a measurable function f, we set

es(t) == exp <— /Ot f(és)ds) , vVt >0,

whenever it is well defined.

Lemma 4.1. Suppose f € By(E). If f is finely continuous with respect to &, then t — (f, X;)
is right continuous on [0, +00) almost surely. If t — f(&;) has left limits on (0, 400) a.s., then
so does t — (f, X;).

Proof. The idea of this proof is from [19, Theorem 3.5(a)]. For a function g € B,(E), we use
(P#),=0 to denote the Feynman—Kac semigroup given by

PP f(x) = I, [e,(1) f(&)] , x €E, [ eBy(E).
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Using this notation, one can rewrite 3, f(x) given in (4) as follows

t
WIW = fe+ [ Py, 120 xeE fEBE.  QO)
0
By Gronwall’s inequality, we have
1B flloo < €Nl f lloos Vi >0, feBy(E), (21
where ¢y := ||y (-, 1)]loo + la™ |lco- Now choose an arbitrary constant gy > co. For ¢ > 0, define

the operator Q, : By(E) — By(E) by Q, f(x) := e 20"B, f(x). It follows by (20) that

t
Qi f(x) = P f(0) + / Py (Qs )(x)ds
0
t
= P/ f(x) + II, [f €atqo(8) (a(&s) + qo) K (&;, Qz—sf)ds] )
0
where £(x, dy) := y(x, dy)/(a(x) + qo) is a sub-Markov kernel on E. We extepd K(x,dy) toa
Markov kernel from E to E U {3} by setting (x, {9}) = 1 — [ &(x, dy). Let § be the Markov
process obtained through a “piecing out” procedure of [22] (see also Section 5.1) from an
infinite sequence of copies of the e, 4,(f)-subprocess of &, and the instantaneous distribution
k. Then (Q,);>o defined above is the semigroup corresponding to &. It follows by [28, Theorem
A.43] that (Q;);>0 induces the same fine topology on E as (P;);>o.

Now fix an arbitrary u € M(E). Let {T, : n > 1} be a decreasing sequence of bounded
F:-stopping times with limit 7. Define v, € M(E) by

va(f) =Py [e™ 0T (f, X7,)], Vf € By(E),

and define v analogously with 7, replaced by 7. Let 4% f(x) = 0+°° 0O, f(x)dr for all
f € By(E). One can easily show by strong Markov property and Fubini’s theorem that
+o0

v (U0 f) =P, [ fT e (f, X»ds}

for every f € B,(E). Hence, v,(% f) 4 v f) as n — +oo. If f is finely continuous
relative to &, it is also finely continuous relative to é , and so by [19, Proposition 3.3], we
have v,(f) — v(f). Since {T,, : n > 1} is arbitrary, [12, VI.48] yields the almost sure right
continuity of ¢ +— e 9'(f, X,). Hence, we prove the first assertion. The second assertion
follows analogously from [19, Proposition 3.4(a)]. O

We note that by definition every f € D(A) is a B-excessive function relative to (P;),;>o and
thus t — f(&) is cadlag almost surely. This together with Lemma 4.1 implies that ¢ — (f, X,)
is cadlag almost surely for every f € D(A).

Let N(ds, dv) be the random measure on R* x M(E)" defined by

N(ds, dv) = Y " 1jax, 208 ax,)(ds, dv).
>0

Here, we use the standard notation AX; := X;— X,_ for the jump of X at time s. Let N (ds, dv)
be the predictable compensator of N(ds, dv) and N (ds, dv) := N(ds, dv) — N (ds, dv) be the
compensated random measure. In view of condition (A4) and the argument above, one can
prove the following result in the same way as [28, Theorem 7.13].

Theorem 4.2. Suppose (A4) holds. The following statements are true.
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(i) The predictable compensator N (ds, dv) is given by
N(ds, dv) = ds / X,_(dx)H (x, dv)
E

where H(x, dv) is the kernel associated with the non-linear part in (1).
(ii) The superprocess (X;);>0 has no negative jumps, that is, for any s > 0, AX; is a
nonnegative random measure. For any f € D(A), the process

t
M) i= (£ X0 = (f. Xoh = [(AS +vf —af. Xpds. 120,
0
is a cadlag martingale.
(iii) For all f € D(A), M,(f) has a unique decomposition
M(f) =M () +M(f), 120,

where t — M (f) is a square integrable continuous martingale with quadratic variation
(M(f)): =2 [y (bf? X,)ds, and

m—>M;’(f)=/f v(f)N(ds, dv)
0 JM(E)N

is a purely discontinuous martingale.
4.2. A representation for superprocesses

For f € D(A), it will be convenient to write
t
M(f)= / / Lis<y f(x)M(ds, dx).
0o JE

We shall show in the following that the stochastic integral fof f £ ®(s, x)M(ds, dx) can be de-
fined formally for a large class of integrands ¢(s, x), which includes the functions {1<; f(x) :
t >0, f € D(A)} as a subclass.

Let (w, s, v) — F(w, s, v) be a predictable function on Wgr x Rt x M(E)? such that

172
P, (Z F(s, AXS)ZI{AXS;,EO}) < 400, Vi > 0. (22)

s<t

Then, following [23, Sectioil II.1d], one can define the stochastic integral of F' with respect to
the compensated measure N(ds, dv), denoted by

t
/ / F(s, v)N(ds, dv),
0 JMEN

as the unique purely discontinuous local martingale whose jumps are indistinguishable from
the process F(s, AX;)1{ax,0;. Condition (22) holds in the special case where F(w, s, v) =
Fy(w,s,v) = f £ ®(s, x)v(dx) and ¢ is a bounded measurable function on RT x E. Indeed, in
this case we have

172 1/2
P, (ZFw(s, Axsflmxﬁem) < supg(s, x)|P, (ZAXS(M{AWO})

s<t 520 s<t
xeE
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where AX (1) = (1, AX,). Moreover, we have

1/2
P, (Z Axs(l)zl{AxXﬂ})

s<t

1/2 172
<P, (Z AXs(l)zl{AXs(l)fl}) +P, (Z AXs(l)zl{AXS(l»l})

s<t s<t
12
<Py, [Z AXs(l)zl{AXs(nsu} + Py [Z AXS(I)I{AXS(I»I}]
s<t s<t

In the first inequality, we use the fact that (a+b)"/?> < a'/>4b'/? for any a, b > 0. In the second

inequality, we use Jensen’s inequality and the fact that (a; + --- + a)V? < all/2 + -4 a,l,/2

for any n > 1 and a4, ..., a, > 0, respectively, to get the first and the second term. Therefore,
by Theorem 4.2(i) we get

1/2
P, (Z Axs(l)zlmxxﬂ)

s<t

1 1/2
<P, U ds/ X, (dx) v(l)zl{v(1)<1}H(x,dv)]
0 E M(E)°
t
+P, [/ dS/ X;_(dx) v(D1ay=1yH (x, dv)] . (23)
0 E M(EY

In view of the fact that v(1) A v(1)*>H(x, dv) is a bounded kernel from E to M(E)°, we can
show by (21) that the expectations on the right hand side are finite. In the sequel, we will write

M,d(go):/ /(p(s,x)Md(dS,dx) ::/ / Fy(s, v)ﬁ(ds,dv)
0o JE 0 JM(EN

for every ¢ € B,(R" x E).
Define a random measure n on RT x E x E by

n(ds, dx, dy) == ds / X,(dz)2b(2)8.(dx)8,(dy).
E

Immediately by (21) we have

P, |:/ / n(ds,dx,dy)u < 2[|bllocPp [/ Xs(l)dsi| < +o00.
0 JE2 0

Theorem 4.2(iii) yields that (M¢(f)), = fot Sz fx) f(¥)n(ds, dx, dy) for every f € D(A).
Thus, by Doob’s martingale inequality

Py [ sup [M{(f) — Mf(g)lz] =4p, [/O /Ez |f(x) = gIf(y) — g(»In(ds, dx, dy)}

0<s<t

for all f, g € D(A). Using the above two inequalities and the fact that any element of C,(E)
is the bounded pointwise limit of a sequence from D(A), one can extend the linear map
D(A) > f — M°(f) to a martingale functional {M¢(f), f € C,(E)} in the same way as
[28, Section 7.3], and then further extend it to a martingale measure M¢(ds, dx) on Rt x E,
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which satisfies that
t
M:(f) = / / f(x)M(ds, dx), vVt >0, f € D(A),
0 JE

and has covariance measure n(ds, dx, dy). Let (w, s, x) — G(w, s, x) be a predictable function
on Wy x R* x E such that

P, [ / ds / 2b(x)G2(s,x)Xs(dx)] <+o00,  Vt>0. 24)
0 E

Then, following [28, Section 7.3], one can define the stochastic integral of G with respect to
the martingale measure M€(ds, dx), denoted by

//G(s,x)M"(ds,dx),
o JE

as the unique square integrable cadlag martingale with quadratic variation

2/ (bG?(s, -), X,)ds.
0

We deduce by (21) that condition (24) is satisfied in the special case where G(w, s, x) = ¢(s, X)
for some ¢ € B,(R" x E). To simplify notation, we write in the sequel

M,"(</>)=/0 /Ew(s,x)M"(ds,dx).

Now we can define
13
Mi(p) = / / (s, )M (ds, dx) = M{ () + M (9)
0 JE

for every ¢ € By(R" x E), where M?(¢) is the unique purely discontinuous martingale whose
jumps are indistinguishable from the process (¢(s, -), AX)1{ax, 0, and M; () is the unique
square integrable cadlag martingale with quadratic variation 2 fot (b@?(s, -), X,)ds.

Proposition 4.3. Suppose (A4) holds. For every [ € By(E), t > 0 and u € M(E),

(F. X)) = (B, f, Xo) + /O /E T fOMs,dx),  Po-as. 25)

Proof. We first consider f € C,(E). Take g9 > co where ¢ is the positive constant given
in (21). Let U% and 9% be the gop-resolvent of (P;);>0 and (P;);>0, respectably. By taking
Laplace transforms of both sides of (4) we get

U0 fx) = UL f(x) + Uy — a)th® f(x), x €E. (26)

Recall the concatenation process £ defined in the proof of Lemma 4.1. It is known that §
induces the same topology as §. Moreover, % f is an excessive function with respect to &,
and hence is finely continuous relative to & (or, equivalently, &). Thus, by condition (A4),
(y —a)ld f € CE(E). Eq. (26) implies that 1% f € D(A) and
AU f(x) = AUP f(x) + AU (y — )™ f(x)
= qoU™ f(x) = f(x) + qoU"(y — a) f(x) — (¥ — a)U™ f(x)
= qo¥l" f(x) — f(x) = (¥ — &)™ f (),
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or equivalently,
(A+y — @)U f(x) = gotl® f(x) — f(x), x€E.
Then, by Theorem 4.2(ii)

MO f) = (U f, X;) — (U f, Xo) —f (qotl™ f — f. X)ds
0

is a cadlag martingale. Using this martingale, one can apply the argument in the proof of
[20, Proposition 2.13] with minor modification to show that (25) holds for f € C,(E).

Let G be the class of bounded measurable functions for which (25) holds. The above
argument shows that C;,(E) € G. By the modified monotone class theorem (cf. [28, Proposition
A.2]), it suffices to prove that G is closed under bounded pointwise convergence. Suppose that
{fn : n > 1} is a sequence of functions from G and f is the bounded pointwise limit of f,,. One
can easily deduce by bounded convergence theorem that for every t > 0, (f,, X;) = (f, X;),
CB: fu, Xo) = (B f, Xo) and that (s, x) > 1j<B,— f(x) is the bounded pointwise limit of
(s, x) = 1< Pi—s f(x). Note that

|

PM [‘A / (qgtfsfn(-x) - s‘ﬁtfsf(x)) Mc(ds» dx)
E

b [ [ evnois = Pxon]
< 20l /O O A T

By (21) and the bounded convergence theorem, the integral on the right hand side of the above
inequality converges to 0 as n — +o00. Hence we get

//‘D,_sf(x)MC(ds,dx): lim //“Bt_sfn(x)MC(ds,dx) in L*(P,). 27)
0o JE o JE

n——+oo

We write M*" for fol S Bi—s fu(x) — P f(x)) M9 (ds, dx). This is a purely discontinuous
local martingale whose jumps are indistinguishable from the process (B,—sfn — Bi—sf,
AX)1iax,20;. By the Burkholder-Davis—-Gundy inequality we have

12
b [IM1] < P, (z mM_:ME)

s<t

r 12
<P, (Z(msfn ~P S, Axx)2>

s<t

Applying similar calculations as in (23), we can show that the expectation on the right hand
side is less than or equal to

t 1/2
P, [ / ds / X,_(dx) V(B fo — P £1)? 1{v(1)<1}H(X,dV)i|
0 E M(E)

+P, [ / ds / X,_(dx) v<|q3,sfn—a3,sf|)1{u<1>>uH<x,dv)]
0 E M(E)

Note that v(1) Av(1)2H (x, dv) is a bounded kernel from E to M(E)°. In view of this and (21),
one can show by the bounded convergence theorem that the above two expectations converge
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to 0 as n — +00. Hence we have

f ’ / By f(x)Md(ds,dx)z hm / / By fu(x)M?(ds, dx) in L'(P,). (28)
0 E

(27) and (28) imply that there is a subsequence {f;, : n > 1} such that

lim / / P,y £, ()M (ds, dx) = / / P, f()M(ds, dx) P,-a.s. (29)
E 0 E

n——+o0o 0

Since (25) holds for f replaced by f;,, by letting n — +00 we can show by (29) that it also
holds for f, and hence f € G. Therefore G is closed under bounded pointwise convergence.
We complete the proof. [

5. Proofs of the main results

5.1. Interpretation of f’,

The following proposition gathers what was already established in [30]. These facts will be
used later in the proofs of the main results.

Proposition 5.1. Suppose (A1)-(A3) hold. For every x € E, define

g(x) = V,(z’;’: 3
Then
H, :=exp (Alt - /Za(gs)ds +/ q(&)ds ) h(E) >
0 h(%0)’

is a positive II.-martingale with respect to the filtration {H, : t > 0}. Consequently, the formula
dIf" =H,dIl, on H,N{t < ¢}, Vx € E,

uniquely determines a family of probability measures {II" : x € E} on (£2, H). The process
& under {Hxh : x € E} will be denoted by &". The process " is a conservative and recurrent
(in the sense of [21]) symmetric right Markov process on E with respect to the probability
measure ni(dy) := h(y)*m(dy). Let P! denote its transition semigroup, it satisfies that

oMt

Pl fx) = I [f(E)] = m [ea—gMRE) FED]

for every x € E, t > 0 and f € B,(E). Moreover, £" has a transition density function with
respect to .

Suppose /E\ = ((/5\,),20; ﬁ;’) is the e, (t)-subprocess of £" that is,
1" (& e B) = I [e,(D1epy], V=0, BeBE).

In fact, a version of the e,(#)-subprocess can be obtained by the following method of
curtailment of the lifetime. Let Z be an exponential random variable of parameter 1 independent
of &". Put

t
E(w) = inf{t >0: / q (Esh(w)) ds > Z(a))} (= 400, if such ¢ does not exist),
0
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and

Ehw) ift <T(w),

Si(@) = {a if 1 > Z(w).

Then the process @),20 is equal in law to the e, (7)-subprocess of & h Now, we define

k(x,dy) = Ml{y(x_l)>o} + (Sx(dy)l{y(qu):()}, forx € E. 30)
y(x, h)

We note that «(x, dy) is a probability kernel on E. Let E = ((E,),Zo, ]NLC) be the right process
constructed from E and the instantaneous distribution /c(%_(a)), dy) by using the so-called
“piecing out” procedure (cf. Ikeda et al. [22]), which can be described as follows: the process
£ evolves as a copy of é until time ;— then it is stopped at time ;“ and_instantaneously
revived by the kernel k(x, dy) in the following way: At time § the process $ is immediately
restarted at a new position y which is randomly chosen according to the probability distribution
/c(é; (w), dy). Starting from y, E evolves again as a copy of é and so on, until a countably
infinite number of revivals have occurred. Let P, be the transition semigroup of 3 Naturally
by construction it satisfies the renewal equation

P f(x) = I [e,(0) f(&)] + 11! [ /0 q(E)ey () (&, Esf)ds}
for every f € Bf (E).

Proposition 5.2. Suppose (Al)—(A3) hold. Then, ﬁ, f(x) satisfies (6) for every f € B;(E),
t > 0 and x € E. The probability measure

p(dy) = h(y)h(y)m(dy)

is an invariant measure for the semigroup (13;),30. Moreover, E has a transition density function
p(t, x, y) with respect to the measure p which is given by (7).

Proof. This proposition follows in the same way as [30, Propositions 4.1] with y(x, dy) and
ah(x, dy) in the proof of [30] replaced by y(x, dy) given in (3) and «(x, dy) given in (30),
respectively. We omit the details here. The explicit form of p(¢, x, y) follows from the fact that
At

/E B, x, ) fpWy) = P f(x) = (fI)(x)

)\.]t

~ h()

)\.]t

= e )/p(t X VFOMR ()p(dy)
forevery x € E,t >0and f € By(E). O

/p(t x, y)f(Wh(y)m(dy)

Remark 5.3. Formula (6) can be written as
Ps, [{fh, X:)]
Ps, [{h, X/)]

which enables us to calculate the first moment of the superprocess in terms of an auxiliary
process &£. This formula is viewed as an analogue of the “many-to-one” formula for branching

= II. [f&)]. for f € B (E) and t > 0,
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Markov processes. In particular, when the branching mechanism is purely local, the concatenat-
ing procedure described below (30) does not occur, since y(x, 1) = 0 and x(x, dy) = §,(dy) for
every x € E. So in this case, the auxiliary process E runs as a copy of the Doob h-transformed
process £". It holds that

At At

Pif(x)=P'f(x)= %Hx lea(DR (&) f(E)] = %‘ﬁz(ﬂl)(ﬂ,

for every x € E, t > 0 and f € B,(E).

5.2. Proofs of Proposition 3.1 and Theorems 3.2 and 3.4

Proof of Proposition 3.1. This proposition can be proved similarly as [30, Theorem 3.2]. We
also give details here for completeness. By the Markov property of X, to show W,h(X )is a
martingale, it suffices to prove that

Poh(x) =e Mh(x) VxeE, t>0. €)))

Recall from Proposition 5.1 that £" is a conservative process with transition semigroup P/.
Let u(t, x) := Il [eq—q(t)h(&)]. Then we have

e)nlt

h(x)
and consequently, u(z, x) = e ' h(x). Let A(s, 1) = — f;(a — gq)(&,)dr. We note that

=P = ut,x) Vx€eE, t>0,

t
MO0 — 1 = (A — M) = / (—a(&,) +q(&,)) e ds.
0
Thus by Fubini’s theorem and the Markov property of £, we have
u(t, x) = I, [e" V()]

— Ph(x)— I, / a(és)eA“’”h(Ez)dS}Jer [ / q(ss)e*‘““h(s»ds}
0

— Ph(x) — 11, /ta(éx)u(t —s. Ss)ds} s U[ Y& M o gx)ds}
0 o h)

= Pih(x) — II; /t a(Eu(t — s, Es)dS} + I, [ft v s, urs)ds] .
0 0

In the last equality we use the fact that u(t — s, x) = e "1U=9h(x) twice. The above equality
implies that u(t, x) = P, h(x) is the unique locally bounded solution to (4) for f = h. Hence
we prove (31). O

For the remainder of this section we assume that conditions (A1)—(A4) hold and (A5) is
satisfied for some constant p € (1, 2]. Conditions used in each lemma are stated explicitly. Let
us explain shortly how to prove Theorems 3.2-3.4.

(i) Since W,h (X) is a martingale, in order to prove Theorem 3.2, we shall prove that

P, |:sup W,”(X)P] < 400, Vi € M(E). (32)

>0
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(i1) Note that for any #r,s > 0 and f € B;(E),

UI(f X 1) = (1N, Xowy) — P [1(f, X)) 1 F))
+P, [eMTIN L X ) F ] (33)

We shall prove Theorem 3.3 by showing the L”-convergence of the two summands in (33).
This is done through Lemmas 5.4 and 5.5.

(iii) The proof of Theorem 3.4 follows two main steps. Firstly we shall prove the almost
sure convergence along lattice times (Lemma 5.6). Then we extend it to continuous time.
The transition from discrete to continuous time is obtained through approximation of bounded
functions by resolvent functions (Lemma 5.7 and Eq. (50)).

Proof of Theorem 3.2. Fix an arbitrary u € M(E). By Propositions 3.1 and 4.3 we have

WH(X) = (h,X0)+/ /eWh(x)M(ds, dx).
0 E

By Doob’s martingale inequality and Jensen’s inequality we have

2/p
o [ ] e ]
2
< <%) PM[/ /emh(x)MC(ds,dx)
2
(%) PM|:/ / M5 h(x)ME(ds, dx)
2
[

P\ '
—) ||b||oo||h||oo<h,u>/ Hids.
P — 0

Since A; < 0, by letting t — +o00, we get

|:sup / f e h(x)M¢(ds, dx)
r>0

We note that ¢ fo f £ e’ h(x)M“(ds, dx) is a purely discontinuous local martingale whose
jumps are indistinguishable from the process e**(h, AX;)1ax, 0. Hence, by the Doob’s
martingale inequality and the Burkholder-Davis—Gundy inequality for purely discontinuous
local martingale, we have

|:sup / f e h(x)M“(ds, dx)
o<r<r

GE) el

p/2
<Z ™1 (h, Axs>2>
0<s<t

o
]

p2/p
i| < 400. (34)

IA

l

S h(x)M?
E

IA
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P, [ > M, AXX)P:|

0<s<t

t
=¢/P, U eM/”dsf X, (dx) v(h)”H(x,dv)],
0 E M(E)

where ¢; = c|(p) is a positive constant. In the third inequality we use the fact that (a; +--- +
a,)P? < alp/2 + -+ af/z for any a;,...,a, = 0 and p € (1,2]. By Proposition 5.2, the
expectation on the right hand side is equal to

f e““<qss ( / v(h)P H(, dv)) ,u>ds

0 M(E)®

=/ ekl<ﬂ—1>~*<h13; (h"/ v(h)”H(-,dv)),,u>ds
0 M(E)®

t
h"/ v(h)PH(-, dv) (h,m/ eMP=Dsqg,
M(E)? 00 0

IA

=

Letting t — +o00, we get

|:sup / / e h(x)M?(ds, dx)
s>0

Therefore, (32) follows directly from (34) and (35). We complete the proof. [

] < +o0. 35)

In order to simplify computations, we will work with the test functions f = ¢h with
¢ € B (E).
Lemma 5.4. Suppose (Al)-(A6) hold. For any ¢ € BZ(E) and u € M(E),
lim lim P, [eM1CFNph, X, )| F] = (ph, DW(X)  Pu-as. and in LP(P,,).

s—>+00 f—>+

Proof. Fix ¢ € B,‘f(E) and u € M(E). By Theorem 3.2, it suffices to prove that

lim lim (PH [0 (g, X, 1) F] — (h, ﬁ)W,h(X)) — 0 P,-as. and in L”(P,,).
(36)

For any s, ¢ > 0, by the Markov property

P, [eM N ph, X, 1) | F] = 1Py, [(h, X,)]

MU OB (ph), X,)
e (hPyg, X,).

Hence,

[P [, XV ] = @h, W CO| < &1{n | Pp = (9h i)

7Xf>‘

It follows by condition (A6) and Proposition 5.2 that for any € > 0 any s sufficiently large,

<¢h,h < sup/ eI 1P(s, x, y) — 1] p(dy) < €l|Plloo>

xeE

xekE

in which case

[P [0 @h, X, 1)1 5] = @R, YW CX)| < €lplloa W (X) (37)
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Since Wth(X) — Woho(X) P,-a.s. and in L?(P,), we get (36) by letting 1 — 400 and € — 0
in (37). O

Lemma 5.5. Suppose (A1)~(A6) hold. For any ¢ € B (E), n € M(E) and s > 0,
lim (e (ph, Xiys) — Py [ (@R, X, )| F]) =0 in LP(Py).

1—+00

Moreover, for any m € N and o > 0 the following holds P,-a.s. and in LP(P,).
lim (ekl(m-fn)a (¢h, X(m+n)0) - Pu [e)q(m-‘rn)a (¢)h, X(m+n)a>|]:na]) =0.

n—-+00
Proof. For any T > 0, we define
t
LST,,(¢) = / / Br_(ph)(x)M(dr, dx), 0<s<t<T, ¢ €B(E),
s E

and define Li’,‘(q&) and Lz}d(¢) analogously with M replaced by M¢ and M¢ respectively. For
simplicity, T is omitted when ¢+ = T. By the fact that (@ + b)? < 2P"!(a” + b?) for any
a,b >0, p e(l,2], and Jensen’s inequality, we have

P [ILE, @] < 2! [Pﬂ [L3c0?]" +P, [|L5;:’<¢>|”H :

Applying similar calculations as in the proof of Theorem 3.2, one can show that the two expec-
tations on the right hand side of the above inequality are finite and hence P, [ng, t(¢)|p ] < 400
for every ¢t € [0, T]. Thus the local martingale [0, T] > ¢t — L({ ,(¢) is an LP-integrable
martingale. Using this and Proposition 4.3, we have

eAl(t+S)<¢h’ Xt+s> _ P/L [ek|(t+s)<¢h’ Xt+s> |-7:z]
= M Lo 4 5(9) — 1TIP, [Loys ()| F7]
= ML 45 (9) — VLG (@)
=ML, (@) (38)

On one hand, by Proposition 5.2, we have

t+s
P [(€L;, 1 6))"] = 2Ps [ / P BB, (SR, xr>dr]

t+s
= 2P, [ / M (bh* (P $)’, X»dr}
t

t+s

= 2[[bllscllAllcolI@llocPp [/ M (P, Xr)dr]
t

- t+s
= 2||b||oo||h||oo||¢||oo<hpt+s¢vM)/ "’ dr.
t

Immediately,
t+s

S c 2 r
P [ LE 1 (@) ] = 20b o ISl Il 1) / eMdr Vr.s 2 0.

t
Since A < 0, it follows that

t—+00

+o00
lim PM I:(e)\l(t+lv)LtC,t+s(¢))2] = O’ ZPM I:(e)\l(m+n)gl‘:cm,(m+n)a(¢))2] < +00,
n=1
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which in turn implies that

lim eMTILE L (@) =0in L*(P,),

t—+400
Jim MFILE e (@) =0 Py-as. and in L*(P,). (39)

On the other hand, by the Burkholder-Davis—Gundy inequality and the fact that (a + b)?/? <
aP’? 4+ bP/2 for any a,b > 0 and p € (1, 2], we have that

Py [|eh(tﬂ)l‘fl,t+s(¢)|p]

r/2
<Py ( D PR, (ph), Axr>2>

t<r<t+s

< ClP,U. Z eMp([JrS)(gBI-i-s—r(d’h)a AXr)p:|

Li<r=<t+s

t+s
=P, / P dr f X,_(dx) / v(mt+s_r(¢h)>PH(x,dv)}
t E M(E)

t+s - -
= cl/ eM<P—')’<hP, (h“/ v (hPs—r9)” H(-,dv)) , M> dr,
t M(E)

where ¢; = c¢1(p) is a positive constant. Since ||13,+s,rqz>||Oo < |®]l0o, We get

t+s
Puf[enLe, @] = crllgll / MV B F, p)dr (40)

t

where F(x) = h‘l(x)fM(E)o v(h)? H(x,dv). It follows by condition (A6) that for any € > 0
there exists ¢ sufficiently large such that

sup | B, F()| < (1 +e)p(F),  Vr=1,

xeE

in which case the integral on the right hand side of (40) is less than or equal to

t+s
(h, (1 + e)p(F)/ g
t

Thus, we get
t——+00

—+00
tim P, 1L @] =00 DR[| L, o @] < o0,
n=1

and consequently, by Borel-Cantelli lemma

lim e"*ILY | (¢)=01in L7(P,),

t——+00
lim ML ime (@) =0 Py-as. and in LP(P,). (41)
n—+00 ’

The lemma follows from (38), (39) and (41). O

Proof of Theorem 3.3. In view of (33), this theorem is an immediate consequence of
Lemmas 5.4 and 5.5. O

Lemmas 5.4 and 5.5 also give the following result.
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Lemma 5.6. Suppose (A1)—(A6) hold. Then, for any o > 0, u € M(E) and f € B (E)
with f/h bounded,

lim M (f, X,5) = (f, HWL(X)  P,-as.

n—-+00

This result is the SLLN for superprocesses along lattice times. For the transition to
continuous time, we need the following lemma.

Lemma 5.7. Suppose (A1)-(A6) hold. For any ¢ € BZr(E), o> 0and u € M(E),
Jim e (@UP)h, X,) = (ph, W' (X)  P,-a.s.
where U%¢(x) = f0+°° e~ P, p(x)ds.
Proof. Fix ¢ € B/(E) and o,0 > 0. Let g(x) = aU%p(x) for x € E. Suppose
t € [no, (n+ 1)o). We have
M (gh, X,) — ($h, WL (X)
= (M(gh, X1} = P, [eM "V (gh, Xuynyo) | Fr])
+ (P [V (gh, Xuino) | Fi] = Py [V (g, Xni1)o) | Fao ])
(P [ (gh, X0 For] = (@B, YWL(X))
= 1V, (n + Do)+ 1P, no, (n + Do) + Do, (n + o). (42)
By Markov property we have
1V, (0 + Do) = &' (gh, X;) — 1" V7P, [(gh, Xui1yo—1)]
= e"'(gh, X,) — " (hPyys10-1(2). Xi)
= e1{1 (g = Puriw(8)) . X,). 3)
Note that

8(xX) — Pouinyo—8(x) = / ae”* Pyp(x)ds — e D=0 / ae™® Pip(x)ds
0 (n+1)o—t

(n+1)o—t -
=(1- (D770 o(x) 4 e* (D=0 / ae”? Pyp(x)ds.
0

Hence (g — Piutno—1&lloo < 2[1¢lloo (€070 — 1), and by (43)
sup IV (n+ Do) <2)¢lleo %7 —1)  sup  WH(X).

te[no,(n+1)o) te[no,(n+1)o)
Since W/(X) converges P,-a.s. to a finite limit, the above inequality implies that

lim lim sup IV, (n+1)o)| =0 P,-as. (44)

0=>0n=>4+00 5, (n+1)o)
Recall the definition of L§Z(¢) given in the proof of Lemma 5.5. By Proposition 4.3 we have

1(2)(t, no, (Il + 1)0) = Pu [ekl(nJrl)gLO,(I1+1)a(g)|JT'.l] - P;L [e)hl(n+1)gLO,(n+1)a(g)|JT'.na]

— e}‘l(”l‘l'l)(TLE)',l:‘l)U(g) _ e)»l(11+|)0L(()’?":‘O})U(g)

= Mt Do gy, (45)
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where for the second equality we use the fact that [0, (n + 1)o] > ¢ — Lgff De

martingale. It follows from Doob’s martingale inequality that, for p € (1, 2],

(g)is a

A 1 +1 P
Py [e w7 sup L (9] }
telno,(n+1)o)

IA

Clehp("Jrl)f’PM [|an(n+1)a(g)|[9]

r/2
et Prte (PM [|chm,(n+1)a(g)|2] +P, [ILZU,(m)a(g)IP]) , (46)

where ¢; = ¢;(p) > 0, i = 1,2. We have showed in the proof of Lemma 5.5 that for n
sufficiently large,

IA

(n+1)o
2A1(n+l)oP [Lna' (n+1)a(8) ] < 03/ e)\lrdr,

no

and

» (n+1)o
A 1 d r(p—1
et1pin+ )apu [|Lnd,<n+l)(,(g)‘ ] < C4f et (P=Drg,

no

for some positive constants ¢;, i = 3, 4 independent of n. Using the above estimates and (46)

one can easily show that Z:zof\, P, |eMrtho SUD; ¢ 1o (n+ 1)) |Lf{:§l)” (g)|p] is finite for N large

enough. Thus by Borel-Cantelli lemma and (45) we get

sup 1P, no,(n+ Do) = sup ML () 5 0 Pyas. (47)
te[no,(n+1)o) teno,(n+1)o)

as n — —+oo. Finally we have

1®(no, (n+ o) = M+V7Py [(gh, X,)] — (ph, YW (X)
= " (WP, g, Xuo) — (Ph, YWD (X).

Recall that (P,),>0 is invariant Wlth respect to the measure p(dx) = h(x)h(x)m(dx) We have
(thg, h) =« fo s (thﬂqb h)ds = (¢h, h) It then follows by Lemma 5.6 that

lim 9o, (n+ 1)o) =0 P,-as. (48)
n——+o00

In view of (44), (47) and (48), one can prove this lemma by letting first n — 400 and then
oc—0in (42). O

Finally we shall prove SLLN along continuous time under assumptions (A1)—(A7).
Proof of Theorem 3.4. By [9, Lemma 7.1] it suffices to prove that for any u € M(E) and
¢ € Cy(E),
lim e"'(ph, X,) = (ph, HW' (X) P,-as. (49)

t—+400

Condition (A7) implies that for any ¢ € C(T (E)

laU%p — Pl < / ae || Pigp — plloodt = f ey — ¢lloods — 0O (50)
0

0
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as @ — oo. For any « > 0, we have

e gh, X,) — (Bh, YWY

IA

! {lali G — glh, X,) + M (@T“ @, X,) = h, HWLX)|

IA

0T — Blloc W/ (X) + [ (@D G, X,) = (@h, HWEX)|.

By Lemma 5.7 and Eq. (50), we conclude (49) by letting first # — oo and then « — oco. [J
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