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Abstract

By using absolutely continuous lower bounds of the Lévy measure, explicit gradient estimates are
derived for the semigroup of the corresponding Lévy process with a linear drift. A derivative formula is
presented for the conditional distribution of the process at time # under the condition that the process jumps
before ¢. Finally, by using bounded perturbations of the Lévy measure, the resulting gradient estimates are
extended to linear SDEs driven by Lévy-type processes.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

It is well-known that a Lévy process can be decomposed into two independent parts, i.e. the
diffusion part and the jump part. If the diffusion part is non-degenerate, regularity properties for
the semigroup of the Brownian motion can be easily confirmed for the Lévy semigroup. On the
other hand, when the Lévy process is a pure jump, existence and regularities of the transition
density have been derived by using conditions on the symbol or the Lévy measure (see [10—12]
and references within); see also [5,9] for heat kernel upper bounds for «-stable processes with
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drifts. As a continuation to the recent work [15], where the coupling property and applications
are studied by using absolutely continuous lower bounds of the Lévy measure, this note aims to
derive gradient estimates of the Lévy semigroup in the same spirit.

Let L; be the Lévy process on R4 with symbol (see e.g. [1])

n(u) = ifu, b) — (Qu, u) + /Rd(e“"’” — 1 —i{u, 2)L{jz1<1y) v(d2),

where b € R?, Q is a non-negatively definite d x d matrix, and v is a Lévy measure on R¢.
In references the Lévy symbol is also called the characteristic exponent or the Lévy exponent,
and in e.g. [8], —n rather than 5 is called the Lévy symbol. It is well known that L; is a strong
Markov process on R? generated by

L= 0N TN + [ [FGHI=f = (Th @ @D
for f € CZ(RY).
Let P; be the semigroup for the solution of the linear stochastic differential equation
dX; = AX,dr +dL,, (1.2)

where A is a d x d matrix. According to [4], we have

Pf(x) = fR FE i), (13)

where 1, is the probability measure on R¢ with characteristic function

t
Qe (2) = exp[ /0 n(eSA*z)ds:|, ze R (1.4)

Let 2, (R?) be the set of all bounded measurable functions on R?. We shall estimate ||V P, flloos
the uniform norm of the gradient VP, f, for t > 0 and f € %,(R?). When the Lévy measure
is finite, with a positive probability the process does not jump before a fixed time ¢ > 0. So, in
this case, the semigroup is not strong Feller and thus, does not have a finite uniform gradient
estimate. Therefore, to derive the uniform gradient estimate, it is essential to assume that v is
infinite. Since v is always finite outside a neighborhood of 0, the behavior of v around the origin
will be crucial for the study.
We will make use of the following lower bound condition of v:

v(dz) > 12178 (12172 111 <rpydz, (1.5)

where rg € (0, co] is a constant and S is a Bernstein function with S$(0) = 0. Let
S — —d
w=[ . a-eosml e
{lz]<e~ll4l)

Ao = / (ro v 128 ((ro v 12 D)dz,
Rd

where z; stands for the first coordinate of z, and ||A|| is the operator norm of A. We have
co € (0,00). Since S(r) < cr holds for some constant ¢ € (0, c0), we have A9 < oo. In
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particular, if rp = oo then Ao = 0. We will estimate ||V P; f ||« by using the upper bound of A
and the function

a(t) = /-00 Le_tS(r)dr, t>0.
0o T

lsc;(gfl = oo then a(t) < oo forall ¢ > 0.

Obviously, if lim,_, o

Theorem 1.1. Let (1.5) hold and let co, Lo, @ (t) be defined above, let 6 € R be such that
A < —01. Then there exists a constant c1 € (0, 00) depending only on d and 6 such that

-2
(t ADS(ry )} 16
ro

IVP flioo < ||f||oocle)‘°(’“)6+t{a(c0(t A+

holds for any t > 0 and f € By (R?). If moreover A = 0, then there exists ¢| depending on d
such that

1 c1(1 —e 0)S(rg?)
VP < Mot § i (cot 0 1.7
IVP: flloo < I flloce {ma(m )+ o (1.7)
holds for any t > 0 and f € B(R?), where g = 1_”‘:;:0 = 0 for ro = oo.

Now, we consider the gradient estimate for the semigroup associated to the linear SDE driven
by a Lévy-type process. Let o (x, dy) be a signed kernel on R?, i.e. for each x € R?, o (x, -) is
a signed measure while for each measurable set A, o (-, A) is a measurable function. We call o
bounded if

o lloo = sup |o(x, )|(R?) < oco.
xeR4

Let L;H’ be the Lévy-type process with jump measure
q(x,dz) == v(dz —x) +0o(x,dz)

for a bounded o . In other words, there exist » € R? and non-negatively definite d x d-matrix Q
such that L;'” is generated by

L) =L f(x) +/R {f@ - fW}ox, d2) = L f(x)+0f(x) (1.8)

d
for f € Cg (RY), where . is in (1.6). Let P,+" be the semigroup associated to the linear SDE
dX, = AX,dt +dL}°.

Combining Theorem 1.1 with a standard perturbation argument, we prove the following result
on the gradient estimate of P77 .

Corollary 1.2. If (1.5) holds for some S such that fol a(t)dt < oo, then there exists a constant
c € (0, 00) such that

VP flloo < clalecot A D)+ llolloc I flloos >0, f € Bp(R?)

holds for any bounded o .
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To illustrate our results, we consider below two typical choices of S.

Example 1.3. (1) If v(dz) > clzl’d""l”ﬂgo} for some ¢, rg > 0 and o € (0, 2), then

/

C
VP, < —F
VP fllo = n

1)l/we—g”nfnoo, >0, f € BRY

holds for some constant ¢’ € (0, 00). If & € (1, 2), then there exists a constant ¢ € (0, 00) such
that

1

IV Fllo < el fllo| (7

d
chE lolloe}. >0, f e 2R

holds for any bounded o.
) If v(dz) > clz| ™ log" ™ (1 + |2]72) 1{j;)<r,) for some c, g, & > 0, then

IVP: flloo < c1ll flloo expleat™F = 0711, 1 >0, f € B[RY)
holds for some constants cq, ¢; € (0, 00).

Note that for the a-stable process one has (see Corollary 2.2(2) below for a more general
result)

sup VP flleo =

1flo<1 th/e

for some constant ¢ > 0. Thus, the upper bound in Example 1.3(1) is sharp.

The main idea of the proof is to compare the process with the S-subordinate semigroup of
the Brownian motion. To this end, we shall study in the next section the gradient estimate for
subordinate semigroups. We will see that to compare the original semigroup with the subordinate
semigroup, the error term is given by the conditional distribution of a compound Poisson process
under the condition that the process jumps before time ¢. Thus, in Section 3 we will study the
gradient estimate for the corresponding conditional distribution for compound Poisson processes.
In this case, a derivative formula is presented. By combining results derived in Sections 2 and
3, we prove Theorem 1.1 in Section 4. Finally, the proofs of Corollary 1.2 and Example 1.3 are
addressed in Section 5.

2. Gradient estimates for subordinate semigroups

This section is a counterpart of the recent work [7] where a dimension-free Harnack inequality
is investigated for subordinate semigroups, see e.g. [14] and references within for potential theory
and historical remarks on subordinations of the Brownian motion.

Let (E, p) be a Polish space. For a function f on E, define

[V fl(x) := lim sup M
yox P Y)

x € E.

et € a (Sub- arkov semigroup on <%y such that for some positive function ¢ on (0, 00),
Let P? be a (sub-)Mark igroup on %y, (E) such that f positive function ¢ on (0, 00)

IVPYf1 < I flloog®), 1 >0, f € By(E) 2.1

holds. We intend to estimate the gradient of a subordinate semigroup P,S of Pt0 induced by a
Bernstein function S. More precisely, for any ¢ > 0 let ,u;g be the probability measure on [0, co)
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with the Laplace transformation
o0
/ e Musds) =e M, a>o0. (2.2)
0
Then the S-subordination of on is given by
o
pS =/ Pus(ds), t>0. (2.3)
0

The following assertion follows immediately from (2.3) and the dominated convergence theorem.

Theorem 2.1. If (2.1) holds with f() gp(s),u (ds) < oo, then

|VP,Sf|s||f||oo/0 pWSds),  f € By(E).

In particular, we have the following explicit gradient estimates by using known results on
diffusion semigroups.

Corollary 2.2. (1) Let E be a complete connected Riemannian manifold and P,0 be the diffusion
semigroup generated by A + Z for a vector field Z on E such that

Ric—VZ >0
holds. Then
1975 flloo < ”j”_‘” } eSOdr, 150, [ e ByE).
(2) Let on be generated by A on R¢. We have
sup VP flls > —— / eSOy,
Ifloo=1 N

Proof. (1) It is well-known that the curvature condition implies (cf. [2])
PO — (PP f)* = t|VP) fI7.

This implies that

IVP? flloo < fnfnoo

Then the proof of (1) is finished by combining this with Theorem 2.1 and noting that
© S © 1
[TEO [ g
0 Vs 0o 2mJo T
= —1 /00 — /Oo e_rsﬂf (ds)dr = —1 /OO r 12150 gy,
V2r Jo  rJo 2w Jo

(2) Let P? be generated by A on R?. We have
t

PYf(x) = e WIP/E9 £(y)dy.

1
(4ms)d/? /I;d
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Take

Fx) = 110,00y (x1) — 1(—00,0)(x1)-
We have || flloo = 1 and

0 1 X )/ ds) O /s
Py f(x) Wil e dr — e dr
-0

1 /oo o2 /A) gy /_xl o2 /9) g
2Vms | J-x, oo '

1 o1/ () < ’
TS T AT

Combining this with (2.3) and using the dominated convergence theorem, we arrive at

So,

s>0,xeRd.

PV f) =
TTRCEA

> 1

1 e 1 [ 1
=— | —ulds) = —/ —edr. O
x=0 ﬁ 0 \/E ! \/577,r 0 \/7

dPS
a tf(x)

3. A derivative formula

Let v(dz) > po(z)dz =: vo(dz) for some non-negative measurable function pg on R4 such
that

A0 ::/ 00(z)dz € (0, 00). 3.1
Rd

Let (L(,))zzo be the compound Poisson process with Lévy measure vy. Then L? can be realized
as

N
L)=) & 120, (3:2)
i=1

where N; is the Poisson process with rate Ao and {&;} are i.i.d. random variables on R4 which
are independent of (N;);>0 and have common distribution vy/A¢. Here, we set Z?:] & =0
by convention. Let (L,l)tzo be the Lévy process which is independent of (L9)z30 and has Lévy
measure v — v, such that

Li=L'+L% t>0 (3.3)

is the Lévy process with symbol 7. As we explained in the Introduction, to ensure the strong
Feller property for a jump process, it is essential to restrict on the event that the process jumps
before a fixed time. Thus, instead of P;, it is natural for us to investigate the gradient estimate for
P defined by

PO =Bl XDz £ e @1 >0,

where X7 solves (1.2) with initial data x. The following result provides a derivative formula for
this operator, which can be regarded as the jump counterpart of the Bismut—Elworthy-Li formula
for diffusion processes [3,6].
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Theorem 3.1. Let py be non-negative and differentiable such that v(dz) > po(z)dz, Ag =
Jra po(2)dz € (0, 00), and

/Rd{ sup |Vp0|(x)}dz <00 (3.4)

x:lx—z|<e

holds for some ¢ > 0. Then for anyt > 0 and f € %), (R?),

|
VP f) = B[ F XD wzng 2 et Viog min . (35)
T i=1

where t; is the i-th jump time of (Ny);>0 and A* is the transposition of A. Consequently, if
A < —01 then

e 1(1 — e o
e d-e™) )/IIVpol(z)dz, t>0, f e BRY.
R(

IVP! flloo < I floc -
0

Proof. We shall make use of a formula for random shifts of the compound Poisson process
derived in [15]. Let A(dw) be the distribution of L0 = (L?),zo which is a probability measure
on the path space

o0
W={> xilgo0 i €Noxi € R\ (0,01 f o0 asi 1 oo
i=1
equipped with the o-algebra induced by {w — w; : t > 0}.
Let (7, &) be a0, 1] x RY_valued random variable such that the joint distribution of (LO, 7,§)
is
g(w, s, 7) A(dw)dsvy(dz).
Let Aw;, = w; — wy_ and

U(w) = Z gw — Awlpy o), t, Awy).
Aw;#0

By [15, Corollary 2.3], for any bounded measurable function F on the path space of L, one has

Fliyso
U

Now, let (7, &) be independent of (L ll , L?) >0 with distribution

E(Fli-0)(L%) = Ef JL® + €11 0. (3.6)

1
—1 d dz).
oy [0,r1(s)dsvo(dz)

We have g(w, s, z) = %ml[o,,] (s). Since t is independent of L0 so that with probability one
T (< t) is not a jump time of L0 and since & # 0 as., we have
N+ 1

rot

UL + &l [r.00) =
Since ¥; == fot e=94dL! is independent of

t
eAtx+/ eA=94L0,
0
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it follows from (3.6) that for any z¢ € R and ¢ € (-1, 1),

t
Ptlf(x + ez0) = E{f(Yt + eA’(x + &z0) + / eA(’_S)dL?)l{N[>1}}
0

(Y + e (x +ez0) + [y 2L + E117,00))5)

N, +1

F(Ye+efx + [5eAt9d(L0 + (& + ee"720) 1 [z,00) )5 )
N, +1

= )»()l‘E{

= W]E{ } (3.7)

On the other hand, since the joint distribution of (LO, T,&E+ cedTzg) is

1 po(z — gez9)
—1q0.11(s) ———— A(dw)dsvp(dz),
rot 1 po(2)
(3.6) holds for & := & + ge"z( in place of & with
1 Ni . ealiA
U(LO) - Z po& — eefi®zp) .
Aot = po(&;)
Consequently, for any F' > 0, using FU in place of F in (3.6) one obtains
E{F(LOYU L") (y,>1)} = EF(LO + &1 [z.00)).
Taking n;(w) = ngt L{Aw,;=0y and
fz+ [y et=4dwy)

Flw) = e ()

L wy=1y, weWw

for z € R4, we arrive at

1g f<2+/te<f—s>AdL0)1{Nt>1} ok po(&; — eetTizg)
Aot - Jo )N = po (&)

-E { f(Z + fé eA(tis)d{LO + ¢+ 8eAtZO)1[‘E,OO)}S) } . ze Re.

Ny +1

Combining this with (3.7), we obtain

Ni

1 po(& — eeATizg)
pl =ENVSXD = ) s [
: f(x +e20) {f( z) {N>1} N, ; po(&) }

Therefore, for any ¢ # 0 we have

P f(x +¢ez0) — P! f(x) . 1 Oy po(& — eeTizg) — po(&)
' . ; ) f(Xt)l{erl}ﬁt; P .(3.8)

Noting that for i < N; one has t; < ¢ so that e4%i 7, is bounded, and noting that for each i one
has

i P0G — eetizo) — po(&)
1m

— A‘[,’ . _ A*r,- )
£l0 epo(&) = —(e""z0, Vlog po(§i)) = —(z0, € Vlog po(&i)),
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by (3.4) we are able to use the dominated convergence theorem to derive (3.5) by letting ¢ — 0
in(3.8). O

4. Proof of Theorem 1.1
4.1. Proofof (1.7) for A =0

We shall first consider the case where ryp = oo then pass to finite 7y by using Theorem 3.1.
(D For rg = o0, i.e.

v(dz) > 12|78 (|z]?)dz. .1
Then
nl(u>:=:/£ﬂ(e“"¢>——1-—i<u,z>1”d<ﬂ}nz|—d8(u|—2)dz
mu) = nu) —ni(u)
:iwwngmm+/>@W@—1—mm@thgpw@—ur%med
R

provide two Lévy symbols. Noting that S(|z|~2) > 1{|z|5|u\—1}5(|”|2) and

—/ (e — 1 —ifu, 2)Lqjz<y) 2] ™dz =/ (1 —cos(u, z))|z| ~“dz
{lzl<lul=1)

< {lzl<lul~1)

= / (1 — cos<i, z>)|z|*ddz
{zl<1) |u]

:f (1 —cosz1)|z|™%dz = ¢o € (0, 00),
{lzI<1)

we see that
u > () + coS(Jul?)
=@ + /R,,(ei("’Z) — 1 =i, 2)Lgzg<ny) Il 7S U2l ™) = S )1 1yy<py-1 Jdz

is also a Lévy symbol. Let PtS be the semigroup of the Lévy process with Lévy symbol
—coS(| - [3), and let [N’[S be the one with Lévy symbol 1 + coS(| - |*). We have

P =PSPS. 4.2)

Since P,S is the coS-subordination of the semigroup generated by A on RY, according to
Corollary 2.2 for E =R¢ and Z = 0,

oo
1
vpS < / ———e S dr = ——a(cot . 4.3
VP flloo < 1 flloo Y, == Nt (con) [l flloo (4.3)
Combining this with (4.2) we derive
VP flloo = \/—a(COI)”f”oo 4.4

Thus, the desired assertion holds if ry = oo.
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(II) For rg € (0, 00). Take
po(@) = (ro V |z~ ((ro v |2 72).
Then
P(dz) := v(dz) + po(x)dz > |z]7¢S(|z]~*)dz. 4.5)
Let I:? be the compound Poisson process with Lévy measure po(z)dz, and let
P f ) =E{liz <0 f(x + LD},

where 7 is the first jump time of I:?. Let L; be the Lévy process with Lévy symbol 1 which is
independent of L?. Then L; := L; + L? is the Lévy process with Lévy symbol

u = 1(u) +/ (cos(u, z) — I)po(2)dz.
R4

Therefore,

Ptf(x) = Ef(x + I:l)
E{f(x + L)l =n} +E{f(x + L + L)1z <1 )
= e M P f(x)+ PP f(x).

This implies that

Pif(x) =" (P f — PP f)(x). (4.6)
According to (4.5) and (I), (4.4) holds for P, in place of P;, i.e.
_ 1
VP < ——a(cot . 4.7
l tf”oo_m (con I flloo 4.7)

On the other hand, we have
IVo0(2)] < L=y {dlzl ™7 S(rg ) + 202177812175 ).
Since §’ is decreasing, S is increasing and S(0) = 0, from this we may find a constant ¢

depending only on d such that

oo

/R [ sup IVpo(x)I}dZSC / rm Sy ) +r2S (/4 Jdr

x:lx—z|<ro/2 ro

Sy 2d ., ., 2. 3¢
_C/ro { G- S se /4)}dr§%S(r0 V=S54 < Sy,

Therefore, it follows from Theorem 3.1 with 6 = 0 that
3¢S(rg )(1 — e o)
roio

3cS(rg )t

< ——flloes t>0. (4.8)
ro

Combining this with (4.6) and (4.7) we obtain the desired gradient estimate (1.7).

IVP! flloo <

1/ lloo
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4.2. Proof of (1.6) for A # 0
(IIT) We first observe that it suffices to prove (1.6) for ¢ € (0, 1]. Assume that (1.6) holds for
t € (0, 1]. By the semigroup property we have
IVP fI < IVPa(Py—1y+ Ol = cralco A D) flloe, >0

for some constant cg, c; € (0, 00). So, the desired inequality (1.6) holds for 6 < 0. Next, since
A < —01 implies that | X7 — X;'| < e %|x — y|, we have
Pf@) = P _ EPL(X) —EP (X))
lx — ¥l B lx =yl
ee(tl)]E{ |PLf (X)) — Plf(Xty—l)l }
X = X7

IA

Letting y — x and using the assertion for # = 1 and the dominated convergence theorem, we
arrive at

VP f)] < e CDIVP X DI < e Da(eo A D) flloo, 1> 1.
That is, (1.6) holds also for ¢+ > 1 with a different constant c.
(IV)Forrg =ocoandt € (0, 1]. Let

m) = /R (=1 =i, 2) 1 ggn)) 1278 (12 7z

= [ feostu.2) = DIz 501l
R4
and 72 = n — n1. By (4.1), both 11 and 7, are Lévy symbols. We have

Mm@ u) + coS(lu)?) = /d(cos(z, A u) — 1)121798 (12172 dz + coS(Jul?)
R
e u —d —2 sA* 2 2
= | (cos(z. gmr) = 1) 121752l e ulP)dz + coS (ul?)
Rd |52 u|
= fw (coszr — 1) 1zI7{S(zI21e ul?) — S(ulH) 1z <141, }dz

= /R T =1 =i 2 L) 1S 21721 ) = Su) Lo ety .
Since for s € [0, 1]
SUzI 21 ul?) = Sl 1y <e-tany
this implies that
w > ) + coS(ul)

is a Lévy symbol. In particular, there exists a probability measure 7, on R? with log-characteristic
function

t
log 71, (u) =/ n(eSA*u)ds+tcoS(|u|2)
0
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t t
= / e u)ds + / {1 u)ds + coS(|u®]) }ds
0 0
Now, letting PtS be the semigroup for the Lévy process with Lévy symbol —coS(|-|?), and letting

Pif(x) = /R fa ot m(de),

we obtain from (1.3), (1.4) and the definition of r; that
P f(x) = PSP f(e'x).

Combining this with (4.3) we obtain

VP flloo < I1f llooet(cot).
(V) Fort € (0, 1] and rg € (0, 00). Let pg, L? and L, be in (IT). Let

t
Plf(x) = ]E{f(e“‘x +/ e<’s>AdZ2>1{ﬁ§,}},
0
t
Pfx)=Ef (e“‘x + f e“‘”f‘dis).
0

Then (4.6) holds. Since (4.1) holds for v in place of v, according to (IV) and the argument leading
to (4.8) using Theorem 3.1, there exists a constant ¢ € (0, oo) depending only on d and 6 such
that

(o)t

IVPlloo < II £ llocet(cot), IVE! flloo < —21flloo-

Combining this with (4.6) we derive the desired gradlent estimate (1.6).
5. Proofs of Corollary 1.2 and Example 1.3

Proof of Corollary 1.2. Since the gradient estimate |V P +Gf loo < c(®)] flloo 1s €quivalent to

IPY f(x) = P ) < el flloolx — I, x,y € RY,

by the monotone class theorem it suffices to prove for f € Cg(]Rd). By (1.8), in this case we
have

d
EPSP,+_‘§f = P(ZL —~ZLTOPIf =P Pt%f), sel0,1].

Consequently,
t
Prof=Pf+ / Ps(0 P77 f)ds.
0

Combining this with Theorem 1.1, we finish the proof. [

Proof of Example 1.3. (1) follows immediately from Theorem 1.1 and Corollary 1.2 by taking
S(r) = cr*/?. To prove (2), we take

Se(r) = log' e (1 4 r!/(149)),
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According to [13], for any Bernstein function S and any § > 1, 7 > S§%(r!/%) is again a Bernstein
function. In this case we have

V(dz) > 1z i<roany |zl 4 Se (121 72)dz.

Then the desired gradient estimate follows immediately from Theorem 1.1. [
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