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Abstract

We give local and global existence and uniqueness results for multidimensional coupled FBSDEs for
generators with arbitrary growth in the control variable. The local existence result is based on Malliavin
calculus arguments for Markovian equations. Under additional monotonicity conditions on the generator
we construct global solutions by a pasting technique along PDE solutions.
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1. Introduction

Given a multidimensional Brownian motion W on a probability space, we consider the system
of forward and backward stochastic differential equations
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X

t t

X +/ by(Xy, Ys)ds +/ o, dW;

0 T 0 T (1.1)
Y = h(XT) + / gs(Xm Ys, Zs)ds - f ZSdWYa re [07 T]

t t

where x is the initial value, 7 > 0 is a finite time horizon, and b, o, g and h are given functions.
In this paper, we give conditions under which the system admits a unique solution in the case
where the value process Y is multidimensional and the generator g can grow arbitrarily fast in
the control process Z.

Our focus is on Markovian systems, in which the functions b, o, g and & are deterministic. We
consider generators that are Lipschitz continuous in X and Y and locally Lipschitz continuous in
Z. For one-dimensional value processes the decoupled system (with b depending only on X)) has
been solved by Cheridito and Nam [6] based on Malliavin calculus arguments. In fact, using that
for Lipschitz continuous generators the trace of the Malliavin derivative of the value process Y
is a version of the control process, they show that the control process can be uniformly bounded,
hence enabling solvability for locally Lipschitz generators by a truncation argument. To solve
(1.1) in the multidimensional case we propose a Picard iteration scheme which yields a Cauchy
sequence in an appropriate Banach space under uniform boundedness of the control processes.
Using Malliavin calculus arguments the boundedness is guaranteed if the time horizon is small
enough. Here we make ample use of the method in Cheridito and Nam [6]. Moreover using the
PDE representation of Markovian Lipschitz FBSDEs as developed for instance in Delarue [8]
and a pasting procedure, we construct a unique global solution for generators with an additional
monotonicity-type condition and non-degeneracy of the volatility o, see Theorem 2.5.

Systems such as (1.1) naturally appear in numerous areas of applied mathematics including
stochastic control and mathematical finance, see e.g. Yong and Zhou [30], EIl Karoui et al.
[12], Horst et al. [17], Kramkov and Pulido [22] and Bielagk et al. [3]. As shown for instance
in Ma et al. [25] and Cheridito and Nam [6], in the Markovian case, FBSDEs can be linked to
parabolic PDEs. More recently it is shown in Fromm et al. [15] that FBSDEs can be used in the
study of the Skorokhod embedding problem.

BSDEs and FBSDEs with Lipschitz continuous generators are well understood, we refer
to El Karoui et al. [12] and Delarue [8]. If Y is one-dimensional and g has quadratic growth
in the control process Z, BSDE solutions have been obtained by Kobylanski [21], Barrieu
and El Karoui [2] and Briand and Hu, Briand and Hu [4,5] under different assumptions on
the terminal condition £ = h(X7). We further refer to Delbaen et al. [9], Drapeau et al.
[11], Cheridito and Nam [6] and Heyne et al. [16] for results on one-dimensional BSDEs
and FBSDEs with superquadratic growth. Mainly due to the absence of comparison principle,
general solvability of multidimensional BSDEs with quadratic growth is less well understood.
Under smallness of the terminal condition solvability is shown in Tevzadze [28], see also Hu
and Tang [18], Luo and Tangpi [24], Jamneshan et al. [20], Cheridito and Nam [7], Frei [13]
and Xing and Zitkovi¢ [29] for more recent developments.

To the best of our knowledge, Antonelli and Hamadene [1], Luo and Tangpi [24] and Fromm
and Imkeller [14] are the only works studying well-posedness of coupled FBSDEs with
quadratic growth. In Antonelli and Hamadene [1] the authors consider a one-dimensional
equation with one dimensional Brownian motion and impose monotonicity conditions on the
coefficient so that comparison principles for SDEs and BSDEs can be applied. A (non-necessarily
unique) solution is then obtained by monotone convergence of an iterative scheme. This
approach cannot be transferred to the present multidimensional case since comparison results
are not available. Fromm and Imkeller [14] consider fully coupled Markovian FBSDEs with
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multidimensional forward and value processes and locally Lipschitz continuous generators in
(Y, Z). Using the technique of decoupling fields they obtain existence of a unique local solution
and provide an extension to a maximal time interval. Compared to Fromm and Imkeller [14], we
use an essentially different technique based on Malliavin calculus which guarantees the existence
of a uniformly Lipschitz decoupling field and Malliavin differentiability of solutions. Moreover,
we also construct a global solution. Although the non-Markovian system studied in Luo and
Tangpi [24] is the same as the one considered here, the techniques are essentially different. In
particular, the growth conditions in the present paper are weaker and we do not impose any
diagonally quadratic condition. Our main results can be extended to the non-Markovian setting
and to random diffusion coefficient (when o depends on X and Y) under stronger assumptions
involving the Malliavin derivatives of g and , for details we refer to the Ph.D. thesis of Luo [23].

The paper is organized as follows. In the next section, we present the setting and main results.
In Section 3 we prove local solvability of multidimensional BSDE with superquadratic growth
and give conditions guaranteeing global solvability. Section 4 is dedicated to the proofs of the
main results.

2. Main results

Let (2, F, (Fi)epo.11, P) be a filtered probability space, where (F;);[0.77 is the augmented
filtration generated by a d-dimensional Brownian motion W, and 7 = JF for a finite time
horizon T' € (0, 00). The product {2 x [0, T'] is endowed with the predictable o -algebra. Subsets
of RF and R**k k e N, are always endowed with the Borel o-algebra induced by the Euclidean
norm |-|. The interval [0, T'] is equipped with the Lebesgue measure. Unless otherwise stated,
all equalities and inequalities between random variables and processes will be understood in
the P-almost sure and P ® d¢-almost sure sense, respectively. For p € [1,00] and k € N, we
denote by SP(IR¥) the space of all predictable continuous processes X with values in R¥ such
that || X1 spgty = [ISUp;cjo.77 [ X:| Il < 00, and by HP(RF) the space of all predictable processes
Z with values in R¥ such that 1 Zll3p @iy = ||(f0T |Zu|2du)1/2||p < oo. Here, || - ||, denotes the
L?-norm.

LetI,m € N be fixed. A solution of (1.1) with values in R” x R! x R/*? can be obtained
under the following conditions:

(A1) b : [0,T] x R" x R® — R™ is a measurable function, b,(-, -) is continuous for each
t € [0, T], and there exist kq, k>, A; > 0 such that

|bi(x, y) = bo(x', Y)| < ki |x — x| + ka |y — y'| and
1D:(x, I < (T + |x| + |y])
forall x,x’ € R™ and y, y' € R/

(A2) o : [0, T] — R"*? is a measurable function and there is A, > 0 such that |o,| < A, for all
te[0,T].

(A3) h:R™ — R/ is a continuous function and there exists ks > 0 such that
|h(x) — h(x")| < ks |x — x|

for all x, x’ € R™,
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(A4) g:[0, TIxR™ x Rl x R'*¢ — R! is a measurable function and f0T|g[(O, 0,0)| dt < +oo.
Moreover, the function g (-, -, -) is continuous for each ¢ € [0, T] and there exist k3, k4 > 0
and a nondecreasing function p : Ry — R, such that

|gi(x, y.2) — &(x', y, 2)| < ks |x — x| @2.1)
forall x,x’ € R”, y € R and z € R"*¥ such that |z| < M := 8x,ks~/dl and
g, y.2) = gx, ¥ )| <kaly—y|+p(lzl v |]) |z =7

forallx e R”,y,y e Rl and z, 7/ € R/*?,
(AS5) There exists a constant K > 0 such that

|gt(-xv Y Z)_gt(x/a Vs Z)_gt(-xv )’/’ Z/)+gt(x/’ y/v Zl)‘
<Kl =x|(ly=y+]z=21)
forallt € [0, T], x,x’ e R", y,y € Rl and z, 7/ € R/*4,

Our main result ensures local existence and uniqueness for the coupled FBSDE (1.1) under the
previous assumptions. The proof is given in Section 4.

Theorem 2.1. Assume that (A1)—(AS5) hold. Then there exists a constant C > 0 depending
on ki, ko, k3, ks, ks, Ay, | and d, such that the FBSDE (1.1) has a unique solution (X, Y, Z) €
S2HR™) x SARY) x S®R*?) with |Z,] < M, whenever T < C.

Local existence results have been obtained in [14, Theorem 3] and [24, Theorem 2.1] in
essentially different settings and with different methods. Let us mention that our technique allows
to obtain existence of solutions of coupled FBSDEs with Burger type nonlinearities at least for
small enough time horizons.

Example 2.2. Assume that 7 is small enough, b, o and h satisfy (A1)—(A3), with || < A5 for
some A5 > 0. Then for each k > 1 the FBSDE

t t
X, =x+/ bs(Xs,YS)ds—i—/ o, dW;
o 7 o 7 (2.2)
Y, =h(XT)+/ Ys|Zs|kds—/ Z, dW,, te[0,T]
t t

admits a solution (X,Y,Z) € S*R") x S®[R') x S®R*?). The details are given in
Section4.2. O

Remark 2.3. The condition (A5) is the minimal condition needed to ensure Lipschitz continuity
in y, z of the Malliavin derivative of g,(X,, v, z) for a given SDE solution X, see e.g. El Karoui
et al. [12] and Cheridito and Nam [6] for details. When the generator g is of the form
g:(x,y,2) == f'(x) + f2(y) + f(z) for some functions f', £ and f3, then (A5) is satisfied.

Moreover, let us mention that an advantage of our method is that it implies Malliavin
differentiability of the forward process X and the value process Y in the solution (X, Y, Z) of the
FBSDE (1.1) obtained in Theorem 2.1. We refer to Section 4.3 for details. ¢
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Remark 2.4. The following counterexample shows that in general, even in the one-dimensional
case, coupled systems do not have a unique global solution. Consider the FBSDE

t
Xt:/ Yudu
0

T T
Y,:f qudu—/ Z,dW,.
t t

This equation can be rewritten as

T s T
Y, =f / kY,duds —/ Z,dW,. 2.3)
t 0 t

It is shown in [10, Example 3.2] that if Tv/k < 7 then the BSDE with time-delayed generator
(2.3) has a unique solution whereas if TVk = %, Eq. (2.3) may not have any solution and if it
has one, there are infinitely many. ¢

Next, we would like to find conditions under which Theorem 2.1 can be extended to obtain
global solvability. In the present setting, under additional assumptions, a pasting method based
on PDEs allows to get global existence and uniqueness for the FBSDE (1.1).

(A6) There exist Ky > O satisfying Ky > 2e*Tk2T(k2 + k3T) + ks + p>(M~/dl) with
M = 8),Ks+/dl and K5 = ,/2(k? + k3T )ek1T such that

!
Y0 =Y (i v, ) — glx, Y, ) < —Kaly = Y[

i=1

forallx € R", y,y € R and z € R/*“,

(A7) There exist K, K4 > 0 satisfying \/2K1k52(K4 — pA(M~/dl)) > kak2 + k3 such that

2

’

3 = xi) (b, y) = B, ) < —Ki|x - ¥

i=1

!
Y0y (gl v, ) — glx, ¥, 2) < —Kaly =y

i=1

forall x,x’ € R™, y,y' € Rl and 7 € R/*4,

Theorem 2.5. Assume that (Al)— (A5) hold and there exist 3, Aa, As > O such that'
1D (x, ¥) <md+1yD
(x,o007x) > dslx?

lg:(x,y, 2l <A1+ 1|yl + p(zD)1z])
|2 (x)] <2s

2.4

forallt € [0,T], x,x' € R", v,y € Rl and z,7 € R4, Then, if (A6) (respectively (A7))
is satisfied, the FBSDE (1.1) has a unique global solution (X, Y, Z) € SZR™) x S®RY) x
S®(R™4Y such that | Z,| < M (respectively |Z,| < M).

! 6 is the transpose matrix of o.
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Remark 2.6. Assumptions (A6) and (A7) can be understood as monotonicity conditions on
the generator and the drift coefficient. These conditions are satisfied for instance when the
components of g (resp. b) are linear in y (resp. x). In fact, if there is a function f with values in
R/ such that g:(x,y,2) = —Ky4y + fi(x, 2), then g satisfies (A6), and suitable conditions on f
guarantee that g satisfies (A4) and (A5) as well. ¢

Remark 2.7. We emphasize that the boundedness conditions of b and g in the variable x in
(2.4) are needed only for global solvability. These conditions are not necessary for existence and
uniqueness on short enough time horizons. ¢

Notice that Theorem 2.5 yields existence of a decoupling field, see [14]. In particular, the
boundedness of Z yields uniform Lipschitz continuity of the decoupling field.

Theorem 2.1 relies on an existence result for multidimensional BSDEs presented in Nam [26]
and revisited in the next section.

3. Multidimensional BSDEs with bounded Malliavin derivatives

Let us introduce the spaces of Malliavin differentiable random variables and stochastic
processes D2(R') and L1-2(R). For a thorough treatment of the theory of Malliavin calculus
we refer to Nualart [27]. Let M be the class of smooth random variables & = (&', ..., &) of the
form

: . T T
%.t = (pl (f h;IdWY» ’f h;n dWY)
0 0

where ¢’ is in the space C’(R"; R) of infinitely continuously differentiable functions whose
partial derivatives have polynomial growth, 4!, ..., hi" € L?([0, T]; R?) and n > 1. For every
£ in M let the operator D = (D!, ..., D%) : M — L%(2 x [0, T]; RY) be given by

n i

) 9 T ) T ) B
D¢ ::Zi(/ h;ldWS,...,/ WAW A, 0stsT, 1sisl,
0 0

ox;
j=t "

and the norm |||, , == (E[|&]* + fOT |D,£)*dt])"/?. As shown in Nualart [27], the operator D
extends to the closure D'?(R') of the set M with respect to the norm ||-|| 1.2- A random variable &
is Malliavin differentiable if & € D"?(R!) and we denote by D, its Malliavin derivative. Denote
by L1-2(R') the space of processes ¥ € H2(R') such that ¥, € D'2(R!) for all ¢ € [0, T], the
process DY, admits a square integrable progressively measurable version and

T T
”Y”i:l‘z(]R]) = ||Y||7_[2(Rl) + E[/ / |DrYt|2 dr d[] < Q.
a 0 0

We next consider a system of superquadratic BSDEs of the form

T T
Y, = g +/ gu(Yua Zu)du - / Zuqu (31)
t t
satisfying the following conditions:

B1) g: 2 x[0,T] x R x R*? — R is a measurable function and there exist a constant
B € R, and a nondecreasing function p : Ry — R, such that

&y, 2) =& (', ] < Bly=y[+p(lzlv|]) ]z =7
forallt € [0,T],y,y e Rland z, 7 € R*4,

Please cite this article in press as: M. Kupper, et al., Multidimensional Markovian FBSDEs with super-quadratic growth, Stochastic Processes and
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(B2) £ € D“2(R!) and there exist constants Ajj = 0such that |Df§i| < Ajjforalli=1,...,1,
j=1,...,dandt € [0, T].

(B3) 5.(0,0) € H*(R') and there exist Borel-measurable functions g; i+ 10, T] — R, satisfying
OT q;(1)dt < oo such that for every pair (y, z) € R’ x R with

d I I T
flzo= 23(S a1 [ o)
j=1 Ni=I i=1 70

one has

o 2.(y,2) € LLARY) with |D]gi(y, 2)| < gi;(t) foralli =1,...,1,j=1,...,d and
uel0,T],
o for almost all u € [0, T'] one has

|Dugi(v.2) — Dugi(y', 2| < Ku®) (ly = ¥'| + 1]z = 2])
forallt € [0,T], y,y € R and z, 7/ € R*? for some R -valued adapted process

b T
(Ku(t))repo, 1) satisfying [, ||K””3—[4(R) du < oo.

The following is an extension of Cheridito and Nam [6, Theorem 2.2] to the multidimensional
case. It was proved in Nam [26] under slightly different assumptions. For instance, we do not
assume a monotonicity-type condition on y — g;(y, z) for every z. Our results rely on the
techniques of [6]. For the sake of completeness we give the proof.

Theorem 3.1. Assume that (B1)~(B3) hold and T < %. Then the BSDE (3.1) admits a

unique solution in S*(R?) x S®R*?) and |Z,] < Q.
Consider the following stronger versions of the conditions (B1) and (B3):

(B1’) g is continuously differentiable in (y, z) and there exist constants B € R, and p € R, such
that |8ygt(y, z)| < Band |d.g,(y,2)| < pforallt € [0,T],y,y € Rl and z, 7/ € R**.

(B3") The condition (B3) holds for all (v, z) € R x R4,

Lemma 3.2. If (Bl'), (B2) and (B3') hold, then the BSDE (3.1) admits a unique solution
(Y, Z) € SYR) x HYR*!) and

) l 1 T ) 5
1z < <Z Aizj n Z/ q%(s)€7(23+p +1)(Ts)ds)e(23+p +)(T-0)
i=1 i=1"1
forall j=1,...,d. 3.2)

Proof. By (B2), each component &' of £ has bounded Malliavin derivative, which implies by
[6, Lemma 2.5] that E[|&! |p] < oo for all p > 1. It follows from El Karoui et al. [12, Theorem
5.1 and Proposition 5.3] that the BSDE (3.1) has a unique solution (¥, Z) € S*R') x H*R!*),
which is Malliavin differentiable. Mopeover'for everyi =1,...,land j =1, ..., d, the process
(DY}, D} Z!)e0,1 has a version (U;”", V;”""),¢(0.7) which satisfies

U/" =0, V’"=0, for 0<t<r<T,

Please cite this article in press as: M. Kupper, et al., Multidimensional Markovian FBSDEs with super-quadratic growth, Stochastic Processes and
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and is the unique solution in S*(R’) x H2(R"*?) of the BSDE

; . T P . .
Ut]’r = DZE + / ayg‘v(yx, ZS)UXJJ + 8zgs(Ys» ZS)VSJJ + DﬁgS(YS’ Z-V)ds
t

T .
- / VI dW.
t

Applying 1t&’s formula to |U;"|?

yields

|Utj'r|2 — |D'j§|2 _ / 2Us],rvs],rdWS
t

§

T

+ f 2077 8,8, (Y, ZOU]" + 207" 8,8,(Y;, Z)V{"
t

+ 22U Dig,(Yy, Zy) — |V{"Pds

T T
< |D{g|2—/ 2Uj”Vj”dWs+/ 2B|UI" | + 20U | V7|
t t

l
+2 | Y G| - VI ds

i=1
< |DJg| —/ 2Uj”st”dWS~|—/ (2B +p> + 1) U P + ) q}(s)ds.
t t

i=1

Using condition (B3) and taking conditional expectation in the above inequality yields
. 1 T ' l
U PP < E[Z AF + ft (2B +p* + 1) U > + Zq?j(s)ds ‘ E]. (3.3)
i=1 i=1

By El Karoui et al. [12, Proposition 5.3] the process Z is a version of the trace (U} ),¢[o,7) of the
Malliavin derivative of Y. Hence (3.2) follows from (3.3) by applying Gronwall’s inequality. [J

Proof of Theorem 3.1. Define the Lipschitz continuous function g by

~ ey, 2) if |z|] <0,
g’(y’Z)‘{g,(y, 0z/lz) it |z > Q. 3.4

By Cheridito and Nam [6, Lemma 2.5], the condition (B2) implies E [|£|”] < +o0 for all
p € [1,00). Thus, & € L? forall p > 1. Therefore, it follows from El Karoui et al. [12, Theorem
5.1] that the BSDE corresponding to (g, £) has a unique solution (¥, Z) € S*(R!) x H*R/*).
For x = (y, z) € R4 Jet B € C®°(R**9) be the mollifier

1
re - if 1,
Blx) = Xp( 1—|x|2> o=
0

otherwise,

where the constant A € R, is chosen such that fRHlxd B(x)dx = 1. Set B"(x) = n!™>*B(nx),
n € N\ {0}, and define

(@, %) = / 7@, VB (x — x)dx’
RI+Ixd

so that for each n > 0 the function g" satisfies (B1’) and (B3’) with the constant p replaced
by p(Q). By Lemma 3.2 the BSDE corresponding to (g”, £) has a unique solution (Y, Z") in

Please cite this article in press as: M. Kupper, et al., Multidimensional Markovian FBSDEs with super-quadratic growth, Stochastic Processes and
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S*(RY x HAR*?) which satisfies

2 < (ZA +Z/ 2(s)e (2B+p (Q)+1)(T 91 ) (23+p2(Q)+1)(T7t)
t f— lj
< (Z Aizj + Z/ qizj(S)dS) e(zmpz(QHl)T.
i=1 i=1 70

log(2) :
Since T < Bl Ve obtain

IZ”’|2<2<ZA +Z[ q,j(s)ds> forall j=1,...,d.

This shows |Z7| < Q. Since g" converges uniformly in (¢, w, y, z) to g, using the procedure of
the proof of Cheridito and Nam [6, Theorem 2.2], it follows that (Y", Z") converges to (¥, Z)
in S2(R') x H2(R!*9), so that | Z,| < Q. Since g(y, z) = g(y, z) for all (y, z) € R! x R"*¢ with
|z| < Q, it follows that (Y, Z) is the unique solution of the BSDE corresponding to (£, g) in
S'R) x S®R*). O

Corollary 3.3. Suppose (B1)—~(B3) hold, T < % and (Y, Z) € S*R!) x S®(R!*) s
the solution of the BSDE (3.1). Then Y, € D'2(R)) forallt € [0, T] and forevery j =1, ...,d,

one has
|D1Y, <2<ZA +Z/ qu(s)ds> forallr € [0, t]. 3.5)
i=1

Proof. Since |Z| < Q is bounded, (Y, Z) solves the BSDE with terminal condition &
and generator g defined by (3.4). If g satisfies (B1") and (B3’), then the result follows from
Lemma 3.2. Otherwise consider the sequence of smooth functions g" converging to g as defined
in the proof of Theorem 3.1. Let (Y", Z") € S*(R!) x H*(R'*“) be the solutions to the BSDEs
corresponding to (g", &), which converge to (Y, Z) in S*2(R!) x H*(R*?). By Lemma 3.2
(Yr, zn e DM (R x DVA(R™) for each t € [0, T] and the arguments in the proof of
Theorem 3.1 imply

|DJY”|2<2(ZA +Z/ q,j(s)ds> j=1,....d, rt €[0,T].

Hence, supneNE[f0 |Dﬁ an| dr] < oo foreacht € [0, T']. Since (Y;') converges to Y; in L?,
follows from Nualart [27, Lemma 1.2.3] that ¥, € D'2(R!) and (D, Y, /') converges to D, Y, in
the weak topology of H2(R!*?). Thus, D, Y, satisfies (3.5). O

As a consequence to Theorem 3.1, we give a condition for global solvability of fully coupled
systems of BSDEs. For the remainder of this section we put

log(2)

, neNlN.
2B + p?(2"Q)+ 1

n =

Proposition 3.4. Assume that (B1)—(B2) hold, that there exists N € N such that Z,Ilv=()An >T,
and (B3) holds with Q replaced by 2V Q. Then the BSDE (3.1) has a unigue solution in
S*RH x S®R*YY and |Z,| < 2V Q.

Please cite this article in press as: M. Kupper, et al., Multidimensional Markovian FBSDEs with super-quadratic growth, Stochastic Processes and
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Proof. If T < Ay then the result follows from Theorem 3.1. Otherwise, if T > A, it follows
by the same arguments as in the proof of Theorem 3.1 that the BSDE (3.1) has a unique solution
(Y, 2% in S*R!) x S®R'*?) on the interval [T — Ay, T]. Moreover, Z° satisfies |Z°| < Q
and by Corollary 3.3 one has Y})_AO € D'2(R') and forevery r < T — Ay,

l I T
DIYD_, P < 22|A,-,»|2+Z/ 2g()Pdr forall j=1,....d.
i=1 i=1 70

Since g satisfies (B3) for all (v, z) € R' x R*? such that |z| < cQ, agam by Theorem 3.1 the
BSDE (3.1) with terminal condition Y;)—Ao has a unique solution X', 2" in S*R) x S®(R!I*9)
on[(T — Ay — A)) VO, T—AO] and

1D} Y py—a ol <222|A,j| +Z/ 2% +2)qij()Pdt, forallj=1,....d

i=1

1Z)]1 <20, tel(T—A0—A)VO,T— A.

Repeating the previous arguments, for N > 2 the BSDE (3 l) has a unique solution (Y", Z")
in S*RY) x S®R*?) on [(T — Zn 0dn) vV 0,(T — Z A ») Vv 0] with terminal cond1t10n
Y(Tizrll\;ol ApVO° Moreover,

l

Yy S al SZ 1A +Z/ (ZZk)|qU(t)|2dt forall j=1,...,d

|D/Y

1ZV <20, e [(T—ZA,,)VO,(T— ZA,,)\/O].
n=0 n=0

Hence, the pair (Y, Z) given by

Y _Yl[T AlT]+ZY1(T Sy AWVOT=X1Z) Apvo)

n=1

. 70 n
Z=2Z1r-p.1+ ZZ 1[(Tizn AWOT- A )vo]
n=1
solves (3.1) and its uniqueness follows from Theorem 3.1. [

Remark 3.5. The condition Z,I,V:()An > T forsome N € N does not guarantee global solvability
of multidimensional BSDEs with superquadratic growth. In fact, if p(x) > C(1+./x) forall x >
0,then ), _,A, < co. However, it does guarantee global solvability for BSDEs whose generator
grows slightly faster than the linear function. For instance, if p(x) < C(1 4+ ,/log(1 + x)) one
has

i log(2) . i log(2)
2B+ p22NQ) +1 T & 2B +2C%(1 +1og2N(1 + 0)) + 1
log(2)

||P”18

2B +2C%(1 +log(l + Q) + nlog(2)) + 1=

Note also that global solvability of strict subquadratic systems has been established by Cheridito
and Nam [7]. ¢
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4. Coupled FBSDE with superquadratic growth
4.1. Proof of Theorem 2.1

Step 1: We first assume that A, b and g are continuously differentiable in all variables. Let us
define

k% log2 A2 log?2
= A A A
k% ki koM 2k4 + ,Oz(M) + 1

with M = 8ksi,+/dl. We will show that for T < C|, the sequence (X", Y", Z") given by
X°=0,Y°=0,7°=0and

Cl =

t t
X! =x+/ b(X;}*‘,Y;)dquf oy dW,
0 0

T T
yrt! =h(x';+1)+/ gu(xg“,yg“,z;“)du—/ zZraw,, n>1
t t

is well defined and that | Z"'| < M foralln € Nand € [0, T]. The process X' is well defined,
X ,1 belongs to D'?(R™) for every ¢ and the process (D, X t)refo, ) satisfies the linear equation

D.X'=0,0<t<r<T,
t t

D X! = / (3:bD, X} + 8,bD,Y)du + D, <f ouqu> ,0<r<t<T,
r r

with D,(f: 0, dW,) = o014, see Nualart [27, Lemma 2.2.1 and Theorem 2.2.1]. Hence, since
b is Lipschitz continuous, we have

t
|D. X/ | 5/ kiD,X,du+o, and |D,X!| <™,
r

where the second estimate comes from Gronwall’s inequality. We will now show that since
T <Cy, k(X IT) and g(X', -, -) satisfy (B1)—(B3). In fact, since / is continuously differentiable
and X1 € D'2(R™), it follows from the chain rule, see for instance Nualart [27, Proposition
1.2.4], thath(XT) € D"2(R') and |D](h(XT))| = |0y h(XT)D]X | < AskseT i forallr € [0, T,
j = ,d. Using T < l‘l’i , we deduce that h(X}) satisfies (B2) with A;; = 2Xks.
Similarly, by (A4) and using that the function x — g(x, y, z) is continuously differentiable,
it follows that g (X!, y,2) € LI*R') and |D/(g'(X', < MkzeT™ 1 j =1,...,d for
all (y,z) € R x R™™? guch that |z| < M and, due to (A5), applying the same argument to
&i(x,y, ¥, 2,2) = gilx, y,2) — gi(x, y', 2) yields

ID]gi(X;,y,2) = Dlgi(X;,y', 2)| < Kze"™ .
ig A 22 e deduce that g (X', y.2) satisfies (B3) with g;; = 2i2k3 and
K, (t) := 2K A,. Moreover due to (A4), the function (¢, y, z) > g,(X,l, y, z) satisfies (B1).

log2 1 1 . .
Therefore, by T < EEwsTIINRE Theorem 3.1 ensures that (Y', Z") exists. Consider the

function g defined by

Using T <

5 gi(x,y,2) if|z| =M
X,y,2) = :
8%, y.2) {g,(x, v, zM/|z|) if |z] > M.

Since (Y!, Z!) also solves the BSDE with terminal condition (X)) and a Lipschitz generator
g(X', -, ), it follows from Lemma 3.2 and its proof that (Y,!, Z!) € D"*R') x D"?(R!*?) for

Please cite this article in press as: M. Kupper, et al., Multidimensional Markovian FBSDEs with super-quadratic growth, Stochastic Processes and
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allt € [0, T]and D,Y! is bounded and it holds Zt1 =D, Ytl. In addition, we have |D, Xt1| <4,
and |D, Y| < M.

Now let n € N, assume that (X}, Y/, Z}') € DI2R™) x DV2(RY x DL2(RI*D), Z! = DY}
and |D,X;l| <4x,, D,Yt"| < M forallr,t € [0, T]. The process X"+ is well defined, for each
t; X"+ belongs to D'*(R™) and it holds

DX =0,0<t<r<T,

t
D, X! =0, +/ (3D, X" +3,bD, Y Ydu, 0 <r <t <T.

Since d.b, d,b and o are bounded by ki, k> and A, respectively, it follows from Gronwall’s
inequality that

T
|D, Xt < ™ (Az +k2/ |D, Y| du) )
0
Hence,
|D, X! < ™ (o + ks TM) < 00 4.1)

so that since T < ki—ZM, we have |D,X;'+1| < 4X,. As above, h(X;'H) and g(X"',y,2)
are Malliavin differentiable and satisfy (B1)-(B3) with A;; = 4Asks, g;j = 2i2ks and
K, (t) := 2K A,. It then follows again from Theorem 3.1 that (Y"*!, Z"*+1) exists and | Z"*!| <
M is bounded. Since (Y”+!, Z"*1) also solves the BSDE with terminal condition h(X?rl)
and Lipschitz continuous generator g,(X"*!, . .), Lemma 3.2 and its proof guarantee that
(Yl zntly € DLARY) x DM2(R™9) for all t € [0, T] and D,Y"*! is bounded and it holds
Zt = D,y with | D, Y| < M.

Step 2: Now we show that there is a positive constant C, depending on &y, k>, k3, k4, ks, A», [ and
d, such that if T < C», then (X", Y", Z") is a Cauchy sequence in SZ(R") x S?(R') x H>(R/*).
Using (A1) we can estimate the norm of the difference X! — X" as

t 2 t 2
| Xt — X 52<f ky| X! —Xg|ds> +2(f ko| Y —Y;”|ds> )
0 0

2

Thus
2

T
+2</ k2|Y;’—Y;l—1|ds> .
0

Taking expectation on both sides and using Cauchy—Schwarz inequality, we have

T
sup X! — X" < 2<f ky| X0 — X;?|ds>
0<t<T 0

T
E [ sup X" — X;ﬂ < 2TKE [/ X Xflzds} +2TKE
0

0<t<T

T 2
x [/ |y" —yr ds]
0

< 2T%2E [ sup |X"*1 — X;’d +2T%2E [ sup ¥ — Y,”_llz} .

0<t<T 0<t<T

Choosing T to be small enough so that 2T2kf < % it follows

E [ sup X" — X;“f} < AT%U2E [ sup |[¥" —y"~! |2} . (4.2)

0<t<T 0<t<T
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On the other hand, applying It&’s formula to eﬁ’|Yt’”rl Y/ 12, B > 0, we have
T
PN — Y P = T — (x| 2 / P —YINZI = ZHd W,
t
T T
- / Pz — ZMyds — / BeP (Y — ymds
t t
T
12 / (Y = Y [gy (X Y, 70
t
— gs(X7, Y, Z)] ds.
Hence, due to the condition (A3) and the boundedness of (Z"), it holds
) T
Py YT+ / Pzt — zMyds
t
5 T
< T X5y — h(XP)|” = 2/ Pyt —ymy(zit — Z2Mdw
t
T T
- [ et vvas 2 [ pan vt - v |z - 22 as
t t
T T 5
2 [ et - ot = s+ 2 [ eyt - v
t t
With some positive constants ¢, oy, it follows from (A3) and Young’s inequality that
T
2 2
Py v+ / Pz — zyYds < PTRZ XA — X1
t
T T
—2 | ePs(rmt —ymyzrt — zMyaw, Bs|xm+l _ xnd
e” (Y s WZg AW +ay | e”|X] slds
t

t

M 2 k2 T
+ <—(p( LA VO ﬂ) / Pt — ¥ ds
(%3] (0% t

T

+ oq/ P12 — 2 ds. 4.3)

t
2
Letting g = % + ];—32 + 2k4 and taking expectation on both sides above, we have
T
n n 2 K n n n n 2
Elem iy =i+ E [/ ezt — Zsfds} = e TE [1X5 - x31]
t

T T
+oE U ePs|zmt — Zf|2ds:| +wE U ePs|xntt — Xg|2ds] :
t

t

Putting o) = % and oy = 1, the previous estimate yields
r 2
E [/0 Pzt — Z;’)zds:| < 2PTKZE [|X';+1 — X% ]

T
+E [/ D can X;‘lzds} .
0
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Next, taking conditional expectation with respect to J; in (4.3) gives

T
ePriyrtt — Y,"|2 +E [ / ePs(zmth — zMyds
t

]-',} < fTIZE [|X’;+1 — X1

al

Thus, by Burkholder-Davis—Gundy inequality, with a positive constant ¢; and o] =

7

T
+a1E[/ 2t — 77 Pds

t

T
}',} +aE [/ P\ X — X1 2ds

t

we have

E [ sup ey — Y;ﬂ < c1!TE [|x';+‘ - X;f]

0<t<T
1 T 2 T
+ sk [/ eP|1zmtt — 77 ds] +cE U P xIt — Xflzds:|
0 0

T
< 201! TI2E [|x;+1 - X'}f] +20,E U B X1 — X;’|2ds:| .
0
It now follows from (4.2) that

T
E |:OsupT |y — Y,"|2] +E [ /0 (zi+ — Z;?)st]
<r=

< 8(ct + De!T (k2 + TTAHEE [ sup [¥" — Y,"ﬂ .

0<t<T
Taking T small enough so that

1
8(ci + DeP (k2 + T)T?k3 < =,

[\

we obtain that (X", Y", Z") is a Cauchy sequence in S>(R") x S?(R') x H>(R*?). Thus, it
suffices to define C; by the conditions

1
2Tk < =
2

8(c1 + DePT (k2 + T)T?k3 <

R =

By continuity of b, g and i we have the existence of a solution (X, ¥, Z) in S2(R™) x S?(R') x
H2(R!*?) of FBSDE (1.1) and it follows from the boundedness of (Z") that |Z;| < M. The
uniqueness in S2(R™) x S2(R!) x S®(R!*?) follows from the boundedness of Z and by repeating
the above arguments on the difference of two solutions.

Step 3: If one of the functions b, g or & is not differentiable, we apply the technique of the
proof of Theorem 3.1. Namely, we use an approximation by the smooth functions defined
as follows: For n € N, let B/, B% and B2 be nonnegative C* functions with support on
{x e R" : |x] < 1} {x e R"™ : |x] < }and {x € R™+ : |x] < 1} respectively,
and satisfying [pn By (r)dr = 1, [ou Br(r)dr = 1 and [Guiixa By (r)dr = 1. We define the
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convolutions

B(x, y) = / BB~y = Xy, )
R}ﬂ
= / h(x)B(x" — x)dx/,

g"(u,x,y,z) = / et gu,x', ¥, B —x,y —y,7 —2)dx'dy'd?.
Rm X

It is easy to check that b" satisfies (A1) with the constants k;, k, and 2A; and that g" and A"
satisfy (A4)—(AS5) and (A3), respectively, with the same constants. From Steps I and 2, there
exists a positive constant C independent of n such that if T < C, FBSDE (1.1) with parameters
(0", h", g") admits a unique solution (X", Y", Z") € SZ(R’”) x S2(RY x S®(R!*4) and

2] < M.

By the Lipschitz continuity conditions on b and 4 and the locally Lipschitz condition of g, the
sequences (b") and (h") converge uniformly to b and & on R"* and R”™, respectively, and (g")
converges to g uniformly on R+ x A for any compact subset A of R'*¢. Combining these
uniform convergences with the boundedness of Z”, similar to above, there exists a constant C
depending on ki, ky, k3, k4, ks, Ao, [ and d such thatif T < (:‘, (X", Y", Z™)is a Cauchy sequence
in the Banach space S2(R™) x SZ2(R) x H2(R!*?).

In fact, for any m, n € N, using Cauchy—Schwarz inequality we have

T
|x— x| < T/ |br Xz, vy — bX, Y| du.
0
Thus, taking the supremum with respect to ¢ and then expectation on both sides give

HX” - X" ||2S2(R’")

T
§3T/ (|BXs, Y — bu(X, Y")y + B XY — bu(X) Ym)\

+ [Bu(X] YD) = b (X, Y P)du

u’

u’

§3T/ (BrX2, YY) = bu(X2, YO + X, Y = b (X2, YD) du

+ 3T X" - X"

”sZ(Rm) + 3k§T2 ” yr—y" ‘

”SZ(R’) (“4.4)

where the second inequality follows from (A1l). On the other hand, applying 1t6’s formula as in
Step 2, one has

T
e =y [ lz-zoPan

< (X3 = hXD[ + [hm Xy — R + k2| X5 — X[
- 2/ Y —ymy(zrt — zMaw,

t

T
+/ |Yr — " (gn(XE Y0, Z0) — gu(XL Y0, Z)|

t

+ |g;n(Xm Ym Zm)_gu(Xm Ym Zm)|+k3|Xn_Xm|+k4|Yn_Ym|

u’

+ p(M)|Z — Z'du. 4.5)
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Taking expectation, due to Young’s inequality we have

12" = 2" [ s

< E[|W"(X3) — k(X301 + ELR" (X3 — k(X[ + &2 + > Tk3>

x ”Xn X" ”52(Rm)

1 1
T =V + 5 / (X2, Y2, Z0) — gu(X2, ¥, 70

+ |g;n(Xm y™ Zm) gu(Xm y™ Zm)| du

u ll’ u

+ %Tki,oz(M)” yr —ym 2

o + 512" = 2"

”7_[2(Rl><d)'

On the other hand, taking conditional expectation in (4.5) and then the supremum with respect
to ¢ and then expectation on both sides, we have due to Young’s inequality

”Yn - Ym”; (R

< E[["(X3) — h(X) [T+ ENA" (X — D1+ 2| X" = X" | am,

1
T ] / (X", Y2, Z0) — gu(X2, Y™, 70

+ |g;n(Xm ym Zm) gu(Xm Ym Zm)| du

u’ u u’

+3 Tk pz(M)” Y"— m”?ﬁ(ﬂy)

1
+ ETkg ”X” - X" ”SZ(R’”)

1 n m 2
+ 512" = 2" pgea:
Combining (4.4) and (4.1) we observe that if T is small enough so that
3T < ~
l 27272 E 37272 l 2.2 l
2T—i—3k5k2T + 2T kzk; + 2Tk4,o M) < 5

then, the uniform convergence of (b"), g" and (k") to b, g and h ensure that (X", Y", Z") is a
Cauchy sequence. The verification that the limit (X, Y, Z) of the sequence (X", Y", Z") solves
the FBSDE (1.1) uses continuity of the functions b, & and g, and that |Z,| < M is a consequence
of the boundedness of (Z"). Taking C := C A C concludes the proof. [J

4.2. Proof of Example 2.2

k

Let k > 1, g(v,2) = ylz|* and R = % with T < log( k) A 1. The
function g restricted to the ball {y : |y| < R} x fz Dlz) £ M}is L1psch1tz continuous,
ie. (v, 2) — gy, ) < MMy — y'| + 2RM*~"|z — /| for all |y|, |y'| < R and |z, || < M.
Thus, it can be extended to a Lipschitz continuous function g with the same Lipschitz constants
onR! xR*4 In particular, g satisfies the conditions of Theorem 2.1. Thus, the FBSDE (2.2) with
generator g replaced by g admits a unique solution (X, Y, Z) € S2(R™) x S2(R!) x S®(R!*9)
with | Z| < M. Moreover, one has

T
Y| <As+E [/ M"Y, +2RM“|ZS|ds|E}
1
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so by Gronwall’s inequality and boundedness of Z, it follows that
I7,| < (hs + 2RM¥)e™" = R.

That is, §(Y,, Z,) = g(¥,, Z,), showing that (X, Y, Z) solves the FBSDE (2.2) with genera-
torg. U

4.3. Proof of Remark 2.3

By construction, for T sufficiently small, there is a sequence (X",Y", Z") € SZR™) x
SR x S®R*?) converging in SZ(R™) x S*(R!) x S?(R*?) to the solution (X, Y, Z) of
the FBSDE (1.1). Moreover, for each ¢ € [0, T'] it holds (X}, Y]', Z}') € DI2R™) x DV2(RY x
DI2(R™) with | D, X?| < 4X; and | D, Y| < M for all r € [0, T]. For ¢ € [0, T] one has

1X! — Xl 2 + 1Y = Yill 2 — 0.

Thus, it follows from [27, Proposition 1.2.3] that (X,, ¥;) € D"2(R™) x DV2(R). O

4.4. Proof of Theorem 2.5

First assume that (A6) is satisfied. If T < C, then the result follows from Theorem 2.1.
Assume 7 > C and let h;; : R — R be a continuously differentiable function whose
derivative is bounded by 1 and such that h;@(a) = 1forall —-M <a < M and

(M+1) if a>M+2
hy(a)=qya if lal<=M
—-M+1) if a<—(M+2).
An example of such a function is given by

- (—=M*+2Ma —a(a —4)) /4 if ae[M,M+?2]
(M*+2Ma+a(a+4) /4 if [-(M +2), —M],

see Imkeller and dos Reis [19]. By the assumptions (A3) the function g : [0, T'] x R™ x R! x
R*4 — R! defined by

gt(-xﬂ y7 Z) = gt(-xv y’ hM(Z)) (46)

with hy(z) = (ﬁM(zij))ij being Lipschitz continuous in all variables. Thus, it follows
from Delarue [8, Theorem 2.6] that the equation

t t
f(,:x+/ bu(f(u,f’,,)du—i—/ o, dW,
0 0 4.7

T T
Yt:h(XT)_’_/ gu()zm ?uv Zu)du_/ Zuquv IE[O, T]
t t

admits a unique solution (X,Y,Z) € SAR™) x S®(R!) x S®(R!*?). Moreover, there exists a
Lipschitz continuous function 6 : [0, T] x R" — R’ bounded by Ks such that Y; = 0(¢, X;)
for all # € [0, T]. In fact, for every x,x’ € R4 te[0,Tlandi = 1,...,1, it follows by Itd’s

Please cite this article in press as: M. Kupper, et al., Multidimensional Markovian FBSDEs with super-quadratic growth, Stochastic Processes and
their Applications (2018), https://doi.org/10.1016/j.spa.2018.03.024.




18 M. Kupper et al. / Stochastic Processes and their Applications 1 (1111) 1IN

formula that

0, X)) — 0, X))
T 1
= (X5 — R — / 2} (9"(u, X5y — 0 (u, X* )) (z;;"‘ - z;‘”") dw,
! i=1
T 1
[ 23 (0 K - 0 ) (R T 20 = R T 20)) d
! i=1
T 1
< (X5) — ()~ / 23 (0w & - o', X)) (227 = Z) aw,
! i=1
T ~ ~ ! ~ ~ ./ - ad adpwry
b [ 20 %) - 00w X (keI X~ X1+ VD 2 - 25))
7 - - ~ ~ 2
—/ 2K410@u, X2) — O(u, X))+ |22 — Z5 | du
12
T 1
< n(X5) — ()~ / Y (0w & - o', X)) (227 = Z7) aw,
! i=1
T ~ ~ — ~ ~ 7 2
+ / ksl X* — X¥'2 — (2K4 — ks — p%Mﬁ)) 10, X¥) — 0(u, X[ du.
t
Since by Gronwall’s lemma we have

N

|X§‘—X§‘|§(IXf—Xf/|+kz/ TE— P dweh T, s e [r T,
t

it holds

’9(:, %5 — o, x|

~ ~ 72
< E[Zez"lT(k§ + kT X — X7 |
+ [22TBT 02 + ks T) + ks + (D) - Ky |

T
x / |9(u,5(;‘)—0(u,)?f)|2dulﬁ}
t
~ ~ 72
< 2T (k2 + I3 T)| XT — X7 |
Thus,

)ea, X5 — 00, X7)| < ks1Xr — X7,

Let C = C(kl,kz_, k3, k4, Ks, Ay, 1,d) and put N = I_T/C_‘J,_Where la| denotes the integer
partofa,and ¢ :=iC,i =0,...,Nandty,; = T. Since t; < C, by Theorem 2.1 the FBSDE

t

t
X, =)C+/ bzl(Xuqu)du+/ o, dW,
0 0

151 n
Yt 29(t17X11)+/ gu(XuaYuvzu)du_/ Zuqua re [0, tl]
t t
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admits a unique solution (X', Y", Z") such that |Z,1| < M with M = 81y Ks5+/dl for all
t € [0,1]. Therefore, (X', Y', ZY1j0, = (X,Y, Z)ljo,,. Similarly, we obtain a family
(X', Y, Z") of solutions of the FBSDEs

t t
X, = Xt,-_l +/ bu(Xu» Y,)du +/ o, dW,
i 1,

i— i—1

t; t
Yt 29(ti9Xt,*)+/ gu(Xl,“Yu, Zu)du_/ ZM quv re [[iflati]
t t

such that (X', Y, Z)1y,_, 1= (X, Y, Z)1y,_ 4158 = 1,..., N + 1. Define

N+1 N+1 N+1
X=> Xy Y= Yy and Z:=) Z'lj_ ..
i=1 i=1 i=1

Then, (X,Y, Z) € S*(R™) x S®R') x S®(R!*?) is the unique solution of the FBSDE (1.1)
satisfying |Z,| < M for all t € [0, T]. In fact, it is clear that (X, ¥, Z) € S*(R™) x S®(R!) x
S*®(R!*?) as a finite sum of elements of the same space. Lett € [0, T]andi =1,..., N + 1
such thatt € [t;_1, t;]. We have

t t i
x—l—/ bu(Xu)du—i—/ cr,,du:x—i—Z(/
0 0 X t

j=1

l‘j/\
Jj—1

t ) tj/\t
bu(XL{)du+/ o, dW,
t

Jj—1

=X =X,

and

T T
h(XT) + / gu(Xuv Yu» Zu)du - / Zu qu
t t

N+1
= h(X7"h + Z(

j=i

ti ti
/' gu(X;,Y;,Z;)du—/' Z;dWM) =Y =7,
iVt fj—1vit
That is, (X, Y, Z) satisfies Eq. (1.1). O
In the case where (A7) is satisfied, the proof is similar and we only need to provide the
argument for the Lipschitz continuity of 6. If T < C, then the result follows from Theorem 2.1.
Assume T > C and let iy, : R — R be a suitable truncating function and g : [0, T] x R™ x
R! x R*¢ — R! defined by

gt(-x’ ) Z) = gt(-xv Y, hM(Z)) (48)

with 1;(z) := (i (z"));;. It follows from Delarue [8, Theorem 2.6] that the equation

t t
X, :x+/ bu(f(u,YM)du+/ o, dW,
5 e 0 T 4.9)
leh(XT)+/ gu(XmYuvZu)du_'/ Zuqua t 6[07 T]
t t

admits a unique solution (X, ¥, Z) € S2(R™) x S®(R!) x S®(R'*?). Moreover, there exists a
Lipschitz continuous function 6 : [0, T] x R" — R/ bounded by ks such that Y, = 6(¢, X;) for
all ¢ € [0, T]. In fact, for every x, x" € R4 te[0,Tland i =1,...,1 applying It6’s formula
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we have

0, X5) — 0@, X1)|?

= (X)) — (I - / T 221: (0w XD — 0" X)) (220 = 2) aw,
i=1

t
T 1
+ / 23 (0 & — 0/, K) (0K T 2 — R TY . Z)) du
! i=1
T 1
< |h(XE) — R - / 2} (ei(u, X — 0/ (u, X* )) (z;;"‘ _ Z,’j/’i) dw,
4 i=1
T ~ ~ ~ ~ ./ =~ ~ !
b [ 20 %) = 00 X (kX = X1+ pVIDIZ; - 2)1) d
IT ~ - ~ -2
—f 2K410(u, X2) — 0(u, X2)* 4+ |Z5 — Z¥| du
t

T 1
v\ v\ 2 i vX\ _ pi vx Fxi _ xi
< |h(XE) — h(X2)| / 2; (9 (u, X5) — 0/ (u, X )) (zu 7 ) dw,

t
T
+ / 2k310(u, X3) — O(u, X3)| X5 — X5 | — (K4—p2<M«/E>)
t
x 160G, X5) — 6w, XX du.
Since for s € [, T],

~ ~ 72 ~ ~ $ ~ ~ 7 ~ ~ 7 o~ ~ 7

X7 = X0 < 1X7 = X7 |2+/ —2K(|X} — X3 P + 2k | X — X ||V = Y | du,
t

it holds

’e(r, % — o, &

~ ~ 72 s ~ ~ 12 ~ ~ 7
<E [k§|xf - XF| +f —2K k2 XE — X5 |7+ (2kokE + 2k3)| XF — X¥|
t
x |¥X — Y| du
T ~ ~
+ (pz(Mm)— m)/ 16(u, X¥) — 0(u, X2)| du | ]-",]
t
2| yvx v 2
<KX — X[,
Thus,

06, %) - 06, X = ksl X7 = X7,

Having proved this Lipschitz continuity property, the rest of the proof is exactly the same as in
the first part. [

Remark 4.1. With the techniques presented above, it is hard to consider systems where the
drift b depends on z, since we do not have good enough estimates on the Malliavin derivative
of the control process Z. Similarly, when the diffusion coefficient o is a function of x, y or
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z, we lose the estimates on the Malliavin derivatives of the solutions. These cases (even in the
non-Markovian situation) can nevertheless be considered under stronger assumptions, we refer
to [23] for details. ¢
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