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Abstract

Suppose that (X;);>( is a one-dimensional Brownian motion with negative drift —u. It is possible to
make sense of conditioning this process to be in the state 0 at an independent exponential random time and
if we kill the conditioned process at the exponential time the resulting process is Markov. If we let the rate
parameter of the random time go to 0, then the limit of the killed Markov process evolves like X conditioned
to hit 0, after which time it behaves as X killed at the last time X visits 0. Equivalently, the limit process has
the dynamics of the killed “bang—bang” Brownian motion that evolves like Brownian motion with positive
drift 4+ when it is negative, like Brownian motion with negative drift —p when it is positive, and is killed
according to the local time spent at 0.

An extension of this result holds in great generality for a Borel right process conditioned to be in some
state g at an exponential random time, at which time it is killed. Our proofs involve understanding the
Campbell measures associated with local times, the use of excursion theory, and the development of a
suitable analogue of the “bang—bang” construction for a general Markov process.

As examples, we consider the special case when the transient Borel right process is a one-dimensional
diffusion. Characterizing the limiting conditioned and killed process via its infinitesimal generator leads to
an investigation of the A-transforms of transient one-dimensional diffusion processes that goes beyond what
is known and is of independent interest.

© 2018 Elsevier B.V. All rights reserved.

Keywords: Excursion; Local time; Doob h-transform; Bang—bang Brownian motion; Campbell measure; Diffusion;
Resurrection

* Corresponding author.
E-mail addresses: evans @stat.berkeley.edu (S.N. Evans), alexandru.hening @tufts.edu (A. Hening).

https://doi.org/10.1016/j.spa.2018.05.013
0304-4149/© 2018 Elsevier B.V. All rights reserved.

Please cite this article in press as: S.N. Evans, A. Hening, Markov processes conditioned on their location at large exponential times, Stochastic
Processes and their Applications (2018), https://doi.org/10.1016/j.spa.2018.05.013.



http://www.elsevier.com/locate/spa
https://doi.org/10.1016/j.spa.2018.05.013
http://www.elsevier.com/locate/spa
mailto:evans@stat.berkeley.edu
mailto:alexandru.hening@tufts.edu
https://doi.org/10.1016/j.spa.2018.05.013

2 S.N. Evans, A. Hening / Stochastic Processes and their Applications 1 (1111) III-111
1. Introduction

A basic phenomenon that lies at the core of the theory of continuous time Markov processes
is the fact that sometimes goes by the name of “competing exponentials”: if ¢ and & are
independent random exponential random variables with respective rate parameters A and p, then
Pl < &} = ﬁ and conditional on the event {{ < &} the random variables ¢ and & — ¢ are
independent with exponential distributions that have rate parameters A + w and .

Letting A | 0, we see that asymptotically the conditional distribution of (¢, § — ¢) given
{¢ < &} is that of a pair of independent exponential random variables with the same rate
parameter J.

More generally, if { and & are independent with ¢ having an exponential distribution with
rate parameter A and £ is now an arbitrary nonnegative random variable with a finite nonzero

expectation, then
. _ xP{& € dx}
lxlirolp{g €dx|¢ <$}_T§]

and
mP(c € dz|¢ <& & = x) = SZ=xd2
20 X

In particular,
P{& > z}dz
PL&]

If we let M be the random measure that is the restriction of Lebesgue measure to the interval
[0, &), then one way of expressing the last set of results is that

P[1{§ € dx} M(dz)]

lkiﬂ)lﬂ”{CGdZIC <é&}=

lxi?(}]P’{éedx,gedzIC<E}=

PIM(R )]
The probability measure on {2 x R, that assigns mass
P[1s M(B)]
PIM (R )]

to the set A x B is called the Campbell measure associated with the random measure M. In this
paper we will be interested in Campbell measures in the case where M is the local time at some
state a for a transient Markov process. As one might expect from the above calculations, the
Campbell measure may be interpreted as describing the limit as A | 0 of the joint distribution of
the Markov process and the independent exponential ¢ conditional on the event that the Markov
process is in the state a at time ¢.

We next present a simple example that motivates our work and does not require any
sophistication in describing what we mean by conditioning a Markov process to be in a given
state at an independent exponential time because in this example the event on which we are
conditioning has positive probability.

Example 1.1. Suppose that (X,),;>¢ is the continuous-time simple random walk on the integers
that jumps to the states x — 1 and x + 1 with respective rates « and B when it is in state x € Z.
Suppose further that ¢ is an independent nonnegative random variable that has the exponential
distribution with rate & > 0. Let (X}),>0 be the process that is obtained by conditioning on the
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event {X, = 0} and killing the resulting process at the time ¢. Then, (X}),>¢ is a Markov process
with
PUX, =y, > 1, X, =0} P[LX, = y}e "an(y, 0)]
P¥{X, = 0} B Ar(x, 0)
where r; (u, v) = [;° e MP*{X, = v}dt.
Assume that « < f. Note that lim,, o7, (u, v) = ro(u, v), where ro(u, v) == fooo PY{X, =v}drt
satisfies

PX; =y} =

’

ro(v, v) = ro(0, 0), ifu <wv,
rolu v) = (%) ro(v, v) = (%) 76(0, 0), ifu > v

Therefore, as A | 0 the Markov process (X t*),zo converges to a Markov process (X?)zzo with
. o\
Px, = (%)

o o ’

(%)

where x; = max(x,0). Let G be the infinitesimal generator of (X?),zo. For a function
f :Z — R we have

XY = y) = lim P X[ = y) =

(x+1

efc-1(2)" prarn(2)T —@rpro(e)”

gf(x)z X+
(%)
Bfx =D +af(x+1)—(a+ B)f(x), ifx >0,
=jaf(x—D+af(x+1)—(x+ B)f(x), ifx =0,
afx —D+Bfx+ 1) —(a+ B)fx), ifx <O.

In other words, (X?), is obtained by taking the Markov process (Y;),~o with the following jump
rates

e x — x — 1 atrate « when x < 0,
e x —> x + 1 atrate 8 when x < 0,
e x — x — 1 atrate « when x = 0,
e x — x + 1 atrate « when x = 0,
e x —> x — 1l atrate 8 when x > 0,
e x — x + 1 atrate @ when x > 0,

and killing this process at rate  — o when it is in state 0. The process (Y;),>¢ is pushed upwards
when it is negative and downwards when it is positive and is analogous to the “bang—bang
Brownian motion” or “Brownian motion with alternating drift” of [1,5,12] that, for some © > O,
evolves like Brownian motion with drift 4 when it is negative and like Brownian motion with
drift —p when it is positive.

Note that (X;);>o started at Xo = 41 hits the state O with probability % and wanders off
to +oo without hitting the state 0 with probability ﬁ%, and that (X,),>¢ started at Xo = +1,
conditioned to hit the state 0 and killed when it does so evolves like the process (Y;);> started at
Yy = +1 and killed when it hits the state 0.

Let (W™ ),en (respectively, (W™ T),cn) be an i.i.d. sequence of killed paths with common
distribution that of the Markov process that starts in the state 0, jumps at rate « to the state —1
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(respectively, +-1), and then evolves like the process (Y;),>o started at —1 (respectively, +1) and
killed when it hits the state 0. Define (W"*°),cy to be an i.i.d. sequence of paths with common
distribution that of the Markov process that starts in the state 0, jumps to the state 41 at rate
B — «, and thereafter evolves like the process (X;),>¢ started at +1 and conditioned never to hit
0. Suppose further that these three sequences are independent. Put 7, := inf{z > 0 : W,"~ # 0}
and define T} and T,° similarly. Set

wn, if7, =T ATF AT,
W= { W, ifT," =T, ANTF AT,
W, ifT>° =T, AT, AT,
and
e W, if7T =T ATS,
wrt, if7, =T AT,
We see that (X,),>o starting at Xo = O is obtained by concatenating the excursion paths
W W2, WV, where N = inf{n : T,° = T,” AT} AT}, and (Y,),»0 starting at Yo = 0
is obtained by concatenffilng the excursion paths W', W2, ... Observe that N takes the value n
with probability (%) gfg

Let (W™%),cy be i.i.d. with W™+ distributed as W" conditional on W" being either W™~ or
W+ (that is, conditional on >° > T~ A T, A T°). Note that W™ starts in the state 0, jumps
at rate « + B, jumps to state —1 (respectively, +1) with probability %, and thereafter evolves
like (Y;);>0 killed when it first hits the state 0. On the other hand, W" starts in the state 0, jumps
at rate 2, jumps to state —1 (respectively, +1) with probability %, and thereafter evolves like
(Y;):>0 killed when it first hits the state 0.

It follows that if we kill the process (Y;);>0 at rate § — « when it is in the state
0, then the resulting process has the same distribution as the concatenation of the paths
whtx . wVN /’l’i, where N’ is an independent random variable that takes the value n with

probability (0[27“5)” 1%, concatenated with a final independent path that is constant at 0 and is
killed at rate @ + 8.

Let p, :=T, AT;" AT be the amount of time that W” spends in the state O (so that p, has
an exponential distribution with rate « + ), o, be the amount of time that W" spends in states
other than 0, and (7,),cn be a sequence of i.i.d. random variables with a common distribution
tkAlat is eXAponential wjth rate L. We see that (X;)o<;, is obtained by concatenating the paths
W, ... WM where W" is W" killed at 7, A (o, + 0,) and M = inf{n : 7, < p, +0,} < N.

Write p for the amount of time that W™* spends in the state 0 (so that p has an exponential
distribution with rate & + ) and o* for the amount of time that W™* spends in the states other

than 0. Then,
PW! edw',...,W" L edw" ", 1, < pm, Tn € dt, M = m)}

m—1 m—1
- < 20 ) [Tr[e 01wt e aut] S
o+ p Pl Ao+ p

(@ + B+ 1) e @FPHI gy
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Therefore

l)\iil(}IP’{Wl edw', .. W' edw" ™, 1, < pm, Tw €dt, M =m |ty < pu)

) m—1 5 m—1
= < ’ ) foe [[P[UW*™* € duw}]e " ar
a4+ B a4+ p palie

so that (X;)o<,, started at Xo = 0 and conditioned on {X, = 0} converges in distribution as
A} 0 to a process that is distributed as the concatenation of Wh*, ... WV ~1.% where N*
is an independent random variable with the same distribution as N, concatenated with a final
independent path that is constant at 0 and killed at rate o + f5.

Hence (X;)o</<, started at Xy = 0 and conditioned on {X, = O} has the same distribution in
the limit A | 0 as (X;),>o killed at the time the process leaves the state O for the last time and,
moreover, this distribution is the same as that of (¥;),>¢ started at ¥, = 0 and killed at rate 8 — &
in state 0.

Our aim in this paper is to show that results analogous to those obtained for the continuous-
time simple random walk in Example 1.1 hold in great generality; specifically, if we condition a
transient Borel right process to be in a fixed regular state a at some independent exponential time
¢, kill the process at ¢, and let the rate parameter of ¢ go to 0, then the Borel right process looks
like a certain recurrent Borel right process that is killed according to an appropriate mechanism
when it is in the state a. Moreover, the limit of the killed Borel right process evolves like the
original process conditioned to hit the point a after which it behaves as the original process until
it is killed at the last time the original process leaves the state a.

We will, of course, require certain conditions. The transient Borel right process must have
positive probability of hitting the state a from any starting point and we will also need the
existence of a suitable local time at a in order to make sense of the idea of conditioning the
Borel right process on being in state a at time { when the Lebesgue measure of the set of times
that the process spends in a is almost surely zero (and so the event on which we are conditioning
has probability zero).

The paper is organized as follows.

The Campbell measure associated with a random measure M such that 0 < PIM(R,)] < oo
is the probability measure P on £2 x R, given by

P(A x B) == w.
PIMR )]
In Section 2 we establish the connection between Campbell measures and the limit as A | 0
of conditioning a random set to contain an independent exponential random variable with rate
parameter A.

We start discussing Borel right processes in Section 3. For such a process X and a € E let
T, = inf{t > 0: X, = a}and K, := sup{tr > 0 : X, = a} be the first and last hitting times of a,
where we adopt the usual conventions that inf = +o00 and sup ¥ = 0. Our starting point is the
following result which we prove in Section 3. Here £ : 2 x Ry — R, is given by é(w, t) = t.

Theorem 1.2. Let X be a Borel right process with Lusin state space E. Suppose that a € E is
such that

o PYK, < o0} =1,
o PYT, =0} =1,
e PXT, <00} >0 forall x € E.
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If Z is a nonnegative JF,-measurable random variable for some t > 0, then

_ 1
P[z1 = ———P*[ZP¥{T, :
(214 > 1)) = g P [2P(T, < o0)]
where P* is the Campbell measure associated with the local time of X at a. Moreover, the
distribution of (X;)o<;<¢ under the Campbell measure P* is the same as the distribution of
(X1)o<t<k, under P* conditional on {T, < oo}.

This theorem says heuristically that if ¥ is an independent random variable that has an
exponential distribution with rate parameter A, then the distribution of (X;)o</<, under P*
conditional on the event { X, = a} converges as A | 0 to the distribution of (X;)o<;<x, under P*
conditional on the event {7, < 00}.

We discuss excessive functions and general Doob A-transforms for Borel right processes in
Section 4.

In Section 5 we construct a generalization of the bang—bang Brownian motion or Brownian
motion with alternating drift [1,5,12] in which Brownian motion is replaced by a general Borel
right process X with a regular state a. We use the notion of resurrected Markov processes
(see [3,10] and Example 5.14 from [4]). The general bang—bang process is a Markov process
that behaves like X conditioned to hit a until it hits a and then looks like a process started at a
that can be built from the same Poisson point process of excursions from a as X except that only
excursions of finite length are used (so the process keeps returning to a).

As a consequence of these constructions we get the following result for general Borel right
processes which we prove in Section 5.3.

Theorem 1.3. Let X be a Borel right process with a Lusin state space E and let a € E. Suppose
that a € E is such that

e PYK, < oo} =1,
e PYUT, =0} =1,
o PXT, <00} >0 forall x € E.

Suppose, moreover, that the resolvent (R));~o of X has densities with respect to some reference
measure m.

Then for any x € E the distribution of (X,)o<;<¢ under the Campbell measure P* associated
with the local time at a is that of the recurrent Borel right process X" constructed in Section 5.3
killed when the local time of X" at a exceeds an independent exponential random variable with
rate parameter equal to the Itd excursion measure mass of the infinite excursions of X from a.

Sections 6 and 7 contain a study of h-transforms for general transient one-dimensional
diffusions. After recalling the characteristics of a one-dimensional diffusion — the scale function,
speed measure, and killing measure — we show in Theorem 6.2 how these characteristics change
under an h-transform. This fact is well-known in the folklore, but we present a proof because
we were not able to find one in the literature that treats the general case we need. We then
characterize the generator of the /-transformed diffusion.

Section 8 considers the bang—bang construction for the special case of one-dimensional
diffusions and Section 9 investigates the generator of the /-transformed process of Theorem 1.2
when the process X is a one-dimensional diffusion.
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2. Campbell measures

Suppose that on some probability space ({2, F, P) we have a random set S C R, such that
0 < P[|S]] < oo, where |-| is Lebesgue measure. Let v, be the exponential distribution on R
with rate A. Define £ to be the canonical random variable on (R,, B(R,), v;). With the usual
abuse of notation, we can think of S and & as being defined on (2 x R, F @ B(R,), P ® v;).
Define the probability measure P, on (2 xRy, F® B(R,)) by

PRuilw,1):we A, t € BNS(w)}
PR v {(w,1):t e S(w)} ’

P,(A x B) =

that is, P, is P ® v; conditioned on the event {£ € S}. Note that
P [1A fsms re M dt]
P[ [ ke dt]

P,(A x B) =

Letting A | 0 we get the probability measure
P[1,/1BNS|]  P[1,M(B)]

P[IS|]  PIM®R]’
where M is the random measure given by M(C) := |C N S|. We can think of the probability
measure P as describing what happens asymptotically when we condition on § containing a
large exponential time.

More generally, if M is an arbitrary random measure with 0 < P[M(R,)] < oo, then simply
define P by

P(A x B) =

P[1.M(B)]

2.1
The probability measure PP is usually called the Campbell measure associated with M. If M is in
some sense spread out evenly on its support S, then we can still think of [P as describing what
happens when we condition on § containing a large exponential time.

Example 2.1. Consider the random measure M := |- N [0, x)|, where x has an exponential
distribution with rate parameter 1. By definition,

—nx 1
Pl = x) = P[M((x,00))] ¢ 73

— p X

PIMR)] L

and so the distribution of & under the Campbell measure P is the same as the distribution of
k under P. According to our interpretation of the Campbell measure, this result indicates that
if ¢ is a random variable that is independent of « and has an exponential distribution with rate
parameter A, then the distribution of ¢ conditional on the event {{ < «} should converge to the
distribution of ¥ as A | 0. Indeed, by classical observations about “competing exponentials”
recalled in the Introduction, the random variable { A k is independent of the event {¢ < «} and
has an exponential distribution with rate A + 1, so the conditional distribution of ¢ given the
event {{ < &} is exponential with rate A + 1 and this conditional distribution converges to the
distribution of k¥ as A | 0.
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3. Markov processes and Campbell measures

In this section we introduce the assumptions used throughout the paper. Let (X,, 2, F, P*, 6,,
F:) be a right process (we sometimes denote the whole sextuple by X), see Chapter 11:20
from [15], with state space E; = E U {3}, where E is a Lusin topological space with Borel
field £ and 9 is an adjoined cemetery state. Let (P;),>0 and (R;);~o denote the semigroup and
the resolvent of X.

If P, f is £-measurable whenever f is a positive £-measurable function and ¢ > 0, then we
say that X is a Borel right process.

Assume that we are in the canonical setting where {2 is the space of functions w : R, — Ej
which are right continuous, and if ¢{(w) := inf{r > 0 : w(t) = 9}, then w(t) = 9 for t > ¢(w).
Furthermore, X;(w) := w(t) and (6;w)(s) := w(s + t). Note that ¢ is a terminal time; that is,

{=s5+Co00;,

onthe event {¢ > s} foralls > 0. Let]-'tobe the natural filtration on {2: ]:'[0 =0{X;:0<s <t}
Set 70 = [ J,F? and for an initial law 4 let 7# denote the completion of F? relative to P* and
let N* denote the P#-null sets in F*.

Set

F = {F*: uis an initial law on E}.
N = {N* : uis an initial law on E}.
Fit = FOVNK,

Fi = {F: wis an initial law on E}.

The process X is described by the probability family (P¥),cr which satisfies
P{Xy=x}=1

forallx € E.

Proposition 3.1. Consider a Borel right process X with state space E. Suppose that the random
measure M on R satisfies the following conditions:

M{0}) =0,

M((O, t]) is F;-measurable  forall t > 0,

0<P'MRy] <oco forall xe€E,

M =0, P-as.

o foralls,t > 0andx € E, M((0, s +t]) = M((0, s]) + (M o 0,)((0, t]), P*-a.s.

Then, for any t > 0 and nonnegative JF;-measurable random variable Z,

_ 1
P*[Z1{¢ > t}] = ————P* [ZPY [MR.)]].
&> Era | ol
Proof. By the definition of Campbell measure, the hypotheses on M and the Markov property,
_ P*[ZM((t P*[ZM o 6,(R
Priz1(e = 1) = DIZM( 00N _ PIZM 0 6,R,)]
P*[M(R.)] P*[M(R,)]
. 1
- PAM(Ry)]

P [ZPY[M®R]]. O
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Proof of Theorem 1.2. The local time at a is a random measure that satisfies the hypotheses of
Proposition 3.1. By the hypotheses of the theorem, P*[M (R )] = P*{T, < co}P‘[M(R,)] and
SO

_ 1
P*[Z1{s > t}] = mﬁ” [ZP¥{T, < oo}]

for Z a nonnegative F;-measurable random variable.
Observe that P*{T, < oo} = P*{0 < K, < oo}. The random time K, is co-optional and
it follows from the remark after Eq. (62.4) of [15] that the distribution of (X;)o<,<¢ under the

Campbell measure P* is the same as the distribution of (X/)o<t<k, under P* conditional on
{T, <o0}. O

4. Excessive functions and Doob /-transforms

Recall that a function & : E — R U {+00} is excessive if the following two conditions are
satisfied:

(D
PA(X)] < h(x)

forall r>0 and x € E.

(2)
lim P*[h(X,)] = h(x)
0

forall x e E.

Remark 4.1. Suppose that M satisfies hypotheses of Proposition 3.1. Set h(x) = P*[M(R)].
Observe that P*[h(X,)] = P*[M o0 6,(R,)] = P*[M((t, o0))] and it is clear that & is excessive.
Example 4.2. The function
x = PY{T, < oo}
is excessive.
The following result is well-known at various levels of generality.
Theorem 4.3. Let X = (X, 2, F,P*, 6,, F;) be a Borel right process on a Lusin space E and

let (P);>0 be its Borel semigroup. Suppose h : E — R, is a positive Borel excessive function.
The operators (Plh),zo defined by

Pthg(x) = Pgh(x), xe€E,={xeE:0<h(x)<oo}

h(x)

comprise a submarkovian semigroup that corresponds to a Borel right process with state space
E; == E, U {0}.

Proof. By Theorem 62.19 from [15] (see also (62.23) in [15]) we know that (P,h)zzo defines the
semigroup of a right process on Ey := E;, U {9}. It is clear that this semigroup is Borel. [
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Remark 4.4. The Markov process with the semigroup (P/'),~o of Theorem 4.3 is called the
Doob h-transform of the original Markov process (with respect to the excessive function k). If
a € E is such that for all x € E, P*{T, < oo} > 0 and P*{T, = 0} = 1 where « is an
independent exponential random variable with rate parameter A, then we see from Theorem 1.2
that the distribution under IP* of (X;)o<;<, conditional on the event {X, = a} convergesas A | 0
to the distribution under Q* of (X;)o</<;, where Q* is now the Doob A-transform distribution
corresponding to the excessive function x — P*[M(R,)], where M is the local time at a or,
equivalently, to the excessive function x — P*{T, < oo}.

5. Bang-bang processes and excursions

5.1. Brownian motion with negative drift

Suppose that X is a Brownian motion with negative drift —u, u > 0, and a = 0 in the context
of Theorem 1.2. Let X" be the Doob A-transform process corresponding to the excessive function
x > P*{Ty < oo}. Recall from Theorem 1.2 that the behavior of the process X" started at 0 is
what we see if we start the process X at 0 and then kill it at the start of the first infinite excursion
away from 0. We would like to show that this is the same as taking the bang—bang Brownian
motion that evolves as Brownian motion with drift —u when it is positive and as Brownian
motion with drift 44 when it is negative, and killing that bang—bang Brownian motion when
the local time at 0 exceeds an independent exponential random variable with rate parameter p.
(More formally, bang—bang Brownian motion or Brownian motion with alternating drift is the
stochastic process (Y;);>o that is the solution of the SDE

dY, =dW, — usgn(Y,)dt

for u € R and W, a standard Brownian motion — see [5] and Appendix 1.15 in [1].)
Consider excursions from the point 0. Formula (50.3) in Section 6.50 of [11] gives that

*° 0, x)
—At dt = r)“(—”
/(; e n[(.x) PO [fooo e*)ns dL?]

where n,(x)dx is the entrance “law” for the It6 excursion measure and r;(x, y) is the density
with respect to Lebesgue measure of the A-resolvent of X. Note that

o0 o0
PO [ / e“dLQ} =7,(0,0) = / e ™ py(0,0)ds, (5.2)
0 0

where p,(x, y) is the transition density of X with respect to Lebesgue measure. If 7 is an
independent exponential random variable with rate A, then

5.1

A
ar(x,2)dz =PX,; €dz} = ——exp(—u(z — x) — |z — x|v/2A + uB)dz (5.3)

V24 + pu?

(see formula 1.0.5 in [1, Section I1.2]). Combining (5.3) with (5.1) and (5.2) gives
oo
/ e Mny(x)dt = exp(—px — |x|v/21 + u?). (5.4)
0

The positive excursions of X are all of finite length because P* {7y < oo} = 1 for x > 0. The
probability that a Brownian motion with drift —u ever hits O started from x < 0 is

P*{Ty < oo} = exp(2ux), 5.5)
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(see formula 1.2.4(1) in [1, Section I1.2]) and so the restriction of the It6 excursion measure to
negative excursions of finite length is determined by the entrance law n,f (x)dx, where

o0
/ e™Mnf (x)dt = exp(—px — [x|v/2% + p2) exp(2ux)
0
= exp(ux — [x[v/2A + u?).

Note that
o0 o0
/ e Mnl (x)dt =/ e Mm,(x)dt,
0 0

where m,(x) dx is the entrance law for the restriction to negative excursions of the Itd excursion
measure for Brownian motion with drift 4, and so n,f =m, forallt > 0.

The rate at which infinite negative excursions of X come along in local time can be found by
seeing that

0
/ efuxf\xh/Z)Hruz _ eux7|x|\/2A+H2 dx

[e¢]

=[Vavie -] - [Vor ]

= u/A,
and so the rate is u.
Now forx < Oand z <O,

PYT, <7, X; €dz} = - exp(—u(x — z) + (2 + X)v/2x + p?) (5.6)

A
V22
(see formula 1.2.6 in [1, Section I1.2]). Combining (5.3), (5.5), and (5.6) gives

PXTy > 1, X; €dz| Ty < o0}

= \/% [exp(—ﬂ(z —x)—lz— xlm) —exp(—u(x —2) + (2 + x)/21 + MZ)]
“w

x exp(2uz)/ exp(lux)dz

- [6XP(M(Z —x) — |z — x[{/20 + pu?) —exp(u(x — 2) + (z + x)y/21 + Mz)] dz.
V2 + pu?

That is, if we have Brownian motion with drift —u, we start it below zero and we condition
it to hit zero, then up to the time it hits zero we see a Brownian motion with drift +u. In
particular, if we combine this observation with the observation above that n ,f =m, forallt > 0,
then we see that the Itd excursion measure for Brownian motion with drift —u restricted to
negative excursions of finite length coincides with the restriction to negative excursions of the
It6 excursion measure for Brownian motion with drift + .

Putting the above observations together, it appears that X" started at 0 is a bang-bang
Brownian motion killed at 0 according to local time with rate w. There is, however, a missing
ingredient in this identification. We have not identified the process obtained by concatenating
together in the usual way the points in a Poisson process of positive and finite length negative
excursions of Brownian motion with drift —u with a bang—bang Brownian motion. We will take
a slightly different route to establish that X" is indeed bang—bang Brownian motion suitably
killed at O (see Example 8.2 for the culmination of the development leading to this result).
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5.2. Excursions of a Markov process from a regular point

We briefly review some of the concepts from It excursion theory that we need. We follow [11]
VI 42-50 and remark that the results there hold in our setting (see also [6,13,14]).

Suppose X is a Borel right process with Lusin state space E. We assume the pointa € E is a
regular point, that is

PYT, =0} =1

where
M=1{>0:X,=a}
T, = inf{t > 0:1r € M}.

One can then show that the function ¥ (x) = P* [e’Tﬂ] is the 1-potential of some PCHAF
(perfect, continuous, homogeneous, additive functional) L

Yx) =P |:/OO e’ dLS]
0

for every x € E. The additive functional L is the local time of X at a and the set of points of
increase of L is exactly the closed random set M.

Remark 5.1. Any PCHAF which grows only on M must be a multiple of L.

The process y, := inf{u : L, > t}, where inf(} = +00, is a killed subordinator under P* that
is sent to 400 at its death time. An excursion is a right continuous function f : Ry — E. such
that if

I,(f) =inf{t > 0: f(t) = a},
then f(¢) = a fort > T,(f). Let U denote the set of all excursions.

Definition 5.2. The point process of excursions from a is

I ={(t,e):v #vi-}
where ¢; € U, the excursion at local time ¢, is

e(s) = {
We can also think of I as a Z, U {oo}-valued random measure. For any Borel set A C Ry x U
N(A) =#(ANI).

Denote by Uy, := {f € U : T,(f) = oo} the infinite excursions and by Uy := U \ Uy the finite
excursions.

Xy 4ss ifO<s <y —y_,
a, otherwise.

The main result of excursion theory says that there exists a o -finite measure n on U such that
n(Us) < 00, if N’ is a Poisson random measure on R, x U with expectation measure Leb ® n,

¢ :=inf{t > 0: N((0, t] x Uy) > 0},
and
¢ =inf{t > 0: N'((0, 1] x Uy) > 0},

then the random measure N = N(- N (0, ¢] x U) under P* and the random measure N’(- N
(0, ¢’1 x U) have the same distribution.
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5.3. Construction of the bang—bang process

In this section we construct a general version of the bang—bang process and, as a result, prove
Theorem 1.3. Assume throughout that the process X satisfies the conditions of Theorem 1.3.
Let the process X" be the h-transform of X using

r(x,a)

h(x) := P*{T, < oo} = (5.7)

r(a,a)’

where r is the density for the O-resolvent of X. By Theorem 4.3, X" is a Borel right process.

We construct a new process from X h as follows. We run X" until it dies, then we start another
copy of X" from a, wait until it dies, and so on. Call this process X?. This is a special case of the
construction of a resurrected process in [3,10]. By [10] we get that X? is a Borel right process.
Let

R g(x) = h(x)"' R,(gh)(x) (5.8)
be the resolvent of the h-transform of X. Note that (Rf\’ )i>0 satisfies the resolvent equation

Rl — Rl + (L — X)R{R} =0, A, x>0. (5.9)
The density 7/ (x, @) of R may be treated informally as

R 84(x), (5.10)

where §, is the “Dirac delta function at a”, and such manipulations can be made rigorous using
suitable approximations.
If T is an independent exponential time with rate A and ¢ is the time that X" dies, then

PLA(X5)] = PLAXE), T < 1+ PF(X5), £ <T]
=P [f(X), T < ¢]+ P [exp(—A0)IP[ £(X2)].

Now,
¢ 1
P |:/ exp(—At) dt] = X(l — P*[exp(—AL)])
0
and
¢
P* [/ exp(—xt)dr] = RI'(x),
0
S0,
R)f(x) = R} f(x)+ (1 = AR} 1(x)RY f(a)
for all x. In particular, we can put in x = a and solve to find that

R! f(a) = R} f(a)/(AR}1(a))
and hence

RYf(x) = R f(x) + (1 — ARM(xX)R} f(a)/ (AR 1 (a)). (5.11)
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Use h(x) = 158(55 (ax)) and the resolvent equation to get

AR, Ryd,(a)
N roa, a)
_ (Ro— R;)d4(a)
- ro(a, a)
rola, a) — ry(a, a)
roa, a)
ri(a, a)
ro(a,a)’

This transforms (5.11) into

AR,\h(a)

ro(a, a)
rola, a) —ri(a, a)’

RV f(x) = Rl f(x) + (1 — ARI 1(x))R] f(a) (5.12)

Remark 5.3. If X is continuous, then X? is also continuous.
Remark 5.4. Note that X” has resolvent densities with respect to the measure .

Proof of Theorem 1.3. From Theorem 1.2 (X,h)051<; under P* is distributed as (X;)o</<k,
under P* conditioned on {7, < 0o}. The process (X?),>¢ under P* comes from pasting together
(X f’)0§,<; under P* with independent identically distributed copies of (Xth)of,« under P,
As a result, the process (X?);~o under P* can be equivalently constructed by pasting together
(Xt)o<t<k, under P* conditioned on {7, < oo} with independent identically distributed copies
of (X)o<r<k, under P*.

Let L be the local time of X at a, M the local time of X? at @ and K be the time that the first
copy of (X,)o<s<k, is killed. We see by the above that Mg under P* has the same distribution as
Lk, under IP?. The proof of Theorem 1.3 is concluded by noting that L, is an exponential with
rate n(Uy). O

6. Doob h-transforms for one-dimensional diffusions: Characteristics

We follow [1] and [7] in defining a general one-dimensional diffusion and its characteristics.

Let I = (¢,r) with —oo < £ < r < oo and suppose that (X;, 2, F,P*, 6,, F;) is a Borel
right process, see Section 3, taking values in I U {d}. Such a process X is called a linear (or
one-dimensional) diffusion if for all x € I,

P*{w : t — X,(w) is continuous on [0, ¢)} =1,

where ¢ is the lifetime of X.
We only consider regular diffusions; that is, diffusions such that for all x, y € 1

P*{T, < o0} > 0,

where T, = inf{t : X, = y} — any state y can be reached in finite time with positive probability
from any state x.

The diffusion X determines three basic Borel measures on the state space I: a scale measure
s, a speed measure m, and a killing measure k (see [7]). It turns out to be convenient not to
specify these objects absolutely but only up to a constant. If (s*, m*, k*) and (s**, m™*, k**) are
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two triples of these objects, then s™* = cs* for some strictly positive constant c, in which case
m** = ¢~ 'm* and k** = ¢~'k*. The scale measure s is diffuse. Both the scale measure and
the speed measure have full support and assign finite mass to intervals of the form (y, z), where
{ <y <z <r.If (P)>o1is the transition semigroup of X, then there exists a density p that is
strictly positive, jointly continuous in all variables, and symmetric such that

P(x,A) = f pt;x,y)ym(dy), xel,t>0,and A € B(I),
A

where B(I) is the o-field of Borel subsets of /. The killing measure k assigns finite mass to
intervals of the form (y, z), where £ <y < z < r and

P{X,_ €A, ¢ <t} =/ f p(s; x, y)k(dy)ds, A € B().
0 Ja

We outline the recipes from [7] for defining measures s, m4p, ks On an interval (a, b),
¢ <a < b < r,suchthatif s, m, k are the scale, speed and killing measures for X, then there is a
strictly positive constant c,; depending on a, b such that s(B) = c4p845(B), m(B) = ca_b1 map(B),
and k(B) = c;hlkab(B) for B C (a, b). For x € (a, b), define the hitting probabilities

Par(x) == PHT, < T},
and

Pra(x) =PI, < T},
and the mean exit time

eaw(x) =P [T, AT, N Z].

For ease of notation, we drop the subscripts for the moment and write s, m, k instead of
Sab> Map, kqp. Then

s(dx) == pap(X)ppa(dx) — ppa(x) pap(dx) 6.1
+ +

k(dx) — Ds pub(dx) — Ds pba(dx) (62)
Pab(X) Pba(X)

m(dx) = —[D; eu(dx) — eap(x)kap(dx)] (6.3)

for x € (a, b), where
D £y = lim LW =@
‘ nbx s(n) — s(x)
and
D o)  tim LV =)
‘ ntx s(n) — s(x)
for a function f : (a, b) — R and, with a standard abuse of notation, as well as using s to denote
the scale measure we write s for any scale function such that

z

s(z) —s(y) = / s(dx).
y
For o > 0 the Green function r,(x, y) is given by

o0
Fa(x,y) :=/ e~ p(t; x, y)dt,
0
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where, as above, p(t; x, y) is the transition density with respect to the speed measure m. Put
ro(x, y) = limry(x, y).
al0
The diffusion X is said to be recurrent if
PY{T, < oo} =1

for all x,y € I. A diffusion that is not recurrent is said to be transient. The diffusion X is
transient if and only if forall x, y €

ro(x, y) < oo.

Remark 6.1. If the killing measure is null (k = 0), then
o — b) —
rolx, y) = / ot x.y)di = lim (s(x) — s(a))(s(b) — 5(y))
0 alt,btr s(b) — s(a)
For a regular diffusion X there exists (see [7]) a family of random variables {L(¢, x) : x €
I, t > 0} (sometimes also denoted by L) called the local time of X, such that

X =

’

I.
t
/ 14(X,)ds = / Lt, x)m(dx), PY —as., yel, AeB{l),
0 A

IL.

L(z, x) = lim Jo Lo—exro(Xs)ds

, PP —as.yel 6.4
elo m((x — e, x +¢€)) a8y ©4)

III. Forany s < ¢,
L(t,x,w) = L(s, x,w) + L(t — 5, x, 6(w)), P —as., yel
One has
o0
P |:/ e MdL(t, y):| =ru(x, ).
0

For a fixed x the process L* := (L(t, x))>o is called the local time process of X at the point
X.

Suppose that X is a regular, transient diffusion with null killing measure and 7 : I — R,
is a strictly positive excessive function. Since two strictly positive excessive functions that are
multiples of each other lead to the same Doob /-transform, we may assume for some xo € I that
h(xg) = 1. For » > 0 and for some fixed reference point a € I define the functions v, and ¢, by

P*[exp(—AT,)], x<a,xel,

vilo = {UIP“[exp(—xTx)], x>a, xel, (6.5)
and
_ P exp(—AT,)], x>a,xel,
ulx) = {I/IP’“[GXp(—ka)], x<a,xel. (6.6)
Note that
lim P* [EikTa] = ]PX{Ta < oo}

A0
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As a result the functions v := lim; oV, and ¢o := lim; o, satisfy

_PHT, < oo}, x<a,xel,
Yolx) = {I/P“{Tx < o0}, x>a,x €l 6.7)
and
_|PYT, < oo}, x>a,x€el,
Po(x) = {I/IE”“{TX < 00}, x<a,xel. (6.8)

There is also the following relationship between the resolvent densities r, (x, ¥) and the functions

Vs, Hr

—1
w0 (y), x <y,
e y) = {wx‘wwmx), x>y, 6.9)

where the Wronskian
w;, = DI Y(x)¢s(x) — Y (x) D ¢y (x)

is independent of x.
By [1, 11.5.30], there is a probability measure v called the representing measure of h such that

h(x):/ ro(x, y) Po(x) Yo(x)
(

l . 6.10
on oo ) " ey VDT Gy VD (©.10)

Note that
hm PX{T, < 0o}  lim ro(x,y)  lim Yo(»)go(x)  ¢o(x) .
y=tro(y,y) =t Yo(Mgo(y)  dot+)

Simllarly,
lim P*{T,, < oo} = 22
y—=r ’ Yo(r—)
Thus,
hx) = P* [ / L2 /ro(xo, ) v(dy)
,r)
) Po(L+)
1{lim x, =¢ 6.11
1 fim X, = o ST vty o1
o)
+1{ fim x, =} 222 o v })}

Theorem 6.2. Let X be a regular, transient diffusion with null killing measure, speed measure m
and scale function s. Suppose that h is a strictly positive excessive function such that h(xo) = 1
and h has representing measure v. The Doob h-transform is a regular diffusion with the following
characteristics:

e Scale measure
s"(dy) = h=*(y) s(dy). (6.12)

e Speed measure

m"(dy) = h*(y) m(dy). (6.13)
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e Killing measure
h(xo)h(y) ;

k'dy) =
@) ro(xo, ¥)

dy). (6.14)

Proof. Define the random measure M on R, U {+o0} by

M(B) :=/ /sty/ro(xo,y)V(dy), B C Ry,
«,ryJB

and
(o)) =11 lim X, = ¢ % v((e)
o)
1 {tlggo X, = r} i D

With a small change in the meaning of the notation used previously for a Campbell measure,
define the probability measure P* on {2 x (R U {4-00}) by

_ 1 _
P*{A x B} = m]}»" [1aM(B)].

for B € Ry U {+o0}.
Writing P* for the distributions of the A-transformed process, we have for any finite stopping
time R and nonnegative Fz-measurable random variable Z that

- - 1
P[Z1{¢ > R} =P'[Z1{§ > R}] = MPX[ZI’!(XR)}

In particular, the distribution of ¢ under P~ is that of & under P*. _
Recall that pa,(x) == PYT, < Tp} and pp,(x) := P*{T, < T,}. Put pi’b(x) = PHT, < T}
and p (x) := P*{T, < T,}. Setting T := T, A Tj, we have

pfl’b(x) = / UT,(w) < Th(w), T(w) < u}]f”x(da), du)
2x(R1U{+00})

=/ UX7r(w) =a, T(w) < u}P*(dow, du)
2% (R4 U{+00}) (6.15)

| R _
= mp [H{X7 = a}lh(X7)]

= h(a)P*{T, < T}/ h(x).
Thus,
Plap(x) = h(@) pap(x)/ h(x)
and, by a similar argument,
Pha(x) = h(D) ppa(x)/ h(x).
Put e, (x) :== P*[T, A T, A ¢]. Then
ehy() =P ELE ST, AT+ P AT, U{T, AT, <&}

1 . TanTy _ 1 .
= %P [fo tM(dt)} + MIP’ [Ty A Ty h( X7, 07)]-
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Now,

TuNT, Qoo
P [ / htM(dt)i| —p / M([t, +00] N 0, TaATder}
0 LJO

=P /oo 1t < T, A T} PX[M([0, T, A Tp])] dt:|
0

=P /Oo 1t < T, A Ty} PX! [/ Ly, 1, /To(xo, y)v(dy)i| dl}
0

b b
_ / Gup(x, 2) / Gz, )/ roxo. ¥) v(dy) m(d2),

where

(s(x) — s(a))(s(b) — s(y))
s(b) — s(a)

Gap(x,y) = Gap(y, x) = a<x=y<b. (6.16)

9

Also, by [8, Equation 4.1],
P[T, A Ty (X1, a1,)] = P[T, HT, < Ty}h(a)]
+ P*[T, U{T, < T,}h(b)]

_ b s(b) —s(y)
—/a Ga’b(x,y)mm(dy)

b —
+ / G, )" 25D ),

5 = 5@
Thus
) = s / Gup(x.2) / O“(”((i yy)) v(dy) m(dz)
4o )[h<a> / Gus(x, y)% m(dy) 6.17)
T hb) / Guslx, e — 3 m(dy)].

From (6.1), s, (which we write as s" for ease of notation), is given by

s"(dx) = pt,(x)pl,(dx) — pl(x)p",(dx)

L Pap(x) Pha(dx)  pra(x)h(dx)

=M% h(b)( hx) 7200 ) 618

PTG P (pab(dm B pab<x)h<dx>> '
h(x) h(x) h%(x)

= h(a)h(b)h%(x) s(dx).

Note that this agrees with (6.12) apart from the constant multiple /(a) h(D).
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We next turn to (6.2) to determine khb, which write as k". By the quotient rule,

2 . i .
D3, pl,(x) = h(a) h (%) [_ Pab(X)DSh(x) Dy pab(x)}

h(a)h(b) h2(x) h(x)

) [— Pab(¥) D h(x) + D pap(x)h(x)] .

where we stress that the derivatives are with respect to the original scale measure s = s, rather

ho_ ok
than s" =s,,.

‘We now have to determine the measure

vh pub(dx)

Because the original process X does not have any killing,

s(x) — s(a)

pab(x) = S(b) — S(d)

and D] p,s(x) is constant. As a result,

1
D, piy(dx) = h(b)[ Pap(dx) DI h(x) — pap(x) DI h(dx) + DY pap(dx)h(x)

+ D pap(x)h(dx)]

1
/’l(b) [ Pap(dx)Dsh(x) — pap(x)Dsh(dx) + D:—Pab(X)h(dx)]
1

= —Pub(x)D"’h(dx)% + @ [ Pap(dx)DFh(x) + D:_Pab(x)h(dx)]
— + -

= —Ppap(x) Dy h(dx)h(b)
+ @[ D} pap(x)DF h(x)s(dx) + D} pap(x) D h(x)s(dx)]

— _ + L

= —Pap(x) Dy h(dx)h(b)

Thus,
D, Pay(dx) h(x)
h _ shFab _ .
K"(dx) = = ah® DY h(dx).

The function / restricted to the interval (a, b) is excessive for the process X killed when it
exits (a, b). The o = 0 Green function for the latter process is the function G, defined in (6.16),
and £ restricted to (a, b) has a representation analogous to (6.10) of the form

s(b) — s(x) s(x) — s(a)

b
-1
M) = @) oo () e / Gap(x, )Gxo, )" vdy).  (6.19)
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Hence,
D) = 1O = h@
‘ s(b) — s(a)
~ 15 = s(@)
qu 1000 ) sty Y
_18(b) —s(y)
) ——v(d
+/x<y<bro(xo » S ay)
and
Djh(dx) = —ro(xo, )_ Mv(dx)
s(b) —s(a)
—Vo(xo,x)_l—zb; sgx; (dx)
= —ro(xo,x)_ V(d.x).
Thus,
d
kh(dx)z M
ab(x)
. h(x)D}h(dx)
h(a)h(b)

= mh(x)ro(xoy x) " v(dx)

Note that this agrees with (6.14) apart from the constant multiple —— (a)h Ok

Next, we turn to (6.3) to determine mab, which we write as m". Recall from (6.17) that
el (x) = Eq(x) + Eg(x) x € (a, b), where

B\ = s f Gap(x. 2) / Ga(z, y ) o(dy)ym(d2)

ro(xo, y
and
s(b)

Ez(x)—h()[h(a) / Gus(x. y)ﬁm(dy)

) / Guslt, S m(dy)].

We first need to compute

b(ﬂ) hb(x)
i sh(n) —sh(x)
Ifa <x <y <b,then

+ hh(x) — lim

h2(x) s(b) — s(y)
h(a)h(b) s(b) — s(a)’
whileifa <y < x < b, then

h*(x) s(y) —s(a)
ha@h(b) s(b) — s(@)’

D Gaplx, y) =

D} Gup(x,y) = —
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Thus,
. (ca,bu, y)) _ D3Gas(y)  Gaplx, y)DA)
sh h(x) o h(x) h2(x)
_ DGas(x. ) Gaplx, y)DFh(x)
B h(x) h(a)h(b)
Now,
b b
DY E\(x) = / D%, (G“”(X’Z) ) / G ) ayy midz)
s a $ h(x) a ro(.X(), }’)
+
_ / b(—DS’lG“’b(x’y ) (6.20)
a h(x)
Gap(x, y)Djh(x)) /” Gap(z, y)
- dy)m(dz).
h(a)h(b) | o, y) V@I
Also,
b D+Gab(xvy)
+ _ shJa,
DY Ex(x) = h(a) / (—h(x)
Gap(x, y)DFh(x)\ s(b) — s(y)
- A m(dy)
(a)h(b) s(b) — s(a)
DYhGa b(x y)
+40) / ( )
Gap(x, y)Dh(x)\ s(y) — s(b)
m(dy)
h(a)h(b) s(b) — s(a)

_f" —h(x) s(y) — s(a)

~Ju \h(b) sb)—s(a)
SSBED/10)) )~ 0)
h(b) s(b) — s(a)

N /"(@ s(b) = s(y)

x \ () s(b) —s(a)
SR DI ) s(b) — 5(7)
h(b) s(b) — s(a)

n /*(—h(X)S(y) —s(a)
a \ h@a) s(b)—s(a)

Wuﬁhu)) s(y) — s(a)
h(a) s(b) — s(a)
[ (e
. \h(a) s(b) — s(a)
WD;M@) s(y) — s(a)
h(a) s(b) — s(a)

m(dy)

m(dy)

m(dy)

m(dy).
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Next we need to identify the measure D;; ¢ (dx). We have

Y —DFh(x)s(dx) s(y) — s(a)
—+ _ Ky
DaFaldx) = / < Wby s(b) —s(a)

—s@dx)(s(W—=s(@) r+ () =s@)(s(h)—s(x)) 1+
os@ D5 %) T Dy h(dx)
h(b) h(b)

s(b) — s(y)
—m
s(b) — s(a)

(dy)
. /” < Dy h(x)s(dx) sb) —s(y) i DV h(o)
x h®)  sb) —s(a) h(b)

G)=s@)(sb)=s()) D;rh(dx) )

s(b)—s(a)
h(b)

s(b) — s(y)
X ——————m
s(b) — s(a)

/" <—Ds+h(x)s(dx) s(y) — s(a)

(dy)

h(a) s(b) — s(a)

=s(dx)(s(y»)—s(@) y+ (s(0)—s(@))(s(b)—s5(x)) 1+
T s)=s@ D h(x) _ @ Dy hdx)
h(a) h(a)
D@
s(b) — s(a)

b ¢ DFh(x)s(dx) s(b) — 5(y)
/x < h(a) s(b) — s(a)

e LI
h(a) h(a)
s(y) — s(a)
sb) s "
h(b) s(b) —s(a) h(b) s(b) — s(a)
<h(x) s(b) — s(x)  CHt) Ds*h(x)) s(b) — s(x)
_ _ m(dx)
h(b) s(b) — s(a) h(b) s(b) — s(a)
. (—h(x) s) —s@)  OEEse D.?h(x>> S0 =@
h(a) s(b) —s(a) h(a) s(b) — s(a)
(M@ s®) = st PEEEEGEDIRON s — s@) )
h(a) s(b) — s(a) h(a) s(b) —sa) "
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Doing the necessary cancellations results in

x O =s@)(sd)—sx)) D“‘h(dx) _
+ i _ s(b)—s(a) s s(b) —s(y)
D, Ex(dx) = /a ( o) ) )= S(a)m(dy)
s(x)—s(a))(s(b)—s(y))

. /b (_ (o)l Djh(dx)) s(b) — S(y)m(dy)
x h(b) s(b) — s(a)

[ ()
a h(a) s(b) — s(a)

e[ ( S D:h<dx>> 0 5@
* h(a) s(b) — s(a)

(dx)

—h(x)s(x) —s(a)\ sb) — s(x)
< h) sb)— S(a)> s(b) — S(a)m

h(x) s(b) —s(x)\ s(b) — s(x)
N <h<b) s(b) — s(a>) s(b) — s

(_h(x) s(x) — s(a)) s(x) — s(a)m

(dx)

(dx)
h(a) s(b) — s(a) ) s(b) — s(a)

h(x) s(b) —s(x)\ s(x) — s(a)
- <h(a) s(b) — s(a)) sy —s(a)
h(x) s(b) — s(x)
h(a)h(b) <h(b) s(b) — s(a)
h(x) s(x) — s(a)
h(a) s(b) — s(a)) ()

(dx)

= —D{ h(dx)h(x)E(x)

1
= ~DhAxh(x)Exx) s

<h(x) s(b) —s(x)  h(x)s(x)— s(a))
— m(dx).
h(b) s(b) —s(a)  h(a) s(b) — s(a)

Similar computations for E; give

N o h®) s(0) —s@) /” Gap(x, y)
D i) = (s =) [T I )
h(x) s(b) —sx)\ [” Gup(x,y)
- <h(a>h(b> s(b)—s(a))/a oG, y) D)
@)D E ()
T @by s MR
_ h) [P Gaplx.y) 1 N
= Th@h® J, oty "0 Ganiy P AN
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Thus,
Dt et(dx) = —D+h(dx)h(x)E2(x);
' h(a)h(b)

<h(x) s(b) —s(x)  h(x)s(x)— s(a))
— m(dx)
h(b) s(b) —s(a)  h(a) s(b) — s(a)

h(x) [ Gap(x,y) 1 +
T hh® Sy Tty ") T ey OPs AN
—_ _ Nt h
= —D/h(dx)h(x)e (x)h(a)h(b)
B h(x) (h(a)s(b) —s(x) 4 h(b)s(x) —s(a)
h(a)h(b) s(b) — s(a) s(b) — s(a)
b
+ / Cax,) v(dy)) m(dx)
a To(xo,y)
bk _ h(x) s(b) — s(x) s(x) —s(a)
= ¢ R = o oh®) (h(”)s<b> “s@ V"% “s@
b
+f S ) v(dy)> m(dx).
a To(xo0,)

Substituting the above computations into (6.3) produces

m"(dx) = —[D}, " (dx) — " (k]! ,(dx)]

_ h(x) (/” Gap(x, ) ody)
~ o\ ), ooy 6.21)
s(b) — s(x) s(x) — s(a)
+h(a)s(b) 5@ + h(b)s(b) — s(a)) m(dx).

Combining, (6.21) and (6.19) gives

mh(dx) = hz(x)m(dx).

1
h(a)h(b)

Note that this agrees with (6.13) apart from the constant multiple m
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Lastly, note that for a nonnegative function f : I — R, we have

/, e, ) f () m(dy) = /O /, FOVPGr, dy)di
o0 1
=/O /lf(y)%h(y)Pz(x,dy)dt

/ S (y)mh(y)ro(x y)ym(dy)

f f(y)mh(y)l’o(x Wh(y) 2 m"(dy)

1
= /If()’)mro(xv y)ym(dy),
and so

1
ré’(x, y) = mro()ﬁ ),

as required.
This completes the proof of Theorem 6.2. [

Remark 6.3. The characteristics s”, k", m" of the h-transformed process seem to be known in
some degree of generality in the folklore. We presented a proof because we were not able to
find a sufficiently general result in the literature. We assumed that the original, unconditioned
process X does not have killing, k = 0, because this is the case that is of interest to us and
including killing would complicate the computations. See [9] for results along the lines of ours
under certain assumptions.

7. Generators

The diffusion X determines and in turn is determined by its infinitesimal generator. The
infinitesimal generator is specified by the scale, speed and killing measures and by boundary
conditions on functions in the domain.

Let G be the generator of a diffusion X on I := (£, r) where £ and r are inaccessible. Suppose
u is a continuous solution to the ODE

Gu = au (7.1)

that is,
a/ u(x)m(dx) = D;u(b) — D; u(a) — / u(x) k(dx) (7.2)
[a,b) [a.b)
for all (a, b) C I. For o > 0 the functions v, and ¢, from (6.5) and (6.6) can be characterized

as the unique (up to a multiplicative constant) solutions of (7.2) by firstly demanding that v, is
increasing and ¢, decreasing, and then imposing the boundary conditions

Vall4) = dolr—) =0
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and

Va(r—) = ¢o(f+) = F00.

Remark 7.1. Consider the special case where the diffusion X has null killing measure and scale
and speed measures that are absolutely continuous with respect to Lebesgue measure

o m(dx) =m'(x)dx.
o s(dx)=s"(x)dx.
e k=0.

If s € C'(I) then the infinitesimal generator G : D(G) — C,(I) of X is a second order
differential operator

1
Gfx)= Eoz(x)amf(x) + b(x)0, f(x)

where
m'(x) = 20 2(x)ePW, §'(x) = e BW (7.3)

with B(x) := fx20 ~2(y)b(y) dy. The domain D(G) consists of all functions in Cj(I) such that
G f € Cy(I) together with the appropriate boundary conditions.

Remark 7.2. If m is absolutely continuous with respect to Lebesgue measure, m(dx) = m'(x)dx
then

pt;x,y) =q(t;x,y)/m'(y) (1.4)
where g (¢; x, y) is the transition density with respect to Lebesgue measure.

We follow [1] and [7] in order to characterize the generator of the A-transformed diffusion.

We showed that if we have a transient diffusion X on I = (¢, r) with natural boundary points
£ and r, that is characterized by a scale measure s(dx) and a speed measure m(dx) and no killing,
then, if /1 is excessive with representation

ro(x, y) $o(x) Yo(x)
s ¢ ¢ 7.5
" /a,r) N M e M S R 1.5)

the h-transform X" is a diffusion on 7 that is characterized by

e Speed measure

m"(dy) = h*(y)m(dy).
e Scale function

s"(dy) = h()s(dy).

e Killing measure

- ro(x, y)
K'dy) = (G"(xo. y) ™' v(dy).y € 1. G" = =
h(x)h(y)
The (weak) infinitesimal generator of X" is the operator G" defined by
Ph _
G" = lim ——— f=7
t,0 t
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applied to f € Cy(I) for which the limit exists pointwise, is in C,(/), and

chf B f
sup | ——
t>0 t

< Q.

Consider the special case when the diffusion X has

e Speed measure m(dx) = m’(x) dx.
e Scale function s(x) = [“s'(y)dy.
e Nokilling kK = 0.

Then m”", s, k" are given by (6.13), (6.12) and (6.14). Following [7] the domain D(G") satisfies:
f € Cy(I) belongs to D(G") if D7 f and D f exist and there exists a function g € C,(I) such
thatforalll <a <b <r

h2(b) h2(a)

/ gOR*(x)m'(x)dx = ——f~(b) — —— [~ (a) — FOK" (dx). (7.6)
[a.b) s'(b) s'(a) [a.b)
2 2
| storeomcodx = PO iy - D priy - [ poptian. .7)
(@b] s'(b) s'(a) (@.b]
By definition
Q"f =g.

for f € D(G). In order to find the representation of /(x) from (7.5) note that

 [eoto@doly). x < y:
rolx. 3) = {cowo(wo(x), x>y,

where v, ¢ are the functions from (6.7), (6.8) and
co' = do(0) D Yo(x) = Yo(x) D po(x).

Suppose that the original process wanders off to £. Then
PHT, < Ty} = (s(b) — s(x))/(s(b) — s(a)).

Note that

x o) /Yo(z), x <z,
PAT: < oo} = {¢o(x>/¢o(z), x>z

Now for x < z,
PHT, < oo} = laiirelPx{Tz <T,}) = laiirél(S(x) —5(a))/(s(z) — s(a)),
while for x > z
PHT, < o0} = 1.
This shows that we should take
Yolx) = (}i_)n}(S(X) —s(a))
and

$o(x) = 1.
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We can assume that

lin}Z s(a) = 0.
With that assumption,

_ Jeosx), x =<y,

ro®, y) = {COS(y), x>y
We have

¢y = o(x)D; Yo(x) — Yo(x) D po(x) = 1 x 1 —5(x) x 0
and so ¢g = 1. Therefore,

s(x), x=<y,

s(y), x=y. (78)

ro(x, y) = {
8. Bang-bang process of a one-dimensional diffusion

Assume that X is a one-dimensional diffusion with state space /. Using the formula for the
resolvent of X”, namely Eq. (5.12), we get that with respect to the speed measure m of X the
resolvent of X” has densities

rl(x,y) = RYS,(x)
= o RY8,(x) + YL (xX)R}8,(a)

Cons oo RIS, _im(x.a) RSy (a) @.1)
= R;8,(x) ) R8y(@) + h(x) r.(a, a) AR!(1)(a)
h h
_ o h _rix.a) , ro(a, a) ry(x, a) r;(a, y)rola, a)
=rl'(x,y) ri’(a,a)rk(a’ »+ rolr. @) 1@, ) ro(a. @) — r(a. a)

Note that with respect to the measure m the h-transform looks like
r(x,y) h(y) ro(y, a)
rf(x,y)=k— 2 — = (x, y)— .
h(x)h(y) h(x) ro(x, a)
As aresult of (8.1) and (8.2)

O =nk,y) (8.2)

roa,a)
ro(y,a r(x, a)ls ro(y, a
O(y ) _ ro(x,a) }”)L((l, y) O(y )

ro(x, a) r(a,a) ro(a, a)

ro(y.a)
ro(a, a) ri(x, a) (@, y) ,g(a,a)i”o(a, a)

ro(x, a) ri(a,a) ro(a,a)—r(a,a)
ro(y,a) r)\(x,a)r @ )ro(y,a)
ro(x,a)  ria,a) Y ro(x, a)
ro(a, a) ri(x,a) ri(a, y)ro(y, a)

ro(x, a) ri(a,a) ro(a, a) — ri(a, a)

ro(y, a) n r(x, a) ro(y, a) < ria,a) >

ro(x,a) ra, a)r,\(a, y)ro(x, a) \rola,a) —r;(a,a)

rP(x,y) = rx,y)

= r}\.(x7 J’)

= rk(xﬂ )’)

and therefore

r(x,y) = :chg [rx(x, y)+

n(x, a)r(a, y) ] (8.3)

ro(a, a) — ry(a, a)

Please cite this article in press as: S.N. Evans, A. Hening, Markov processes conditioned on their location at large exponential times, Stochastic
Processes and their Applications (2018), https://doi.org/10.1016/j.spa.2018.05.013.




30 S.N. Evans, A. Hening / Stochastic Processes and their Applications 1 (1111) III-111

Remark 8.1. The resolvent of X has symmetric densities

n(x, a)r(a, y) }

ro(a, a) — ry(a, a)

rg(a, a)
ro(x, a)ro(y, a)

|:r)\(x7 }’)+

2
with respect to the measure (%) m(dy) = h*>(y)m(dy) = m"(dy). It follows that m" is a

multiple of the speed measure of X”.

Example 8.2. Suppose that X is Brownian motion with drift —p, u > 0, and a = 0. For
a suitable normalization of the scale measure, the speed measure of X is 2exp(2ux)dx and
the corresponding resolvent densities are ry(x, y) = 2uexp(—2u(x VvV y)) (see, for example,
Appendix 1.14 in [1]). We can use Remark 8.1 in a simple but somewhat tedious calculation to
compute the resolvent densities of X” against the measure m” (dy) = 2 exp(—2u|y|) and see that
they agree with the resolvent densities of bang—bang Brownian motion given in Appendix 1.15
of [1], so that X? is indeed bang—bang Brownian motion.

Example 8.3. Let X be the Ornstein—Uhlenbeck process

dX, = —yX,dt +dWw,. 8.4
The speed measure of this process is

m,(dx) = 2exp(—yx?)dx. (8.5)

When y > 0 the process is positive recurrent while when y < 0 the process is transient.
Suppose from now on that y < 0 so that we are in the transient case. We want to see what the
process X is in this setting.

From [1] Appendix 1.24 we have that the resolvent density of X with respect to m,, is

rk(x,)’)
_Ie/lyl+D |y |x?
= e ex p( 5 >D—A/y| (=xy/2ly D) (8.6)

Iyly
X exp ( D_ -1 (yvV2lyD, x>y

2

where I'(x) is the Gamma function and

Y. v +2)--(v+2k—2)
D_y(x) = e /12 ﬂﬁ{ﬁl)/z) ( * 21: 2k)! x2k>

xV2 S WHDWH3) w2k —1)
F(v/Z)( +2 2k + 1)! * )}

k=1

is the parabolic cylinder function.
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A natural conjecture would be that X? is a recurrent OU process. We show that this is not the
case. Seta = 0 and y = 0. Then, for x > 0, Eq. (8.6) becomes

I 2
ro(x. 0) = 3 er% exp (—'y;‘ )D_1<|—x\/2|y||>D_1<0)

I Clyie? (_NT)ZM\/? IxIvV2I] \/;
_2¢_|y|nexp< 2 )e ' Ee“f"(T Zerfe () (87)

1
=_ /lerfc(|x|\/|7|)-
4V |yl

where we used the identity

D_i(x) = ex2/4\/§erfc <%> )

and the error function erf and the complementary error function erfc are defined via
2 R
erf(x) = — / e " dt
Vo

erfc(x) = 1 — erf(x).
As aresult of (8.7)

0
h(x) = ZZ% o; — erfe(1x]v/]y ). (8.8)

From Remark 8.1, the speed measure of X is a multiple of

ml(dx) = h*(x)m,, (dx)
2
= (erfc(|x|\/M)) 2 exp(—yx?) dx.

Such a measure does not look like 7« from (8.5) for any y* and hence X b is not an OU process.

and

9. Generator of the conditioned diffusion

Theorem 9.1. Let X be a one-dimensional transient diffusion on I = (£, r) with £, r inaccessible
boundary points and such that

lim X[ =€

—>00

P* almost surely for all x € (£, r). Assume that

e X has an absolutely continuous speed measure m(dx) = m'(x)dx and scale function
s(dx) = s'(x)dx.

o The densities s’ and m' are strictly positive on (£, r).

o The densities are smooth enough, namely s' € C'((£, r)) and m' € C((£, r)).

Set
h(x)=PYT, <0}, xel.

Please cite this article in press as: S.N. Evans, A. Hening, Markov processes conditioned on their location at large exponential times, Stochastic
Processes and their Applications (2018), https://doi.org/10.1016/j.spa.2018.05.013.




32 S.N. Evans, A. Hening / Stochastic Processes and their Applications 1 (1111) III-111

The generator G" of X" is given by

1 h2 '
h2(y)m/'( )<sf((y))f/(y)>’ y#a;
G fy =" /,(ﬁ y 1
) NSNS SR o
was @2 Ot w@s@! @ y=e
and the domain of the generator is
D(G"

= {f e C*(t,a)NC¥a,r): fHa)— fHa—) = f(a+)— f(a)=

2s(a)(s'(@))* — s*(a)s"(a) ,_ s*a) . _ —s%(a)s"(a) @)
(s'(a))? ')
43 @, ot }
,( )(f ) (a)

Proof. Take

h(x) = ro(x,a) = PY{T, < oo}ro(a, a).

So, by (7.8)
_)sx), x =a,
hix) = {s(a), x>a. ©.D
Thus,
s (x) x <a,
W) = X > a. ©.2)

At x = a one has
h™(a) = 5'(a)

together with
ht(a) =

It is clear from (7.5) and the definition of 4 that
K"(dx) = ro(a, a)8,(x) = s(a)8,(dx)

For{ <u <v <randa ¢ [u, v] Egs. (7.6) and (7.7) become

2 h2
/ SO Com () dx = 1 ) (U)f )
[u,v) (M)
and
h? h
[ somcomteax =B a0
o ') 5'(v)
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which imply by arguments similar to the above that f € C?(u, v) and

2
g(x)h2<x>m/<x>=( (x )f( ))

for all x € (u, v).
Now use (7.6) for the interval [a, a + €) to get

h*(a + €) h%a) .
2 ’ _ _
/[a,a+e>g(X)h (om0 dx = s'(a+e )f (@t S’(a)f @
—/ J(x)s(a)dq(dx) 9.3)
a,a+€)
_h*a+e) h*(a)
= mf (a+e)— (@ )f (a) = f(a)s(a)
which implies
(limf‘(a+e) (@ )) D aystay = /(“)ﬂ ) ©.4)
€l0 h2(a) )
Similarly if we use (7.6) for the interval [a — €, a)
2 h2
[ sworwmwar =20 @ - L0 o
[a—e€,a) ( ) ((l
- /[ )f(x)s(a)éa(dx) 9.5)
_ h*a) h*(a—e) ,_
B /(a)f()_ /(a—e)f(a_e)

which forces

W) p— W a—e) p—
g@h*@m'(a) = lim < S @7 ua/ @79
€l0

€
_ 2h(a)h™(a)s'(a) — h2(a)s"(a) _ h2(a) (9.6)
= S fr@+ 5@
25" (@) — s%(@)s" (@) 52 >
= Y o+ 5o T @
Next use (7.7) for the interval (@ — €, a] to get
2 2.
/ gR*(x)m' (x) dx = (a)f+( )— Mf*(a —6)_/ s(a)sq(dx)
(a—e,a) /( ) /(d - ) (a—e,a) (9 7)
2 20, _ ’
e €)f+(a—6)—s(a)f(a)
s'(a) (a
which implies
<f+(a)—15ii101f+(a —e)) S/(() (()) 98)
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Next use (7.7) for the interval (a, a + €] to get

2 h2
/ 2R (X)m’(x) dx = h,(“ ") pra g - D gy / 5(@)3a(dx)
(a,a+e] ( + ) (a) (a,a+e] (9 9)
_hMa+te) R
= Suro /@t o ,()f()
which forces
W (ate) o+ h2(a) o+
S +e€)— =
s@h@m'(@) = lim 2er0 ! €O v 7@
€l0 €
+ / ) "
_ 2h(a)h™(a)s /(a) . h=(a)s"(a) Fr@) + h/(a) Y@ (9.10)
(s'(a)) (a)
_ —S@s'@
= @ ! @
Suppose next that we have g = G" f for f € D(G"). If a ¢ (u, v) we have
/ g)R*(x)m’ (x)dx = [ g)R*(x)m’ (x)dx
[u,v) (u,v]
3 h?(x) LR,
_/[M)( ! e )> 0)
Apply this, the fact that &, g, s’ are continuous, and (9.4) to get
/ g(X)R*(x)m’(x)dx = lim g(X)R*(x)m’(x)dx + lim g(X)R*(x)m’ (x)dx
[a,b) €10 Jia,a+¢) €40 Jia+e,b)
= lim g(x)hz(x)m (x)dx + hm G )f’(b)
€10 Jia,a+e) /(b)
 ha+e)
_lew s’(a—i—e)f( a+e
2
= lim g()R*(x)m’ (x)dx + " (b) f=(b)
€l0 [a,a+e€) S/(b)
h(a + €) 10
—lim —————f"(a +¢)

el0 s'(a + €)
h2 b h? s’
®) -y - @ <f (@) + (“)ﬂ ))

s'(b) s'(a) (a)
RO h*a)
= S,(b)f (b) — (a )f (a) —s(a) f(a)
h*(b) 2( )
=g O @- J0)s(a)dq(dx).
s'(b) (@) [a.b)
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Using the left continuity of f~ one can also see that

/ g()R*(x)m’(x)dx = lim 2R (x)m’ (x)dx
[c,a) €l0 [c,a—€)
+ lim g(XOR*(x)m’ (x)dx
! Jaea) 9.12)
_ i P h*(c) , ©
_e%l s'(a — e)f (a )_mf(o
h? h?
=D ey - (C)f( )
s'(a)
Analogous arguments using (9.8) show that for ¢ < a
f g()h(x)m’(x)dx = lim g2 (x)m’ (x)dx
(c,al €0 (c,a—e]
+ lim g(OR*(x)m’ (x)dx
€10 J(a—e,a
. h*a— a h2(c) .
= lim ———— f - )— f (c) (9.13)
€l0 S/(a
h? h?
= ,(a)f+(a) O )~ s f @
s'(a) s'(c)
h? h?
=@ ey D e [ postasad)
N (a) ( ) (c,a]
and using the right continuity of f+
f g()h?(x)m’(x)dx = lim g(0)h2(x)m’ (x)dx
(a,b] €10 J(a,a+e]
+ lim g(XR*(x)m’ (x)dx
€0 (a+e,b)
_ P W +e) o
+(b +
= /(b)f (b) — w “a +6)f( a+e)
h*(b) . h*(a)
= b + O
S,(b)f() ,()f()

Example 9.2. Consider conditioning Brownian motion with drift —u, u > 0, to be at 0 at a

large exponential time. From Theorem 9.1 we get that (X Ih )i>0 has generator

1
. Ef”(y) — sgn(y) f'(y), y #0,
TI= iﬁ(o) +——(fH"0), y=0
m’(0)(s"(0))? /(0) (0) ’
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with domain

D(G")
- {f € C2(=00,0)N C2(0, 00) : F(0) — F(0—) = f~(04) — f~(0) = i((g)) F(0),
25005 O — 20" 0) . sHO) . —s*0)s"(0)
0 )= ——~" "0
2 o+ S0 = =R o)
s20) o,
HERU <0>}.

Noting that m’(x) = 2¢~2 and s'(x) = €*** and s(0) = ﬁ straightforward computations yield

1
o Ef”(y) —psgn(y)f'(y), y#0,
=
1
—nfrO)+ E(f+)+(0), y =0,

with

DG") = {f € C*(—00,0)N C*(0,00) : fH(0) — £H(0—) = f7(0+) — f~(0) = 2£ (0),
1 1
WO+ (O = —pfr O + §<f+>+(0>}.

Example 9.3. The solution to the SDE
dX, =X, (u —«X)dt +o0X,dW,,t = 0. (9.15)

models a population living in one patch in which the individuals compete for resources. assume
that u — % < 0 so that (X;);>o is transient and X, | 0 as t — oo P*-almost surely for all
x € (0, 00). Note that if we start (X;),>0 at x € (0, 00), the process is almost surely positive for
all ¢+ > 0. See [2] for more details. We study what happens when we condition this diffusion for
a point a € (0, 00). Let £ be the generator of X

d 1 ,,d
— 2 2.2
b=l =)+ 37 g

The generator of X" is

1 2
L= (Mx —kx? + axh(x)) 4 2x? d
dx

_U —
h(x) 2 dx?

with a suitable domain.
Making using of (7.8) and (7.3) we get

z o2eo? dz ifx <a
h(x) =1/, ’ -

1, ifx >a,
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so the new drift is given by

_2 2kx
5 x o2eo? .
Ux —kx~ 4+ ————— ifx <a
X x -2 2z
f e a
ux — sz, ifx >a.

For x small the new drift looks like

2 1
x|—>,ux—Kx2—|—(1——l;>—.
0% ) x
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