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Abstract

We provide moment inequalities and sufficient conditions for the quick convergence for
Markov random walks, without the assumption of uniform ergodicity for the underlying Markov
chain. Our approach is based on martingales associated with the Poisson equation and Wald
equations for the second moment with a variance formula. These results are applied to non-
linear renewal theory for Markov random walks. A random coefficient autoregression model is
investigated as an example. (©) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let {X,, n>0} be an irreducible Markov chain on a general state space D with
o-algebra .o7, where irreducibility is with respect to a maximal irreducible measure on .o7.
Let {(X,,(s), n=0} be a Markov chain on D x R, with an additional sequence of
random variables (,, such that the transition probability distributions

P{(Xn+ls€n+1) €4 x B‘Xn ZX,(kabé’k),lSkSn} :P(X’A X B) (11)

do not depend on the “time” n>0 and the values of (X;_1,{x), 1<k<n, for all
x € D,A € o/ and Borel sets B. For measurable functions g on D x D x R, the chain
{(Xy,Sn), n=0}, with an additive component S, = >, _; g(Xe—1, Xk, &), So = 0, is
called a Markov random walk. In the standard setting for Markov random walks,
cf. Ney and Nummelin (1987), one simply considers g(Xj;_i,Xx,(x) = {x without
loss of generality. The notation g(Xj;_1,X}, (i) is used here because our investiga-
tion of S, involves the solutions of the Poisson equation for several related functions
g. We assume throughout the paper that there exists a stationary probability distribution
n, n(4) = [ P(x,A)n(dx) for all 4 € o/.
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The concept of quick convergence was introduced by Strassen (1967). A sequence
of random variables 0, is said to converge f-quickly (f > 0) to a constant p if

E(sup{n=>1: |0, — u|>¢e})’ < oo forall &> 0. (1.2)

Obviously 0, — u f-quickly for some f > 0 implies 0, — u a.s. For simple random
walks S, (i.e. with i.i.d. increments), quick convergence played an important role in
nonlinear renewal theory and sequential analysis (cf. Lai, 1981). Likewise, extensions
of (1.2) to Markov random walks are crucial in the development of nonlinear renewal
theory for Markov random walks and applications to statistical analysis of dependent
observations (e.g. time series).

We shall consider quick convergence of 8, = S,/n, n>1, for Markov random walks
{(X,,Sy), n=0}. Our approach is based on extensions of tail probability and moment
inequalities of Chow and Lai (1975) for the maxima of partial sums from the i.i.d.
case to the Markov case, which we obtain from martingales and Wald equations as-
sociated to the Poisson equation. These results, established without the assumption of
uniform ergodicity for the underlying Markov chain, are of independent interest and
have applications in other areas of research.

The paper is organized as follows. The main results are stated in Section 2. In Section
3, we construct martingales based on the Poisson equation, and provide Wald equations
and a variance formula. In Section 4, we prove the moment inequalities based on tail
probabilities for the maxima of partial sums. In Section 5, we prove the quick conver-
gence of Markov random walks. Applications to nonlinear renewal theory are discussed
in Section 6. A random coefficient autoregression model is considered in Section 7.

2. Main results

Let {(X,, (), n=1} be a Markov chain as in (1.1). Let v be an initial distribution of
X and define v*(4)=)_,", P\(X, € 4) on .</. Let E, be the expectation under which X
has initial distribution v, and E, be the conditional expectation given Xy = x (i.e. with v
degenerate at x). Let # =, be the class of all measurable functions g = g(x, y,{) on
DxDxR such that Ey,|g(x, X1, {;)| < oo v*-almost surely and E|g(Xy, X1, {1)| < oo. For
g € A, define operators P and P, by (Pg)(x)=E.g(x,X1,{;) and P,g=E,g(Xo,X1,{1)
respectively, and set g=Pg. We shall consider solutions A=A4(x; g) € # of the Poisson
equation

(P-DA=(I—-P)§ v —ae, PrA=0, 2.1)

where [ is the identity. Here and in the sequel a function f defined on D is always
treated as a function on D x D x R via f(y)=g(x, y,{), so that Pf = [ f(y)P(x,dy).
Since (I — Pr)g = (P — P;)g, the Poisson equation (2.1) can also be written as
(P—1)A = (P — Pp)g. Let #* = A be the set of g € # such that the solution
of (2.1) exists with E,|A4(X,;g)| < co and E,|g(X,—1,Xy, ()| < oo for all n=0.

Set p = py = Prg = Erg(X0,X1,(1). For g € #* define

d(g) =d(x,y,(9) = 9(x, »,0) — g — 4(y;9) + A(x; g). (2.2)
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Furthermore, set 6, = 6,(g) = {E,|d(Xo,X1,C1;9)|P}V7, and for |d(g)|P? € #* define

Dp(g) =Dp(x,3,0;9) = |d(x, », G PIP — ) (g) — 4p(y;9) + 4p(x59)s (2.3)

where A,(x;g) = A(x; |d(g)|?). Let Z, be the c-algebra generated by the random
variables {Xp, (X, (;), | <i<n}. For g € #* and d(g) in (2.2), set

Se=8Su)=>_C. {=9X-1.X.0). dj=d;(g9)=dX;_1.X;.(;:9). (24)

j=1
S,i‘=S;‘(g)=lrg;1§n|5/(g)—j#gl, gZ=lrgja§nlg(X;—1,Xj,Cf)—Mgl, (2.5)
[a@) = dj =S, —npy — AX,;:9) + AXo; ), n>1 (2.6)
Jj=1
and
fo=1a9)= max |fi(g)l,  dy=d;(g)= max |d] 2.7)
<j<n 1<j<n

Furthermore, define

4, =4,(9)= max |4(Xj;9) — A(Xi;9)l,
0<i<j<n
V;,n = V;,n(g) = max Vp,j,m (28)

0<j<n
where for the 4,(x;g) in (2.3)
Voo =Vpn(9) = {E[4p(Xa; 9)1X;] — 4,(X559)} 177 (2.9)

Theorem 1. Let p>2. Suppose {g,d*(g)} C #*. Then, there exists a constant C,
such that

max{E,(/}). E(S;)"} < C,E,{max(a/n. g} 4. V5, )} (2.10)
If in addition E|g(Xo,X1,(1)|? <00, Ex|A(Xo; 9)|? <oo and E|A:(Xo; g)|P? < o0, then

max{E,(f), E«(S:)P}<Cp{(av/n)? + o(1)n??}, as n — oo. (2.11)

Theorem 1 is proved in Section 4, which contains a more general result.
Let 0, be as in (1.2) and define N, =sup{n=>1: |0,—pu|=>e¢}. Since (1.2) is equivalent
to EN? < oo, the sequence {0,} converges f-quickly to p if and only if

%) [e's}
an;_IP{Ng>n} — Znﬁ—lp{supwj — 'u|>g} < o0, Ve > 0.
n=1 n=1 jzn

Theorem 2. Suppose {g,|d(g)|"} C A*. Let A.(x;9), d;, Sy and f} be as in (2.3)—
(2.5) and (2.7). Set A*(x;g)= max{+4,(x;9),0}. Let 1<r<2 and > 0. Suppose
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Eldi [P < 00 and that E-[{4.(X1;9)} 1P < 00 and EL[{4,(Xy;g)} ] VIEHor]
<oo for some ¢ > 0. Then,

Znﬁfan {sup 1S:(9) — A(X; ) + A(Xo59) — nu(g)| 23’1} <00, Ve>0.

=1 j=n
(2.11)
If in addition E|(,|F*" < oo, then
anfan {sup 1S.(g) — np(g)| >8n} <oo, Ve>0. (2.12)
j=n

n=1

In Section 5, we provide in Theorem 6 sufficient moment conditions for the quick
convergence of 0, = n=*(S,(g)—npy) to 0, «>1/r, under P, for general initial distribu-
tions v. In Theorem 6, the moment conditions on |d;| are slightly stronger with an extra
logarithmic factor, while those on AF are weaker with ¢ = 0 and certain additional
logarithmic factors. The proof of Theorem 2 will be given at the end of Section 5.

Remark 1. The Poisson equation (2.1) is slightly different from (P —7)4 = (I — P,)g
considered in some previous studies (cf. (17.37) of Meyn and Tweedie, 1993). A suffi-
cient condition for the existence of (2.1) can be found in Theorem 17.4.2 of Meyn and
Tweedie (1993). Theorems 1 and 2 provide the moment inequalities and quick conver-
gence for Markov random walks, respectively, under the assumptions of the existence
of solution for the Poisson equation, and moment conditions. It is known that under
the uniform ergodicity condition, the Poisson equation (2.1) has uniformly bounded
solutions A(+;¢g) for bounded § = Pg (cf. Fuh and Lai, 1998); therefore, the moment
conditions A4(x;g) in Theorems 1 and 2 are automatically satisfied in this case. Also,
the moment conditions on 4 ,(x;g) in Theorems 1 and 2 can be easily verified in au-
toregression models for the natural g(x, y,{) = y. For a general Markov random walk,
an upper bound of A(-;g), via the drift inequality, can be found in Theorem 17.4.2 of
Meyn and Tweedie (1993).

Remark 2. Lai (1977) studied the quick convergence for stationary mixing sequences.
Under some mixing conditions, he required the moment condition £ |C~ 1 — 1|7 < oo for
some g > max{f + 1,2}. Further generalization can be found in Peligrad (1985). Irle
(1993) investigated the quick convergence for regenerative processes and its applica-
tions to Harris recurrent Markov chains under certain moment condition for the induced
renewal process. Rates of convergence in the law of large numbers can be found in
Irle (1990) and Alsmeyer (1990), who generalized the results of Chow and Lai (1975)
from the i.i.d. case to general martingale sequences.

3. Preliminaries: martingales and Wald equations

In this section, we explore the martingale structure associated with the Poisson equa-
tion (2.1). Martingale (2.6) is equivalent to (17.42) of Meyn and Tweedie (1993). The
variance formula (3.3) below is equivalent to (17.47) of Meyn and Tweedie (1993)
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but seems to be more transparent. The quadratic martingales given in (3.1) and (3.2)
below are crucial in our further investigation.

Theorem 3. (i) Suppose g € H#*. Then, the sequence {f,} in (2.6) is a martingale
with respect to {F ,} under P,, with d; being the martingale differences.
(ii) Suppose {g,d*(g)} C #*. Then both sequences
Fo(9) = [1(9) — n93(g) — A2(Xa39) + r(Xo39). n>1 (3.1)
and
Fo(9) = (S — nity — A(Xa3 9))* = n03(g) — 42(X3 9) + 42(Xo39), n=1 (3.2)

are {F ,}-martingales under P,. Moreover,

03 = 03(9) = Prd*(g) = Varo({,) +2Y . Covn({1, {1 )). (3.3)
j=1

Proof. It follows from (2.1) and (2.2) that (2.6) is indeed a martingale, as
Eldj|X;—1] = (Pg — Prg — PA+ A)(Xj—1) = (§ — Pz — PA+ 4)(X;—1) =0
P,-a.s. For the same reason, by (2.3)

D DaXi 1, X s g) = Y ds — 163 — Ax(Xi 9) + A2(Xo3 )
j=1 j=1

is a martingale. In addition, the sequence f2(g) — 27:1 dJZ- is a martingale, as d; are
martingale differences. These imply that (3.1) is a martingale as it is a sum of two
martingales. Finally, (3.2) is a martingale as it is the sum of (3.1) and the martingale

=21 u(9)A(X0; 9) + A*(Xo39). O

The following corollary provides the Wald equations for bounded stopping rules via
the optional stopping theorem.

Corollary 1. Let pu= gy, 02 =05(g) and S, =S,(g) be as in (2.2)—(2.4). Let T be a
bounded stopping rule with respect to {F,, n=0}. Suppose g € #*. Then
E\Sr = pE\T + E,{4(X7;9) — A(Xo; 9)}- (3.4)
If in addition d*(g) € #* and E,A*(X,;g) < oo for all n>0, then
E\(Sr — uT)'=03E,T+2E,{(Sr — uT)A(Xr; 9)} + E{45(X13 9) — 45(X03 9)},
(3.5)
where A5(x;g) = Ay(x;g) — A%(x; 9).
The following theorem provides the Wald equations for Markov random walks and
unbounded stopping rules with finite expectation, via uniform integrability conditions.

Under the stronger uniform ergodicity condition for the underlying Markov chain, Fuh
and Lai (1998) derived Wald equations via an exponential martingale.

Theorem 4. Let T be a stopping rule with E,T < co. (1) Suppose there exists a
uniformly bounded h = h(x, y) such that j=|g—h| € A with sup, E,A(Xrrn; §) < 0.
If g € #* and {A(Xrnn; 9), n=1} is Ey-uniformly integrable, then (3.4) holds.
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(ii) Suppose {g,d*(9)} CH#*, T is a stopping rule with E,T <oo and that both
{A:(X7pns 9), n=1} and {A*(X7pn; g), n=1} are E,-uniformly integrable. Then, (3.5)
holds.

Remark. Consider vectors of the form (§,,g,) = C(g,d(g)) — (h1,h2), where C is a
2 x 2 deterministic matrix of full rank and %; = h;(x, y) are uniformly bounded. By
the proof of Theorem 4, conditions of Theorem 4(i) hold if {g,|d,],|d,|} C #* with
sup,, EyA(Xrpn; |§ j|) < 00, j=1,2. Sufficient conditions for the uniform integrability of
{MX7nn)}, such as {A(X7au; 9)}, are given in Proposition 1 below. Under the uniform
ergodicity condition, A(x;g) are bounded functions of x for bounded g = Pg.

Proof. (i) Let S,(g) be as in (2.4). By (3.4),
EStan(§) = tgEAT A n} + EvA(Xrpn; §) — EvA(Xo; §) = O(1),

so that E,S7(§) < co. Since /4 is uniformly bounded and §=|g—h|, E,Sr(|g|) <E,Sr(§)+
|2l oo EvT < 00, so that {S7a,(¢)} is uniformly integrable. Since {A(X7an;9)} is also
uniformly integrable, we obtain (3.4) with the stopping rule 7 by taking the limit
n — oo in (3.4) with bounded stopping rules 7 A n.

(i1) We only need to consider y, = 0. By (3.1) and the optional stopping theorem,

2
TAn

Ex | > di | =Eu(Stan — Stam — AXran @) + AXram: 9))

Jj=TAm
= GZE;;((T A ”) - (T A m))+ + E;:,{AZ(XT/\n;g) - AZ(XT/\m; g)}

for n=m, where E, is the conditional expectation given F r,,. Thus, ||S7an—STAm||2 <
ol (T An)—(T Am)|[\? + 1| 42X ans 9) — DoKX pms DI+ 14X T 03 §) — AXTAm3 92
— 0, as n — oo by the uniform integrability assumptions. Since {A?(Xrn,;g)} is uni-
formly integrable, this implies that the right-hand side of (3.5) is uniformly integrable
with 7 An in place of T. Hence, (3.5) holds by taking limits in its 7 A n version. [

Proposition 1 (Uniform integrability). Let h be a Borel function with finite E,|h(X,)|,
n=1. Let T be an integer-valued random variable with E,T < co. If E,|h(Xr)| < 00
and

Mlim lim sup E,(|A(X,)| — Mn)" =0, (3.6)
then {h(Xtnn)} is E,-uniformly integrable. Consequently, {W( Xrn,)} is E,-uniformly
integrable if

E(|h(X,)| — n)t < occ. (3.7)
>
n=1

Remark. For v=r, (3.6) is equivalent to E,|A(Xp)| < oo, and (3.7) is equivalent to
E|h(Xy)|> < co. It can be proved that p =2 is the smallest real value of p such that
E|hr| < oo for all integer-valued random variables T with ET < oo and all identically
distributed {%,} with E|;|? < oc.
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Proof. If E,

h(X71)| < 00, then E,|W(X7) — M(XTpn)| is bounded by

Ey|[WXT) {72y + Ey RO (720}
<o(1)+ MnP,{T >=n} + E,(|h(X,)| — Mn)* — 0.

If (3.7) holds, then E,|h(X7)| <E,T + 3.°°, EJ(|h(X,)| — n)t < oo. [

Corollary 2. Let T be a stopping rule with E,T < oo. If {g,d} C #* for the § in
Theorem 4 and (3.7) holds for both h(x)=A(x; g) and h(x)=A(x; §), then (3.4) holds.
If {g,d*(g9)} C #* and (3.7) holds for both h(x)= A*(x;g) and h(x) = As(x;g), then
(3.5) holds.

4. Moment inequalities

The type of tail probability inequalities under consideration here for Markov random
walks can be called “good-A” inequality, which naturally implies moment inequalities
for maxima of partial sums. In martingale and i.i.d. settings, these inequalities were
considered by Rosenthal (1970), Burkholder and Gundy (1970), Burkholder (1973),
Hoffmann-Jorgensen (1974, 1977) and Chow and Lai (1975, 1978) among others. The
results here can be viewed as an extension of Chow and Lai (1975) from the i.i.d.
case to the Markov case.

Let g € #™* with |d(g)|? € #* for some p=>1. Define

bn =Lalg) = max & — bl 4.1)
where fj:g(Xj_l,Xj,Cj) are as in (24). Let f;, dy, V,,, S; and 4 be as in
(2.5)(2.8).

Lemma 1. Suppose {g,|d(9)|’} C A for some 1< p<2. Then,

p p k
PAf; > t+k(e+s),d;<s, Vi, <v}<P{fi > 1}B ("‘?;”) (4.2)

for all positive s, t, v and &, where a, is as in (3.3), B, = 18p*?/(p — 1)/ for
1 < p <2 and B =B, =1. Moreover, for all positive s, t, u, v and &,

PAS; > t+k(e+s+u),C, <s,4;<u, V), <v}

k
nojp + UP>

= (4.3)

<P{S; > t}B'Y (
Proof. Define 1o = inf{: | Z{Zl d;| >t} and for k=1

J
T, =1inf ¢ j > 14_1: Z d;| > ¢

=141

On the event d; <s, the overshoot for the stopping rules t; is bounded by s for all
Jj=0, so that f7  <t+ (k— 1)e+ ks and the left-hand side of (4.2) is bounded by
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Pt <n,d;<s,V,,<v} for all k>1. Therefore, it suffices to prove by induction that

for all k>1

44

nal + v?
P {Ax} <P {Ar-1}BY (;;7) ,

ep
where Ay ={t. <n}N{|d;|<s,V, jn<v, Vj<1}. Let E* be the conditional expectation
given &, _, for some fixed £ >1. By the Doob and Burkholder inequalities
. . = Su P By o N
E*I;, <Ly, E*I{tu <n}<ly E [% <IAk718—5E > |dylr.
J=te—1+1
Note that 1< p<2. An application of (3.4) of Corollary 1 with |d(g)|? in place of ¢
yields
n
E* Y d))” =of(n— E*u 1)+ EX{4,(X,;9) — 4,(Xy_39)}
J=t—1+1

P p
Sopn+ Voo

in view of (2.9). These imply (4.4), and therefore (4.2), as V,,_, ,<v on A;_.
The proof of (4.3) is identical with modified 19 = inf{n: S;; > ¢}. The details are
omitted. Note that on the event {S; > ¢+k(e+s+u), E: <s, 4 <u}, we have S} <t+s
and i
J
max |(S;, — uto) + Z di| >t+k(e+s+u)—u,

To<j<n .
i=1o+1

which imply 7, <n as max;, <<y j: dil >ke+(k—1)(s+u)and d <s+u. [
0<J i=19+1 n

Next, we apply Lemma 1 to obtain moment inequalities.

Theorem 5. Suppose {g,|d(g)|?} C H* for some 1 < p<2. Let ®(x) be a nonnegative
nondecreasing function such that for some 0 < A< 1, 0 <e <1 — A and finite real
number C, &(t)<CP(Ax) for all x>apn1/1’/.s. Then, for 2CBheP /(1 — A — )P < 1

Eof 1)< E,®(¢~ " max(a,n'?,d;, Vpn)) 45
v (.fn)\ I_ZCBzgp/(l_/"L_g)p ( . )
and
E,®(¢~! max(o, nl/p,2~*,241*» v,
Eas) <X (o 22200 Fy)) (4.6)

1 —2CBber /(1 — 2 — ¢)P

Proof. Clearly, E,9(f}) = fooo P {f¥ >t} dd(¢) is bounded by

EO() < o' ?fe)+ [ Pmax(d. ;) > o) do(0)

o-pnl/ll/g

+ / P f, >tmax(d,,V,,)<et}dd(t).

NP fe

The sum of the first two terms on the right-hand side is E,®(¢ ™" max(a,n''?,d;, V),
the numerator on the right-hand side of (4.5), while by (4.2), with (1, At,t— At —et, et, &t)
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taking place of (k,t¢,5,v) in (4.2), the third term above on the right-hand side is
bounded by
BI’ p 14
[ pir s flert @
an/be (t — At — et)P
2Bhe?
= (1 — A= g)p an!/? /e
2Bhe? / )
<—F O()dP{f; <Mt
(L =A—e) Jon (t)dP{f }
2CBhe?
<—F——E,O(f).
G B
These imply (4.5) for E,@(f) < 0o as 2CBhe? [(1—2—¢)P < 1. Since &(f3) < P(nd})
< Ck@(d}/e) for J¥n < 1/e and large f7, the right-hand side of (4.5) is infinity when-
ever E,@(f)=o0. Thus, (4.5) holds in both cases.
The proof of (4.6) is nearly identical, as (4.3) implies

do(t)

P{fy > At} dd(2)

» opn+ (et)?

P{S; > t,max(25,,245, V7, ) <et} <SPS > /lt}Bp(t Tl

The details are omitted. [

Proof of Theorem 1. For identically distributed random variables 4; with E|h;|? < oo
(e.g. hj={;, d; or A(X};g) under stationary measure Py),
oo
Em<ax|hj\P<\/ﬁ+/ nP{|h1| >t} dt? = o(n).
Jj<n nl/2p)

This fact and (2.10) imply (2.11), while (2.10) follows immediately from (4.5) and
(4.6) by taking @(x) = (x")? in Theorem 5. [

5. Quick convergence

We shall apply Lemma 1 to obtain the following theorem, which implies the quick
convergence of S,/n to u for Markov random walks as stated in Theorem 2.

Theorem 6. Suppose g € H#*. Let A.(x;9), d;, S; and [ be as in (2.3)—(2.5) and
(2.7). Let 1<r<2, a > 1/r and p > 1/o. Suppose sup;. E,®(|d;|) < oo. Suppose
|d(g)|r € A" and that Supj;oEvgpl([{Ar(Xj;g)}i]l/r) < oo and supj;oEvcpz([{Ar(X/;
DY) < 0o, where AF(x;g) = max{+4,(x;g),0}. Let ¢ > 0. Then,

oo
Zn“”_sz{f,f >cn*} < oo, Ve>0, (5.1)
n=1
under one of the following three conditions (5.2), (5.3) or (5.4):
v=m, B =1, O(1) =17, By(r) =TI, (5.2)

v=m, @(1)=P(¢)={tlog(l +1)}?, @y(1) =P V%" 1og(1 4 1)}
(5.3)
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with © being the stationary distribution, py =0 for p—1/a <r and py=p — 1/o +
I p—1)y=ry for p—1ja=r, or
@(1) = @1(1) = tP{log(1 + N}, Ba(r) = "X {log(1 + 1)}
(5.4)

with p, =0 for p— 1o <r and p=p—1/a+1+¢ for p— 1jo=r. If in addition
sup; o Ev@(|4(X;; 9)|) < oo, then

Zn“P_ZPV{S: >cn*} < oo, Ve>0, (5.5)

n=1

under either (5.2) or (5.3) or (5.4).

Proof. We shall only prove (5.1) as the proof of (5.5) is nearly identical. We may
assume ¢ =1 without loss of generality, as A(x; g/c)= A(x; g)/c for ¢ > 0 and we may
divide both f and cn” by c in (5.1). Letting t =0, s = ¢ = n*/(2k,) and v =10, in
(4.2), we find

, nol + 1,
0 (2 )

The sum involving the last term of (5.6) converges in the following two cases:

kn
PAf, >n"}<Pd, > n"/(2k,)} +P AV}, > v.} + [B } . (5.6)

oo r r r fen
> B%] <o, ky=Mlogn, v,=n"/(3k) (5.7)

n=1

for M >ap{log(3/2)}~}; or

o0 r r r kn
ap=2 | gr o, U, - — b
;n B [k, < 00, . , U, =n (5.8)
for some 0 < f < o, § depending on (o, p,¢) with sufficiently small o — f8, and a fixed
sufficiently large & depending on (a, 5, p). We shall choose k, and v, in (5.7) under
(5.3) and (5.4), and choose those in (5.8) under (5.2).

For the choice of k, and v, in (5.7), there exists M’ < M" < oo such that

S a P Ad; > (k)

n=1
<Y 2> P{(2M)|d;| > n*/logn}
n=1 Jj=1
<Y EDY w2 {n < h*}, hy=M'|d;llog(1 + |d;])
Jj=1 n=j

<My ERTTVRR > )
j=1
=, Eyh! {log(1 + hy*)} 1+

<M’ . -
; J{log(1 + j)}1+¢

(5.9)
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If (5.4) holds, then the right-hand side above is finite, as 4 {log(1 + h}/“)}1“<1 +
M"®(|d;|) and ij’l{log(l + )} 717 < oo. If (5.3) holds, then v=r and d; are
identically distributed, so that (5.9) is bounded by
MEHP™N " ™ = j} <M"ER] < (M"Y {1 + Ed(|d, |)} < oo,
=1

If (5.2) holds and k, =k and v, are as in (5.8), then

D TPy > 0 k)Y < Y n T P {QK[d ) > ny <MEldy|”.

n=1 n=1
Thus, under either (5.2) or (5.3) or (5.4)
> PP dy > n*)(2k,)} < oo, (5.10)
n=1
Let V, = 17,),, = max, <j<n B[4} (X,; 9)|X;]. By (2.8) and (2.9) V¥, is no greater

than maxo<;<a(4;7 (X559 + 17:,/r, so that by (5.6)—(5.8) and (5.10) it suffices to
show

> 7P, { max (47 (X;;9)"" > u,,/z} < (5.11)
! 0<j<n

and
S P, > 0,2} < o (5.12)
n=1

The proof of (5.11) is nearly identical to that of (5.10) and omitted. If (5.4) holds and
(kyn,v,) are as in (5.7), then for large constant C the series in (5.12) is bounded by

Z n?~?P,{max[C, @2(17;14/r)] > ®y(n*/(6B,kn))}

n=1

o0 op—2
) {Z W}:I;I?Evmax (€024 (X 9)})] < o0

n=1

by the Doob inequality, since ¥, is the maximum of the martingale {E,[4; (X,; )| X;]}
and max{C, ®,(x'"")} is convex in x on [0,00) for large C.

Under the stationary measure v =7, ¥, and maxs < j<ni1 Ex[4} (Xut15 9)1X;] are
identically distributed and they are stochastically bounded by 17:, +1- Thus, if (5.3)

holds and (k,,v,) are as in (5.7), then the series in (5.12) is bounded by
lim Z n“p*ZPn{M’V,]n/r log V,, > n}
n=1

<M tim Ex{7,) log(1 + V) }7~ V" <(M" Y Ex®y((4] (Xo39))'") < 00

via the Doob inequality. The proof of (5.12) in the case of (5.2) and (5.8) is simpler
than the above with the same arguments and thus omitted. [J



64 C.-D. Fuh, C.-H. Zhang | Stochastic Processes and their Applications 87 (2000) 53-67

Proof of Theorem 2. Since

f=1p 0, —pul=ep <271y 2N p 0; —ul=
zn {swplt —uize} <25 z 10— >

jzn k=0
<M/ZZWP max |0; — u|>¢ <(M')22 nP=1P 3 sup |0, — u|>e
pare 20 <2l j<n

for some universal constant M’, (2.11) and (2.12) follow from (5.1) and (5.5) with
oa=1and p=f+ 1 under condition (5.2). [J

n=1

6. Applications to nonlinear renewal theory

Let {S,(g9),n=0} be as in (2.4) with the {(X,,{,),n>0} in (1.1) and the station-
ary probability distribution 7. Assume that Eg(Xo,X1,{1)= py > 0. Under conditions
I.L1-1.4 of Kesten (1974), or Harris recurrent condition in Alsmeyer (1994), the cle-
mentary renewal theorem asserts that

ZPV{Sn(g)éa,Xn €A} ~ n(A)u;la as a — o0. (6.1)
n=1
Under certain conditions, Kesten (1974) also proved a renewal theorem which provides
the limitof > | P,{S,(9)<a, X, € A}—n(4 ),ug’la as a — 0o. Making use of Theorem 6,
we provide a nonlinear version of (6.1) with convergence rates in Theorem 7 below.
Let &, be a sequence of random variables and {a,(-),2 € A} be a family of func-
tions such that for some finite constants ¢ > 0, b, = b; ,, b« = by o, M;,c;<1/M, and
5 <7y<l,

Z nih"Pv{lén‘ > Célny} < 00, ZPV{*f” > C‘;;I’l} < 00, (62)
n=0 n=0
and for all 2 € A with b, >b,
Cmae ATy, (6.3)
I:b;‘<n éb,;fé:b'/i_ n/
max TR s PTE v (64
bi+ebl <n<(1+€)b; n’ n>(1+e)b; n

If a; is a constant as in (6.1), then (6.3) and (6.4) hold with b; = a;/u. Conditions
(6.3) and (6.4) also hold for a;(n) = i/n with b; = (J/u)>.
For measurable functions ¢(x, y,{) and go(x, y,{), define

Ui=U,gg = Z 9o(Xn—1, X, G (5,920 <ar(m)}

n=1

and define 7, =T, , and N, =N, , by

T, =inf{n>1:S,(9) + & > a;(n)}, N;=1+sup{n=>1:S,(9) + &, <a;(n)}.
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Theorem 7. Let {g,g90} CH* with ||golleo < o00,pt = Eng(Xo.X1,{1) and py =
Erg0(X0,X1,81). Suppose the (6.2)—(6.4) hold with % < y< 1. Suppose the conditions
of Theorem 6 hold with g and (p,a) = (2/y — 1,y) for y <1 and also with g and
(p,)=(2,1). Then, for large b,

E|Uj,g.g0 — Sn,(90)| = O(b)), (6.5)
where n; =n;, is the integer part of b, in (6.3) and (6.4). If E,A(X,;g0) = O(n"),
then

EVU)“gjgo = wob; + O(bi) (6.6)

If (6.3) and (6.4) hold for all ¢ > 0 and E,A(X,;go) = o(n"), then the O(b}) in (6.5)
and (6.6) can be replaced by o(b’). Furthermore, the above assertions hold under
respective conditions when U,_, 4, is replaced by Sr,(go) or Sn,(go).

Remark. Expansion (6.6) implies (6.1) with go(x, y,{) = I{,c4y and po = n(4).

Proof. We shall only prove (6.5) and (6.6) with y < 1 as the rest of the proof [for
S7,(90), Sn,(go) or y=1] is nearly identical. Splitting the sums U; 44, and S,,(go) into
four parts [1,n1], (n1,n2], (n2,n3] and (n3,00) with ny, n, and n3 being the integer
parts of ¢b}, b, — ¢b} and b, + ¢b’, respectively, we find

|Ui,g,go - Snz(90)| < HQOHOO (”1 + Z ]{Sn(g) +& > ai(”)}

n <n<mn

(s —m)+ > H{Si9) + &, w(n)}) :

n>ns3
Since pn — a;(n)< — n’/M, for &b} <n<b; — ¢b, by (5.5) for (p,a) = (2/y — 1,7)
(thus, pa —2 = —y) and by (6.2) we have
Z P\’{Sn(g) + & > a;,(n)}

np<n<ny
<bL Y0 wTPASA9) — wn+ Eu > ML} = o).
np<n<ny
Similarly, since a;(n) — nu< — n’/M, for b; — &b, < n<(1 + ¢)b;,

Y PAS(9) + &<ai(m)}

n3y <n<ng
< +eyb, S nPS(g) - + &< — n/M,} = o(b)),
ny<n<ng

where n4 is the integer part of (1 + ¢)b,. Finally, since a,(n) — nu< — n/M, for
n > (14 ¢&)b,;, by Theorem 6 with (p,o) =(2,1) and (6.2) we have

> PASH9) + & <a(m)} < Y P{Su(g) — un + &< — nf/M,} = o(1).

n>ny n>ny
Putting these inequalities together, we obtain (6.5), as n; <eb’ and n3 —ny <1+ 2¢b’.
By (2.6) of Theorem 1 and the condition on E,A(X,;go), (6.6) follows from

E\S,,(90) = nitio + EyA(Xa,5 90) — EvA(Xo; go) = pob, + O(b}). O
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7. Random coefficient autoregression models

Let {x;, k=>1} be a sequence that satisfies a first-order random coefficient auto-
regression model

Xk = BiXg—1 + &, X0 =0, (7.1)

where (B4 )r>1 is a sequence of i.i.d. random variables with Ef; =  and Var ff; = k2,
and (& )r>1 is a sequence of i.i.d. random variables with Ee; = 0 and Varg; = a2.
Further, we assume that (f;)r>1 and (& )r>1 are independent.

Under the normality assumption on (f4, &) with known (62, k?), the log-likelihood

ratio statistics Z, for testing f are given by

7 = G C:Z& Dn:i:x"zi—l. (7.2)

2D,’ 02 + K22 0% + K22

i=1 i=1

The stopping time of the repeated significance test for f = 0 is given by
T, =inf{n=1: Z, > A}. (7.3)

We shall investigate T; under the stability assumption >4+x? < 1, without the normality
assumption on (f,&.). Since ﬁn =C,/D, are the least squares estimates of f,Z, and
T, can be used to test § = 0 without the normality assumption.

In order to apply the nonlinear renewal theory in Theorem 7 to approximate the
expected sample size, we first note that the random coefficient autoregression model
(7.1) is w-uniformly ergodic with w(x)=|x|? (cf. Theorem 16.5.1 of Meyn and Tweedie,
1993). Since C, and D, are additive functionals of the Markov chains (x,_;,x,), by
the strong law of large numbers, D, — E,D;:=up and C,/n — E,Ci:=uc = Pup.
Taking Taylor expansion as in Melfi (1992), we find

Zy = nh(Cy/n, Dy/n) =" g(xi—1,%) + &y (74)
i=1

with A(x, y) = x2/(zy), g(xi—1,%;) = Pxi_1X%; — 2)cl-2_1/2)/(a2 +x2xl-2_1) and
En=n(Cy/n — pic, Dyfn — pup YK (Cyfn — pic, Du/n — pp)"/2, (7.5)

where #(?) is the matrix of the second partial derivatives of A(x,y) at certain point
between (C,/n,D,/n) and (C,D), and v" is the transpose of v.

Assume f§ # 0. It can be verified with simple calculation that conditions (6.2)—(6.4)
hold with y = 1. The drift criterion of Theorem 17.4.2 in Meyn and Tweedie (1993)
implies that E,4(X,; g)<CEvX12 < 0o, for some constant C. By Theorem 7, we have

E(T;) =2/ +o(L) asi— o0, o= Erg(xo,x1) = f*up/2 > 0. (7.6)
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