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Abstract

Relative stability results for weakly dependent and strongly mixing strictly stationary sequences are
established. As a consequence, some infinite memory models, including ARCH(1) processes, are relatively
stable.
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1. Introduction and result

Let {&; }xe7 be a strictly stationary random sequence defined on a probability space (2, F, P),
taking values on the real line R. Write ¢, for a sequence of real numbers and S, = Y ;_; &. We
shall denote the indicator set of A by 14, the almost sure convergence by — , ., the convergence
in probability by — p, the weak convergence by —,, a, ~ b, means a,,/b,, — 1 asn — oo and
an = o(by), a, = O(b,) means a, /b, — 0asn — oo and limy,— oo an/b, < o0, respectively.

We call {&}ren relatively stable if c;; 1§, — p 1. Relative stability for Bernoulli trials was
established in [1]. By the Birkhoff Ergodic Theorem (cf. [6, Chapter 2]), if E[§p] = 1 and
{&k }kez 1s ergodic, then {&; }xen is almost surely relatively stable with ¢,, = n.

In this paper, we focus on the more subtle case when the first moment does not exist. It is
well-known (cf. [25, pp. 312-316]) that relative stability of non-negative strongly mixing (to
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be defined) strictly stationary sequences is linked to the notion of slow variation in the limit.
Namely, it has been proved (cf. [42, Theorem 1]) that ¢, 1S, — p 1 if and only if

lim E[cn_lS,, ANxpl=1, x,=o0(ry), r, > 0coasn — 00,

n—oo
where r, is a real sequence. This condition is not easy to use directly. However under some
technical assumption it can be replaced by the uniform integrability of normalized sums of
truncated & (as it has been shown in [42]). In particular for uniformly strong mixing sequence (to
be defined) the latter can be verified via Proposition 2. Thus we get ([42, Theorem 3]): {& }xen
is relatively stable if and only if

E[&11gy<ix]
El80115<x1]

(i.e. E[é011gy<x1] is a slowly varying function). For independent and identically distributed (i.i.d.)
random variables this is the famous Khinchine—Feller stability result established in [28] (see
also [19, p. 236]).

The aim of this paper is to establish criteria for relative stability for a wide class of non-
negative strictly stationary sequences with the first moment slowly divergent (i.e. E[§01[g)<x]]
is a slowly varying function and E[£p] = o0). In order to state the main result the following
notation is required U, (x) = E[|&0]9 I}15<x]],

— 1 asx — oo, forall (some) A >0

2
bﬁth(bn))ﬁ W

Uz ys5(by)

where x, ¢, § > 0. For a strictly stationary random sequence { X }xez and j, m, g, € N define

b? = sup{x > 0; nUs(x) > x2}, an = an(8) = (

B: ({ Xk}, bp, gn, m) = |C0V[eXp{itbn_1qun}, exp{ifbn_l(s n(Q+m) — Sqn(1+m))}]|»

Sk = Zi-;l X;. The advantage of this dependence condition is that there is no uniformity both in
indices and classes of functions or sets. This should benefit in calculations for particular strictly
stationary stochastic models.

Let {r¢}xez be an i.i.d. sequence of Rademacher random variables, i.e. such that P[ry = 1] =
Plry = —1] = 1/2, independent of & (sharing the same probability space). Our first result
provides very general criterion for relative stability of nonnegative strictly stationary sequences.

Theorem 1. Suppose {&x ez is a strictly stationary sequence such that U (x) is a slowly varying
function, E [53] = 00, and for a fixed § > 0

lim B, ({(re&i)s b, lan),m) =0, 1 €R,meN. (1.2)
n—oo @y

Then {Skz}keN is relatively stable with normalizing ¢, = b,%.

Since this paper deals with distributions for which U, (00) = oo, where U, (x) varies slowly,
usually a, also varies slowly (see examples). Therefore in order to satisfy condition (1.2) the
term % has to be compensated by an appropriate decrease of 53;. One route to attain the latter
goes through the weak dependence introduced by Doukhan and Louhichi (cf. [14,11]). Set

hixy,....,xp,) —h(y,...,
Lip(h) = sup |7 (x1 n) — h(y1 yn)l.
Claod) O y)eRr X1 = Y1+ -+ xn — yul
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A random sequence X is (¢, ¥)-weakly dependent if there exist a function ¥ : N> x R? —
(0, 00) and a sequence £(g) = g,({Xy}) — 0 as g — o0, satisfying

|COV(g1 (le LRI ] le)s gZ(XvH_l LR ] va))l S W(lv mv Llp(g1)9 Llp(gZ)) . 8(]({Xk})v

where | < v < - < vy <vy+qg =41 < Vg < - < vy, L, € N and functions
g1 : Rl - R, g : R"! — R are bounded by 1. If we set ¥(u, v, f,g) = uLip(g) or
U(u, v, f,g) = uLip(f) - vLip(g), then we deal with 6 or x-weak dependence, respectively.
An alternative route is strong mixing conditions (cf. [6]). For n € N set
a(n) = an({&}) = sup{|P(B N A) — P(A)P(B); A€ F° . B € F°},
p(n) = pu({&e}) = supl|Cor(F, G): F € Liy(F ). G € Liy(FX)),

o(n) = pa({&)) = sup{|P(B | A) — P(B)|; A € F° ., B € F°),

where 7} = o({§;;k < i < m}). Itis well known that 2a(n) < @(n) and p(n) < 2./¢@(n)
(cf. [6, Proposition 3.11 on p. 76]). We say that {&;}xecz is strongly mixing if «(n) = o(1),
@-mixing or uniformly (strong) mixing if ¢ (n) = o(1), and p-mixing if p(n) = o(1).
In view of the above definitions (1.2) holds if one of these is satisfied
n

by

04,1 ({}) — 0, %KLanJ({Ek}) — 0, alamnj({éfk}) — 0, asn— oo.

n

There exist models that do not satisfy the strong mixing condition (cf. [6, Example 2.15, p.
58] and [15]). Nevertheless such sequences are exponentially fast 8-weakly dependent (cf. [15,
Theorem 1]) and therefore Theorem 1 applies if one can verify (1.2). This can be done (see
Example 1) for ARCH(1) processes which are interesting from the point of view of modeling the
financial time series that exhibit time-varying volatility [17]. Moreover, the non-exponential rate
in (1.2) can be attained for some strongly mixing sequences (see Example 3).

Our second result is a dependent analog of Raikov’s principle. It allows us to establish new
relative stability results.

Theorem 2. Suppose {&x}rez with E[Egl[‘go‘fx]] slowly varying is strongly mixing. Then the
Jollowing statements are equivalent:

(1) Lby "' Yp_y ) — N, 1);

2) {b;2(2221 rkékl[\gk‘fbn])z}neN is uniformly integrable;
3) {b;2 ZZZI ékzl[lék\shn]}neN is uniformly integrable;

@ b2 Yk & —p L.

In applied probability theory we deal with strongly mixing ARMA and stochastic volatility
models with regularly varying noise or solutions to stochastic recurrence equations with moments
slowly divergent (cf. [13]). Thus, if we know that the structure of the solution is of the form ry | &/,
where {|&x|}kez is strongly mixing, then automatically we get the Central Limit Theorem (CLT)
via relative stability. In this context it is also worth noting that non-normal limit theorems for such
strongly mixing models are obtained in [2] and therefore this work completes these results. The
other advantage of Theorem 2 lies in the fact that for some dependent sequences, there are results,
which allow us to establish uniform integrability for “rademacherized” random sequences. This
is the case for the well-known Bradley’s CLT with infinite variances, where by Theorem 2
squares are relatively stable (see Example 2). Nevertheless, there exists (cf. Example 4) a strictly
stationary sequence satisfying condition (2), for which the CLT does not hold.
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The paper is organized as follows. Section 2 is of independent interest and deals with uniform
integrability. In Section 3 we provide some connections between CLT and relative stability
together with the proof of Theorem 2. Section 4 contains proof of Theorem 1 while Section 5
examples.

2. Uniform integrability

In this section some new results on uniform integrability are presented. Let ¥ be the class of
all convex functions ¥ : [0, 00) — [0, 00), ¥(0) = 0, such that t ! ¥(t) — oo as t — oo and
satisfying the A; condition for all ¢, i.e.

UQ2t) <cW¥(@), t=>0, forsomec > 0. 2.3)

The following is a stronger version of the de la Vallée Poussin criterion for the uniform
integrability (cf. [27, Lemma 5], [33, Theorem 22]).

Lemma 1. A class of random variables {Z} is uniformly integrable if and only if sup, E[¥
(1Zs])] < oo, for some ¥ € W.

Proof of Lemma 1. Sufficiency. Let M = sup, E[¥(|Zs|)] and ¢, be such that e >
¢~'M fort > t,. Thus for z > ¢, we have

&
1zl > 1y € {1z < w0z}
and

£
sup E[|Zs| Iz, |>n] < sup E[W(|ZS|)I[|ZS‘>I]]M <e.
N N

Necessity. Let {1y }ren be a sequence of numbers suchthat0 = ug < uy; <up < -+ <wup < ---,
where 2uy < ux41 and

sup E[| Zs | Iz, =] < 272, k> 1.
N

Define
o0 t
V) =Y 2Ty (X)), () =/ Y (x)dx.
k=0 0
It follows from the definition of y that ¥ is continuous, non-decreasing and ¥(0) = O.

Moreover, if 0 < #; < p then

1+

w<“+t2> :/lll//(x)dx—i—/ L) dx
2 0 1

t+ip

— 8 1 2 1 [2 Hh—n
_/O W(X)dx—f-z/; W(X)dx+§fﬂ'§@w<x_7> dx

1+

I3l 1 -5 1 15}
/o W(x)dx+5/t] W(x)dx—kz/rl;rz Y(x)dx

IA

1
E(W(Il) + U(t)).
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Hence ¥ is convex in the sense of Jensen and by the continuity it is convex in the usual way
(cf. [22, pp. 71-72]). Furthermore, ¥ (t) — oo as ¢t — 00 SO 1) > coastr — oo. By the
choice of uy fork > 0

2 Ny @2) < 203, 1500 < 200 ) + 2 T ) (0),

so for x > uq it yields ¥ (2x) < 3¢ (x). It is easy to see that ¥ (2x) < 3¢ (x) for 0 < 2x < uj.
On the other hand if 0 < x < u; < 2x < up then Y (2x) < 3¢ (x) (from 0 < x < uy and
2x > uy it follows x > u1). Therefore ¥ (2x) < 3y (x), x > 0. Whence

t
U(2t) = 2/ Y(2x)dx <6¥(t), t=>0
0

and ¥ satisfies (2.3). Consequently,

o0 O Ukt
E[V(ZD] = /0 V() P[Zs| > x]dx = Z/ v (x)P[1Zs| > x]dx
ug

0 Ug+1 )
< sz/ PUZ,| > xldx = 3 2 ElIZ 112, 1]
—0 uy

k=0
> 1
Z—k E|Zs| =1+ E|Z)|.

Since {Z,} is uniformly integrable sup, E|Zs| < oo. Thus we have sup; E[ ¥ (|Zs])] < oo, for
some ¥ € W. This is the desired conclusion. [

The next result is on triangular arrays of random variables {£,x, 1 < k < k,,n > 1}. Set
Suk = Z;(:] ri€ni, Sp = nky and U2 an 1 5,1](
Proposition 1. {S,%},,EN is uniformly integrable if and only if { U,%},,EN is uniformly integrable.

Proof of Proposition 1. Assume {S,%} is uniformly integrable. Thus by Lemma 1 we see that for
some ¥ € ¥sup, E[W(S,%)] < o0. Let &(r) = W (?). Since ¥ is convex and non-decreasing,
for0 <t < 1,

2 2 2
s Hh+n _ v H+n < v )
2 2 2

1 1
5(%12) +¥(13) = (@) + (1)),

IA

that is, @ is convex. It follows that @ : [0, 00) — [0, 00), #(0) = 0, ¢ is non-decreasing,
continuous and by

W (41%) U (2t%)
W(th) W(tz)
it also satisfies (2.3). Therefore the Burkholder—Davis—Gundy inequality (cf. [9, Theorem 1,
p. 425]) yields that for some 0 < A < B < 00

d(2t) = U(2) <2d@), t>0,

Asup E[W(UD] = Asup E[8(U,)] < sup E [@(1%( |Snk|>]
n n n =R =Rpn

IA

Bsup E[¥(UD)]. (2.4)
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Now observe that for 1 < k < k,, the conditional distributions

rién1, ..., rn";‘_nk”) and  (ri&u1, ..., =1k, - -, _rné:nk,,)

given &,1, ..., &, are the same (i.e. sign independent). Thus, by a variant of Lévy’s inequality
(cf. [23, (6.25.1), p. 473])

P|: max |Snk| >1 | §n1,§n2,.-.,§nk,,] = 2P[|Snk,1| > | $n17$n2’~'-7énkn]s
1<k<k,
t>0,

and E[®(X)] = fooo ¢ (1) P[|X| > t]dt (e.g. [23, Eq. (4.2.8)]), we obtain
sng [95(121131;2" |Snk|)]
= S]ip E _E [¢ <12}<a§)}(n |Snk|> | Eﬂls ‘§n2» R} ‘5nk,,i|j|

B (0.¢]
=supE / ¢(t)P [ max |[Suk| > | &n1, En2s - -~a$nk,l:| dt}
n LJO 1<k=<ky,

<supE /0 ¢>(r)-2P[|Sn|>t|sn1,snz,...,snk,,]dr]
=sup E [2E[D(ISu]) | &n1. &n2, - Eni, || = sup 2E[D(|Su )]

= 2sup E[¥(S2)] < oo, (2.5)

where ¢ (x) = f(;‘ ¢ (t)dt (cf. [44, Theorem 4.141, p. 69]). Combining (2.4) with (2.5) yields

Asup E[¥(U2)] < 2sup E[¥(S2)] < o0.

Consequently, by Lemma 1 the sequence {U,%} is uniformly integrable. For the converse
statement use the upper bound in (2.4). O

The next result together with Lemma 1 is very useful for obtaining the uniform integrability
(see Example 2(b)) and is a generalization of Proposition 6.8 on p. 156 in [29] and Proposition
11 in [43]. For non-stationary random sequence { Xy }xen set

n
Z, = Xil, M, = Xil,
n 121;1;; k n = max |Xi|
¢n = supsup{|P(B | A) — P(B)|; P(A) >0,A .7-"1]‘, B e f,?j_k},

keN

where ]—'k’” is the o -field generated by X, X¢+1, ..., Xu,m € N.

Proposition 2. Suppose @ : [0, 0c0) — [0, 00) is an increasing function such that ¢(0) = 0 and
condition (2.3) holds. Letn > m > 1,1t € (0, 1) and

t; = inf{t > 0; @ + P[Z, > t] < ¢ %1}
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If E[9(Z,)] < oo, then

2
E[P(Zy)] =

[ (EL2mMy)] + 0(tr)). (2.6)

Proof of Proposition 2. Fix t € (0, 1) and take ¢ > t;. By Proposition 9 in [43] for any positive
s, t,u,

PlZ, >s+2t+u] < P[mM, > ul+ (¢ + P[Z, > tDP[Z, > 5], n>m>1.

o)) = [ (3)

o0 t o0
02/ P[Z, > 4x]9(dx) = ¢? (/ +/ ) P[Z, > 4x]P(dx)
0 0 t

Therefore,

E[P(Zy)]

IA

2 (@(;) + /OO(P[mM,, > x]+ (gm + P[Z, > x)P[Z,, > x])@(dx))
t

IA

¢? (@(Z) + E[®mMy)] + (o + PLZ, > t]) /OO PlZ, > x]@(dx))
t

(D) + E[DmMy)]) + TE[D(Z,)).

IA

Since the above inequality holds for arbitrary ¢ > ¢, we have thus proved (2.6). U
3. Central limit theorems and relative stability

The relative stability is closely related to central limit theorems. In particular, Raikov
[35, Theorem 1] proved that for a centered i.i.d. sequence {&;}ren the CLT holds if and only if
{& lg}keN is relatively stable (see also [21, Theorem 4, p. 143]). This was generalized to martingale
differences, when normalization is made by variances and the weak invariance principle (WIP)
replaces the CLT (cf. e.g. [30, Corollary 6]). A similar result for arbitrary dependent triangular
arrays, originated for trigonometrical series by Salem and Zygmund [39, p. 334], has been
established by McLeish [32, Theorem 2.1].

In the case of strongly mixing strictly stationary sequences {&}xcz with symmetric £(S,),
the CLT holds with normalization b,, if and only if E[b, 2 S,% A x] is a slowly varying sequence
in the limit (cf. [41, Theorem 1]). As it has been shown in [26], the latter can be reduced to
the uniform integrability. This yields in particular that for strongly mixing centered and strictly
stationary sequences {&}xez With 0> = E[S2] — oo, we have L(0, 2S,) =, N(0, 1), where
N(0, 1) is the standard normal distribution, if and only if {o, 2S,%},,EN is uniformly integrable (cf.
[12, Theorem 3]). While there are many examples where {Un_2S,2,}neN is not uniformly integrable
(cf. [6]) {2 }ken is always relatively stable by the Birkhoff Ergodic Theorem since E[£2] < ooc.

These results and results from the previous section have some interesting consequences. In
order to present them let {Y} }rc7 be a strictly stationary sequence and {b,}, <N be a sequence of
positive numbers. Denote Y,x = Yi Iy, |<b,]> Tnm = Zle(Ynk —E[Yu]), rnzm = E[Tnzm], T, =
Tun, rnz =F [Tn2]. The following result is proved in [26].

Proposition 3. Suppose {Yi}kez is a strongly mixing strictly stationary sequence such that

n
o' ) Yelyy=b, = p O,
k=1
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for some b, — 00 such that t,, — 00. Then the necessary and sufficient condition for

k=1
is the uniform integrability of {rn_zTnz}neN.

Let {Vi}kez be a non-negative strictly stationary sequence and ¢, be a sequence of positive

numbers. Denote Z,; = Z,’(:] Viliv,<c,1> On = EZ,] = E[Z,,]. The next result is Theorem 2
in [42].

Proposition 4. Suppose {Vi}rcz is a non-negative strongly mixing strictly stationary sequence
such that z?n_l Zzzl Vidv,>c,] — p 0 for some c,, — oo. Then

n
9,1 Vi—pl asn— oo
k=1

if and only if {19,1_12,, IneN is uniformly integrable.

The first consequence is Raikov’s property for strongly mixing strictly stationary sequences
stated in Theorem 2. To see this note that by Theorem 6.6 on p. 199 in [6] the sequence {ri&x }kez
is strongly mixing. Therefore it suffices to apply Propositions 1, 3 and 4.

For other consequences observe that by the proofs of Theorem 3 in [26] and Theorem 2 in [42]
Propositions 3 and 4 are true under Condition B:

B(va) = Bo({Xx}, va) = max |Covlexp(ifv, ' S}, exp(ifv, ' S}l = o(1),
1<k+I<n
Sy = Z?:l X;, for v, — oo and any 0 € R, k,l € N, which is less restrictive than “strong
mixing” conditions (cf. [25, Proposition 5.2]). In particular the ergodicity in the Birkhoff almost

sure relative stability can be surprisingly replaced by the weaker Condition B (cf. [7, Problem
16, p. 120]).

Proposition 5. Suppose {Viliez is a non-negative strictly stationary sequence such that
E[Vi] = 1. Then n~! Zzzl Vi = as. 1 if and only if Condition B with v, = n and X = Vj
holds.

Proof of Proposition 5. The “only if” statement is contained in Proposition 3.1, [25]. For the
“if” statement set ¢, = n and note that n~! ZZ:I Vidv,>¢,1 — p 0. Further, by the Jensen
inequality for any convex function ¥

n
E [W (n_l > Vkl[vkscn]ﬂ < ELY(Vilv, <c,D]-
k=1

Whence by Lemma 1 conditions of Proposition 4 are met and therefore {Vi}rcn is relatively
stable with normalizing n. On the other hand by Theorem 6.21 on p. 113 in [7] n~! Y et Vi
converges a.s. Thus the limit hastobe 1. [

Finally, by Proposition 5 and martingale CLT we get that the ergodicity in the Billingsley—
Ibragimov CLT for strictly stationary martingale differences {Xy}iez (cf. [3, Theorem 23.1,
p- 206]) can be replaced by the weaker condition By ({X,%}, n) =o0(1),0 € R.
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4. Proof of Theorem 1

For the proof of Theorem 1 we need two lemmas. The first one is well-known and follows
from Theorem 8.1.3 on p. 332 in [4].

Lemma 2. Suppose § > 0. Then U, (x) varies slowly if and only if

Uzs(x)
x8Us(x)

— 0 asx — oo. 4.7

If x2 P[|&o| > x] varies slowly then it is possible to describe the ratio in (4.7).

Lemma 3. Suppose Uz(c0) = oo, L(x) = sz[|$o| > x] > 0, for x > A, has continuous
derivative such that x L' (x) = o(L(x)). Then L(x), U(x) vary slowly and

1) X
YW 9 / L@ s=o. (4.8)
Uyis(x) L(x)Ja u

Proof of Lemma 3. By the remark on p. 7 in [40] (the end of Section 1.2) L varies slowly since
L is positive and has continuous derivative such that x L' (x) = o(L(x)). Thus applying the well
known formula

xPP[l&ol > x]+ Ell5ol” Ijjgy | <x1] = p/o. Y’ Pll&ol > yldy, p >0, 4.9)

(with p = 2) by Theorem 2 on p. 283 in [19] we obtain that U (x) ~ 2[:{ %”)du and the
slow variation of U (x). On the other hand by (4.9) with p = 2 + § and I’Hdpital’s rule (recall
Us(00) = o0) and x L' (x) = o(L(x)) we get

XL(x) X L(x)
Ups(x)  —x3L(x) + (2+8) [ ub~'L(u)du
Sx3VL(x) + x°L/ (x)
T 0T L(x) — 0L/ (x) + 2+ 8)x—1 L(x)
3+ o(l) )
T st o)+ 248 2

Hence

S x
x*Ua(x)L(x) §U2(x) - 8/ L(u)
Uzys(x) 2 A

This proves Lemma 3. O

du.

u

Proof of Theorem 1. Assume U, (x) is a slowly varying function and U, (c0) = oo. It is well
known that {b,}, N satisfies the asymptotic equation b% ~ nU,(b,) and b,% is a slowly varying
sequence with index 1 (cf. [19, Chapter IX, Section 8]). Moreover, by Theorem 2 on p. 283 in [19]
we have sz[|$0| > x] = o(Uz(x)), therefore by (4.9) with p = 2 we get Uz(b;) ~ E[&'g Aby].
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Thus for every € > 0

n

n@OP [ ;rk§k1[|rkgk\>bn1 > 6bn:| < n@onp[léol > by]
_ i LaPlsl > bulnla) _ 4o
n—co  Up(bn) b3
and analogously
L n
Tim P [ ;s§1[§3>b%] > ebﬁ} =0. 4.11)

Set Yi = ri&; and adopt the notations from the previous section for Yor = Yilyy<b,) —
EWilyyi<bls Tom = Y 4=y Yok, To = Tun, Ty = E[T,), 77 = E[T}],

Let j, k,, n, pn, gn € N be such that k,,(p, + q,) < n and (k,, + 1)(p, + gn) > n. Using
the Markov—Bernstein blocking technique we partition {Y;x}1<k<n in k, big and small blocks of
sizes p;, and g,, respectively by setting

Jpnt+(—Dgn J(pntan)
Xyj = > Yoio  Xpy= Y. Yu,
i=( =D (pntgn)+1 i=jpn+(j—Dgn+1
n
Xi= > Yu
i=kn(pn+qn)+1

Since U (00) = oo thus without loss of generality we can assume that P[§y < x] — P[§g < —x]
has positive continuous density ¥ (replacing the sequence & by & + ¢, where {x }xez is i.i.d.
with £(¢1) = N(0, 1), if necessary). Because U(x) varies slowly thus by Lemma 2 for every
5§>0

Ur15(by)

By I’Hbpital’s rule

L) 8 L)
—1+2( ) lim (fo zw(”)d”)ﬁz = (1 +§) lim Uy (x)
x 5

lim
x—00 Upyg(x) X—00 /' u2+51//(u)du 2 ) x—00 x
So it yields
H—Z(b )

-2 T, 4.13)
n—00 Upys(bpn)

by the slow variation of U (x). Similarly,

U2+§ *)

S(X) 2U2+5(x)x +21//(x) . 2x%Uz(x)

lim ——2——— = lim . s lim o2
x50 U2+5(X)U2(x) =% Uy (32 (1) + Da(0x 3y ()~ oo Gl
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and therefore by (4.12)

2
. U2+§ (bn)
Iim —— =0
n—>00 Up 4 5(bp) Uz (by)
In view of (4.13) and (4.14) and the arguments used in the proof of Lemma 1 in [26] there exist
m,, € N such that m,, — oo and

(4.14)

s 2
U, 2 (b) g Usg )
my ———— Mmy ——————— —> 0,
Uz45(bp) Uz45(bp) Uz (bn) (4.15)
n
— B ({ri&i}, b, lan], my) — 0,

dn

’

as n — 0o, where a, and b, are defined by (1.1). Put ¢, = |a,] and p,, = m,q,. By (4.15)

35

1 U b

kn={£Jz— ?PT(”) — 1> 00 asn— oo.
pn my U2 Z(bn)

Moreover (cf. [24, p. 318])

— b1 Sy .
g | E [e”hn = Xn"] — (E[e*hn X

_ - P -1 Lo
< Tm Zﬁn—z ’E [enb,,'z;:lxnj] _E [eztbn Zﬁzlxn,-] E [ezzbn 'X,,.,]

n— oo

< n@go(kn — DB ({rék}, bu, Lan], mn) = 0.

Thus by the proof of Theorem 17.2.1 in [24] (cf. [6, Corollary 1.12, p. 31]), Theorem 6.6 in [6]
and hypothesis, we have

E I:eitbnl i, ani| _ (E [eitb;IXn1]>k”

Further, by Chebyshev’s inequality

lim
n—>oo

IA

n@o knBt({rkEk}v by, lan], my)
=0.

2
T
—k
P[|X;l/| - G'L'n] < n nz(pnz"l‘Qn) .
€°T,

: 2
Since T,

L(t, Ir), L(z, 1 Z/;”: 1 Xnj) and .C*k”(‘tn_ 'X,1) (i.e. the distribution of the sum k,, independent

copies of T, 1X,1) are the same in the limit. Therefore by the Normal Convergence Criterion
[31, p. 295]

L (tn_l (Z Xnk>> —uw N, 1)
k=1

if and only if for every ¢ > 0

E[XI%II[IXHI |ZST)1]]
T

2 —lyr e —1 ykn ’
~ by, we conclude that 7, "X, — p 0. Similarly t, ijl X,;—>p0 so that

kn

— 0 asn — oo. (4.16)
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By Khinchine’s [44, p. 124] and Minkowski’s inequalities and (4.9) with p = (2 + %) we obtain

)

248 2
2+§ Pn 2 Pn ) 2
E\Xu "2 = E|) riiligi<b| < BE || D& ligi<bu
i=1 i=1
Pn 1+5
4 2
=B (ZE“*‘* [|5i|2+21[|é,-<bn1])
i=1
144
= Bp, ‘U, s(by), forsome B > 0.
2
This, the inequality x2 < |x|2+% for |x| > 1, (4.9) and (4.15) yield
s
— E[X?] — nE|X, 1t — BpaUy s(by)
llm kn [ nl Hgnllzefn]] < hm | 5’112" . < llm — +2
— — 2 — 2
e O S ]7r18§‘5r1+2 S e2b, Ua(by)
 Bmaan)iUy, s (by)
s 2
< lim 3
—00 [
! £2b; Ua(bn)

5
B miU,, (b
< lim 2 =0

n=00 \JUz15(bn)Uz(by)

Thus (4.16) holds so that E(rn_lTn) is asymptotically A/ (0, 1). Further by ‘L’,% ~ b,%, E(bn_lT,,) is
asymptotically A/(0, 1) too. Now observe that for 1 < k < n the conditional distributions

Y1,...,Y,) and Yy,...,— Y, ...,—Yy)
given &1, ..., &, are the same. Thus, by the arguments used for (2.5) we obtain
P | max Zﬁw <2p i£>t 4.17)
1=k=n | = bn B i=1 n . '

Since bﬁ is 1-regularly varying forany 0 <s <1 <1
bLnIJ*LnSJ ~b,-t—s asn — 00,
by the Convergence of Types Theorem
Stne] — S
c (%) —u N0, 1 = 5) = W(H) = W(s),
n

where W is the Wiener process, S, = Zzzl Yr. By (1.2), for m,, = o(b,), m,, — 00, the
Cramér—Wold device [3, Theorem 7.7, p. 49]

r SLnsj —my SLntJ - SLnsJ
by by
and by (1.2) the limiting random variables are independent. Further, by the choice of m,

r Sins) Sint) — Sins)
by by,

) —uwW(s), W) — W(s)),

) —w(W(s), W(1) — W(s)),
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and we get the convergence of finite dimensional distributions. In view of [3, Theorems 15.5
and 19.1], this yields the Weak Invariance Principle if we prove the tightness of {b, 1 Sint1}neN,
ie.:

30 n—00 |t—s|<é

lim Tim P|: sup b, S| — Siasy| > e:| =0, (4.18)

forany € > 0. Tothisend lets < ¢,0 < § < 1 and take partition of (0, 1] at the points k5, k € N.
Then either k6 <s <t < (k+ 1)é and

{IStar) = Sinsy| > €bp} S {ISWJ — Sinks| > %bn} U {'SLMJ — Sinis) | > gbn}
orkd <= s < (k+1)8 << (k+2)8 and {[Sn) — Sasj| > €bn} is contained in
{|SL’”J = Stuksy| > %b"} u {|5Lnu = Sink+1)s11 > %bn}
U{|5Ln<k+1>8J — Sinks)| > gbn}.

Consequently,

P |: sup |S\_ntj - S\_ns” > Ebn:|

|t—s|<§
5] .
=P U{ sup 1Sy — Sinks) | >_bn}
k=0 | Lnks]<r=<|nk+1)s] 3
1 €
<—-P| max |[S;|>=b,]. (4.19)
3 j<lndl+1 3
Now, the regular variation of b, yields that for sufficiently large n we have by (4.17)
1 € 2 € 2 €
“P| max S| > Zby | < SP[IS Sha| > SPIIN > |,
F) |:j§LmsT+1|]|>3":|_8 |L"5J+1|>3" ) [' |>3\/§
asn — oo.

The latter convergence holds by (4.10) and £(b, ' T;,) =, N'(0, 1). On the other hand %P[U\/’ | >

ﬁg] tends to 0 as 6 | O thus by (4.19) we get (4.18). By the choice of b, we see that

lim P |: sup |Tuine) — Sineyl > ebn:| < lim nP[|&| > b,] =0,
thus we infer that (4.18) holds for {7}, x| }nen, too. Therefore
L(by Tapi) = W),
in D(0, 1], and by Lemma 3 in [37] (see also Lemma 2 in [20] and [38]) we obtain that

Lt
b2 Yhi—pt. te(0.1].
i=1

By this and (4.11) the sequence {ékz}keN is relatively stable with ¢, = b,zl. This completes the
proof of Theorem 1. [
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5. Examples

In this section we shall give some applications of Theorems 1 and 2 and discuss the rate in
(1.2). For this, suppose L(x) is as in Lemma 3. Then, substituting b, in (4.8)

(bﬁUz(bn)>§ ( F) /bn L) >§
a, = ~ du .
Usy5(by) Lw) Ja u

where bg ~ nUy(by,). In view of this and I’Hopital’s rule
for L(x) = (Inx)'*#, g > —2,

248

1

2 (7 In n) 8 3

b, ~2n———, ayp~|——Inn) , (5.20)
2+ 8 22+ 8)

148 +8
since [} (ln“) 2 du ~ (ln") and for L(x) =

- lnx

S 5
bﬁ ~2nlnlnn, a, ~ <§(lnn)(lnlnn)) , (5.21)

since [} mdu ~Inlnx.
The following example demonstrates the method for obtaining relative stability and the CLT
for ARCH(1) processes. This method should apply to other time series models (e.g. GARCH).

Example 1. Consider a class of ARCH(1) processes: {&x }kenujo) is recursively defined by

=01 +&,, k=1,

where {{ilren are id.d. and E|¢1|P < 1,p > 1. If ¢; has standard normal distribution,
independent of &, where E(ég) = LO 2, I—[V 1 £2), then {€k}kenugoy 1s exponentially 6-
weakly dependent (cf. [11, Section 2.3]) hence 6, < K@",K > 0, o < 1. In fact & is
exponentially fast strongly mixing if £(¢;) is absolutely continuous (cf. [13, Proposition 6,
p- 1071, [10, Lemma A.2, p. 2077]). Furthermore, the marginal of {&; }xenujo; satisfies

X?Pllgo] > x]~C, C=@Q2—In2—y)"' ~ 137054424,

where y is Euler’s constant (cf. [16, Theorem 8.4.12, p. 467]).

For this model condition (1.2) is satisfied with § = 1 and a,, = 41—1 In? n. Now, by Theorem 2
on p. 283 in [19] U, (x) varies slowly and U (00) = oco. Moreover, our case is related to (5.20)
with 8 = —1s0b2 ~ Cnlnn,a, = %lnzn. Therefore

Kn Llnznj

n
_9 f - 7
b, VCn lan

< Ke—lnge%(lnn—lnC—lnlnn)+(1ng)(ln2n) _ Ke—1nge(1ng)(1n2n)(1+o(1)) = o(1).

Thus {ékz}keN is relatively stable with ¢, = Cnlnn. Because the solution is of the form ry|&|
consequently by Theorem 2 we get the CLT for {&; }ren With normalization b, = +/Cn Inn.
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In the previous example we applied relative stability to get the CLT. Theorem 2 allows us to
obtain some new relative stability results if we know that the CLT for {ri&x}ren holds.

Example 2. (a) Suppose >, , p(2K) < 00, p(1) < 1 and E[é&I”gMSX]] is slowly varying. Thus
by Theorem 6.6 on p. 199 in [6] and Theorem 1 in [5] we have L(b;! Y ket k&) = w N, 1).
So that by Theorem 2 we get b, 2 Y 7_; 5,? — p 1 in this case.

(b) Suppose {&r}rez iS ¢-mixing and E[égl[‘go‘fx]] is slowly varying. Then by inequality
(3.8) on p. 298 in [34] {bn_2 max|<k<n 5;(21[|§k|§bn]}neN is uniformly integrable. Now, by
Theorem 6.6 on p. 199 in [6], Proposition 2, Lemma 1, Lévy’s and Chebyshev’s inequalities

(b2 3y rkidijg | <ba1)? Inen is uniformly integrable, too. Thus {£7}xen is relatively stable as
it has been proved in [42].

(c) Suppose E [Egl[‘go\gx]] is slowly varying. The Rosenthal inequality (cf. [6, Theorem 11.23,
p. 380; Theorem 6.6 on p. 199]) holds if lim, p;({&x}) < 1 (see definition on p. 170 in vol. L, [6]),
ie.

n 4 2
— n n
E|b;* (E rkfklususbn]) =C <b—4E [éé‘fnemsbn]] + (ﬁE[&%Insmzbn]]) )
n

k=1 n

Thus by the definition of {b,},cn and Lemma 2 (with 8 = 2) {b;, 2(3_ 7, re&x g <b,1)* Inen i
uniformly integrable. Therefore if {&; }rcz is also o-mixing then {Slf}neN is relatively stable (cf.
Theorem 11.25 on p. 387 in [6]).

In the following examples the rate in B; conditions is discussed. For this we require some results
which are of independent interest. They describe the asymptotic of tail probability for the sum
of two independent random variables with heavy tailed component and are related to Proposition
on p. 278 in [19] (see also [16, Lemma 1.3.1, p. 37]) and Problem 27 on p. 288 in [19].

Proposition 6. Suppose X, Y are independent random variables such that x? P[X > x] varies
slowly at infinity for some p > 0. Then for any u € (0, 1]

PIX+Y >x; X >ux]~ P[X >x] asx — o0. (5.22)

Proof of Proposition 6. Let § € (0, 1). Forx > 0

PIX4+Y>x;X>ux] =P[X >ux]—P[X+Y <x; X > ux]
< P X>ux]—P[X<(-=68x;Y <déx; X > ux]
= P[X > ux]— P[Y < éx; X > ux]
+P[X > ({1—=68x;Y <bx; X > ux]
= P[X > ux]- P[Y = éx]+ P[X > (1 =¥8)x]- P[Y < éx]

ifu < (1—-48)<1,and

PIX+Y>x;X>ux]>P[X>U+68x;Y > —6x; X > ux]
= P[X > A+8)x;Y > —bx]
= P[X > (1+68)x]- P[Y > —bx]
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if u < 1. Consequently

mP[X—}—Y>x;X>ux]§l,_ P[X>ux]~P[Y28x]
x—00 P[X > x] x—=oo \ P[X > x]
P[X 1-6 1
M.p[y<5x] =
P[X > x] (1-=29)?
and
PIX+Y ¢ P[X 1+36 1
lim XY > X >ux  PIX > A0y g
Y00 P[X > x] P[X > x] (1+8)?
If u = 1 then
lzﬁP[X+Y>X;X>x]>1' P[X—i—Y>)c;X>x]> 1

im .
x—00 P[X > x] B P[X > x] (1 +ér

Letting § — 0 yields the result. [J

Corollary 1. Suppose X, Y are independent symmetric random variables such that x? P[X > x]

varies slowly at infinity and E|Y|PT€ < oo, p,e > 0 or even P[|Y| > x] = o(P[|X| > x]).
Then

P[|X+Y|>x]~ P[|X| >x] asx — oo.

Proof of Corollary 1. By the Markov inequality

— P[IY|>x] —— xPTP[|Y|>x]  —— E|Y|Pte
Ll It _ < lim —————— =0. (5.23)

x—00 P[|X| > x] x—ooxPteP[|X| > x] — x—o00 xPT€P[|X]| > x]
Since foru < (1 —46),6 € (0, 1)

PIX+Y>x; X <ux] < P[X<ux]—P[X<(-=08)x;Y <éx; X <ux]

= P[X <ux]- P[Y > éx],

by Proposition 6 we obtain the desired result. Note that in view of (5.23) the condition E|Y |[PT¢ <
oo can be replaced by P[|Y| > x] = o(P[|X]| > x]). O

Example 3. (a) (Doukhan) Let { X} };c7z be a centered stationary Gaussian process. Define
e { i)
r = exp 2%k (-
Thus (cf. [18, Lemma 2, p. 175])
1

N2 Inx

sz[élz > x] ~

Therefore

2 / Y du 4 Jinx
V2 Je uvInu 2w
and E[Slzl[gl <x1] is a slowly varying function. By Lemma 3
b2 2n+/Inn dlnn 3
= , ap=— .
n \/; n /—27_[

E[&] Iz, <x)]
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Suppose that the spectral density f of X is such that f(x) > a > 0. Therefore (cf. [13,
Section 2.1.1]) if |Cov(Xg, Xx)| = O(e_“/];), ¢ > 0, then by the heredity of « coefficient

1
an (&) < an({Xi}) < = Y [Cov(Xo, X)| = O (e,
a

k>n

Hence for § = %
- N — 4 2
lim —a,(lap]) < lim expy——1In“n(1+o(1)); =0
n—>oo ay n—oo T

and {£7}xen is relatively stable with ¢, = ZTVTI} .

(b) Let {Xi}xez be a strictly stationary «-weakly dependent sequence such that £(X;) is
symmetric (cf. [15, Proposition 4]). Define

& = Xr + &,

where symmetric {{i}xecz are independent of {Xj}rez and i.i.d. with L(x) = sz[|§1| > x],
where L is slowly varying and L(x) — oo as x — oo. If x2P[|X1| > x] ~ L(L(x)) then by
Corollary 1 x2P[|&| > x] is slowly varying. Thus E[Elzlﬂg”fx]] is slowly varying too. By the
estimate

2412

aizsx{rksk}, by, Lan],m) < 2

S (lan)).

if nk(n) = O(1). Thus condition (1.2) is satisfied. Moreover for x(n) = 0(1“1%) and
sz[|§] | > x] ~ 1 ((5.21) with § = 4) thus {é,?}keN is relatively stable with ¢, = 2n Inlnn.

Inx
(c) Let {Xg}rez be a strictly stationary 6-weakly dependent sequence such that L£(X) is
symmetric (cf. [11, Theorem 3.3, p. 46]). Define & as in the previous example but with
x2P[|¢1| > x] slowly varying and EQ‘IZI[WSX] — oo as x — oo. If P[|X{]| > x] = o(P[|&1]| >
x]) then by Corollary 1 E[Eflus]\y]] is slowly varying. Suppose that x2P[|¢] > x] ~ In®x
((5.20) with § = %, B =2)and O(n) = O(e_%). Now in condition (1.2) we have the upper
bound "b—’:’té(l_anj) = O(ﬁ) thus {Skz}keN is relatively stable with ¢, = 27°n In* n.

In the last example we show that there are non-strongly mixing strictly stationary sequences for
which Theorem 2 does not apply.

Example 4. Suppose { X}tz is a non-negative i.i.d. sequence independent of a standard normal
random variable ¢ and x2P[X; > x]is slowly varying. Set & = X;¢. By Proposition 3 in [8]
(cf. [36], p. 88) sz[|$1| > x] is slowly varying and therefore E[§121[|51|§x]] is slowly varying,
too. Now,

L (b;l Zrka) —w N, 1)
k=1

and therefore L(b,; 1 ZZZI rr&x) has limiting bilateral exponential distribution (cf. [19, p. 503]).
On the other hand it is easy to see that {b, 2> }_, Ekzl[‘g“ <b,11neN is uniformly integrable.



2828 Z.8. Szewczak / Stochastic Processes and their Applications 122 (2012) 2811-2829
Acknowledgments

The author is grateful to Adam Jakubowski and Paul Doukhan for useful discussion on the
subject and referees for very careful reading of the manuscript and dozens of comments which
improved its presentation.

The research was supported in part by the Polish National Science Centre, Grant N N201
608740.

References

[1] Ars Conjectandi, Basilez, 1713, English translation Jacobi Bernoulli, in: E.D. Sylla (Ed.), The Art of Conjecturing,
J. Hopkins Univ. Press, 2006.

[2] K. Bartkiewicz, A. Jakubowski, T. Mikosch, O. Wintenberger, Stable limits for sums of dependent infinite variance
random variables, Probab. Theory Relat. Fields 150 (2011) 337-372.

[3] P. Billingsley, Convergence of Probability Measures, Wiley, 1968.

[4] N.H. Bingham, C.M. Goldie, J.L. Teugels, Regular Variation, in: Encyclopedia of Mathematics and its Applications,
vol. 27, Cambridge Univ. Press, 1987.

[5] R.C. Bradley, A central limit theorem for stationary p-mixing sequences with infinite variance, Ann. Probab. 16
(1988) 313-332.

[6] R.C. Bradley, Introduction to Strong Mixing Conditions, Vol. I-III, Kendrick Press, 2007.

[7] L. Breiman, Probability, Addison-Wesley, 1968.

[8] L. Breiman, On some limit theorems similar to the arc-sin law, Theory Probab. Appl. 10 (1965) 323-331.

[9] Y.S. Chow, H. Teicher, Probability Theory: Independence, Interchangeability, Martingales, third ed., Springer,
1997.

[10] R.A. Davis, T. Mikosch, The sample autocorrelations of heavy-tailed processes with applications to ARCH, Ann.
Statist. 26 (1998) 2049-2080.

[11] J. Dedecker, P. Doukhan, G. Lang, J.R. Ledn, S. Louhichi, C. Prieur, Weak Dependence: With Examples and
Applications, in: Lecture Notes in Statistics, vol. 190, Springer, 2007.

[12] M. Denker, Uniform Integrability and the Central Limit Theorem for Strongly Mixing Processes, in: E. Eberlein,
M.S. Taqqu (Eds.), Dependence in Probability and Statistics, in: Progress in Probability and Statistics, Birkh&duser,
Boston, 1986, pp. 269-274.

[13] P. Doukhan, Mixing: Properties and Examples, in: Lecture Notes in Statistics, vol. 85, Springer-Verlag, 1994.

[14] P. Doukhan, S. Louhichi, A new weak dependence condition and applications to moment inequalities, Stochastic
Process Appl. 84 (1999) 313-342.

[15] P. Doukhan, N. Mayo, L. Truquet, Weak dependence, models and some applications, Metrika 69 (2009) 199-225.

[16] P. Embrechts, C. Kliippelberg, T. Mikosch, Modelling Extremal Events for Insurance and Finance, Springer-Verlag,
2003.

[17] R. Engle, GARCH 101: the use of ARCH/GARCH models in applied econometrics, J. Econ. Perspect. 15 (2001)
157-168.

[18] W. Feller, An Introduction to Probability Theory and Its Applications, Vol. I, third ed., Wiley, 1970.

[19] W. Feller, An Introduction to Probability Theory and Its Applications, Vol. II, second ed., Wiley, 1971.

[20] P. Génssler, E. Hdusler, Remarks on the functional central limit theorem for martingales, Z. Wahr. verw. Gebiete 50
(1979) 237-243.

[21] B.V. Gnedenko, A.N. Kolmogorov, Limit Distributions for Sums of Independent Random Variables, Addison-
Wesley, 1954.

[22] G.H. Hardy, J.E. Littlewood, G. Pdlya, Inequalities, Cambridge, 1952.

[23] J. Hoffmann-Jgrgensen, Probability with a View Toward Statistics, Vol. I, Chapman & Hall, 1994.

[24] I.A. Ibragimov, Yu.A. Linnik, Independent and Stationary Sequences of Random Variables, Wolters—Noordhoff
Publishing, 1971, (translated first Russian edition 1965).

[25] A. Jakubowski, Minimal conditions in p-stable limit theorems, Stochastic Process. Appl. 44 (1993) 291-327.

[26] A. Jakubowski, Z.S. Szewczak, A normal convergence criterion for strongly mixing stationary sequences,
in: P. Révész (Ed.), Limit Theorems in Probability and Statistics, in: Coll. Math. Soc. J. Bolyai, vol. 57, Pécs,
1989, pp. 281-292.

[27] Z.J. Jurek, J. Rosiniski, Continuity of certain random integral mappings and the uniform integrability of infinitely
divisible measures, Theory Probab. Appl. 33 (1988) 523-535.



Z.8. Szewczak / Stochastic Processes and their Applications 122 (2012) 2811-2829 2829

[28] A.Ya. Khinchine, Su una legge dei grandi numeri generalizzata, Giorn. Ist. Ital. Attuari Anno VII 4 (1936) 365-377.
(Russian translation in: A.Ya. Khinchine, selected papers on probability theory. Comp. and with a preface by B.V.
Gnedenko. Ed. by A.M. Zubkov, TVP, Moscow, 1995, pp. 205-215).

[29] M. Ledoux, M. Talagrand, Probability in Banach Spaces, Springer-Verlag, 2002.

[30] R.S. Liptser, A.N. Shiryaev, A functional central limit theorem for semimartingales, Theory Probab. Appl. 25
(1980) 667-688.

[31] M. Loeve, Probability Theory, second ed., Van Nostrand, 1960.

[32] D.L. McLeish, Dependent central limit theorem and invariance principles, Ann. Probab. 2 (1974) 620-628.

[33] P-A. Meyer, Probabilités et Potentiel, Hermann, Paris, 1966.

[34] M. Peligrad, On Ibragimov-Iosifescu conjecture for ¢-mixing sequences, Stochastic Process. Appl. 35 (1990)
293-308.

[35] D.A. Raikov, On a connection between the central limit-law of the theory of probability and the law of great
numbers, Izvestiya Akad. Nauk SSSR Ser. Mat. 3 (1938) 323-338. http://www.mathnet.ru/.

[36] S.I. Resnick, Point processes, regular variation and weak convergence, Adv. Appl. Probab. 18 (1986) 66—-138.

[37] H. Rootzén, On the functional central limit theorem for martingales, Z. Wahr. Verw. Gebiete 39 (1977) 199-207.

[38] H. Rootzén, On the functional central limit theorem for martingales II, Z. Wahr. Verw. Gebiete 51 (1980) 79-93.

[39] R. Salem, A. Zygmund, On lacunary trigonometric series I, Proc. Natl. Acad. Sci. USA 33 (1947) 333-338.

[40] E. Seneta, Regularly Varying Functions, in: Lectures Notes in Mathematics, vol. 506, Springer-Verlag, 1976.

[41] Z.S. Szewczak, A central limit theorem for strictly stationary sequences in terms of slow variation in the limit,
Probab. Math. Statist. 18 (1998) 365-398.

[42] Z.S. Szewczak, Relative stability for strictly stationary sequences, J. Multivariate Anal. 78 (2001) 235-251.

[43] Z.S. Szewczak, Marcinkiewicz laws with infinite moments, Acta Math. Hungar. 127 (2010) 64—84.

[44] A.Zygmund, Trigonometrical Series, Monografje Matematyczne V, Warszawa—Lwow, 1935.
http://matwbn.icm.edu.pl/.


http://www.mathnet.ru/
http://matwbn.icm.edu.pl/

	Relative stability in strictly stationary random sequences
	Introduction and result
	Uniform integrability
	Central limit theorems and relative stability
	Proof of Theorem 1
	Examples
	Acknowledgments
	References


