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Abstract

This paper introduces path derivatives, in the spirit of Dupire’s functional It6 calcu-
lus, for controlled rough paths in rough path theory with possibly non-geometric rough
paths. We next study rough PDEs with coefficients depending on the rough path itself,
which corresponds to stochastic PDEs with random coefficients. Such coefficients are
less regular in the time variable, which is not covered in the existing literature. The

results are useful for studying viscosity solutions of stochastic PDEs.
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1 Introduction

Firstly initiated by Lyons [33], rough path theory has been studied extensively and its appli-
cations have been found in many areas, including the recent application on KPZ equations
by Hairer [24]. We refer to Lyons [34], Friz and Hairer [9], Friz and Victoir [20], and the
references therein for the general theory and its applications.

On the other hand, the functional Ité calculus, initiated by Dupire [13] and further
developed by Cont and Fournie [9], has received very strong attention in recent years. In
particular, it has proven to be a very convenient language for the theory of path dependent
PDEs, see Peng and Wang [37], Ekren, Keller, Touzi and Zhang [14], and Ekren, Touzi and
Zhang [15, 16]. We also refer to Buckdahn, Ma and Zhang [5], Cosso and Russo [10], Leao,
Ohashi and Simas [27], and Oberhauser [36] for some recent related works on functional It6
calculus.

The first goal of this paper is to develop the pathwise It6 calculus, in the spirit of Dupire’s
functional It6 calculus, in the rough path framework with possibly non-geometric rough
paths. Based on the quadratic compensator of rough paths, which plays the role of quadratic
variation in semimartingale theory, we introduce path derivatives for controlled rough paths
of Gubinelli [22]. Our first order spatial path derivative is the same as Gubinelli’s derivative,
and the time derivative is closely related to a second order Taylor expansion of the controlled
rough paths. This allows us to study the structure of a fairly general class of controlled
rough paths, and more importantly, to treat rough path integration and rough ODEs/PDEs
in the same manner as standard It6 calculus. In particular,

e the pathwise Taylor expansion and the pathwise It6 formula become equivalent;

e as observed by Buckdahn, Ma and Zhang [5] in a Brownian motion setting, the path-
wise It6-Ventzell formula is equivalent to the chain rule of our path derivatives, which is
crucial for studying rough PDEs and stochastic PDEs;

e We may study rough ODEs/PDEs whose "drift term” is driven by the quadratic
compensator, instead of dt. See (1.1) and (1.3) below. This is natural in semimartingale

theory when the driving martingale is not a Brownian motion.

We shall remark though, while we believe such presentation of path derivatives in the rough
path framework is new, many related ideas have already been discussed in the literature.
Besides [18] and the reference therein, we also refer to the recent work Perkowski and Promel
[38] for some related studies.

We next study the following rough differential equations in the form:

do; = g(t, Qt)dwt + f(t, Ht)d(w>t, (11)
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where w is a Holder-a continuous rough path and (w) is its quadratic compensator. We
remark that, as mentioned in previous paragraph, we use Young integration f(¢,0;)d(w):
rather than Lebesgue integration f(t,6;)dt in the ”drift” term above, and they become the
same when w is induced by a sample path of Brownian motion with Ito integration. Our
study of above RDE is mainly motivated from the following stochastic differential equations

with random coefficients:
dXt = g(t,w,Xt)dBt —|—f(t,w,Xt)dt, (12)

where B is a Brownian motion in the canonical probability space (2, F,P), dB is It6 inte-
gration, and g, f are adapted, namely depend on the history of the path: {ws}o<s<¢. In
the literature, typically the coefficients g and f in (1.1) do not depend on ¢, or at least is
Holder-(1 — «) continuous in t, see Lejay and Victoir [28]. However, since a Brownian mo-
tion sample path w is only Holder-(3 — &) continuous, by setting v = 3 —¢, for (1.2) it is not
reasonable to assume the mapping t — g(-,w, x) is Holder-(1 — ) continuous as required by
[28]. Consequently, we are not able to apply the existing results in the rough path literature
to study SDE (1.2) with random coefficients. We shall provide various estimates for rough
path integrations, which follow more or less standard arguments, and then establish the
wellposedness of RDE (1.1) under minimum regularity conditions on the coefficients. To
be precise, we require only that g(-,z), f(-,z), and 0,9(-,x) are Holder-3 continuous for
some [ € (1 — 2, ], where 9,9 is the spatial path derivative corresponding to Gubnelli’s
derivative. This can be easily satisfied for the coefficients of (1.2) when 1 < o < 1. We
note that the recent works Gubinelli, Tindel and Torrecilla [23] and Lyons and Yang [35]
have also studied rough integration for more general integrands.

As a direct consequence of the above wellposedness result of RDE (1.1), we obtain
the pathwise solution of SDE (1.2) with random coefficients. Moreover, by restricting the
canonical space () slightly and by using the pathwise stochastic integration, we construct
the second order process w via w itself. Then the pathwise solution exists for all w € €,
without the exceptional P-null set, and the solution X (w) is continuous in w under the
rough path topology.

We would also like to mention that, for linear RDEs, we introduce a decoupling strategy
and provide a semi-explicit solution, by using the local solution of certain Riccati-type
RDESs. The result seems new even for standard linear SDEs in the multidimensional setting.

Finally, we extend the theory to the following rough PDEs with less regular coefficients:

du(t,x) = [o(t,2)0u + g(t, ,u)|dw; + f(t, 2, u, Opu, Dopu)d(w)y, (1.3)
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again motivated from pathwise analysis for stochastic PDEs with random coefficients:
du(t,w,z) = [o(t,w,2)0pu + g(t,w,z,u)|dB; + f(t,w,z,u, O,u, 02 u)dt. (1.4)

As standard in the literature, see e.g. Kunita [26] for Stochastic PDEs and [18] for Rough
PDEs, the main tool is the (pathwise) characteristics. We construct the pathwise charac-
teristics via RDEs against a backward rough path. We remark that the backward rough
path we construct is also a rough path. Our result here will be crucial for the study of
viscosity solutions of SPDEs in Buckdahn, Keller, Ma and Zhang [2].

The rest of the paper is organized as follows. In Section 2 we introduce the basics of
our pathwise It6 calculus, in particular the path derivatives of controlled rough paths. In
Section 3 we study functions of controlled rough paths and their path derivatives. We shall
provide related estimates and prove the chain rule of path derivatives, which is equivalent to
the pathwise It6-Ventzell formula. In Section 4 we study the wellposedness results of rough
differential equations. In particular, for linear RDEs we introduce a decoupling strategy
which enables us to construct semi-explicit global solution. In Section 5 we apply the RDE
results to SDEs with random coefficients. Finally in Section 6 we extend the results to
rough PDEs and stochastic PDEs.

At below we collect some notations used throughout the paper:

e T >0 is a fixed time; and T := [0, T], T? := {(s,¢): 0 < s <t < T}.

e d is the fixed dimension for rough paths, and S¢ the space of d x d symmetric matrices.

e E (and E) is a generic Euclidean space, and |E| is the dimension of E, namely
E =RIEl

e By default E™ is viewed as a column vector. However, for a function ¢ : y € E — E,
we take the convention that the first order derivative 9,9 € EY™IEl is viewed as a row vector,
and the second order derivative 9y, g := 9,[(9y9)*] € EEIXIE] is symmetric. Moreover, for
g:(2,y) € Byx By — E, yyg = 0,[(0,9)*] € EVP2IXIP1l and 8,9 := 9,[(0.9)*] € EF1IxFz2,

e s = pr — ps for any function ¢ : T — E and any (s,t) € T2

e For A € E™*" A* € E™*™ ig its transpose.

e For z € E4 and y € RY, 2 -y € E is their inner product.

e For A e E™*" and A € R™*", A: A := Trace(AA*) € E.

eFor A=a;j:1<i<m1<j<|E|]€E™F andz=|r;;1<i<nl<j<
|E|] € E" = R™¥IPl Az € E™*™ is their tensor contraction, whose (i, j)-th component is
STim Qi

efor A=la;;:1<i<|E|,1<j < Ey € EIBXIE] and ¢ = [zi;,1<i<m,1<j<
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|E1]] € B = R™ 1Py = [y5,1 <i<n,1 <j<|BEf] € By =R™E2 Az y] € B

is their (double) tensor contraction, whose (4, j)-th component is ZLE:H' Ziiﬁ' Ak 1% kY50

2 Rough path integration and path derivatives
In this section we present the basics of rough path theory as well as our pathwise It6 calculus.

2.1 Rough path and its quadratic compensator

Denote, for a constant o > 0,

Qu(E) := {w eC(TE): [|w|a < oo}, where [|w||a 1= sup, et %7

(2.1)
Q. (F):= {g € C(T%E) : |w|a < oo}, where [|w|lo = sup, et \ltg—%il‘
It is clear that
lwlloo := sup |wi| < |wo| + T |wlla, Yw € Qu(E). (2.2)
0<t<T
From now on, we shall fix two parameters:
11
a:= (a,) where «€ (g, 5), B e (1-2a,al (2.3)
Our space of rough paths is:
Q0 = {w = (W, w) € Va(RY) x O, (R . (2.4)
Wt = Wep = Wy = Wspwyy V0 < s < <t < T}
equipped with:
[wlla = llwlla + lell2a- (2.5)

The requirement in second line of (2.4) is called Chen’s relation. We remark that in general
|IAwlla # |A|||w]|a for a constant .

We next introduce the quadratic compensator of w:
(W)t 7= wou(woe)* — woy — wiy € 5% (2.6)
By (2.4), one can easily check that

(W)st = wst(wse)” — Wey — g;t and thus (w) € an(Sd). (2.7)
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Remark 2.1 (i) Clearly (w) = 0 if and only if w is a geometric rough path. This process
is intrinsic for non-geometric rough paths, and makes our study much more convenient.

(i) The process (w) is called the bracket process, denoted as [w], of the so called reduced
rough path in [18]. As we will see later,

e this process plays essentially the same role as the quadratic variation process in semi-
martingale theory;

o w? —(w); is always a rough path integration, which can be viewed as the counterpart of
martingale. So in spirit (w); plays the similar role for w? as the compensator for a random
measure.

For these reasons, in this paper we call (w) the quadratic compensator of w. However,

we shall note that a typical rough path may not have finite quadratic variation. |

The following result is straightforward and its proof is omitted.

0

os We have

Lemma 2.2 For any w,w € S

w)lloa < f[wllal2 + llwlla];  [[{w) = (@)ll2a < [[wlla + [[©lla + 2w = @lla-  (2:8)

2.2 Rough path integration

To study rough path integration against w, we first introduce the controlled rough paths of

Gubinelli [22], which can be viewed as C'l-regularity of the paths against the rough path.

Definition 2.3 For each w € Q0 (R?), the space C, o (E) of controlled rough paths consists
of E-valued paths 6 € Qg(E) such that there exists 0,0 € Qg(Ele) satisfying:

R¥Y ¢ Q.. 3(E) where R‘:”to =051 — 00swsy V(s,t) € T2,
We note that for notational simplicity we take the convention that 0,0 is a row vector.

Remark 2.4 (i) The path derivative 9,0 depends on w, but not on w.

(ii) In general 9,0 is not unique. However, when w is truly rough, namely w € Qg as
defined in (2.9) below, 0,0 is unique. See [18] Proposition 6.4. For the ease of presentation,
in this paper we shall assume w € €,. However, most of our results still hold true when
w € QY provided that we specify a version of 9,,6.

(iii) 0,0 is called the Gubinelli derivative in the rough path literature. As we will see in
Section 5, when w is a sample path of Brownian motion, it coincides with the path derivative

introduced in [5]. So in this paper we also call it path derivative. |
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For the ease of presentation, from now on we restrict to w € 4 so that 0,0 is unique:

Q, = {w € Q% :  there exists a dense subset A C [0, T) such that (2.9)
ltllr?m =00 foralls€ Aandw € Rd\{O}}.

For w € Qq, we equip the space C}, ,(E) with the semi-norms:

10l := 100115 + 1R ars,  da(0,0) := (0.0 — 0x0ll5 + | R*? = R ||ayp,

) - _ (2.10)
101 o0 := 10llw.ec + 18u0],  d&(8,0) := da™ (0, 6) + |60 — Ozbo].

In particular, we note that
d5(0,0) = d5*(0,0) = (|10 = Ollw,a, d(0,0) :=da®(0.0) =100,  (2.11)

By (2.2) one can easily check that

Qo g(E) C CLo(E),  with 9,6 = 0 and [Blluc = [6llass, Y6 € Qs

(2.12)
CoalE) CQu(E),  with [|8]la < [0.00/l|lw]la +T7[L + [w]a][|0]lw.a V0 € CLo(E).

We are now ready to define the rough path integration. For each w € Q4,6 € CL , (B,
and each partition 7 : 0 =ty < --- < t, =T, denote

n—1
CHEDS [etmt “Winttipant T 0wt tht,tm/\t] (2.13)
i=0
Here, for 6 = [f1,--- ,04]*, we take the convention that d,60 € E*? with i-th row 0,,6;.

Following Gubinelli [22], we may define the rough integral as the unique limit of O:

Lemma 2.5 For each w € Qgq, 0 € Ci)’a(Ed), the rough integral
t
/ Os - dws := O := |li|m Of € E (2.14)
0 |—0
exists, and is independent of the choice of m. Moreover, © € CLQ(E) with 0,0 = 6* and

’@sﬂf — 05 - wsp — Oubs wey| < Callwl|lallf||w,alt — S‘2a+ﬁ;

1llwa < TP |lwllal0ubo] + CaT*[L + l|wlla]8]lw.a,

(2.15)

where the constant Co depends only on o and the dimensions |E| and d.

Proof This result follows the same arguments in [18] Theorem 4.10, except that the

second line of (2.15) appears slightly differently. To see that, by the first estimate we have

1B lass < 10u8llos|wllaT* 7 + OT||w]la]|6)

w,or

7
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Plug (2.2) with w replaced by 0,, and « replaced by [ into above and then use the inequality
of (2.12). We obtain the second estimate of (2.15) immediately. [ |

Moreover, we have the following stability result in terms of the rough integral, which

improves [18] Theorem 4.16 slightly.
Lemma 2.6 Let (w,0,0) be as in Lemma 2.5 and consider (&,0,0) similarly. Denote
M = |0lwa + 10lo,a + |lwlla +[[@lla; and Ap:=@— ¢, for p=w,0,0.
Then, there exists a constant Co nr, depending on o, M, and |E|, d, such that
427(0,0) < 7[00 | Awlla + ol 0[] + Corps T [ Al + d27(0.5)].

Proof First, similar to the first estimate in (2.15), or following the same arguments as in
[18] Theorem 4.16, we have

[[BZE = 0., 2] = RSP = 0.5 woil| < CT [JAwlla + d2%(6,0)] (t = ).
Note that, by (2.2),

\&,Jés )

ot = 0l o] < (1808l wliza +110.8] | Aw]2a] (£ — )%
< 180,60l lwllza + 1000l | Awllza] + CTO[1AO6]|5 + [ Awlizal| (£ — 5)2*.

Then we obtain the desired estimate for HRd”é — R“®|| 445 immediately. Moreover,

80,0, = |04l = [[0.0,550 + REY) — 100,001 + RS
< 1808l llla + 1081l Awlla + TR — R |0g] (1~ 5)°
By (2.2) again we obtain the desired estimate for ||Ad,©||g, completing the proof. [ |

We conclude this subsection with the Young’s integration against (w). Since (w) €
024(S9), by (2.3) the Young’s integral 6; : d{w); is well defined for all § € Qg(E¥*?). We
collect below some results concerning this integration. Since the proofs are standard and

are much easier than Lemmas 2.5 and 2.6, we tomit them.
Lemma 2.7 (i) Let w € Qq, 0 € Qp(E?), 6, := [0, : d(w)s. Then © € Quy5(E) and

15,0 — O (w)sil < Cl0l|sl1{w)ll2a(t — 5)**F7,

_ (2.16)
[8llacs < [T%2160] + CT01]5] () 2o

(ii) Let (@, 6, ©) satisfy the same properties. Then, denoting Ap := ¢ — @ for ¢ = w, 0,0,

180105 < TP (w120l b0 | + CT [ (@) 0] 20115 + 18151 {w) — (@)l]2a].  (217)
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2.3 Path derivatives

We next introduce further path derivatives of 8. Our following definition is motivated from
the path derivatives introduced in Ekren, Touzi and Zhang [15] and Buckdahn, Ma and

Zhang [5], which in turn were motivated by the functional It6 calculus of Dupire [13].

Definition 2.8 For each w € g, the space Ci,a(E) consists of E-valued controlled rough
paths 0 € C}, o (E) such that 8,0 € C}J’a(EIXd) and there exists symmetric D¥0 € Qg(E*4)
satisfying the following pathwise Ité formula:

1
db; = 0,,0;dw; + [D¥ 0, + iaf,wet] cd(w)y, where 02,0, = 0,[(0,60;)*] € E¥Y  (2.18)

Remark 2.9 (i) In general D{’f may not be unique. Similar to (2.9), one can easily check

that D6 is unique if w is restricted to the following ﬁa:

Q, = {w € Q4 : there exists a dense subset A C [0,7") such that (2.19)

gg(’:_im =o0 forall s€ Aandwv e Sd\{O}}.

(ii) However, (w) is more regular than w, and thus (2.19) is much more difficult to satisfy
than (2.9). For example, if w is a sample path of Brownian motion with It6 integration, then
(w)¢ = tI; as we will see in Section 5 below. In the case d > 2, by considering v € S?\{0}
with Trace(v) = 0, we see that ﬁa = (). In the case d = 1 however, we have ﬁa = Q,
because v # 0 and 2a+ 3 > 1.

(iii) In many cases in this paper, 6 already takes the form df; = a; - dw; + b : d{w),

then clearly 0,0 = a* and we shall always set, thanks to the symmetry of (w),

o1 1 1. .,
(iv) In the case that (w); = t, we will actually define 0{°8 :=Trace(D{’d). Then we see
that 06 is unique (see Theorem 1, [21]). [ |

Remark 2.10 (i) In general 0, and J,; do not commute, and D¢ and 0, are also not
commutative. In particular, 9260 is not symmetric. However, since (w) is symmetric, we

see that (2.18) is equivalent to
1
db; = 8,,0,dw,; + [D;”Gt + Z[é’iﬁt + (02,600 : d{w)y. (2.21)

(ii) One can easily check that the pathwise It6 formulae (2.18) and (2.21) are equivalent

to the following pathwise Taylor expansion:

1
Ost = 0,0swst + ~82, 0, [wspws +wsp — we ] + DPOs : (w)s e + O((t — 5)2a+’6). (2.22)

2ww8
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In the case that 920 is symmetric, which is always the case when d = 1, (2.22) becomes

1 *
Ost = Oplswst + 583w05 D wspws ] + DEOs - (w)se + O((t — 5)2‘”6). (2.23)
We refer to [5] for related works in Brownian motion setting. |

2.4 Backward rough integration

In this subsection we introduce the backward rough path, which is also a rough path and
will play an important role in constructing the pathwise characteristics in Section 6 below.
Let w € Qg and 0 € Ci’a(Ed). For any ¢ty € [0,7] and 0 < s < t < t¢, define

«—to —to % «—to —to —to
Wi 1= Wty — Wi—ty, W= Wo—tto—sWto—ttg—s — Leg—tto—sy @ = (W W );
o 2 (2.24)
0y :=0t—t, (0,0)° = =0,0,—.
By restricting the processes on [0, tp] in obvious sense, we have
1 d =t _ 0 20 _ o1 dy
Lemma 2.11 Let w € 4 and § € C, o(E). Thenw € Q,, 0 € CZtO (EY) with
Q
—to ot to—s tg —to t
Ot § = (0,0)° and / 0, dw, = / Oy - dw,, 0<s<t<ty. (2.25)
to—t s
Proof In this proof we omit the superscript  and denote ¢ := to — t, s’ := tg — s,
r’:=tg—r, 0 :=t—s. First, one can easily check that
Wst= Wy sy Wgy = Wgp — Wy = Wr’,s’w;75/ =WsrWrt -
This implies that we QY. Next,
as,t: _Ht/,s’ = _auet/wt’,s’ - R:i:z/ :awesws,t +aw0t’,s’wt’,s/ - R;Lizz/

Then clearly 0,0 is a Gubinelli derivative of 5 with respect to w. Finally, the second

equality of (2.25) is exactly the same as [18] Proposition 5.10. [ |

Remark 2.12 (i) Note that the lim in (2.9) is taken from the right. Due to the time
—t
change, it is not clear that the backward rough path w ® will still be truly rough.
(ii) However, thanks to the additional regularity requirement of the path derivative,

—to
8;% 0 is still unique. Indeed, let n be an arbitrary path satisfying the desired proper-

—to
ties of the path derivative 850 0 . Then, for 0 < s <t <ty,

—to —
Osi = 01y t19-s= Mot Wo—titg—s TO(|t — s[*F)

)

= Ng—iwst + O([t — s|°T7) = nyy—swsy + O(|t — 5/*1F).

By the uniqueness of 0,0, we see that ny,—s = 0,05, and thus ns = 0,04,—s is unique. |

10
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3 Functions of controlled rough paths

In this section we study functions ¢ : T X F — E and its related path derivatives. Similar

0 (2.18), we shall take the notational convention that
Ayyp = 0yl(Byp)]s Byt := 0yl(00p)"], Oy := Dul(9yp)"]. (3.1)

Definition 3.1 (i) For k > 0, let Ckc( 5, E) be the set of mappmgs g:Tx E — E such
that g is k-th differentiable in y. Moreover, let Ck(E E) C CZOC( E) be such that

k
lglli == sup 197 g(-, y)llc < 0. (3.2)
i=0 YEL
(ii) For k > 0, let Cﬂ ZOC( E) C CZOC(E,E) be such that, fori=0,--- ,k, Bz,(,i)g 1s Holder-
B continuous in t, and the mapping y — 83(Ji)g(-, y) is continuous under || - ||3. Moreover, let
CE(EN,E) C ngloc(EN’,E) be such that

k
lglle,s := D sup 10579, )lls < oo (3.3)
i=0 YEE
(iii) Let C12, 1 (B, E) C C2, (B, E) be such that g(-,y) € CL 4(E), 9,9(-,y) € CL o (E™IF),

for each y € E, the mappings y — g(-,y) and y — Oyg(-,y) are continuous under || -
(E, EY*4). Moreover, let Co2(E, E) C 612 loc( B 5 E) be such that

[
and 0,9 € Cé

Jloc

19ll2.w.a == llgllz + [|0ugll + sup[llg(-, ¥)|w.a + [|9y9(-, ¥)|lw,a] < oo (3.4)
yerR

(iv) Let Cwaloc( (E,E™%), 9,9 €
CwalOC(E E1X|E‘) g9(,y) € C2 o(E )for everyy € E and there exists D¥g € Cﬁ 1o (B, B4,

Moreover, let C2a(E, E) C C> E) be such that

w,a, loc(

E) c c!?

W, loc(

E) be such that 8,9 € C-

waloc

191300 := llgll2.0.0 + | (3.5)
(v) Let Cwaloc( E) C Cwaloc(E E) be such that 0,9 € Cw alOC(E, E1xd),
(vi) For w,& € Qq, and g € C},%x(E E), g€ C12 * (E,E) define
Ba(9.9) = llg—dll2+ 0.9 — 4l
+sup [d27(g(, ), 50 v)) + (0,90, 1), 03¢, w) | (36)
yeE
11
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Remark 3.2 (i) For g € C25(E, E), by (2.18) we have

dg(t,y) = h(t,y) - dwi + f(t,y) : d{w):, where
hi= (0ug)* € CL2 1o B EY), f := Dy g + S0,k € CL o (B, BOX9).

w,a,loc

(3.7)

(ii) In (3.4), we need only [|0,g||1 instead of ||0,9]l1,3, and in (3.5), we do not need
| D¥ gll1,8- The latter is particularly convenient because D g may not be unique.

(iii) It is clear that d5 ,(g,9) := dya(9,9) = llg — g

2w, u

3.1 Commutativity of 0, and path derivatives

Lemma 3.3 (i) Let g € Con(E, E). Then 8,,9 = [0y.9]* € EEXd pamely

84&18@/1‘9 = 8yi8wgv 1= 17 ) ’E‘ (38)
(ii) Let g € Cff,Sa(E,E) Then, for appropriate DY and for eachi=1,--- | \E|,
Gf}w@yig = 8yi6£wg and D¢ 0y,g9 = 0,,D¢g. (3.9)

Proof Without loss of generality, we assume |E| = 1, namely E = R. Recall (3.7).
(i) Fix y € R and denote, for 0 # Ay € R,
ety + Ay) —o(t,y)

Vi(y) == Ay . o=gh,f.

It is straightforward to check that
t t
Varly) = | Vi) -dwo+ [ V10 s dw),

1 1
Vht(y)Z/O Iyh(t,y + AAy)dA, Vft(y)Z/O Oy f(t,y + AAy)dA,

and thus, as |Ay| — 0,

1
I VA(y) = 9yh(y) | w0 < /0 I 0y72(y + AAy) = Byh(y) ||, adr — O,

1
IV50) = 0 Wls < [ 10,50+ A8) = B, )ladA — 0.
Then it follows from Lemma 2.6 and Lemma 2.7 (ii) that
t t
00(t.9) = [ Oh(s) - dw+ [ 0,05, dlwh (3.10)
This implies (3.8) immediately.

12
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(ii) Since h € Con(E, E™?), by (i) we have ,0,h = 9,0,h and thus 9,029 = 92,9,9.
Now applying the convention (2.20) for D¥ on (3.10) and by (3.7), we have

S0u) +(f = J0.0)

1 1
2D1‘5‘J(8y9) = (ayf - iawyh) + (8yf - iawyh)* = 0y (f = B

1 1 * w
= (8yf - iaywh) + (ayf - iaywh) =20,Dy’g.

This completes the proof. |

3.2 Chain rule of path derivatives

Theorem 3.4 (i) Let w € 4, 0 € Culjja(f?), geC?

w,a,loc(E’ E)? and T = g(t, Ht) Then
ne Ciz,a(E) with aoﬂ']t = (awg)(t, (9,5) =+ ayg(t7 Qt) 80.1975' (311)

.. ~ 2,3 ~ .
(i) Assume further that 6 € Cf,va(E) and g € C (E,E). Then, for appropriate Dy,

w,a,loc

n€CS(E) with Dfne = (Dfg)(t,0:) + 0yg(t,0;) DY0;. (3.12)

Remark 3.5 Similar to [5] Proposition 2.7, the chain rule of pathwise derivatives is equiv-
alent to the Ito-Ventzell formula, which extends the It6 formula in [18] Proposition 5.6.

Indeed, note that 6 € C&a(E) takes the form:
1
dfy = ay - dwy + by : d(w)y where a:=(0,0)", b:= D0+ §6wa. (3.13)

Recall (3.7) again. It follows from Lemma 3.3 (i) that 0,0y9 = (9yh)*. Then, noticing
that h € C*2 (E,E%), Oyg € ct? (E, ElX‘EU, by applying (3.11) several times and by

w,a,loc w,a,loc

(3.12), we have

dome = h*(t,0:) + 0yg(t,6:) ay,
Rum = 0Ou[h(t,0;) 4+ 0yg(t, 0) af]

_ [awh +Byha* + (Dyha”)* + 02,9 [a,a] + ,9 Dual (¢, 6,);
o 1 1 1. ., 1 1
Dem = 5[I(f = 30) + (f = 50"+ 9,9 [(b = S0.0) + (b= 50.0)]] (1.0,).
This, together with (2.18) and the symmetry of (w), implies:

d[g(t, Qt)] = |:h(t, 075) + ayg(t, Ht) ag| - dwt (314)
1
+ [f 0,9 b+ 502, [ ai] + ayha:] (t,0,) : d{w)s,

which we call the pathwise It6-Ventzell formula. |

13
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Proof of Theorem 3.4. (i) For (s,t) € T2, we have
Mse = g(t,0) — g(s,05) = g(t,01) — g(s,0¢) + g(s,61) — g(s,05) (3.15)

= [0.9)(s, 0)wse + REFOM) 4 /0 1 y9(s, 05 + N,y )dN O 4

= | (@u9)(5,0.) + Dy9(5,0.) Dby | + RS,
where

RSP = [10.9](5.00) — [0g)(s,0) e + BoZ)
+ /Ol[ﬁyg(s, Os + Ns i) — Oyg(s,0s)]dN 0, 0sws 1 + /01 Oyg(s,0s + N0 )dA R:f'

Then clearly

17 ot < llgll2.w.a [H@HﬁHwHa + 14 (10051100l col|wlla + (6]

w,a} <oo.  (3.16)

Moreover, under our conditions it is clear that (9,9)(t,0:) + 9yg(t,6:) 0.,0: is Holder-[-
continuous. This proves (3.11).

(ii) Recall (3.7) and (3.13). By reversing the arguments in Remark 3.5, it suffices to
prove (3.14). Denote 0 :=t — s. Recall the first line of (3.15) and note that

Ost = as - Wt + Ouls : Wy y + bs 1 (W)st + O(6%+5);
9(t,y) — g(s,y) = h(s,y) - wsy + Ouh(s,y) : wey + f(5,9) 1 (W)sr + O(62FF)

Then, by the standard Taylor expansion and applying Lemma 3.3 (i) on g, we have
1
g(ta Ht> - g(ta 08) - 8yg(ta 05) es,t + §a§yg(t7 08) [95,157 es,t] + 0(5304)

1
= [049(5,05) + 0,h(s5,04) - | O+ 50%,9(5,05) Do, Oue] + O(6%+7);
g(ta 93) - g(s, ‘95) = h(s, 93) cWwst + [&uh](S, 93) Wt + f(S, 93) : <w>s,t + 0(52a+6).

On the other hand,
/t[h(r, Or) + Oyg(r, 6r) ar] - dewy
s: [1(5,05) + Dyg(5,05) as] - wse + Aulh(s,05) + Dyg(s,05) as] - wy, + 0(5%+5):
[ U080+ 0,000,001 ) = 115,00+ 0,905,000 (@) + O(F4),
By Lemma 3.3 (i) we have 0,y9 = [Oywg]* = dyh*. Then it follows from (3.11) that
Oulh(s,0s) + 0yg(s,0s) as] (3.17)

= [&,h + Oyh aj + Oyh™ as + 3§yg lay, ai] + 0yg Ouas](s, 6s).

14
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Noting that we; = O(6%), w,; = O(6%*), and (w)s; = O(6**), then we have

t t
Ns,t — / [h(r, 0,) + ayg(’r, 0;) ay] - dw, — / Lf(r,0;) + (9yg(7“, 0r) by] : d{w),
= |:[8yh(57 0s) - ws,t] [as - Ws,t] + %aZyg(ta 0s) [(as - Ws,t)*a (as - ws,t)*]
~[ouh(s.00) a3 + [y, 0 03] + 0205, 0.) a5 ail] < g + O )

1
_ [iagyg(t,es) (005, 0,05] + Dyh(s, 05) awes} (W)t + O(5%FF)

This proves (3.14), and hence (3.12). [ |

3.3 Some estimates

In this subsection we provide some estimates for n = g(t,6;), which will be crucial for
studying rough differential equations in next section. These results correspond to [18]

Lemma 7.3 and Theorem 7.5, where g does not depend on t.
Lemma 3.6 (i) Let w € Qq, 0 € C, (E), g € CYA(E,E), ny := g(t,0,), and denote
My = [[wlla + 10140

Then for any To > 0 and any T < Ty, there exists a constant Co m, 1, depending only on
o, My, Ty, and |E|, |E|, such that

[1llw.e < Coin mollgll2.0,0 (3.18)

(ii) Assume further that g € Cf,:?&(EN,E), and (&,0,3,7) satisfy the same conditions.
Denote Ay := @ — ¢ for appropriate ©, and

My = 100t 180+ e + 1@l + gl + 1l e
Then, for any T' < Ty as in (i), there exists a constant Cq nm, 1, Such that
4520, 1) < Corto1y [d572(9,9) + d57(6,0) + | A80] + [ A (3.19)

Proof (i) First, by (2.2) and (2.12) we have [|0,0|~ + [|0||s < C. By the first line of
(3.15) it is clear that

Inlls < C[lighos + llglh . (3.20)

Next, recall (3.11) and note that
|0uns il < 10wg(t, 0) — Oug(s, 0s)| + 0yg(t, 0r) — Dyg(s, 05)||0.0:| + |0yg(s, 05)[|0ubs,e -

15



©CO~NOOITA~AWNPE

Applying (3.20) on J,9 and dyg we obtain ||0,1n|g < C||g]|2,w,a- Moreover, by (3.16) we

have [|[R*|ayp < Cllg
(ii) First, note that

2w.a- Putting together we prove (3.18).

Ans,t = g(taét) _g(taet) _g(saés) +g(5798)

1
= [Ag(t,0:) — Ag(s,05)] + / 0yg(s,0s + AAO)dN Ab,
0

+ /01[8yg(t, 0 + AAOy) — 0yg(s, 05 + ANAbO)]dX AG,.
Apply (3.20) on Ag and 0,9, we obtain
[Anls < C[HAQHO,B + 1 Aglls + 1A0]]5 + |Abo|
Note that 0, = 0,0sws+ + R‘;”f, and similarly for 6. Then, by (2.2),

1020 = 08l |53 + 1.0llscll Awllg + 1RZ = B2 5
Cdz#(8,0)] + | Aw]a].

1A0]5

IN

IN

Thus

1Anlls < C[HAQ\OﬂJrHAgthrlMolerZi’@(@,é)JrHAWIIQ-

(3.21)

(3.22)

We shall emphasize that the above C' depends on ||g||2.w.a +||9ll2.6,a, n0t [|g]|3.0.a+73.6,a-

Next, note that

Ozt — O = [02G(t, 0r) — Dug(t, 04)] + [0ya(t, 0r) — Oyg(t, 0;)] Ob:
—|-8yg(t, 9{/) [&;0} — &ﬁt}.

[8&)77 - 5w77]s,t = [aﬁbg(’ é) - awg('v 9-)]s,t + [ayg(’ é) - 81/9(" 0-)}5775 auét

+[ayAg(Sa és) + 8yg(57 és) - ayg(sv 98)] 8wé5,t
+[0,9(-, 0.)] 50 AOLO; + Dyg(s, 05) AD,0s.

Apply (3.22) on 0,9 and dyg, and (3.20) on dyg, we obtain from (3.21) that
|Admlla < Cld53(9,9) + [Ad] + d2(6,0) + || Aw]lo]
Finally, recall (3.16) and note that

Ri;ﬁg(g) _ vag('vy)

s,t

(3.23)

Rf,ytg(g) - R:),jtg(@) + |:[g('7 g)s,t - 8wg(8, g)ws,t} - |:[g(" y)}&t - (‘)wg(s, y)ws,t}

P _ 1 .
— R:j:tg(vy) _ vag('ay) + / R:)thug(vy“!‘)\Ay)d)\ Ay’
0

S,t )

16
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one can obtain the desired estimate for ||R“7 — R“"||, g straightforwardly. This, together
with (3.23), completes the proof. [ |

Moreover, we have the following simpler results whose proof is omitted.

Lemma 3.7 (i) Let 0 € Qg(E), f € Cé(E, E), and n := f(t,0;). Thenn e Qg(E) and

Il < [ fllo,s + 1F 1116115 < [1f 111,801 + 10]ls]- (3.24)

(ii) Let 0,0 € Qg(E), f, f € C3(E, E), and n, := f(t,0,), ij == f(t,0;). Then

17— nlls < L+ 1015 + 10161 [ILF = fll + I ll2(l0 — ol + 116 — 61l]] (3.25)

4 Rough Differential Equations

In this section we study rough path differential equations with coefficients less regular in the
time variable ¢, motivated from our study of stochastic differential equations with random
coefficients in next section. Let w € g4, g € Cg’i(E, EY, f € C%(]:?,Edm)7 and yo € F.
Consider the following RDE:

0: = yo + /Otg(s,ﬁs) cdwg + /Utf(s,ﬁs) cd{w)s, teT. (4.1)

Our goal is to find solution 6 € C&,’a(E). By Theorem 3.4 and Lemma 3.7, in this case
g(-,0) € CL o (E?), f(-,0) € Q3(E¥?), and thus the right side of (4.1) is well defined.

Remark 4.1 When 0 € Cc};,a(E) is a solution, clearly 0,,0; = g(t, 6;), then by Theorem 3.4
(i) it is clear that 0 € C2 ,(E). So a solution to RDE (4.1) is automatically in C2 ,(E). We

shall use this fact without mentioning it. |

In standard rough path theory the vector field g of RDE (4.1) is independent of ¢. In
Lejay and Victoir [28], ¢ may depend on ¢, but is required to be Holder-(1 — «) continuous,
which is violated for g € Co5(E, E) (since o < 1). This relaxation of regularity in ¢ is
crucial for studying SDEs and SPDEs with random coeflicients, see Remark 5.7 below. We

also refer to Gubinelli, Tindel and Torrecilla [23] for some discussion along this direction.

Theorem 4.2 Let w € Qq, g € Coa(E,E?), f € C3(E,E™?), and yo € E. Then RDE
(4.1) has a unique solution 6 € Caa(E). Moreover, there exists a constant Cq, depending

only on o, d, |E|, T, | fllz, |9llswa: and [wlla, such that

191l + 16

wa < Cq. (4.2)

17
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Furthermore, the constant Cq is bounded for d, |E|, T', || fll2,; [|9]/3,w,a, and ||wlla bounded

from above and for a and 3 bounded from below.

Proof We proceed in three steps.
Step 1. Denote M := [[[dugllo + lglilwlla + [ fllollwlla[2 + llwlla] and

Ay = {e € CL o(B) : 0 = 10, 0o = g7 (0,0), 10| < M + 1}, (4.3)

equipped with the norm || - ||, «. Note that Aq contains 6; := yo + g(0,y0) - wo and thus
is not empty. Define a mapping ® on Agy:

¢ t
®(0) := © where ©; :=yo + O} + 07 : =y —I—/ 9(s,0s) - dws + / f(s,05) : d{w)s.
0 0

We show that, there exists 0 < 6 < 1, which depends on e, d, |E|, T, || f

2,8, 19|3.0,0, and
||w||a, but not on yg, such that whenever T' < §, ® is a contraction mapping on A,. One
can easily check that A is complete under dg, then ® has a unique fixed point 0 € Ag,
which is clearly the unique solution of RDE (4.1).

To prove that ® is a contraction mapping, let C' denote a generic constant which depends
only on the above parameters, but not on yo. We first show that ®(0) € Aq for all § € Aq.
Indeed, clearly ©9 = yo and 0,00 = ¢*(0,y0). For any 0 € A, denote 1, := g(t,6;).
Applying Lemma 3.6 and then Lemma 2.5, we have,

17llw.a < C, ll0wm0] < l0ugllo + 10091, and thus
18"l < llwllalOurmol + COX L+ wlla]lnllw.e < [10ugllo + llglli]llwlla + Co.

Similarly, It follows from Lemmas 2.7 and 3.7 (i) that

10%[|lw,a = [10%[la+s < I fllollwllal2 + llwlla] + C5%,
and thus [|O]|y,q < ”ele,a + H@sz,a < M + C*.

Set § small enough we have ||©|, o < M + 1. That is, © € Aq,.
Next, let 0 € A and denote (:),(:)1,(:)2,77 in obvious sense. Let Ay := ¢ — ¢ for
appropriate ¢. Recall (3.21) we see that

180]10 < C5%20]15 < CO A0 (4.4
Then, applying Lemmas 2.6, 3.6 (ii), 2.7 (ii), and 3.7 (ii), we have

A8 w.a < CO[AN]lva < COAOwa;  [[AO%[ats < CO[|AD] 5,
and thus [|AO]|w,a < CO*||Al|w,.q-

18
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Set § be small enough such that C§%* < %, then ® is a contraction mapping.

Step 2. We now prove the result for general T'. Let & be the constant in Step 1. Let
0=ty <--+-<ty,="Tsuchthat t;;; —t; <6,i=0,---,n—1. We may solve the RDE
over each interval [t;,t;11] with initial condition (6, g(t;, 6:,)), which is obtained from the
previous step by considering the RDE on [t;_1,¢;], and thus we obtain the unique solution
over the whole interval [0, 7.

Step 3. We now estimate ||0||, . First, when T' < § for the constant § = o in Step 1,
we have 0 € A, and thus ||0||,o < M + 1. In particular, this implies that

10ubs] < (M +1)(t—5)%, |RS)) < (M +1)(t —s)>™#,  whenever t — s < 4.

t—s

Now for arbitrary s,t, let k := [t*TS] + 1 be the smallest integer greater than *5*, and
tiz=s++L(t—s),i=0, -,k Then

k—1
t v
Z lawetiyti+1| < (M + 1)k( A S)B
i=0
= M+ PE—s)P <M+ D)6 T+ 1)P(t—s)5.

|aw93,t

IN

Thus we have [|0,0|5 < (M + 1)(6~ T + 1)}, Similarly we may prove that ||[R“?||,, 5 <
(M +1)(67'T + 1)t—=F,
Finally, note that [|0,0]|cc < C, it is clear that ||0]|o < ||0u0]collw]a + [|R“P||a < C. W

We next study the stability of RDEs.

Theorem 4.3 Let (yo,w, f,g) and (ﬂo,&,f, g) be as in Theorem 4.2, and 0, 0 be the cor-

responding solution of the RDE. Then there exists a constant Cq, depending only on o, d,

\EL, T, ([ fll2,8: 1 fll2,8: [19ll3.0,05 1
for appropriate p,

3.6, and ||wlla, ||@]a, such that, denoting Ay := o —¢

d22(0,0) < Ca[Als + |Ayo|] where Alg = dye(g, ) + | Af

18 [[Awlla.  (45)

Proof First assume T" < § for some constant § > 0 small enough. Use the notations in
Step 1 of Theorem 4.2. Applying Lemma 3.6 (i) and (4.2) we see that [9z70] + ||7]lw,s < C.
Then, it follows from Lemmas 2.6 and 3.6 (ii) that

az°(e',6)

IN

C [de@(n, 7) + da(w, @) + [y — ﬁél]

C [wg@(e, 6) + Al + yAy0|] .

IN
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Similarly, by Lemmas 2.7 and 3.7, we have
|460%|ass < C[01 2615 + Al + | Agol ]
Putting together we get
d22(8,0) = d%(0,0) < c[aadg@(a, 6) + Ala + \Ayoy}.

Set & be small enough such that C§* < 1, we obtain A5 (0,6) < C[ALy + | Ayol).
Now for general T', let k := [%] + 1 be the smallest integer greater than % and t; := %T,
1 =0, --,k. Denote

AD,,0, Rfyé - R:ﬁ
AJ;:=  sup | o, P .|

S i=0,-- k1.
ti<s<t<tiy1 (t - S)B (t - S>a+6 ]

By the above arguments we have AJ; < C[Aly+ |A#6,|]. Then, applying (3.21) on [¢;,ti+1]
and noting that 0,6, = g(t;, 6,) and Bwéti = g(ti, 9}1) are bounded, we have

[Abt 0| < A0 +[Ab 1,0 | < [AOy| + Adi + CllAOLO: | + [|Awlla] < C[ALy + [AGy].

141 141

By induction we get
max |Afy,| < C[Aly + |Ayp|], and thus max AJ; < C[AI + |Aypl].
0<i<k 0<i<k

Now following the arguments in Theorem 4.2 Step 3 we can prove the desired estimate. W

Remark 4.4 (i) The uniqueness of RDE solutions does not depend on boundedness of g,
d.,g, and f. Indeed, let 6 and @ be two solutions. Notice that any element of Clo(E) is
bounded, and thus we may denote My := ||]sc + ||f]loc < 00. One can see that all the
arguments in Theorem 4.2 remain valid if we replace the sup,cp in (3.2) with SUDy e B, [y|< Mo
while the latter is always bounded for g, d,,g, and f.

(ii) If we do not assume boundedness of g, d,,g, and f, in general we can only obtain the
local existence, namely the solution exists when T is small. However, if we can construct a
solution for large T', as we will see for linear RDEs, then by (ii) above this solution is the

unique solution. [

4.1 Linear RDE
Now consider RDE (4.1) with

g(tvy) = aty+bt) f(tay) = )‘ty+lta ) where

4.6
y € E,aeCl (B™E)becl (B, A e Qg(E>IEN | e Qp(E™T). 0
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We remark that the above f and g are not bounded and thus we cannot apply Theorem
4.2 directly. In Friz and Victoir [20], some a priori estimate is provided for linear RDEs
and then the global existence follows from the arguments of Theorem 4.2, by replacing the
sup,ecp in (3.2) with the supremum over the a priori bound of the solution, as illustrated in
Remark 4.4 (ii). At below, we shall construct a solution semi-explicitly. When |E| = 1, we
have an explicit representation in the spirit of Feyman-Kac formula in stochastic analysis
literature, see (4.7) below. However, the formula fails in the multidimensional case due to
the noncommutativity of matrices. Our main idea is to introduce a decoupling strategy, by
using the local solution of certain Riccati type of RDEs, so as to reduce the dimension of E.

To our best knowledge, such a construction is new even for multidimensional linear SDEs.
Theorem 4.5 The linear RDE (4.1) with (4.6) has a unique solution.

Proof 1Ifbe Cf,,a(Ed), under (4.6) it is straightforward to check that g € Cii,loc(Ev E%)
and f € CE“ ool E, Ed) " and thus the uniqueness follows from Theorem 4.2 and Remark
4.4 (ii). However, in the linear case, by going through the arguments of Theorem 4.2 we
can easily see that it is enough to assume the weaker condition b € Col%a(Ed). We shall
construct the solution and thus obtain the existence via induction on |E|.

Step 1. We first assume |E| = 1, namely £ = R. Applying Theorem 3.4 and Remark

3.5 we may verify directly that the following provides a representation of the solution:
¢ ¢
0, =TI;! [eo +/ Tyb, - dws +/ Dy [ls — asbl] : d(w}s], (4.7)
0 0

t t 1
where T’y := exp ( — /0 as - dwg +/0 [iasa: — )\S] : d<w>s>.

Step 2. In order to show the induction idea clearly, we present the case |F| = 2 in

details. With the notations in obvious sense, the linear RDE becomes

do} = [a}r0} + al?0? +b}] - dws + N0} + N202 + 1}« d{w)y;

4.8
02 = [a2'0} + 2202 + b2 - dw, + NP0} + N207 +12) : d(w). i

Clearly, if the system is decoupled, for example if a'? = 0 and A2 = 0, one can easily solve
the system by first solving for #' and then solving for 2. In the general case, we introduce

a decoupling strategy as follows. Consider an auxiliary RDE:

dft =a - d(dt + Xt . d<w>t (49)
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where @, A will be specified later. Denote 0; := 62 + I';6}. Then, applying the Ito6-Ventzell

formula (3.14) we have

doy = {[a?@f + a2'0} + b2 + Ti[af?6? + al'o) + bl + ate,}] - dw (4.10)

+ [[/\3293 AP0 + ]+ TeN20F + A0 + 1)+ MO+ arlay 0; + ap207 + bﬂ*] cd{w)y.
We want to choose @, A so that the right side above involves only #. That is,
a® + Tia'' +@a=T[a*? +Ta'?], M +TA" + X+ a(a')* =Ty[A?2 + TA2 +a(a'?)"].

This implies

a = a2+ [a®® - !l — o (4.11)
X o= AT 4 A2 - AMT - A2 gel?T - ol
= ACP+AM)2+c T+, where
S o= a2(a?), @ = A2 - a2 1 (02 - o) (a'?)*
clo= A2 A (02 (el a2 (@12, O = a?l(all)t - A2L

Plugging this into (4.9) we obtain the following Riccati type of RDE:
a0y = |af*(T)F + [a” — a}' |0y = '] - deo, + |¢}(T)} + F(D)} + clT + |+ d{w)e, (4.12)
and the RDE (4.10) becomes:
do; = {[a22 +Ta'?)0; + [v? +Eb§]} - dwy (4.13)
n [[)\22 +TA2 4 a(a2)"]8, + [12 + T +at(bt1)*]]  d(w):.
Moreover, plug 62 = 6 — I'6" into the second equation of (4.8), we have
o} = [[agl — al2T)0! + (a2, + bg]} - dwy + [pgl C AT 0L+ [M\12g, + zg]} L d{w) e (4.14)

Now the RDEs (4.12), (4.13), and (4.14) are decoupled. We shall emphasize though the
Riccati RDE (4.12) typically does not have a global solution on [0,7]. However, following
the arguments in Theorem 4.2, there exists a constant § > 0, which depends only on the
coefficients a, A and the rough path w, such that the Riccati RDE (4.12) with initial value 0
has a solution whenever the time interval is smaller than §. Wenowset 0 = ¢g < --- < t,, =
T such that t; —t;—1 < ¢ for i = 1,--- ,n, and we solve the system (4.8) as follows. First,
we solve RDE (4.12) on [tg, t1] with initial value T'y, = 0. Plug this into (4.13), where @ is
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determined by (4.11), we solve (4.13) on [to, t1] with initial value fy = 62. Plug " and 0 into
(4.14), we may solve (4.14) on [to, 1] with initial value 6}. Moreover, 6% := 0 — T'0" satisfies
the second equation of (4.8) on [to, 1] with initial value 62. Next, we solve the Riccati RDE
(4.12) on [t1,t2], again with initial value Ty, = 0. Then we solve (4.13) on [t 5] with initial
value 6y, = 67. Plug T and 6 into (4.14), we may solve (4.14) on [t1, ] with initial value
0. Moreover, 6% := 0 — T9' satisfies the second equation of (4.8) on [t1,t,] with initial
value 07 . Repeat the arguments we solve the system (4.8) over the whole interval [0, T].
Step 3. We now assume the result is true for |E| = n — 1 and we shall prove the case

|E| = n. With obvious notations, we consider

6 = [Zaijgg Hﬂ - dwy + [ZA;'jeg +z§] d{w)e, i=1,--,n. (4.15)
=1 i=1

Denote 0 := 0" + Z?:_ll fiﬁi, where, fori=1,--- ,n—1,

1

n

dry = | Yol — a1 + 0T} — ]| - de
j=1
[T = ]+ Y TN — X (4.16)
j=1

n—1 1 ) ) N
+ 30 [0 = T+ [0 T - 0] [T (af") — ()] : dfe)

3
|

j=1 k=1
Then
B n—1 ‘
6, = [ "4 Z Tiai|g, + [b} + Zﬁtbg]} - dwy (4.17)
=1
n—1 n—1
[ A+ T + @ (a™™))] 0, + [I" + I g (b ]H s d(w),.
i=1 i=1
where ay := Z[amfi — a)'IT] + [a"T, — a}].
j=1
Plug this into (4.15), we obtain
- [Z[at — a"T07 + b+ a;ﬁnet]} - dwy (4.18)
j=1
[ SO = AT+ 1+ AR s diw), i =1, L
j=1
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Now similarly, there exists § > 0, depending only on a, A, and the rough path w, such that
the system of Riccati type RDE (4.16) with initial condition 0 has a solution whenever the
time interval is smaller than 6. Now set 0 = tg < --- < t,, = T such that t; —t;_1 <. As
in Step 2, we may first solve (4.16) on [to, t1] with initial condition fé = 0. We then solve
(4.17) on [tg,t1] with initial condition g = 6. Now notice that the linear system (4.18)
has only dimension n — 1, then by induction assumption, we may solve (4.18) on [to, 1]
with initial condition 6, i = 1,--- ,n — 1, which further provides " := 6 — Z?:_ll T'¢'. Now

repeat the arguments as in Step 2, we obtain the solution over the whole interval [0,7]. H

Remark 4.6 (i) When E = R, the representation formula (4.7) actually holds under weaker
conditions: a,b € C}, (R%). Moreover, uniqueness also holds under this weaker condition.
Indeed, for any arbitrary solution 6 € Cf,’a (E) and for the T" defined in (4.7), by applying
the Ito-Ventzell formula (3.14) we see that

t ¢
' = 0o + / Lsbs - dws +/ I [ls - asb:] D d{w)s.
0 0

Then 6 has to be the one in (4.7).
(i) In the multidimensional case, we note that the Riccati RDE (4.12) does not involve
b. Then we may also obtain the uniqueness, under our weaker condition b € CL , (E%), from

the strategy in this proof. |

Applying Theorem 4.3 and following the arguments in the beginning of the proof for
Theorem 4.5 (or Remark 4.6 (ii)) concerning the weaker condition on b, the following result

is immediate.

Corollary 4.7 Let w,a,b, )\, 1,0 be as in Theorem 4.5 and &,a,b,\,1,0. Denote Ay =
p — @ for appropriate p. Then

a52(0.0) < C[a2¥(a,@) +dz¥(0,5) + | AN 5 + | ALlls + | Aw]a

+|Aao| + [Owao — Ozao| + |Abg| + [Oubo — 3w50|]-

5 Pathwise solutions of stochastic differential equations

5.1 The rough path setting for Brownian motion

Let Qp := {w € C([0,T],R%) : wy = 0} be the canonical space, B the canonical process,

F = F? the natural filtration, and Py the Wiener measure. Following Follmer [17] (or see
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Bichteler [1] and Karandikar [25] for more general results on pathwise stochastic integration),

we may construct pathwise It6 integration as follows:

on_1 ‘
0 * ZT o
Oy (w) := nhqrgo E wt?(wt?/\t,t?+1/\t) where ¢t := o= 0,---,2™ (5.1)
i=0

Then @ is F-adapted and ®; = fg BydrnoB;, 0 <t < T, Pyp-a.s. Here ds, stands for Ito

integration. Define

D, 4(W) = Br(w) — (W) —wswiy, DY (w) = By (w) + 5t — )L

(5.2)
(W)t i= wiwf — Py(w) — [Pe(w)]".
It is straightforward to check that
Q4 (W) = Dy (W) = &y (W) = wspwyy = BT (W) — T (W) — &7 (). (5.3)
Moreover, we have the following well known result:
Lemma 5.1 For any % < a < 3, we have Po(Aa) = 1, where
A ‘(I)s t|
o = { sup 72a<oo}ﬁ{<w)t:tld,0§t§T} (5.4)
(s,t)eT? ‘t - S‘
T v ws t| d
Now set, for the A, defined in (5.4),
Q= {w €0 : (w0, BW)) € Qg and w € Ay, forall 1 < a < %}; 55
5.5

do(w,@) = da((w,@(w)), (w,g(o))), for all w,& € Qand 1 < a < 1.

By (5.3) and Lemma 5.1, we see that Pp(€2) = 1. From now on, we shall always restrict the

sample space to ©, and we still denote by B the canonical process and F := FZ. Define
C(,E) = {CQ(Q, E) : a satisfies (2.3)}, where (5.6)
Ca(Q, E) = {9 € LO(F) : f(w) € CL o (E), ¥w € Q, and EFo [He(w)ngA} < oo}.

We now define the pathwise stochastic integral by using the rough path integral: for 6 €
C(Q, BY),

/9 -dB.) /9 D)), Vwe D -
5.7
(/0 Gsost)( ):/0 93(&)) d( ’@Str(w))s’ Vw € Q.

The following result can be found in [18] Proposition 5.1 and Corollary 5.2.
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Theorem 5.2 For any 0 € C(Q, EY), the above pathwise stochastic integrals fg 0s-dBs and

f(f 0s o dBs coincide with the Ito integral and the Stratonovic integral, respecively.

Remark 5.3 Let X be a semi-martingale with dX; = 0; - dB; + M\dt, where 0 € C(Q2, E?)
and A is continuous. Then X € C(Q, E) with 0,X¢(w) = 0:(w) for each w € €. In the spirit
of Dupire [13]’s functional It6 calculus, [5] defines the above 6 as the path derivative of the
process X. So the Gubinelli’s derivative J,X (w) in Definition 2.3 is consistent with the

path dervatives introduced in [5]. |
Remark 5.4 Let w e Q and 6 € C(Qw B(w) o(F) for certain v satisfying (2.3). Define
070 := Trace(Dy'0). (5.8)

Then 0¢0 is unique and is consistent with the time derivative in [5]. Moreover, the pathwise
Ito formula (2.18) and the pathwise Taylor expansion (2.22), (2.23) become:
6y = B.,0,dw, + |96, + %Trace(@f)wﬁt)]dt;
ot = Oubswons + 5000y [onaly + g = 2]+ OFBs(t — 5) + O((t — 5+ (5.9)
Bt = Oubstns + 2P fs  (wagwly] + OP0,(t — 5) + O((t — 5)2°+5),

2ww8

respectively. These are also consistent with [5]. [ |

5.2 Stochastic differential equations with regular solutions

We now consider the following SDE with random coefficients:

t t
X, ==z +/ o(s, Xs,w) - dBs —I—/ b(s, Xs,w)ds, w e, (5.10)
0 0

where b, 0 are F-progressively measurable. Clearly, the above SDE can be rewritten as the
following RDE:

Xi(w) == —i—/o (s, Xs(w),w) - d(w, ®(w))s —i—/o b(s,XS(w),w)% td{w)s, we . (5.11)

The following result is a direct consequence of Theorems 4.2 and 4.3.

Theorem 5.5 (i) Assume, for each w € S, there exists a(w) satisfying (2.3) such that
b(-,w) € Cg(w) (E,E) and o(-,w) € Ci’i(w)(E, EY). Then the SDE has a unique solution X
such that X (w) € C2 (w) (E) for all w € Q.
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(i) Assume further that b and o are continuous in w in the following sense:

limy o [[b(,6") = b, @) 1,00) + A5 (0 ()0 (0)) =0, (512)

for any w,w™ € Q such that lim, e do () (W",w) = 0.
Then X 1is also continuous in w in the sense that:

lim dw’tn (X(w), X (w™)) =0, and consequently, lim ||X(w)— X(w")]lcoc =0. (5.13)
n—oo

n—oo (w)

Remark 5.6 The construction of pathwise solutions of SDEs via rough path is standard.
However, we remark that our canonical sample space €2 is universal, which particularly does
not depend on the integrands 6 in (5.7) or the vector fields o (¢, w, x) in (5.10). Consequently,

our solution is constructed indeed for every w € (2, without the exceptional null set. |

Remark 5.7 (i) Assume o is Hblder—% continuous in ¢ and Lipschitz continuous in w in
the following sense:

lo(t,z,w) — o(t,z,@)| < C[\/f— t+ sup |wsat — (Z)S,\g|], (5.14)
0<s<T

Then o(-,z,w) is Holder-a continuous in t for all o < % We remark that the distance
in the right side of (5.14) is used in Zhang and Zhuo [39] and is equivalent to the metric
introduced by Dupire [13].

(ii) As mentioned in Introduction, since w is only Holder-a continuous for a < %, it is
not reasonable to assume o(-, x,w) is Holder-(1 — «) continuous as required in Lejay and
Victoir [28]. [ |

Remark 5.8 Under the Stratonovich integration, the quadratic compensator of the Brow-
nian motion sample path defined in (2.6) vanishes: ((w,®""(w)))y = 0. If we want to

consider SDE in the form:
dXt = O'(t,Xt,u}) OdBt +b(t,w,Xt)dt, (515)

we cannot simply rewrite it into

dX(w) = o(t,w, X (w)) - d(w, @5 (w)); + b(t,w,Xt(w))% s d{(w, @5 (w)))s.

We can obtain pathwise solution of (5.15) in the following two ways:

27



©CO~NOOITA~AWNPE

(i) We may rewrite (5.15) in It6 form:
1
dX; =o(t,w, Xt) - dB; + [b + §Trace(8wa + 0yo a*)] (t,w, X¢)dt, (5.16)

which corresponds further to the following RDE:
bly Oy0+0y00"

dX, () =0 (t,w, X, (w)) - d(w, ®(w)) + [7 + f] (w0, Xo(w)) : dlw)s. (5.17)

(i) In Section 4, we may easily extend our results to more general RDEs:
df; = g(t, Ht) sdwy + f(t, 01&) : d<w>t + h(t, Gt)dt. (518)

Then we may deal with (5.15) directly. [ |

6 Rough PDEs and Stochastic PDEs

In this section, we extend the results in previous sections to rough PDEs (1.3) and stochas-
tic PDEs (1.4) with random coefficients. The wellposedness of such RPDEs and SPDEs,
especially in the fully nonlinear case, is very challenging and has received very strong atten-
tion. We refer to Lions and Souganidis [29, 30, 31, 32], Buckdahn and Ma [3, 4], Caruana
and Friz [7], Caruana, Friz and Oberhauser [8], Friz and Obhauser [19], Diehl and Friz [11],
Oberhauser and Riedel [12], and Gubinelli, Tindel and Torrecilla, [23] for wellposedness of
some classes of RPDEs/SPDEs, where various notions of solutions are proposed.

While this section is mainly motivated from the study of pathwise viscosity solutions of
SPDEs in Buckdahn, Ma and Zhang [6] and Buckdahn, Keller, Ma and Zhang [2], in this
section we shall focus on classical solutions only. In particular, we do not intend to establish
strong wellposedness for general f, instead we shall investigate diffusion coefficients ¢ and ¢
and see when the RPDE/SPDE can be transformed to a deterministic PDE. Again, unlike
most results in the standard literature of rough PDEs, we allow the coefficients to depend
on (t,w). The results will require quite high regularity of the coefficients, in the sense of our
path regularity. In order to simplify the presentation, for some results we shall not specify

the precise regularity conditions.

6.1 RDEs with spatial parameters

Letup: E—E, g:TXxExXxE — E% f:Tx ExE— E¥d4 and consider the following
RDE with parameter x € E:

t t
ug(x) = up(x) —|—/0 9(s,z,us(z)) - dws —i—/o f(s,zus(x)) : d{w)s. (6.1)
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Assume ug, g and f are differentiable in x, and differentiate (6.1) formally in z;, i =

1,---,|E|, we obtain: denoting v(x) := 0,,u(x),
. t .
U;(l‘) = 812’11(](33) +/ [afmg(sa x?“S(x)) + 8yg(87$7u8(x)) U}s(x)] ’ dws
0

+/ [0z, [ (5,2, us(x)) + Oy f(5, 2, us(x)) Ué(as)] s d{w)s. (6.2)
0

Theorem 6.1 Assume

(i) uo, g, [ are continuously differentiable in x;

(i) for eachx € E, i=1,--- ||E|, j=1,---,|E|,
g(xa) EC{AQJZSOC(EuEd% f(xv ) EC%(EaEdXd)a (6 3)
Org(x,) € Com(E, EY),  0,,9(x,) € C5&(E,BY), 0y, f(x,") € CY(E, E™9).
(iii) for any x € E, denoting Ap := p(z 4+ Ax,-) — ¢(x,-) for appropriate ¢,
lim|ag)—o |[1A9l20.e + 1Af]1,8] = 0;
|Az|—0 W, H ‘ 8 (64)

limyaz|—0 [IIA[&EQ] 20,0 + [[A1Oy9]ll20.a + | A0z fll0,s + 1A[8y fllo,5] = 0.

Moreover, 0,9 and 0.yg are continuous.
Then, for each z € E, RDEs (6.1) and (6.2) have unique solution u(z,-),v'(x,-) €

C37Q(E), respectively. Moreover, u is differentiable in x with O,,u = v'.

Proof First, without loss of generality we may assume |E | = 1, namely E =R. For each
x € E, by the first line of (6.3) and applying Theorem 4.2, we see that RDE (4.1) has a
unique solution u(z) € C2 ,(E). By the second line of (6.3) and applying Theorem 3.4 and
Lemma 3.7, we see that, for j =1,--- , |E|,

Org(z,u(x)) € Cf o(E?), 0y, 9(x, u(2)) € C o0 (BY), 82 f (2,u(x)), 8y, f(z,u(x)) € Qp(EX).

Then by Theorem 4.5 the linear RDE (6.2) has a unique solution v(z) € C2 ,(E).
It remains to prove dyu = v. Given z € R, Az € R\{0} and X € [0, 1], denote

Aup =z + Az) —wy(z), Vg = 3%,

et(A) = o(t, z + Az, up(2) + AAu(2)), Apr(A) := pr(A) — ¢1(0), for appropriate .
By the first line of (6.4), it follows from Theorem 4.3 that:

|Ali1|ri>0 |Au||w,a = 0. (6.5)
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Moreover, one can easily check that,

qut = /1[8$gt()\) + 8ygt()\) Vut d)\ dUJt + 1 8 ft + 8yft()\) Vut]d)\ : d(w)t;
0 0
dvi(z) = [0291(0) + 9yg:(0) ve(z)] - dwy + [0 f1(0) + 9y £ (0) ve()] = d{w)y.

By the second line of (6.4) and (6.5), it follows from Lemmas 3.6 (ii) and 3.7 (ii) that

hm|Aa}|—>0 |:H8wgt()\) - afpg(o)”w,a + ||8ygt()\) - (%g(())“wa} = O,
im0 [19:5:0) = 25 O)5-+ 19,5 — D, O)]5] = 0.

for any A € [0,1]. Furthermore, by Theorem (3.4) (i) we have

O [ax.QO()‘)] = 80.11:90()‘) + 8yx90()‘) 90()\), O [3y90()\)] — aung()\) + anyO()\) gO()\)

Recalling the continuity of 0,29, Ouyg in (iii) we see that, for any A € [0, 1],

‘Alir‘g 10[0:90(A)] = 0[0290(0)| + 10 [0y 90(N)] — 0 [y90(0)[| = 0.

Now by Corollary 4.7 we have limjaz|—o [|[Vu — 0(Z)|lw,o = 0. That is, Qyut(z) = ve(z). W

6.2 Pathwise characteristics

As standard in the literature, see e.g. Kunita [26] for Stochastic PDEs and [18] Chapter 12
for rough PDEs, the main tool for dealing with semilinear RPDEs/SPDEs is the charac-
teristics, which we shall introduce below by using RDEs against rough paths and backward
rough paths.

Let 0 :TxE — E%and g: T x E x E — E™d_Fix ty € T and denote

—to «—to

g (ta y) = O’(to - tvy)’ 9 (ta €, y) = g(to - t,x,y). (66)

Consider the following characteristic RDEs:
t —to,x 3 —to «—to,x —to
Gf—x—/a(s,ﬁg)-dws, 0, —:):—l—/ o (5,0 )-dwg; (6.7)
0 0

t —to,x,y t —to —to,r «—tg,x,y <—t0
nf’y—er/O 9(s,05, 1Y) - dws, 1, —y—/o 9 (s,05 ;15 )-dwg .(6.8)
By Lemma 2.11 and Theorem 4.2, the following result is obvious.

Lemma 6.2 (i) Assume o € Cf,f:;(E Ed) Then, for each x € E, the RDEs (6.7) have
St f,

unique solution 0* € C}J,a(E) and 5 Ye CHtO ([O,to],E) satisfying 0, = Of _;, t €

<—t0,:1)
[0,to]. In particular, the mapping x — 0, is one to one with inverse function x 0,
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(i) Assume further that, for each x € E and for the above solution 0%, the mapping
(t,y) — g(t,0%,y) is in Con(E, EY%Y). Then the RDEs (6.8) have unique solution ™Y €

—t0,2,y —t0,07 N/
ClLo(E) and n € Cl,, (E) satisfying n, ot Nw?s, t € [0,t0]. In particular, the
w b
= * «—to,r —to,xr,y
mapping (x,y) — (0F,m,.Y) is one to one with inverse functions (x,y) = (64, ,M; )-

Now define
obe e plta)y .
ot,z) =0, , Y(t,xz,y):=1, , C((t,z,y):=n , 9t @, y) = g(t,07,y). (6.9)

Lemma 6.3 Assume o and g are smooth enough in the sense of Theorem 6.1. Then ¢,
are twice differentiable in (z,y), and for any fized (z,y), o(-, ), ¥ (-, z,y) € C¥. Moreover,
they satisfy the following RDFEs:

t
o(t,r) = a:+/ Oppo(s,z) - dws
0

- /Ot E&fxso [0, 0] + Ozp [Oz0 a*ﬂ (s.2) : d(w)s;

t
Wt ay) = y— /0 10,45)(s, 2,9) - duws

t 1 N o
+/ baﬁyiﬁ [9,9] + 0y [0yg g ]} (s,2,y) : d{w)s.
0
—t,x —tz,y
Proof By Theorem 6.1, 6%, 9 , n™¥, 1 are sufficiently differentiable in (x,y). This
implies the desired differentiability of ¢, . We now check the RDEs.
First, given (s,t) € T? and denote § :=t — s. Note that

—t,x
—t,x 4—8,95 —t,x

‘P(tvx)zet =05 :90(3706 );

and that, applying Lemma 2.11,

[
—t,x —t —t,x —t
05 —-r = / o (Tver)’dwr
0

1 —t

= 5 (0,2) Bos 0, T 40, T (7)71(0,2) s s +O(*P)
= o(t,7) wst+ [-0u0 + 0o o™|(t,7) : [wswsy — wWs ] + O(5%+5)

= 0(5,7) wst+0u0(5,7) 1 Wy + 02007 (5,7) 1 [wswy; — wWs | + O(520+h)
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Then, applying Taylor expansion,

—t,x
@(tﬂ?) - 90(5733) = SO(Sv ‘96 ) - @(va)
<—t,1‘ <—t,1‘

= up(s. ) [0 ]+ G0hels,a) (85—, 05 —a]+ O(0)
= Oyp(s,x) [a(s, T) Wt + 0wo(5,7) t wey + 020 07 (8,2) ¢ [ws Wiy — Wy
+508,0(5,2) [o(s,) -] + O()
In particular, this implies

O, = Oz 0.

On the other hand, by applying Theorem 6.1 on (6.7) and view (6%,0,60%) as the solution

to a higher dimensional RDE, one can check similarly that

O [Oxtp] = Ox[(0zp 0)"].
Denote ¢ as the right side of the RDE for ¢. Then, taking values at (s, z),
[P(2)st = Oupo-wst + 0ulOupo] twyy
3020 (0,0 +0.0(000 0%]] : (w)as + O(*)
= Oppo-wsy+ [[ax[aw olo* + Oy 6wa] Wy
5029 [0,0] + 09 [0:00°]] : [woaslyy — s — ] + O*+7).
It is straightforward to check that [p(-, x)]ss = [P(-, 2)]st + O(522FF), impling ¢ = &.

Similarly, notice that

- <60F <07y =40y .
<—t,(9zL Y «—S,05 s «—S 95 ;s <—t,0f,y

Tﬂ(ta%y) =1, =M, =7, :¢(5,$,n5

Following similar arguments one can verify the RDE for .

6.3 Rough PDEs

Now consider RPDE:

up(z) = wuo(z)+ /[3 us(2) os(z) + gs(2, us(2))] - dws (6.10)
/ fs(x,us(x), Opus(z ),8§xus(a:)) s d(w)s.

Define

v(t,z) = (t, z,u(t, 07)) and equivalently u(t,z) = ((t,z,v(t, p(t, x))).
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Theorem 6.4 Assume the coefficients and u are smooth enough. Then u is a solution of

RPDE (6.10) if and only if v satisfies:

dvg(x) = f(t, 2, v(x), Opvy(x), 02, v¢(x)) : d{w)y, (6.11)

or equivalently, Dfvy(x) = J(t, 2, v4(x), Dyvr(), 02,01 ().

where
N . e o~~~ Lo «
f(t,%"y, 577) = ayw(ta w,y) [f(ta Ht » Y, za’Y) - 57 : [Ua J]<t?9t)
—[20.0 + 0eg + 0,9 7] g*] (t,0%,7); (6.12)
@\ = C(ta vay);

)
Il

O (807, y) + Dy (1. 07 y) 2 Duio(t,07);
OLE(1,07 ) + [Dey C(OF ) + Oyacr (1, 07)] [z, Oucp(t,07)
+05,C(t,0F,y) (020 Oup, D0 Dup)(t, 6F)

FO,C(L 07, ) |3 100, 020] (1,07) + 2 2,508, 0F)

=)
I

Proof Applying the It6-Ventzell formula (3.14) we have
du(t,07) = g(t, 07, u(t, 67))dw; + [ £, 0y, 02,0)
1
—[iaiu o, o] + 0pu0po 0" + 029(-,u) 0™ 4 Oyg Oru O'*]] (t,07) : d{w);
do(t. ) = dlv (b, u(t.67)] = Dyt u(t, 6) [ £ O 02)  (6.13)
1
_iaa%u : [Ua U] T [aﬁﬂuaﬂfg + 829 + ayg aflfu] U*:| (tv etwa u(tv etw)) : d<w>t
Now note that
u(t,z) = (@ z,v(t et 2)));
Opu = 0:C+ 3yC 0rv Opp;

8§mu = agxf + [0zy€ + Oyz0] (020, Orip] + 3§yC (020 Ozp, Ozp Orp]
+0,¢ ag%xv [0xp, Oup] + 0yC D0 a:%x‘ao
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Then
u(t, 07) = (07, 0(t,2));
Opu(t,07) = 9u((1,07,v(t, x)) + 0, C(L, 07, v(t, ) yu(t, ) Dup (L, 07);
Oreu(t,0F) = 05,E(t, 07, v(t,2)) + [DuyC(t, 07, v(t, @)

+0y20(t, 07)] [0zv(t, @), Op(t, 67))]
+05,C (8,07, v(t, @) [0up Ouip, Duip B (L, 67)
+0yC (L, 07 v(t, @) 02,0(t, 7) [Dap, Dup] (1, 0F)
+F0,C(1, 07 v(t, 7)) Opv(t, ) D3, (1, 6F).-

Plug this into (6.13), we obtain the result immediately. [ ]

6.4 Pathwise solution of Stochastic PDEs

We now study Stochastic PDE:

u(w, ) = wp(x) +/0 [0s(w, 2)Opus(w, ) + gs(w, z, us(w, x))] - dBs (6.14)

t
+/ fs(w, z, ug(w, ), Opus(w, x), 0% us(w, z))ds, Py-a.s.
0

Clearly, this corresponds to RPDE:
t
u(w,x) = wo(x) +/ [0s(w, 2)Opus(w, ) + gs(w, 2, us(w, x))] - d(w, F(w))s (6.15)
0

t

+/ Fy(w, 2, us(w, ), Opus(w, ), 02 us(w, ) @ d{w)s, VYw € Q,
0

La

e

Define 6,7, ¥(t,w, z,y), ﬁ(t,w,x, Y, z,7) in obvious sense and

where F(t,w,z,y,2,7) := f(t,w,x,y, 2,7) (6.16)

v(t,w,z) =Yt w,x, ult,w, 077)), f(t,w,x, Y, 2,7Y) 1= Trace[l?(t,w, x,y,z,7)]. (6.17)
Then we have, recalling 0¥v defined in Remark 5.4,

do(t,w, ) = O°v(t,w, z)dt = fi(w, z,v(w, ), Opvy(w, x), B2, ve (w, T))dt.

(i 4

Clearly, this implies that 0y’ v¢(x) = Opv(t,w, ), the standard time derivative for fixed (w, x).

We now conclude the paper with the following result:

Theorem 6.5 Assume the coefficients and u are smooth enough. Then, for each w € §,
u(w,-) is a solution of (6.15) if and only if v(w,-) is a solution of the following PDE:

O (w, ) = ﬁ(w,x,vt(w,x),ﬁxvt(w,x) 0% v (w, ). (6.18)

)Y xx
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