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Abstract

In a proximity region graph G in RY, two distinct points x, y of a point process i are connected when the
‘forbidden region’ S(x, y) these points determine has empty intersection with . The Gabriel graph, where
S(x, y) is the open disk with diameter the line segment connecting x and y, is one canonical example.
When p is a Poisson or binomial process, under broad conditions on the regions S(x, y), bounds on the
Kolmogorov and Wasserstein distances to the normal are produced for functionals of G, including the total
number of edges and the total length. Variance lower bounds, not requiring strong stabilization, are also
proven to hold for a class of such functionals.
© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

The family of graphs that we study here, all with vertex sets given by a locally finite point
process u in R?, is motivated by two canonical examples considered in [1], the Gabriel graph
and the relative neighborhood graph. Two distinct points x and y of u are connected by an edge
in the Gabriel graph if and only if there does not exist any point z of the process p lying in the
open disk whose diameter is the line segment connecting x and y. The relative neighborhood
graph has an edge between x and y if and only if there does not exist a point z of u such that

max([lx —zll, lz = yl) < [lx = »ll.
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that is, if and only if there is no point z of u that is closer to either x or y than these points are to
each other.

These two examples are special cases of ‘proximity graphs’ as defined in [3], where distinct
points x and y of p are connected if and only if a region S(x, y) determined by x and y contains
no points of u, thatis, when © N S(x, y) = @. As S(x, y) must be free of points of u in order for
x and y to be joined, we call S(x, y) the ‘forbidden region’ determined by x and y. In particular,
with B(x, r) and B°(x, r) denoting the closed and open ball of radius » centered at x, respectively,
the forbidden regions of the Gabriel graph are given by

S(x, y) = B((x +y)/2, |y — xl/2), ey
and those of the relative neighborhood graph by
SCx,y) = B°(x, ly = x[D N B°(y, lx — ylD. 2

It is easy to check that the forbidden regions S(x, y) of the Gabriel graph are contained in those
of the relative neighbor graph, and hence edges of latter are also edges of former.

We refer to the graphs formed in this manner also as ‘forbidden region graphs’. Indeed, when
coining the label ‘proximity graphs’ in [3], one reads that ‘this term could be misleading in some
cases’. Indeed, forbidden region graphs may depend on ‘non-proximate’ information, such as the
graph considered in Example 5 of [3], whose forbidden region S(x, y) is the infinite strip bounded
by the two parallel hyperplanes containing x and y, each perpendicular to y — x. Allowing
forbidden regions to depend on larger sets of points and to be determined by more complex rules
yield well studied graphs with additional structure, including the Minimum Spanning Tree and
the Delaunay triangulation, see [1].

For a forbidden region graph G and a Poisson or binomial point process p in some bounded
measurable ‘viewing window’ denoted X in the sequel, ensuring that the graph and functional
L(u) in (3) are finite, we study the distribution of

Lw= Y WunSxy) =0h,y), 3)

{x.y}Sp.x#y
for some ¥ : R?Y x R — R satisfying ¥(x, y) = ¥(y, x). For instance, taking ¥(x, y) =
lx — y||* for some e > 0, for @ = 0 and @ = 1 the value of L(u) is the number of edges and the
total length of G, respectively.
Recall that the Kolmogorov distance between random variables U and V is defined as

dg(U,V)y=sup|P(U <t)—P(V < 1),
teR

and the Wasserstein distance as
dw(U. V) = sup [E[h(U) = h(V)]I,
heLip,

where Lip, stands for the class of 1-Lipschitz functions R — R. Theorem 2, our main result,
is a bound on the normal approximation of L in d(-, -), denoting either the Wasserstein or
Kolmogorov metric, that holds under broad conditions on the forbidden regions and underlying
point process. Its immediate corollary, in conjunction with the variance lower bound of
Theorem 4, provides the following result for the two motivating examples just introduced.

Corollary 1. Let X = B(0, 1), and suppose that 1, is either a Poisson process with intensity t
on X, or a binomial process of t independent and uniformly distributed points on X, and let
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F, .= L(n,) fort > 1, where L(-) is given in (3) with ¥ (x, y) = ||x — y||* for some o > 0. Then
for the Gabriel graph and the relative neighborhood graph, there exists a constant C > 0 such
that

d(F,, N) < Ct™ % forallt > 1,
where F, = (F, — EF,)/\/WF,, and N is a standard Gaussian.

Proximity graphs arise frequently in stochastic geometry, especially for their use in communi-
cation networks, see [1,3,10,11] and references therein. For most models, first and second order
limit theorems were already known from the theory of stabilizing functionals (see [10,11]), but
obtaining optimal speed of convergence and confidence intervals remained open. With Poisson
input, the general results available only give a non-optimal rate of convergence, while the speed
obtained here is typically optimal for stationary stabilizing functions. For integer-valued func-
tionals like the number of edges, the methods of [4] imply the rate here is optimal whenever the
rates of upper and lower variance bounds agree. Only recently was an optimal rate of convergence
established for any geometric functional with non-deterministic range of interaction, when [8]
did so for statistics of the nearest neighbor graph and of the Poisson—Voronoi tessellation.
Furthermore, those results are only valid with Poisson input, whereas ours also hold for binomial
input. In general, with binomial input there are few preexisting results on geometric functionals
as considered here. Though one can most likely derive asymptotic normality from [10], no
speed of convergence was available at all for the models considered in this paper. See [6] for
an optimal speed for the Boolean model, where the interaction range is bounded. Chatterjee also
gives a slower power law decay for some nearest-neighbor statistics in [2]. Our paper is the first
example of an optimal speed of convergence for geometric functionals with possibly complex
dependency structure between points, and no prior bound on the speed of convergence, when the
input consists of n i.i.d. points uniformly distributed in a square of volume 7.

In our consideration of more general graphs, we will assume that the collection of forbidden
regions {S(x, y) : {x,y} € R? x # y} consists of nonempty measurable subsets of R? that are
symmetric in that

S(x,y) = S(y,x) forall {x,y} CRY x #y. )

Nonsymmetric sets S(x, y) would be natural for the construction of directed forbidden region
graphs, and though we do not consider them here our methods would apply. With S denoting the
closure of a set S € R?, we assume also that

{x, ¥} € SCx, y)\ S(x, y), (%)
and that the normalized diameter D of the collection of forbidden regions is finite, that is,

D <oo where D =sup {H s, 1} C S(x, y), {x,y} CRY x £ y} . (6)
Assumption A below requires that as x and y become farther apart, the forbidden re-
gions S(x, y) contain increasingly large balls. This is to avoid pathological cases such as
when the forbidden regions have empty interior and negligible boundary, in which case
the graph determined by a Poisson or binomial input process with an absolutely contin-
uous intensity measure is the complete graph almost surely. In Assumptions A and B
and Theorem 2, X will denote a window specified by a given bounded measurable subset of R?.
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Assumption A (Scaled Ball Condition). For some § > 0 and window X, it holds for all
{x, y} € Xthat S(x, y) N X contains a ball of radius §||x — y||.

With some slight abuse of notation, |-| will be used to denote both the Lebesgue measure of
a measurable subset of R¢ and also cardinality of a finite set; use will be clear from context.
Our results below provide bounds on the normal approximation of L in (3) when the underlying
graph is generated by a point process 7;, ¢ > 0 that satisfies the following conditions.

Assumption B. Let A be a probability measure on X satisfying
¢i|B| < AM(B) < b;|B| for all measurable B C X

for some 0 < ¢, < b,. The point process 7, is either a Poisson process &, on X with
intensity A, = fA, t > 0, or a binomial process %; consisting of a set of i.i.d. variables X1, ..., X,
with common distribution A, for t € N.

Lastly, we require the following variance lower bound.

Assumption C. For a > 0, there exists v, > 0 such that
Var L(1,) > vat' 724 forallt > 1.

Assumption C is a serious one, and we separately address the question of when it is satisfied
in Section 4, see Theorem 4.

We inform the reader that the C that appears in our bounds denotes a positive constant that
may not be the same at each occurrence.

Theorem 2. For a given window X, let {S(x, y) : x,y € X, x # y} be a collection of forbidden
regions satisfying (4)— (6), and let Assumption A hold. Let n; be a point process on X satisfying
Assumption B, and let

Fi = L), fort>1,

where L(-) is given in (3), where for some C > 0 and a > 0 we have | (x, y)| < Cllx — y||* for
all {x, y} € R

If Assumption C holds, then with d(-,-) denoting either the Wasserstein or Kolmogorov
distance, there exists a constant C not depending on t such that

d(F,, N) < Ct™ ' forallt > 1,
where I:"; = (F, —EF,))//Var F,, and N is a standard Gaussian.

Theorem 2 is based on the methods of [8], in particular on second order Poincaré inequalities,
and also the key notion of stabilization. To define stabilization, let f(u) be a function of a point
process u in R?. For x € RY consider the difference (or derivative) at x given by

D f(w) = fuU{xh) = f(n), N

which is the amount that f changes upon the insertion of the point x into w. Higher order
differences are defined iteratively, for instance Diy f(n) = Di(Dy f(1)), so

D f(0) = fGeUix, y) = frU D) — f(rU )+ f(w. ®
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There are a number of related notions of a stabilization radius for a functional f. The one we
will use is a radius R(x; w) such that

DI f(w)=0  ifly—x|> R(x:p). )

We say in this case that R(x; w) is a stabilization radius for f around x.

When dealing with a function of a Poisson process &7, with growing intensity A;, one key
condition from [8] required to obtain bounds to the normal for a properly standardized functional
f is that over the observation window X,

sup [ B2, £(7) £ 0 (an) < . (10)
xeX,r>1

for a some small number, depending on low moments of the derivatives of f. If there exists
a stabilization radius for f that is small with sufficiently high probability, then (10) holds. In
Section 2, we construct such a radius and prove that it exhibits exponential decay under very
weak conditions on the forbidden regions.

We now address Assumption C in Theorem 2, the lower bound on Var L(#,). Penrose and
Yukich give a general lower bound for the variance of Poisson and binomial statistics in [10].
Their result requires a statistic to be strongly stabilized. (This notion of stabilization is also
referred to as stabilization for add-one cost or as external stabilization—see [11] for a general
survey.) We cannot apply this result because our statistic L is not strongly stabilized unless
we impose additional constraints on the forbidden regions, such as requiring them to be convex.
Another possible approach would be to use the results of [8, Section 5]. These are applicable to L,
but only for the easier case of Poisson input. We are thus forced to give a new argument to prove
that Assumption C holds in some generality. We state Assumption D, an additional technical
condition required, followed by Theorem 4, providing sufficient conditions for Assumption C.
For a simple statement we restrict ourselves to the regular isotropic case as specified by
Definition 3, but a more general result can be formulated on conditions that make the expectation
(53) zero. Let d B denote the boundary of a set B C R4,

Assumption D. For all {w, z} € B(0, 1) there exists y € dS(w, z) such that z & 9S(w, y) and
w & 35(z, y). We furthermore assume that the choice (w, z) — y € dS(w, z) can be made in a
measurable way.

To state the variance lower bound, we work in a setup where the forbidden region S(x, y) is
given by a template shifted and scaled according to x and y.

Definition 3 (Regular Isotropic Family). Let S € R be a bounded, measurable set symmetric
around an axis given by a unit vector ug € R; that is, any rotation leaving u, invariant also leaves
S invariant. Assume that rotations taking uo to —ug leave S fixed and that {ug, —uo} € 2(S \ ).
Also assume that S contains an open ball and has negligible boundary.

Given x, y € R? with x # y, let Pxy be the rotation transforming ug into (x — y)/|lx — y|| and
leaving invariant the orthogonal complement of the space spanned by {ug, x — y}. Then, define

S, y) =+ )2+ [lx — ylloxy(S).
We call the resulting collection of forbidden regions a regular (S, ug) isotropic family.

Because S is symmetric around ug, we could have taken p,, to be any rotation transforming
ug into (x — y)/|lx — y| without affecting the final definition of S(x, y). Indeed, if p and p’
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are any two rotations transforming u into (x — y)/[lx — y/||, then the rotation p~!p’ leaves u
invariant and hence also leaves S invariant. Thus p’(S) = pp~'(0'(S)) = p(S). We also mention
that in R?, the vector u is irrelevant and S need not have any rotational invariance, since the
only rotation leaving ug invariant is the identity, which necessarily leaves S invariant as well.

One should think of S(x, y) in a regular (S, up) isotropic family as being generated by
translating S to the midpoint of x and y, then rotating S according to the orientation of x and
v, and then scaling S according to the distance between x and y. Our assumptions that rotations
taking ug to —ug leave S fixed and that {ug, —uo} € 2(S \ S) ensure that the family satisfies
properties (4) and (5). Later in this introduction, we will show that the forbidden regions of
our two canonical examples, the Gabriel graph and the relative neighborhood graph, are regular
isotropic families.

Theorem 4. Suppose the forbidden regions {S(x,y) : {x,y} € R, x # y} form a regular
(S, ugp) isotropic family and satisfy Assumption D. Assume further that the scaled ball condition,
Assumption A, is satisfied with the role of X played by t'/¢X N B(x, r) for a fixed § > 0 for
any t and r, that X is star shaped with star center at the origin, and that it contains an open set
around the origin. For the function V in the definition (3) of L, assume

o V(ax,ay) = a*y(x,y) foralla > 0and {x, y} C R?
o Y(x,y)#Oforallx #y

e Y(x, y) is continuous on RY x R4,

Then there is a constant v, > 0 such that Assumption C holds when n;, is either a homogeneous
Poisson process on X with intensity t or a binomial point process of t independent and uniformly
distributed points on X.

We end this section by introducing some additional terminology about forbidden regions
and regular isotropic families. As already stated, the graph with vertex set a locally finite point
configuration p in R? is the S(x, y) forbidden region graph on y when an edge exists between
points x and y of w if and only if x # y and S(x, y) N u = @. That is, we connect points x and
y of w if and only if they are distinct, and there are no points of p lying in the forbidden region
S(x, y) that these two points generate. Hence, for x € u, the set of edges Gg(x; 1) incident to x
in 1, and the edge set Gg(u) of the forbidden region graph are given, respectively, by

GsOo )y ={{x,y}: {x,y} S, x #y,Sx,y)Nu =90} and
Gs(w) = () Gs(x; w). (11

XEU
We may drop the subscript when the dependence on § is clear from context.
We call a collection S(x, y) of forbidden regions translation invariant when
Sx +z,y+2)=Sx,y)+z forall{x,y, z} SR x #y,
and we observe that a regular isotropic family is always translation invariant. The normalized
diameter (6) for a regular (S, u) isotropic family is given by
D = sup{lly — x| : {x, y} < S}.

Our two canonical examples, the Gabriel graph and the relative neighborhood graph, are both
regular isotropic families. With uy = (1,0, ..., 0), the Gabriel graph is obtained by setting
S = B?(0, 1/2), and the relative neighborhood graph by § = B°(uy/2, 1) N B°(—up/2, 1). For
the Gabriel graph, we then have

S(x, y) = (x +)/2 4 llx = yllpxy (B°(0, 1/2)) = (x + y)/2 + Ilx — y[1 B0, 1/2),
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which agrees with (1). Rotating the template S given above for the relative neighborhood graph,
we have

Pey($) = B ((x — y)/2llx = yIIl, 1) N B*((y = x)/2lly — x|, 1),
which yields

S, y) = +3)/2+ [lx = yllox,(S)
=(@x+y)/2+ B°((x = »)/2, llx = yID N B*((y —x)/2, lly — xI)
= B°(x, ly =xID N B°(y, lx =y,
agreeing with (2).

2. Radius of stabilization

We begin this section by constructing a set in (12) that will serve as a stabilizing region about
a point x € R?, or more generally around a subset U € R?. Our radius Rg(U; u; X) is then
constructed in (14) in terms of this set. We prove in Lemma 5 that Rg(U; w; X) is monotone in u,
and in Lemma 7 that it is a stabilization radius for L around x as defined in (9). In Proposition 9,
we show that the stabilization radius has exponentially decaying tails with standard Poisson or
binomial input under Assumption A, the scaled ball condition, on the forbidden regions. We
remind the reader that X C R is a bounded measurable window.

For U C R?, let

Rs(U; w; X)
- U{S(w, 2): {w, z} € X such that S(w, z) Ny = ¥ and U N S(w, 2) # @}. (12)
Intuitively, this set consists of all forbidden regions affected by the addition of a point

somewhere in U. The most important case for us is U = {x}, which we write as Rs(x; u; X).
First, we show Rg(U; u; X) satisfies a monotonicity property in j.

Lemmas. If u C v, then
Rs(U; v; X) € Rs(Us; p; X),
with equality if v \ p lies outside of Rs(U; u; X).

Proof. Suppose that S(w, z) satisfies S(w, z) Nv = W and U N S(w, z) # . Then this forbidden
region also satisfies S(w, z) N u = @, showing that Rs(U; v; X) € Rs(U; u; X).

Now, assume that v \ u lies outside of Rs(U; w; X). Suppose that S(w, z) satisfies S(w, z) N
u =@and U N S(w,z) # @. Then S(w,z) € Rs(U; u; X), and hence © = v on S(w, z).
This implies that S(w,z) N v = @, which means that S(w,z) € Rs(U; v; X). Therefore
Rs(U; u; X) € Rs(U; v; X), proving the two sets equal. [

Now we consider the relation between Rg(U; u; X) and the graphs G(u) and G(u U {x}). Let
Ef(n) denote the edges found in G(u U {x}) but not in G(u), and let E () denote the edges
found in G(w) but not in G(u U {x}), that is

Ef(W=G(uU{xP\ G and E () =G(w)\ G(u U {x}). (13)

Lemma 6. Suppose that (. and v are supported on some bounded measurable windows X, and
Xy, respectively, and that U C X; N Xy, If Rs(U; u; X1) = Rs(U; v; Xp) and o and v agree
on the closure of this set, then Exi(u) = Ef(v)for any x € U.
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Proof. Suppose that x € U and {x, y} € Ef(w). Then, by {x, y} € X, S(x, y)Np = @ and (5),
we have S(x, y) C Rs(U; u; Xy) = Rs(U; v; X;). Again by (5) the closure of this set contains
y, and p and v agree on it. Thus y € v and S(x, y) N v = ¢, implying that {x, y} € E}(v).
Therefore Ef(n) € Ef(v). By symmetry, the opposite inclusion holds as well.

Now suppose that x € U and {w, z} € E_ (). As {w, z} € G(u) we have {w, z} € X, and
S(w,z)Nu =0, and as {w, z} € G(u U {x}) we must have x € S(w, z), so that U N S(w, z) 2
{x} # 0. Hence S(w, z) € Rs(U; u; X1), and so is also a subset of Rg(U; v; X;). As v agrees
with u on the closure of this set we have {w, z} € X, and S(w, z) Nv =@, so {w, z} € G(v). As
{w, z} € G(u U {x}) we have x € S(w, z), and therefore S(w, z) N (v U {x}) = {x}. Hence
{w,z} & G(v U {x}), showing E_ () S E_(v). By symmetry, the opposite inclusion also
holds. [J

Next, for U € X and u supported on X, define

Rs(U; u; X) = sup{lly — x|l : y € Rs(U; 13 X), x € U}, (14)

writing this quantity as Rg(x; u; X) if U = {x}. The next lemma shows that Rg(x; u; X) is a
stabilization radius.

Lemma 7. The radius Rs(U; w; X) given in (14) is stabilizing in the sense of (9) for L(), the
statistic defined in (3). That is,

quyL(u) =0 forall{x,y} C Xwithx € U and ||y — x|| > Rs(U; w; X)..
Furthermore, for x € U and {x1, ..., x,} C X satisfying |x; — x|| > Rs(U; u; X),

D L(p) = D L(p U {xq, ..., x,}). (15)

Proof. Assume that x € U and ||y — x| > Rs(U; n; X). We need to show that D, L(u U {y}) =
D, L(1). To do so, we will show that EX(u U {y}) = EX(w). Since ||y — x|| > Rs(U; u; X),
the point y lies outside of Rs(U; w; X). By Lemma 5, Rs(U; n U {y}; X) = Rs(U; u; X). On
the closure of this set, u and p U {y} agree, and so applying Lemma 6 with v = p U {y} and
X; = X, = Xyields the first conclusion.

Now, we will repeatedly apply this first conclusion to establish (15). Applying it once shows
that since ||x; — x| > Rs(U; u; X),

D L(p) = DeL(p U {x1}).

By Lemma 5, we have Rg(U; u U {x1}; X) < Rg(U; p; X). Thus applying the first claim again
yields

D L(n U {x1}) = Dy L(p U {x1, x2}).
Repeating this argument proves (15). [

To prove that our stabilization radius has exponential tails under Poisson or binomial input,
the rough idea is that if the stabilization radius is large, then there must be a large ball empty of
points of x.

Lemma 8. Assume that X and the collection of forbidden regions S(x, y) satisfy the scaled ball
condition (Assumption A) with § > 0, and let u be supported on X. If for some u € X,r > 0
and 0 < ry < rywe have B(u,r) C Xand 0 < r; < Rs(B(u,r); u; X) < ra, then with D the
normalized diameter in (6), there exists a ball of radius (r; — 2r)§/D lying within B(u, r;) N X
that contains no points of .
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Proof. Since Rg(B(u,r); u; X) > ry, there exist {w, z} € X such that

e S(w, z) contains no points of u;
e S(w, z) contains some point of B(u, r);
e and there exists y € S(w, z) and x € B(u, r) with ||y — x| > ry.

The diameter of S(w, z) is then greater than r; —2r by the triangle inequality, and by the definition
of the normalized diameter D, we have ||z — w|| > (r; — 2r)/D. By the scaled ball condition,
S(w, z) N X contains a ball of radius §(r; — 2r)/D. Since Rs(B(u, r); u; X) < r,, the set S(w, z)
is contained within B(u, r,) (in fact, it is contained in B(u, r, —r), but we will not need this fact),
and so the ball is also contained within B(u, r;) N X. By virtue of being a subset of S(w, z), the
ball contains no points of p. U

Using Lemma 8 we now show our stabilization radius has exponential tails.

Proposition 9. If the scaled ball condition (Assumption A) holds for § > 0, and n, satisfies
Assumption B with ¢, > 0, then for any x € X, 0 <€ < 1/2 and r such that B(x,er) C X,

P(Rs(B(x, €r); :; X) > r) < C(1 — 2¢) L exp(—c,ktr?) forallr >0 (16)
with k = (1 — 2€)8/D~/d)?, and C a constant that depends only on d, D, and 8. In particular,

P(Rs(x;n; X) >r) < Cexp(—cAKtrd) forallr > 0. (17)

Proof. Let m; be the volume of the d-dimensional ball of radius 1. First, we show that for any
s>0and0 <€ < 1/2,

2DVd
(1 —2€)$
To prove this claim, suppose that s < Rg(B(x, €5); i; X) < 2s and apply Lemma 8 to conclude
that there exists a ball of radius (1 — 2¢)8s/D within B(x, 2s) N X containing no points of w.

Now, consider the lattice ((1 — 2¢)8sd~'/? /D)Zd. By a volume argument, B(x, 2s) N X contains
at most

d
Pls < Rg(B(x, €s); u; X) < 2s] < ( ) g exp(—cikts?). (18)

|B(0, 25)| 2DVd !
(1 —2€)8sd=1/2)D)yd — ((1 — 26)8) T
lattice cells. Any ball of radius (1 — 2¢)ds/D contains a cell of this lattice.
In all, we have shown that if s < Rg(B(x, €s); u; X) < 2s, then at least one of the at most
(ZD\/c_z’/(l — 2¢)8)4m, lattice cells within B(x, 2s) N X contains no point of 1. With binomial
input, applying Assumption B, the probability of a single cell being empty is bounded by

d At d
|:1 —cx<%) sd] fexp[—cx(%> tsd]. (19)

With Poisson input, each lattice cell contains no point of p with probability at most the right
hand side of (19). A union bound now proves (18).

Now consider r > 0, arbitrary. If exp(—c,«7r?) > 1/2, then (16) is trivially satisfied with
C = 2. Otherwise, applying a union bound using (18) with s = r, 2r, 4r, ... gives

d o0
P[Rs(B(x, er); u: X) > r] < ((127)\2/—)6) Ty Zexp(—ckfct(zir)d).
i—0
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Using exp(—cx/ctrd) < 1/2, inequality (17) may now be established by bounding the sum in the
above inequality by a geometric series summing to 2 exp(—c,«tr?). O

3. Functionals of forbidden regions graphs satisfy a Berry—Esseen bound

In this section we let &, be a Poisson process with intensity A, = tA,t > 1 for some fixed
probability measure A on X, and we prove the Poisson input case of Theorem 2. For a functional
F; on &2, with finite, non-zero variance, recall that

F, = (F, — EF,)//Var(F,).

Proposition 10 (Proposition 1.4, Last, Peccati and Schulte [8]). Let Eth < oo, t > 1, and
assume there are finite positive constants py, p» > 0 and ¢ such that

E|D F,|*P <¢ A-aexeX,t>1 (20)
and

EID2 FI" < 2ae (x,y)eX iz 1. Q1)

Moreover, assume that for some v > 0

w >v forallt > 1, (22)
and that

mi= sup f P(D}  F, # 0)2/10H42)) (dy) < oo. (23)

XEN 1>

Then there exists a finite constant C, depending only on c, pi, p2, v, m and MX) such that
with d(-, -) denoting either the Wasserstein or Kolmogorov distance and N a standard Gaussian
random variable,

d(F,, Ny < Ct™'? forallt > 1.

We first prove Lemma 11, a bound on the derivative of the functional L in (3), which is used
when considering both Poisson and binomial input processes. In preparation, for any finite point
configuration ¢ € X and x € X\ u, we let

A(x: )
=frep:Iwepn w#z Sw )N Uix) =} Jlzen: S&.nu=0)
Recalling (12), we see
Al € | J{Sw. 2 {w. 2} S X, Sw.2) N =1, x € S(w, 2)}
C Rs(x; w; X). (24)
Let |A(z; n)| denote the cardinality of A(z; ).
Lemma 11. Let (1 be a locally finite subset of RY and x € X, and let F = L(u) where L(-) is

given in (3) with |[¥(x, y)| < Cllx — y||* for some a > 0, C > 0. Then there is a constant C,,
depending only on o and C, such that

IDFI < Ca D llz—x]"max(JAGz; wl, 1. (25)

Z€A(x; 1)
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Proof. For x €  we have D, F = 0. Otherwise take x € X\ u and, noting that the insertion of
x into u can only break existing edges and form new edges incident to x, we have

D.F =— > vEw+ Y Y.
{z,w}c zep, S(z,x)Npu=9
z#w,S(z,w;lﬁ(uﬁ{X)):{x} S S0

For the first term we note
[¥(z, w)| < Cllz — w[* < Cmax(1,2* ") (z — x[|* + llw — x[|*)

so that

IA

| Dy F|

Ca > lz—xI*+ > lz—xI

{z.w}Cu zen, S(z,x)Nu=>n
z#w, S(z,w)N(uU{xh={x}

Co Y llz—x|“max(|A(z; w. 1),

Z€A(x; 1)

IA

where, for the two sums, we see that if {z, w} or z, respectively, satisfy the conditions of
summation then z € A(x; u), while for the first sum S(w,z) N u = @, which implies
we A(z; ). O

The proof of the following lemma is provided immediately after the proof of Theorem 2; we
will make use of the fact that

5 d 1 B+1
; rPexp(—yr®)dr = dy(ﬂ”rl)/dp 7 for > —1,y >0andd > 0. (26)

In the following, let % = ¢ for t < 0.

Lemma 12. For t > 1 let &, and %, be as in Assumption B, and let A € RY. Then

sup E|D, ¥ L(2, U A)|6 < oo and
1>1,xeX, ACX,0<|AI<2
sup E| Dyt L(%— 41— U A < 0. 27)

t>1,0<k<3,xeX, ACX,0<|A[L2

Proof (Proof of Theorem 2, Poisson Input). We apply Proposition 10 to F, = %/ L(22,), with
L as given in (3) where &, is a Poisson process satisfying the conditions of Assumption B.
First, the condition EF? < oo is seen to be satisfied in light of the inequality |F,| <
14/ (supy, yexlly — x 1)“12 |, where |v| denotes the number of points of the process v.

As Assumption C holds by hypothesis, we have

Var(t* L(2,)) > vut,

verifying (22).
Next, choosing p; and p, both equal to 1, inequalities (20), (21) and (23) become,
respectively,

E|D.F,]> <c¢, xrae,xeX,t>1, (28)
EID F’ <c, 3*ae,(x,y)eXxX121, (29)
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and

sup t / P(D; ,F; # 0)"/*°A(dy) < oo. (30)
X

xeX,t>1

We next note that by (24),

y € A(x; u) implies  Rg(x; u; X) > [y — x| 3D

Applying Lemma 12 with A = ¥ shows that (28) is satisfied, and letting A = {y} we see that
(29) also holds, as (8) yields

5
E|D? F’ <16 (EID,F,(Z, U (yDI’ + EID F(Z)F).

We now show condition (30) is satisfied. Letting x € X be arbitrary, invoking Assumption B
and Lemma 7, followed by Proposition 9 and (26), we obtain

b 't /X P(D;  F; # 0)'/*0dy) < 1 /X P(D;  F, # 0)'/*dy
<1 f B(Rs(x; 2 %) > Iy — x|)'/Xdy < Ci f exp (—catlly — x[1/20) dy
X X

= c:/ exp (—cixtllyll/20) dy < Ct/ exp (—cixtllyll/20) dy
X—x R4

ZOCO'd

[o¢]
= Ctod/ exp (—ciktr?/20) r~'dr = .
0 dck
Hence, the supremum over x € X and ¢ > 1 in (30) is finite, and the proof of the Poisson input

case of Theorem 2 is complete. [

Proof of Lemma 12. Let 5 denote &% U A and % _, 4)—x U A in the Poisson and binomial cases,
respectively. With F, = t*/?L(»), for fixed x € X we have by Lemma 11

|D,F,| < 1 Z Iy —xI“1(y € AGx; ;)1 + [ACy; mD). (32)
yen

We develop a general bound to handle the moments of (32). Given a positive integer m €
{1,...,6}, wesay aset P = {my,...,mp} € {1,...,m} is a partition of m with p elements
when Y7 m; = m. Let P, denote the class of all partitions. Let ¢(z; 7),z € X be some
non-negative kernel and for a subset © < R4, let ui denote the collection of all vectors
(z1,...,zp) withz .= {z1,...,z,} € pnand |z| = p. We remark that given {z1,...,2,} C u,
with p = [{z1,..., zwm}| there is a unique partition P € P,, with p elements, and at most
yp < p! vectors z € /Li such that {zy, ..., z,} consists in the elements of z appearing with
multiplicities given by the elements of P ordered in decreasing order. Reciprocally, any such
pair (P, z) corresponds to exactly one set {7y, ..., Z}-

By writing the sum (32) over y € & in the Poisson case, or over y € %_,4j— for the
binomial, plus a sum over y € A, and using inequalities of the form (a + b)" < 2"~ !(a™ + b™),
to obtain a bound on E|D, F;|" it suffices to obtain mth moment bounds on each component
summand; see, for instance, (34).

First consider the Poisson case. The multivariate Mecke formula as in (2.10) of [9], along with
the upper bound of Assumption B on the intensity of &7,, yields

m

El Y o@n]| <mE Y ;- @@ n)

€% {z1,00s Zm)C P
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p
=ml Y yE > [Tt nym

{my,.comp}€Pim 2=(21 ..., z,,)e@tp#izl

P
<6! Z pl(bt)? /XP E |:1_[ o(zis P, UAU z)’”i:| dzy...dz,
i=1

{my,...mp)ePm

p
<c > ﬂ’/w]_[[mp(zi;@,UAUZ)M]mf/’”dzl...dzp. (33)
i=1

{my,..mp}ePm

In the binomial case, a similar computation yields
m

E Y e@mm| =mE > @13 n) - (Zms 0)

2€U ) Ak (213 Zm S - A =k

P
=m! Z vpE Z l_[ o(zi; )™

{my,...mp}ePp z=(z1,..., ZF)G%iIA\—k,;’:izl

t— Al —k P ,
<6! > p!z( Al )/ E [[eGi: % jaj—k—p U AUD™ |dzy...dzp
{m1,...mp}ePny p X i=1

14
<C Z tp/ l_[ []E(p(zl‘;%_lA‘_k_pUAUZ)m]mi/deI ...de,
Xr
{mi,..., mp}epm i=1
as in (33) for the Poisson case.
Returning to the Poisson case, by writing |A(y; )| as a sum over &?; added to another over A, we first
control the moments of

m
E(1+ Ay )" =E| 1+ Z l{zeA(y;n)} < 3m—1 (1+Ty+7T,), where
z€n
m m
T =E( D lgeapon | and T2=| 3 leaguny | =AM
z€P, zeA

(34)

We handle T; by specializing (33) to the case where ¢(z; n) = 1(z € A(y; n)), suppressing y for notational
ease in the functional. By (24), (14) and Lemma 5, for any collection of points z = {z1, ..., Zp} we have

z€A(y;nUz) = z€ Rg(y;nUz X) = Rg(y; ZUAUZ X) > ||y — 2|
= Rs(y; Z1:X) > |ly —z||.
Proposition 9 now yields that for all A C RY,
P(z € A(y; nU2) < Cexp(—ciktlly — 2. 35)
Now, by (35) we obtain

p
T, <C > P /Xp [ ]exp(=caetlly -z 19)dzy ... dz)p
i=1

p
< P - —zil%dzy ...
<c Y f(Rd)pl_[eXP( axxtlly = zi|Ddzy ... dzp

{m1,...mp}ePpy i=1

Please cite this article in press as: L. Goldstein, et al., Bounds to the normal for proximity region graphs, Stochastic Processes and their Applications
(2017), http://dx.doi.org/10.1016/j.spa.2017.07.002.




14 L. Goldstein et al. / Stochastic Processes and their Applications 1 (1111) III-EER

P
=C zi’f exp(—cait|zil|Ddzy ... d
> iy [ Jexp(—caxtlizill)dzy . .. dzp

{mlvuwmp}epm i=l

p
=c Y <z /Rd exp(—ckxt||z||d)dz)

<C, (36)

where in the final inequality we apply (26), and C depends on m, «, c;. As A is finite the term T in (34) is
finite, yielding for all positive integers m a constant C such that

E(1 + [A(y; mD™ = C. (37

Inequalities (35), and then (36) followed by (37), are obtained in the identical manner for the binomial case.

To consider the right hand side of (32), suppressing x for notational ease, let p(y;n) = |y —
)cll"‘l{yE AGemy + [A(y; m)). The Cauchy-Schwarz inequality, the bound (35) with z any collection of
points, and (37) with n replaced by n U z, yield for any y € X

Elp(yinUnI® < lly - x1% VB € AGx n Uz)yE( + [AGy; 1 Uz))12

< Clly = x| exp(—cpretlly — x1|/2). (38)

Now decompose the right hand side of (32) into two summands as in (34); we only consider the Poisson
case, the binomial case being identical after replacing &?; with %,,M‘,k. For the sum over &, using (33)
and (38), we obtain

6
Ef Y o
yeP,
P
m; /6
RPN d 71_[ (”y" — x| exp(—cykty; —x||d/2>) dyy ...dyp
{mi,...mp}ePs ®RHP ;]
p

< co/d > tP

{mi1,....mp}ePs

P
=cfd 3 ] /R Iy exp(=mcyt]ly|[4/12)dy

[ Tyi 1% exp(—cartllyilI /20y /0dy, ... dy,

i=1

(RY)P

{my,...mp}ePs  i=1
p )
= %/ > 1] ad/ romitd=1 exo(—m;cyntrd /12)dr
{my...mp)ePs  i=1 0
p .
= C6u/d P 9d r (% + 1)
. .-§p}€736 ll:[l d(mjcykt/12)emi/d+1 d

p p
o am;
—c Y T d r (—’ + 1) (39)
. i/d+1 ’
(M1seem )P i=1 d(mjcyk/12)%m / d

where we have used (26) with 8 = am; +d — 1 and y = m;c)«t/12 in the next to last equality.
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Now considering the sum over A, and setting v = ¢y — x |4 in the last inequality, we obtain
6

E|/1 Y o(yim| < 1AL Ep(n; y)

yeA
< CLAPO /)y — x| exp(—crrtlly — x[9/2)
< CJA (sup poa/d eXp(—C;J(U/Z)) . (40)
v>0

As (39) and (40) are constants not depending on 7 or x € X, the proof is complete. [J

We shall now use the results of [7] to prove Theorem 2 for binomial input. Here n € N plays
the former role of t and X = (X4, ..., X,,) ii a vector of independent variables with distribution

rover X, and %, = {X1, ..., X,,}. Let X, X be independent copies of X. We write U = Vif

two variables U and V satisfy P(U = V) = 1. In the vocabulary of [7], a random vector ¥ =
(Y1, ..., Y,)is arecombination of {X, X', X} if for each 1 <i < n, either ¥; = X;, ¥; = ¥/ or
Y; = X;. For a vector x = (xy, ..., Xx,), and indices {iy, ..., i;} € {1,..., n}, define

X = (xg g i dg)):
For 1 <i, j <n,and f areal valued function taking in n, n — 1 or n — 2 ordered arguments in
RY, let

Dif(X) = f(X) - f(X') and (4D)
Dy, f(X) = f(X)— f(X")— f(X))+ f(X"/), noting that D; ; f(X) = D;; f(X).
Recalling that X', X are independent copies of X, let

B.(f) = sup{yy.z(f) : (Y, Z) recombinations of {X, X', X}} and
B, (f) = sup{yy.yr ,(f): (Y,Y', Z) recombinations of {X, X', X}}, where
yr.z(f) =E[lp,,;020D2/(Z)"] and
Vry.2(F) = E[Lp,, rr)20. 0,5 rr20) D2 f(2)*]
Then Theorem 5.1 of [7], simplified by [7, Remark 5.2] and [7, Proposition 5.3] yields

the following Kolmogorov distance bound for the normal approximation of f(X), properly
standardized.

Theorem 13 (Lachieze-Rey and Peccati [7]). Let f be a functional taking in ordered arguments
of n,n — 1, or n — 2 elements of X. Assume furthermore that f is invariant under permutation
of its arguments, that E f(X) = 0 and that o? = Var( f (X)) is non-zero and finite. Let d(-, -)
denote either the Kolmogorov or the Wasserstein distance. Then, for some C > 0 not depending
on f orn,

4420172
do™ f(X),N) < C [C—Z( nB,(f) + \[n2By(f) + EDJ(X)‘*) 42)
n 2n .
+ 5 VEDIS X + TS EIDLf(X) |]

where N is a standard normal random variable.
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The authors of [7] focus on the Kolmogorov distance, but the bound they prove is valid for the
Wasserstein, even though it is not stated there formally. More precisely, we refer the reader to the
inequality in Theorem 2.2 of [2], involving Wasserstein distance. The first term in this inequality,
o ~2/Var(E(T [W)), has been shown in [7] to be bounded by the terms of the first line of the right
hand member of (42). The second term in the inequality of [2] is equal to no —3E|D; f(X )|3,
also taken care of in (42). The term (n/(403))\/E|D; f(X)9| is in fact only necessary for the
Kolmogorov distance, and can be removed when treating the Wasserstein distance. Hence the
upper bound (42) for the Kolmogorov distance also upper bounds the Wasserstein.

For L as in (3) with [ (x, ¥)| < C|lx — y||* for some & > 0,C > 0, let F, = n*/?L(%,),
and let the functional f, defined on ordered sets of variables, be given by f(x,...,x,) =
Fo({xt, ..., xs) —Ef(X)forany g > 1 and {x1,...,x,} € R?. We note that D defined in (41),
and D as in (7), obey the relations

D; f(X) = Dy, Fu(% \{X:}), andfori # j D f(X)= Dx, x; Fa(% \{Xi, X;}).
(43)

We now show how Theorem 13, and Lemma 14 below, prove the Kolmogorov and Wasserstein
bounds of Theorem 2 for binomial input.

Proof of Theorem 2 for binomial input. Assumption C yields 6> > Cn for some C > 0.
Using (27) and (43) of Lemma 12 with A = @, k = 1 we obtain,

sup E[D; £ (X)°] = SUP/ E| D, Fy(%-1)|°AMdx) < o0.
n>1 n>1 X

For the last three terms of (42), applying Holder’s inequality, we find that there exists C > 0

such that

1/2
@ ED1f(X)4+— E[D f(X)9] +f3

EID; f(X)*| < Cn~'/2.

Lemma 14 yields C such that

BAH<S and BJH< . (44)
n n

Applying these bounds for the first two terms in (42) completes the proof. [l

Lemma 14. There exists C such that

n

Proof. We begin with the first inequality. Let Y = (Yy,...,Y,) and Z = (Zy,...,Z,) be
recombinations of {X, X', X }. Note that Y is independent of {Yz, Z,} because Y is elther X1, X|
or X 1 and these three variables are independent of X2, X/z, X2 Also, either Y,, Z, both equal
the same element of {X», X}, Xg} in which case ¥, = Z, , or they are assigned to different
elements of this set, in which case they are independent. Letting AY1:¥2:22 denote the law of
(Y1, Ya, Zy), we therefore have dA"112:22(yy, y3, 20) = 1{y,—,)dA(y1)dA(y2) in the first case,
and dAYY222(y1, vy, 22) = dA(y1)dA(y2)dA(z2) in the second.
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Using the conditional Holder inequality with conjugate exponents 3, 3/2 yields that for every

{1, ¥2, 22} € X, with the following conditionings valid A(1:Y2:22) _a s |

E [1{D1,zf(Y)#0}D2f(Z)4|Y1 =y Y2=w,2,=12]
SPOi2f(Y) #01Y = y1, Y2 = y2, Zoa = 2)'/°
2/3
x E[D2f(Z)°1Y) = yi. Y2 = v, Zo = 2] (45)
Either Z, = Y», and when conditioning on Y, = y,, Z, = zp we must take y, = z;, or ¥» and

Z, are independent. In both cases, for A1"2%2-ae. (yy, 2, z2), with £(U) denoting the law of
U, and adopting similar notation for the conditional law, by (43) we have

L(Di2fWNYy =y, Y2 = y2, Zy = 22) = L(Dy, .y, Fu(%—2)).

Similarly, separately studying the cases ¥, = Z; and (Y;, Z;) independent, one has for
)\’Yle2~ZZ_a.e.(yl’ Y2, 22)»

LDy (DY) = y1, Y2 =y, Zy = 23)
_ e, a2 U i) ity =z
L(D., F,(U-1)) if Yy, Z; are independent.

Applying (27) of Lemma 12 with x = z5, A = {y;} and k = 2 for the first case above, and
similarly for the second, shows the final factor in (45) is bounded by M. Now integrating (45)
over AY1:1222 and applying Lemma 7 and Proposition 9 yields

yr.2(f) < C / By, ) # 0 P dy,
X
<c / PRs(: %20 2 s = ) Pdyidys
X

C
<c / Cexpl—cix(n =Dy — vl dyidys <
X

for some final constant C > 0, demonstrating the first inequality in (44).
The second inequality in (44) is proved similarly. Let Y, Y’, Z be recombinations of
{X, X', X}. Applying the conditional Holder inequality for a three way product,

Vey2(f) < / PO f () A0 =y, Vo= 3, ¥V =3[, Vi =), Zr = 2)/°
X
PDsf(Y) #01Yy =y, Ya =y, Y| =y, Y5 =y}, Zy = 2)"/¢
’ 2/3
If“:[sz(Z)GWl =y, Y2 =y.Y =y.Y{ =y, Z,=2] /
DNy, vV 20),

with the conditionings valid AN Y22 5 6 We have, for some m € {0, 1, 2} and A C X with
| A| = m, depending on how the recombination Z is composed,

LD2f(DNYy=y1,Ya=y. Y =y, Ys =V}, Zo = 20) = LD, F(Uy—1-m U A)),

whenever Y, = Z,, necessitating y, = z,, or Y», Z, are independent. Hence, (27) of Lemma 12
yields that the last term in the integral is a.e. bounded by M?/3.
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The values of Y|, Z, are irrelevant to ¥ once we have conditioned on the values of Y, Y5.
Therefore we have
PD12f(Y) #O01Y1 =y, Ya=y2, Y[ =y, Y3 = y3. Zr = 22)
_ P(Dy, y, Fu(%,—2) # 0) if Y3 is independent of Y3’
B {P(Dyl,yz Fo(Z—3 Uy # 0)if Y3 = 15
< P(Rs(y1, %—3) = llyr — y21D)
< Cexp(—cun(n = 3)Iy1 = »ll),

where we have used that Rg(x; u; X) stabilizes, from Lemma 7, and that
max(Rs(y1; %n—2; X), Rs(y1; U—3 U {y}}; X)) < Rs(y1; Xy—3; X),

justified by the monotonicity property provided by Lemma 5, and Proposition 9. Similarly, as the
value of Y} is irrelevant to Y’ once we condition on Y|, and Y, will either equal one of ¥, or Z,
a.s., or be independent of both, for some m € {0, 1} and some set .4 with m elements,

PDisf(Y)#0Y1 =y, Y2 =m0, Y =y, Y5 =5, Zr = 22)
g ]P(RS(y;’ %I—Z—m UA) 2 ||)’; - y’;”)
< Cexp(—cik(n = 3)lly; — ¥5[1).

Ify, = Y/ and n > 4 we have

wﬂgﬂ<c/

X

/ exp(—cik(n — 3)|ly1 — y2||d/6)dy2}
X

x [ / exp(—cak(n — 3)llyr — y;nd/é)dyg} dyi
X

_ 2
<c / / exp—eik(n =3y - y2||d/6)dY2] dy,
X LJR
_ 2
_c / / exp(—cac(n — 3)||y2||d/6)dy2] dy,
X LJRr4
- 2
<C / (n—23)" / L exp(—cy, —yz||"/6)dyz] dyi
X L R
< C
~ nz‘

If Y, and Y| are independent,
Vi /()< C / exp(—cix(n = Dy =l 6)dndy,
X

X / L exp(=cue(n — 3y, — y4ll4/6)dy;dy}
X

2
- C[/;g [/x exp(—cix(n —3)lIy1 — yzlld/6)dy1} dy2]

2
C
< C[/ |:(n -3)! / eXp(—C,\K||)’2||‘1/6)dy1] dy2i| < .
X R .
In both cases, B, (f) < C/ n?, which concludes the proof. [
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4. Variance lower bounds

In this section, we prove Theorem 4, providing a lower bound on Var L(n,) under broad
conditions on the collection of forbidden regions. One key step of the proof, accomplished in
Lemma 27, is to show that if the input process is split into two independent processes then the first
process is likely to contain many influential point pairs. Intuitively, a point pair (x, y) € RY x R¢
is influential if an additional process point falling in the vicinity of x produces an effect on L that
differs from its effect had the point fallen in the vicinity of y. To prove Theorem 4, we show that
conditional on the first process containing many influential pairs, the effect of adding the second
process contributes at least an amount (2(¢), a quantity satisfying liminf,_, o, 2(¢)/t > 0, to the
variance of L(1,).

Throughout this section we assume that the function ¥ used to define L in (3) satisfies the
hypotheses of Theorem 4. In addition, we will be working at a different scale from the rest of
the paper, considering Poisson and binomial processes of constant intensity on a growing space,
rather than of growing intensity on a fixed space. The reason for using this scaling is that we will
need to consider the limiting case of a Poisson process on R?. In particular, in this section, for
any ¢t > 1, we let &2, denote a homogeneous Poisson point process on ¢!/¢X with intensity 1,
and let %; denote a binomial process of [¢] points independently and uniformly placed in #'/¢X.
We couple all &, by defining &, = P, N t'/¢X where P, is a homogeneous Poisson point
process on R? of intensity 1.

We assume throughout that X is star shaped with star center at the origin, and contains an
open set around the origin. The first property implies that s'/¢X C t!/X if s < ¢, and the second
that for all x € R? and r > 0 that there exists a finite value #,(x, ) such that

B(x,r) C t"4X forall t > fo(x, r). (46)
Before stating the following result we recall the definition of Ef(/,L) from (13), and inform

the reader that the constant ry may take on different values in the statements below.

Proposition 15. Assume that the forbidden regions satisfy the scaled ball condition
(Assumption A) for some fixed 8§ > 0 and all x € RY and positive t, r when the role of X is
played by t'/*X N\ B(x, r). Then for any € > 0, there exists ro such that for all r > ry, all x € R?
and all t € (ty(x, r), o],

IP(E;F(%) = EX(P N B(x, r))) >1—e, (47)
and for all t € (ty(x, r), 00),
P(Ej(%,) — EX(%, N B(x, r))) >1—e (48)

Before proving Proposition 15, first observe that (47) could be equivalently stated with &,
appearing instead of &, since if B(x,r) C t1/4X, then &, N B(x,r) = P N B(x, r).
Forx e R4, r >0, > to(x,r) and a point process i, define the events

D(x,r,t, ) = {Rs(x: s tV9X) N Rs(x: N B(x, r); Blx, 1)) # 0}
and
U(x,r, t,n) = {Rs(x; unNB(x,r); B(x, r)) ﬂRs(x; 1 tl/dX)C + VJ}.

Note that since t > ty(x,r), we have B(x,r) C tY4X. Thus, to picture these events, start
with the point process restricted to the viewing window B(x,r), and consider the region
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Rs (x; w N B(x,r); B(x, r)) that is affected by the addition of x to u. The first event is that
this affected region grows when we expand the window to ¢!/¢X, and the second event is that it
shrinks. To prove Proposition 15 we require the following result showing that these events are
unlikely.

Lemma 16. Under the hypotheses of Proposition 15, given any € > 0, there exists rq such that
forallr > ry and x € R?

P(@(x, rt, ,@t)) <€/2 and IP( U(x,r,t, @,)) < €/2 fort € (ty(x,r), c0],
and

IP’(@(x, rt, %)) <€/2 and IP’( U(x,r,t,%)) <€/2 fort € (fo(x,r), 0o0).

Proof. We use the same argument as in Proposition 9. Suppose that é(x, r, z, u) holds for
uw = P, or u = %,. Then there exist points {w, z} such that

() {w,z} € 1'X;

(b) S(w,2)Nu=9;

(©) x € S(w, 2);

(d) S(w,z) € Rs(x: uN B(x,r); B(x,r)).

If {w, z} QAB(x, r), then (d) is a contradiction. Thus either ||[w — x|| > r or ||z — x| > r. For
u > 0, let ®(u) be the event that there exists {w, z} such that (a)—(c) hold and

u < max(||w — x|, llz —x||) < 2u.

We have now shown that if @(x, r, ¢, ;) holds, then there exist points {w, z} such that (a)—(c)
hold and max(|jw — x|, ||z — x||) > r, implying that

oo
o, r.t.p) € 2@ (49)

i=0
For a given u > 0 we bound the probability of @(u) and apply a union bound. If @(u)
holds, then {w, z} C tY4X N B(x, 2u), and S(w, z) contains no points of u and has diameter
at least u. By the scaled ball condition, with the role of X played by t'/“X N B(x, 2u), the set
S(w, 2) N 79X N B(x, 2u) contains a ball of radius du/D. Thus, a(u) implies the existence of
a ball of radius Su/D within t'/¢X N B(x, 2u) containing no points of w. Every ball of radius
Su/D contains a cell of the lattice (Su/D~/d)Z?, and by considering the volume of B(x, 2u), the

set t1/4X N B(x, 2u) contains at most

mgQu)! 12Dy

(8u/DV/d)! 8¢

cells of this lattice. Bounding @(u) by the event that all of these cells have no points of u, in the
case u = Z, recalling that &, has intensity 1,

742DV d)!
5d
where k = (6 /D\/Z)d If u = %, a similar statement holds, as

nd(zpﬁ)d( cu? )m 74(2D/d)! < Kud>
1— < —exp| ——= ).
8d IX|T#] 84 1X]

P(a(u)) < exp (—Kud) ,

P(b(u)) <
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Applying the union bound in (49) followed by these two inequalities, and then bounding the
resulting sum by a geometric series as in Proposition 9, shows that in either case we have
]P’(@(x, rt, u)) < Ce’"d for constants C and c. Now choose ry such that this upper bound
is less than € /2 for r > ry.

Bounding ¥(x,r, t, &) and ¥(x,r,t, %) is similar. If ¥(x, r, t, n) holds, then there must
exist {w, z} € B(x, r) with x € S(w, z) such that

S(w,2)NuNBx,r)=0 but Sw,z)Nu #0d.

These relations imply that S(w, z) extends outside of B(x, r), which means that S(w, z) has
diameter at least . Hence, by the scaled ball condition with the role of X played by ¢!/¢X N
B(x,r) = B(x, r), the set S(w, z) N B(x, r) contains a ball of radius §r/D. Thus, there exists a
ball of radius §r/D containing no points of u, and one may now argue as for @(x, r, ¢, u). U

Proof of Proposition 15. For ¢ > 0 let ry be given as in Lemma 16. For u = &, or
w =, forallr > ro, x € R4, and t > ty(x, r), it holds except on an event of probability
at most € that Rg(x; u; t'/4X) = Rg(x; u N B(x,r); B(x,r)). By Lemma 6, on this event
E*(n) = Ei(u N B(x, r)).

Since G(P,,) is an infinite graph, L(,) does not exist in general. However, when EX(Z2,)
is finite we may define D, L(Z) by the difference

D.L(Zx)= Y, YEy»- Y YW,
(x.y}€EF (Poo) {(w,2)€Ex (Poo)

The following corollary implies that D,L(Z) is also the almost surely finite limit of
D.L(Z+ N B(x,r))asr — o0.

Corollary 17. For all x € R? the set EX(Py,) is finite almost surely, and for any € > 0 there
exists ro such that for all v > rg

P(DXL(@OO) — D,L(P N B(x, r))) >1—e (50)

Proof. Inequality (47) of Proposition 15 with + = oo yields an ry such that Ef(gzoo) =
EX(Py N B(x,r)) for all x € RY and r > ry with probability at least 1 — €, proving that
(50) holds. On the event that D, L(Z) = D, L(Z« N B(x, r)), the quantity Ef(@oo) is finite.
Thus E f(,@oo) is finite with probability at least 1 — €. Since € is arbitrary, E f(,@w) is finite with
probability one. [

We will use the next lemma to replace binomial processes with Poisson processes on large
regions.
Lemma 18. For any bounded measurable set A C RY, ast — oo
UNA— P NA
in total variation.
Proof. Let M and N be the number of points of %; and &7 that fall in A, respectively. Once

t is large enough that A C ¢'/9X, the distribution of M is Bin(¢, |A|/t), and the distribution of
N is Poi(|A|). It is well known that this binomial distribution converges in total variation to this
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Poisson distribution, and so M and N can be coupled so that they are equal with probability
approaching 1 as t — 00. As %, N A can be represented as M points uniformly distributed over
A and Y5 N A as N points uniformly distributed over A, the two point processes can be coupled
to be equal with probability tending to 1. O

The next piece of the proof is to show that D, L(£?) is nondeterministic. For any concrete
collection of forbidden regions, this is typically straightforward, but to show it in more generality
we need to present some technical arguments.

Lemma 19. Suppose E = int E. Then for all x € dE, every open neighborhood of x intersects
the interiors of E and E°.

Proof. Let x € 9F and let U be an open neighborhood of x. By the definition of the boundary,
U intersects E and E€. Since E is open, E = intE. Thus it just remains to show that U intersects
int(E°).

Since E' is an open set contained in E¢, we have E° C int(E®). Thus int(E€)° C E. Now,
suppose that U does not intersect int(E€). Then U C int(E€)° C E. Since U is open, we have
U C int(f) = E.Hence x € E. But this contradicts x € dE, since E is open and hence contains
none of its boundary. [J

For aset E € R? and a direction u € S*' := {u e R? : |lu|| = 1}, let E, = {t € [0, 00) :
tu € E}, which one should think of as the one-dimensional slice of E in direction u. Let o
denote uniform measure on S?~!.

Lemma 20. Suppose that E € R? has Lebesgue measure zero. Then for o-a.e. u € S, the
set E, has one-dimensional Lebesgue measure zero.

Proof. By [5, Theorem 2.49],
o0
0 =/ 1{x € E}dx = C/ / 1r € Er* Y drdo),
R4 sd-1 Jo

where C is the volume of S?~!. This shows that the inner integrand is zero for o-a.e. u. As the
inner integrand is zero if and only if E, has measure zero, this completes the proof. [

In the remainder of this section for the convenience we take S(x, x) = ¥ for all x € R?. For
instance, this convention allows us to write x € R¢ in place of x € R \ {y} in the following
lemma.

Lemma 21. Suppose that the forbidden regions S(x, y) form an (S, ug) regular isotropic family
(see Definition 3). Then for any w,y € R with w # y, the set {x € R? : w € 3S(y, x)} has
Lebesgue measure zero.
Proof. First note that by translation invariance of the forbidden regions,
xeR:wedSy,x))={xeR:w—yedSO,x—y)
={xeR :w—yedSO x)}+y.

Hence it suffices to prove that {x € R? : w € 35(0, x)} has measure zero for all w € R? \ {0}.
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The rest of the argument is easier to follow in R?, and we present it there first. Let us identify
R? with C for convenience. Observe that our isotropic assumption implies that S(0, re?) =
re'? (0, 1). Thus, with T = S(0, 1), for any w € C \ {0},

2 00
/ 1w € 85(0, x)}dx = / f 1{r~te ™ e w™'aT} rdrdo
R2 0 0

2 [e%s)
=/ / 1re @ e w'aT}t 3 dr db,
0 0

making the substitution + = r~'. For a given 6, the inner integrand is zero except when
t € (w™'9T),-is, in the notation of Lemma 20. By our assumption in Definition 3 that S has
negligible boundary, w='dT has measure zero. Thus the inner integral is zero for a.e. 6 by
Lemma 20, making the entire integral equal to zero.

In higher dimensions, the proof is more complicated because rotation is more complicated,
but the idea is the same. First, we record some facts about rotations of R around the origin,
which can be represented as elements of SO(d), the special orthogonal group of order d. The
group SO(d) is isomorphic to SY~! x SO(d — 1). The decomposition works by specifying a
vector u € S9! that a chosen vector u( is mapped to (note that we take this chosen vector
to be the same as the axis of symmetry for the isotropic family), and then specifying how the
orthogonal complement of the span of u is rotated. As a corollary to this decomposition, if u
is chosen uniformly over S~!, and the rotation of the orthogonal complement of u is chosen
from Haar measure on SO(d — 1), then the result is distributed as Haar measure on SO(d). We
let p, € SO(d) denote the rotation of R? around the origin taking u to u by rotating the plane
containing u and u and fixing its orthogonal complement (if u = u, take p, to be the identity).
We use the notation SO(u™) to denote the subgroup of SO(d) fixing «, which as discussed above
is isomorphic to SO(d — 1).

Let x € S¢! denote x/||x|| for x # 0. Let T = S + uo/2 = S(0, ug). It follows from our
isotropic assumption that

9500, x) = ||x|lpx(dT).

Thus, with o, denoting Haar measure on S¢, the measure of {x € R? : w € 35(0, x)} can be
expressed as

f Hw € ||x)|lpx(dT)} dx = C/oo/ YHw € rp,QT)r* " doy(u)dr
R4 0 sd

with the (irrelevant) constant determined by the volume of S¢~!. Letting 1, denote Haar measure
on SO(u!) normalized to have measure one, we can rewrite the integral as

o0
c/ / / Hw € rtp, QT duy(t) dog_i(u) dr
0 sd=1 Jso(ut)

ZC/ / / 1r~'(ep) ™ (w) € AT} """ din(v) dog-1(u) dr.
0 Jsd-1 Jsowl)

As we mentioned before, tp, with T distributed as u, and u distributed as o,;_; is Haar-
distributed over SO(d). By the invariance of Haar measure under multiplication, the distribution
of (tp,)~" (w) under this measure is uniform over ||w||S?~'. Hence we can rewrite the integral as

/ / r Y wllu € T doy_1(u) dr

:f / tu e |wl| =17}V dr doy_i(u),
sd=1Jo
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substituting # = 1/r. The inner integral is supported on the ray (|w|~'87),. Since the set
lw]|~'dT has measure zero, the inner integral is thus zero for o-a.e. u by Lemma 20. [

Lemma 22. Assume the forbidden regions S(x,y) are a (S, ug) regular isotropic family
satisfying Assumption D, and that S(x, y) = intS(x, y) for all {x, y} C RY. Let {w,z} € B, 1)
be distinct points. Let i be a homogeneous Poisson process on RY \ B(0, 1 + 2D), and let
w = {w, z} U u. Then a.s.-j, there exist open balls A, A’ € R? such that

DiL(n) # Dy L(1) G

forallx € A, x’ € A', and furthermore the center and radii of A and A" are measurable random
variables.

Proof. Let y € dS(w, z) be a point satisfying z ¢ dS(w, y) and w & 9S(z, y), whose existence
is promised by Assumption D. The main idea of the proof is that adding to u’ any point close
to y has the same effect on G(u’) except for possibly causing the deletion of the edge wz. Note
that wz is always present in G(u'), as S(w, z) has at most diameter 2D and hence is contained in
B(0, 1 + 2D), while ' has no points in B(0, 1 4+ 2D) besides w and z.

Step 1. A.s.-u, we have b &€ 3S(y, a) for all {a, b} C ' witha # b.

By Assumption D, w & 9S(y, z) and z & 9S(y, w). Since 9S5(y, z) and 9S(y, w) have measure

zero, almost surely no points of u fall in either of these sets. Now we are left to show that
bddS(y,a)as., foraeu, beu, a#b. (52)

For a point process configuration y, let

FOr @) =#(((w. 21 U0\ a}) NS0 ).
Our goal is then to show that Zaeuf(u, a) = 0 a.s. By Mecke’s formula,

EY foa) =E [ f(wU @) a)da

d
acp R4\ B(0,14-2D)

- [ E[#(({w, 2) U ) N 9S(y, ) |da,
R4\ B(0,14+2D)

with the transposition of the integral and expectation justified by non-negativity of the integrand.
For any a € RY, the set 3S(y, @) has measure zero by our assumption that S has negligible
boundary, and hence no points of w are in dS(y,a) a.s. Thus we can simplify the above
expression to

EY )= [ #(w.2) 1950, 0) da (53)

acu R
- /d(l{w € 9S(y, @)} + 1z € 8S(y, a)}) da,
R

with the expectation removed because there is no longer any randomness in the integrand. Thus
it follows from Lemma 21 that the integrand is zero except on a set of measure zero, proving that
Ezaeuf(u, a) = 0. This proves (52), completing the proof of this step.

Step 2: A.s.-uu, we have y € 9S(a, b) for {a, b} C i/, {a, b} # {w, z}.
This step follows by essentially the same proof as for Step 1.
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In the next step, we say that E(u) and Ej (u') are equivalent if the set of edges E (i) is
equal to the set E ;“ (1) when all edges of the form {y, a} in the latter are replaced by {x, a}. Note
that we do not need a definition like this for E_ (') and E Y (1), since edges with vertices x or
y do not appear in these collections.

To prepare for the next step, recall that the Hausdorff metric between two subsets A and B of
R is defined as

dy(A, B) =infle >0: AC B, BS A} where Fo=|J{yeR’: |y —x| <e).
xeF
It is clear that when the forbidden regions form a regular isotropic family, the map (x, y) —
S(x, y) is Hausdorff continuous in (x, y) € R? x R¢.

Step 3. For some random radius p > 0, it holds for all x € B(y, p) that E}(u') is equivalent to
E;F(M/), and that £ (1) is equal to either £/ (u') or E (1) U {{w, z}}.

Let R = Rs(B(y, 1); u'; RY). The set Rs(B(y, 1); Pu; RY) is bounded a.s.-Z,, by Propo-
sition 9. Since p is distributed as &, conditional on an event of positive probability,
Rs(B(y, 1); u; R?) is bounded a.s.-i. As u € p/, Lemma 5 shows that the set R is bounded
a.s.-i. Recall by using (11) that the addition of any point x € B(y, 1) changes the graph G(u)
only by the addition of edges xa and deletion of edges ab fora, b € R.

Step 1 shows that for each @ € w' N R, the set 35(y, a) does not contain any points of
(w' \ {a}) N R. Since (' \ {a}) N R is almost surely finite, the set dS(y, a) has positive distance
from (i \ {a}) N R, as both sets are compact. By the Hausdorff continuity of the map S, there is a
positive distance p; such that for all x € B(y, p;), the set dS(x, a) avoids (u'\{a})NR. Set p* to
be the minimum of p, over the almost surely finitely many a € #'NR. Then forall x € B(y, p™),
the collections E(1') and E ;“ (u') are equivalent. Standard continuity considerations yield that
the p,, and therefore p, can be built to be measurable random variables.

Step 2 implies that for all {a, b} C i’ N R except for {w, z}, the set 3S(a, b) has a positive
distance p_, from y. Set p~ as the minimum of p_, over this almost surely finite collection of
{a, b}. Then for x € B°(y, p~), as y € 3S(w, z), and S(w, z) is open, it holds that E(u') is
equal to either E;(u’) or E;(u/) U {{w, z}}. Taking p less than p* and p~ completes the step.

Step 4. Construction of A, A’ satisfying (51).

Let Ag = B°(y, p)) NintS(w, z) and A, = B’(y, p") N int(S(w, z)°) for p’ € (0, p) to be
specified later. By Lemma 19, both sets Ay and A; are open and nonempty, thus we define A
and A’ to be the balls with maximal radii centered respectively at arbitrary points yo € Ao
and y; € Aj, chosen in some measurable way. By the previous step, E;(1') and E;’ (') are
equivalent for x € AU A’. For x" € A’, we have E (1) = E;(u’), and for x € A, we have
E-(u)= E;(M/) U {{w, z}}. Thusforx € Aand x’ € A’,

DyL() — DLWy = y(w,2)+ Y. (¥(a.x)— y(a x).

axfa,x}eEy (1)

By the continuity of ¥, and that E ;“ (1) is finite, the sum can be made arbitrarily small over all
x € A, x" € A’ by choosing p’ small enough, a choice which can be made in a measurable way
with respect to . If we choose p’ to make the sum smaller than ¥ (w, z), non-zero by hypothesis
asw # z,then (51) holds forx € A,x’ € A’. O

Theorem 23. Assume that the forbidden regions S(x,y) are a (S, ug) regular isotropic
family satisfying Assumption D. Then for all x € R? the random variable D.L(Ps) is
nondeterministic.
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Proof. As intS(x,y) C intS(x,y) € S(x,y), the sets S(x, y) and intS(x, y) differ only on
dS(x, y), a set of measure zero. For each of the almost surely countably many pairs {a, b} C P,
there are almost surely no points of &, on dS(a, b) besides a and b. Thus G(Z,) is almost
surely unaffected by replacing each forbidden region S(x, y) by int S(x, y). If B = int A, then
B C A hence B C A, and taking interiors and using that B is open yields B C intB CintA =
B, and thus B = int B. Hence we can assume that S(x, y) = int S(x, y) for all x, y.

Let w and z be chosen uniformly and independently from B(0, 1), and let u be a homogeneous
Poisson process with intensity 1 on R?\ B(0, 1 +2D). With positive probability, &2, has exactly
two points in B(0, 1 4+ 2D), both of which are contained in B(0, 1). Conditional on this event,
P, is distributed as 1’ := {w, z} U u. By Lemma 22, a.s.-u1 there exist open sets A, A’ C R¢
such that D, L() # Dy L(u') for all x € A and x” € A’. Thus, with positive probability, there
exist open sets A, A’ € R? such that D, L(Py,) # Dy L(Py,) forallx € Aandx' € A'.

Suppose that D, L(Z.,) = c a.s. for some x € R? and some constant c. By the translation
invariance of ., this holds for all x € R¢. Hence it holds almost surely that D, L(P) = ¢
for all x in a countable dense set of R?. But this contradicts the conclusion of the previous
paragraph. [J

We now use Theorem 23 to show that if x and y are far enough apart, then with positive
probability adding x or y to the process produces different effects on L.

Lemma 24. Assume the conditions of Theorem 4. There exist constants a > b, ry € (0, 00)
and py € (0, 1] such that for all r > ry the following statement holds: for all x,y € R?, if the
r-balls around x and y are disjoint and t > t,(x, y, r) = max{ty(x, r), to(y, 1), t2(r)} where t,
is a function depending only on r, then

P(DXL(,LL) > a and DyL(u) < b) > po
for w = &, or u = .

Proof. Let first u = %,. By Theorem 23, and that the distribution of D, L(Z,) does not depend
on z by translation invariance, there exist a > b and p > 0 such that for all z € R4,

P(D.L(Px) >a) > p and P(D.L(Ps) <b) > p.

Let po = (p — €)> — 3¢, choosing € > 0 small enough that p, > 0. By Corollary 17, for all
sufficiently large r and for all 7 € R4 the random variables D, L(Zy) and D, L(Z+ N B(z,71))
are within € in total variation distance, and hence
P(D.L(Px N B(z,r)>a)>p—€ and 54)
IP’(DZL(Qoo N B(z,r)) < b) > p—e.

Next, from the total variation convergence given by invoking Lemma 18 with A = B(x,r) U
B(y, r), for all r large enough that (54) holds, and # > #,(r) depending on r, for any {x, y} C R
satisfying ||x — y| > 2r,
P(DxL(% N B(x,r)) > a and DyL(% N B(y,r)) < b)
> P(DxL(Po N B(x,r)) > a and D, L(P N B(y,r)) <b) — ¢
> (p—€) —e, (55)
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with the last line following from (54) and the independence of &2, N B(x, r) and P, N B(y, r).
By Proposition 15, for all sufficiently large r and all ¢+ > max{#y(x, r), fo(y, r)}, it holds that

P(DxL(% N B(x,r)) = DyL(%)) = 1 — € and
P(DyL(% N B(y,r)) = DyL(%)) > 1 — €.
Hence, by a union bound,
P(DXL(% N B(x,r)) = D, L(%) and Dy L(% N\ B(y, r)) = D),L(%,)> > 1 -2 (56)

Now, taking any ry so that (54) and (56) hold for all r > ry, for all > #;(x, y, r), by (55) and
(56),

IP’(DXL(?/,) > a and D, L(%) < b) > (p—€)* —e —2e = p.

The proof for the Poisson case is the same, except that the step involving Lemma 18 is
unnecessary. [

We will need the following elementary lemma, which is essentially just Markov’s inequality
applied to a bounded random variable.

Lemma 25. Suppose that X is a random variable supported on [0, n], and EX > np. Then

IP’(X > @> > _P (57)
2 2—p

Proof. Let Y =n — X. Then EY < n(1 — p), and applying Markov’s inequality to Y yields

P<X5@>=P<an(1—£)>s L=r
2 2 1= p)2

yielding (57). O

In the remainder of this section let a, b, ry, and pg be the constants given by Lemma 24. For
some m > 0and 1 < r < oo, we say that a pair of points x and y with [|x — y|| > 2r is
(m, r, t)-influential for w if

INFLUENTIAL;(u): There exist sets A € B(x, 1) and B € B(y, 1) each of Lebesgue
measure m such that D,L(u) > a forz € A and D,L(u) < b for z € B, and
INFLUENTIAL>(u): Rs(B(x, 1); u; t'/¢X) < r and Rg(B(y, 1); u; t/4X) < r.

Note that a pair of influential points for u are not required to be, and in fact will in general not be,
points of 1. We have made the radii of the balls containing x and y equal to 1 in these definitions,
but the value is unimportant.

Lemma 26. Assume the conditions of Theorem 4. There exist constants m € (0, 00), p € (0, 1]
and r € (1, 00) such that if x and y are any two points such that the (r + 1)-balls centered
around each are disjoint, then for all sufficiently large t

P((x, y) is (m, r, t)-influential for ,u) >p
for u = P, and u = %,.

Proof. By Proposition 9, for all {x, y} C R? and ¢t > max{zty(x, 1), to(y,r)}, as r — oo the
probability of INFLUENTIAL,(u) is lower bounded by a quantity tending to one, not depending
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on {x, y}. With ry and py the constants given by Lemma 24, let p; = po/(2 — po), and choose
r > ry large enough that INFLUENTIAL, () holds with probability at least 1 — p;/2. Let X and
Y be independent and distributed uniformly over B(x, 1) and B(y, 1), respectively. Let

P(p) = P(DxL(/L) >aand DyL(u) < b | ,u)
= P(DxL(w) > a | p)P(DyL(w) < b | ). (58)

Note that
_ HzeBx,1): D L(n) > all
P(DxL(n) >a | p) = BGD) ,

with an analogous statement holding for the second factor in (58). By Lemma 24, using that
the r-balls around points in B(x, 1) and B(y, 1) do not intersect, by averaging X and Y over
their supports we see that for 7 > Sup,cp 1) vep(y,1yf1(#, v, r) we have EP(u) > po. Since
P(u) is supported on [0, 1], we apply Lemma 25 with n = 1 and p = py to conclude that
P(P() > po/2) = po/(2 — po) = py. If P(1) = po/2, then both factors in (58) are larger than
po/2. Therefore, with probability at least p;, the pair (x, y) satisfies INFLUENTIAL(u) with
m = polB(x, 1)|/2.

Since INFLUENTIAL (1) holds with probability at least pj and INFLUENTIAL,(ut) holds with
probability at least 1 — p;/2, by a union bound both hold simultaneously with probability at least
po/2. O

From now on, we take m, r, and p to be constants provided by Lemma 26.

Lemma 27. Assume the conditions of Theorem 4. Let INFLUENTIAL(W, t, B) be the event that
there are at least Bt pairs of (m, r, t)-influential points for u, all of whose (r +1)-neighborhoods
are disjoint and contained in t'/*X. For some B, q > 0 independent of t, for either u = &, or
w = %, it holds for all sufficiently large t that

P(INFLUENTIAL(u, t, B)) > q.

Proof. For some 8’ > 0, for all sufficiently large 7 one can place at least 2[8't] points in #'/¢X
so that all points have disjoint (+ 4+ 1)-neighborhoods contained in ¢'/¢X. Let n = [B't], and
arbitrarily form these 2n points into n disjoint pairs. For large enough 7, by Lemma 26, each pair
has probability at least p of being (m, r, t)-influential, so the expected number of such (m, r)-
influential pairs is at least np. By Lemma 25, there are at least np/2 such pairs with probability
at least p/(2 — p). Now we can take ¢ = p/(2 — p) and 8 = pB’/3,say. O

Proof of Theorem 4. It suffices to show that there exists v such that Var L() > vt where u
is either Poisson on ¢!'/X with intensity 1 or binomial with [#] points. Indeed, as ¥ (ax, ay) =
a“yr(x,y) for any a > 0, we have L(aun) = a*L(n), where ap = {ax,x € pu}. Hence, when
VarL (i) > vt, scaling a process i on ¢'/¢X to a process on X, we have

Var(L(t~" 1)) = Var(t=*/ L(w)) = 172/ Var(L(w)) = ve' /4.

The argument will go by splitting p into a sum of independent point processes i and ;.
Initially, take w; to be a deterministic set of points such that INFLUENTIAL(u, ¢, 8) holds for
some B > 0, and define 1 as a point process on ¢!/?X that is either Poisson with intensity 1/2
or binomial with |7/2] points. We start by arguing that VarL(x; U ) > Ct for some C > 0.
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Since INFLUENTIAL(u 1, ¢, B) holds, there exist point pairs (x1, y1), ..., (x,, y,) withn > Bt
with sets A; € B(x;, 1) and B; € B(y;, 1) of measure m such that INFLUENTIAL(u;) and
INFLUENTIAL> (1) hold for each pair. For some y > 0 to be specified, consider the event

F={|{1<i<n:|uanBGi,r+DUBG;,r+1)|=|nanN(A UB)| =1}
> yn},

that is, that for at least yn of the pairs (x;, y;), exactly one point of u, lands in the (r + 1)-
neighborhoods of x; and y;, and it lands in either A; or B;. We claim that F occurs with positive
probability not depending on ¢. Indeed, for any fixed i, the process p, will satisfy

2 N (BGxi, 7 + 1)U B, r + D) = [a N (A U By)| =1 (59)

with at least some fixed, positive probability for large enough ¢. Choosing y small enough, the
event F then holds with some positive probability independent of ¢ by Lemma 25.

Now, the idea is that given that w, has exactly one point in either A; or B;, itis equally likely to
be in either. Conditional on F, we then essentially have yn = {2(¢) coin flips, each contributing
a constant term to Var L(i; U p,). To put this into practice, we partition w, into {Xy, ..., X;}
and {Y1, ..., Yy}, where the first set consists of the points of i, that are contained in A; U B; for
some i satisfying (59). Thus [ > yn when F holds. Now, let ;i = 1 U{Yy, ..., Yy}, and express
L(u1 U wy) as the telescoping sum

L(u1 U po) = L(1) + Dx, L(11) + Dx, L(L U {X1}) + - -+ + Dx, L@ U {Xy, ..., X;1 D).

By INFLUENTIAL,(p1), forany 1 < j <[ we have Rg(X; f1; t1/4X) < r. Because X ; satisfies
(59) for some i, all points of 11, except for X; lie outside of B(X, r). By (15) of Lemma 7,

Dx, L(U{Xy, ..., X;j-1}) = Dx; L(p1).

Thus we can rewrite L(u, U ;) as

L U pa) = L(R) + Dx, L(1) + Dx, L(p1) + - + Dx, L(p1). (60)

By construction, X; falls into A; U B; for exactly one choice of i. Conditional on F, the point
X is equally likely to be in A; or B;. Furthermore, which of these it lands in is independent for
1 < j <[ conditional on F'. If X; lands in A;, then DX‘/.L(M]) > a, and if X; lands in B;, then
DXJ.L(;“) < b, by the definition of INFLUENTIAL(w). Thus, (60) expresses L(u; U ) as a
sum of terms that are conditionally independent given F and /& and which each have conditional
variance bounded from below, showing that

Var(L(m U a) ( 1r, ﬁ) >Cl>Cyn>Cypt

on the event F, for some absolute constant C > 0. As F occurs with probability that can be
bounded away from zero uniformly for all 7, and

Var L1 U ) = EVar(LGuy U o) | 1r, 1) + VarB(LGuy U o) | 17, )

> IEVar(L(/u U w2) ‘ lp,ﬁ),

we have shown that Var L(p; U u;) grows at least as a constant times 7.

To complete the proof, we now let 111 be a point process on ¢'/¢X, independent of 1, and
either Poisson with intensity 1/2 or binomial with [#/2] points. Thus u can be expressed as
1 U o, By Lemma 27, for all 7 sufficiently large, the event INFLUENTIAL(u, £, 8) holds with
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probability at least ¢ for some 8, ¢ > 0 not depending on ¢. (Strictly speaking, we replace X by
21/4X and t by t/2 when applying LLemma 27.) By the previous argument, the variance of L(u)
conditional on INFLUENTIAL(u1, ¢, B) for sufficiently large 7 is at least Ct for a constant C > 0
not depending on ¢, from which the theorem follows. [
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