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Abstract

For one-dimensional Brownian motion, the exit time from an interval has finite exponential moments and
its probability density is expanded in exponential terms. In this note we establish its counterpart for certain
symmetric Lévy processes. Applying the theory of Pick functions, we study properties of the Laplace
transform of the first hitting time of the integer lattice as a meromorphic function in detail. Its density is
expanded in exponential terms and the poles and the zeros of a Pick function play a crucial role.

Intermediate results concerning finite exponential moments are also obtained for a class of nonsymmet-
ric Lévy processes.
© 2018 Published by Elsevier B.V.
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1. Introduction

Let B(¢) be a standard Brownian motion starting at x. We denote the probability and the
expectation by PEM and EBM  respectively. If we set WBM (&) = (1/2)€? for &€ € R we have
EBM [exp(i§B(1) ]| = exp (ifx — ¥BM(£)r). We fix L > 0, denote by LZ the lattice set
{Lm|m € Z}, and by T2M its first hitting time by B(¢): inf {r > 0|B(r) € LZ}. Let R/LZ be the
quotient space of R with the equivalence relation that x ~ y <> x —y € LZ, i.e., R/LZ is the
circle with the length L. We denote by B(r) the projection of B(¢) on R/LZ and by pﬁ%z(t, x,y)
its probability density.
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We introduce a meromorphic function

v ~1 L
RM@) =3 — e \/Zcoth(\/ZL/D

nez

and a sequence pp = WBM 2k /L) for k € NU{0} so that the poles of R (z) are (—pi)kenujo)-
Let & = (1/2)(2k — 1)>7?/L? for k € N. Then the zeros of R®¥(z) are (—¢;)xen. The sequence
(pr)keNu(o} appears in the expansion

1 .
pﬁ%z(t, X, y)= Z 7 eXp (len(y —x)/L — ,0|k|t) , €))
keZ

where r > O and x, y € R/LZ. The sequence ({i)ren appears in the expansion

oo
202k — 1 2U— 1
PEMITEM Ed[]/dtZkX_; ( - ) Sin(( R YT x

> exp(—&xt), @

where t > 0 and 0 < x < L. The equality & = ¥B3M((2k — 1) /L) turns out to be merely a
coincidence in view of our extension in Theorem 3.1 to the Lévy process case.

Let X(¢) be a Lévy process starting from x € R. The probability and the expectation of X(¢)
are denoted by P, and E,, respectively. We set T(LZ) = inf{t > 0|X(¢t) € LZ} and call it the
first hitting time of the integer lattice by X(¢). We denote by X (t) the projection of X(t) on
R/LZ.

Let W(£) be the characteristic exponent of the Lévy process X(¢) such that E [¢/$X?] =
e~ We will assume the conditions (3), (4) and (12) that are sufficient for existence of
transition density p(t, x, y) for X(¢). We denote that for f((t) by pr/rz(t, x, y).

In [3] the author studies 7'(LZ) in the case X (¢) = X,(¢), a symmetric a-stable Lévy process
with 1 < a < 2, and proves that its Laplace transform g > E, [e”9T"%)] can be extended
to a meromorphic function and is holomorphic on a neighborhood of the origin. Finiteness of
some exponential moments of 7(LZ) follows from this but the abscissa of convergence is not
specified. The density of 7' (LZ) is only shown to exist and be square-integrable.

In the present paper we extend to a wider class of Lévy processes and strengthen the result to
obtain an expansion of the density of T(LZ). The crucial steps in the proof are an application of
the theory of Pick functions and an upper bound of meromorphic functions based on a property
of fractional linear transformations.

More precisely, we study an instance of Pick function defined by R(z) = ), ,(—1)/(z +
¥ (2nmr/L)). We will show, in the proof of Theorem 3.1(a), that the poles and the zeros of R(z)
lie on the nonpositive real axis and are interlacing, where two sequences are said interlacing if
one member of one of them lies between each pair of neighboring terms of the other. We redefine
(pr)kenugo; and (& )ken as two increasing and interlacing sequences of nonnegative real numbers
such that (—pg)renuio; are the poles of R(z) and (—&x )ren the zeros. These sequences will appear
in (19):

o0
PE/Lz(t. x,y) = Y ai(x, y)exp(—pit)
k=0

and in (14):

PAT(LZ) € drl/dt =) bi(x) exp(—=Ei1),
k=1

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
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which is our main result. The coefficients a;(x, y) and bi(x) are specified in (19) and (14).
Fractional linear transformations appear in the following context. In Theorem 2.1 we prove
that the analytic continuation of 0 < ¢ + E [e”4T"?] is given by R(q; x)/R(q), where
R(z;x) = )., cz(—exp(i2nwx/L))/(z + ¥ 2n7/L)). Since (—pi)kenvio) are poles of order
1 of both R(z; x) and R(z), they are removable singularities of R(z; x)/R(z). The poles of
R(z; x)/R(z) are (—&)ren and are all of order 1. In Lemma 3.5 we derive an upper bound of
|R(z; x)/R(z)| on the lines {—p; + iy|y € R} using the fact that (—1)/(z + ¥ (2nm/L)) lies on
the image of t € R +— (—1)/(z + t), which is the circle with the center i /(23z) and the radius
1/(2|3z]). Finally by a contour integral of R(z; x)/R(z) involving the formula (17) we obtain in
Theorem 3.1 an expansion of E,[e~¢"t?; T(LZ) > h], that is connected with the density by
differentiation.

This paper is organized as follows. In Section 2 we prove Theorem 2.1 where we assume
conditions (3) and (4) and state that E,[e9"‘D] = R(g;x)/R(g), which implies some
exponential moments of T (LZ) are finite for certain nonsymmetric Lévy process X(¢). A stable
Lévy process (with the index greater than 1) plus a drift is an instance and we give explicit
calculations for the case X(¢) = B(¢) + ut, a Brownian motion with drift. The method of proof
are the probabilistic potential theory, the Poisson summation formula, and the fact that analytic
continuation over a neighborhood of the origin of the Laplace transform of a probability measure
implies finiteness of some exponential moments.

In Section 3 we focus on symmetric Lévy processes and add the condition (12) that enables
the argument in the proof of Lemma 3.5. Theorem 3.1 is the main theorem and it contains the
expansion (14). In Remark 3.6 after the proof of Theorem 3.1 we suggest that our method also
applies to the nonsymmetric cases. The short subSection 3.1 is devoted to (19). Its method of
proof is the Poisson summation formula.

2. Finiteness of exponential moments in the nonsymmetric case

Let W(£) be the characteristic exponent of the Lévy process X(¢) such that E,[eX?D] =
e/$¥= %@ Fix L > 0 and for some ¢ > 0 we assume

J

2

nez

d§ < oo, 3

1
q+ W(%‘)l
1

q+ ¥ (2nm/L)

’ oo @

It is known that if (3) and (4) hold for some ¢ > O then they hold for all ¢ > 0. Let
ul(x) = Qu)~' [% e (g + W(£))"'d€ which is called the g-potential. By (3), uf(x) is
bounded and continuous and it holds ¥(£) = O if and only if £ = 0.

For instance, let | <o <2,C > 0,8 € [-1,1], u € R, and ¥(§) = C|&|* (1 — iBsgn(§)
tan(wo/2)) — i né&. This exponent corresponds to a (nonsymmetric) stable Lévy process plus a
drift pt and satisfies (3) and (4). In Example 2.2 after the proof of Theorem 2.1 we will study
the case ¥(£) = (1/2)€%2 — i u&, namely the Brownian motion with drift.

Before we state the theorem we introduce notations for some meromorphic functions.

Definition 2.1. We set R(z; x) = ), _,(—exp(i2nmwx/L))/(z+ ¥ (2n7w/L)) and R(z) = R(z; 0)
forz e Cand x € R.

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
Applications (2018), https://doi.org/10.1016/j.spa.2018.06.001.
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By (4) the map z — R(z; x) is well-defined and holomorphic on the set C\{— ¥ 2nx /L) |n €
Z}.Eachpole z = — ¥ (2nm /L) of R(z) is of order 1 and is possibly also a pole of R(z; x). Hence
it is a removable singularity of z — R(z; x)/R(z) such that

im Rz x) _ Dk e/ Ly= ¥ (2n L) eXp(iZkrrx/L).
—»—w@nr/L) R(2) #k e Z|¥ (2kn/L) = ¥ 2nm/L)}
The following theorem immediately implies that some exponential moments of 7'(LZ) are finite.

(&)

Theorem 2.1. Assume (3) and (4). Let X(t) be started at x € R and let T(LZ) = inf {t > 0| X(¢)
€ L7} where LZ = {Lm|m € Z}. Then there exists an r > 0, that may depend only on ¥ and
L, such that the both sides of E [e”9T"%] = R(q; x)/R(q) are finite and the equality holds for
any g € C with Rg > —r.

Proof. We first review some facts from the potential theory (see e.g. Bertoin [1], Chapter II).
Letg > O0and T(y) = inf{r > 0|X(¢) = y} for y € R. It follows from Corollary 11.20, Theorem
I1.19 in [1], and (3) that a single point is regular for itself for X(#) and the g-resolvent has the
density such that U?(x,dy) = u?(y — x)dy, where u? is bounded, continuous, positive, and
satisfies
1 _/'OO ix€ q _]/00 —ix 1

_— = e ul(x)dx, ul(x)=— et ——d¢& (6)

g+ ¥E) Jow 21 ) o q+ vE)
and E,[e"7T0)] = u9(y — x)/u?(0) for all x and y. The capacitary measure 4{, is defined by
wi (A =q [* E.e D X(T(LZ)) € A]dx for any Borel set A C R and is supported by
LZ. Since the set LZ is translation invariant, u? 17 assigns the same mass 1 LZ({O}) for each point
of LZ. By Theorem IL.7 in [1] we have E,[e~ qT(LZ)]dx = u?,U4(dx), where E, is concerned
with the dual process X (t) defined by X (t)— X (0) = —(X(t) — X(0)). By exploiting this identity
for the dual and by taking the density, we have

E [e™" 0] = ul, (0 Y uf(Lm — x) )
meZ
for a.e. x. We denote the right hand side of (7) by f(x).
On one hand, we prove the continuity of the left hand side of (7) as a function of x.
By E,[e”?"™] = ui(y — x)/u?(0) and the continuity of u9(x), it holds limy_y g
E e 4T0] = 1. Let m e Z. Since Lm is regular for LZ we have E;,,[e"?T!P] = 1. As
x — Lm, we have

1> E[e ?TUD] > E [e-?TEm] 1.
Hence x — E,[e~4TLD)] is continuous at Lm € LZ.

Let z ¢ LZ. For any x it holds E [e 4TUD] > E, [e 4TOE_[e79TLD] and E [e 1T D] >
E_[e1TW]E [e~4T("D)] by the strong Markov property. Making x — z we obtain

liminf E, [e_‘IT(LZ)] > Ez[e—qT(LZ)] > lim sup Ex[e—qT(LZ)]’

X=>z x—z
which means continuity at z. Now the proof of continuity on R is completed.
On the other hand, we prove that (—MQLZ({O})/ L)R(g; x) is a continuous version of the right

hand side of (7) as a function of x. Since u?(x) is positive and ffooo u?(x)dx = 1/q, the function
f(x) defined after (7) is integrable on [0, L]. By (4) the Fourier coefficient (¢ )icz defined by

L
k= l/ exp(—i2kmx/L)f(x)dx
L Jy

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
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satisfies ), |cx| < oo since

q 0 00 q 0
o = %{}) /_ exp(—i2km/ L (~x)dx = - j: Léi{zk};m).

By Corollary 1.8 in Chapter VII of [7] we have f(x) = Zkech exp(i2kmx/L)fora.e.x € [0, L]
and the right hand side is a continuous function. This equality holds for a.e. x € R by periodicity.
Since E,[e 9TUD] = f(x) a.e. we have

Ele1T0) = 3" cpexp(i2kmx /L) = (— 15 (10)/L)R(g: x), ®)
keZ
where the second equality follows from Definition 2.1. Since the quantities in (8) are continuous
in x the two equalities hold for x € R. Setting x = 0 we have 1 = (—/L%Z({O})/L)R(q). The
ratio between respective sides of this equality and (8) yields

R(g; x)

E [e1TtD] = RS
q

©))

forg > 0.
In the final part of proof we check that ¢ > E,[¢~4 )] admits analytic continuation over a
neighborhood of the origin. Note that

Rq;x) 1+ ,cpnpoexpli2nmx/L)q/(q + ¥ (2n7/L))

= (10)
R(q) 1+ Y eznz0d/(@ + ¥ 2n7/L))
forg > 0.
Set f,(z) = z/(z+ ¥(2nn /L)) for z € C and n € Z \ {0}. Each of them is a meromorphic
function having only one simple pole at z = —¥(2nn/L). Set also fo(z) = 1. By (4), we

have ¥(2nmw/L) # O for all n # 0 and lim,_, | ¥(2nw/L)] = oo. Hence p = %infnez\{o}
|¥(2n/L)| > 0.
Forn € Z \ {0} and z € C with |z| < p, we have the uniform bound

1Y
lfud)] € ————
| ¥ Q2n/L)| — p
< 14
T Hw@nr/L)| + % infuez o) ¥Q2nr /L) — p
o)

31 ¥@nm /L) +p

Since the rightmost hand is a summable sequence, the sequence of holomorphic functions
Z\n\< v fu(2) converges uniformly on {|z| < p}. Hence g(z; 0) = }_,_; fx(z) is a holomorphic
function on {|z| < p} such that g(0; 0) = 1 and hence g(z;0) # 0 on {|z| < r} with some
r € (0, p). It is clear that » may depend only on ¥ and L.

If we fix x € R and set g(z; x) = Y, € >/ f,(z) then we can verify that z > g(z; x) is
holomorphic on {|z| < p} by |¢/>**/L| = 1 and the argument in the last paragraph.

Since (9) and (10) imply E,[e~1T"D] = g(g; x)/g(q; 0) for all ¢ € (0, r) and g(z; x)/g(z; 0)
is holomorphic on {|z| < r} we have E.[e"1TUD] = g(g;x)/g(q;0) < oo for all g with
Ng > —r by the method of proof of Theorem 2 in Lukacs—Szasz [5]. U

Example 2.2 (Brownian Motion with Drift). Let B(t) be a standard Brownian motion. Setg > 0,
0<x<L,peRand X(¢t) =x + B(t) + ut so that ¥(§) = %éz —ipé&.

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
Applications (2018), https://doi.org/10.1016/j.spa.2018.06.001.
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By the optional stopping theorem we can deduce that

e" L= sinh /2q + pu2x + e sinh /2q + p2(L — x)

sinh /2g + u2L

E [endTD] = (11)

which is equivalent to the formula 2.3.0.1 in Borodin—Salminen [2, p. 233].

The quantities appearing in Theorem 2.1 are computed as follows. First we invert the Fourier
transform Fu?(§) = 1/(q + %é 2 — iué&) of the g-potential to obtain

1
————=¢Xp (WC —V29+ M2|x|) .
V2q + p?

If we set x = 0 in (7) we have Ey[e ?7¢?] = 1 and

ul(x) =

q
MLZ({O}) = D utm)

meZ
W Zexp (,uLm -2+ L|m|>
mez

1 1 e~ (W 2a+u L
= +
\/26]—}——,u2 1 — e~ W2a+u2—wL | _ o=/ 2q+12+0)L

sinh/2g + u?L

229 + 17 sinh((v2g + 12 — %) sinh((v/2g + 17 + %)

By (11) and (8) we have
—L (e“(L_X) sinh /2q + p2x + e ** sinh /2q + pu2(L — x))
2y/2q + p? sinh((y/2q + 112 — w)%) sinh((v/2g + p2 + %)

Since both sides of this equality are meromorphic functions of ¢ € C and coincide with each
other on the positive real axis, they have common poles and coincide with each other outside
the poles. Here are several consequences. On one hand, ¢ = —27?n?/L? + iu2nm/L where
n € Z are the poles of R(g; x) and R(gq) but they are removable singularities of R(q; x)/R(g).
On the other hand, ¢ = —u?/2 is a removable singularity of R(g; x) and R(g). The poles of
R(g; x)/R(q) are ¢ = —pu?/2 — w*k*/(2L?) where k € N. Hence the abscissa of convergence
of E[e "UDis g = —u?/2 — a2 /(2L?).
The density of T'(LZ) is obtained in Remark 3.6 after the proof of Theorem 3.1.

R(g; x) =

3. Expansion of density in the symmetric case

In Section 3 we assume (3), (4), the symmetry of X(¢), and the following. Note first that the
symmetry implies ¥(—&) = ¥(§) and that ¥(§) is real and nonnegative. For n € Z we define
I, C R as the open interval (Y(2(n — 1)z /L), ¥(2nm /L)) if ¥(2(n — 1)w/L) < ¥(2nm /L), as
(Y2 /L), Y2n — /L)) if ¥2nw/L) < ¥2(n — 1)w/L),andas @ if ¥2(n — 1)w/L) =
U(2nm/L). We assume

sup #{n € Z|t € I,} < M, for some My > 0. (12)
tel0,00)

For instance, if ¥(£) is strictly increasing for 0 < & < oo, (12) holds with My = 2. Other
examples are symmetric stable Lévy processes plus jumps of length L /2 with exponential

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
Applications (2018), https://doi.org/10.1016/j.spa.2018.06.001.
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waiting times: W(§) = C|&|* + a(1 — cos(L&/2)) where | < @ < 2, C > 0, and a > 0. If the
parameters satisfy 2a > (2* — 1)C(2n/L)* we have 0 < ¥(+4n/L) < ¥(£2n /L) and

I, =5L=(Y@r/L), ¥Q2r/L) C lp=1, =0, ¥2n/L)).

Since ¥(&) is strictly increasing for all sufficiently large &, the condition (12) holds and any
t € I satisfies #{n € Z|t € I,} D {—1,0, 1, 2}, which implies 4 < M, < oo.

Before we state Theorem 3.1 we introduce the notation for the poles and the zeros of R(z)
that is defined in Definition 2.1.

Definition 3.1. Let (ox)renuqoy be the strictly increasing sequence of real numbers such that
{¥ 2nn/L)|n € Z} = {pr|k € NU {0}} and let 1, be the number of multiplicity of appearances
#{n € Z|pr = ¥(2nm/L)} of the value py in the list (¥ (2nz/L); n € Z).

By its definition, the sequence (—px)renujoy €xhausts the poles of R(z). Since lim,_, 100 ¥
(2nm /L) = 400 by (4), (pr)kenujoy is well-defined and it holds oy — +00 as k — +o0. Since
UE)=0&&=0and ¥(¢) > 0« & #£0, we have pg = 0 and 9 = 1. Hence it holds

-1 -1 |
R(Z)_ZZ+SP(2nn/L)_ z +Zz+pk' (13)
nez k=1

Note also that p; > 2 for any k € Nsince py = ¥ (2nz/L) > 0 implies py = ¥ (—2nm/L).
If (&) is strictly increasing for 0 < £ < oo we have p, = ¥ (2kn/L) and u; = 2 fork € N.

Inspecting each term of R(z) we easily conclude the following: R(z) is strictly increasing on
each interval without poles; R(z) < 0if z > 0; for each k € NU{0} it holds lim,_, 1o R(—px+1) =
Foo since the term —uy /(z + pi) is dominant.

Hence R(z) has a unique simple zero on each interval (—pg+1, —0x)-

Definition 3.2. We define ¢ > 0 by R(—&) = O and & € (ox—1, px) for each k € N.

Note that limy_, o {x = 00 and the zeros and the poles of R(z) on R are aligned as - - - < —¢3 <
—p < =8 < —p; < =& < 0= pg. Levin [4] calls this alignment “interlacing”. As we will
see in the proof Theorem 3.1(a), R(z) is an instance of Pick function that is studied in Theorem
1 in [4, p. 220].

Theorem 3.1. Assume X (t) is a symmetric Lévy process that satisfies (3), (4), and (12). Let the
sequence (L )ren be defined in Definition 3.2. Fixan x € R\ LZ.

(a) The sequence (—Cr)ren exhausts the zeros of R(z). The abscissa of convergence of
E e 9TUD] js g = —¢,. For any g € C with g > —¢, Ex[e”9T"D] = R(q; x)/R(q).

(b) For any q € C with g > 0 and h > 0 it holds

_ R(=g;x) 1
E[e” "8 T(LZ) > h] = ) ————"—— exp(—h(g + &),
y ; R(=&) q+&

where the convergence holds uniformly and absolutely for h € (g, 00) for any ¢ > Q.

(¢) The law of T (LZ) is absolutely continuous. Its density prz(t; x) satisfies

oo

=\ R(—&; x)
prz(t; x) = ———— exp(—{xl), (14)
kZ:; R'(=&)

and possesses derivatives in t of every order, which are obtained by term-by-term differentiation
of the series in (14). Moreover, the convergence is uniform and absolute for t € (e, 00) for any
e>0.

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
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Example 3.2 (Symmetric a-stable Lévy Process). Set W(§) = C|&]|* with1 <o <2and C > 0.
Then the conditions (3), (4), and (12) hold with My = 2.

We have pg = 0, pp = CQkr/L)*, uo = 1, up = 2fork € N, R(z) = (—1)/z +
Y ore1(=2)/(z + pr), and R(z; x) = (=1)/z + D22 (—=2) cos(kmx /L) /(z + px)-

With some additional effort we can prove that

lim Sk = Pr—1 _ ‘.
k=00 P — Or—1
where 1, € (0, 1) is the solution of
[e¢]
2(1 —2¢ 2
Z ( ) + i cot T 0.
a(m+t)im+1—t,) o o

m=0
In the case 1 < o < 2 we have t, # 1/2 and hence ¢, # ¥((2k — 1) /L) for all large k since
limg— oo Z((2k — Dt/L) — pro)/(ox — pr1) = 1/2.

Remark 3.3. If we make # — +0 in Theorem 3.1(b) the left hand side tends to E, [e 7LD,
But this fact does not imply the convergence, as n — 00, of ZZ=1R(_§k§ x)R’(—{k)’l(q +20)7!
with g = 0 or g > 0. In the case ¥(§) = C|&|* (Example 3.2) we can prove the convergence
by elementary and tedious estimates.

Example 3.4 (Standard Brownian Motion). Set U(§) = (1/2)|& |2. Then the conditions (3), (4),
and (12) hold with My = 2.

It holds pg = 0, pr = (W2/2LAQ2k?, wo = 1, ux = 2, & = (@?/2L*)(2k — 1)* for
k € N, R(z; x) = (—L/+/2z) cosh(v/2z(x — L/2))sinh(v/2zL/2)"'if 0 < x < L, and R(z) =
(—L/~/2z2) coth(v/2zL /2). Since R(—&; x)/R'(—=¢x) = 2w (2k — 1)L =% sin ((2k — 1)7x /L) the
result in Theorem 3.1(c) coincides with (2). The formula 1.3.0.2 in [2, p. 172] is an alternative to

Q).

Proof of Theorem 3.1. (a) If Iz > 0 then each term in (13) satisfies I(—1/(z+ ¥ 2nm/L))) > 0
and if Jz < 0 then J(—=1/(z + ¥ (2nm/L))) < 0. Being their sum, R(z) satisfies the same
property and R(z) # 0if z € C\R. Hence (— & )ren exhausts the zeros of R(z) and possible poles
of R(z; x)/ R(z). We easily conclude that E, [¢~9T“%)] converges and equals to R(g; x)/R(g) for
all g € C with g > —¢&; by Theorem 2.1 and the method of proof of Theorem 2 in [5]. The
proof of (a) is completed.

(b) By (5) and Definition 3.1, z = — p; is a removable singularity of R(z; x)/R(z) and it holds
lim,_,_, |R(z;x)/R(z)| < 1. We depend on the following lemma that provides an upper bound
of |R(z; x)/ R(2)I.

Lemma 3.5. There exist constants M| and M, that may depend on L and x € (0, L) such that

R(— [y;
sup sup M <M; <+o© (15)
keN yek | R(=px +1y)
and
R(z;
SIE2) RV (16)
—|3z]<mz<0 | R(2)
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Proof. Since the series in Definition 2.1 is absolutely convergent it holds
Z —exp(i2nmx/L)
2+ ¥Q2n—Dr/L)

We have for x € (0, L)

R(z: )_Z exp(i2nmwx /L) ( -1 B 1 )
X)) = exp(i2nx/L) =1 \z+ ¥Q2n — /L)  z+ ¥Q2n7/L)

=exp(i2nx/L)R(z; x).

nez

and
-1 B -1
724+ UQ2m — Dr/L) z+ ¥Q2nn/L)|’

1
RGO = oD = 1] %

We next prove |R(z; x)| < M3/|3z| for all z € C \ R for some M3 > 0 using a property
of fractional linear transformations, where M3 that may depend on L and x. The map [0, oo) >
t — —1/(z + t) is an injection to the circle C(z) = {w € C| |w — i/(23z)| = 1/(2|3z|)}. For
0 <t < 1, we denote the arc {—1/(z + ) € C(2)|t € [t1, 1]} by arc(—1/(z + t1), —1/(z + 1))
and denote the length of a curve C by len(C).

Set A, = {—1/(z+ )|t € I,} C C(z) where I, is defined in the first paragraph in Section 3.
Note that the two endpoints of A, are —1/(z + ¥(2(n — 1) /L)) and —1/(z + ¥ (2nn/L))
if I, # @. By (12) each point —1/(z + ¢t) € C(z) can belong to A, at most M, times:
Supte[O,oo)#{n € Z| - 1/(Z + t) € An} = MO-

By the inequality [—1/(z + 1) — (=1/(z + 2))| < len(arc(—1/(z +11), —1/(z +12))) we have

-1 -1
EZ: 2+ Q0 — /L) 2+ ¥Qnr/L)
2w
< ) len(A,) < MolenC(z) < Mo .
ne’ 2|SZ|

Hence we have |R(z; x)| < M3/|3z| with M3 = 7w My/|1 — exp(i2mx/L)|.

To prove (15) we may assume y = J(—p; + iy) > 0 since R(Z) = m for any z € C.
Note that J(—1/(—pr +iy)) > 0 and I(—w /(—pr + iy + pm)) > 0 for all m € N. The term
corresponding to m = k gives the following lower bound for any k € Nand y > O:

I S

—pktiytpoe oy Ty

Hence |R(—pr+iy; x)/R(—pr+iy)| < (M3/y)/(2/y) = M3 /2 and (15) holds with M| = M5 /2.
To prove (16) we may assume Iz > —9z > 0, which implies lzI> < 2(32)* and

J(=1/z) = Jz/1z> = 1/(232). Since I(—ux/(z + pr)) > 0 for each k € N, we have

IR(2)| = SR(z) = I(—1/z) = 1/(23z). Hence |R(z; x)/R(2)| < (M3/32)/(1/(232)) = 2M;

and (16) holds with M, = 2M3. The proof of lemma is completed. [

We resume proving (b). We can verify using the residue theorem that, for any ¢ € C with
Ng > 0and i, t € R,

—qh

|[R(—px +iy)| = SR(—p +iy) > I

A o—hig+i0)

l{h}(t) + e_q' 1(;,,00)([) = AhII;O/ me’“d@. (17)
g —A

Moreover, the uniform bound

A ,—h(g+i0)
/ —eletdg

< Zefhmq
A2m(qg +i0)

sup
A€e(2|q|,00),teR

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
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can be derived using the line integral along the half circle C,(A) = {Ae’*|0 < s < 7} for the
caset > hand C_(A) = {Ae”| —m <s< 0} for the case ¢t < h.
It follows from the bounded convergence theorem that

—qh
eTPX[T(LZ) = hl+ E [e"?TUD; T(LZ) > h]

A o—h(g+i0) .
= lim / —  E.[T"Dq0.
A—oo J_x 27(q + i0)

Since the limit exists, we may replace limj_, f:‘A with lim,_ f ? ;n. The expectation
E[e"9TULD)] coincides for # € R with R(—if; x)/R(—i#), which is a meromorphic function
of 6 and whose poles are 0 = —i¢, forn € N.

We define the paths C;(n), C,(n), and C3(n) as the line segments from —p, to —p, — ip,,
from —p, — ip, to p, — ip,, and from p, — ip, to p,, respectively.

By the residue theorem we have

pn o=h(g+i) R(—if; x)
/p,, 27(q +i0) R(-i0)

n —h(g+i0) R(—i6:
= —2mi E Res | < - ( ’,’x);e):—igk
P 2(q +i0) R(—i0O)

e Mt R(—i@; x)
+ </ +/ +/ ) 2 - do
am  Jomw Joamw/ 2rlg +i0) R(—i6)

( e~ha+i®)  R(_if: x) ) ) e Mt R(—g;; x)
S ;0 = —18x

27(q +i60) R(—if) T 27(q + &) (—DR(=g)

Fix an & > 0.If 30 < 0-and Rg > 0 it holds N(g + i0) = Rq + |I0] > Rq, |e "+| =
e Ma=h301 and |g +i0| > |3(q +i6)| = |Sq + NO| > |RO| — |Iq| for any 6 with sufficiently
large |H0)|.

By the estimate (15) and (16) we have

where

e~Ma+i®) R(_ig: x) B e—hmq—hma\Ml B o—h%a—hpy
2n(qg +i0) R(—iB) |~ 2ndg - 2nNg
for & € Co(n) and

e~Ma+  R(_ip; x) B o—h9a—hI30)| M < o—h9g—hI30| ",
2n(g +1i0) R(=i6) |~ 2n(INO] —[Sq)) ~ — 27 (pn — |3q1)

for 6 € C,(n) U C3(n) with sufficiently large n.
The length of C»(n) is 2p, and it holds

/ e—h(q-‘riO) R(—l@,x) - e—h.‘ﬂq—hpn
o 27(q +i0) R(—i6) 27Ng

as n — 00. We also have

e M@t R(—if: x) e—aq
+ , ——db| < ~ M- (2/h) =0
Ci(n) csmy/) 2m(q +1i6) R(—i0) 27 (pn — 15¢g])

Please cite this article in press as: Y. Isozaki, The first hitting time of the integers by symmetric Lévy processes, Stochastic Processes and their
Applications (2018), https://doi.org/10.1016/j.spa.2018.06.001.

My -2p, —> 0




Y. Isozaki / Stochastic Processes and their Applications xx (XXxx) Xxx—xxx 11

as n — oo for any fixed & > 0. Hence
—qh
eTPX[T(LZ) = hl+ E [e TP, T(LZ) > h]
on o=@ R(—iQ; x)
= lim

n—oo J_, 2m(q +i0) R(—i0)

— lim Z": e~ Ma+&) R(—¢; x)
nooor = g+ & RI(=§)

We denote the rightmost side by f(&). We have next to prove the continuity of f(4)inh > 0,
which implies P,[T(LZ) = h] = 0 and the statement of (b). For this we show that f(h; + k) is
continuous in hj € (h3, 0o) for any fixed 4y > 0 and k3 > 0. If we set

e M@t R(—gi: x)
q+& R(=&)

ay =

we have

flhy+hy) =" a2+,
k=1

On one hand, since ) ;_,a; converges as n — oo the sequence (ay) is bounded. On the other
hand, by (4),

o0

o0
—h(Rg+e)
fZ T = Z%q+ck<zmq+pkl

k=1 k=1

M 1
D) YL S N V!
ZO: Rq + pr XeZ: Ng + UQ2nr/L)

and hence Z,fi, exp(—h(MNg +&x)) < ooforall h > 0. Since exp(—h(Ng + & )) is monotonically
decreasing we have

o.¢] o0
sup |age” @+t | < (supla, |)Z —h3Og+i) o og
k=1 hye(hz,00) n =1

which implies uniform and absolute convergence of f(h; + h;) for hy € (hz, 00). Now the
continuity of f(h; + h»,) follows and the proof of (b) is completed.
(c) Let Rg > 0 and retain the notations f(k) and a;. Note that
o0
a iefhz(qﬂk)
2

sup
k=1 hp€(h3,00)

o0

—h
= Z sup ax(q + ge TR
k=1 ]12€(h3,00)

o0
< (suplan)) <sup|q + §n|e—(/13/2)(9fq+ﬁn)> Ze—(h3/2)(?“q+fk)
n n

k=1
()

=< (suplan|) <Iq| + sup te‘(h3/2)f) Z o~ (h3/2)0g+5)
n t>0 —l

< 00,
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which implies that f(h; 4+ hy) = Z,filak exp(—ha(g + &) is differentiable term by term in
hy € (h3, 00) for any fixed by > 0 and h3 > 0. Hence f(h) = Y ;- exp(—h(g + &))(g +
&) 'R(=& )R (=)™ = E[e "D, T(LZ) > h] is differentiable term by term in 4 > 0.
We have
d [o¢]
— e prath; x) = —-Ele "D T(LZ) > h) = ; (—eMat)

R(—&; x)

R(=&)
Repeating this argument we immediately verify differentiability of all order and the uniform and
absolute convergence in the statement (c). [

Remark 3.6. The method of Theorem 3.1 also applies to certain nonsymmetric cases. Recall
Example 2.2 where X(¢) is a Brownian motion with drift. The poles ¢ = —¢ = —u?/2 —
w2k?/(2L?) of R(q; x)/R(q) are located on the negative real axis. By an elementary argument
we can prove two upper bounds for |R(q; x)/R(q)|, which are similar to (15) and (16) on the
line {g € C|Ng = —u2/2 — 72k — %)2/(2L2)} and on the set {g € C| — |J¢q| < g < 0},
respectively. By the argument in the proof of Theorem 3.1(b) and (c) we have

o0

k k
prz(t; x) = kX_}: % (=D} e Em9 4 e 7% sin (%) exp(—&it). (18)
We can find an alternative expression for this formula in [2, p. 233]. In fact, (18) is a spectral
representation of the formula 2.3.0.2 there.

It seems probable that other nonsymmetric Lévy process X(#) admits similar expansion of

prz(t; x) but we have not made any progress in this direction.

3.1. Transition density for periodic process

Since the resolvent density u?(x) exists by the condition (3), the transition density p(t~, x,y)
for X (¢) exists if X(¢) is symmetric (see Sato [6, Remark 41.13]). In Section 1 we define X (¢) as
the projection of X(¢) on R/LZ and pgr,17(t, x, y) as the transition density for X (r).

Lemma 3.7. For x,y € Randt > 0 we have
=1
PRzt X, ) = Y exp(=pt) Y exp(i2nm(y —x)/L). (19)
k=0 n: W (—2nm/L)=pi

Proof. By the periodic sum we have pgr/rz(t, x,y) = Zkezp(t, x,y + kL). We define a, as
an = L [ exp (—i2nwy/L) prr2(t, x, y)dy. Then it holds

a, = %/ exp (—i2nmy/L) p(t, x, y)dy
= %Ex[exp (—i2nw X(t)/L)]

= %exp (=i2nmx/L — ¥(—2nw/L)t).

Since ¥(&) is real-valued and nonnegative there exists a constant My(¢f,g) > 0 such that
exp(— ¥ (&)t) < My(t,q)/(g + ¥(§)) for any & € R. The condition (4) implies ZneZla”| < 00.
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By Corollary 1.8 in [7, Chapter VII] we have

> anexpli2nmy/L) = pryia(t. x, y)

nez

for almost all y € [0, L]. Rearrangement of terms yields the desired formula in view of
Definition 3.1. [
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