Available online at www.sciencedirect.com

. . stochastic
o~ ScienceDirect processes
" and their
e R R applications
ELSEVIER Stochastic Processes and their Applications 124 (2014) 2023-2051 —_—

www.elsevier.com/locate/spa

Consecutive minors for Dyson’s Brownian motions

Mark Adler?, Eric Nordenstam®, Pierre van Moerbeke®P*

& Department of Mathematics, Brandeis University, Waltham, Mass 02454, USA
b Department of Mathematics, Université de Louvain, 1348 Louvain-la-Neuve, Belgium
€ Fakultdt fiir Mathematik, Universitiit Wien, Oscar-Morgenstern-Platz 1, 1090 Wien, Austria

Received 22 November 2012; received in revised form 21 January 2014; accepted 22 January 2014
Available online 31 January 2014

Abstract

In 1962, Dyson (1962) introduced dynamics in random matrix models, in particular into GUE (also
for § = 1 and 4), by letting the entries evolve according to independent Ornstein—Uhlenbeck processes.
Dyson shows the spectral points of the matrix evolve according to non-intersecting Brownian motions. The
present paper shows that the interlacing spectra of two consecutive principal minors form a Markov process
(diffusion) as well. This diffusion consists of two sets of Dyson non-intersecting Brownian motions, with
a specific interaction respecting the interlacing. This is revealed in the form of the generator, the transition
probability and the invariant measure, which are provided here; this is done in all cases: 8 = 1, 2, 4. Itis
also shown that the spectra of three consecutive minors ceases to be Markovian for g = 2, 4.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

In 1962, Dyson [8] introduced dynamics in random matrix models, in particular into GUE, by
letting the entries evolve according to independent Ornstein—Uhlenbeck processes. According to
Dyson, the spectral points of the matrix evolve according to non-intersecting Brownian motions.
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The present paper addresses the question whether taking two consecutive principal minors leads
to a diffusion on the two interlacing spectra of the minors, taken together. This is so! The diffusion
is given by the Dyson diffusion for each of the spectra, augmented with a strong coupling term,
which is responsible for a very specific interaction between the two sets of spectral points, to
be explained in this paper. However the motion induced on the spectra of three consecutive
minors is non-Markovian, for generic initial conditions. A further question: is the motion of two
interlacing spectra a determinantal process? We believe this is not the case; but determinantal
processes appear upon looking at a different space—time directions. These issues are addressed
in another paper by the authors.

During the last few years, the question of interlacing spectra for GUE-minors have come up
in many different contexts. In a recent paper, Johansson and Nordenstam [15], based on domino
tilings results of Johansson [14], show that domino tilings of Aztec diamonds provide a good
discrete model for the consecutive eigenvalues of GUE-minors. In an effort to put some dynamics
in the domino tiling model, Nordenstam [23] then shows that the shuffling algorithm for domino
tilings is a discrete version of an interlacing of two Dyson Brownian motions, introduced
and investigated by Jon Warren [28]; see also [4]. Recently Gorin and Shkolnikov [11] have
introduced a new multilevel S-Dyson process, which generalizes Warren’s process, for which
the Markov property holds for k consecutive spectra. One might have suspected that the Warren
process would coincide with the diffusion on the spectra of two consecutive principal minors.
They are different!

Non-intersecting paths and interlaced processes (random walks and continuous processes)
have been investigated by several authors in many different interesting directions; see e.g.
[22,12,14,13,26,16,24,21,6,16,17,2], just to name a few. In particular, in [26,2], partial
differential equations were derived for the Dyson process and related processes.

The plan of this paper is the following. We state precisely all the results in Section 2. Some
useful matrix equalities are derived in Section 3 which are used in Section 4 to derive transition
densities for the various processes considered. Stochastic differential equations are derived in
Sections 5 and 6. The fact that the spectra of three consecutive minors are not Markovian for
generic initial conditions is demonstrated in Section 7.

There is a companion paper by the same authors aiming at determining the kernel for the point
process related to the Dyson Brownian minor process along space-like paths [1].

For RSK, percolation theory and nonintersecting paths, see Chapter 10 and for Laguerre, Ja-
cobi and tridiagonal ensembles, see Chapter 3 in [10]. In the concluding remarks of [7], M. De-
fosseux mentions, without proof, that the minor process for Hermitian matrices is not Markovian
for more than 3 consecutive minors; see also [6]. In [5], it is shown that for a discrete non-
commutative analogue of the Dyson Brownian motion (quantum random walk), Markovianess
is established for consecutive minors and non-Markovianess for three consecutive minors.

2. The Ornstein—Uhlenbeck process and Dyson’s Brownian motion

Consider the space H,(,ﬂ) of n x n matrices B, with entries Byy € R,C, H (8 = 1,2,4)
satisfying the symmetry conditions

Byy = By 2.1
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Any element z € R, C, H admits a decomposition z = z[% + Zf: 1 zltey, with ¢;’s satisfying

2 2 2
e7 = e5 = e; = —l7 e|1ep = —epe = es,

eje3 = —eze] = —ea, erez3 = —epe3z = ej.

Note that the square bracket superscript [/ will, throughout this paper, refer to the coordinates of
an element z € R, C, H. The conjugate * of an element z € R, C, H and its norm are given by

p-1 B—1
=0 szez, Iz = zz" = Zz[m,
=1 =0

with z admitting a polar decomposition z = |z|u, with |u|> = Zf;ol ul2 = 1. The matrices
B e Hﬁlﬂ), as in (2.1), correspond to:

real symmetric n X n matrices, for 8 = 1
H,(f ) = complex Hermitian n x n matrices, for § = 2
self-dual Hermitian n x n “quaternionic” matrices, for § = 4

with the compact groups of vol (Z/I,Eﬁ )) =1,

O(n), g=1
UP = ), B=2 (2.3)
Symp(n), B =4,

acting on it by conjugation.
For B = 4, it is well known that the quaternionic entries z can be represented as follows

A1 O, (11 121 ;.03

_ o] 1] A~ 27 +iz 794z

e=24 ) e 2= <_Z[2] 430 ) 24)
=1

So, the n x n quaternionic matrices B can be turned into 2n x 2n self-dual Hermitian matrices B,
of which the real spectrum is doubly degenerate. Here, we shall define the n distinct eigenvalues
as the spectrum of B. Unless stated otherwise we shall be working with the n x n quaternionic
matrices, rather than the 2n x 2n Hermitian matrices. Also, when working with matrices having
quaternionic entries, the trace will be defined in the usual way, that is as the sum of the diagonal
entries of the n x n-matrix.

The determinant of a matrix B € H,(,4) is given in terms of the 2n x 2n matrix B (as defined
in (2.4)), by the following procedure: first define the skew-symmetric 2n x 2n matrix B by the
following product:

B:=5. [(_01 é)@ln],

and then “det B” is defined as

{
det B := Pfaff (B) = (det(B))"/> = Y (=1)""“[ [ BupBpy - - - Bsa- 2.5)
p 1
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where p is any permutation of the indices (1,2, ..., n) consisting of ¢ exclusive cycles of the
form (0 - B — y — --- — «); see Mehta [19]. In particular, this means that

det(Al — B) = H(A — ), spec B = {A1, ..., Apl, (2.6)

with the A; being the double eigenvalues of B.
The following normalization constant Z, }3 will come back over and over again:

7=

n No.g n ,3
}3 =277 <é> L With Ni= Ny g = 2+ Jnn — 1), 2.7

T

Dyson’s idea was to let the free parameters of the matrix evolve according to the SDE of the
Ornstein—Uhlenbeck (OU) process:

2
dBiiZ—Biidt—i-\/jdbii, i=1,...,n
B (2.8)

dBY = —Blg; + gt l<i<j<nandf=0,...,8—1
i i ﬁ iy’ — — vt ’

where db;;, fori =1, ..., n,anddbl[f],forl <i<j<nand?=0,...,B—1,areindependent,

standard Brownian motions; for notation, see (2.2). Since the Ornstein—Uhlenbeck diffusions are

independent, the Dyson process on the matrix B has a generator, which is just the sum of the

OU-processes above:

"1 82 9
Apys = - 1L R (2.9)
Dy ;(ﬂ aBiZi 33”> Z Z(Z,B aB[e]Z )

i [e]
I<i<j<n £=0 aB[j

with transition probability, setting ¢ := ¢~! and using the constant (2.7),
P[B, € dB | By = B] =: p(t, B, B)dB

1
zZ B 2
n,B ¢ e 2)Tr (B—cB)

= G dB, (2.10)

where d B is the product measure over all the independent parameters B;;, Bl.[f]. The transition
probability (2.10) satisfies the Fokker—Planck equation

ap T
E = ApysP>
with
2 (1 0 0 1
Al =22y —nf— 2.11)
Dys B (2 ; 0B;; 0B;; hﬁ 1<;<n % 3Bm 83[6] hﬂ)

with a delta-function initial condition, p(z, B,B Mi=0 = B(B, B), and with invariant measure
(density)

Jlim p(, B,B) = z;}g(h(B))ﬁ, with i = h(B) = e~ 2T B’ (2.12)
—00 ’
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Dyson discovered in [8] the surprising fact that the process restricted to spec(B) =

{A1, A2, ..., Ay} is Markovian as well. This is the content of Dyson’s celebrated theorem
(Theorem 2.1).
Before stating the main theorem, we define diagonal matrices X = diag (xl, ey Xn) and
Y = diag (y1, ..., yn), vectors w, v € R* C", H" and the inner-product (w, v) 21 w; v
Then consider the integral
GP(X.Y:iw, v) = /(ﬁ) dU T XUYUT+2Re (w.Uv), (2.13)
U,

and its integrand

gr(zﬁ)(U; X,Y:w,v) = e(TrXUYU_1+2Re (w,Uv)) (2.14)

For w = v = 0, this is the more familiar integral
FP X, ) =GP (X, ¥;0,0) = / AUV L
Uy

which for § = 2 gives the Harish—-Chandra—Itzykson—Zuber formula:

det[e f]1<l <n .
FOX,Y) = / rl, with A,(x) = [ [(x; = xp). (2.15)
" A(x)A(y)n ! H’ l
Does the integral (2.13) admit such a representation? This is an open problem.
For future use, we introduce the function

B, (1) = "2 2141 4,0)1. (2.16)
Also throughout the paper, A denotes the vector A = (A1, ..., A;) and sometimes the diagonal
matrix A = diag (A1, ..., Ap), with A < A < ... < X,. This will be clear from the context.

The main statement of the paper will be contained in Theorem 2.3. But first, we discuss
Dyson’s process; in the following theorem, formulae (2.17), (2.19) and (2.21) are due to
Dyson [8].

Theorem 2.1 (Dyson Process). The Dyson process restricted to its spectrum spec (B) = A =
(A1, ..., Ay) is Markovian with SDE given by:

2
dAi:( Ai +Z )dt+\/jdb,',~, i=1,...,n. (2.17)
,;m p

Its transition prObability, with ¢ == e !,

P[A; € di|ro = A] = pa(t, A, M) dAy - --dy,

Le- " }3 is the norming constant for the Gaussian ensemble for general 8, as obtained from the Selberg formula (see
Mehta [20], formula (3.3.10)), (see (2.7) for Ny g)

n (T (145)

Crp=@m 2" [T ———F%
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-1 _
_ Cop o DI
(1 — ¢2)Nup
Be . - .
xF,fﬂ)(l_CZA,A | A, (1) [P Hdk,», (2.18)
1

satisfies the Dyson diffusion equation, with delta-function initial condition (py|i—o = 8(x, X))
(forward equation)
apa -

1 3 3
—Z = Al py, with A] = — Z — (D, (W) —

1 B ok 03 (2, )P 21

The generator is

A Xn:(182+<x+z ! )a) (2.20)
A= 27 —Aj — |5 ) .
= \Baxr Sihi—hj ) ok
and the invariant measure of the Dyson process on B, projected onto spec (B), is given by the
GOE (n), GUE (n), GSE (n) measure for g = 1, 2, 4 respectively, with @, () as in (2.16):

c;}s (D,0) P dny -+ - dhy,. (2.21)

For completeness we shall prove (2.18), (2.21) in Section 4 and (2.17), (2.19) in Section 5.

Throughout the paper, B®~D B"=2 will denote the principal minors of B of sizes
n — 1,n — 2, .... Note that this superscript is different from the square bracket superscripts
referred to in (2.2). It is remarkable that the Dyson process is not only Markovian upon restriction
to the spectrum of any single principal minor B, B=D pn=2  ofsizesn,n—1,n-2,...,
but also upon restriction to any two consecutive principal minors, in particular,

(spec B, spec B D) := (A, 1) == (Moo )y (1. - 1)),
with intertwining property
M =A< <A1 < -1 =< Ag.

We denote by A, and A, the generators of the consecutive spectra spec B and spec B=D,

as defined in (2.19). Define the characteristic polynomials of the two consecutive minors B and
Bn=1,

n n—1
P@=]]c=%) P =][]GC—nup, (2.22)
a=1 B=1

and the Vandermonde determinants

2,00 =[] =) =0,
Jj>i
n n—1

n n—1
A, ) =TT ] =) =[] P10 = [ ] Paueid,
1 1

i=1j=1

(2.23)

nn—1)

with A, (A, w)(=1)
In order to state Theorem 2.3, we need the following property of any matrix B € H,(,ﬁ ).

> 0 because of the intertwining.
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Lemma 2.2 (Conjugation to Bordered Matrices). Not only can B be conjugated by a matrix
U™ ¢ u,iﬂ ) (see (2.3)), in the standard way, such that
U™~'BU™ = diag(p1, ..., 1),
but also by a matrix of the form v o with U0 e UP 10 yield a bordered matrix
y o 1) n—1 10y
Bhord-

Ua=-1 o 5 ya=1 -1
0 1 0 1

1 o - 0 riug

0 12%) s 0 rau» (2.24)
=1 : S : : = Bbord

0 0 t Mn— l F'n—1Up—1

Fiuy rauy e Ip—il_ Tn

with |u;| = 1 (angular variables) and withr; > 0 for 1 <i <n — 1 and ry, given by
P n n—1
r,%::—ﬂzo l<k<n-—1, =y hi— ) i (2.25)
1(Mk) 1 1

The conjugation in (2.24) transforms the last column v of B into the last column of the bordered
matrix Bpord (except for the last entry); i.e.,

U(n_l)v= (rlulv-u’rnflunfl)—rv and  Bp, =1y,
withv == (Bin, ..., Bu_1.2) . (2.26)
These facts, (2.24)—(2.26), will be discussed and shown in Section 3.

The main statement of the paper is the analogue of Theorem 2.1 for the case of the spectra of
two consecutive minors.

Theorem 2.3 (Spectra of Two Consecutive Minors). The Dyson process on B restricted to

(spec B, spec B D) = (b, ) := ((hr, - 2, (1 phnm1)
is a diffusion (A(t), u(t)) as well, with the following SDE:

drg = ( bt )5 )
ea ha
¢ 2000 (s V2rirdby

n—1 —1 r
2db;; 2ridb;
i Z r ii Z \/_rz in +dbnn> ’

/’Ll)Z ) Ao — Wi

2
du, = —pn, + dt+ | =db,,,

(2.27)
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in terms of independent standard Brownian motions {a’b,',-,dl;,-j}lf,-< j<n. Its transition
probability? is given by:

p)npb (Z7 (;‘7 ﬁ)a ()\'7 Iu)) d)" dl’L
=Pk, ) € (dh,dp) | (ho, po) = (A, )]

Z-! B n3 240272 n=l
R - > (Af+c=ay) _ _ -
= ﬁe 2(1-c2) ~1 / 1201, | | d.Q(’B D(lxﬁ)dﬁ(ﬁ D(Mj)
- (SP=Hn=D 7y

Bc _ Bc 1o — e
XGElﬂ—)l(l_CZM’M;l Cz(rilfti)ll1 ],(riui)r{ :

Bernin

n n—1
xe 1= | Ay () Ap_1 ()] [ A (A, u>|<§‘1) [Tan [Tan;, (2.28)
1 1

where the r;’s are given by (2.25). It is also a solution of the following forward diffusion equation,
with delta-function initial condition

3
’; o AT pagee with AT = AT+ AL+ AT, (2.29)

where

2 a9 1 Puo1(h) Pa(pj)
Al = ——§ § —_ J 2.30
A B = 0k du ((M—Mj)z Py(i) Py (u)) @30

1

and where .AI and Al—[ are defined by (2.19). The Dyson process restricted to (A, L) has invariant

measure, (see (2.23)),

n—1

. I N20=D) g b T
Z (vol(sﬂ ‘)) e 2 2N A (M) Ap I A, ) 27 ] [ [ [ dpi 231)
1 1

The SDE (2.27) and generator (2.29) are computed in Section 6 while the expressions for
transition density (2.28) and invariant measure (2.31) are proved in Section 4.

21n the formula (2.28), SP~1 < RA is the B — 1-dimensional sphere with induced uniform measure d2(#~D_ The

constant reads

-1
e (r (48
21 = ’
n,p —

n n=l ] |
e 2x 80T (14 B ) ol 570y
J=

and vol (Sk) =2 ]_[f;]] (2 fg/z(cos O)ide) for k > 2, vol (§%) = 1 and vol (Sl) = 2m, which is proved by induction
on k; so vol (Sz) = 47 and vol (S3) =272,
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Note that it is an immediate consequence of Theorem 2.1 that the generator Apys, defined in
(2.9), acting on the A; and u;, has the form

Apys(Ai) = A, (X)) and  Apys(ui) = Au (i), (2.32)

where A, and A, are defined by (2.20).
Whereas all statements in this paper hold for § = 1, 2,4, a part of it can be extended to
general 8 > 0, as will be shown in Section 6, after the proof of Theorem 2.3:

Corollary 2.4. For general B > 0, the SDE (2.27), in terms of the independent standard
Brownian motions {db;;, db; i Y<i<j<n, defines a diffusion, whose generator is given by the same
Egs. (2.29), and whose invariant measure is given by (2.31). Moreover, this diffusion restricted
to the A;’s (or to the u;’s) is the standard Dyson Brownian motion (2.17).

The following corollary shows that the @;’s in A; < u; < A;41 are repelled by the boundary

and fluctuate in unison with the boundary points, when they get close.

Corollary 2.5 (Gap Behavior). The nonnegative gaps j; — Aj and hjy1 — p; for 1 <i <n—1
satisfy, in the notation of (2.27),

d(i — %) = Fio, dt + /i =iy owedbe

1<k<t<n

d(hig1 — i) = FiOo, wydt + aigpn— i Y éwedbie

1<k<t<n

(2.33)

with
{some are =01) forpi ~x; and some &;j = O(1) for uj = Ajt1.
E()"a H’)'[,Li=)ni > 07 E()"a M)'/Li=kl‘+1 > 0

This is to be compared with the Warren process [28], which also describes two intertwined
Dyson processes A and u, but with an entirely different interaction: namely the w;’s near
the boundaries of the intervals [X;, A;41] behave like the absolute value of one-dimensional
Brownian motion near the origin.

As we saw, the Dyson process on B, restricted to the spectrum of one principal minor or the
spectra of two consecutive minors leads to two Markov processes. Opposed to that, we prove the
spectra of three consecutive minors is not Markovian, at least for § = 2 and 4; we suspect it is
true for B = 1 as well; that would require a different proof.

Theorem 2.6 (Spectra of Three Consecutive Minors). For B = 2 and 4, the restriction of the
Dyson process restricted to the following data

(spec B, spec B, spec B2y = (A, u, v)

is not Markovian for generic initial conditions on B, i.e., the joint spectra of any three
neighboring set of minors of B are not Markovian.

This statement will be proved in Section 7.
3. Some matrix identities

This section will be devoted to proving Lemma 2.2; in the course of doing so we shall also
prove Lemma 3.1:
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Lemma 3.1.
n—1 2 n n—1 n—1
2, 1( 2 ) 2 180w
Zr- 4+ L= Z)"_ZM) and 1_[;« == 3.1
1 l 2 2\F l 1 l 1 l A;%—l('u“)
One also has the (often used) identities
n—1 2 n—1 2
ri PO ( )
+ rm—XA =0 and + 1. (3.2)
121: he — ! Pu1(u) ;
Finally, one has, for fixed (i1, ..., un—1) and fixed (uy, ..., un—1),
n—1 n
o A
dridr, = (—1)" 12 T Tdn. (3.3)
H g Ap_1(p) H l

Proof of Lemma’s 2.2 and 3.1. From the form of the matrix Bporq as in (2.24), one checks (see
(2.23) and also the formula (2.5) for the determinant in the quaternionic case)

n—1

n 2
[ [0 = 2) = det(Boora — 1) = H(u, ~2) (Z il —z>
1

Z l

from which it follows that?

_Z 4= P, (z)

i 1Z_Ml Py_1(2)

1
= 2= @0 01 (W) ~ — (1M1 (W) + o2(w)

1
— 0200 ol (W) + (?2) (3.4)

Then taking residues in formula (3.4) yields the ﬁrst formulae (2.25) and thus the formula for
'1’ ! 2 in (3.1). Comparing the coefficients of z0 and the z~! on both sides of (3.4) yields
the ﬁrst formula of (3.1). Setting z = Ay in the expression (3.4) and its derivative with regard

to z implies the two sets of n identities (3.2), in view of the definition (2.22) of P,. Formula

(3.3) amounts to computing the Jacobian determinant of the transformation from Ay, ..., A, to
1, ..., Iy to do this, take the differential of the first of the n expressions appearing in (3.2)
(as functions of Ay, ..., A, and rq, ..., r,), keeping the pu;’s fixed and use the second of the
expressions (3.2):

=l gp2

0= ! +dr, — |1+ dg
; Ao — Wi " Z (Mg — Mz)z
n—1 2 /
dr: P (x
=Y ——+dr, - n() dhg,
1 Ao — Wi P10

i=

3 The o (1) are the k-th symmetric polynomials: o1 (1) = Y _; A, 02 (A) = ij AjAj, etc...; the same for oy ().
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which in matrix form reads

dr} dhri
drj b PO dra
T : =diag( n (1) s i n)> : ,
'2 Py—1(A1) Py—1(An) ’
drn—l d)\-nfl
an d)\n
where (by Cauchy’s determinantal formula)
1 1 1 {
AM— U1 Al — U2 Al — Mn—1
1 1 1 ]
=|2—u rr—pu A2 — Hn—1 ,
1 1 1 |
An — M1 Ap— M2 An — MUn—1
1\ An (W) Ap—
with det I = (_1)(H—1)(§+1)M‘ (3.5)

An ()\'9 /JL)
Formula (3.5) for the determinant follows from the observation that det I" has homogeneous
degree 1 — n and vanishes when A, (1)A,_1(u) does and blows up (simply) when and only
when A, (A, i) vanishes. Thus we have

At i) PLOW) . A
= ————(det I’ =D —.
Okt e s hn) III Yo R T

This concludes the proof of Lemma’s 2.2 and 3.1. [
4. Transition probabilities
A quick review of the Ornstein—Uhlenbeck process (see Feller [9] and Uhlenbeck—Ornstein

[27]): it is a diffusion on R, given by the one-dimensional SDE,

1
dx = —px dt + — db, .1

VB

and it has transition probability (¢ := e~ ?")

Plx; € dx | xo = x] = pou(t; X, x) dx

1/2 5
_ pB pB(x — cx) )
“\ra-ay) Uz )

The transition probability is a solution of the forward (diffusion) equation, with §-function initial
condition®

dpou (1 9* 0 e 9 1
o (ﬁﬁ - 8_x(_px)> pou = 2% (3_x¢pﬁ(x)3_xm> Pou, 4.2)

. . . _2pt
4 The backward equation becomes the heat equation with (x, 7) —> (xe” r l;%p).
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and invariant measure (density)

hpp(x) = ,/@e*”’g"2 = lim pou(t; x, x).
T t—00

Proof of Transition Probabilities (2.10), (2.18) and (2.28). (i) The Fokker—Planck equation
for the transition probability of the Dyson process. The Dyson process consists of running the free
parameters of the matrix B € Hf,ﬁ ), as in (2.1), according to independent Ornstein—Uhlenbeck
processes, with p = 1, the diagonal with 8 — B/2 and the off-diagonal parameters with 8 — S.
Remembering the definition (2.7) of N = N, g and the definition of the trace (after (2.4)), one
has, setting ¢ = ¢, and using (2.8), (4.1) and (4.2), the transition probability for the Dyson
process is given by’

p(t, B, B) = Hpou(r Bi. Bi) | Hpou(r Bl Bl

I<i<j<n £=0

_ AN
_/3 (Biif“Bii) _/S (Bl[j]itBl[j])2
n e 2(1—c2) Bl e (1—c2)

i=1 \ @r(1 — Cz)/ﬂ)% l<i<j<nit=0 | (w(l — 6‘2)/13)%

1 Tr(B cB)?
— N ﬂe 2(1 2
n/2 (%(1 _ Cz)) .
Z_1 _ T 2
= T TS 43)
J— C n

yielding (2.10), while lim,_, o p(t, B, B)
Moreover, from (4.2), one computes for p(z;

Z;llg(h(B))ﬂ is immediate, showing (2.12).

cu. I
=

0 By =2ty 2y Byt ]
Ep( )_E §;E¢ﬂ/2( ll)aB m

— s (B — }p(u B.B)

ad
4 4 J4
1<i<j<n £=0 aB[ 3Bi[j] ¢’ﬂ(Bi[j])

201 0 a 1
ZE[EZ Bi,-h(B)aBz-,-h(B)
1

a1 -
U

1<1<j<n £=0 3B
with
h(B) = constant x ]_[qs,g/z(B,,) [T ¢8I,
oS
proving (2.11).

5 With constant z, 1

B = —9— n/Z(%)—N B
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(i) The transition probability (2.18) and the invariant measure for the A; process. Set
A=, ... ) and A= (Aq,..., A ).

By the Weyl integration formula, given B = UAU ™! and initial condition B = UAU™!,
express dB = d(UAU™') in formula (2.10) in terms of spectral and angular variables
dB = Zn,,gC,nglAn()\NﬁdU [T} d*;, with Haar measure dU on L{,Eﬁ) normalized such that

Vol(u,gﬁ )) = 1, with C, /13 defined in footnote 1. This yields, using the transition probability
(4.3),

P[B, € dB | By = B] = p(t; B, B)dB
Cn_ﬁ efﬁ Y +cH2) 15‘ Te UL~ TAT !

T A=)V

x| A, 0)1Pau | [ . 4.4
1

Note that the constant C, ﬂ is compatible with the fact that for # — oo this transition probability
tends to the GUE- probablhty, see below.

We now compute the transition probability p; (¢; A, A)dA for the spectrum of the Dyson
process; this will be a model to compute the transition probability for the (A;, u;)-process. So,
defining

HP () = {B e HP)| spec B = Ab
consider
pat; h, Ndh = Py € dihg = 1)
=/ / P[B; €dB | By = B]
BeHP o) JBeHP )
x P[Bo € dB|spec(By) = A]
_ Coh Y —siir 5 SHOF+RD) G TrUAU = 030!
() (=AY
_ n
x | 4,0)1PdUdU | [ dni
1

C;l na2. 232 _ n
- BT 2(1 2 LA Gi+e A F(ﬁ) ,8_)» A o0BTT dn:
(1_62)1\,”'}9@ —ah A, ()] |]| i

using (4.4) above, using the following conditional probability formula:
P[By € dB, spec(Bg) € di _
[Bo pec(Bo) ] _ D

PP[Bo € dB|spec(By) = A] = P [spec(Bo) € dA]

and finally using the integration (2.13),

ﬁc — Be
/ PR TR f ot
u® u®

thus yielding (2.18).

- i
dU =F® <—1 pe 2/\,/\),

—C



2036 M. Adler et al. / Stochastic Processes and their Applications 124 (2014) 2023-2051
Letting t — o0, (equivalently ¢ — 0) in (4.4) proves formula (2.21) for the invariant measure,

taking into account that F,E’S )(0, Y) = vol(Z/l,f )=1.

(iii) Proof of the transition probability (2.28) and the invariant measure for the (A;, |4;) process.
The proof of (2.28) in Theorem 2.3 proceed along similar lines. First observe the identity

P[B; € dB | (spec(Bo), spec(BY' ")) = (&, )]
= P[B, € dB| By = B
/Eerf’)d,m L5 | B0 = B]
x P [BO € dB|(spec(Bo), spec(B" ™)) = (i, ;1)] (4.5)
with
'H,(Zﬂ)()_\, ) = H,(,’g) N {(spec(B), speC(B("fl))) = (X, ﬂ)} .

Next we compute the two probabilities in the integrand of the integral (4.5):

(a) The first integrand equals p(¢; B, B)dB, as in (4.3). Since Lebesgue measure dB is the
product measure over all the free parameters, one will express d B as the product of Lebesgue

measure dB@~D on the (n — 1) x (n — 1) minor and the measure [ ] 1<i<n-1 dB dB,m on the
0=t=p-1

last row and column, remembering the expression (2.7) for N, g, thus giving,

- Z_ _ B Tr(B— §2
P[B, € dB|By = Bl = —— ¢ -5 yp
(1 — c2)Nus
Zn_ LB 72(1 —2 Tr(B(" D—cB™D)? dB®=b

- (1 = c2)Nn-1.8

1 2
y Zn,ﬂZ”_lvﬂ . (1 c2) [Zéz;i; 1 (Bm _CB ) +3 (Bnn_CBnn) ]
(1 — 62)(Nn,ﬂ_Nn—l,ﬁ)

—18-1

X ]_[ ]_[ dB/dB,,. (4.6)

i=1 (=

As mentioned prior to (4.4), one can set in (4.6),
n—1
dB"V = Z,_15C. L gl An1)PdU D [T dpi. @7
i=1

In (2.24), it was shown that upon conjugation by an appropriate matrix U~ ¢ L[lg’fi )], the
matrix B could be transformed into the bordered matrix Bpord, as in (2.24) and (2.26), with

(riuq, ..., r,,,lun,l)—r = U Dy and |u;| = 1. Using the same inner-product as in the formula
just preceding (2.13), but for n — 1-vectors, and using the associated norm || ||, one finds, using
the above,
> (BY Bl = v —ci)?
1<i<n—1
0<t<p—1

= 0" V@ —cd)|?
= U Do? + AUV 3)? = 2cRe (U Vv, U D3)
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= U D2 + AU Dy)?
—2¢Re (U Dy, (ur=D @ =D~y "Dy

n—1 n—1
- Zrl? +c? fo —2cRe ((riui, ..., Fn_tttn_1)",
1 1

(U(nfl)([](nfl))*])(flﬁl, e, fn_lb_tn—l)T)- (4.8)

Given that U™~V is fixed and that det(U"~1) = 1, and since the expressions u; in (2.24) have
lu;| = 1, the differential below can be written in terms of a product of differentials d(r;u;) along
§P=1 c RP, expressed in polar coordinates, thus yielding differentials involving the r;’s and
volume elements on the unit sphere S~

n—1p-1 . n—1 n—1
[1aB,) = []avi=][]acw™ )" Grur.....rayun)"i
i=1 ¢=0 i=1 i=1

n—1
= [der @) P [ Td(rius)
1

n—1
=[[f"drida2* Pw) and dB., = dry. 4.9)
1

Thus all together, setting (4.7)—(4.9) in (4.6), we have shown that
P[B, € dB|By = B]

- —1
= —an lNﬂ ﬂe_ﬁ S e i)
(1 — ¢2)Na-1.

(n—1) (f7(n—1)y—1y—1 (n=1) r7(n—=1)y—1~
X | Ay oy et (PO ORI - ”l_[cm

bt (51 o) o)
(1 — c2)WNup=No-1.p

2Bc¢ )l ) n=Dy=1 (7 7.y1—1
)(el—czRe«rlul)’ll sU(’l )(U(n )) (rlul)’ll >€

pe - n—1 _ 3
12 drnl_[rl.ﬂ ldridﬂi(’S D)
1

_ anﬂfn LP st Dl0F+eT)
(I =cH)MmChop

rnrn

_Bec
% T Ay () Ayt O] | Ayt Gr, 1)) 571

_ — (n—1)~ — c _ Cc _ _ - n—
«g® (ve-n@n-n)-1, P S i P S (rau)y ™ !
1—c 1—c
n—1 n—1 n
xdu®D T1d2? V@) [Tdw [ (4.10)
1 1 1

In the last equality we have used identities (3.1) and (3.3) and the definition (2.14) of gliﬂ_) 1
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(b) The second probability in (4.5) takes on the following value:

n—1
1407 a)
IP’[B € dB|(spec(By). spec(B" V) = (&, it ]:d(j(”_l)l—. 4.11
0 € dB|(spec(Bo). spec( By ) = (L. i) corE @D
Indeed, the probability (4.10), when ¢ — oo (which amounts to letting ¢ — 0), tends to
the invariant measure for the Dyson Brownian motion; instead of the usual representation
in the variables (A;, U®™), this gives the expression of the GUE-probability in the variables
iy o j, ug, UMDY

B
P[B € dB] = Z, ke 2""BdB

= lim P[B; € dB|By = B]
11— 00

n—1 n—1 n
FupOe aU ™D TTa2? P [T dwi [T dn (4.12)
1 1 1
with (using gff_)l(U; 0, i1; 0, (fiﬁi)rll_l) =1

Zn_lzn—l,ﬁ Bt 2 B
Fap O 1) = ’Cﬂ—lﬁe—le ) A0 00 Dp 1 GO A1 Oy )] 77 (4.13)

This also shows that HP (., ) ~ Z/{ﬁ)l X (S(ﬁ’l))n_l. Using (4.12), one checks that the
conditional probability equals

P [Bo € dB|(spec(Bo), spec(By' ™)) = (2., /:e)]

P [Bo € dB, (spec(By), spec(B{'"™)) € (2, d,a)]

P [(spec(Bo), spec(B" ™)) e (a3, dﬁ)]

_ (1) n—1 Q(/S—l) _ n—1 _ n -
fn,ﬁ()h wdUu H d i (u;) l_[ dt; l_[d)\z
1 1 1

n—1

_ n o _ _ n—1 _ _
fn,ﬂ()"a [L) 1_[ dlll Hd)"l fM(ﬁ)lx(S(ﬁ—U)”’l dU(l’l—l) l_[ d.Ql(ﬂ 1)(1,{1‘)
1 1 n- 1
G- T 0BD
dU=D TT d2" i)
1

- , (4.14)
(vol (SB=1))"~!

confirming expression (4.11). Setting (4.10) and (4.11) in (4.5) and using the integral (2.13) and
the identification just after (4.13), one computes:

Pap(ts (A, 1), Ony w))drdp

=/ / P[B; € dB | By = B]
BieHP 0wy JBeHP (i)

x P [30 € dB|(spec(Bo), spec(B" ™)) = (%, ;1)]
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—1 -1
_ / Zn,ﬁZ”—lv/SCnfl,B
(U x(s6-0y"1)" (1 = c2)Vrsvol (SP=Dyn=1

gyt Be o Be gy
xg,?i)l(U(" DO e s e o G

—1 - . _
. ()‘1'2""”2)‘1'2)8 ﬁc.z Tnn

__B_
2(1—c2) 1—c

% AU DTV A, (3) Ap—1 (0| Ay Gr p2)] 27!
n—1 | n—1 | n—1 n
< [1d02P P wn [Tae? " an []dw []dr
1 1 1 1

Z B ynl240252) B, & 8
mb - Zimt KR TSI AL ) Ayt GO Ant o )] 5 dpad

(1 — ¢2)Nup
Bc _ Bc 1o e
X /(S(ﬂ_l))hz Giﬁ_)l(l —ak kT3 riup)} ™, Fitg)) !
n—1
[T427 " @nan® @), (4.15)
1

where we used the translation invariance of dU"~1 and vol (L{ﬁ )1) = 1; also one checks the

value of the constant 2; ! to be the one given in footnote 2. This establishes formula (2.28) for
the transition probability of the (A;, u;)-process.

The statements concerning the invariant measures, (2.21) and (2.31) follow immediately from
(2.18), (2.13), (2.28), by letting t — oo in the transition probability. This concludes the proof of
the formulae for the transition probabilities (2.10), (2.18) and invariant measure (2.31), appearing
in Theorems 2.1 and 2.3. [

Remark 4.1. The diffusion Eq. (2.29), which will be established in Section 5, can also be used
to confirm the form of the invariant measure, at least for § = 2. On general grounds, the density
of the invariant measure, namely
_Bymn,y2 B_

Lyu(h, ) i= Ce™ 2 204 | A, (W) At (W1 An Gy )] 271 (4.16)
is a null vector of the forward equation, i.e.

AT Ou ) = (AL + AL+ AL L, ) =0,
with A defined in (2.29). For 8 = 2, more is true; namely

nn—1)

—1
AI()\)IAM = TIM“ ‘AI—LF(M)I)LM = M

5 b 4.17)

Once this is shown, it follows that

AL DO ) = —n(n = DI (L ).

So it suffices to prove (4.17). First observe that A, (1) and A,_;(u) are harmonic functions, i.e.

n 9 2 n—1 9 2
> (87) A =0. Y (W) Anr(u) =0,

1 1 !
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and also homogeneous functions so that acted upon by the Euler operators,

Z}\ A(k) (HT_I)A,,()»),

n—1 n—1 )
ZIM Ap_1(p) = #An—l(ﬂ)-

Now compute from (2.19) and (4.16) that (remember &, (A) := e_% X Aiz|An MD

L8 Ap() Ao (e 21

AL WDy, = —Z o (a0 -

(2, (1))?
Ap—1 () 9
—TZM T A
0
= —26 Zl /An I(M)Z(akz 2 la_)”> A"()\)
_ nn—1)
=T

and also that

2 3 A Ay (e ETH
i (Bu_1(10))?

ALy = —Z—( n1 ()5
n—1

1 n42 8 n—1 12 8 n—1 2
- __ =20 LIPS -2
S Ay (he™ X §1 e (An-rgoeX)

LA, Ge i i P o) A
—=4n e ! i n—
5 ' 2 Wi e 11U

—2(n— DA, (M))

1 n
= JAuwe & M= 1)(n—2) +2(n — 1) Ay (1)

nn—1)
—5

This ends the proof of identities (4.17).
5. Ito’s lemma and Dyson’s theorem

To fix notation we repeat some well known facts from stochastic calculus in a way that will
be useful later. Given a diffusion X, € R”, given by the SDE®

dX; =o0(X;)db; + a(X;)dt, 5.1

6 The subscript 7 in X; and B; will often be omitted, as it has in previous sections.
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where db; is a vector of independent standard Brownian motions, where x, a(x) € R" and o (x)
an n x n matrix. Then the generator of this diffusion is given by

1 - a2 3
A= ;(oa O s Za )50

and, by straight forward verification,

dX;dX;
(00 )ij(x) = Alxixj) — x A(x)) — x; A(x;) = (—1> (x)

dt (5.2)
a;(x) = Ax;.
The transition density p(z, X, x) is a solution of the forward equation (in x)
ap T
£ —A'p. 5.3
o r (5.3)

Moreover for a function g : R” > R” with g € C?, the SDE for ¥; = g(X,) has the form
08k 1 9% gk 08k
dY, = ——dX; + - —dX;dX; = ——o0i; | db; + hidt, 5.4
k Zi:axi l+2;8x58xj a2 2}: Zi:axia” j o9
for k = 1,..., p and for some function hy; i.e., the local martingale part only depends on

first derivatives of g. This follows from the standard multiplication rules of stochastic calculus
(dtdt = 0,dtdb = 0 and db;db; = &;;dt):

n n
dX;dX; = <ai dt—}—ZU,-g dbg) (a.,' dl—}-Zij dbk> (5.5)
=1 k=1
n n
= (Z‘W dbg) <Za,~k dbk> = (o0 ") dt. (5.6)

=1

More details can be found in any book on stochastic calculus, for example [18] or [25]. As a
warm-up exercise, we first prove Dyson’s original result, namely the formulae for the SDE and
for the generator of Theorem 2.1, including some consequences.

Proof of (2.17) and (2.19) in Theorem 2.1. The Dyson process is invariant under conjugation
by U € Z/{,Eﬂ); to be precise from (2.10),

p(t; UBU™Y, UBU™") = p(1; B, B).
Therefore, we are free, at any fixed choice of ¢, to reset
B(t) — UB®)U™', for any U € Z/{,Eﬁ).

At any given time ¢, diagonalize the matrix B to yield diag (A1,...,X,) and consider the
perturbation

diag ()\.1, ey )\n) + [dBl'j],
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where one defines the n x n matrix, for 1 <i < j <n,

B—1
0 o dBY + )" dBl e,
1
[dB;j] == : : (5.7
p—1
aBl)' = > dB[le, .- 0
1
and, fori =1,...,n,
[dBi;] = diag (0, ...,dBj, ..., 0),
with, by (2.8),
/ dt
dB! dBi[fjJ = 8,18 j,-/aggfg dB; dBj; = 25;;% Bl dBy = 0. (5.8)

Remember by Ito’s formula (5.4), one only needs to keep track of at most second order changes
of the arguments.

Thus for non-diagonal perturbations (i # j), one checks’

0 = det(diag (A1, ..., An) + [dBij] — AD) s g +dig

n B—1
[TOe=n ((A — A= Aj) — Z(dBi[]’r’])Z)
i (=0

g M hg+d g
(non-zero function) X dA, fora #1, j,
B—1
(non-zero function) x ((ki —Aj)dr; — Z(dBi[f])z> fora =1,
= £=0

p—1
(non-zero function) x ((Aj —A)dAj — Z(dBi[f])z) fora = j,
=0

showing that an off-diagonal perturbation of the diagonal matrix B(¢) = diag (A1 (¢), ..., A, (1))
yields
ESSNT ESSNT)
> (B )2 > (dB; )2
dir; = =0 , dirj = H—, and diy =0 fora #i, j.

A=

7 Remember, for 8 = 4, the determinant is defined in (2.6).
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For diagonal perturbations (i = j), one finds

det(diag (A1, ..., Ay) + [dBii]l — M) |nsrg+dig

n

=[0e =2 G +dBii = 1) I ravar
(=1
C#i

| (non-zero function) x dAg, fora #i
| (non-zero function) X (dByg — dAy), fora =i,
and thus

dry =0 fora#i and diy =dByy fora =i1i.

Then summing up all the perturbations, one finds the SDE (2.17) announced in Theorem 2.1,
using d Bi; = —Byidt + \/%db,-,- — di + \/%db,»,- and formula (5.8),
B—1
(€12
> (dB; i)

£=0
B+ 2
EZR

1 [2
= —Ai+2 )dt+ Zdbj;, fori=1,...,n.
( 7 M p

This ends the formal part of the proof of the SDE. A rigorous approach uses the ideas of
Section 4.3 in Anderson, Guionnet and Zeitouni [3]. Indeed to prove the existence of a strong
solution to the SDE (2.17), one introduces a cut-off of the polar part; i.e., one replaces the polar
part in SDE (2.17), namely

1
Z dt, (5.9)
(j;éi i — ’\f')

by an expression containing a uniformly Lipschitz function ¢g,

di;

1. -1
(Z DO~ Af)) di,  with dr(x) = {’“ = R (5.10)

L R?x  otherwise.
JF#

The resulting SDE then admits a unique strong solution, which coincides with the solution of the
SDE containing (5.9), for

t < TR = inf{t such that n;éln |Af(t) — kiR(t)| < R_l} ;
i#]

note this first hitting time tr of the cut-off is monotone increasing in R. One then shows
by introducing an appropriate Lyapunov function f(xi, ..., x,) to control the (stopping) time
Ty =inf{t > 0| f(AR(t)) > M}, where M is a function of R. Before that stopping time T}y, the
solution of the SDE with the polar part (5.9) agrees with the one containing the cut-off function.
This enables one to show that T); — oo a.s. for M — oo. This then shows the existence and
uniqueness of a strong (and weak) solution to the SDE (2.17), with initial condition in the space
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{A1 < --- < Ap}. It then requires further argumentation to show rigorously that this solution is
the same as the one of the spectral problem.

Then translating the SDE into the generator of the diffusion on (A1, ..., A,), one finds, by
(5.2), that

and thus
(1 92 0
Al = ——— = — | =X
Z(ﬂaﬂ axi<

1
__2 :_ B -

with &,(1) as in (2.21), confirming formula (2.19) in Theorem 2.1. Finally ApysA; = AxAi,
mentioned in (2.32), follows from the fact that the generator Apys restricted to the functions
(A1, ..., Ay) equals A;, as a consequence of (5.1) to (5.3); of course, this holds for the spectrum
of every principal minor of the matrix B. [

6. SDE for the Dyson process on the spectra of two consecutive minors

In this section we prove the formulas (2.27) for the A- and u-SDE’s, together with the
generator (2.29).

Proof of SDE (2.27) and Generator (2.29) in Theorem 2.3. Using the same idea as in the
proof of (2.17) and (2.19) in the Section 5, we choose, at time ¢, to conjugate the matrix B
so as to have the form Bporg Of (2.24) and let the matrix Bypoq evolve according to the Dyson
process. We will consider only the first order effects on the A’s and ignore second order effects.
We will again restrict ourselves to the formal part of the argument, as in Section 5. Here again, a
totally rigorous proof would require introducing a cut-off as in (5.9).

At first, we need to compute the (first order) variation of the XA, ’s as a function of the (first
order) variation of the entries:

Case 1: Consider the perturbation of Byord, using the notation (5.7) for [d B;;], namely
Boorda + [dB;j], forl<i<j<n-—1.

Up to first order, one must compute the effect of the perturbation on each of the eigenvalues
Aq, by explicitly computing the characteristic polynomial of the bordered matrix (2.24) with the
extra non-diagonal perturbation; then, by neglecting the second order terms in d B, one finds®:

n—1
0 = det(Boord + [dBij] = AD)|us g vane = | [ (e — 1)

5 n—1 rlg +r —A 2}’17'/ d Z](uu*)[z]
E n E iw;
— A — L A= u) X — ) /

M= Ag+dAg

8 Notice that 2Red B} u; 5 = dBLuin; + @Bt = 207 dBl @il using (@b)* = bra*.

Remember, for 8 = 4, quaternlon Inultlphcatlon does not commute and for the determmant of a matrix, use formula (2.5).
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Setting A > Ay +d Xy in this expression, shows that the product ]—[2’;11 (g — Ao —dXy) 1s of the
form (non-zero-function)+ (function) x d A, whereas for the second part, upon Taylor expanding
in A4, keeping in the expression first order terms only, evaluated by (3.2), and upon noticing that
the Oth-order term vanishes (again using (3.2)), we find

p—1
T2 dBy ! = 0.
=0

_ P’;()w) d 2rirj
PiciChg) 0 (g — i) Ay

Finally, adding up the first order contributions from all the perturbations d Bi[](.)] + Zf_l dBl!f],
with 1 <i < j <n —1,yields

P,_1(A 2rir;
dhg = M 3 it ZdB"”(u Wl 6.1)
Pn()\oz) l<i<j<n—I g = i) (Ag —
Case 2: For the perturbation [d B;;], with i = 1, ..., n — 1, again neglecting the second order

terms,

0 = det(Bvord + [dBji] — M) s g +dig

n—1
= [ [(ue + 8idBii — ho — dira)
=1

n—1 2

r

)4
X E SindBii) — hy —dAg | -
(l_l }"Ol +d}‘v(x — Ue — 5€idBii + (r"l =+ 0in ll) o 0()

Upon expanding this expression as a function of Ay, ; up to first order, noticing as before that
the first part does not matter, and using again (3.2), this leads to

P)(x r?
—Mda —del_O fori =1, n—1,
Py—1(Ag) (A — i)
P,y (ha)
—————d,y +dBy, =0 fori =n,
Pacihg) e T 4Em e
and thus summing up all the contributions coming from the d B;; fori = 1, ..., n, one finds
PioiG) (N~ 77
dry = L dBji +dB,, | . 6.2
PG Zl o —p)? ©2

Case 3: For the perturbation [dBj,], i =1,...,n— 1,
0= det(Bbord + [dBin] — A jis g +dig

dB} *dB;,)é;
_ H(,ug » (Z ri +ri(u; dB;, + u; in)0ik fr,— A)

A — Wk

Mg +dAg

Then, using u;d B}, + dBjyu; =2 Zﬂ l [e]dB[z using formula (3.2) and finally summing up

in’
over all perturbatlons of the last row and column (1 <i<n-—1)yields

PO | 2ri Z umdBm
n—1A

diy = . (6.3)
PO ; Aa—m
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Then summing up the three contributions (6.1)—(6.3) gives us the total first order contribution to
dly:

B—1
Po1(A 2ir;

dhg = TG 3o il > B )
Py(Ag) (A — (i) — 1) =0 /

I<i<j<n—1

[€] 5 ple]
n—1 2 n— lzrl Z u; dB

+ dBji +dBu + )

r
i=1 ()“ :u‘l)2 i=1 )" — MKi

We now set the SDE’s (2.8) for the d B;;, d Bl.[f] into the equation obtained above, thus yielding,
by (5.4),

2 rir; il
dig = FSV (V) dt + 1 () =L i) gplt]
Gt \/; P 2 (Aa—m)(xa—u,a ;(” )b

1<i<j<n-1

n—1 .

i=1 — MKi I’Ll =0

for some function FO(,") (A) to be determined later. Notice thatin R, C and H, the norm |v| satisfies
lvw| = |v]|. |w| and |v| = |v*|. Therefore, when |u;| = 1, we also have |u,~uj‘.| = 1, implying that

p-I p-I
dbiy =y uldb.] and db;; = Z(uiuj)[“db}f.]
= =0

are both standard Brownian motions on the sphere S#~!; since they are different linear combi-
nations, they are independent standard Brownian motions, and independent of db;;, 1 < i < n.
This is precisely formula (2.27) of Theorem 2.3, namely

dr, = F(”)()\)dt—i- n 1()»(){) Z ﬁl’,‘l’jdi}l‘j
¢ ﬁ P00 \ 1252 o — 1) (e — 1))

2 n—1 -
; ii 2r,~dbl~,,
+ ) —t——+)Y —— +dbp, . (6.4)
“ (ha — ti)? ; o — I4i "

The SDE for the Dyson process induced on the (n — 1) x (n — 1) upper-left minor is given by
the first formula of Theorem 2.1 with n +— n — 1 and A — w, yielding the formula in (2.27).
Therefore the product of the SDEs in (2.27), together with identity (2.25) yields

dridpj _ 2 Pam1(hi) ( rj )2: 22t BeGoRG) (6.5)
dt B P(hi) \Ai—u, B (i = 1j)* PP, () |
Moreover,
drgdXy

dt = ADys()\a)\y) - )\aADys(Ay) - AyADys()\a)
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= A)\(}‘a)”y) - )WAA()”)/) - AyAk()\a)

82
=2 fficient of i
(coe cient of ——— in A,\>

a’rp
2
= E(sw
and similarly,
d/L,'d/Lj 2
= —§;;. 6.6
dt ,3 ij ( )

These identities can also be computed from the expressions (6.4) of dAy in terms of the A;, u,
as done in the remark below. From Ito’s formula (5.4), it then follows that

dry, ..., drg, dpy, ..., dug—1)
= (ADys)"h cees ADys)\na -ADys/M ) -ADys,U«n—l)dt + oA, wydby,

where, according to (2.32) and (2.20),

Apys(Ai) = A, (L) = =i + Z

e )”/
Apys (i) = Au(ui) = —pi + Y
P ,LL]

establishing the form of Fé’l)(k) in (6.4), thus yielding (2.27). Identities (2.27), (6.5) and (6.6),
together with Ito’s formula (5.4), then establish the formula (2.30) for .4, M.9 O

Remark 6.1. Note that the identities (6.6) can be computed as well from the SDE (6.4), using
residue calculations:

d)"otd)hy _ % (Pnl()\a)) (Pn—l()hy)>
dr T B\ Pl(h) Pl(ry)
2r
) (15 ; | O = 1) G = 1)y = 1)y — 1)
n—1 4 n—1 2r_2
+ J +1
; /‘Ll)z()\' — u)? ; (Ao — i) Ay — i) )
2
= E(SW
dpidpj _ 2 o
= ;33’ . 6.7)

We now turn to the proof of Corollaries 2.4 and 2.5:

9 As an alternative way, (2.32) and (6.5) suffice to establish (2.30), with (6.5) needed to establish the coupling Ay ;.
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Proof of Corollary 2.4. Note, using logarithmic derivatives, that

(Invariant measure (2.31)) BAT (Invariant measure (2.31)) !

is a quadratic polynomial in 8, which by Theorem 2.3 vanishes for § = 1,2,4 and thus it
vanishes identically in . That the process restricted to A or u is the standard Dyson process
follows from the form of the generator AT. [

Proof of Corollary 2.5. In order to study the stochastic behavior of (y — Ay and Ag+1 — Wy
when 1, gets close to Ay Of Aq41, One rewrites the Brownian part of d(Ay — o) as follows:

\/g Brownian part of d(Ay — i)

_ Pi1Ga) 3 V2rirjdbi o ridbi
Pé()\a) 1<i<j<n—1 ()"Ol _/J’l)()"()l _/J’j) i=1 ()“0[ _Ml)z
- - i#a
n—1 7~ 2
2ridbiy (Pnl()\a) 7 )
+ — +db + & —1)dbyy. (6.8)
— he — i " PiGhg) (o = a)? o

At first notice that for ©y >~ Ay, one has, using the expression (2.25) for r,f,

Pi1(hg) = O(itg — Ao), o = O(\/ Mo —Xg) and r; =O(1) fori #a,

from which one deduces that the first line on the right hand side of (6.8) has order O(y/ 1y — Ag)-
Using again (2.25), the second line of (6.8) multiplied with P (Ay) P, _, (1) reads:

’ , Pi_1(Aa) ro%
&“MWM“<Pw>m—Mﬂ_Q
_ (Pn—l()\oz) - Pn—l(ﬂa)) (Pn(ﬂa) — Py(ha)
- Ay — Ua Mo — Ag
= O(la — ra)-

) - P,;_1(Not)Py:()\oz)

Then

dt-part of d(te — Ag)

1 1
(Xa_ﬂa‘i‘ Z _Mj_|;§,,)‘ol_)“j>

dt Ha=Ag I<j<n—1 Mo Ha=Aq
JFa JFa
=y Hi— 2 + > 0,
(Mg — pj)(Ag — Aj) An — Ag

1<j<n—1

Jj#a
which follows from the inequalities (for 1 < j <n — 1),
mj—A; >0, (g —uj)(Ag —A;) >0 and A, — Ay > 0.

This proves the first relation (2.33), while the second one is done in a similar way. [J
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7. The eigenvalues of three consecutive minors

In this section we shall prove Theorem 2.6, which affirms that for the Dyson process the joint
spectra of any three consecutive minors is not Markovian, although the Markovianess of the
spectra holds for any one or any two consecutive minors.

Note that given an It6 diffusion X; € R”, with stochastic differential equation dX, =
a(X)dt+o (X;)db;, asin (5.1), and generator A, the process restricted to ¥; = ¢; (X), 1 <i < ¢
is not Markovian (at least for generic initial conditions) if the generator fails to preserve the field
of functions F(Y) generated by the (Y1, ..., Yy) = (p1(X), ..., (X)), i.e.

AF(Y) € F(Y), (7.1)
and provided the diffusion does not hit the Y-boundary of the domain.
Proof of Theorem 2.6. In order to show the non-Markovianess of

I' == (A, u, v) = (spec B, spec B~V spec B"~2))
it suffices to find a function, such that the function, obtained by applying the Dyson-generator to

it, is not a function of (X, u, v). We pick a function of the product form xy = g(I")h(I"), where

n—2
x =gl = Z Bii and y:=h(I') :=detB
i=1
are two independent functions. Then, according to formula (5.2)

dxd
ADysxy = Ty + XADysy + y.ADys.X- (7.2)

Since x and Apysx are functions of v only and since y and Apyy are functions of A only,
xApysy + yApysx is a function of (A, v) only. Therefore, to establish non-Markovianess of
(A, u, v), it suffices to show that dXd)
(5.4),

is not only a function of (X, , v). Since, by Itd’s formula

n—2

" 9 det B A=l 9detB
dxdy = ZdBii (Z 9B, dBjj + Z Z dBi[f]
1 1 JJ

[£]
l<i<j<n t=0 O0Bj;

2, NRodetB 2% 3 ,
5 Xl: 5 " 3 ; det(minor;; (B))dt,
it suffices to show that the right hand side is not a function of (A, w, v) only. Here minor;; denotes
removing row i and column i of the matrix.

For example in the case B = 2,n = 3, this amounts to showing that the determinant of
the lower-right 2 x 2 principal minor of B is not a function of (A, i, v) only; to do this, it is
convenient to reparametrize the matrix as

By p3e’™ pre”im
B=|p3e'™  Bn pre'™
p2e'™  pre”'" Bis

Using the following formulae

By =y,
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By = pi + p2 — v,
Bz =A1+ A2+ A3 — w1 — 12
p3 = (2 — v1)(V1 — 1),
the lower-right 2 x 2 principal minor of B reads
det(minor|(B)) = By Bs; — pi
= (u1 +u2 —v)(A1 + A2+ A3 — g — u2) — ;012~
One observes that

0 =detB — AjA2A3
3

= BiiBnB3y — hidaks — ) p Bii + 2010203 cos(ni + n2 + 13)
i=1

= Fi(h, i1, v) — pfvi — p3 (U1 + 2 — v1)
+2p102v/ (2 — v1) (1 — p1) cos(n1 + 02 + 13)

and
3 3
0=TrB>~ (W +13+1) =D BE+2) p? -3 +13+33)
i=l i=1

= Fy(0, i1, ) + 2007 4 p3),

where F; (A, u, v) are functions of the spectral data (A, w, v). Upon solving these two equations
in p1 and p;, one notices that, in particular, p; is a function of cos(n; + 12 + 13) and the spectral
data (X, i, v), hence showing that det(minori;(B)) is not a function of (A, u, v) only; thus the
same is true for Apysxy. This proves that Apysxy does not belong to the field of functions
depending on (A, u, v).

More generally, by a perturbation argument about B"~1 = diag (111, ..., s—1), one shows
similarly that

n—2
> " det(minor;; (B)) & F(A, . v),
i=1

for § =2 and 4.

Finally, the boundary of the process (X, i, v) is given by the subvariety where some of the
w;’s hit the A ;’s or the vi’s; that is when P, (u;) = 0or P,_(v) =0forsome 1 <i <n—1
orforsomel <k <n-—2; r%(u, v) =0for 1 < j <n — 2. From Corollary 2.5, on sees that
the process never reaches that boundary. This ends the proof of Theorem 2.6. [
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