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Abstract

We establish a connection between the strong solution to the spatially periodic Navier—Stokes equations
and a solution to a system of forward—backward stochastic differential equations (FBSDEs) on the group of
volume-preserving diffeomorphisms of a flat torus. We construct representations of the strong solution to
the Navier—Stokes equations in terms of diffusion processes.
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction

The classical Navier—Stokes equations read as follows:

0
5u(t, x)=—u,Vu(t,x)+vAu(t,x) — Vp(t, x),

divu =0, ()
u(0, x) = —uo(x),
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where uo(x) is a divergence-free smooth vector field. We fix a time interval [0, T'], and rewrite
Egs. (1) with respect to the function

u(t,x) =—u(T —t,x).

Problem (1) is equivalent to the following:

0 . e ~ -
5u(t, x)=—,Vu(t,x) —vAu(t,x) — Vp(t, x),

divii =0, 2
u(T, x) = uo(x),

where p(t, x) = p(T —t, x).

In what follows, system (2) will be referred to as the backward Navier—Stokes equations. To
this system we associate a certain system of forward—backward stochastic differential equations
on the group of volume-preserving diffeomorphisms of a flat torus. For simplicity, we work in
two dimensions. However, the generalization of most of the results to the case of n dimensions
is straightforward. The necessary constructions and non-straightforward generalizations related
to the n-dimensional case are considered in the Appendix.

Assuming the existence of a solution of (2) with the final data in the Sobolev space H* for
sufficiently large o, we construct a solution of the associated system of FBSDEs. Conversely, if
we assume that a solution of the system of FBSDEs exists, then the solution of the Navier—Stokes
equations can be obtained from the solution of the FBSDEs. In fact, the constructed FBSDEs on
the group of volume-preserving diffeomorphisms can be regarded as an alternative object to the
Navier—Stokes equations for studying the properties of the latter.

The connection between forward—backward SDEs and quasi-linear PDE:s in finite dimensions
has been studied by many authors, for example in [9,18,22].

Our construction uses the approach originating in the work of Arnold [3] which states
that the motion of a perfect fluid can be described in terms of geodesics on the group
of volume-preserving diffeomorphisms of a compact manifold. The necessary differential-
geometric structures were developed in later work by Ebin and Marsden [10]. We note here
that [3,10] deal only with differential geometry on the group of maps without involving
probability.

The associated system of FBSDEs is solved using the existence of a solution to (2), and
by applying results from the works of Gliklikh [12—15]. The latter works use, in turn, the
approach to stochastic differential equations on Banach manifolds developed by Dalecky and
Belopolskaya [5], and started by McKean [19]. Conversely, a solution of (2) is obtained using
the existence of a solution to the associated FBSDEs as well as some ideas and constructions
from [9]. However, unlike [9], we work in an infinite-dimensional setting.

Representations of the Navier—Stokes velocity field as a drift of a diffusion process were
initiated in [24,20]. A different system of stochastic equations (but not a system of two SDEs)
associated to the Navier—Stokes system was introduced and studied in [4]. This system also
includes an SDE on the group of volume-preserving diffeomorphisms, but is not a system
of forward-backward SDEs. Also, we mention here the works [1,2] discussing probabilistic
representations of solutions to the Navier—Stokes equations, and the work [6] establishing
a stochastic variational principle for the Navier—Stokes equations. Different probabilistic
representations of the solution to the Navier—Stokes equations were studied for example in [17,7].
We note that the list of literature on probabilistic approaches to the Navier—Stokes equations as
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well as connections between finite-dimensional FBSDEs and PDEs cited in this paper is by no
means complete.

The method of applying infinite-dimensional forward—backward SDEs in connection to the
Navier—Stokes equations is employed, to the authors’ knowledge, for the first time.

2. Geometry of the diffeomorphism group of the two-dimensional torus

Let T2 = S! x S! be the two-dimensional torus, and let H® (’]I‘z), o > 2, be the space of
H*-Sobolev maps T> — T2. By G* we denote the subset of H*(T?) whose elements are C'-
diffeomorphisms. Let Gy be the subgroup of G* consisting of diffeomorphisms preserving the
volume measure on T2.

Lemma 1. Let g be an H*-map and a local diffeomorphism of a finite-dimensional compact
manifold M, F be an H%-section of the tangent bundle T M. Then, F o g is an H%-map.

Proof. See [14] (p. 139) or [10] (p. 108). [

Let R, denote the right translation on G%,i.e. Rg(n) =nog.

Lemma 2. The map Ry is C*°-smooth for every g € G®. Furthermore, for every n € G, the
tangent map T Ry restricted to the tangent space T,G% is defined by the formula:

TR, : T)G% = Ty G*, X = X 0g.
Proof. The proof easily follows from the o-lemma (see [10,14,15]). O

Lemma 3. The groups G* and Gy; are infinite-dimensional Hilbert manifolds. The group G is
a subgroup and a smooth submanifold of G°.

Lemma 4. The tangent space T,G* is formed by all H*-vector fields on T?. The tangent space
T,Gy is formed by all divergence-free H*-vector fields on T2.

The proof of Lemmas 3 and 4 can be found for example in [10,14,15].

Lemma S. Let X € T,G® be an H®-vector field on T2. Then the vector field X on G* defined
by X(g) = X o g is right-invariant. Furthermore, X is CX-smooth if and only if X € H***.

Proof. The first statement follows from Lemma 2. The proof of the second statement can be
foundin [10]. O

The vector field X on G defined in Lemma 5 will be referred to below as the right-invariant
vector field generated by X € 7,G*.

Letg € G*, X,Y € T,G*. Consider the weak (-, -)o and the strong (-, - ), Riemannian
metrics on G* (see [15]):

(X@L?@DW=AJXOgWLY0ﬂ@M& 3)

(ﬁwx?@»a=‘A;Xogwaogw»%

+ A‘Z((d +8)*X 0g(0), (d+8)*Y o g())do “)
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where d is the differential, § is the codifferential, X and Y are the right-invariant vector fields on
G generated by the H*-vector fields X and Y. Metric (3) gives rise to the L,-topology on the
tangent spaces of G*, and metric (4) gives rise to the H*-topology on the tangent spaces of G*
(see [15]). If g € G&, then scalar products (3) and (4) do not depend on g. Moreover, for the
strong metric on G/, we have the following formula:

(X(9), ¥ (g)e = /T (X og(®). (1+ )Y 0 g(6))d

where A = (d§ + 8d) is the Laplace—de Rham operator (see [23]).
Let us introduce the notation:

T ={n,k) € Z* k1 > 0 or ky =0,k > O};

—k1), k| = \Jk? + k3, k-0 =ki0 + kb2,

(
o 0 - 0 0
an 0 an ) kav =k __k PV
(391 392) k. V) =hagg —kigg

k= (ki k) € Z3,

k
0=.6)eT, V
and the vectors

- 1 ko - 1
Ar(0) = |le+lczos(lc -6) <—k1) , Bi(0) = e T sin(k - 6) ( 1) ,

) ()

Let {Ax(g), Bk(g)}kezzfu{o} be the right-invariant vector fields on G* generated by {Ak,

By, }kGZ;U{O} ,l.e.

Ar(g) = Ao g, Bi(g) = Brog, geG°,
Ag = A(), By = Bo.

By w-lemma (see [14]), A and By are C*°-smooth vector fields on G*.

Lemma 6. The vectors Ax(g), Bk(g), k € Z; U {0}, g € G, form an orthogonal basis of the
tangent space Ty Gy with respect to both the weak and the strong inner products in TyGy;. In
particular, the vectors Ay, By, k € Z; U {0}, form an orthogonal basis of the tangent space
T,Gy;. Moreover, the weak and the strong norms of the basis vectors are bounded by the same
constant.

Proof. It suffices to prove the lemma for the strong norm. Let us compute A% Ay. Note that
the vectors ";—‘ and ";—‘ form an orthonormal basis of R2. Let us observe that by the identity
(k, V)cos(k - 0) =0, 8A; = 0. Hence d8A; = 0 which implies AA; = 8d A;. We obtain:

1
A = —— cos(k - 9)
k|« k|’

_ 1 k
dAy = — sin(k - 9)—/\
ket Ik Ikl
cos(k - 9)— k| A,

_ _ 1
AA, =8dA
¢ “T ke k]
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_ k _
A Ay = |k|* cos(k - 9)m = |k|**Ay.

This and the volume-preserving property of g € Gy imply that

(Bn(8): Ak(8)a = (Bu, A)a = (1 + kI*) B, A)1, =0,
1Ak (@12 = NANE = (1 + kP) 1 Axl1F, = 27 (1kI72 + 1)

where || - ||« is the norm corresponding to the scalar product (-, - ). Thus, 272 < || Ax(g) ||2 <
472, Clearly, for the || Bx(g) ||§ we obtain the same. [

It has been shown, for example, in [10] and [15] that the weak Riemannian metric has the
Levi-Civita connection, geodesics, the exponential map, and the spray. Let V and V denote the
covariant derivatives of the Levi-Civita connection of the weak Riemannian metric (3) on G“
and Gy, respectively. In [10] (see also [15,14]), it has been shown that

V=PoV
where P : TG* — TGy; is defined in the following way: on each tangent space T,G%, P = P,

where P, = TRy 0 P, o TRg_1, TR, and TRg—l are tangent maps, and P, : T,G* — T,Gy is
the projector defined by the Hodge decomposition.

Lemma 7. Let p be the right-invariant vector field on G* generated by an H**'-vector field U
on T2, and let V be the right-invariant vector field on G* generated by an H*-vector field V on
T2. Then VU is the right-invariant vector field on G* generated by the H*-vector field Vy U

on T2.

Lemma 8. Let U be the right-invariant vector field on Gy generated by a divergence-free

H* ' yector field U on T?, and let V be the right-invariant vector field on G* generated by
a divergence-free H*-vector field V on T2. Then VU is the right-invariant vector field on Gy

generated by the divergence-free H*-vector field P,Vy U on T>.

The proofs of Lemmas 7 and 8 follow from the right-invariance of covariant derivatives on G*
and Gy (see [15]).

Remark 1. The basis {Ak, Bk} keZ:U[0) of T, Gy can be extended to a basis of the entire tangent
space T,G“. Indeed, let us introduce the vectors:

Ar(6) = |k|i+1 cos(k - 9)( ) Bi(0) = sin(k - 0)( ) kel

The system Ay, By, k € Z; U {0}, Ay, B, k € Z;, form an orthogonal basis of 7,G*. Further
let Ay and By denote the right-invariant vector fields on G* generated by Ay and By.

1
k|« Tkle+L

3. The FBSDEs on the group of diffeomorphisms of the two-dimensional torus

Leth : T? — R2be a divergence-free H* _vector field on TZ, and let h be the right-
invariant vector field on G generated by h. Further let the function V (s, -) be such that
there exists a function p : [r,T] — H®T!(T? R) satisfying V(s, -) = Vp(s, -) for all
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s €[t,T]. Foreachs € [t,T], 17(s, -) denotes the right-invariant vector field on G* generated
by V(s, -) € H*(T?, R?).

Let E be a Euclidean space spanned on an orthonormal, relative to the scalar product in E,
system of vectors {ef, e?, e}, eg}kezj,|k|<N' Consider the map

@)= Y A@®e+Bi()®e, geG

kezju(m.
[kI<N

i.e. o(g) is a linear operator £ — T,G* for each g € G*.
Let (2, F, P) be a probability space, and Wy, s € [t, T], be an E-valued Brownian motion:

Wo= Y Bi©ef +BE)ed)

keZ;u(O},
|kI<N

where {ﬁ,?, ,B,f } keZUI0), KISV is a sequence of independent Brownian motions. We consider the
following system of forward and backward SDE:s:

dZbe = Yleds + eo (Z4)dWs,

Ayl = —V(s, ZL%)ds + XLedws, (5)

Zr¢=e  Yp©=h(Z79).
The forward SDE of (5) is an SDE on Gy where Gy is considered as a Hilbert manifold.
Stochastic differentials and stochastic differential equations on Hilbert manifolds are understood
in the sense of Dalecky and Belopolskaya’s approach (see [5]). More precisely, we use the
results from [14] which interprets the latter approach for the particular case of SDEs on Hilbert
manifolds. The stochastic integral in the forward SDE can be explicitly written as follows:

s
/ o (ZL4)dw, =

t

[ azapto + szt o, ©

keZ*U{O} [k|<N

Let us consider the backward SDE:

T T
Yy =fl(z;6)+/ 4G Z;’e)dr—/ XDCdW,. )
N S

Note that the processes V (s, Z1¢) = V(s, ) o Z:¢ and fz(ZlT’e) = h o Z}¢ are H*-maps by
Lemma 1. Therefore, it makes sense to understand SDE (7) as an SDE in the Hilbert space
H*(T?,R?). Let F;, = o(W,,r € [0,s]). We would like to find an F;-adapted triple of
stochastic processes (zhe, yle, xto) solving FBSDEs (5) in the following sense: at each time
s, the process (Z4¢, Y{°) takes values in an H%-section of the tangent bundle T Gy;. Namely,
foreachs € [t,T] and w € 12, Zte € Gy, Y ?e eT teGV Therefore, the forward SDE is
well-posed on both G* and G, and can be written in the Dalecky—Belopolskaya form:

dzh = exng,e{YS’ ds + €0 (ZL*)dW,}  or
dzle = eing,e{YS”eds + €0 (ZL4)dWy)

where exp and eXp are the exponential maps of the Levi-Civita connection of the weak
Riemannian metrics (3) on G* and resp. Gy;. Below, we will show that using either of these
representations leads to the same solution of FBSDEs (5).
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Finally, the process Xﬁ’e takes values in the space of linear operators L(E, HY (']I‘2, Rz)), i.e.

= ), Xleg+xled
keZ3 U{0}, [kI<N

®)

where the processes X4 and X*2 take values in H*(T?, R?).

Remark 2. The results obtained below also work in the situation when the Brownian motion W
is infinite dimensional (as in [8]). Namely, when Wy = ), €7 U0y % ,3,? ®e,§‘ ~+ by ﬂ,f ®e,€9 where
ag, by, k € Z; U {0}, are real numbers satisfying ZkeZ;’U{O} lak|? + |bx|* < oo. However, this
requires an additional analysis on the solvability of the forward SDE based on the approach of

Dalecky and Belopolskaya [5] since the results of Gliklikh [12,14,15] applied below are obtained
for the case of a finite-dimensional Brownian motion.

4. Constructing a solution of the FBSDEs

4.1. The forward SDE

Let us consider the backward Navier—Stokes equations in R?:

T
y(s,0) =h(0) + / [Vp(r, 0) + (y(r, 0), V)y(r, 0) + vAy(r, 9)]dr,

divy(s, 0) = 0

&)

wheres € [t,T], 0 € T2, A and V are the Laplacian and the gradient.

Assumption 1. Let us assume that on the interval [z, T'] there exists a solution (y (s, -), p(s, - ))
to (9) such that the functions p : [t,T] — HYTY(T2, R) and y:[t,T] - H“+1(T2, R2) are
continuous.

Clearly, y(s, -) € T.Gy. Let (YEkA Yf;kB}kezju{O} be the coordinates of y(s, -) with

respect to the basis {Ay, ék}kezgu{op ie.

Y.0) = Y YIRAB) + YEFEB©).
keZ3u{0}

Let fs(') denote the right-invariant vector field on G* generated by the solution y(s, -),
ie. Y5(g) = y(s, -) o g. On each tangent space T, G, the vector Ys(g) can be represented
by a series converging in the H“-topology:

Y@= > YIM A +YIFEBi(g).

10
keZ3 u{o} (10)

In this paragraph we will study the SDE:
dZ!e = Y (Z14)ds + o (Z1€)dW. (11)

Later, in Theorem 6, we will show that the solution Z% to (11) and the process Y/ = Y(Z:¢)
are the first two processes in the triple (Z5¢, Y{°, X4¢) that solves FBSDEs (5).
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Theorem 1. There exists a unique strong solution Z;’e, se[t, T] to(11)on G{‘}, with the initial
condition Z)"° = e.

Proof. Below, we verify the assumptions of Theorem 13.5 of [15]. The latter theorem will
imply the existence and uniqueness of the strong solution to (11). Note that, if sum (6)
representing the stochastic integral fts o (Z5€)dW; contains only the terms Ao(ﬁg‘ (s) — ,3()4 1)
and B()(/S(‘)B (s) — ﬂég (1)), i.e., informally speaking, if the Brownian motion runs only along the
constant vectors Ag and By, then the statement of the theorem follows from Theorem 28.3 of [15].
If sum (6) contains also terms with Ay and By, k € Z;, or, informally, when the Brownian motion
runs also along non-constant vectors Ay and By, k € Z;‘ , then the assumptions of Theorem 13.5
of [15] require the boundedness of Ay and Bj with respect to the strong norm. The latter fact
holds by Lemma 6.

Hence, all the assumptions of Theorem 13.5 of [15] are satisfied. Indeed, the proof of
Theorem 28.3 of [15] shows that the Levi-Civita connection of the weak Riemannian metric
(3) on Gy is compatible (see Definition 13.7 of [15]) with the strong Riemannian metric
(4). The function o(g) = ZkerU{O},\k\gN Ar(g) ® e;‘ + Br(g) ® e]f is C*-smooth since
Ay and By are C*°-smooth. Moreover, by Lemma 6, o(g) is bounded on G{’,‘. Next, since
y i [t, T] = H*T1(T2, R?) is continuous, then it is also bounded with respect to (at least) the
H“-norm. Hence, the generated right-invariant vector field Yy (g) is bounded in s with respect to
the strong metric (4), and it is at least C!-smooth in g. The boundedness of Yy in g follows from
the volume-preserving property of g. [

Theorem 2. There exists a unique strong solution Zé’e, s € [t, T], to (11) on G%, with the initial
condition Z;’e = e. This solution coincides with the solution to SDE (11) on Gy;.

Proof. Consider the identical imbedding : : Gy — G*. By results of [5] (Proposition 1.3,
p. 146; see also [15], p. 64), the stochastic process z(Zé’e) = Zﬁ’e, s € [t,T], is a solution
to SDE (11) on G¥, i.e. with respect to the exponential map exp. This easily follows from the
fact that 71 : TGy — TG*, where T is the tangent map, is the identical imbedding, and
that l(CXp(X)) = exp(Tt o X). The solution Z5€ to (11) on G* is unique. This follows from
the uniqueness theorem for SDE (11) considered on the manifold G* equipped with the weak
Riemannian metric. Indeed, o (g) and ?X (g) are bounded with respect to the weak metric (3) since
the functions Ay, By, k € Z;‘ U {0}, are bounded on T2, and y(-, -) is bounded on [¢, T'] x T2.

Moreover o (g) is C*°-smooth and I?s is at least C!-smooth on G*. O

One can also consider (11) as an SDE with values in the Hilbert space H* (T2, R?).

Theorem 3. There exists a unique strong solution Zﬁ’e to the HY (T2, R?)-valued SDE (11) on
[t, T'], with the initial condition Z;’e = e where e is the identity of G{‘,[. This solution coincides
with the solution to SDE (11) on G or G*.

Proof. By Theorem 1, SDE (11) on Gy; has a unique strong solution Zé’e on [z, T]. Let us prove
that the solution Z:¢ to (11) solves this SDE considered as an SDE in H*(T2, R2). Consider
the identical imbedding 1y : Gy — H“ (T?,R?), g > g. Applying Ito’s formula to 1y, and
taking into account that Ax(g)iy(g) = VA/(Q og = Ar(g) and that A (g)Ax(g)iv(g) =
Ar(g)Ak(g) = 0, we obtain that the solution Zﬁ’e to (11) on Gy; solves the H* (T2, R?)-valued
SDE (11). Note that by the uniqueness theorem for SDEs in Hilbert spaces, SDE (11) can have
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only one solution in L>(T2, R?). This proves the uniqueness of its solution in H* (T2, R?) as
well. Thus the solutions to (11) on G%, G¢, and in H*(T?, R?) coincide. [

Let us find the representations of SDE (11) in normal coordinates on G* and Gy;. First, we

prove the following lemma.

Lemma 9. The following equality holds:

) S
/ o(ZL) odW, = / o (ZL4)dW,,
t t

i.e. instead of the Ito stochastic integral in (11) we can write the Stratonovich stochastic integral
[Fo(Z1€) 0 dW,.

Proof. We have:

o (ZL¢) odW, = o (ZL4)dW, + Z dA (ZE9)dBR (r) + dBi(Z14)dBE (r).
keZF U0}, [kI<N

Hence, we have to prove that dAx(Z;)dBg (r) = 0 and dBy(Z;*)dBE (r) = 0. For simplicity
of notation we use the notation A, for both of the vector fields Ay and By and the notation
A, for Ay and By, k € Z;‘ U {0}. Also, we use the notation 8, (s) for the Brownian motions

(B (). BE O ezt iy i<~ We obtain:

d(A, o Z!¢) = Z Ay (ZE9)(Ay 0 Z¢) 0 dBy (s) + YI4(A, 0 Z84)dt.
Y

This implies
d(Ay 0 ZL¢) -dB, = Ay(Zy)(Ay 0 Z1%)ds =0

which holds by the identity (k, V) cos(k - §) = (k, V) sin(k - ) = 0 or by differentiating of
constant vector fields. O

Let Z! = (ZIkA Z?kB}kEZ;U{O} be the vector of local coordinates of the solution Z%¢ to (11)

on Gy, i.e. the vector of normal coordinates provided by the exponential map eXp : T,Gy —
Gy . Let U, be the canonical chart of the map eXp.

Theorem 4 (SDE (11) in Local Coordinates). Let
t=inf{s € [t,T]: ZL¢ € U,}. (12)

On the interval [t, t], SDE (11) has the following representation in local coordinates:

SAT
VAN f Y/RAdr 4+ 8ee (B (s A T) — BEO)),
t
t.kB AT (13)
VAVES / YERBAr 4+ see(BE (s A T) — BE (1))

t

where 8§y = 1 if |k| < N, and 8 = 0if |k| > N.

Proof. Let g = {gF4, g8} keZ:U{0) be local coordinates in the neighborhood U, provided by the
map exp. Let f € C®(GY,), and let i T,GYy — R be such that f = f oexp. Since exp is a



A.B. Cruzeiro, E. Shamarova / Stochastic Processes and their Applications 119 (2009) 4034—4060 4043

C-map (see [10]), then f € C®(Up), where Uy = eXp~ ' U,. Note that 8g%f(g) = Ax(g) f(2)
and ag%f(g) = Br(g) f(g). By Itd’s formula, we obtain:

F(Zhe = fle) = F(Z82) — o)

:/”dr Z af ——(ZHY} M+ / > ak (Z)Y”‘A odBi(r)
t

kerU{O} keZ*U{O}
S A ~
+ [ O (ztyyiks 4 ZOYI*E o dBl (r)
9okB T/ k
t + g t +
keZF U0} keZF U0}

SAT
:/ dr Y (YRAAZEO) f(20) + YRB B (ZLe) £ (Z1)
13

keZ3 u{o}
SAT
+ / e D S(AZEO)[(Z1) 0 dB () + Bi(ZLO) f(Z1) 0 dBE (1),
keZ3 u{o}

Using representations (10) and (6) we obtain:

SAT SAT
f(Z) = fe) = / Y, (Zy) f(Z)dr +/ €a (Zy) f(Z°) o dW,.
1 t
This shows that the process

k
exp] Z Zif:‘AHziAf Be)
keZFuf

solves SDE (11) on the interval [¢, ]. [

Let

vt
> St;kA  Ft:;kB  St;k A St:kB 5t:0A 5t;0B
Zy={Z; "0 27 2 2T 20 2 }kEZ;

be the vector of local coordinates of the solution Z:¢ to (11) on G2, i.e. the vector of normal
coordinates provided by the exponential map exp : T,G% — G*. Further let U, be the canonical
chart of the map exp.

Theorem 5. Let

t=infs € [r, T]: Z"¢ & U,}.
Then, a.s. T = t, where the stopping time t is defined by (12), and on [t, 1], Z?M =
ZEKE = Z8KB j e 72 U0}, ZERA = 7898 = 0,k € 7, as.

Z;;kA

>

Proof. Let us introduce additional local coordinates gkA, ng ,k € Z;, and perform the same

computation as in the proof of Theorem 4. We have to take into account that YxkA =Y =,
k e Z;‘ , and that the components of the Brownian motion are non-zero only along divergence-

vt
free and constant vector fields. We obtain that the coordinate process Z verifies SDEs (13) and
the equations ZUkA _ Z6kB _ o | ¢ zi. O



4044 A.B. Cruzeiro, E. Shamarova / Stochastic Processes and their Applications 119 (2009) 4034—4060

4.2. The backward SDE and the solution of the FBSDEs

We have the following result:

Theorem 6. Let Y, be the right-invariant vector field generated by the solution y(s, -) to the
backward Navier-Stokes equations (9). Further let Z¢ be the solution to SDE (11) on Gy.
Then there exists an € > 0 such that the triple of stochastic processes

Z0 Y0 = V(29 X0€ = €0 (Z0)VA(Z0°)
solves FBSDEs (5) on the interval [t, T].
Remark 3. The expression o (Z%¢)Y;(Z"%) means the following:
o (ZL)Y(Zh) = Y AKZEOYIZE) ® eff + BU(ZY) Y (20 @ ef
keZF U0}, [kI<N

where Y, (-) is regarded as a function G¥ — H*(T?,R?), and Ak(g) Y, (g) means differentiation
of ¥y : G¢ — H*(T?, R?) along the vector field Ay at the point g € G&. Let y; be the geodesic
in G/ such that yp = e and y; = Ax. We obtain:

N d - d
Ar(8)Ys(g)©0) = EYS(J@ 08)(@|g=0 = Rggy(s, ve0)le=0
= RgV (5. 0) = Va, ¥, (2)(0). (14)
Thus,

X =¢ D Vi ) ®ef + V¥, ) ®@eflo ZL, 15
keZ3 {0}, Ik|I<N

and the stochastic integral in (7) can be represented as
T
/ XLedw,
N

T T
=€ Z / VAky(r, )o Zﬁvedﬂ]?(r) —I—/ Véky(r, -)o Zi'edﬂ]f(r).

keZF U{0}, IkI<N
In particular, if N = 0,

T T P T 0
/ X0dW, = e f = y(r, ) 0 ZL4dBE(r) +/ oy )0 ZredBF () ) -
P s 001 s 002

A result similar to Lemma 10 was obtained in [6].

Lemma 10 (The Laplacian of a Right-invariant Vector Field). Let V be the right-invariant
vector field on G generated by an H* 2-vector field V on T2. Further let € > 0 be such

that %(1 + % ZkeZQ’,|k|<N ﬁ) =v. Then forall g € G¢,
2
€ - - - - ~
> > (VaVa, + V5. Vg )V(g) =v AV og.

kezF u{o},
[k|<N

(16)

Here & is an integer which is not necessary equal to .
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Proof. By the right-invariance of the vector fields @Ak ?Akf/ and @Bk @Bk\A/ (Lemma 7), it
suffices to show (16) for g = e. We observe that
(k, V) cos(k - 0) = (k, V) sin(k - 6) = 0.

Then, for k € Z;, 6 e T2,

Va, Va, V(e)d) = cos(k - 0)(k, V)[cos(k - 0)(k, V)V (0)]

|k|2a+2

— |k|21a+2 cos(k - 0)2(k, V)2V (0).

Similarly, V, Vi,V (€)(0) = \k\z—w sin(k - 0)%(k, V)2V (9). Hence, for each k € Z7,

(VaVa, + VB V) V(e)0) = ——=(k, V)’V (©). a7

|k|2(x+2
Note that for each k € Z"', either k or —k is in Z; , and
k, V)* + (k, V)* = |k|> A.

Summation over k € Z+ |k| < N, in (17), and coupling the terms numbered by & and k (or —k)
gives:

- - A 1 1
> VaVa+VaVp)VE@®) =5 . e AV ).

keZF |kI<N keZF |kI<N

Note that (Va,Va, + Vi, Vi,)V (€)(8) = AV (9). Finally, we obtain:

FacTa + 5,950V (@0 = (14 2 T JAV©).
2 |k |

keZ$ u(0), keZ$ IkI<N
[k|<N

The lemma is proved. [

Corollary 1. Let the function ¢ : T> — R? be C2-smooth. Further let Ax(g)ly o gl and
Br(@)lpogl k € Z;’, mean the differentiation of the function G — L»(T*, R?), g +— g og
along Ay and resp. By. Then for all g € G¥,

2
S Y (A®A® + Bu@)Bi®) [pogl =v Apog. as)

+
keZF u{o),

KI<N
Proof. The computation that we made in (14) but applied to ¢ o g implies that

Ak®)lp o gl = cos(k - O)(k, V)p(®) ] o g.

1
[ | k|a+l
Similarly, we compute Bi(g)[¢ o g]. Now we just have to repeat the proof of Lemma 10 to come
to (18). O

Lemmall. Let &, r € [t,T], t € [0,T), be an HY (T2, R?)-valued stochastic process
whose trajectories are integrable, and let ¢ be an H*(T?, R?)-valued random element so that
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both ®, and ¢r possess finite expectations. Then there exists an Fy-adapted H*(T?, R?) x
E(E , H” (Tz, R2))—valued pair of stochastic processes (Y, Xs) solving the BSDE

T T
Y5=¢T+/ Q5,dr—/ X, dW, (19)
N s

on [t, T). The Ys-part of the solution has the representation

T
Y,=E [¢T+/ 3 drm} , (20)

and therefore is unique. The Xs-part of the solution is unique with respect to the norm | Xs||> =

T 2
fl ”X.S ”[:(E,H“(TZ,RZ)) ds'

The proof of the lemma uses some ideas from [21].

Proof. Representation (20) follows from (19). Let us extend the process Y to the entire interval
[0, T'] by setting Y = Y; for s € [0, ¢], and note that the extended process Y; is a solution of the
SDE

T T
Y =or +/ H[t,T] o, dr — / X, dW,
s s

on [0, T]. Let X, € L(E, H*(T?, R?)), s € [0, T], be such that

T s
E [¢T +/ Ly, @-dr — Yo Ifs:| =/ X, dW,. 1)
0 0

The process X exists by the martingale representation theorem. Indeed, on the right-hand side
of (21) we have a Hilbert space valued martingale.

By Theorem 6.6 of [16], each component of the H*(T?, R?)-valued martingale on the right-
hand side of (21) can be represented as a sum of real-valued stochastic integrals with respect to
the Brownian motions {,3,? (s), ﬂ,f (S)}kezgu{oumg ~- Hence, there exist JF;-adapted stochastic

processes {X54, XfB}kezsz{o} ikj<n such that

T s s
E[¢T+/ Tyr.7y @ dr — Y0|]-'S} = > / xk4 dﬁ,j‘(r)+/ X*B dgB(r).
0 0 0

keZ;u(o;,
|k|<N

Let the process X be defined by (8) via the processes XfA and XfB, k e Z; U{0}, |k| < N.1Ito’s
isometry shows that EfOT ||X,||2£(E He(T2. Ry < O Note that for all s € [0, 7], [y X,dW, =

fé X, dW,.. This shows that X; = 0 for almost all w € {2 and almost all s € [0, ¢], and therefore
can be chosen equal to zero on [0, ¢]. Thus, (21) takes the form:

T K
E [¢T —i—/ &, dr — Yt|.7-"s:| =/ X, dW,. (22)
t t

It is easy to verify that the pair (Yy, X;) defined by (20) and (22) solves BSDE (19). To prove the
uniqueness, note that any F;-adapted solution to (19) takes the form (20), (22). Moreover, if the
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processes X and X satisfy (22), then

2
X5 — X,)dW, =0. O

He(T2,R2)

T
2
f, 1Xs = X2 oy O =

Proof of Theorem 6. Let us consider BSDE (7) as an L(T2, R?)-valued SDE, and Y; as a
function Gy — LZ(T2, RZ). Since foreach s € [t, T], y(s, -) € H‘H‘I(TZ, Rz) and ¢ > 2 by
assumption, then I?S Gy — L>(T2, R?) is at least C2-smooth. Egs. (2) show that the function
dsy(-, ) : [t,T] = Lo(T? R?) is continuous since Vp, Ay, and (y, Vy) are continuous
functions [, T] — L(T?, R?) by Assumption 1. Taking into account that the diffeomorphisms
of G are volume-preserving, we conclude that for each fixed g € Gy, 9, l? s(g) : [t, T] —

L2(']I‘2, Rz) is a continuous function. Hence, I}. e, T] x G{‘; — L2(T2, Rz) is Cl-smooth in
s € [t, T] and C2-smooth in g € Gy .1td’s formula is therefore applicable to I} (Z5°). Below we

use the fact that Z is a solution to forward SDE (11) and the identity > ¥y (Zt ‘) = M oZbe .
For the latter derivative we substitute the right-hand side of the ﬁrst equation of (2). The
notatlon X (g)[Y (g)] (sometimes without square brackets) means differentiation of the function

: G¢ — Lo(T?, R?) along the right-invariant vector field X on G¢ at the point g € G&. The

same argument as in Remark 3 implies that X (g)[YS (®)] = VX Ys (g). Taking into account this
argument, we obtain:

T T
Pz - iz = [ adiza - [ etz
s )

T2
€ A A
- / dr > E [AR(ZF ) AR(ZEO) Y (Z7€) + Br(Zy) Bi(Zy )Y (Z,)]
§ keZFT {0}, kISN

T
- / € 5 (2T, (Z1) dW,. (23)
N
Note that

Y (ZEOY(Z5] = [ (r, -), V)y(r, )] o ZEC.

Also, let us observe that

€ A N
= ) [AZ)AKZEDYA(ZE) + B(ZE) Bi(Zy )Y (Z0°)]
keZ3 u{0}, IkI<N

- % o [VaVaYe(ZE) + Ve Ve Y (Z1)]
keZF U0}, [kI<N
=v[Ay(s, -)] o ZL°
where the latter equality holds by Lemma 10, and € > 0 is chosen so that 67(1 +
%Zkezzﬁmgzv ﬁ) = v. Note that the terms @Ak@Ak?r(Zﬁ’e) and @Bkﬁgkl?,(Z?e) are
elements of 7G* !, and therefore are well defined in L, (T2, Rz). Continuing (23), we obtain:

PH(ZLe) — h(Z59)
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T A
= [ @002 106 0. 930 0 2 1850 1o 2]
s
T T
- [ 106 .90 neziar = [ vidye e zic
) )
T A
- / €a(ZLOY,(ZL¢) dW,
)

T T
= / V(r, Zb¢) dr — / €o (Zh9)Y,(Z1¢) dW,. (24)
s s

Thus the pair of stochastic processes (Ys(Z5€), € o (Z5)Y(Z5)) is a solution to BSDE (7)
in Ly(T?, R?). It is Fy-adapted since Z5¢ is Fy-adapted. By Lemma 11, we know that there
exists a unique Fs-adapted solution (Y{¢, X1°) to (7) in HY(T?, R?). Clearly, (Y{¢, X¥€) is
also a unique F-adapted solution to (7) in L, (T2, R?). Hence, Y/ = Y,(Z") and ftT | X5e —
ea(Zé’e)(?s(Z§’e))||2(E’Ha(T2’R2)) ds = 0, and therefore the pair of stochastic processes
(Y5(Z59), € 0(Zb*)Y5(Z59)) is a unique F;-adapted solution to BSDE (7) in H*(T2, R?). The
theorem is proved. [

5. Some identities involving the Navier—Stokes solution

The backward SDE allows us to obtain the representation below for the Navier—Stokes
solution. Also, it easily implies the well-known energy identity for the Navier—Stokes equations.

5.1. Representation of the Navier—Stokes solution

Theorem 7. Let t € [0, T, and let Zg’e be the solution to SDE (11) on [t, T] with the initial
condition Z,”e = e. Then the following representation holds for the solution y(t, -) to (9).

T
Yt ) = E[h(z;") + f Vp(s, ) o Z_ﬁ""ds].
!
Proof. Note that ¥,(Z") = y(z, -), and [ ftT X¢dW,] = 0. Taking the expectation from the
both parts of (7) at time s = ¢ we obtain the above representation. [
5.2. A simple derivation of the energy identity

1td’s formula applied to the squared L,(T?, R?)-norm of ¥, ¢ gives:

T
IYEUR, = IRZEI3, +2 / (¥, VZEDdr
N

T T
~2 / (Y1, XECdW,) L, — f X513 dr. (25)
s

N

Using representation (15) for the process X we obtain:

IXtel7, =€ > VA6 DI, 1V 6. DI,
keZF U0}, [kI<N
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1 -
= > e 106 Yy DIz, +19yGs. I
keZ$ |kI<N

1 1 _
=<3 X ez (1 V3G DI, + 16 V(s DIE,) + 1956, S
keZ$ |kI<N

1 1
=15 > W) IVy(s, I3, = 2v1IVy(s, I3,
keZ$ |kI<N

Taking the expectation in (25) and using the volume-preserving property of Z5¢, we obtain:
2 ! 2 2
lyGs, )iz, +2v / IVy(r, )iz, dr = ll2llg,.
S

6. Constructing the solution to the Navier—Stokes equations from a solution to the FBSDEs

Let us prove now a result which is, in some sense, a converse of Theorem 6. In this section
we consider (5) as a system of forward and backward SDE:s in the Hilbert space H% (Tz, Rz),
where o > 3. As before, let V(s, 75 denote Vp(s, -)o Z5€ and let F, denote the filtration
a{W,,r €10, s]}.

Theorem 8. Assume, for an H"‘“‘l-smoothfunction p(s, -), s € [0, T], and forany t € (0, T),
the existence of an Fy-adapted solution (Z5°, Y, Xv€) to (5) on [t, T such that the processes
Z5¢ and YE° have a.s. continuous trajectories and such that Z5€ take values in Gv. Then there
exists To > O such that for all T < Ty there exists a deterministic function y(s, -) € T,Gy on
[0, T, such that a.s. on [t, T] the relation YI¢ = y(s, -) o Z5¢ holds. Moreover, the pair of
functions (y, p) solves the backward Navier—Stokes equations (9) on [0, T].

Lemma 12-18 are the steps in the proof of Theorem 8.

Lemma 12. For all t € [0, T) and for any F;-measurable Gy;-valued random variable &, the
triple of stochastic processes

(Zp5, Y05 XP5) = (Z) 0 £, Y[ 0 &, X[ 0 k) (26)
is Fs-adapted and solves the FBSDEs

N s
VA =g+/ Y/ é dr+/ o (ZL5) dw,
! r T (27)
ys =h(z;5)+f V(r, z;»f)dr—/ X5 AW,
N

N

on the interval [t, T] in the space H* (T2, R?).

Proof. Let us apply the operator Rg of the right translation to the both sides of FBSDESs (5). We
only have to prove that we are allowed to write Rg under the signs of both stochastic integrals in
(5). Let us prove that it is true for an F;-measurable stepwise function & = Z;’il gilla,;, where
g € Gy and the sets A; are J;-measurable. Indeed, let s and S be such thatt <s < § < T, and
let @, be an F,-adapted stochastically integrable process. We obtain:
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S 00 00 S 00 S
/ @,dW,oZg,»HAi=Z]IAi/ ¢rogidW,=Z/ I, &, o g; AW,
s i=1 i=1 s i=1YS
S 00
= / @rozgiﬂAi dWr.
s i=1

Next, we find a sequence of F;-measurable stepwise functions converging to £ in the space of
continuous functions C(T?, R?). This is possible due to the separability of C(T?, R?). Indeed, let
us consider a countable number of disjoint Borel sets O;' covering C(T?, R?), and such that their
diameter in the norm of C(T?2, R?) is smaller than % Let A = f}_l(O;’) and g' € O] N Gy.
Define §, = Y i, g;’]IA;z. Then it holds that for all w € 2, [|§ — & llc(r2 R2) < % Let (&) and
I (Pok) denote fSS &, dW, and resp. fSS &, 0 dW,.. We have to prove that a.s. I (D)o = I (Pof).
For this it suffices to prove that

Tim E[1(8) 0 & — 1(#) &I} o o) =0, (28)
. 2 _
Tim B ($0 &)~ (S8} o) =0. (29)

Due to the volume-preserving property of £ and &,, || 1 ()o&, ”iz(T?,RZ) = ||I(P)o& ||22(T2’R2) =

I ((15)||%2 (T2.R2)’ Hence, by Lebesgue’s theorem, in (28) we can pass to the limit under the
expectation sign. Relation (28) holds then by the continuity of 7(®) in § € T2. To prove (29)
we observe that by Itd’s isometry, the limit in (29) equals to lim,— E fSS D o0& — @, 0
& ||i2 (TZ,RZ)dr‘ The same argument that we used to prove (28) implies that we can pass to the
limit under the expectation and the integral signs. Relation (29) follows from the continuity of

&, inh e T2
Hence, (Z1€ o &, Y] ¢ o &, X1'° 0 &) is a solution to (27). This solution is clearly F-adapted.
O

Lemma 13-17 use some ideas and constructions from [9].

Lemma 13. The map [0, T] x T> — R2, (¢, 60) — Y{*e(e) is deterministic.

Proof. Let us extend the solution (Z¢, Y2, X4¢) to the interval [0, ] by setting Zy¢ = e,
Y =y Xy¢ =0forall s € [0, ]. The extended process solves the problem:

N

s
Z;‘e =e+ / ]I[,,T](r)Yrt"’ dr + f H[I’T](F)G(Z;’e) dw,
0 T 0 T (30)
yi =h(z;e)+/ I 1 ()Y (r, Zj"’)dr—/ XL dW,.
s s

The random vector Y(;’e is Fo-measurable, and hence is deterministic by Blumenthal’s zero—one
law. Since Y;¢ = Y(;’e, the result follows. [

Lemma 14. There exists a constant Ty > 0 such that for T < Ty the function [0, T] —
H*(T?,R?), t > Y;*° is continuous.

Proof. Let (Z2¢, Y"¢, X"%) and (Z:"°, Y!*¢, X"¢) be solutions to (27) which start at the identity
e at times ¢ and resp. ¢/, and let # < t’. These solutions can be regarded as solutions of (30) if
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we extend them to the entire interval [0, 7] as it was described in Lemma 13. The application

of Ito’s formula to || ¥ 'e||i2 (T2.R?) and the backward SDE of (27) imply that the expectation
E|Y{ )2 is bounded. The forward SDE of (30), Gronwall’s lemma, and usual stochastic

Ly (T?,R?)
integral estimates imply that there exists a constant K1 > 0 such that

N
BIZY = 200 oy < K[ T BV = VU g+ 0 =)

Let us apply It6’s formula to |Yie — YS',"€||i2 (T2.R?) when using the backward SDE of (30).
Again, Gronwall’s lemma, usual stochastic integral estimates and the above estimate for E|| Z?e —
zZo¢ ||i2 (T2.R?) imply that there exists a constant K> > 0 such that

T
EIYEC = YEU2 o oy < K2 /0 EIY = VU3 oo goydr + (= )]

1

We take Ty smaller than o Then there exists a constant K > 0 such that
te the 2 /
sup E|Y;¢ =Y ||L2(’]I‘2,R2) <K@ —1). 31
s€[0,T]

’ ’
Evaluating the right-hand side at the point s = ¢, and taking into account that ¥, ¢ = Yt’,’e we
obtain that
t,e te
1Y;” =Y,

17, (o g2y < K& = 1). (32)

Differentiating (30) with respect to 6 we obtain the following system of forward and backward
SDEs:

S

s
VZhe=1 +/ Iip.7y(r)VYL€ dr +f Iy, 7)(r)Vo (ZL)V ZES dW,
0 0
T T
VY = Vh(Zy)VZEe +/ L, 7y (r)VV (r, Zy$)VZEE dr —/ VXLEdW,.
N S

Again, standard estimates imply the boundedness of E|VZLe ”iz(Tz,R% and E|VY/!° ”iz(W,RZ)'

The same argument that we used to obtain (32) as well as the estimate for the sup;¢o 71 Ell Zy¢ —
Zé/’e||i2 (T2.R?)’ which easily follows from (31), and the forward SDE imply that there exists a
constant L > 0 such that for all # and ¢ from the interval [0, T],

|VY) € — VY,’;E||i2(T2R2) < L|t' —1. (33)

Differentiating (30) the second time and using the same argument once again we obtain that there
exist a constant M > 0 such that for all # and ¢’ belonging to [0, T'],

IVVY/e —vvy'e < M|t —1]. (34)

112
Lz(’]I‘z,R2)

Now (32)—(34) imply the continuity of the map ¢ ~ Y;*¢ with respect to the H?(T?, R?)-
topology. [

Everywhere below we assume that T < Ty where Ty is the constant defined in Lemma 14.
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Lemma 15. For every t € [0, T') and for every F;-measurable random variable &, the solution
(285, v15 X% 10 (27) is unique on [t, T).

Proof. Let us assume that there exists another solution (Zﬁ’g, ff’g, f(i’s) to (27) on [t, T].
The same argument as in the proof of Lemma 14 implies the uniqueness of solution to
(27). Specifically, the argument that we applied to the pair of solutions (Z°, ¥{¢, X¢) and

(Z1¢, ¥I*, X"*¢) has to be applied to (215, ¥, X'¥) and (Z5%, 715, X¥), and it has to be
taken into account thatt =¢. [

Lemma 16. Let the function y : [0, T] x T? — R? be defined by the formula:
y(t.0) =Y (). (35)
Then, for everyt € [0, T], y(t, -) is H*-smooth, and a.s.

Yo =y, -)oZLe. (36)

Proof. Note that (26) implies that if £ is F;-measurable then

Y/ =y, ) ok 37)

Further, for each fixed u € [z, T, (Z1°, Y€, X1°) is a solution of the following problem on
[u, T

N N
ze =2z +/ Y\ “dr +/ o (Z.€)dW,

u u

T T
Y)l = h(Z5) +/ V(r, Z;¢)dr —/ Xy edw,.
S N

e
u,Zy

By uniqueness of solution, it holds that YS' =Y a.s. on [u, T]. Next, by (37), we obtain

that Y, Zi y(u, -) o Z;¢. This implies that there exists a set {2, (which depends on ) of full
IP-measure such that (36) holds everywhere on §2,. Clearly, one can find a set 2g, P({2y) = 1,
such that (36) holds on {2q for all rational u € [¢, T]. But the trajectories of Zb¢ and Y€ are
a.s. continuous. Furthermore, Lemma 14 implies the continuity of y(¢, -) in ¢ with respect to
(at least) the Lo (T2, Rz)—topology. Therefore, (36) holds a.s. with respect to the L>(T2, R?)-
topology. Since both sides of (36) are continuous in 6 € T2 it also holds a.s. forall @ € T2. [

Lemma 17. The function y defined by formula (35) is C'-smooth int € [0, T1.

Proof. Let § > 0. We obtain:
YE+8, )=y, ) =Y -y =Y~y Y - v

Let Y, be the right-invariant vector field on G generated by y(s, -). Lemma 16 implies that a.s.
Y/ = f’t+5(zttfa)-

Thus we obtain that a.s.

Y +8, ) = y(t, ) = (Yigs(e) = Vigs (Z05p) + (Y15 = Y/°).
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We use the backward SDE for the second difference and apply It6’s formula to the first difference
when considering Y;s as a C2-smooth function Gy — L>(T?2, R?). We obtain:

t+6 t+6
Pras(Z16) — Tro(e) = / dr V1 (Z5) ¥, (Z09)] + / € 0(Z1) V4 (Z16) AW,
t t

t+8
+ / dr > [ARZE)A(ZE) + Bi(Z0°) Br(ZE)] iy s (ZE).
! keZFU{0}

The same argument as in Theorem 6 implies:
N . ) 148
Yt+5(th5) —Yi15(e) = / dr Vyg, .y y@+34, ) o Z;’e
t

146 t+34 .
+ / drvAyt+3,-)oZb¢ + f €0 (ZL) Yips(ZL6) dW,.
t t
Further we have:
. . 1438 1+
Y=Y = / dr Vp(r, -)o ZL¢ — / XLeaw,.
t t

Finally we obtain that
1 1 t+48
§00+8 0=y ) =5 B[ [ @160 0,950 40,
t

TV Ay +8, )+ Vp .)]ozﬁﬁe]. (38)

Note that Z¢, Vp(r, -), and (y(r, -), V) y(t + 8, -) o Z1' are continuous in r a.s. with respect
to the L, (T2, Rz)-topology. By Lemma 14, V y(¢, -) and A y(¢, -) are continuous in ¢ with
respect to the L, (T2, R?)-topology. Formula (38) and the fact that Z'¢ = e imply that in the
L>(T?, R?)-topology

ay(t, ) =—=[Vye, )y, ) +v Ay, )+ Vp(, )] (39)

Since the right-hand side of (39) is an H*~2-map, so is the left-hand side. This implies that
3, y(t, -) is continuous in # € T2. Relation (39) is obtained so far for the right derivative of
y(t, 8) with respect to 7. Note that the right-hand side of (39) is continuous in ¢ which implies
that the right derivative 9, y(¢, 0) is continuous in ¢ on [0, T'). Hence, it is uniformly continuous
on every compact subinterval of [0, T'). This implies the existence of the left derivative of y(z, 6)

in ¢, and therefore, the existence of the continuous derivative 9,y (¢, 6) everywhere on [0, T].
O

Lemma 18. For every t € [0, T, the function y(t, -) : T?> — R? is divergence-free. Moreover,
the pair (y, p) verifies the backward Navier—Stokes equations.

Proof. Fix at > 0, and consider the TeG‘{‘,—valued curve yy = ]E[exp’] Zé’e], >t ina
neighborhood of the origin of 7, GY;. The forward SDE of (27) can be represented as an SDE on
G“:
{dzg’e = exp{V;(Z!¢)ds + o (Z"¢)dW,},
Zh =e,
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where Y; is the right-invariant vector field on G* generated by y(s, -). This implies that

=V = y(, ),

0",

and therefore y(t, -) € T,GY;. Next, the backward SDE of (27) implies that Y. }’e = h(ZtT’e). This
and relation (36) imply that y(T', -) = h. Since we already obtained (39) in Lemma 17 the proof
of the lemma is now complete. [

7. The backward SDE as an SDE on a tangent bundle

Let (Z4¢, YP¢, X1°) be a solution to FBSDEs (5). We will show that the backward SDE
can be represented as an SDE on the tangent bundle 7 Gy; as well as an SDE on T G*. We will
construct a backward SDE in the Dalecky—Belopolskaya form (see [5]) and show that the process
Y{¢ is its unique solution.

7.1. The representation of the backward SDE on T Gy,

Let y(s, -), s € [t, T], be the solution to the backward Navier—Stokes equations (9). Let
Y be the right-invariant vector field on Gy generated by y(s, -). The connection map on the
manifold Gy; generates the connection map on the manifold TGy, as it was shown in [5], p.
58 (see also [11]). As before, we consider the Levi-Civita connection of the weak Riemannian
metric (3) on Gy;. Let eXp denote the exponential map of the generated connection on T Gy.
More precisely, exp is given as follows:

— a) _ (va(D)
PG (ﬂ) - (’7/3(1))

where (;‘;g;) is the geodesic curve on TGy with the initial data y,(0) = «, 77;3 0) = B,

v«(0) = x, ng(0) = a. Let the vector fields A,]('I and B,f] be the horizontal lifts of A; and

By onto TTGy;. Further let o l?f be the vertical lift of 0 l?s onto TTGy;. Let us consider the
backward SDE on TGy :

dyhe — anr.e{asff(xf’e)ds + S(r!)ds
te Y [Aaro e + BT @el]dw, | (40)
keZF U0}, [kI<N
Yp¢ = h(z§)
where S is the geodesic spray of the Levi-Civita connection of the weak Riemannian metric (3)

on Gy (see [14] or [15]), and Zh€ s e [r, T, is the solution to (11) on Gy with the initial
condition Z,° = e.

Theorem 9. There exists a solution to (40) on [t, T. Moreover, if d;y(s, -) € H*(T2, R?),
then this solution is unique and coincides with the Y!°-part of the unique Fy-adapted solution
X5, X5€) 10 (7).

Proof. From the proof of Theorem 6 we know that the pair of stochastic processes
(Y5(Z5°), € 0 (Z59) Y (Z5°)) is the unique Fy-adapted solution to (7) in H¥(T?, R?). Let us
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prove that I}S(Zé’e) is a strong solution to (40). First we describe a system gf local coordinates
(ghA, XkA gkB, XkB)keZ;rU{O} in a neighborhood U, g x T, G of the point X (g) € TG where

U, C Gy is the canonical chart. The vector ¢ = (g*4, ng)keZQru{()} is the vector of normal
coordinates in the neighborhood U, g, g € Gv. The vector X = (XkA, xkB) keZAU(0) represents
the coordinates of the decomposition of the vector X(g) € TGy in the basis {A, By} keZf U0}
)A((g) = ZkeZ;U{O}(XkAAk(g) + X*B B (g)). Let f be a smooth function on TG, and let

f(X,5 = f()A((g)), where }A((g) € TGy. Let 7 be the exit time of the process Z5¢ from the
neighborhood U,Z5°. We will compute the difference f (Y, bey — f (Y1) using 1t6’s formula.
Let (Z,,Y,) = (ZkA, ZkB ykA YrkB)keZ;rU{O} be the vector of local coordinates of the process

?,(Zﬁ’e) on [s, t]. Using SDE (40), we obtain:

‘ 8~?f72r /8~?r,2r
fOE = g =~ 3 f [(y;«AyM 4 oy 0 Z))

kA kB
keZiuioy”?* or; or;
f (Y, Zy) Af (V. Zy) 9? RS
kA r kB
I 9ZkA T 9ZkB <a(zkA)2 a(sz)2>f(Y” Z’)]dr
af(Yr,Z) A af(Yr,Zr)
— € / BZkA €r W@ k]dWr (41)
keZ*U{O} |k|<N r
where §; = 1if |k| < N, and §; = 0 otherwise. Since f is a smooth function on TGy, all

its restrictions to the tangent spaces of Gy are smooth. Hence, one can talk about derivatives
of f restricted to a tangent space along the vectors of this tangent space. Namely, the following
relation holds:

3f(¥r, Z)) ; )
L = POz
Note that the differentiation of f with respect to ZfA and ZfB can be regarded as the
differentiation of the composite function f oY, along the vectors Ay and By. Namely, % =
AR (ZEO(f o ¥,)(ZL9)]. This implies:
T
QP = f(h(Z7%) = —/ dr [3r(f 0 Y )(Z) + Y (Zy)(f o Y )(Z)
N
€2 .
+ 5 D (AEOAZE) + BUZEO)BUZE ) (f o ¥ (Z))
keZF U0}, [kI<N
e ¥ / [AL(Z19) ([ 0 7)(Z04) @ ef
keZ3 u{o}, IkI<N
+ Bi(ZL)(f 0 Y )(ZL°) ® ef 1dW,. (42)

We extended the integration to the entire interval [s, T] since the local coordinates no longer
appear under the integral signs. This is also possible since (41) holds also with respect to the
local coordinates in the neighborhood U, Z%-¢ and a new exit time 7;. The same argument can be



4056 A.B. Cruzeiro, E. Shamarova / Stochastic Processes and their Applications 119 (2009) 4034—4060

repeated with respect to the local coordinates in the neighborhood U, Z%¢, etc. Let us consider

1,
T
now f o Yy asa time-dependent function of g € Gy. Applying It6’s formula to (f o Y:)(Z) on
the interval [s, 7] and using SDE (11) on Gy, we obtain exactly the above identity. This proves
that Y;° = ¥;(Z5°) is a strong solution to (40) on TG . By results of [14], 8, ¥ is C!-smooth.
Moreover S, A,lj and BF, k e Z;‘ , are C*®°-smooth. Again, by results of [14], the solution of
BSDE (40) on TGy is unique. [

7.2. The representation of the backward SDE on T G*

Applying Proposition 1.3 (p. 146) of [5] (see also [15], p. 64) to the manifolds TG{‘,‘ and T G*
and the identical imbedding 1y : TGy — TG®, we obtain that the process lV(I?S(Z;’e)) =
IA/S (Z5°) solves the following backward SDE on T G*:

Ay = epr;,BHaS PE(Y!¢)ds + S(Y!)ds

+e Y [Alor et + Bl @ef]dw],
keZF U{O}LIkI<N

Yp¢ = h(z5%) (43)

where S is the geodesic spray of the Levi-Civita connection of the weak Riemannian metric on
G“%, 9, )A’f denotes the vertical lift of 0 )A’S onto TTG*, A,tl and Bf denote the horizontal lifts of
Ay and By onto T'T G“, the process Zé’e, s € [t, T, is the solution to (11) on G* with the initial
condition Z/*¢ = e. The exponential map eXp on 7T G is defined similarly to the map &xp on
TTGy;. Namely, the Levi-Civita connection of the weak Riemannian metric on G% generates
a connection on 7G?. The latter gives rise to the exponential map exp on 77 G* as it was
described in Section 7.1. We actually have obtained the following theorem.

Theorem 10. Backward SDE (43) has a unique strong solution. Moreover, this solution
coincides with the unique strong solution to BSDE (40) on TG &, and with the Y, *°-part of the
unique Fy-adapted solution (Y€, X5€) to (7).

Proof. We have already shown that the process I}x(Zﬁ’e) solves BSDE (43). The uniqueness of
solution can be proved in exactly the same way as the uniqueness of solution to (40) on TGy
(see the proof of Theorem 9). [
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Appendix
A.l. Geometry of the group of volume-preserving diffeomorphisms of the n-dimensional torus

Let T" = S' x ... x S! denote the n-dimensional torus. Let us describe the basis of the
\_\,—/

n
tangent space T, Gy; of the group Gy of volume-preserving diffeomorphisms of T". We introduce
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the following notation:

Z;’:{(kl,kz,...,kn)eZ”:kl >0orkj=---=ki_1 =0, k; >0,
i=2,...,n}

k=(ki,....ky) €Z}, k| =

Xn:kf, k-0 = Xn:kiei,
i=l1 i=l1

3 0 3
0=6,...,0,) €T, v:(-,—,...,—).
96, 962" 96,

For every k € Z;, (k', ..., k"1 denotes an orthogonal system of vectors of length |k| which is
also orthogonal to k. Introduce the vector fields on T":

. 1 _. _. 1 ) _. )

Al = Wcos(k.e)kl, Bl = WSln(k-G)kl, i=1,....n—1,keZ,
and the constant vector fields Af), i = 1,...,n, whose ith coordinate is 1 and the other
coordinates are 0. Let Af{, B,i, i=1,....n—1,k € Z;ﬁ‘, denote the right-invariant vector
fields on G& generated by Af{, I?,i, i=1,....n—1,k € Zj, respectively, and let Af) = Af),
i = 1,...,n, stand for constant vector fields on G\”;. The following lemma is an analog of
Lemma 6.

Lemma 19. The vectors Ai(g), Bi(g). k € Z}, i =1,....n—1, g€ G& Al i =1,...,n,
form an orthogonal basis of the tangent space TgGy; with respect to both the weak and the
strong inner products in TgG{‘,‘. In particular, the vectors Al B,i, k € Z;", i=1,...,n—1, Af),
i =1,...,n, form an orthogonal basis of the tangent space T,Gy;. Moreover, the weak and the
strong norms of the basis vectors are bounded by the same constant.

The other lemmas of Section 2 hold in the n-dimensional case, with respect to the system AL,
B,i, k e Z;l“, i=1,...,n—1, Af), i =1,...,n, without changes. The index « of the Sobolev
space H® has to be chosen bigger than 5 + 1.

A.2. The Laplacian of a right-invariant vector field on G*(T™)

One of the most important steps in the proof of Theorems 6 and 8 is Lemma 10, i.e. the
computation of the Laplacian of a right-invariant vector field on G* with respect to the subsystem
{Ak, Bi), €ZITU(0). [KI<N where N can be fixed arbitrary. Below we prove an n-dimensional analog

of this lemma.

Lemma 20. Let V be the right-invariant vector field on G¥(T") generated by an H**-vector
field V on T". Further let € > 0 be such that

2 n—1 1
(1 _) -
2( + n Z |k|2"‘ v

keZf IkI<N

Then for all g € G%,

€ — — — el — — A
?[ Z Z(VA;'{VA;;*‘VB;;VB;;)‘F ' VA’VAG] V(g) =vAVog.
keZt Jk|<N i=1 i=1
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Proof. As it was mentioned in the proof of Lemma 7, it suffices to consider the case g = e. We
observe that foralli =1,...,n — 1,

k', V) cos(k - ) = —sin(k - 0)(k', k) = 0.
Similarly, (k’, V) sin(k - @) = 0. Then, fork € Z;}, 6 € T",

n—1

n—1 _ B . 1
ZVA;;VAZV(e)(G) |k|2a+ZZcos(k 9)(k', V)[cos(k - 9)(K', V)V (©)]
i=1

1
= e cos(k - 6)2 Z(kl V)2V (6)
i=l1

= ez stk - O’ (KA = k. VIV ®).

The latter equality holds by the identity Y7~ (k/, V)? + (k, V)? = |k|*A that follows, in turn,

from the fact that the system {‘%, Illi_l} i =1,...,n— 1, forms an orthonormal basis of R”".
Similarly,

n—1 _ B . 1
Y Vs Vg V@®) = e sintk - 9) 2(kPA = (k, VYHV(O).
i=1

Hence, for each k € Z},

n—1 _ _ o . 1
YV Va + Vi V) V(@®) = |k|2a+2(|k|2A k, V)2V (0). (44)

i=1

Further we have:

1 , 1 1 5
Z |k|2¢x+2 (k’ V) = 5 Z |k|2¢x+2 (k’ V)

keZf,|k|<N keZn,lkISN
1

1
= Z |k|2a+2 Zkzaz Z W;kikjaiaj
i#]

keZ kSN keZn,lk|I<N

where 0; = a%,-’ and due to the factor % we perform the summation over all k € Z,,. Clearly, the
second sum is zero. To show this, we have to specify the way of summation. Let us collect in
a group the terms k; k;0;0; attributed to those k € Z, whose coordinates except the ith and the
Jjth coincide, while the ith and the jth coordinates satisfy the following rules: they are obtained
from k; and k; attributed to one of the vectors of the group by means of an arbitrary assignment
of a sign. This operation specifies four vectors. The other four vectors are obtained from the first
four vectors of the group by means of the permutation of the ith and the jth coordinates. In total,
we get eight vectors in the group. Clearly, the summands k;k;0;0; attributed to these vectors
cancel each other. Let us compute the first sum.

1
Z |k|2a+2 ZkZaZ Z [ Z |k|2a+2 klz:l aiz'

keZp, [kI<N i=1 keZy, k<N
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Note that
1
2 2 2
Z K== Z kn:; Z k|2
keZlny,\k|=const keZy,\k|=const keZny,k|=const
This implies:

1 1 1 1 2 1
2 W—au;"izaiz:; 2. gmi=y X amA

keZn,|k|<N keZn,|k|I<N keZ},|k|<N

Together with (44) it gives:

n—1
- - -~ A n—1 1
> Z(VAZVA;-(+VB;;VB£)V(6)(9)=T > WAV(G).

keZf k<N i=1 keZ) [k|<N

We also have to take into consideration the term

Z@AG?%V@)(@) = AV ().

i=1

Finally, we obtain:

n—1 n
Z Z(VA;;VA;; +VB,’;VB};)+ZVA6VA6] V(e)(0)

keZt Jk|<N i=1 i=l1

=(1+";1 3 #)AV(Q).

keZF IkI<N

The lemma is proved. [
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