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Abstract

This paper derives a diffusion approximation for a sequence of discrete-time one-sided limit order
book models with non-linear state dependent order arrival and cancellation dynamics. The discrete time
sequences are specified in terms of an R -valued best bid price process and an leo ~valued volume process.
It is shown that under suitable assumptions the sequence of interpolated discrete time models is relatively
compact in a localized sense and that any limit point satisfies a certain infinite dimensional SDE. Under
additional assumptions on the dependence structure we construct two classes of models, which fit in the
general framework, such that the limiting SDE admits a unique solution and thus the discrete dynamics
converge to a diffusion limit in a localized sense.
© 2018 Elsevier B.V. Allrights reserved.
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1. Motivation and setup

In modern financial markets almost all transactions are settled through limit order books
(LOBs). A LOB is arecord of unexecuted orders awaiting execution. Stochastic analysis provides
powerful tools for understanding the complex system of order aggregation and execution in limit
order markets via the description of suitable scaling (“high-frequency”) limits. Scaling limits
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allow for a tractable description of the macroscopic LOB dynamics (prices and standing volumes)
from the underlying microscopic dynamics (individual order arrivals and cancellations). In this
paper we prove a novel functional convergence result for a class of Markov chains arising in
microstructure models of LOBs to an infinite dimensional diffusion.

Scaling limits for LOBs have recently attracted considerable attention in the probability
and financial mathematics literature. Depending on the scaling assumptions either fluid limits
(cf. [8=11]) or diffusion limits (cf. [2,6,12]) can be derived. Fluid limits for the full order
book were first studied in [11] and afterwards in [10], where it was shown that under certain
assumptions on the scaling parameters the sequence of discrete-time LOB models converges
in probability to the solution of a deterministic differential equation. Although there is some
work on probabilistic LOB models that assumes an SPDE or measure-valued dynamics for the
volume process (cf. [13,17]), there is little work on the derivation of a measure valued diffusion
limit starting from a microscopic (“event-by-event”) description of the limit order book. Two
exceptions are the particular models considered in [2,20]. The work [2] extends the models
in [10,11] by introducing additional noise terms in the pre-limit in which case the dynamics
can then be approximated by an SPDE in the scaling limit. The papers [2,10,11] rely on the
same scaling assumptions. Our work is motivated by the question whether under different scaling
assumptions the same event-by-event dynamics can be approximated by a diffusion process in
the high frequency regime without adding additional noise terms in the pre-limit.

1.1. The LOB dynamics

The one-sided LOB models considered in this paper are specified by a sequence of discrete
time R x L2(R.; ; R)-valued processes S = (B™, v™), where for each n € N, the non-negative
one dimensional process B"™ specifies the dynamics of the best bid price, and the L*>(R,; R)-
valued process v specifies the dynamics of the bid-side volume density function.

We fix some T > 0 and introduce the scaling parameters Ax™, Av™ and At™. They
denote the tick-size, the impact of an individual order on the state of the book, and the time
between two consecutive order arrivals, respectively. We put 7,, = |_T/ At(")J, x;") = jAx™
and t;.") = jAt"™ AT forall j € Ngpandn € N. Foralln € Nand x € R, we define the interval

I™(x) as

. (n) _(n) (n) (n)
1™ (x) = [xj",xjil) for xj" <x <xj';1.

The initial best bid price is given by B{" = b, Ax™ for some b, € N. The initial volume
density function is given by a non-negative deterministic step function v(()") € L>(R;; R) on the
Ax™-grid. Following [10] we assume that there are three events that change the state of the book:
price increases (event A), price decreases (event B) and limit order placements, respectively
cancellations (event C). In terms of the placement operator

(m)

M0 = Te (6") T Ly () M

the dynamics of the one-sided LOB models can then be described by the following point process:
foreachn e Nandallk=1,...,T,,

B = B+ Ax [15 (¢") - 14 (4(")]

(n) (n) (n) 2)
v =v", + Av(")Mk"
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where the event indicator function d),E") is arandom variable taking values in the set {A, B, C}, the
[—M, M]-valued random variable w,({") specifies the size of a placement or cancellation (M > 0),

and the non-negative random variable 71,5") specifies the location of a placement or cancellation.

1.2. Fluid or diffusion approximation: empirical evidence

An array of scaling limits for LOBs have recently been suggested in the financial mathematics
literature. These limits are (mostly) either of fluid or of diffusion type. Which type of limit is
appropriate for a specific stock or class of stocks will depend on the stock characteristics and/or
the considered time scales. In the sequel we provide preliminary empirical evidence that volume
dynamics over intermediate time scales (one second) of liquidly traded stocks such as MSFT are
best approximated by diffusion processes.

In [5,6] the authors argue that the volumes at the top of the book should be approximated by
a diffusion rather than a fluid limit if the fluctuations dominate the mean in the long run. To this
end, they compute the empirical distribution of the ratio

/1 - mean
- ostd
where n denotes the average number of trades during a ten second interval and mean (resp. std)
stands for the average size of a submitted order (resp. the standard deviation thereof). They
provide empirical evidence that R concentrated around zero for certain stocks from the DowJones
index during June 2008 when the data is grouped into ten second intervals, suggesting that
volumes at the top should be modelled using a stochastic component on intermediate time
horizons.

We complement their analysis using LOBSTER data of MSFT from June 5, 2018': We
consider volumes at several price levels, group the orders into price baskets of five ticks (i.e. five
cents) and compute R separately for every price basket. As we are working with daily instead
of monthly data, we grouped the data into one second intervals.> As the bid price took values
between $101,53 and $102,32 on June 5, 2018, we consider price level between $101,60 and
$101,24, grouped into intervals of five cents and let n be the average number of trades occurring
at a particular price basket during a one second interval, given that at least one trade occurred
in that interval.® Our results are documented in Table 1. As in [6], the ratio R takes very small
values for our data sample across all price levels, suggesting that fluid approximations for the
MSFT order book are not appropriate on one-second time scales.

The question is, then, whether the volumes are best modelled by a stochastic process with
a diffusive component or a pure jump process. To this end, we apply a test proposed in [1].
For a one-dimensional It semimartingale, whose small jumps essentially behave like those of
a stable process and whose volatility process itself is again an Itd semimartingale, that paper
constructs a test statistic involving the p-variation of the observed process for some p € (0, 2),
which should converge to some value strictly larger than 1 under the null hypothesis that the 1t6
semimartingale is driven by a Brownian motion (cf. the theoretical value reported in Table 2)

R :

1" We considered all trades taking place on the bid side of the order book during that day except the execution of hidden
orders, since they do not have a visible effect on the limit order book.

2 Since in [6] the authors considered ten second intervals, while we are working with one second intervals, our values
should be multiplied by +/10 to compare with the values in [6]. Nonetheless, this still yields a very comparable result.

3 We are working with absolute coordinates instead of relative coordinates for convenience. Since MSFT is a very
liquid stock, we do not expect the results to differ much whether one looks at absolute or relative volumes.
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Table 1

Ratio R = /n - mean/std for different price ticks of MSFT data from June 5, 2018.
Price tick 101,60-64 101,65-69 101,70-74 101,75-79 101,80-84 101,85-89
Number of orders 11008 16299 28470 45503 29548 28176
Ratio R —0,0025 0,0076 0,0034 0,0011 0,0091 0,0031
Price tick 101,90-94  101,95-99 102,00-04 102,05-09 102,10-14 102,15-19 = 102,20-24
Number of orders 37091 40849 39464 44045 44001 34720 46098
Ratio R 0,0086 0,0073 0,0042 —0,0187 —0,0087 0,0004 0,0019

Table 2

Test statistics for Hy : Brownian motion present. For all values marked * (resp. *%; *#*; ##¥%) the null hypothesis Hp is
not rejected at any chosen level of significance « < 0, 5 (resp. 0,2; 0,1; 0,05).

Hy value  Hj value 101,60-64 101,65-69 101,70-74 101,75-79 101,80-84 101,85-89

p=125 1297 1 1,305%* 1,257%%* 1,246%%* 1,323%* 1,293%%* 1,226%#%*
p=15 1,189 1 1,235% 1,195% 1,189%* 1,272% 1,237* 1,169%*
p=175 1,091 1 1,170%* 1,140%* 1,141%* 1,231* 1,192%* 1,122%

Hy value Hp value 101,90-94 101,95-99 102,00-04 102,05-09 102,10-14 102,15-19 102,20-24
p =125 1297 1 1,319% 1,260%* 1,278%%* 1,230%#%% ],264%* 1,199%%*  1,281%*
p=1L15 1,189 1 1,275% 1,204* 1,230%* 1,173%%* 1,212% 1,147%%* 1,232%
p =175 1,091 1 1,240% 1,159% 1,194% 1,127* 1,170%* 1,106%* 1,194%*

and to 1 otherwise. In [1] the test is applied to INL and MSFT high frequency data from 2006,
yielding empirical evidence that on an intermediate time scale (any sampling interval between
five seconds and 30 min) the prices of liquidly traded stocks in electronic markets should indeed
be modelled with a Brownian component. We test if volumes should also be modelled with a
Brownian component using the same data set as above, i.e. MSFT data from June 5, 2018. We
aggregate the data on the tick level building baskets of five ticks and use sampling intervals of
one second. The computed test statistics together with their theoretical values under the null
hypothesis are reported in Table 2 for different values of p.* As one can see from our results, we
will not reject the null hypothesis at any reasonable significance level. This suggests to consider
diffusive limits for LOB dynamics of liquid stocks on intermediate time scales.

1.3. Preview of the main results

In deriving a diffusion limit for the sequence of LOB models (2), the first challenge is to
define a suitable convergence concept. While for any w € R,

1/2
” Lo ”LZ(R+) = (Ax(n)) ’

we have for any bounded f € L*(R,),
(L) f)LZ(R+) = / f@)dx = 0 (Ax™).
100 ()

Hence, it seems impossible to formulate a scaling assumption with Ax™ — 0, At™ — 0,
and Av™W — 0 that allows to prove convergence of the volume density functions to an

4 To compute the values in Table 2 we used a cutoff level of K = 2000 for the order sizes. However, the test does not
yield qualitatively different results if one varies the cutoff level within a reasonable range.
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L?(R,; R)-valued diffusion process. However, observe that for any m, 7 > 0 we have

L/ Ax™)

n (n) n n 7 12 n
Ax™ Z Ly (xj ) Lio,m(9) = Ax™ (m — Ax™ LAx(”)J) =0 (Ax( ))
Jj=0 12
and for any bounded f € L? also
L</Ax(”)J "
<Ax(") Z 1y (x;.")) , fILlo,m]> = Ax(”)/ f@)dx =0 (Ax™).
P 4| 53

This suggests to study the convergence of the cumulated volume processes V" = (Vk("))

ith K=
W1

lx/Ax™)
Vk(")(x) = Ax® Z v,((”) (x;")) , xeRy, 3)
j=0
instead of analysing directly the convergence of the volume density functions. To do this we will
choose a localized convergence concept, since the functions V™ are not square integrable on the
whole line.

Our main contribution is to establish a convergence concept and a convergence result for the
sequence S™ = (B™, V™), n € N. In particular, we state sufficient conditions that guarantee
that (i) this sequence is relatively compact; (ii) any limit point solves an infinite dimensional SDE
driven by a standard Brownian and a cylindrical Brownian motion; (iii) the limiting SDE has a
unique solution.

Having established a convergence concept, the second major challenge is that the dynamics of
the process S ™ n e N, is not given in standard SDE form, due to the event-by-event dynamics,
and that the system can only be controlled by specifying the conditional distribution of the
random variables 71,5”), a),({"), and d),(("). Much of our work is, therefore, devoted to the identification
of suitable integrands G (5 (7)) and semimartingale random measures Y such that $®(z)
can be represented as

SOy = S+ f G™ (8™ ) dY™ (), tel0,T] )
0

after continuous time-interpolation. Once the dynamics of the sequence S™, n € N, has been
brought into standard SDE form, it remains to study its convergence. The convergence of infinite
dimensional stochastic integrals has been studied by several authors. Chao [4] and Walsh [22]
consider semimartingale random measures as distribution valued processes in some nuclear
space. Kallianpur and Xiong [16] prove diffusion approximations of nuclear space-valued
SDEs. Their approach requires a dependence structure that is incompatible with our spatial
pointwise dynamics, and is hence not applicable to our modelling framework. Jakubowski [15]
provides convergence results for Hilbert space valued semimartingales under a uniform tightness
condition. Kurtz and Protter [19] work with the same uniform tightness condition, but allow for
a more general setting. Especially, they also study the convergence of solutions of stochastic
differential equations in infinite dimension. The results are further extended by Ganguly [7]
to study the convergence of infinite dimensional stochastic differential equations when the
approximating sequence of integrators is not uniformly tight anymore.

Our proof relies on the results in [19]. We first establish sufficient conditions that guarantee
that the sequence Y™, n € N, converges to some L?(R,)*-semimartingale Y. Subsequently
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we prove that the sequence G™, n e N, satisfies a compactness property and converges in a
localized sense to some function G. Finally, we show that the sequence of stochastic differential
equations in (4) converges in law in a localized sense to a solution to an SDE of the form

S) = So —i—/ G(Su)dY(u), tel[0,T] 4)
0

The challenge in proving the converges of the SDEs is the verification of the conditions in [19]
on the integrators and coefficient functions of the approximating sequence, and the fact that our
convergence concept localizes in space, not time. Finally, we give sufficient conditions for the
uniqueness of solutions to the above SDE. For instance, we show that uniqueness holds if only
the drift but not the volatility is state-dependent.

1.4. Structure of the paper

The rest of the paper is structured as follows. In Section 2 we state conditions on the
dynamics of the price processes that guarantee the converge of their normalized fluctuations to a
standard Brownian motion. In Section 3 we state conditions on the dynamics of the order arrivals
and cancellations that guarantee convergence of the standardized fluctuations of the volume
processes to a cylindrical Brownian motion. While the analysis of the price is quite standard,
deriving similar results for the volumes is much more tedious. First we show in Section 3.2 the
convergence of the drift, volatility and correlation functions. Using an orthogonal decomposition
of the covariance matrix we then establish in Section 3.3 a representation of the volume process
as a discrete stochastic differential equation driven by “infinitely many discretized Brownian
motions”. In Section 3.5 we prove the convergence in law of the “infinitely many discretized
Brownian motions” to a cylindrical Brownian motion. In Section 4 we define the stochastic
integrals and stochastic differential equations that describe the LOB dynamics and verify that
the conditions from [19] are satisfied. This allows us to derive our results on the characterization
of the limiting LOB dynamics as solutions to an infinite dimensional SDE in Section 5. We
then provide two specific examples in which the LOB dynamics converges weakly to the unique
solution of an infinite dimensional SDE. In Section 5.3 we conclude with a short discussion on
how our result can explain the noise term in macroscopic SPDE models for limit order books
found in the literature.

1.5. Notation

For each n € N we fix a probability space (2™, F, P™)° with filtration
.o =F"cF’c...cFR”c.- - cFP cF.
We assume that the random vector ( ,(C"), a),i"), n,i")) is .F,E")-measurable foralln e Nandk < T,.
We define the Hilbert space
E:=Rx L*R4; R), (X1, X)llg = 1X1| + [ X2l 2
and its localized version

Efpe =R x L}, (R; R)

5 For ease of notation we will simply write P and E in the following instead of P® and ™, since it is clear from the
context on which probability space we work.
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with
IOC(R+) = {f Ry - R ‘/ fix)dx < ooV m EN}
Moreover, we define for all n € N the E),.-valued stochastic process S ) = (S,E'”) via
k=0,...,Ty

(’1) (n) (n)
¢ (Bk V ) :

where B(") and V(”) were defined in Egs. (2) and (3). Foralln € Nandk =1, ..., T, we set

() . (n) (n) ) . (n) (n)
8 V V Vk 1 8B B Bk_l ’
50w =E (sv | FD). B =E (8B FL,).
55 (x) = 8V (x) — 85 (v), 5B, =8B ~8B".

W.l.o.g. we will assume that (Ax“”)i1 € Nforalln € N.

2. Fluctuations of the price process

In this section we analyse the fluctuations of the best bid price process B™. To this end, we
introduce a fourth scaling parameter Ap™ = o(1) that controls the proportion of price changes
among all events.® The scaling limits in [2,10,11] require two time scales, a fast time scale for
limit order placements and cancellations and a comparably slow time scale for price changes.
The scaling parameter Ap™ introduces the “slow” time scale.

Assumption 2.1. For each n € N there exist two functions p®™ : Ej,. — R and 7™ : E},. —
R, satisfying the boundary condition

(r )’ = Ax“”p“)(s) Vs =(0,v) € Ep, ©)
such that forallk =1, ..., T,
(q)(") € {A, B} ‘J-“,ﬁ”_)l) — Ap®™ (r<"> (S,ﬁ"_)l))z as. %)
and
IP( ) _ \f(m ) ( () _ )]_-m) ) — Ap®™ Ax® p® (SI@J as. 8)
There exists n > 0 such that foralln € Nand s € Ej,.,
r(s) + (p"(s) " > . ©)

Note that the conditional distribution of the event variables is uniquely determined by Eqs. (7)
and (8). Moreover, Eq. (6) guarantees that the price process B™ will always stay positive.

Remark 2.2. The scaling parameter Ap™ corresponds to the proportion of market orders and
spread placements among all LOB events. It can easily be estimated from flow data; see [11].
Conditioning the proportion on selected characteristics of the book such as spreads, volumes at
the top or volume imbalances yields the functions p®™(-) and r™(.).

6 The proportion of price changes among all orders book events is typically quite small for liquidly traded stocks such
as APPL, MSFT or BAC; see [8,11] for empirical evidence.
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The next assumption controls the relative speed at which the different scaling parameters
converge to zero. Since the discrete system dynamics are the same as in [10], we must use a
different scaling to get a diffusion limit instead of a fluid limit. Intuitively, the average impact
of all individual events must be of larger size to generate volatility. By comparing the scaling
assumption from [10] with Assumption 2.3, we see that this is indeed the case.

Assumption 2.3. Foralln € N,
At = Ap™ (Ax("))2 = (Av("))z =o(1).

Remark 2.4. The fact that the conditional distribution of the event variables is uniquely
determined by Eqgs. (7) and (8) is different from the corresponding assumption made in [10]
to derive a large of large numbers in the high frequency regime. Indeed, while (7) can also be
found in [10], (8) is the only important additional assumption — apart from the different scaling
— which is needed to derive a diffusion dynamic for the price process in the high frequency limit.
A similar assumption can also be found in [2].

Eqgs. (7) and (8) of Assumption 2.1 yield together with Assumption 2.3 that for all » € N and
k < T, almost surely
Fo ]

Af(n) [ (n) (S(") )] —F |: ((SB(H)>
n) (n (n) (n)| =(n) (n)
Al (s() = E 5B | A, | = 8B
Let us define the process of the (nearly) normalized increments of B™ as

SBY"

sz = — 7z = Zaz(’“ forallk =1,...,T,. (10)
) ( g ) -
k-1 i=
Then we may write for all n € N,
Lt/ At |
BW(t)=B"+ Y B
k=1
11
Lt/ At | (n
=B+ D0 [ (s0) A+ (s0)) 62" ]
k=1
Through linear interpolation of the Z(”), k = 1,...,T,, we obtain the continuous time

process
Tn
ZO@) =S ZM 1w (@), te€[0,T].
() 2_(; p [é)’[l(#)])(), €1[0, 7]

By construction the process (Z(”)(t)),e[oﬂ is a cadlag martingale for each n € N.

Theorem 2.5. Under Assumptions 2.1 and 2.3, Z"™ = (Z(")(t))tel0 ) converges weakly in
D ([0, T]; R) to a standard Brownian motion Z as n — oQ. '

Proof. By construction the field (8 Z,(:'))k is a martingale difference array. Therefore,
<Ty,, ne
the claim will follow from the functional central limit theorem for martingale difference arrays,
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(2018), https://doi.org/10.1016/j.spa.2018.11.023.




U. Horst and D. Kreher / Stochastic Processes and their Applications xxx (Xxxx) xxxx 9

once we show that the Lindeberg condition is satisfied and that for every ¢ € [0, T] the sum of
the conditional second moments up to time ¢ converges almost surely to #, which is the quadratic
variation of Brownian motion.

For this we first note that Egs. (7) and (8) imply that for all n € Nand k < T,

Ax® p ( S/En_>l>
S
(r (si21))
Moreover, by definition
n n (n) (n)
A [po (7)) <& (|sB]

Hence, for any ¢ € [0, T']

a.s. (12)

f,f”_)l) <A™ "ZF0 as. (13)

L1/ Al ) Lt/ A ] A pm) (r(m (S(") ))2 _ (Atoz)p(n) <S<n> ))2
) (n) k—1 k—1
Y E (azk ) FO ) = _
k=1 k=1 (r(") (S,E’Z))

— 1 a.s.

Second, (9) and (12) imply that for alln € Nand k < T,,,
-2 -2 -2
()] = I ()] Apgeyoay + 1 (2] 1 ey
4 w (o« \]72
-+ [r( ) (Sknq)] 1{[r(”)(S,({"_)I)]2>Ax(”)%}

- 4 n 2
2 Axtg
Therefore, there exists a deterministic sequence (c,) converging to zero such that for all k =

IA

IA

a.s.

1,...,T,,
2
o2 [Ax(n) (13 (¢I({n)> —1, (¢,§"))) — Ar (Szin_)lﬂ
s2"| = :
(6]
212 /2 1
)2 ) @) [ o) 2(2
< 2|:(Ax )+ (A p® (si2)) } ; (n + Ax(ﬂ)>
<c, as.
We conclude that for all £ > 0,
L1/ A1) 2 c Lt/ At s ,
Se(parf ) =3 2 Epaf s hao
k=1 P

i.e. the Lindeberg condition is satisfied. Therefore, the functional central limit theorem for
martingale difference arrays (cf. Theorem 18.2 in [3]) implies that Z"” converges weakly to
a standard Brownian motion. [

In order to obtain the convergence of the full price process in Section 5 we also have to assume
that the drift and volatility functions p™ and ™, n € N, satisfy a continuity condition and that
they converge to some functions p and r as n — oo.
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Assumption 2.6.

(i) There exist functions p : Ej,c — R, r : Ejpe — R4, and C < o0 such that for all
s = (b, v)aE: (b»’{;) € Ejoc,

Ip ()| +r(s) <C+ b))
and for allm € N,

sup  [p™ (b Am,v) = p (b Am,V)|+]|r™ (b Am,v) —r (b Am,v))|— 0.
s=(b,v)€E]c

(i) There exists L < oo such that foralln € Nand s = (b, v),5 = (b, 7) € Ejoes
max {[p™(s) = p"' @], [r"(s) = r™ @)}
< L(1+ 161+ 1B1) (1 + oL il 2+ [920s0] 2) {15 =B
+ | =9 L[ 2} -

Assumption 2.6(ii) is similar to a local Lipschitz assumption. It will play a key role in the
proof of the main theorem later on. The following example illustrates the assumed dependence
structure.

Example 2.7. In order to model dependence on standing volumes we can integrate a Lipschitz
continuous function 2 : R — R against cumulated volumes standing to the left of the price
process. If we suppose that /2 has compact support in R_, then for all s = (b, v),5 = (b, V) €
Elow
(v + D)0, ) = (¥ (- +B) 1505, 2)| = [{v, hC = BYLio.n) = (T 12 (- = B) Ty 7]

< [fo =Tk (- = B) L)l + oo ps ¢ —b) =k (- = b))

< lhllz - [ = DL pml 2 + [Liosal 2 - L Lo (0= 5) 2

< IAll2 - @ = DLl 2 + L [vLiosail,2 (14 161+ 15]) [ = B].

Now if P, R are Lipschitz continuous functions, we may define for all s = (b, v) € Ej,.,
p™ (s) = P ((v(- + B)L|_p ). 1)), r® (s) = R ((v(- + b)1|_p 0}, h))

and the so defined functions p®™ and " satisfy Assumption 2.6(ii).

3. Fluctuations of the volume process

In this section we analyse the fluctuation of the infinite dimensional volume process V. In

a first step we compute its conditional moments and prove their convergence as n — oo. Sub-

sequently, we represent it as the solution to a stochastic differential equations driven by infinite

dimensional martingale that converges in distribution to a cylindrical Brownian motion as n —

oo. Since V™ is not an L?-valued process, but only L? -valued, we need to localize the analysis.

We make the following assumption on the joint distribution of the random variables w,((")
and 7"
Pl

Assumption 3.1. There exists an M > 0 such that for alln € Nand k < T,,,

P(wlgm e[-M, M1, 7 e [0, oo)) -1 15)
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For every n € N there exist two measurable functions g™, h™ : E;,. x Ry — R, such that for
allk=1,...,T,and all D € B(R,),

2
E((w,ﬂ“) Lc (¢,£”)> 1p (n,ﬁ”)) ’ f,ﬁ’?l) - / g™ (s,ﬁ”_)l; y) dy as.
D

E (wz(cn)ﬂc (¢1((n)> 1p (ﬂ,f")> ) ]:,5",)1) = Av™ /D h™ (S,E",)I; y) dy as.

Remark 3.2. The functions Av®™h™(.) describe the average net arrivals (placements minus
cancellations) of limit orders at a particular price interval as a function of the state of the
book. Estimating arrival intensities of limit orders and cancellations at different price levels
conditionally on the spread, volumes at the top, etc. yields point estimates hg”)(.) for different
price levels. The function 2™ can then be derived from these estimates through any ‘smoothing
procedure’ as e.g. in [11]. The same applies to the functions g(-) that describe the (state-
dependent) second moments of volume changes across different price levels.

and

According to Assumptions 2.1 and 3.1 the process (S,E") )k is a homogeneous Markov

chain for each n € N. Furthermore, (15) and Assumption 243_impl§ that forallm > 0,n € N,
andk < T,,

L/ Ax® )| :

2 2
H‘SVk(n)]l[o,m] HLZ < (A‘U(ﬂ)) M2 Z 11(")(”;”)) (x;”)) ]l[O,m]
Jj=0 L2
< AtM?’m  as.

and therefore for all m > 0 also

571 < 56 10m[ + [5v1
Ve Liomr| , = |[00 "Liom) L2+ K L0.m]

2
L2

2
L2

(16)

(n) 2
<E ( HfSVk Lio,m) L

<2IM*mAt™  as.

2
n) (n
7)o

The next two assumptions deal with the convergence and continuity of g and h™.

Assumption 3.3.
(i) There exists a measurable function g : E;,. x Ry — R, satisfying

inf g(s;y)>0 VyeR;

S€Ej -

such that

o0
sup / 18" (s3 ) — g(s; y)|dy — 0.
0

S€Ejoc

(i) There exists an L < oo such that forall n € Nand s = (b, v),5 = (b, D) € Ejpe,
[0¢]
f 87 (s3 y) — "G5 )| dy
0

< L (14161 +151) (1 + oI5 ] 2 + [TT050m1 ] ,2) {16 — P
+ [0 =D Lo pui | 2} -
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The next assumption is key to the derivation of a diffusion limit for the L7, -valued functions

V@™ Tt states that order placements and cancellations are expected to be approximately of the
same size and that the expected disbalance between both also scales in . This guarantees that
the cumulated volume process will not explode when passing to the scaling limit.

Assumption 3.4.

(i) There exists a measurable function % : Ej,. x R, — R satisfying

o0
sw/|%wﬁ@<w
0

se€Eje
such that
° 2
sup / |h™(s; y) — h(s; )| dy — 0.
SE€Ejpc JO

(ii) There exists an L < oo such thatforalln € Nand s = (b, v), s = (5 T]) € Eje,

00 s 1/2
</ 1G53 y) = h G y) dy)
0

< L(1+ b1+ 1B]) (14 [0l sl 2 + 90003 2) {IB — B
+ [0 =D Lo pui | 2} -

3.1. Basis functions

Our goal is to represent the volume function as a stochastic differential equation driven by an
infinite dimensional martingale whose increments are orthogonal across different basis functions
of L2(R,; R). We choose the Haar basis, i.e. we specify the basis functions (f;) as follows: for
each k € Ny we set g’il(x) = L x+1y(x). Moreover, we set for all k, [ € Ny,

207 s xe k27 (k+3)27)
glx) =322 xe[(k+31)27 (k+ 127
0 : else.

To define the (f;) we now reorder the (g,k ) in a diagonal procedure:

=28 =38, =28 fa=81 fs=28 fo=28) ...
In the following we denote by k(i) € Ny and /(i) € N_; := Ny U {—1} the indices such that
o
fi= gz((il))-
Let us define for each i € N the functions F; : R, — R and Fl-(") Ry - R, neN,via
oo oo
Foy= [ peodx FP0) = | fiwdsx.
y Ax) | y/ Ax) |
We shall see that the drift and the volatility of the volume processes can be expressed in terms of

the functions F; and Fi("). We notice that |F;(y)| Vv Fl.(")(y)‘ <1forally e R, andi,n € N.In
addition, we will often use the fact that if /(i) > 0, then

supp(Fy) = [k()27'D, k() + D277,

Please cite this article as: U. Horst and D. Kreher, A diffusion approximation for limit order book models, Stochastic Processes and their Applications
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ie. lsupp(F)| < 1. Similarly, also ‘supp (F}“)‘ < 1foralli,n € N with /(i) > 0. We also
notice that if /(i) = —1, then supp(F;) = supp (Fi(")> = [0, k(i) + 1]. Moreover, we have the
L? -representation

Ly o) = Y FWA®,  Liawmpy e ® =D F 0 LX),

Finally, for all m € N we define the index set
Tn:={i e N: supp(fi) N0, m)# 0}. an

Note that for all m € N, (f;)icz, is a basis of L([0, m]). Furthermore, for all n,m € N and
Yy € R-‘r’

) [F;w(y)]z <m ad Y (FEOIP<m.

i€y i€y

We shall repeatedly use the following technical lemma. It allows us to approximate the
conditional moments of volume increments using finitely many basis functions after localization.

Lemma 3.5. For each ¢ > 0 and m € N there exists a finite subset J C I, such that for all

y € R+)
2
> Fonse  ad Y (AP0) e VneN

i€Tm\J i€Tm\J
Proof. For fixed ¢ > 0 and m € N set [y = min{leN: 2! 58} and J =
{i € Z, : 1(i) <ly}. Now note that for all i € N,

oo
[Fi(y)l = / fi)dx| <2702 vy eR,.
y

Furthermore for every [ € N and y € R, there exists exactly one i € N with /(i) = [ such that
F;(y) # 0. Therefore,

Yo FEM?=Y 2 =2 <e VyeR,.

i€ \J I>lo

Since this is true for all y € R, it is also true for all Ax™|y/Ax™| withn € Nand y € R,.
Hence,

2
Z (Fi(”)(y)> <e VyeRy,neN O
i€Liy\J

3.2. Convergence of drift, volatility and correlation functions

We are now going to analyse the convergence of the conditional expectations and variances
of the volume increments. It will turn out that in the limit they can be described in terms of the
functions y; : E;,c > Rand o; : Ej,c — Ry (i € N) defined by:

wi(s) = fo h(s; y)F;(y)dy, (0i(5))* = /0 g(s; V) [F(0)1* dy.
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Lemma 3.6. Given Assumption 3.3(i) we have for alli € N, infscg, . 0i(s) > 0.

Proof. By definition Fi(y) # 0 for all y € (k(i)27'®, (k(i) + 1)27'¥). Thus, the claim
follows from the fact that g(-; y) is bounded away from zero for each y € Ry according to
Assumption 3.3(1). O

In view of the preceding lemma we can define for all i, j € N the function p;; : Ejpe —
[—1,1] via

o0
0i(s)0(s)pij(s) :=/ gGss ME (W F;(y)dy.
0
Moreover, we define for each n, i, j € N the following functions from Ej,. to R,
) o0
1" (s) = / h(s; Y)F" (y)dy,
0

N 12
O_i(n)(s) — (/ g(”)(s; ) I:Fi(n)(y)]zdy — At (M,(-n)(s))2> )
0

Loso (710" (s))

(n)
pij (s) =
! ai(")(s)oj(.")(s)
* )y ) )y,
x ( / (s FP Oy — At (s)p! (s)) ,
0
and the L7, (R, )-valued functions

pOsi) =Y uP©OAE and i)=Y i) fi).

Note that with this notation we have for all x € R, and n € N, making use of Assumption 2.3,

Lx/Ax™)
500 = M | Ax Y M () A
Jj=0
00 Lx/Ax™) (18)
= Av(n)/(; Av™p™ (Slgn—)l; Y) Z Lyon(y) (xﬁ'n)) dy
j=0

o0
= At(n)/o jAcy (S,En_)l; y) 1[Ax(n)L\,/Ax(n)J,oo)(.x)dy = At(n)u(n) (Slin—)l; X>

as well as

2
E <<5V,§”>, £ ‘]—',E”)l)
|x/Ax™)

= At(n)]E ]lc <¢/En)) w,({") '/]RJr fl(x) 122(; ]ll(n)(ﬂlin)) (x;n)> dx ‘7:15’:)]

2
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— AR <ch (¢1En)) (wi’”) [F(")< <n))] ‘]_-m) )
= At™ /O h g™ (SIE"_)I; y) [F;(")(y)]zdy
— At [(o}”) (S,E"_)l))erAt(”)( (n) (&@1)) }

E ((56}?, f,»>2‘ fk(”_)1> = A1 (6" (S,E”_)l))z. (19)

Similar calculations show that

() (SIEI‘L)]) (<5—(n) f,><85(n) f/>

(n))
@ (¢ ) o (o
Pij o (o \ 0 (o ]l(o"”)(l (Sk 1) (Sk 1)) (20)
0; (Skq)"j (Skq)

The next three lemmata establish the convergence of the drift, the volatility and the covariance
functions introduced above.

1.e.

Lemma 3.7. Given Assumption 3.4(i) we have for allm € N,

sup ||/L(s)1[0,m|“L2 < o0 and sup || (,u(")(s) — ,u(s)) I]-[O,mI”LZ — 0.

s€Eoc s€Ejoc

Proof. Since supp(F;) C [0, m]foralli € Z,,,

2
sup | u(s)Ljo,m ”iz sup Z </ h(S§Y)Fi(Y)dy>

SE€Eoc SEEoc i€y

IA

sp m Y- [ G653 (F)

s€Ee i€Tm

< m?*. sup / (h(s; y)*dy < .
s€E,e JO
By a similar reasoning we can estimate for all m € N,

2
sup S ( / hs: ) (FP0) = Fi() dy)

S€Ee i€Tm

2
< supmy f (his; ) (K0 = F()) dy
s€Ee €Ty
= m- sup / (h(s, y))z H]].[Ax(n)b,
s€Ejpe JO
S

o0
mAx™ sup / (h(s; y)*dy — 0
0

s€Eye

Please cite this article as: U. Horst and D. Kreher, A diffusion approximation for limit order book models, Stochastic Processes and their Applications
(2018), https://doi.org/10.1016/j.spa.2018.11.023.




16 U. Horst and D. Kreher / Stochastic Processes and their Applications xxx (Xxxx) xxxx

and by Assumption 3.4(i) also

sup Z ([0 (h(")(s; y) — h(s; y)) F,~(")(y)dy>

$€Eloc i1,

2

o0 . 2 . 2
< sup m Z / (h(s; y) = h(s; y)) (F,( )(Y)) dy
se€Ee i€Zm 0
o0 2
< m® sup / (h™(s: ) = his: ) dy — 0. O
s€E,e JO

Lemma 3.8. Given Assumptions 3.1, 3.3(i) and 3.4(i) we have for allm € N,
2
sup Z (ai(") (s)) <mM?*  and sup Z

s€Ejpe i€ SGElociEIm

2
ai(")(s) —o;i(s)] — 0.

Proof. First, it follows from Assumption 3.1 and Eq. (19) that forallm € N and s € Ej,,
Y@= Y [ s EePdy <t
i€ly i€y 0

Second, by Assumption 3.3(i) forall m € N,

sup Z

$€Eloc je7,,

o0
<m- sup/ |§™(s; y) = g(s3 »)|dy — 0

S€Epc 4O

fo (8™ (s5 y) — g(s3 »)) [F:(0)* dy

and it follows from Lemma 3.7 that for all m € N,

At™ sup Z (;Lf.")(s))2 — 0.

seE !
i€y

Next fix m € N and let ¢ > 0. By Lemma 3.5 we find a finite subset J C Z,, such that for all
neNandy e R,,

2 e £
2 : F(n) E : F 2
) [ i (y):l = 4M?2 and ' [FiOI” = aM?°
ieTu\J ieTu\J

Now we choose ny = ny(¢, m) such that foralli e N, y € R, and n > ny,

<2

’[F}")(y)]2 SIROP| 2| R0 - Fo)|

172
S 2 H]l[Ax(”)Ly/Ax(")J,y] HL2 5 2 (Ax(n)) <

I
2M2|J|

We deduce that for all n > ng and s € Ej,,

> /0 Tty ([Ff“(y)f - [Fi(y)]2> dy'

i€y

€ = .. = e
< g (s; ydy + g (s,y)E
ZMZ/O 0

iel

(700 1RGP dy

T /oo “s: y)dy < ¢
< = — S, = €.
st ), 8Ty
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Therefore, we have,

2
lim sup Z Ui(n)(s)_ai(s)‘
"0 S€E e (o7
2
< lim sup Z (U,-(")(S)> — (0i(5))*
n—>00 ep, =
2 2
< lim sup Z (of’”(s)) + At (uﬁ"’(s)) —(Gi(s))2|
n—>00 g, ol
2
+ lim At™ sup Z (,u?")(s)) =0. O
n—00 SE€Epe iz,

Lemma 3.9. Given Assumptions 2.3, 3.1, 3.3(i) and 3.4(i) we have for all i, j € N,

sup [pff’(s) = pijs)| > 0.

s€Ejoe
Proof. One can show similarly to the proof of Lemma 3.8 that for every fixed i, j € N,

o0
Pl ()" ()Mo (s) = / 8" (s NFOF 0y — At (s)u(s)
0
converges to p;;j(s)o;(s)oj(s) uniformly in s € Ej,.. Since ai(") and aj(." converge to o;
respectively o; uniformly by Lemma 3.8 and since both, o; and o; are uniformly bounded from
below by Lemma 3.6, the claim follows. [

)

3.3. Orthogonal decomposition

In order to identify the volume as the solution of some stochastic differential equation we need
to decorrelate the normalized volume increments. To this end, we introduce in this subsection an
orthogonal decomposition of the increments using the algorithm from Appendix A. We assume
that the probability spaces are rich enough to support i.i.d. Bernoulli random variables.

Assumption 3.10. For every n € N there exists a field of i.i.d. random variables (U ,E"“)
on (2™, F™ P™), which are independent of $®, such that

: ; 1

By = 1) =B (g =1) = 3.

In (20) we introduced the correlation coefficients pf;’)(~), n,i, j € N, j <i.Now if we define
for any n,i € Nand k < T,, the normalized random variables

k,ieN

o £
Z,i")’i nd % : ai(”) (S,E"_)l) >0

(At("))l/2 U,E")’i : Ui(") (S,E"_)1> =0,

then by construction the conditional covariance between Z,((”)’i and Z,((")’j is precisely p;; (S,E"_H)
Next we have to decorrelate the Z,((")’i, i € N, for all k < T,, so that we can express the
volume process V™ as a discrete stochastic integral, cf. Eq. (22). This is achieved by the

algorithm in Appendix A, which provides for each n € N an array (cl(.;’)(-)) ~ of measurable
’ J=i
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functions from Ej,. to [—1, 1] together with an “inverse” array (aﬁf)(-)) in terms of the Borel
J<i

measurable correlation coefficients (pi(?)(-)) ~, such that the following result holds true — being
. Iz

an immediate corollary of Lemma A.1 in Appendix A — for the random variables § W(") ‘i eN,
given forall k < T,,, n € N, by

m),1 __ ), (n)
W= 7 (s))

and fori > 1,

1 ()i () ) (g QAN O N Q)
() (Zk (Skq)_zjacij (S )(SW J) - Gii (Sk 1) 0

n),i .__
oW = 172 g0 o (g
(A1) Ll (s)) =0,

l[

2n

Corollary 3.11. Let Assumptions 2.3, 3.1 and 3.10 be satisfied. Then for all n,i € N and
k=1,..., T,

(n),i (n) () (n) (n),j
7 (S ) 3 (S ) W
J=i

as well as
E (W F) = a0 (s2)) and
(n),i (n),j (n)
B (W oW | FN ) = Ar®s;.

In order to see that the random variables & W,i")’i, i € N, allow us to represent the volume pro-
cess as a stochastic integral, we define for all i, j, n € N a function dl.(;l) cEpe = [—M, M] via

ER LA O SO R
d,‘j (S) = . .
0 D j>
Note that for each m € N, the matrix (d[-(;')(s)) is the triangular matrix that one
i,j<m

obtains from the Cholesky factorization of the covariance matrix (a( )(s)o(")(s),o(")(s)>

Therefore, the functions <d(")(s)> N will serve as the volatility operator in the stochastic
i,je

equation representing V™. Indeed, Eqgs. (18), (19) and Corollary 3.11 imply that almost surely

L1] A1)
VO ) = Vo) + Y @ Y (v 1)
i k=1
el
- Vo(x)+Zf,(x) Z [ () (Slin—)l) At(”)—i—ai(")( g )52(”"]
I_t/At(")J (22)

= Vo) + D Y [ () ar
i k=1
l(n) ( g ) Zc(n) ( g )8W(n) i

J<i
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The convergence of the drift has already been established. In the following two subsections we
prove the convergence of the volatility operator and the martingale driving the SDE.

3.4. Convergence of the volatility operator

In this section we prove convergence of the functions C;;)(_) and dl.(;l)(~). As a byproduct we
obtain a key estimate for the functions a(")( -). This estimate allows, for instance, to verify that the
random variables & W,E") ‘keN, satisfy the Lindeberg condition in the proof of Theorem 3.16.

Lemma 3.12. Suppose that Assumptions 2.3, 3.1, 3.3(i) and 3.4(i) are satisfied. Then there exist
foreveryi € Nand j < i functions c;j, a;j : Ejoc — R such that

sup cl(‘?)(s) — c,j(s)) — 0 and sup af.';)(s) — a;j(s)| = 0.

S€Ejoc SE€Ee
Moreover, foralli € Nand j < i,

inf ¢;;(s) >0 and sup ‘ozij(s)‘ < 00.

S€Ejoc SE€E e
Proof. The claim is proven by induction on i. Clearly, for i = 1 we have ¢;; = 1 = «;. Now
assume the claim is true for all functions c('lz), (") with [ < j < i — 1. Especially, this implies

that for all j < i and for n large enough we have 1nfxe Ejpe € 5 j)(s) > 0 and hence

() = <5 | £ ) - Y e s)
¢ji () I<j
By iterative reasoning from j = 1 to j = i — 1 we see that this term converges uniformly

ins € Ejo to some function ¢;; (defined via a similar recursion scheme) due to the induction
hypothesis and Lemma 3.9. The same is then true for

12
Wi =[1-3 (clf;?>(s))2

J<i
Next we have to show that the limit satisfies infycg,,, ¢;;(s) > 0. First, note that by the induction
hypothesis for large enough n, c(<".)(s) > (O forall j < i and hence by Eq. (A.2),

Z0s) =D e () Wi (s) = 27 (5) = ) e ()Y ol (5) 2 (s)

i Jj<i I=j
— Z(n),i(s) _ Z Z(n)l(s) Z ;i (S)O{ l) (s).
I<i I<j<i

We set foralll < i,
e () :ifo(s) > 0

B (s) = e
0 . else
as well as
) = % Cifo(s) > 0
0 : else.
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By the induction hypothesis, Lemmas 3.6 and 3.8 we know that for every j < i there exists a
bounded function 8; : E — R such that

sup |B1"() = B(s)] = 0. (23)

s€Ee
But for n large enough we have by definition for all s € E,,
()W (5)
= Z"(s) =Y el (5) W (s)

Jj<i
L/ Ax™)
= A <X<">(> 2 (o) (). > 8" <s>ﬁ>—Ar<">Zﬂ}"> () 1" ()
=0 I<i I<i

and then also

A ()" = E (0w (o)

2 2
= At /0 g"(s: ) [Zﬂf")(s)ﬂ(")(y)} dy — [At(”)Zﬁ?”)(s)uﬁ")(s)} :

I<i I<i

Clearly, (23) implies that sup, .y SUp,cg,, ‘ ﬂ;")(s)} =: C < oo forall/ <i.Hence, the last term
on the right hand side in the above equation converges to zero uniformly in s € Ej,. using that

SUpP,eN SUPse Ejoc

,u;")(s)‘ < oo foralll <i by Lemma 3.7. Moreover,

2
sup f (g™ (s5 y) — g(s3 y)) [Zﬂf”)(s)ﬂ(”)(y)} dy

S€Ejoe |J0 I<i

o0
< C?%?. sup / 18" (s; y) — g(s; y)|dy — 0
0

s€Ejoc

and by dominated convergence we deduce that, uniformly in s € Ej,.,

2
/0 2(s3 ) [Zﬂ,(”’(S)F(")(y)] dy — / 2(s; ) [Zﬂl(sm(w] dy

I<i I<i

Therefore,

2
cii(s) = /0 g(s; ) [Zﬁz(s)Fz(y)} dy. (24)

I<i

Now suppose that infseg,,, ¢;;(s) = 0. Since g(-; y) is bounded away from zero for all y € R by
Assumption 3.3(i), we deduce from (24) that there must exist an E),.-valued sequence (s,) such
that

Z Bi(s,)Fi(y) — 0 foralmostall y € R,.

I<i
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Since sup,cg, 1Bi(s)| < oo foralll < i, this implies that there exists some vector b € R? such
that

Zb;F;(y) =0 foralmostall y e Ry
I<i
and thus also
H(y):=) bifi(y)=0 foralmostally € R,.
I<i
However,
0=HI?, =) b}
I<i

implies that b; = O for all / < i and hence we must have §;(s,) — Oforall/ <i.Butforl =i
this gives a contradiction, since

o0

sup (0i(s))> = sup / g(s: K dy < M* < oo.
s€Ee s€Eoe J0O

Hence, o; is bounded and thus ; is bounded away from 0. This proves that infsc g, cii(s) > 0.

Now the convergence of the af_;l) . J <1, tosome o satisfying sup,cp, ~|ei; (s)| < oo follows
()
ij

from the definition of the «;;” by backwards iteration from j =ito j =1. [

The following remark is key for our subsequent analysis.

Remark 3.13. If Assumptions 2.3, 3.1, 3.3(1) and 3.4(i) are satisfied, then there exists according
to Lemmata 3.6, 3.8, and 3.12 for every m € N a constant ¢,, < oo and an n,, € N such that for
alln >n,and j <i <m,

o 00
up ——— < -
sebie }"(s)

Let us snow turn to the convergence of the volatility operator. Similarly, to the functions d,.(?)
we setforalli, j e Nands € Ej,,

oi(s)cij(s) : j=i

d,“ =
i) 0 D j >

Lemma 3.14. Given Assumptions 2.3, 3.1, 3.3(i) and 3.4(i) we have for allm € N,

sup Z Z (di(;l)(s) - d,j(s))2 — 0.

s€Eioc i€y j<i

Proof. Fix m € N and let ¢ > 0. According to Lemma 3.5 we can a finite subset J C Z,, such
that foralln € Nand y € R,

> (Fi(”)(y))2 < #

i€Tp\J
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Hence for any n € Nand s € Ej,,

Y (o76) X (') — )’

i€Tu\J J<i
<2y (o,-("><s))22[(c§;-”<s>)2+(%(s))z}
i€eZm\J Jj=<i
_ (5
4i€12m:v <0l (s))
(n) (n) f
< 41612\1 / (s e (FP ) dy = 5.

According to Lemma 3.12 there exists for all i, j € N an n;; = n;;(¢, m) such that for any
n = nij,

sup [ef(s) — o) <

s€Ejpc

2|J|M2

Hence, forany n > no :==max{n;; : j <1i,i € J}ands € Ej,,

Z (Gim)(s))z Z ( (")(s) - c,](s)> < % + Z (oi(”)(s))2 Z ( (")(S) - Cu(s)>

i€ly j<i iel j<i
e 2 ¢
(n)
< — 4+ (a s ) — < &.
2 ; ;o) 2M2m

Now the claim follows from the above and Lemma 3.8 because

XY ([ —d,m) 523 (A7) T (0 )

€Ly j<i i€y j<i
2
+2)° (af”)(s) - ai(s)) .0
i€y

3.5. Convergence of the martingale to a Gaussian random measure

We are now going to prove the convergence of the martingale driving the SDE in (22) to a
cylindrical Brownian motion on L?(R_.). We start with the following simple lemma.

Lemma 3.15.  Let Assumptions 2.3, 3.1 and 3.10 be satisfied. Then there exists for any
¢ € L2 (Ry) and ¢ > 0 an mg € N such that for allm, > m, > mo, n € N, and t € [0, T],

2
Lt/ ArD] my

El > > sw™e f)] <e
k=1

i=mi+1

Proof. We choose

mo:=inf{m € N : X:(<,0,f,»)2<i

) T
i=m+1
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Then due to Corollary 3.11 we have foralln € Nand ¢ € [0, T],

Lt/ A my ) m
Bl X X W) = ¥0% atie s
= i=mi+1 = i=my+1

<T Z (o, iy} <e. O

i:m1+l

The preceding lemma allows us to define for each n € N a so called L?(R ;)*-semimartingale
(for the definition see [19]): for any ¢ € [0, T] and ¢ € L2(R,) we set

[t/ Ar®)]

W(p, 1) = Z Z SW (25)

where the above series is defined as the L? (P™)-limit.

Theorem 3.16. Suppose that Assumptions 2.3, 3.1, 3.3(i), 3.4(i) and 3.10 are satisfied. Let| € N
and take any ¢y, ..., ¢ € L*(R,). Then as n — oo,

(W1, ), oo, W1, ) = (Wl o), ... Wigr, )

inD ([0, T]; R ) where W is a cylindrical Brownian motion on L*(R..). Thus, in the terminology
of [19], W is a centred Gaussian LZ(R+)#-semimartingale with covariance structure

E[W(p, )W(p2, s)] = (& A s)(@1, ¢2)

for oy, @2 € L>(Ry) and s, t € [0, T].

Proof. For any ¢ € L*(R.) we define the approximating sequence

wal,

Take ¢y, ..., ¢ € L*(Ry) for some [ € N. We will show that (W™(gy, ), ..., W"(g;, ))
converges to a centred Gaussian process with covariance function

E[W(pi, DW(g;, )] = As){gi, ¢5)

forany 1 <i, j <lands,t € [0, T]. To this end, first note that for all n € N and for all k < T,

B(W ()| ) = tim = (W (g.”)| )

m—00

= hm W(n) ((p, ’tlin)1>

m—00
= W(n) <(p, tlin)1>

Secondly, for all n € N and k1, k» € {1, ..., T,,} denoting

sW™ (w,, (”)) w (go,, (")) — W ((Pz,tlin)l)
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we have
E (8w (g1 ) 5w (g1, 1)| F)

= lim E| > oW (g, o)W (). fi) | F™,

m—0o0
g,h=1

lim At (@i, fid@), fo) = At gi, 0))

m—00
h=1

and therefore forall 1 <i, j <landt € [0, T],

Lt/ Ar®)

Z E (SW(”) (q)i, t,ﬁ")) sSWm ((p (”))‘ Fm ) — t{pi, ;) as.

In order to apply the functional convergence theorem for martingale difference arrays it remains
to check that the conditional Lindeberg condition is satisfied. For ease of notation we will assume
that / = 2 in the following, noting that the general case follows by similar arguments.

Let us fix some ¢ > 0 and ¢ € [0, T]. We want to show that for any § > 0 there exists an
ng = no(e, ) such that for all n > ny,

Lt/ Ar®)

> E([aww ((pl,t/E")>] 1{[sw<n>(1zﬁ"))] [BW(”)(ZI,EH))] ]

]-",fﬂ) <48 as.

To this end we first apply Lemma 3.15 and choose m = m(§) such that for alln € N,

e i d
3 E([(SW(”) (wl—wi”,tin))] W) Z A Z o i) < 3
a i=m+1
Hence,
Le/Ar) ) m\1? %
I; E [SW <<P1,tk )] ]l{[SW(V,)((/)]’tlin))]2+|:(gw(n)((pz,tiin))]2>5} i

k=1 i=1

5 Lt/ Ar™)] m ) 2 ()
(n),i ’ !
< 3 +2 E E |: E W (e, ﬁ>] ]l{[BW(n)((pl,I;En)>]2+[8W(”>((PZ,I/E"))]2>8} i

According to Remark 3.13 there exists an n,, € N and a constant ¢,, < oo such that for all
n = npy,

B 2

) / N2
= Z [ () S,E")l >0} ZO[(”) (S]En_)]) Z]((”)J +1 (”)(S,(C'L) ) ]At(") (Ulfn)J)

. s
i=1 j<i

" A \2
2 | B ool 20 (@ (S) Z87) + 1 m, oo A2

i=1 j<i

IA
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' O‘g?) (S,E"_)]) 2 m \? ()
i — n
e ()0 2 o (s2) (507 3] + s y20) A1
= Jj -

8vk Il.[Om]H +At(”)] < At [mPq2" M +m] <d)  as.

Il
M-

m
<y [2’”613,

with (d))"),en being a deterministic sequence satisfying d;’ — 0 as n — 0o. We choose
no = no(8, &) = no(m(8), 8, &) == min {n € N: 8T [l@1 13,4} (lea 72 + llp2ll;2) < 8¢} .
Then for all n > n,, by the Cauchy—Schwarz inequality,

m 2
(n),i : ;.
|: E (SWk (1, fl)i| I]'{[5W(")(<p1,r]((”))]2+[8W(")(wzvf/((n))]2>5} ]:k71

i=1

leill?, - E (é(SWé”)’) ( {[awoo(w.,f;w)]%g]”{[W(”)(wz*“)] 5}>‘Fﬁ'>

2 ll@ill2, am n N |7
- %—H.Eqaw(’” (o114 )>] + [sw (0. 1”) ] ‘f’g)l)
&

IA

22, § A1
= —— A" (lenll}2 + llgnll}2) < —=

Hence, the conditional Lindeberg condition is satisfied and the functional central limit theorem
for martingale difference arrays (cf. Theorem 3.33 in [14]) implies that

(W1, ), W1, ) = (Wgr, ), ... Wigr, ) inD(0, T RY,
where (W(¢1, ), ..., W(gy, -)) is a centred Gaussian process with covariance function
E[W(gi, DW(p;, )] = (t As)gi, ¢))
forany 1 <i,j <lands,r €[0,7]. O

a.s.

Remark 3.17. The process W is not only an L2(R.)*-semimartingale in the sense of [19], but
can also be understood as a martingale random measure: If A := {A C B(R,) : A bounded},
we can define forany A € Aand ¢ € [0, T], M(A, t) := W(1 4, t). Then M is indeed a Gaussian
martingale random measure indexed by A x [0, T].

4. The state dynamics as an infinite dimensional SDE

In this section we show that the dynamics of S™ can be written as an infinite dimensional
SDE and prove the convergence of the integrands and integrators. Our concept of integration
follows [19], to which we refer for any unknown terminology used in the following.

For each n € N we define the E;,.-valued stochastic process (S(”>(t)) refo.T] A8 the piecewise

constant interpolation of the (S/(:)) ,l.e.
k=0,...T,
SO =8, ifre [ 1))
Similarly, we set

B = B",  V®@x)=V"w), if 1V <t<t", xeR;.
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In view of Egs. (11) and (22) we have that

Lt/ At |
B0 =B+ 3 [p(m (Sl?Z) Ar® 4 (S;l)l) 52}({@]
k=1
Lt/ At |
VO = VP + Y fi) Y (S,i"jl) At (26)
i k=1

o (50) e (5w

j<i

In terms of the processes Z" and W™ introduced in (10) and (25), respectively, we can
define a sequence of L*(R,)*-semimartingales Y by putting, for any n € N, ¢ € [0, T], and
g € L*(Ry),

Y0 = (2" W, 0.1").ifr e [1". 47, ).

The stochastic integral with respect to Y is introduced in Appendix B. If we define, for any
ne N,A the coefficient functions G™ : Ej,. — Ej,. (see Appendix B for the definition of the
space Ej,.) via

G™ .— (G(")’l, 0, G(")’S, 0, G(")’S, G(ﬂ)ﬁ)

with
G (s) =" (), G (six.y) =Y Y dP (5) fi()fi(y).
iojs<i
G™3(s) = p (5). G051 x) = 3 () fiw) = (s30).

then the general integration theory guarantees that the integral
t
f G™ (S u=))dY"w), tel0,T],
0

is well-defined as an E;,.-valued stochastic process, and (26) yields the following representation
of the state process:

Sy = s34 / G (S™(u-))dY™ ), tel0,T]. (27)
0

In the next subsection we are going to prove the convergence of the integrators and integrands.

4.1. Convergence of the integrator and integrand

The following theorem shows that the sequence ¥ converges to the L>(R_.)*-semimartingale
Y(p, 1) = (Z1), W(p,0,0), ¢ eL*Ry), 1€]0,T], (28)

where W is a cylindrical Brownian motion on L*(R.), and Z is an independent standard
Brownian motion.

Please cite this article as: U. Horst and D. Kreher, A diffusion approximation for limit order book models, Stochastic Processes and their Applications
(2018), https://doi.org/10.1016/j.spa.2018.11.023.




U. Horst and D. Kreher / Stochastic Processes and their Applications xxx (Xxxx) xxxx 27

Theorem 4.1. Let Assumptions 2.1, 2.3, 3.1, 3.3(i), 3.4(i) and 3.10 be satisfied. Then, for every 1

keNandg,...,¢o € LA[R,), 2
Y@1Y ) = X (@1 ) Y (n ) s
inD ([O, T1; R3k), where Y is defined in (28). 4
Proof. The joint convergence follows directly from Theorems 2.5 and 3.16 because the processes 5
Z™ n e N, and W™(p, ), n € N, are C-tight for any ¢ € L>(R). However, to derive the 6
joint finite dimensional distributions (and especially to check the independence of the resulting 7
cylindrical and standard Brownian motion), we have to show two more things: first, we will prove 8
that forall t € [0, T] and ¢ € L*(R,), 0
Lt/ At |
> E (5W<"> ((p, t,ﬁ”)) 57" f,ﬁ"_)l) —0 as 0
k=1

and second, we will show that forall e > 0, ¢ € [0, T], and ¢ € L2(R,),

S ) ™\ 1? w1? (n)
2_: E <|:5W (90, I )] + [SZk ] ) 1{[BWW(W/(cn))]2+[82/(€n>:|2>5} fk—l
— 0 as.

To this end, observe that for any n,i € Nand k < T,,, 11

—n n n 2 n n n
B ({590, £)oz”| F) = — (Ar) i (120) (S - -
Let § > 0. We choose m = m(§) such that foralln € Nand ¢ € [0, T], 13
L1 A | o0
3o 55w owesn 1) ’
k=1 i=m+1
Lt/ At | 5 00 2 172
S EIC U ( 2 (o ﬁ>8Wé">") vl .
k=1 i=m+1
LI/AZ<")J 1/2 5
< Z Ar™ < Z {p, f,)2> < E a.s. 16
i=m+1
Moreover for large enough n and all k < T,,, 17

[Z o, f)swisz™

i=l1

F } 1o

- Olgl) (Slgnj (n) (n)| ()
=Y E| (¢, f) ZW<8 fj>5Zk S "
i=1 j=<i 9 (Sk 1)
(n)

n w (| % ij (S’(Cn—)l) ) [ o)
(Atm <><5 )Z(p ) Z—(m ] <Sk_1). 20
P ! (Sk_l)

J=i
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According to Lemma 3.7 and Remark 3.13 there exist an ny = no(m) and a constant C,, < 00

such that for all n > ny,

ap (360, ) Y1 )

s€Ejoc |1 j<i (n)() i=1

(n)

Hence for all n > ny,

L1/ At m L1/ At |
> (S oz ot
k=1 i=1 k=1

<C Z (@, fi)] <mCp llgll 2 < 00.

< 3 (AP ()| mCo el

(13) )
< TAx"mcC,, lell2 < 3 a.s.

This proves that for any § > 0 there exists ng = ny(8) such that for all n > n,,

[t/ At

> E(6w® (o) 57"

]-'(kﬂ) <4 as.

Next, using the estimate in Eq. (14) we have almost surely

Lt/ At | )
Z E IZSZ]((")] 1 N2 12 ]:(n))
k=1 < {[Sw(n)(‘”’tk )+ >£}
Lt/ At |
< ¢, Z <|:Bw(n) ((,0, (n) ’ (n)) ( 32(11)
k=1
o Lt/ At | )
<y E([SW(”) (w,t,ﬁ"))] +[ Z(”)] ‘]-'“”)
R
2 Lt/ At |
<= Y A (lel, +1) >0
k=1
Furthermore,

]:-(n) )

2
R ([8w(n) ((,0, t]i’l))] ]l{[5W(”)(w,llgn))]2+[5zl(<n)]2>sl
N 2
<2.E [ > 5W/f")’i<‘/”fi>}

i=m+1

m 2
M ‘ n)
+ |:§ 8Wk (901 fl>i| IL{[BW(")(‘p’ll(c’l))]2+|:szl((")]2>€} }_(kf]

‘ (n) >

o0 m 2
(n) \2 2 (n),i
=24 Z (p. fi)" + 2ol E |:§ W, :| ]l[[5W(n)(w,rli"))]2+[sz,<(")]2>g} s

i=m+1
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and by a similar reasoning as above

2
m (n),i () Zdy s :
E [ESW;( :| 1{[5w<n)(w,flin))]z{azl((n)]z”} Fior ] = p At (||(p||L2 +1).

Now for any § > 0 we choose m = m(8) and ng = no(m, §, &) = ny(8, ) such that for all
n = no,

o]

P 2d™
Z <§07 fl>2 < ﬁ and gn ”(p”i2 (”(ﬂ”iz + 1) < ﬁ
i=m+1
and therefore
Lt/ At | 2
[ (n) ( f(”))] 1 ) 5 f(ﬂ) <8 as 0
; Ef|sW (207" [[SW(”)(w,t,E"))] +[SZ,((")] >8} k—1 .S.

Let us now turn to the integrands. The results of Section 3 suggest that the coefficient functions
G™ converge in a local sense to

G=(G' 0, G 0, G°, G°): Ejoc > Eioe

with
G'(s):=r(s), Go(s:x,y) =Y Y dij (5) i) ;)
i j<i
Gs)=p (), GO(s; x) =) i (s) fix) = pu(s; %)

In order to formulate the convergence result we define for every m € N the projections of G°
and G on [0, m] as

G¥"(s;x,y) = Y > dij(s) [i(X)f;(y),

i€y j<i

GO (s;x) = Y i (s) filx) = (53 x),

i€
and set
G"(s) = (G'(s), 0, G*(s), 0, G>"(s), G*"(5)), s € Ejpe.
Moreover, for all m € N we define the space
Ey = {s = (b, vljom): (b,v) € Eioc} C Elpe-
Next, we approximate G™ by functions G : E,, — E, meN, given by
G = (G, 0, G, 0, G, GO,

where forall s € E,, C Ej,. and s, := (s A m, v),

GO (s) = p™ (50, Gi3(ssxy) = DD dif @) i) 500,
i€ly j<i

G (s) = 1™ (s,) | GMO(s; x,y) == Z " () fi(x0).
i€y
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Analogously, we define for each m € N a function G,, : E,, — E via a similar modification
of G, i.e. we have

G,(s)=G" (sn), seckE,.
We note that for s = (b,v) € E,, withb < m, G,(s) = G"(s), due to Assumptions 2.6(ii),
3.3(i1) and 3.4(ii).
Theorem 4.2. Let Assumptions 2.3, 2.6, 3.1, 3.3 and 3.4 hold. Then for any m € N,

sup | G@(s) — Gu(s)| z — 0.

seEpy

Proof. By Assumption 2.6, Lemmas 3.7 and 3.14 we have for all s = (b, v) € E,,,

1Gw(s) — 5= 1" Gm) = r sm)| 4P (5m) — p (sm)|
1/2
2
+| X (k"0 - i )
i€y
1/2
2

3 (d};') (5) — dj; (s)) . O
i€y, j<i

4.2. Compactness of the integrands

In this section it is shown that for each m € N the G(”), n € N, satisfy a uniform compactness
condition from which we shall later deduce relative compactness of the price-volume process and
hence the existence of accumulation points.

Theorem 4.3. Given Assumptions 2.3, 3.1 and 3.4(i), there exists for every m € N a compact
set K,, C E such that foralln € Nand s € E,,
G(s) € K.

Since G'™! and G™- are uniformly bounded by Assumption 2.6(i), we only have to
care about the last two components of G". Thus, Theorem 4.3 will directly follow from
Lemmata 4.4 and 4.5.

Lemma 4.4. Let Assumptions 2.3 and 3.1 be satisfied. Then for each m € N the set
={G"3(s): s € E,, n e N} C L* (R})

tis relatively compact.

Proof. First note that for all 5,5 € E,, we have

6250~ 62 @ Espezy = T X () 0~y @)

i€y j<i

Now consider a sequence (G("")S(s ))k C K> and set a; == 2%, k € N. W.Lo.g. we may
assume that s; € E,, forall k € N. Asin the proof of Lemma 3.14 one can show that there exists
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a finite index set J C Z,, such that for alln € Nand s € Ej,,

E (@"0) <5

i€ly\J
For any (i, j) € N?, (d("k) (s )) is a real-valued sequence, bounded by M. Since J is a finite

set, there exists a subsequence (k ) C Nand a gy = go(a;) € N such that for each pair (i, j) with
ieJandj <i,

(ng,) (g ;) 2 ai
da —d.."( ) <— 1 forallg,q' = qo.
< 3] (Skq) ij skq — |J|(|J|—|— 1) orallg,q = qo

Hence, for all ¢, ¢’ > gy we have

(4 ) o))

i€y j<i
(ng, 2 () >

=52 2 T ) (4 ()

lEImO\] Jj<i

(ng,) 2 (ng /) 2

= + 2 Z < K kq)) + (O’i d (skq,)> <a.

i€y\J

. (
Next, we consider the sequence (G k) ( Sky )) C K and construct in a similar way as

above — with a; being replaced by a; — a furtiler subsequence. This will be done iteratively
for all @, k € N. Finally, we choose the diagonal sequence of all these subsequences, which
will be a Cauchy sequence and hence convergent in L? (R ). This shows that K is relatively
compact. [J

Lemma 4.5. Let Assumption 3.4(i) be satisfied. Then for each m € N the set
KS = {GWs): s € E,, ne N} C L*(Ry)
is relatively compact.

Proof. Consider some sequence (Gf,’,”‘)’ﬁ(sk)> C K? and set again a; := 2%, k € N. Asin

keN
the proof of Lemma 4.4 we may assume that skEe E,, for all k € N. By Assumption 3.4(i) there
exists K > O such that foralln € Nand s € E},.,

4 2
/ |h"(s; y)|"dy < K.
0

We apply Lemma 3.5 to find a finite subset J C Z,, such that foralln €e Nand y € R,

> (Fm) = g

i€Ly\J
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Hence foralln € Nand s € Ej,.,

oo 2
Y (e) = X ( fo h(”)(s;y)Ff”)(y)dy>

ieTm\J i€Tu\J

"o D)
> [ (h s EN ) dy

i€Tm\J

A

al o0 b Cll
< — | [n"s; )| dy < —.
<35 ), |h™(s; )| dy < g

The rest of the proof follows as in the proof of Lemma 4.4. [J
4.3. Continuity of the integrand

In this subsection we will prove for all m € N the continuity of G,,. First note that by
Assumption 2.6 there exists some L > 0 such that for all s = (b, v), 5 = (b, E) € E,,
G($) = G, ®| = L (1+ 151+ 1B]) (1+ lIvll 2 + I1312) (|6 — B[ + v =l 2)
Hence, for any ¢ > 0 there exists L. < oo such that for all s, 5 € E,, with ||s||z < ¢, 5]z < ¢,
Gu(s) = G, ®)| < Lells =5l -
A similar result holds for G3. It remains to show the continuity of G>, and G$ .
Lemma 4.6. Under Assumption 3.4 there exists for every m € N and ¢ > 0 a constant L' such

that for all 5,5 € E,, with ||s|lg < ¢, |ISllg < ¢ we have

[65.) = Go®| o, = L lls =5l -

Proof. Due to Assumption 3.4 we have for all 5,5 € E,,,

|GS.(9) = GEGN 32 = Y (uils) — i 5)?

i€y

00 2
A Z (/0 [h(s;y) —h (5, y)]E(y)dy>

i€ly

IA

dom /0 [h(s: y) — hG: Y)I (Fi(y)*dy

i€ly
mz/ [h(s; y) — h(S; y)I* dy
0

m2L2 (14 6]+ 1B (1 + vz + 17],2)?
x (|b=B|+ v =7l2)°. O

IA

IA

Lemma 4.7. Suppose that Assumptions 2.3, 3.1, 3.3 and 3.4 are satisfied. Then there exists for
all c > Oand m,i, j € Nwith j < i a constant L;']'-’C > 0 such that for all 5,5 € E,, with
Isllg <c Isllg <¢

|dij(s) — dij ()| < L Nls =5l -
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Proof. Since d;; = o;¢;; forall j < i and |o;| < M, |c;;| < 1, it is sufficient to show the
inequality for o; and ¢;; separately. For all i, j € Nand 5,5 € E,, by Assumption 3.3,

|0i(5)0(5)pij(s) — 0:(3)0; () pi; 5))|
< /0 18653 y) — 8G: MIFEOIF()ldy
< L(1+ 161+ 1B]) (1 + vl 2 + 191,2) (|b = B + v = Bll2) -

In the case i = j, using the fact that inf,c g, 0;(s) > 0 by Lemma 3.6, we can thus find L;”’C >0
for each i € N such that for all 5,5 € E,, with ||s|lz < ¢, S|z < ¢,

|0i2(s) - Ui2®| e
oi(s) +oi(5) ~

Using again the boundedness away from zero of o; and o, we may also find K;;
(i, j) such that for all 5,5 € E,, with ||s]lz <c, 5z <c,

|oi(5)a ()i (s) — 0:(3)aj($)pi; )| + |oi(s)a;(s) — 0: (o)

oi(s)oj(s)

loi(s) — 0 ()| =

s —Sllg -

"¢ > 0 for each

pij(s) — pij ()] <

IA

m,c ~
K lls =5l

Because of the recursive definition of the ¢;;, j < i, as functions of the p;;, j < i, the same
inequality (with a different constant) follows for each ¢;; from the fact that all the ¢;;, j < i, are
bounded by 1 and infcf,,, ¢;i(s) > Oforalli € Nby Lemma 3.12. [

Lemma 4.8. Let Assumptions 2.3, 3.1, 3.3 and 3.4 be satisfied. If (s,) C D (E,;; [0,T]) is a
sequence with sup, _, ||s,(u) — s(u)llg — O fort € [0, T], then also

sup | G, (su (@) = G, (5) | 22, — 0.
u<t

Proof. Fix ¢ > 0 and let (s,) C D (Ey; [0, T]) be any sequence satisfying sup, ., [|s,(u) —
s(u)||g — 0. Then there exists ¢ > 0 such that ||s(u)||g < c and ||s,(u)||g < c for alln € N and
u € [0, t]. Similarly to the proof of Lemma 3.14 we can find a finite index set J C Z,, such that
foralls € Ejpe,

€
Z ol () < e
i€Zm\J

Moreover, by Lemma 4.7 we can find an ny = no(e, ¢) such that forall n > npand u <1,

€ . ..
(dlij(sn(u)) — dlj(S(M))) =707+ Viel, j=i

Thus for all n > ny,

sup || G (s,(w)) — G (s(u))”Lz(Rz Sllp Z Z dij (sp(u)) — djj (S(M)))

U - lEI,, Jj<i
<5425 3 3y (sutw))” + (dy (s))’
= ieIm\J Jj<i
=L 42w Y {0 () + (@ @)} <o O
UL e T \J
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The preceding results immediately yield the following theorem.

Theorem 4.9. Let Assumptions 2.3, 2.6, 3.1, 3.3 and 3.4 be satisfied. If (s,) C D (E,; [0, T])
is a sequence such that sup,,; ||ls,(u) — s(u)llg — 0 fort € [0, T], then also

sup ”Gm (Sn(u)) - Gm (S(u))”E —- 0 Vm e N.

u<t

5. Convergence of the stochastic integrals

Before stating our main result, we need one more assumption on the convergence of the initial
values.

Assumption 5.1. There exists Sy = (By, Vo) € Ej,e such that for all m € N,

— 0.

= (- )

L2

For all n, m € N we set
S = (Bg">, vg"m[o,m]), S = (Bos Voljo.m))
and denote by S®™-" the solution of
Smm(ry = s + /0 [ G (S ™ u—) dY™ ), te0,T].

Furthermore, we define for all m, n € N the stopping time
Wi=inf{tr>0: B"(@)=m} AT

m

and the process
SOy = (B (e ATP) VP (t AT) Lom), t€[0,T]

Note that, due to Assumptions 2.6(ii), 3.3(ii) and 3.4(ii) for all n, m € N the process S™ equals
S on [0, 7] and

™ =inf{r >0: B™m (1) > m} AT as.

m

Definition 5.2. We say that S is a (global) solution of the infinite dimensional SDE

S() = So + /(;t G(S(u)dYw), tel0,T], (29)
if there exists a filtration (F;) to which § = (B, V) and Y are adapted and for all m € N,

(B(t), V(t)]l[o,m]) =5y + /Ot G"(S(u)dY(wm), te][0,T].

We say that (S, t, m) is a local solution of (29) if there exists a filtration (F;) to which § = (B, V)
and Y are adapted, 7 is an (F;)-stopping time, and S = (B, V) satisfies the SDE

(Bt AT), V(I AT g m) = S +/ G™(Sw)dYw), te[0,T].
0
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5.1. Local relative compactness of the state process

Our main result states that the sequence of LOB models is relatively compact after localization
and that any accumulation point is the solution to a certain infinite dimensional SDE driven by a
pair consisting of a Brownian motion and a cylindrical Brownian motion.

Theorem 5.3. Under Assumptions 2.1, 2.3, 2.6, 3.1, 3.3, 3.4, 3.10 and 5.1 the sequence

(S(")"")nEN is relatively compact for all m € N and any limit point S = (B™, V™) gives a
local solution (S™, t,,, m) of (29), i.e. for (t, x) € [0, T] x [0, m],

B™(t ATy) = By + / ! p (Sm(u)) du + / ! r (Sm(u)) dZ(u),
0 0

VI A T, x) = Vo' (1) + / " (87 x) du (30)
+Zf,(x)2/ " i (5™ n) W (u),
i€y J=t

where W/, j € N, and Z are independent Brownian motions and t,, = inf{t > 0 : B™(t) >
myAT.

For the proof we will apply Theorem 7.6 of [19] and also partially follow the idea of the proof
of Theorem 5.4 in [18]. However, note that there is a crucial difference between our Theorem 5.3
and Theorem 5.4 in [18]: while in [18] a local convergence result is derived by stopping the
process appropriately and thereby localizing it in time, we do not only localize in time, but in
fact have to localize in space as well.

Proof. Let us fix m € N. First, we will show that the sequence (S(()n)’m, Stm ym u is
relatively compact. To do this we will apply Theorem 7.6 in [19]. Let us verify the conditions of

Theorem 7.6 in [19]: Theorems 4.1 and B.1 show that (Y™) __is uniformly tight and converges
weakly to Y in terms of finite dimensional distributions. Moreover, by Assumption 5.1 there
exists S;' € E,, such that S(()")’m — . Hence, (S(()")’m, Y(")) = (S™,Y). Theorems 4.2 and
4.9 imply that G™, n € N, and G,, satisfy Condition C.2 of [19]. Moreover, the compactness
condition follows from Theorem 4.3 and we clearly have sup, sup,.z [G%(s)|; < oo, due
to Assumption 2.6(i), Lemmas 3.7 and 3.8. Hence, the requirements of Theorem 7.6 in [19] are

satisfied and we may conclude that the sequence (S mm Gmm y (")) is relatively compact.
Next note that 7 is a measurable function of S® for all n € N say T = h,, (S(”)”").

We denote by Dy, the set of discontinuities of #,,. Then Eq. (9) of Assumption 2.1 ensures
that P(S™ € Dj,,) = 0 for any limit point S of S St-m and we may conclude by the continuous

mapping theorem that the sequence (S(”)m, Som (A g), g, Y(”)> is also relatively

neN
compact. Let (S"“, ST Y) denote a weak limit point of that sequence. Then Condition C.2

together with Theorem 5.5 in [19] yields that along a subsequence,

s 4 f GO (3O (u A T™)) dY D) = S+ / G (Sm(u)) dY ().
0 0
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Furthermore, as remarked earlier S®-" and S agree on [0, ]. Thus, by definition
ity
SO (1) = ST (1 A7) = S0 + f G™ (S w)) dY™ (), 't €0, T].
0

m

Since 7, = h,, (3"”) < 70 as. and since G, (S’m(u)) =G" S'm(u)) for u < t,,, we conclude

that (S¢m) _is relatively compact and that any limit point $” of (§®™) __ gives a local
solution of (29). 0O

5.2. Local weak convergence

So far we have shown that the sequence of our LOB model dynamics is relatively compact in
a localized sense and that any accumulation point solves a certain infinite dimensional SDE. If
the limiting SDE admits a unique strong solution, then the LOB dynamics converges to a unique
limit as shown by the following theorem.

Theorem 5.4. Suppose that all the assumptions of Theorem 5.3 are satisfied and that for all
m € N there exists a unique strong solution S™ = (B™, V") of

§7() = SU + / G (S’”(u)) dY(u), t€[0,T),
0 3D
Ty = inf{t > 0: B"(t) > [} A T.
Then there exists a unique global solution S = (B, V) of (29) and for allm € N,
SsMWm = s in D(0, T E),

where S"(t) == (B (t Atw), V (¢ ATp) Lgm)» 1 € [0,T], and 7, := inf{r > 0: B(r) > m)
AT.

Proof. Strong uniqueness implies together with Assumptions 2.6, 3.3 and 3.4 that for all
m, k € N, §" equals (é’”*k, \A/'”J“"]l[o,m]) almost surely on the interval [0, Ty m A Tnk,m |- Thus

forall m, k € N, 1,y = Ty+k.m and hence v, < Ttk m+k .. Setting rg := 0 we define

BO) = 1o i\ o) DB"), 1€0,T],

m=1

and forallm e Nand x € [m — 1, m),

[o¢]
V(%) =100, ) OV"ED) + D T o) OV @ X), 1 €0, T1,
k=1
Let 7, := inf{t > 0 : B(t) > m} and 7o := lim1,. Then by the linear growth condition of
Assumption 2.6(i) we have for allm € Nand ¢ € [0, T],

t 2 t 2
E[B (AT, <4 |:B§+E</ [p (S(u /\Tm))|du> +E (/ r (S A Tm))dzu> :|
0 0

54[B§+T/ Elp(S(u/\tm))|2du+/ EIr(S(u/\tm))|2du]
0 0

< 4B +2(4T + 1)1(2/ (1+E[B (u A t,)T) du,
0
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which implies by Gronwall’s inequality that
E[B (T A ts)]* < liminfE [B (T A 1,,)]* < oc0.

Therefore 7., = T a.s. and, since G” (S(w)) = G,, (S(w)) on {u < t,} forallm € N,
S := (B, V) defines a global solution of (29), which must be unique as well. Now the weak
convergence result follows from Theorem 5.3. [

5.2.1. Uniqueness

We are now going to analyse two classes of models which fit in the framework developed
so far and which satisfy the assumptions of Theorem 5.4, i.e. they converge — in a local sense
— in the scaling limit to the unique solution of the infinite dimensional SDE (29). For this it is
sufficient to establish the local Lipschitz continuity of the coefficient function G,, on E,, for all
m € N, so that (31) will have a unique solution for all m € N. Note that G}, G, and G, are
locally Lipschitz continuous and uniformly bounded on E,, by Assumption 2.6 and Lemmata
4.6 and 3.7. Hence, it remains to establish the local Lipschitz continuity of G> .

Lemma 5.5. Suppose in addition to the assumptions of Theorem 5.3 that g(s; y) is independent
of the state of the book for all y € R.. Then each G,, is locally Lipschitz continuous and the
conditions of Theorem 5.4 are satisfied.

Proof. Since in this case G3, does not depend on s, G> is trivially Lipschitz continuous and
uniformly bounded on E};. Therefore there exists a unique strong solution of

§m(t)zsg"+f G (™)) dY (), 1 €0, T, (32)
0

by Corollary 7.8 in [19]. Hence, there exists a unique strong solution of (31) as well. [J

The next lemma allows the volatility of the cumulated volume process to be state dependent.
However, we require the dynamics of the system to only depend on current volumes through
some approximation of the cumulated volume function.

For all [j, m € N we define the index sets Z,,(lp) = {i € Z,, : 1(i) < lp} and Z(ly) =
{i e N: I(G) < [p}.

Assumption 5.6. There is [y € N such that for all pairs s = (b, v), s = (17, V) € Ej, satisfying
b=nband (v, ;) = (U, fi) Vi € Z(ly), we have the equalities p™(s) = p™ ), g™ (s) =
g™ @), K" (s:y) = k"G y), g7 y) = g™ G y) foralln €N, y e R,

Lemma 5.7. Let the assumptions of Theorem 5.3 and Assumption 5.6 be satisfied. Then there
exists a unique strong solution of (31) for each m € N.

Proof. Fix m € N. We first show that there exists a unique strong solution to (32). Note that p
and r are Lipschitz continuous on E,, by Assumption 2.6 and it follows from Lemmata 4.6 and
4.7 that d;; and w; are also locally Lipschitz continuous on E,,. Moreover, each pu; resp. d;;
is uniformly bounded and p and r satisfy a linear growth condition by Assumption 2.6(i).
Therefore, the finite dimensional SDE

B (1) = Bo—i-/:p(gm(u)) du+/0tr(§m(u)> dZ,,
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5m ! -m ! -m i
Viw = 0+ [ (") dur Y [y (5"w)dwl. i€ Tl
0 o J0
J=t

with V"= Y V/'fi and §"=(B".7")
i€y (o)

has a unique strong solution S". Given this solution let us define

V) = VY ﬁfotm (5" @) du+ " ﬁZ/Otdij (5"@)aw]. refo.71.

i€y i€y J<i

Clearly, (Em, K"’) is a solution of (32) due to Assumption 5.6 and by construction it must

be unique. It follows that S = (Em(- ATw), V(A ‘L'm)) is the unique strong solution
of 31). O

Remark 5.8. It is not clear to us how to establish the (strong or weak) uniqueness of a
solution to the general infinite dimensional SDE of Theorem 5.3 apart from the two cases
considered in this section. Indeed, even though the Cholesky factorization in finite dimensions
is a Lipschitz continuous operation, it is known that the Lipschitz constant grows dramatically
when the dimension is increased. This makes the search for conditions on g and 4 that yield
strong uniqueness very difficult. Of course, one could alternatively look for weak uniqueness
of a solution to the infinite dimensional SDE by considering the associated martingale problem.
However, to the best of our knowledge also in this case the problem is still unsolved and requires
further research.

5.2.2. Examples
We close this section with two examples where uniqueness of solutions to the limiting SDE
can indeed be established.

Example 5.9. Let ¢, d, K, n,qg > 0 and suppose that there exist ¢, ¢, € (0, c0) such that for
alln e Nand s = (b, v) € Ej,e with0 < b < ¢; and ”vl[(),c‘l]”oo < ¢, the functions p™ and
r™ are given by

b b
p(s) = — / (ay —v(y)dy +n
20 (b,q)Jr

(,,(n)(s))2 — Ax(n)77 +52b2.

This specifies uniquely the conditional distribution of the process B™ (as long as S™ does not
exit the ¢;-c,-interval defined above). We have chosen r™ and p™ such that the volatility as well
as the absolute value of the drift of the price process are increasing in the price itself. Moreover,
high volumes at the top of the book (compared to some reference level specified by «) lead to a
negative drift for the price process, while low volumes at the top of the book lead to a positive
drift. In the scaling limit the price follows the volume-dependent, “generalized Black—Scholes”
dynamics
B(t) B()

dB(t) = (— (ay — V(t,y)dy + n) dt +8B(t)dZ(t).
20 J@y—g)+
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Order placements/cancellations outside the spread are assumed to be of size +100, i.e. IP’(a),((”) =

:i:lOO) = 1 foralln € N, k < T,. Furthermore, we suppose that there exist two functions
fj(t”) : Elpe x Ry — R, forevery n € N such that forall B € B(Ry)andk =1,...,T,,

P((b/i") =C, a),(c") =41, JT,En) eB ‘]—",E"_)l) = / fi") (S,E”_)I; y) dy as.
B

Let £ : R — R, be continuously differentiable with bounded derivative and suppose that &

has compact support in R_. Let D > 0 and suppose that the fj(E") are for all y € R, and

s =(b,v) € Ej,, withO < b < ¢y and ||v1[0~“1]||oo < ¢ given by

exp(—y/10)
10 (2 + Avi)

Av™ Ay®
X (1 - (v(- 4+ D) L—p0p. §) + —> ,

s = (1= 24p ("))

10 10(L + |y — D)
@iy (1 A (amg2) _EXP(=2/10)
729 = (1= 20 C"6) 15657 oy P
Av™ Av™]y — b
X (1 + 10 (’U( + b)]l[—b,o]a é) =+ 1()(1+—|y_b|)> .

This means that the location at which order placements and cancellations take place is
exponentially distributed. Order cancellations are more likely to happen further away from the
current best bid price or if cumulated volumes are quite high. On the other hand, order placements
occur more frequently in the proximity of the current best bid price or if cumulated volumes are
low. The above specification of £ yields for s as above

g(s;y) =5Sexp (—%)

and

1 y 1—1y—b|
h(s;y) = E eXp (_E> <_2<U(’ + b)]l[—b,O]a 5) + m) .
Therefore, the covariance structure does not depend on s, which implies that d;;(s) = d;;(5) for
all 5,5 as above and i, j € N. However, note that 4 and hence also u depend on s. Moreover,
one can check that for n large enough all assumptions of Theorem 5.3 are satisfied. Hence,
Theorem 5.4 and Lemma 5.7 imply that the limiting SDE has a unique solution in this case and
that S™ converges weakly to this solution in a localized sense (see Fig. 1).

While the above example shows that even with constant G°> we can already model many
interesting dependencies, one disadvantage is that the conditional distribution of the location
variables n,ﬁ"), n € N, k < T,, of order placements resp. cancellations cannot be taken to
be relative to the current best bid price, which would be reasonable from a microeconomic
point of view. Another disadvantage is that for constant G° the L*(R)-valued process V is
not necessarily positive respectively increasing in x € R,. Therefore, it is more reasonable to
think of log volumes instead of real volumes.

The next example allows to model the location of order placements being distributed relative
to the current best bid price.
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(a) Bid price process B (b) Bid volumes V' (t,z), = < B(t)

Fig. 1. Realization of the process S = (B,V) for T = 1,8 = 03,¢ = 0.1, = 2,5 = 1070 £x) =
10(x + 1)?x? exp(10x) and initial values By = 5, Vo(x) = xL{o,101(x)-

Example 5.10. For given s = (b, v) € Ej,. we set

vp(y) = Y (. f) i), ¥y eR,.

i€Z(y)

Note that vy, is the projection of v on the subspace spanned by { f; : i € Z(lp)}, which consists of
all step functions on the grid k27, k e N. Hence, vy, has the alternative representation

(k+1)27%0
v (y) = Z ak Lot gty (y)  with ap = 27 /k - v(x)dx.
kENO

Therefore, {vj,(y) : y < 270|520 |} only depends on {v(y) : y < b} for any s = (b, v) € Ej,.
Similarly to Example 5.9 we specify the price dynamics as follows : let a, K, n, c1,¢2 > 0,
q > 2= and suppose that for all » € Nand s = (b,v) € Ej, with 0 < b < ¢; and
I UIOIL[O,CI]HOO < ¢,

b ol
10 ()
(r(ﬂ)(s))z > Ax(n)77 +32b2.

P"(s)

(ay — vy () dy + 1

As in Example 5.9 we suppose that there exists a function £ for every n € N such that for all
AeB(—-M,M]),BeBR,),andk=1,...,T,,

(¢(n) o e A, 7" e B ‘fzf")] //f(n) S]in)l’x y> dxdy as.

For s = (b, v) € Ejoe with 0 < b < ¢y and ||y Ljo.c)| , < ¢2 let

£ x,y) = Cu(s) £ (v; x) exp (—%(y - b)z) ,
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Vitx)

(a) Bid price process B (b) Bid volumes V (¢, z), = < B(t)

Fig. 2. Realization of the process S = (B,V)for T = 1,8 = 03, ¢ = 0.1, « = 2, M = 10, n = 10710,
£(x) = 6(x + 1)2x2 exp(6x) and initial values By = 5, Vo(x) = X Lo, 107(x).

where C,(s) is chosen such that f;* fiWM s x, y)dxdy = 1 — Ap™ (r(”)(s))z. It can be
shown that as n — oo, C,(s) converges to 1/ ®(b). The function f™-! specifies the conditional
distribution of the order size and is given by

1—a, n
+(I))1[O,M](X)+ (V)

Fl(; x) = T—m,0(x)
with
1
ap(v) = i Av™ <U10 (- + b2 J27") Il[7L1;2’0J2—’o,o]’ §>,

for some function £ with compact support in R_. In this case

M? 1 )
g(s;y) = exp (—E(y—b)>

3¢(b)
as well as
h(s; )—iex —1( — b)? <v (-4 [p20)270) 1 g>
YY) = &(b) p ) y Io [— 5200 ;270,01

both depend on s. Hence, also the d;;, i, j € N, will vary with s. Still, it can be easily checked
that all assumptions of Lemma 5.7 and Theorem 5.4 are satisfied.

In Fig. 2 we plot a realization of the process S = (B, V) for certain parameter values. Since the
volatility function g depends on b in this example, the volumes turn out to be much more volatile
near the best bid price than deeper in the book, which is very reasonable from an empirical point
of view.

5.3. From microscopic to macroscopic order book models

In this paper we start from a microscopic description of the limit order book dynamics and
derive its high frequency limit when the number of orders goes to infinity, while each individual
one is of negligible size. The resulting diffusion approximation can then be seen as a macroscopic
description of the limit order book dynamics when viewed at intermediate time intervals (e.g. a
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few seconds for MSFT, cf. Section 1.2). In the literature macroscopic limit order book models
have been suggested and analysed e.g. in [17,23]. In [23] the author suggests to model the volume
density function of the bid side of the limit order book’ as the solution to the following SPDE
with @, p € R and a regular scaling function o : R, — R, driven by space—time white noise:

ov 3% 82W
E(t xX) = Ol (t x)+o(x — P(t)) , x < P(),

(33)
v(t, x) = 0, x> P(),

with moving boundary p (called mid-price) satisfying

0
pP'(1) = —3—”0, P(1)-).
X

This model was generalized in several aspects in [17], replacing the white noise process by a
more general stochastic noise process and allowing for a larger class of integrands. In [23] the
dynamics of v as in (33) are motivated as follows: the drift term stems from the assumption that
“limit orders are placed, cancelled, and executed in a manner where jitters tend to be rapidly
smoothed out”, thereby not having a first order, but a second order impact on the evolution of
volumes. The stochastic integral is supposed to model the randomness of the limit order flow,
whose intensity varies across different price levels and tends to vanish at price levels far below
the mid price. Finally, the mid price changes relative to the “strength” of the limit orders placed
around it. Let us suppose that o = 0, i.e. there are no jitters. In this case, if we are now looking
at the integrated bid volume V, then

Vi, x) :=/ v(t, y)dy = Vo(x) +/ / o(y — Pw)W(dy,du), x < P(1). (34)
0 0 Jo

In §1 of [21] it is shown that a cylindrical Brownian motion W on L*(R) can be constructed from
space—time white noise as follows: for any k € L? one sets

W, (k) == / / k(x)W(dx, du).
0 JR

Using the representation W, = Zi ﬁW} with independent Brownian motions (VT/i)ieN, we see
that the stochastic integral is of the form

/0 /0 oy — Pu)W(du,dy) = Zf;(X)/O /RFi(y)J(y — Pu)W(dy, du)

= Y50 Y [ o = Pa)F, f)aF,
i J

Replacing the bid price B by the mid price P in the state process S = (P, V) and defining for
any s = (p, v) € Ej,. and x € R the function g(s; x) := o2(x — p), we see that for all i, i» € N.

(V. fi) (V. fi)], / Z o(-— Pw)F,, fj)lo(- — Pw)F,, f;)du
B /0 ng(““); YF; () Fy (y)dydu.

7 In [23] the author studies the one-sided stochastic Stefan problem as given above and then extends it to propose a
model for the two-sided limit order book.
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This shows that the stochastic integral in (34) coincides with the stochastic integral term
in Eq. (30) of Theorem 5.3 for this particular choice of g.® Hence, one can conclude that in
this paper we have provided a justification for the white noise term appearing in the macroscopic
limit order book dynamics (33).

Appendix A. Orthogonal decomposition of sequences of random variables

In this appendix we derive an orthogonal decomposition result for sequences of random
variables. Specifically, on a probability space ({2, F, IP) we consider a sequence of normalized
random variables Z' and denote by p;; the correlation between the variables Z' and Z/ (i, j €
N, j < i). In terms of these quantities we define an array of real numbers ¢;;, j < i, as well as
a sequence of random variables W', i € N, via the following algorithm:

Putc;;:=1 and W!:=2Zz"

Fori =2,3,4,---:
Forj=1,2,...,i—1:
Iijj = 0,
then ¢;; := 0.
Else
1
Cij = — | Pij— Zcilcjl
€jj I<j
Next j
1/2
2
Cij = 1-— Z (Cij)
Jj<i
1 i j .
Wi _ ;(Z _Zj<iciJ'WJ) . ci,-O
U' LG = 0.
Next i.

Lemma A.1. Foralln,i € N, j < i, the following holds:
LE@ZW)=ej 2 ) <l 3EWW)=s;,
j<i

4. z":Zc,-j wi.

J=<i

Proof. We proceed by induction overi. Fori = 1 we have ¢;; = 1 and W! = Z!, which trivially
gives 1-4.

Now assume that 14 are true up to index i — 1; in particular c;; and W/ are well defined for
J < i. We first show 1 for indices i and j < i. This will be done by induction over j. For j = 1,
we have by definition

E(Zin) = ]E(ZiZl) = pil = Cil-

8 We note that the assumption on o made in [23] does not align with our Assumption 3.3(i), which is made for
technical convenience only to avoid further localization arguments.
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Now consider an arbitrary j < i and suppose that the claim is true up to j — 1. If ¢;; = 0, then
E(Z'W/)=E(Z'U’) =0=c;.

If ¢j; > 0, then by definition and the induction hypothesis

L 1 . ;
E(ZIW]) =—FE|Z'|Z - Z leW] =—1pij— Z CiiCji | = Cij.
€ii I<j-1 i I=j-1
This implies that
2 2
OS]E Zi—ZCijo = 1—22()12] +E ZC,’jo ZI—ZC,»ZJ-,
j<i j<i j<i Jj<i
where the last equality follows from part 3 of the induction hypothesis. This proves 2. Moreover,
E (Z'W') = ¢;; for j = i follows now in the same way as above for j < i. This completes the
proof of 1.
Next we show 3. If ¢;; = 0, the claim is trivial because U’ is independent of everything else.
If ¢;; > 0, then for all j < i by definition and the induction hypothesis,

E(v'w!)= B ((Z - ZCHW[> Wj) = [BEW) e Lo

I<i
as well as
2
2 1
E (W) =5 E =Y Wl | = 1=y ¢ | =1
11 j<i ll j<i
Thus, 3 is proven. It remains to show 4. If ¢;; # 0, 4. is trivial. Hence, suppose that ¢;; = 0.
Then,
2
E Zi—ZCijWi = I_ZCiZj =cl~2i=0,
Jj<i j<i

which shows that 4. is also true in this case. [
Next we define forall i € N, j < i numbers «;; iteratively as follows:

Fori=1,2,3,4,---:

le ¢ >0
i =M

1 :¢;=0.
Forj=i—-1,i—2,...,1:
Ifcj; =0,
then o;;; == 0.
Else
aji=—— | D away | (A.1)
j<l<i
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Next j.
Next i.

Note that (e;), . ;-; can be regarded as the “inverse” of (c;;)
for fixed i, j € N with j < i one has

(A1)
Z aircrj = 1,0} Z ajiclp + ﬂ{(.y;go}&j = Li;i>0)8i

J=I=i Jj=l<i

ieN, j<i 1D the following sense:

where the last equality follows from the fact that ¢;; = 0 for all [ > j if ¢;; = 0. Hence, if
c;; > 0, then

j ! ! i
D ey 2= oy ) jenW! =3 W) aijej =W, (A2)
J=i J=i I<j I<i I=j<i
Appendix B. Integration with respect to Y™ and Y

In this appendix we introduce the stochastic integrals with respect to Y and Y. The concept
(n).i

of integration follows [19]. We recall the definition of the random variables §W,” in (21) and
put(i e N, ¢t € [0, T]),
Lt/ A |
Wiy =W f= Y sWwand W= W(f. )
k=1

where W is a cylindrical Brownian motion. Thus, the random variables the Wi i e N,
are independent Brownian motions and each ¥ = (Y,(")) is adapted to the filtration
1€[0,T]

(]t',(")> defined via
t€[0,T]

EO = FO 0 < e

As integrands for Y™ we consider cadlag, (}A",(")) -adapted processes which take their
: 1€[0,T]
values in the space

E =R x L*RyR) xR x LA(Ry; R) x L* (R2;R) x L* (R; R),
endowed with the norm
(a1, az, as, as, as, ae)|l

= lai| + ||a2||L2(R+) + las| + ||a4||L2(R+) + ”aSHLZ(R%r) + ||a6||L2(R+) .

We define Sg’) as the set of processes a™ : 2 x [0, T x R x R — E that are of the form

a®(t;x,y) = | a" "), Y a7 ;). a>P @), a7 " 0) filx),
g : (B.3)
Y a0 fix) 00,y a0 fix)

ij

ij i

for cadlag and (]:',("))-adapted processes al'("),ajz-‘("),a3’("),a?’("),asl(”),aé'("), i,j € N, of
which all but finitely many are zero. For a™ € Sg’) with the representation as above, the integral
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+ with respect to Y™ is defined as

1
/ a"(u—=)dY " (u) =
0

Lt/ At |

t t
/ a" P w—)dz"w) + Y / P u— AW+ Y @ (0= A,
0 . 0
J

k=1

t t
> f f af "wu=)dz" W)+ fi f a;" (w=)d W (u)
i 0 ij 70
L1 Ar™)

A @ (=) A

k=1

3 Theorem B.1. Suppose that Assumptions 2.1, 2.3, 3.1, 3.3(i), 3.4(i) and 3.10 hold. Then the
4 sequence Y™ is uniformly tight, i.e.

s H, :=U{ /0 a™u—)dY" (u)

n

6 is stochastically bounded for all t € [0, T1].

s a™ e 8, sup Ha(")(u) P 1a.s.}
E E u<t

7 Proof. It is sufficient to show that for any 7 € [0, T'] there exists a constant C(¢) such that for all
s neNanda® e Sg’) with sup, _, ||a(”)(u)‘ =1

< C@).
E

t
o E H / a™(u—=)dY™ (u)
0

IE < 1. Thus for all u < ¢,

3 (ajz'xn)(u)){ @O, 3 (aj"<")(u))2,

J i

Z (ais.i’(n)(”))2 ’ Z (“f’(n)(u))z <1 as.

ij i

Leta™ € Sg) satisfy sup, _, |a"™ (u)

max |a1'(”)(u)

10 This implies that

Lt/ Ae | L1/ At
i E| > a*® (t,f’”—) A <A YR )a3’(”) (t,i”)—)‘ <t
k=1 k=1
and, since only finitely many of the af’(") are assumed to be unequal zero,
L1/ A1)
BIS A % e () a
i k=1

L2

L1/ Ar) 5 1/2
< Y A"E (Z (a?'(") (IIE")—)) ) <t
k=1

i
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For the other four terms recall that a™ is (ﬁ("))-adapted. Thus a™ (t,ﬁ") —) e F", for
k=1,...,T,.So,

L/ A g

t 2
E (/ al,(n)(s_)dz(n)(s)> - R Z al® (tlin)_) 52/(:1)
0 k=1
Lt/ At 4
<A™ Y E (al’(”) (r,ﬁ’”—)) <t
k=1

4.(n)

and, since only finitely many of the a;;" are assumed to be unequal zero,

el

2
t
2|35 [ aemazve| = YE( Y @ (1) ez
- 0 -
i L2 i

k=1
Lt/ Ar)

2
< AN ZIE(af’(”) (t,f’”—)) <t.
k=1 i

2,(n)
J

5,(n)

Similarly, since only finitely many of the a;" and a;;

t
E Z/ a?’(")(u—)dW(”N (u)
X 0o
J

are assumed to be unequal zero,

L/ A

2. o,
> ED g (tk _) W,
k=1 ;

Lt/ A

Z E Za]z,m) (tﬁn)—>5W;i")’j
i

k=1

IA

N 172

IA

Lt/ A1)

2
> AMED (ajzf(") (t,f")—)) <t
k=1 j

IA

and
2 2

t t
E|) /O ayu—)dw ™ @ =Y E( Y /0 a3 w=)d W )
ij 12 i J

Lt/ Ar™)

SRS S (o) swr
J

i k=1
L/ A

= Tar 3 B (i) = o
i

k=1

The preceding theorem implies that Y = (Y,(")) . is a standard (E, E )-semimartingale
1€[0,T]

in the sense of [19]. Therefore, the definition of the stochastic integral f a™dy™ extends to all
cadlag, adapted, uniformly bounded, E-valued processes a'™, where the resulting infinite sums
can be shown to exist as limits in probability.
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Similarly, if (F;)ef0,77 1s any filtration to which ¥ = (¥;),¢(0,7] is adapted we will denote by

&g the set of E-valued processes a of the form (B.3), for which all a' aj2 a3, af‘, afj, 6, i, €

N are cadlag, (F;)-adapted processes, of which all but finitely many are zero. The integral of
a € Sg with respect to Y is then defined by,

fa(u—)dY(u) = /al(u—)dZ(u)—i-Z/ a2(u—)de'(u)+/ a*wdu,
0 0 j 0 0

t t
Zf a?(u—)dZ(u)Jer,-/ a?j(u—)dwf(u)
i J0 T 0
+Zf,~/ a®(u)du
i 0

Analogously as above, one can show that Y is also an (E, E)-semimartingale anAd thus we
can again extend the definition of the integral f a_dY to all cadlag, (F;)-adapted Ej,.-valued
processes a.

In view of (26) we only need to consider integrands of the form (B.3), for which a2 ) —

and “14 @ — 0 for all i, j € N. Moreover, we will further extend the definition of the 1ntegral
[ a™u—)dY™(u) allowing as integrands all cadlag, adapted processes a™ which take their
values in the set

EIOL =R x {0} x R x {0} x Lloc dmg(Rz i R) x L,OL(RJF; R),
where
Lhediag®e:R) = { b2, y) =Y "N " hii i) f;(0) | DY hij <ooVmeN
i j<i i€Ty j<i

The definition of the integral will be extended as follows: for any a™ Ejoe, the process
t
f a™(u—=)dY" ), t € [0, T],
0

is defined as the unique cadlag E;,.-valued process X = (X', X?) (up to indistinguishability)
such that for all m € N and rational ¢ € [0, T'],

t
(X!, LomX;) = / a™" u=)dy" ), (B.4)
0
where the E-valued processes a™ ™, m e N, are defined as the projections of a™ on the
subspace { f; : i € Z,,} with Z,, defined in (17):
a™"(t; x, y)

= [a" ), 0, >0, 0, 3@ f0 0. Y af @) fix)
i€y, j<i i€ly
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