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Abstract

A Markov process on a local field which can be projected to a Markov process on a smaller local field
is regarded as a lift of the one on the smaller field. The first part of this article is concerned with a Markov
process on a local field which is obtained as the one projected from a larger field by means of the algebraic
trace. Since the explicit expression of the transition probability plays important roles in a study of Markov
processes on local fields, the second part is devoted to finding an explicit expression for the Markov process.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

Various aspects of stochastic processes with rotationally invariant probability laws on non-
Archimedean metric spaces were found. Some of them are not always similar to ones on the
Euclidean space. In fact, the infinitesimal generators associated with stochastic processes in a
typical class are written as Vladimirov operators and can be given as derivatives with order
higher than 2 on the field Q) of p-adic numbers. In [8], Kochubei found solutions of parabolic
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partial differential equations on @), where the infinitesimal generator of a stochastic process was
involved.

Stochastic processes on finite extension of @), have been addressed by focusing mainly on
rotationally invariant probability laws. For instance, based on the method initiated by Albeverio
and Karwowski, a family of additive processes on local fields was introduced by Yasuda in [10].
On the other hand, Haran showed some results related to operators by focusing on important
function spaces in [3,4].

A probabilistic counterpart of Sobolev spaces was introduced by Fukushima and the author
in [2], and it has been investigated by many researchers. The first author proposed some
function spaces over local fields including Dirichlet spaces and showed potential theoretic
coverage of the fields including non-linear capacity. The study relied on the explicit description
of rotationally invariant transition probabilities found by Yasuda in [10]. In [5], after some
preliminary observations on non-linear capacities on finite extensions over @, Yasuda and the
author found some properties of non-linear capacities on an infinite extension over @, introduced
in [9,11]. Yasuda pointed out some difference in two particular infinite extensions of @), and some
facts on non-trivial probability measures with no rotational invariance in [11].

As for probability laws with no rotational invariance on a local field, Karwowski and Mendes
constructed a family of Markov processes on @, by introducing spatially inhomogeneous factors
given as a function on @, in [7]. On finite extensions of @, Zhao and the first author made
an attempt to construct Markov processes with spatial inhomogeneity based on an explicit
expression of a counterpart of a Poisson process on the state space in [6].

Accordingly, one natural question raised here could be whether any rotationally non-invariant
Markov process {X ()} can be found on a finite extension K> of @, whose natural projection
{T(X(#))} to another extension K contained in K, is again a Markov process, where the
projection 7 is given by mTer/Kn (x).

In this article, we will give a construction of a Markov process {X (¢)} on a finite extension
K> of K1 which admits a Markov process {7 (X (¢))} on K. Then, the Markov process {X ()}
will be considered as a lift of {7'(X(¢))}. In deriving an explicit description of the transition
probability of { X (7)}, we will see that the existing methods as in [1,7] are not directly applicable.
For the construction of a Markov process {X (¢)}, we will obtain an explicit description of the
transition probability of the Markov process, by applying a modified method.

2. Kolmogorov’s equations

For two finite separable extensions K; and K, of Q) satisfying K1 C K3, we see that the
p-adic valuation on @), is extended to the norm on K3 which coincides with the original valuation
for any element in @ in what follows. We denote the norm of x € K3 by ||x||. The maximal ideal
P, = {x € K;| ||x|| < 1} of the ring R; = {x € K;|||x]| < 1} has an element 7; with maximal
norm and with the property m; R; = P; fori =1, 2.

Since the residue field R;/P; is a finite extension of ¥, = Z/Z,, one can choose a family

(i), /k;
{Sj 1 j=
field Fp. In what follows, p’¥i will be denoted by gk, and the extension degree of K; over

0Op by mg, fori = 1 and 2. Then, the normalized Haar measure 1« on K> is characterized by
¢ ¢
w(B(x, g K/Zsz)) = qiz for any integer ¢ and x € K3, where B(x, g K/mez) stands for the ball

| C R so that their natural images in the residue field R;/P; are the bases over the finite

14
(x € Kol llx —all < qg, ™) in K.
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M M
Lemma 1. For any ball B(a, qu/mK') in K>, T(B(a, qu/mKl ) is a ball in K| whose radius is
given as q; Thmy with some fixed non-negative integer L.

Proof. Every non-empty ball in K> contains at least one element K. Therefore, we may assume

M M
that a is an element of K. Accordingly, T (B(a, qu/mKI )) contains B(a, qu/mKI) N K. Since
the real valued function @(x) = ||T(x — a)|| defined on K> is continuous, there exists a point

%o in Bla, gy 1) satisfying IT(xo — @)l = max{IT(x — )|l | x € Bla,qx. "*")}. We can

M+L
find some non-negative integer L such that ||T (xo — a)| = q( Th/m, . On the other hand, any
M/m
element x € Ky with |lx — all < |7 (xo — a)l] enjoys [l 7755455 (xo = )l < llxo — all < g, "™
and %(xo — a) + a is mapped to x by T. As a result, it turns out that 7 (B(a, qu/ 1K, ) is

L
the ball centered at a with radius q( " )/mK‘ U

Let us introduce a non-increasing sequence {u(k)},‘zo:_oo satisfying limg_ o u(k) = 0
and a non-negative locally integrable function p defined on K,. Here and in what follows,

M/mg,

we will fix the radius qk, of balls in our focus and choose a family {B; }o"1 of dis-

M/m
joint balls with the radius ‘11(/ k1 satisfying K, = U; Bj. Then, we define Ey1p(Bi) =

U w+L+m/mg, Bj for each non- negatlve 1nteger m. We denote the integral
diam(T (B))UT (B;)<qy,

f Entim(Bp) p(dx) by payr4+m (B;i) and impose the following condition on the function p:

DM + k) = u(M +k+ D)oy (Bf) < 0.
k=0

In what follows, — Z,fim WM ~+k) —u(M +k+ 1)) oy« (By) will be denoted by Wy (B )
for each ball By, namely, we introduce the notation

Wum(By) = — Z(M(M + k) —uM +k+1)pyi(By) ey

k=m

for each ball By in the family {Bj}?il

For topological Borel set E in K>, we denote fE p(dx) by pg. For any pair By, B; of two
balls in the family {B; }J |» we define i (By, B;) by u(By, Bj) = u(M + m(By, Bj)),ogf and
a(By)bya(Byf) = Zﬁéf u(Bj, By). Here and in what follows, if a pair of balls By and B; with

M M+L+k

radius qu/mK‘ satisfies diam(7 (By) U T (B;)) = LI;Q A )/mkl, this integer k£ will be denoted
by m(Bj, By). We introduce the notation Pg r(1) = P(X(t) € E|X(0) € F) for topological
Borel sets E, F C K; and start with Kolmogorov’s forward equation for a Markov process

{X (#)} on K,. Here, we note that Kolmogorov’s forward equation on the state space K, provides
us with the one on the smaller field K;:

Proposition 1. If Kolmogorov’s forward equation

Py, 5, (t) = —a(By)Pg, 5, (1) + Z u(By, Bj)Pg; p; (1) (2)
J#f
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holds for a Markov process on the field K;, then
PEy (B, Ev (B (1)

== Z u(M +m(Bjuy, Bf))PEyB;u) PEv(By).Ev () (1)
Em(Bjm)#Em(Bf)

+ Z u(M +m(Bg, Bjmn))pm(Bf) PEy (B ), Ev(Bi) (1)
Em(Bjm)#Em(By)
holds on K>, where {Bju)}o>, stands for a subfamily of balls {Bj}?o:1 in Ky satisfying
Un EM(Bj)) = Kz and Ep(Bj) N Ep(Bjony) = 9 for any distinct positive integers n
and m.
Proof. From (2), we derive that

Prysp.5 (1) = =Y a(Bp)Ps,, 1)+ Y > i(By, Bj)Pp, 5, (1)
teA el j#fe

— Z { Z u(M +m(Bj, By,))pp, PBf[,Bi(t)}
teA Uj#fe

+) { > u(M +m(By,. B)))ps,, Ps;.5, (t)}
ted Ui

=-Y 1 > u(M+m(Bj. Bs))ps, Py, 5t)
teA | jélfelted}

+Z Z u(M +m(By,, Bj))ps, Pp;.B; (1) ¢ ,
ted | jelfelee )

where {By,}¢c 4 stands for the subfamily of {B;} satisfying T'(By,) = T(By).
Since m(Bj, By,) = m(Bj, By) forany £ € A, we have

Ppysps () == Y u(M+m(Bj.Bf))ps,; Prys;).5 (1)
jéfelte A}
+ > u(M+m(By.Bj)pu(By)Ps, 5 (0).
Jé felte A}
Multiplying both sides of the identity
PEM(Bf),B,-/(t) = - Z u(M +m(Bj, Bf))pB; PEy(B;),B, (1)
Jéfelte
+ Y. u(M+m(Bys.Bj)pu(Bs)Ps; 5, ()
Jé{felte}
by P(X(0) € B;s) with T(B;y) = T (B;) and by taking the sum with respect to the family {B;}
of balls satisfying this condition, we have
PEM(Bf),EM(B,-)(t) = - Z u(M +m(Bj, Bf))pB; PEy(Bf),Ey(Bi) (1)
Jéfelted
+ > u(M+m(By. B))pm(Br)Ps; ) (D).
Jé{felted}
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By taking the sum first with respect to B; mapped to an identical ball in Ky by T, secondly
choosing subsequence {B(,)} of balls such that K1 = U,, T(Bj()) and T (B ;) NT (Bjm)) = 9
with n % m, we obtain

Py 8). Ev(B) (1)

= - Z u(M +m(Bjny. Bf))om(Bjin)) PEy(B),Er(Bi) (1)
Em(Bjm)#Em(Bf)
- > w(M +m(Bs, Bju))pm(Bf) PEy (8. Ev(8) (). D

Epm(Bjm)#Em(By)

In the choice of {Bj(}, we may assume that k < ¢ implies dist(T'(By), T(Bjx))) <
dist(T'(By), T (Bj))). As for this reordered family of balls, we obtain the following lemma:

Lemma 2. For any ball By, there exists an increasing sequence {nm} of positive integers such
that Eyy(By) = Em(Bj(ng) and Eyym+1(Bf) \ Eyim(By) = U™t 1 EM+m(Bj)) are
satisfied for each non-negative integer m, where M stands for the mteger satisfying diam(B )
M/mg
K ]
Proof. We note that the family {7(B;)} of balls satisfying diam(7(B;) U T(B;)) <

M+L+m+1
( mD/my consists of finitely many elements for any B;. Therefore, we can divide

the family of balls into finitely many subfamilies so that any pair T'(B;) and T(B;) of

M+L
balls in the same subfamily enjoys diam(7'(B;) U T(Bj/)) < q( LAy . Therefore, we

can take a subfamily {B;)}2, of balls {B; } 21 satlsfylng EM+m+1(Bf) \ Epypym(Byf) =

U”m+l

[ Eprym(Bj)) for any non-negative integer m.  []

Since we have started with Kolmogorov’s forward equation which is similar to the one in [7], we
can define Pk, (¢) = limy, . PEg,,,,(8;),B; (t) independently of B; and employ the conventional
notation ,01;21 = 0 when pg, = oo.

Proposition 2. (i) If Eyp(B;) C Epym(By) i.e. m > m(B;, By), then

PEy (B, Exi(B) () = PM4m(B ) {,OKZI Pk, (1)

o0
+ Z ( 1 _ 1 >elWM,m+k+1(B/) ,
=5 \Pr+mik(Br)  pMim+k+1(By)

with Wy m(By) defined by (1).
(i) If Ep(Bi) € Epym(By) i.e. m < m(B;, By), then

Py (B Ei(B) (1) = pM+m(Bf>{p,;; Pi, (1)

o0
S ( 1 _ ! > Wit ki1 (B)
PM4m+k(Bf)  pMamik+1(By)

1 etWM,m(Bj,Bf)(Bi) _
PM+m(B;,Bs)(Bi)
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Proof. The right-hand side of the equality
PEM(Bf),B,- () =— Z u(M +m(Bj, Bf))ps; PEy(B)),B; (1)
Jéfelte
+ Y u(M+m(By,Bj)pu(By)Ps, s (t)
jlfelee A}

given in the proof of Proposition 1 admits the following expressions after taking the sum of the
terms associated with balls in {B; | m(B;, By) = k} for each positive integer k:

— Y UM + k) Py 5.8, ok (Bf) — pusr—1(By))

k=1
oo
+ Y u(M + Kyt (B (PEyy (8,5 (1) = Py (8.5, (D)
k=1
o0
= —Pry 8,5 (1) Y u(M +K)(pyx(Bf) — pyi—1(Bf))
k=1
o0
+pm(By) Z u(M +k)(Pgy (B), B (1) — PEy (BB, (1))
k=1
o0
= —Pry 8,5 (1) Y M +k) —u(M +k+ 1)py1k(By)
k=1

+ PEy ), B, (Du(M + 1) pm (By)

+pu(By) Y (M +k) = u(M +k + 1)) Pg,y 8.5 (1)
k=1
— pm (B u(M + 1) P, (8.8, (t)

= — PgyB)).B, (1) Z(M(M +k)—uM+k+1)op+i(By)
k=1

0
+om(Bp) Y _(u(M +k) — u(M + k + 1) P, (8.5 (1)
k=1
The right-hand side can be written with W)y 1(By) as in (1),

oo
Wit 1(Bf) Py 8.8, (1) + oy (Bp) Y (M + k) — (M + k + 1)) PE,y (8.5, (1)
k=1
By combining this with Ey11(Bf) = Em(Bjng) U EM(Bjng+n) U --- U Ey(Bjn,))
obtained by Lemma 2, we see that

ni
PEp B8 (1) = ) Prpy(By). 5 (1)

{=ng

n
= Z W1 (Bj ) PEy (B ), B: (1) + pm (Bje))

{=ny

o
X Z(M(M + k) - M(M +k+ 1))PEM+k(Bj(4)),Bi (t)}
k=1
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ni o

== Y Y (@M +k) — u(M +k + 1) psx(Bje) P (8505 (1))
l=ng k=1
ni 00

+ Z Z{(M(M + k) —u(M +k+ 1) PEy (B0, B () pm (Bje)}-
i=np k=1

Since Ep 11 (Bj«)) = Epmyik(By) for any k > 1, the right-hand side is equal to

— > @M +k) = u(M +k + 1)y 4k (Bf) PEy . 8y).5 (1))
k=1

+ > AWM +k) —u(M +k+ 1)) Pry (8.5, () py1(By))
k=1

== (@M +k) — u(M +k + 1) py+x(B) Py 80,5, (D)
k=2

+ ) (M + k) — u(M +k + 1) Pey o 8,).5 () a1 (B )}
k=2

=Wwm2(Bf)PEy, (B)).B; (1)

o0
+pu1(Bp) Y (M +k) — u(M +k + 1) Peyy 418,58, (1)
k=2

By iterating this procedure, we have

pEM+,,1(Bj-),Bi (1) = Wmm+1(Bf) PEy (B, B (1) + pr4m (By)

o0
x> M+ k) —u(M +k+ 1) Pry,8).5 ).
k=m+1

Since the initial condition is given as Pg; g, (0) = 1, we can derive from these identities that

PEy o (8).5, (1) = Pry,,, 8.5, (0)e YV Mm1BD),
in case pprym(By) = 0.If pprm (By) # 0, then we can derive from
Py o)., (1) = Wit ex1(Bf) Py 87).8, () + pyve(By)

o0
X Z (uM +k) —uM +k+1))PEgy8),8,(), =mm+1,...)

k=0+1
that
pM+n1+l(Bf) : :
—PE m(B ,Bi(t) - PE m B >Bi(t)
,0M+m(Bf) M+m(Bf) M+m+1(Bf)
PM+m+1(By)
= m—fWM,er](Bf)PEMer(Bf),B,« ) — WM,?"+2(Bf)PEM+m+1(Bf)vBi )
pM+m(Bf)

+ omam1(Bp)uM +m+1) —u(M +m+2))Pgy,,,.. (B),B; (1)
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This shows that
PM+m+1(By) .
PM+m(Byf)

=Wy m+1(By) (

PEM+m(Bf) B; (1) — PEM+m+1(Bf),Bi (®)

PM+m+1(By)
PM+m(Bf)
If ppr4m(By) #0and Eyp(By) D Epy(B;) i.e. m > m(B;, By), this identity implies

PEM+m(Bf)sBi (1) — PEM+m+1(Bf),Bi (t)) .

PM+m+1(Bj) pm+m+1(Bi) Wit mir (Br)
—————Pey BB ) — PEyi (BB (1) = | ———=— — 1) ""Mm+1l8s
pmam(B) M Ep M1 (By) PM+m (Bi)
and so
PM+m(Bi)

Pgy BB () — ——————Pgy. . 1(B),B; (1)

M+m(Bf) ovim1(Bi) M+m+1(By)

1 1
_ Wu,m+1(By)
Y s N V)
"N omam(Bi)  pmtms1 (Bi)

By replacing m with m + 1, we see that

PM+m+1(B;)
PEyimi1(Bp) B (1) — —————PEy . 2(B),B; ()
M+m+1(By) orima(Bi) M+m+2(Bf)
1 1
_ Wit ms2(B)
= PM+ +1(B‘)( - >€t Mmt28 50
" N\ omam41(Bi)  pmam+2(Bi)

By combining these two identities, we get
PM+m(Bi)
PM+m+2(Bi)

—pM+m<B)Z< 1 1

putmik(Bi)  pasm-vir1(Bi)
Taking a similar control over m and by combining the identities obtained by the procedures, we
have

PEM+m(Bf)sBi (- PEM+m+2(Bf),Bi Q)

) VWt mtit1(Bi)

PM+m(B;)
PM+m+m' (Bi)

m' —1 1 1
= pM+m(B;) Z < >etWM,m+k+l(Bi)'

pM+n1+k(B ) pM*m+k+l(Bi)

PEy (BB (1) — PEy v (By),Bi ()

By passing to the limit as m — oo, we have

PEy 0 (Bf), B ()

1 1 A
= pM+In(Bt) { IPKZ(I) —+ Z < : )elWM,erkJrl(Bz)} X

oMm+k (B OM4mkt1 (Bi)
Since m = m(By, By) — 1 implies Ep4,» (Bf) 2 Ep(B;), in this case, the following identity is
valid:

pM+n1+l(Bf) : 5
————————PrynB). B () — PEy (B, B: (D)
prtom(By) | B (By) M+m+1(By)

(By)
= Witms1(Bj) (M

Pey B, B:(8) — PEy 1 (B ,Bi(t))-
/0M+m(Bf) M+m(By) M+m+1(By)
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Because pyim(Bf) = pm4m(Bi), Wmm(Bf) = Wwmm(Bi) and Pg,., (8s). B ()
PEym(By),B; (t) for any m > m(By, B;), we see that

PM+m+1(Bi) - ;
———————Pry 0 (B1),B: (1) — PEy i1 (B, B: (D)
priim(By) | EMen B 1 (50

m Bi
= Wytms1(B;) (IOMJF—H()

PEy BB ) — PEy, . . (B, B; (l)> .
orm(B) M+m(Bf) M+m+1(Bi)
The initial condition is given as Pg,,,,..,(8,),8,(0) = 1 and Pg,, . (8,),8;(0) = 0. Therefore,

we can deduce from

PM+m+1(Bi) o -
—PE m(Br),Bj (t) - PE " B; 7Bi([) = —¢ M, m+1(Dj
PM+m(Bf) m+m(By) M+m+1(Bi)
and
Pyt sy (BB (1) = Pua+m(By.5;) (Bi) {PE; Pk, (1)
+ Z ! etWM-m(Bf.B,-)JrkH(Bi)
PM-4m(By.Bi >+k<B ) PMm(B Bkt (BD)
that

PEM+,,1(Bf,Bl.),1 (B;),B; () = pM+m(Bs.B;)—1(Bi) {,01;21 Pg, (1)

i Z _ 1 o VWhms g By)-+ier1 (Bi)
PM-+m(By,B; )+k(B ) PM+m(By,B;)+k+1(Bi)

_ 1 etWM,m(Bf,B,-)(Bi) )
pM+m(B;,B)(Bi)

For any non-negative integer m withm < m(By, B;) — 2, we see that

PMAm+1(Bi) .
o By B8O = Py 8.5 (1)
,0M+m(Bf) Mtm(By) M+m+1(Bf)
pM+n1+l(Bi) . )
= —PE m B ,B,‘ (0) - PE m B ’Bi (0) e M. m+1 i
( pmim(By) MY (Bf) M+m+1(By)

and that the initial condition is given by P, ,,.,(8/),8,(0) = PEy,,.(8),8,(0) = 0.

m(Br)
Therefore, Py, (8/).8: (1) = p/,)\,,ﬂj:nﬂ(g ) PE 1 (Bp).B; (1)

As aresult, we obtain the following expression for the transition probability:

PEM+m(B_f)sBi Q)

1
= pum(Bf)} o, Pr, (1) + -
s { for i Z PM-+m(By, B)+k(B) PM-+m(By,B)+k+1(Bi)

« efWM,ln(Bf,Bi)+k+l(Bi) _ 1 etWM,m(Bf,Bi)(Bi)}' 0

PM+m(Bys,B)(Bi)
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3. On transition probabilities with no rotational invariance

In this section, we will obtain the existence of a Markov process {X ()} on K, which is
mapped to a Markov process on K by T. In deriving an explicit description of the transition
probabilities of {X (¢)}, we will need to add an extra procedure to the existing methods in [1,7]
as shown in the proof of the following theorem.

Theorem 1. If Z,fio(u M +k)—uM +k+ 1)pyii(B;i) < oo for any i, then there exists a
Markov process {X ()} on Ko such that {T (X (t))} is a Markov process on K.

Proof. From Kolmogorov’s forward equation in Section 2 we get

PB/aBi (t) = —&(Bf)PBf,B,(t) + Z ’Z(Bf, Bj)PB_/,Bi(t)’
J#f
where ii(By, B;) = u(M +m(Bj, By))p(By) and a(By) = Z#f i(Bj, By). We can derive

Py, 5, (1) = —{u(M)(pM(Bf) —p(By))

+ Z u(M +k)(pm+k(Bf) — pm+k—1(By)) } Pp, 5 (1)
=1
+ pB; {“(M)(PEMB;J,B,- — Pg, 5, (1))

+ ZM(M + k)(PEMJrk(Bf)’Bi (1) — PEM+k—1(3f),Bi (t))}

k=1

= —{M(M),OM(Bf) + ZM(M + k) (om+r(Bf) — pM+k—1(Bf))}PBf,B,- @)
=1

o0
+ P8y {”(M)PEM(Bf),Bz () + Z u(M + k)(PEy (B, B; (1)
=1

- PEM+1<—1(B/”)»B[ (t))}
= —{M(M),OM(Bf) —u(M + Dpm(By)
+ Z(M(M +k)—u(M+k+ 1)),0M+k(Bf)}
k=1

X Pp; p;(t) + pB; {M(M)PEM(Bf),Bi (1) —u(M + 1) Pgy(By), B, (1)

+ Z(M(M +k) - M(M +k+ 1))PEM+k(Bf),B,'(I)}
k=1
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== Z(M(M + k) —u(M +k+1)pysi(By) P, B (1)
k=0

o
+pp; Y (WM +k) —u(M +k+ 1) Pry 8,).5 ().
k=0

Due to a basic formula in the theory of ordinary differential equation, by recalling the
definition of Wy m (B) given by (1), we can explicitly find Pp, g, (¢) satisfying

o0
Pp,.5,(1) = War.o(Bf)Pr,.5,(1) + ps, 3 (M +k) — u(M +k + 1)) Pg,y, . (8).5, (1)
k=0
as

1
Pay.5;(1) = &b WMﬁ(Bf)dS{PBf(OHpr / e o o8
0

X Y (M +k) = u(M +k+ 1) P, (8.5 (t)dt}.
k=0

Therefore, we have

t
PnyBi ) = e[WM'O(Bf){PBf,Bi 0) + pr/ e~ Wi o(Bp)
) s

o
X Z(M(M +k) —uM +k+1)Pgy . 8)).B (t)df}~
k=0

By combining this expression with the explicit expression of Pg,, (), s; (t) in Proposition 2,
an explicit expression of transition probability of {X (¢)} has been obtained. The transition
probabilities of {T'(X;)} are completely ruled by Kolmogorov’s forward equation described in
Proposition 1. Accordingly, {T (X,)} is a Markov process on K1. [

4. The lift of Markov process

Definition. A Markov process {X (¢)} on K> is said to be a lift of Markov process {Y (¢)} on K1,
if Px(Y(t) =T (X (t)) forall ¢t > 0) = 1 is satisfied for all x in K;.

Theorem 1 gives an explicit expression of the transition probabilities of a lift of Markov
process which is determined by Kolmogorov’s forward equation on the smaller field K| described
in Proposition 1. Finally, we present an example of E (B ) which consists of infinite balls.

Example. A quadratic extension Qp(y/€) of @) is obtained by choosing p, n or pn as € when p
=2and —1,£2, £3, or &6 as e when p # 2. Forb = Zioz_m(a_Mﬂ+ﬂ_M+jﬁ)p_M+/ IS5
0y (Ve) with digits e_pr4j, B—m+; =0, 1, ... or p—1, the minimal polynomial of the element
bover @p is givenas f (x) = (x =372, (a4 j+B-mj/Op M=, (@m—
B-m+j/€)p~MT)). Therefore, T (b) = Trg,(/e)/0,(®)/2 = > a_p4;p~M*/ and this
—1 —1 —M+j
shows that Ey(By) = US> UZ_M_IZI . U§7M7’”:1 B(Z?ozo(ot_Mﬂ' + B_m+jEp M+J 4

P B-m—jep~™=I, pM) for By = B(b, pM). By taking Q) as K and Qp (/) as K2, we
see an example of £y (B ) which consists of infinitely many balls in K.
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