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Abstract

We investigate the large deviation behaviour of a point process sequence based on a stationary symmetric
a-stable (0 < o < 2) discrete-parameter random field using the framework of Hult and Samorodnitsky
(2010). Depending on the ergodic theoretic and group theoretic structures of the underlying nonsingular
group action, we observe different large deviation behaviours of this point process sequence. We use our
results to study the large deviations of various functionals (e.g., partial sum, maxima, etc.) of stationary
symmetric stable fields.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we investigate the large deviation behaviours of point processes and partial
sums of stationary symmetric a-stable (So.S) random fields with ¢ € (0, 2). A random field
X = {X;};czq is called a stationary symmetric a-stable discrete-parameter random field if for
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allk > 1, forall s, 11,12, ..., € 74, and for all c1,¢2,...,Ck € R, Zf-;l ¢i Xy, +5 follows an
Sa S distribution that does not depend on s. See, for example, [38] for detailed descriptions on
Sa S distributions and processes.

The study of rare events and large deviations for heavy-tailed distributions and processes has
been of considerable importance starting from the classical works of Heyde [11-13], Nagaev
[23,24], Nagaev [25]; see also the technical report of Cline and Hsing [5]. Some of the more
recent works in this area include Mikosch and Samorodnitsky [22], Rachev and Samorodnit-
sky [26], Hult et al. [16], Denisov et al. [10], Hult and Samorodnitsky [17], etc. When studying
the probability of rare events, it is usually important not only to determine the size and the fre-
quency of clusters of extreme values but also to capture the intricate structure of the clusters. For
this reason, Hult and Samorodnitsky [17] developed a theory to study large deviation behaviours
at the level of point processes to get a better grasp on how rare events occur. Their work relies
on convergence of measures that was introduced in [15]. See also the recent works of Das et al.
[7,21], which extended this convergence to more general situations.

Inspired by the works of Davis and Resnick [9] and Davis and Hsing [8], Resnick and
Samorodnitsky [29] studied the asymptotic behaviour of a point process sequence induced by a
stationary symmetric stable process. This work was extended to stable random fields by Roy [33].
In the present work, we take a marked and slightly stronger version of the point process sequence
considered in [33]. More precisely, we keep track of the random field when the index parameter
lies in a neighbourhood and use the framework introduced by Hult and Samorodnitsky [17] to
investigate the corresponding large deviation behaviour. The advantage of this setup is that we
get to know the order in which large values arrive. This is important, for example, in the study of
ruin probabilities and long strange segments; see [16,17]. In our case, we observe that the point
process large deviation principle depends on the ergodic theoretic and group theoretic properties
of the underlying nonsingular Z¢-action through the works of Rosiniski [30,31] and Roy and
Samorodnitsky [35]. Just as in [36,37] (see also [34]), we notice a phase transition that can be
regarded as a passage from shorter to longer memory.

The paper is organized as follows. In Section 2, we present background on ergodic theory
of nonsingular group actions and integral representations of S« S random fields, and describe a
special type of convergence of measures. The large deviation behaviours of the associated point
processes are considered separately for stationary SaS random fields generated by dissipative
group actions (reflecting shorter memory) in Section 3, and generated by conservative group
actions (reflecting longer memory) in Section 4. Finally, in Section 5, we obtain the large
deviation principle for the partial sum sequence of a stationary SoS random field using a
continuous mapping theorem.

We introduce some notations that we are going to use throughout this paper. For two sequences
of real numbers {a, },en and {b, },eN the notation a,, ~ b, means a,/b, — 1 asn — oo. For

u,veZd,uz(ul,uz,...,ud)§v=(v1,v2,...,vd)meansu,- <vy;foralli =1,2,...,d;
[u,vlistheset {r € Z¢ : u <t < v}; |ulloo = maxi<i<q |#;| and 04 = (0,0,...,0),
1; = (1, 1,...,1) are elements of Z%. For x € R, we define xT := max(x,0) and x~ =

max(—x, 0). Weak convergence is denoted by =. For some standard Borel space (S, §) with o-
finite measure p we define the space L*(S, u) = {f : S = R measurable : || |, < oo} with

I flle = (fs | f(s)]¥ u(ds))l/a. For two random variables Y, Z (not necessarily defined on the
same probability space), we write ¥ 2L 7if Y and Z are identically distributed. For two random

. d .
fields {Y;};cz¢ and {Z;},cz4, the notation ¥, = Z,, t € 7% means that they have same finite-
dimensional distributions.
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2. Preliminaries

In this section, we present the mathematical background on (a) nonsingular group actions,
(b) stationary symmetric «-stable random fields and (c) Hult-Lindskog—Samorodnitsky (HLS)
convergence. The connection between the first two topics will be clear in this section and the
third one will be useful in the entire paper.

2.1. Nonsingular group actions

Suppose (G, +) is a countable Abelian group with identity element e and (S, S, 1) is a o-
finite standard Borel space. A collection {¢;};cG of measurable maps of S into itself is called a
nonsingular G-action if ¢ is the identity map on S, ¢, 11, = ¢, o ¢y, forall 71,4, € G and
each o ¢, is an equivalent measure of u; see [1,19,42]. Nonsingular actions are also known
as quasi-invariant actions in the literature (see [40]). A collection of measurable +1-valued
maps {c;};cc defined on § is called a (measurable) cocycle for {¢;};cc if for all 11,1, € G,
Cti+1,(8) = ¢ (8)cy (¢,2(s)) forall s € S.

A measurable set W C S is called a wandering set for the nonsingular G-action {¢;};ec if
{¢:(W) : t € G} is apairwise disjoint collection. The set S can be decomposed into two disjoint
and invariant parts as follows: S = C U D where D = UteG ¢:(W*) for some wandering set
W* C §, and C has no wandering subset of positive i-measure; see [1,19]. This decomposition
is called the Hopf decomposition, and the sets C and D are called conservative and dissipative
parts (of {¢:};c), respectively. The action is called conservative if S = C and dissipative if
S=">.

2.2. Stationary symmetric stable random fields

Every stationary SaS random field X admits an integral representation of the form

1/a
X, i/c,(s) <d“°¢’ (s)) fodi(s)M(ds), teZf @.1)
s du

where M is an SaS random measure on some standard Borel space (S, ) with o-finite control
measure i, f € LY(S, u), {¢:},cz4 is a nonsingular Z4-action on (S, S, u), and {ci}ieza 18 @
measurable cocycle for {¢,}; see [30,31]. We say that a stationary S«S random field {X;},o7q
is generated by a nonsingular Z4-action {¢,} on (S, S, w) if it has an integral representation of
the form (2.1) satisfying the full support condition |, .z« support(f o ¢;) = S, which can be
assumed without loss of generality.

The Hopf decomposition of {¢;},.7« induces the following unique (in law) decomposition of
the random field X,

%2 [ foman + [ pomas = x¢+xP. ezt
D

into a sum of two independent random fields XC and XP generated by a conservative and a
dissipative Z?-action, respectively; see [30,31,35]. This decomposition reduces the study of
stationary Sa S random fields to that of the ones generated by conservative and dissipative actions
and relates to long range dependence for such fields.

Long range dependence (also known as long memory) refers to strong dependence between
observations X, far separated in #. Most of the classical definitions of long range dependence
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appearing in the literature are based on the second order properties (e.g.—correlation, variance of
partial sums, etc.) of stochastic processes. In the context of stable random fields, however, these
definitions become meaningless because variance and covariance do not exist. It was argued by
Samorodnitsky [36] (see also [35]) that stationary S« S random fields generated by conservative
actions have longer memory than those generated by dissipative actions and therefore, the
following dichotomy can be observed:

—d/a

n max |X;| =

lltlloo=n

cxéy if X is generated by a dissipative action,
0 if X is generated by a conservative action

as n — oo. Here &, is a standard Frechét type extreme value random variable with distribution
function

Py <x)=e ¥, x>0, (2.2)

and cx is a positive constant depending on the random field X. In the present work, we observe a
similar phase transition in the large deviation principles of the point processes, partial sums, order
statistics, etc. as we pass from dissipative to conservative Z?-actions in the integral representation
(2.1).

2.3. The Hult-Lindskog—Samorodnitsky convergence

Fix a nonnegative integer g. Let MY be the space of all Radon measures on
K = [—1,1]% x ([—oo, oo]l—1a-q1d] \ {0}[—41(1,(]1(1])

equipped with the vague topology. The rationale behind using this space is as follows: the
first component of B¢ (i.e., [—1, 1]¢) will be used to keep track of the index parameter ¢ and
the second component will record the scaled values of the random field in a d-dimensional
neighbourhood around ¢ of radius g. We take {0}[=71¢-71a] out of [—o0, oo]l~914-91¢] and obtain
a locally compact, complete and separable metric space E?. Therefore, C 7(' (E7), the space of
all non-negative real-valued continuous functions defined on E? with compact support, admits a
countable dense subset consisting only of Lipschitz functions; see [18,27].

Using the above mentioned countable dense subset, M9 can be identified with a closed
subspace of [0, 00)*° in parallel to Hult and Samorodnitsky [17, p. 36]. In particular, it tran-
spires that MY is also a complete and separable metric space under the vague metric (see
[27, Proposition 3.17]). Let My(M?) denote the space of all Borel measures p on MY satis-
fying p(M? \ B(@, ¢)) < oo for all ¢ > 0 (here B(@, ¢) is the open ball of radius & around the
null measure @ in the vague metric). Define the Hult-Lindskog—Samorodnitsky (HLS) conver-
gence p, — p in Mo(M?) by p,(f) — p(f) forall f € Cpo(M7), the space of all bounded
continuous functions on M4 that vanish in a neighbourhood of @; see Theorem 2.1 in [15] and
Theorem 2.1 in [21]. This set up is the same as in [17] except that the space M? includes all
Radon measures in [£7, not just the Radon point measures.

Observe that the space M(II, of Radon point measures on [EY is a closed subset of MY (see
[27, Proposition 3.14]) and hence a complete and separable metric space under the vague metric
(see [27, Proposition 3.17]). The space MO(M?)) (and the HLS convergence therein) can be
defined in the exact same fashion; see [17, pp. 36]. In fact, My (M?)) can be viewed as a subset of
My (M?) using the following natural identification: p € MO(M‘}’,) needs to be identified with its
extension to M4 that puts zero measure on M7 \ M?,.
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For all g1, g2 € C;(’(E‘f) and for all €1, €2 > 0, define a function Fyg, ¢, ¢,e, : M? — [0, 00)
by

Fopgrerer(8) = (1 _ e—(&(g1)—e1>+) (1 _ e—(é(gz)—€2)+)’ £ e MY, 2.3)

Define, for any p € My(M?), for all g1, g2 € C;g (E%) and for all €1, ¢ > 0,

p(Fgl,gQ,él,Ez) = ,/];/]I Fg1,g2,61,62(§)d10(§)-
q

Following verbatim the arguments in the appendix of Hult and Samorodnitsky [17] (more
specifically, Theorem A.2), the following result can be established.

Proposition 2.1. Let p, p1, p2, ... be in Mo(M?) and

on(Fgi.er.e1.6) = P(Fgl gr.e1,6,) AST—> OO

for all Lipschitz g1, g € C}(F (E?) and for all €1, €3 > 0. Then the HLS convergence p, — p
holds in Mo(M?).

Note that the space M7 is not locally compact. Therefore, the use of vague convergence based
on its compactification may lead to various undesirable situations. Keeping this in mind, we stick
to HLS convergence, which completely circumvents this obstacle.

3. The dissipative case

Suppose X = {X;},cz¢ is a stationary SaS random field generated by a dissipative group
action. In this case, it has been established by Rosiniski [30,31] and Roy and Samorodnitsky [35]
that X is a stationary mixed moving average random field (in the sense of Surgailis et al. [39]).
This means that X has the integral representation

x,i/ Fo,u—1) M(dv, du), 1€ 7%, 3.1)
W xZ4

where f € LY(W x Z¢,v ® ¢), v is a o -finite measure on a standard Borel space (W, W), ¢ is
the counting measure on 74, and M is a SaS random measure on W x Z¢ with control measure
v ® ¢ (cf. [38]).

Suppose vy, is the symmetric measure on [—oo, oo] \ {0} given by

Ve (x,00] = vy [—00, —x) =x~%, x>0. (3.2)
Let
o0
> 8 ~ PRM(vy @ 1 ® ) (3.3)
i=1

be a Poisson random measure on ([—oo,00] \ {0}) x W x 74 with mean measure vy ®
d

v ® ¢. Then from (3.1), it follows that X has the following series representation: X;
c, /e Zfil Jifi,ui —1t), t e 74, where Cy is the stable tail constant given by

l -«
00 -1 , ifa#1,
Co = (/ X sinxdx) = G @costrarz) (3.4)
0 =, ifa=1.
T
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For simplicity of notations, we shall drop the factor C,'/* and redefine X; as

o0
Xe=) jifiui—10), 1eZ% (3.5)
i=1

Mimicking the arguments given in [29], it was established in Theorem 3.1 of [33] that the
weak convergence

00
Z S(Zn)*d/"‘X, = Z Z Sjif(vi,u) asn — oo

[tlloo=<n i=1yezd

holds on the space of Radon point measures on [—oo, oo]\ {0} equipped with the vague topology.
Clearly the above limit is a cluster Poisson process.
For each g € Ny, define a random vector field

X! = Xi-w)juwllzq- (3-6)
We take a sequence y, satisfying n?/%/y, — 0 so that for all ¢ > 0,
Ni= ) S5 (€X))
ltlloo=<n

converges almost surely to @, the null measure in the space M? defined in Section 2.3. We define
amap ¥ : ([—oo,00] \ {0}) x W x 74 — [—oo0, oo][_qld’qld] by

Yx, v, u) = {xf(v, u — w)lwlw<q (3-8)

in order to state the following result, which is an extension of Theorem 4.1 in [17] to mixed
moving average stable random fields. In particular, it describes the large deviation behaviour of
point processes induced by such fields.

Theorem 3.1. Let {X;},c7q be the stationary symmetric a-stable mixed moving average random
field defined by (3.5) and NI be as in (3.7) with

n® /v, — 0 asn — oo. (3.9)

Then for all ¢ > 0O, the HLS convergence

o
ml () = Z—"d]P’(NZ €)= mi() asn— oo, (3.10)

holds in the space My (M({)), where m is a measure on M',’, defined by

ml() = (Lebl_y jt ® vy ® v)({(t,x, v) € [=1, 119 x ([—00, 00] \ {0}) x W
> By € })
ueZd
and satisfying ml (M?, \ B(@, ¢)) < oo foralle > 0.

The proof of the above result is given in the next section. The following result is a direct
consequence of Theorem 3.1. The analogous statements were established for linear time series
(d = 1) with nonnegative random coefficients in [17] (see Corollaries 5.1 and 5.2 therein) but
are unknown in the random field case.
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Corollary 3.2. Let X;. 3,412 be the ith order statistic of { X}t <n in descending order, i.e.,
Xi:ont1yd = Xo:ongnyd =+ = X@nt1yd : @ny1)d- Moreover, forallv € W, let fi+(v) be the ith
order statistic of the sequence { f+ (v, u)},cza in descending order and fi (v) be the ith order
statistic of the sequence { f~ (v, u)},cza in descending order. Then for yi, ..., ym > 0,

o

im n—ndP(X1:(2n+1)d > YuV1s Xo:n1yd > Yad2s s Xop@na1yd > VnYm)

In particular, for all a > 0 and n > 1, if we define 1/ = inf{||t||loo : X; > ayy}, then

o
lim V—”dIP’(t,f <an) = 0% | (sup fH, u)* + (sup £~ (v, u)*v(dv).
n—oon W uezd uezd

Proof. Following the proof of Corollary 5.1 in [17], we can show that the set

m

By y2e-woym) = () {§ €M) 601,117 x (1. 00)) = i

i=1

is bounded away from the null measure and its boundary is an m0-null set. Therefore by applying
Theorem 3.1 with ¢ = 0 and Portmanteau-Theorem (Theorem 2.4 in [15]), we obtain

o

.Y
nlggo H%P(Xh(znﬂ)d > ¥YnY1, Xz;(2n+1)d > VYnY2, s Xm;(2n+1)d > YuYm)

= lim my(B(y1. ... ym) = my(BOL. ... ym).

which can be shown to be equal to the first limit above by an easy calculation.
The second statement follows trivially from the first one using the observation that

o o
V_"d[p(t;: < An) = y—"dIF’ sup X; > ayn
n n te[—[nr]1y,[nr]14]

forallm > landa > 0. O

3.1. Proof of Theorem 3.1

We shall first discuss a brief sketch of the proof of Theorem 3.1. Fix Lipschitz functions
g1, & € C;(Eq) and two positive real numbers €1, €. By Theorem A.2 of Hult and
Samorodnitsky [17], in order to prove (3.10), it is enough to show that mi e My (M‘II)) and

nli)n;o mZ(FglsgLGI,GZ) = mZ(FglsgLél,ez) (3.11)

with Fg o, ¢;.e, as in (2.3). Following the heuristics in [29], one expects that under the
normalization y,~!, all the Poisson points in (3.5) except perhaps one will be killed and therefore
the large deviation behaviour of N,/ should be the same as that of

o0
4 .
NE=20 D0 Sty g -

i=1 |tllo=n
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Keeping this in mind, we define

. PN

() = PN, € ) (3.12)
and hope to establish

nll)rgo ;”\Z(Fglygz,ﬂ@) = mZ(Fgl,gz,ﬂ,éz) (3.13)

as the first step of proving (3.11).
For p =1,2and foralli € N, let

Zpi= Y g 'ty Wi vi,ui — 1)), (3.14)
lItllco<n

where 1 is as in (3.8). For all ¢ > 0 and n > 1, define
Ve e
’%n(thgz,E],Gz) = n_ndE[Z(l _ e*(Zl.i*61)+)(1 _ e*(ZZ.i*ﬂ)-%—):I. (3.15)
i=1

In order to establish (3.13), we shall first show that the quantities ’%Z(Fgl,gz,e],ez) and
mi(F 91.22,€1,6,) are asymptotically equal, and then prove

: ~q )
nll)rgo My (Fgy 00.61,6) = M (Fgy g5.¢).6)-

The execution and justification of these steps are detailed below with the help of a series
of lemmas. Among these, Lemma 3.4 is the key step that makes our proof amenable to the
techniques used in [29]. The rest of the lemmas can be established by closely following the proof
of Theorem 3.1 in the aforementioned paper and improving it whenever necessary. Most of these
improvements are nontrivial albeit somewhat expected.

The first step in establishing the HLS convergence (3.10) is to check that the limit measure

m{ is indeed an element Mo(M3).

Lemma 3.3. Forall g > 0, m! € Mo(M?).
Proof. The statement mJ e MO(M?,) means that mZ is a Borel measure on M(II, with
mi (M%\B(@, €)) < oo for any € > 0. To prove this, we first claim that for almost all

(t,x,v) € [—1, 1% x ([—00, 0] \ {0}) x W,

D 8w yievay € M, (3.16)

uezd

concluding m? is a Borel measure on Mf,. To this end, setting
A, = [—o0, OO][*qld»qld] \ (=1, n)[*qld»qld] (3.17)

forall n > 0,and | flle == (fiy Tueze |f @, 0)“0(dv)) ", we get

_ d
/[md /|x>0 /W > S v (=111 x 4y) vidv)va(@x)de

ueZd

<241 2g + DY f1I2 < oco. (3.18)
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Applying the method used to establish that the limit measure in Theorem 3.1 of Resnick and
Samorodnitsky [29, (p.196)] is Radon, (3.16) follows from (3.18).

Because of the estimates used in the proof of Theorem A.2 in [17], to obtain
mi (M%\B(@, €)) < oo for all € > 0, it is enough to show that mZ(thgz,ﬂ,Gz) < oo for all
g1, &2 € C; (E?) and for all €1, €, > 0. Using (3.16) and a change of measure, we get

_( > g1t (x,v,u))—€)+
*(Fgl 82,€1, ez) = / / / uezd
[—1,119 J|x|>0

—( X &@y¥xvu)—€e)+
x [1—e uezd v(dv) vy (dx)dt.

Let C be an upper bound for |g;| and |g2|, and n > O be such that g;(¢, y) = g2(¢t,y) = 0
for all y € (—n, n)[~914-41a] Then (3.18) and the inequality 1 — e~ =9+ < x (for x > 0 and
€ > 0) yield that m?(Fy, 4, .¢.¢,) can be bounded by 2¢T1Cyn~%(2g + 1)4|| £||%. This shows
miMI\B(@, €)) <oco. O

To proceed with the proof of Theorem 3.1 by using the ideas mentioned above, we need the
following most crucial lemma.

Lemma 3.4. Let i} (Fg, g,.¢,.c,) and mn(Fg, ¢y.¢1.¢,) be as in (3.12) and (3.15), respectively.
Then for all g > 0,

: ~q ~q _
nlggo |mMy (Fgy 00,e1.6) — Mn(Fg 09.61,6) = 0.

Proof. Let C, n > 0 be as above and A, be defined by (3.17). For n > 1, let B, be the event that

for at most one i, Z”t”oo<” 6}/)1 W Givroi—t) (Ay) = 1, where ¥ is as in (3.8). We claim that

Vi ¢ pe
P8 — 0 (3.19)

as n — oo. To prove this claim, observe that on By, there exist more than one i such that

ljil = nyn/|f (i, u;i —t — w)| for some (¢, w) € [—nly, nly] X [—ql4, q14] and therefore
because of (3.3), the sequence in (3.19) can be bounded by

V” <Za(j, o) (L) >2) ( (Zs(ﬁ ", u)(Ln)>) =0 (n!/v).

_1
where L, := {(x, v, u) x| = ny, (Z\Itllmsn D lwleosg |0 u—1— w)|°‘> a }

It is easy to check that with Z; ; and Z> ; asin (3.14),

N v *(_io: Zyi—€1)+ *(io‘, Zai—€2)+
A (Foere) = 5[ (1—¢ 5 J(1-e = )]
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Note that on the event B,, the quantities (1 SOl Zl"’_el)*)(l — e X Z2vi_52)+) and
Y (1 —emFrimen+) (1 — e_(Zz-i_€1)+) are equal. Therefore it transpires that

|n?Z(Fglﬁg2,€1,€2) - ’%z(Fgl,gstlsz)l

ya ya oo
< n_ndIP(BrCl) + n_nd I:]lBﬁ Z(l _ e_(Zl,i_51)+)(1 _ e_(ZZ,i_52)+)]
i=1

Vn Vi Vi (°° Lz 2
< “LP(B; np(ge) L | — e—(Zri—ey ) ,
< (By) + o (B) o E:( e )

i=1
which, combined with (3.19), yields Lemma 3.4 provided we show that
Vi m (N Zri—ei))
n - i—€ _
oy (2(1 — e @) = o). (3.20)
1=

To this end, note that applying (3.3), Lemma 9.5IV in [6], and the inequality 1 —e™ < x for
x > 0, we obtain

s ~Zii—ensy )
E(Z(l—e Li 1+))
(Y gy Yeva—n)—ey | 2
/ / 1 —e lflocsn v(dv)vy (dx)
x>0 Jw S

—( Y @y v u—n)—e)s 2
+ / /Z 1—e lose V(dv)vg (dx)
|x|>0 JW

/ / gi(n7 'y (v u = ) v(dv)ve (dx)
[x]>0

W yezd IItHoo<n

2
+</ / Z gi(n 1 ,yn_lw(x,v,u—t))v(dv)va(dx)) ,
[x]>0

W ez |itoo<n

from which (3.20) follows because by similar calculations as in (3.18), the first term of above is
bounded by 2C (ny,,) " *(2q + 14 15 2n+ 1)? foralln > 1 and ¢ > 0 and for the second term
we additionally use (3.9). This finishes the proof of this lemma. [

We shall now establish (3.13). In light of Lemma 3.4, it is enough to prove the next lemma.
Lemma 3.5. Forallg > 0,

nll)m mn(Fgl g.€1.0) _m*(Fgl g.€1.€)- (3.21)
Proof. This can be achieved in a fashion similar to the proof of Theorem 3.1 in [29], namely,
by first proving a version of (3.21) for f supported on W x [-T1,, T1,4] for some T > 1, and
then using a converging together argument with the help of the inequalities used in the proof of
Lemma 3.6. [

Therefore in order to complete the proof of Theorem 3.1, it remains to establish the following
lemma.
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Lemma 3.6. Forall g > 0,

. q o~
nli)ngo|mn (Fg1,g2,61,62) - mn(Fg|,g2,6|,ez)| =0.
Proof. Because of the inequalities |xjx2 — y1y2| < |x1 — y1]| 4 |x2 — y2| for x1, x2, y1, 2 € [0, 1]
and [e~G17€V+ —e~(2—€)+| < |71 —z,| for z1, 22 € [0, 00) and €1, €3 € (0, 00), the convergence
in Lemma 3.6 will be established provided we show that for all Lipschitz g € C ; (E),

Y =
BN () = Ni (9] = 0 (3.22)

as n — oo. We shall establish (3.22) by closely following the proof of (3.14) in [29] and
modifying their estimates as needed. We sketch the main steps below.

Assume that |g| < C and g(r,y) = 0 for all y € (—n, n)[771¢-91d] For each n > 1 and
for each & > 0, let A(6, n) denote the event that for all ||f]l.c < n and for all |w|cx < ¢,
Z;’il s‘jif(vi,ui_,_wﬂ([y,,e, oo]) < 1. Then similarly as in [29, p.201] it follows that for all
6 >0,

y,‘f[P’(A(@, n)c) — 0 asn — oo. (3.23)

Defining Y; to be the summand of largest modulus in X; = Z?il Jif(i,ui —t)forallt € 74,
and adapting the method of Resnick and Samorodnitsky [29, p. 201] to our situation, we can find
T € N such that for all § < /2,

D(@,n)::{ \VARRY, ‘ynlxt_w_ynly,_w‘>9}0A(9/T,n)

lwlloo=q lltlloo<n

satisfies

lim y<P(D(,n)) =0. (3.24)
n—oo

Define, for each ¢ > 0, a random vector field {¥/?}, .54 in RI=41¢-41a] by replacing {X,}, 74
by {Y:};cz« in (3.6). For any 8 < n/2, the sequence in (3.22) is bounded by

VYu S,y 1,
n—"d Z Elgmn™"t,y, ' X{) = g™ 't, v, ' YD) | Lp.n
ltlloo<n
Va o1, a1y 1, a1y
+ = Z E|g(n oy ' X — gt y, leq)|]1A(9/M,n)\D(9,n)
ltlloo<n
o o
+y—"E|Nq(g)|ﬂA9M C+y—nE|]’V\q(8)‘ﬂA0M ¢
nd n (0/M,n) nd n (6/M.n)
o
_

== Z E g™ty X1 — g7 0,y YD [ Lao s pom

Itllco<n
Ya x4
+ n_dE |Nn (g)|]1A(9/M,n)c +o(1).

In the last step, we used the asymptotic results (3.23) and (3.24), and the fact that g is bounded.
Following Resnick and Samorodnitsky [29, p. 202], the first term above can be bounded

d
by 2L,(n/2)"%(2q + 1)d||f||g (2""—'“) 0 (here L, denotes the Lipschitz constant of g) and
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repeating the method used in the proof of Lemma 3.4, the second term can be shown to be o(1).
Since 6 € (0, n/2) is arbitrary, (3.22) follows. [

4. The conservative case

Suppose now that X is a stationary SaS random field generated by a conservative Z¢-action.
Unlike the mixed moving average representation in the dissipative case, no nice representation
is available in general. However, if we view the underlying action as a group of invertible
nonsingular transformations on (S, S, u) (see [35,33]), then under certain conditions, X can
be thought of as a lower dimensional mixed moving average field. This will enable us to analyze
the large deviation issues of point processes induced by such fields.

Let A := {¢, : t € Z¢} be the subgroup of the group of invertible nonsingular transformations
on(S,S,u)and & : Z¢ — Abea group homomorphism defined by @(t) = ¢, forall ¢ € 74
with kernel K := Ker(®) = {t € Z¢ : ¢; = lg}. Here 1g is the identity map on S. By the
first isomorphism theorem of groups (see, for example, [20]) we have A =~ 74 /K. Therefore,
the structure theorem for finitely generated abelian groups (see Theorem 8.5 in Chapter I of
Lang [20]) yields A = F @ N, where F is a free abelian group and N is a finite group. Assume
rank(F) = p > 1 and |[N| = [. Since F is free, there exists an injective group homomorphism
¥ : F — 74 such that & o ¥ is the identity map on F.

Clearly, F := W(F) is a free subgroup of Z¢ of rank p < d. It follows easily that the sum
F + K isdirectand Z¢/(F + K) ~ N.Letx; + (F + K), xo + (F + K), ..., x; + (F + K)
be all the cosets of F + K in Z?. It has been observed in [35] that H := Ui:l (xx + F) forms a
countable Abelian group (isomorphic to Z¢ /K ) under addition @& modulo K [for all 51, 52 € H,
s1 6 52 is defined as the unique s € H such that (s; +s52) —s € K] and itadmitsamap N : H —
{0, 1, ...} defined by N(s) := min{||s + v|]lcc : v € K} satisfying symmetry [for all s € H,
N(s™") = N(s), where s~! is the inverse of s in (H, @®)] and triangle inequality [for all
s1,82 € H, N(s1®s2) < N(s1)+N(s2)]. Note thatevery ¢ € Z4 can be decomposed uniquely as
t =ty+tg,wherety € H and tx € K. Therefore, we can define a projection map 7 : 74 > H
as (1) = ty forall s € Z4.

Define, foralln > 1, H, = {s € H : N(s) < n}. It is easy to see that H,’s are finite subsets
increasing to H and

|H,| ~cn? asn — oo, 4.1)

for some ¢ > 0; see (5.19) in [35]. If {¢};cF is a dissipative group action then {(ZY }sen defined
by ¢s = ¢, is a dissipative H-action; see, once again, Roy and Samorodnitsky [35, p. 228].
Because of Remark 4.3 in [33] (an extremely useful observation of Jan Rosifiski), without loss
of generality, all the known examples of stationary So.S random fields can be assumed to satisfy

cy=1 forallv e K, “4.2)

which would immediately yield that {c,}seq is an H-cocycle for {$S }ge . Hence the subfield
{Xs}sem is H-stationary and is generated by the dissipative action {¢;}ser. This implies, in
particular, that there is a standard Borel space (W, W) with a o -finite measure v on it such that

x, L / h(v, u ®s) M'(dv, du), s € H, (4.3)
WxH

for some h € L*(W x H,v ® {y), where ¢y is the counting measure on H, and M’ is a
Sa S random measure on W x H with control measure v ® ¢y (see, for example, Remark 2.4.2
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in [32]). Let
0
Z(S(jisvisui) ~PRM(vy @ v ® &)
i=1

be a Poisson random measure on ([—o0, o]\ {0}) x W x H, where v (-) is the measure defined
by (3.2). The following series representation holds in parallel to (3.5) after dropping a factor of

e e, is asin (3.4)):

[0}
Xy =) jih@i,ui ®s). s¢€H.
i=1

Note that rank(K) = d — p; see the proof of Proposition 3.1 in [4]. Assume p < d. Let U be a
d x p matrix whose columns form a basis of F and V be ad x (d — p) matrix whose columns
form a basis of K. Let

A= {y e R” : there exists A € RY"” such that [|[Uy + Vi|leo < 1},

which is a compact and convex set; see Lemma 5.1 in [33]. For all y € A, define Q, = {} €
R4=P : |Uy+ VAo < 1} and let V(y) be the g-dimensional volume of QOy.Lemma 5.1 in [33]

says that V : A — [0, 00) is a continuous map.
We also define a map g : ([—00, 00] \ {0}) x W x H — [—o0, oo]l=91¢-a1dl by

Yax,v,u) = {xh(v,u © T(W)}w|w<q>

where 77 is the projection on H as above and u © s := u @ s~ with s~! being the inverse of s in
(H, ®).

The rank p can be regarded as the effective dimension of the random field and it gives more
precise information on the rate of growth of the partial maxima than the actual dimension d.
More precisely, according to Theorem 5.4 in [35],

n P max |X,| =

{c&éa if {¢;):cF is a dissipative action,
[ltllco<n

0 if {¢;}:eF is a conservative action,

where cy is a positive constant depending on X and &, is as in (2.2).
However, even when {¢;};cr is dissipative and (4.2) holds, the point process sequence
Z” tlleo<n On—rrax, does not remain tight due to clustering of points owing to the longer memory

of the field. It so happens that the cluster sizes are of order n¢~7 and therefore the scaled point
process n?~4 Z\Itl\oosn 8,-n/a x, converges weakly to a random measure on [—00, 0o] \ {0}; see
Theorem 4.1 in [33]. To be precise

o0
n?=4 Z 8t Leb(Anry-1/ax, = Z ZV(Ei)‘Sjih(vi,u) asn — oo,
[t co<n ueH i=1

where > 72, 8. jiv) ~ PRM(Leb|a ® vy ® v). Therefore, we take a sequence y;, such that
nP/® [y, — 0asn — oo so that for all ¢ > 0 and X as defined in (3.6),

AL = pr—d Z 8(,1,1[,],”—1;(?) 4.4)

ltlloo<n

converges almost surely to @. With the notations introduced above, we have the following result.
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Theorem 4.1. Let {X;},.74 be a stationary symmetric a-stable random field generated by a
conservative action {¢;},cza and AL be as in (4.4) with
P’ Jyy — 0 asn — oo. 4.5)

Assume 1 < p < d, {¢:}ieF is dissipative and (4.2) holds. Then for all ¢ > 0, the HLS
convergence

K () = V—"pIP(AZ €)= k() asn— oo (4.6)
n

holds in the space Mo(M?), where kd is a measure on M4 defined by

() =1 (Leblp ® vy ® v)({(y,x, V) € A x ([—00, 00] \ {0}) x W :

/ Z SWy+Va, Yy (x.v.u) dA € })
0

Yy ueH

and satisfying kI (M4 \ B(@, €)) < oo forall ¢ > 0.
Proof. Since this proof is similar to the proof of Theorem 3.1 with ingredients from Roy [33],
we shall only sketch the main steps. For example, it can be verified that kd e Mo(M9) using the
same approach used in the proof of Lemma 3.3.

As before, fix Lipschitz functions g1, g2 € C;(Eq) and €], ¢ > 0. For all s € Z4 and
n > 1, define Cs, = [—nlyz,nlg] N (s + K). With the help of this notation, Ad can be
rewritten as A? = nP~4 D scH, 2ic Com On-11, %) Using the heuristics given before the

proof of Theorem 3.1, one can guess that the large deviation of A7 would be same as that of

00
AZ = npidz Z Z 8(n*1t,)/n_lWH(jianauiﬂaS))'

i=1seH, teCy,

Keeping this in mind, we define

o
79 = y—”pP(AZ € ) € Mo(M¥)

n
and follow the proof of Lemma 3.6 to establish that
nirr;o}Kg(thgz,él,éz) - /’Eg(Fgl,gzyél’Q)‘ =0, .7

where Fg, o, ¢, 18 asin (2.3).
Moreover, we define for all g > 0,

ye |:°° { @YY iy W G vi ui @5))—€1)
B (1= )

§ s€Hp teCs pn

i=

~q —
Kn (Fgy,00,61,62) = Py

Py gz(n—'z,y,:‘wH(j,-,vl-,u,-@n)—Ezu)H

X (1 —e seHp teCs,n

Assuming that g (r, y) = ga(t,y) = 0 for all y € (—n, n)!~91¢-914] and using (4.1) and an
argument parallel to the one used in establishing (3.19), it follows that

Y .
n—"pIP’(for more than one i, Z 8yn’1wn(ji,vi,ui€9s)(A’7) > l) — 0,
seH,
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from which we can establish a version of Lemma 3.4 in this set up and conclude
s g ~q _
nll>nolo |Kn (Fg|,g2,é1,€2) — Kn (Fgl,g2,6|,ez)| =0. (48)
In light of Proposition 2.1, (4.7), and (4.8), it is enough to prove that for all g > 0,
lim z"q(Fgl’é’zf],Ez) = KZ (Fg1.82.€1.62)- 4.9)

n—oo

We shall start with the special case when # is supported on W x Hr for some T > 1. For such a
function A, we have

) X —mPd ¥ ; g1V, Yy (x,v,50u)—€)) 1
~ _ _ s€Hy teCs.n
in (Fgr.g0.e1.0) = 7 /|x\>0/W eHX: {(1 N )
u n+T+q
P~ Y Y g, Y (x,v,.s0u)—€) 4
« (1 e seHp 1€Cs.n )]v(dv)vo,(dx),

from which, applying Lemma 5.1 in [33], (4.1) and the fact that g; and g5 are Lipschitz, it follows
that

. 1 e Y Y s (o) —ens
Kg(Fgl,ngl,fZ) = —/ / Z {(1 — ¢ zGBu,n tECu’n )
npb
|x|>0 WuEHn+T+q
—P Y Y el YR, —e)t
x(1—e e ) [pdvivet@n) + o),

where By, , = {z € Hry4 : z®u € H,}. The above equality and an argument similar to the one
used in establishing (5.17) of Roy [33] yield

> g1Uy+Va, ¥y (x,v,2))dr—e€r)+

q ~Uoy i
lim K (Fg,.e0.c1. ):l/ //{(1—6 z€Hr 1
aam Kn (Fgy.g5.61.62 o0 dw Ja

Uy T aWUytVivmep.o)de),
x (1—e sy )}dy V(dv) ve (dx).

This establishes (4.9) for & with support W x Hy for some T > 1. The proof of (4.9) in the general
case follows easily from the above by using a standard converging together technique (see the
proofs of (5.21) and (5.22) in [33]) based on the inequalities used to establish Lemma 3.6. This
completes the proof of Theorem 4.1. [J

Remark 4.2. It is possible to interpret Theorem 3.1 as a special case of Theorem 4.1 by setting
p=d,l=1,A=[-1,11% H=17 U = I (the identity matrix of order d), V = 0 along
with the convention that R = {0} so that Oy ={0}forall y € [-1, 119 and A is interpreted as
the counting measure on {0} (think of it as the zero-dimensional Lebesgue measure). However,
since the above proof does not honour these conventions, a separate proof had to be given for
Theorem 3.1. Same remark applies to the two parts of Theorem 5.1.

Example 4.3. In order to understand Theorem 3.1 and its notations, let us consider Example 6.1
in [33] and apply Theorem 4.1 to it. This means d = 2, S = R, u is the Lebesgue measure
and {@,.1,)} is a measure preserving conservative Z>-action on R defined by ¢, 1) (x) =
x + 1t — . Take any f € LY(R, n) and define a stationary SaS random field {X, 1)} as
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X(t1.1) A fR (qﬁ(tl ,2)(x)) M(dx), t;,to € 7Z, where M is an SaS random measure on R with
control measure . This representatlon of {X (.15} is of the form (2.1) with ¢(, 1,y = 1.

As computed in [33], in this case, K = {(f;,n) € Z* : 1 =}, p=d—p =1 =
H=F={w,0): uy €Z})andU = (1,007, V = (1, DT so that A = [-2, 2] and for all
y €[-2,2],

0. — {[—(1 +y). 11, yel-2,0),
Y [—1,1—y], y € [0, 2].

There is a standard Borel space (W, W) with a o-finite measure v on it such that (4.3) holds
for some h € L*(W x H,v ® {p), where ¢y is the counting measure on H, and M’ is a SaS
random measure on W x H with control measure v® (g . Note that for u, s € H withu = (uy, 0)
ands = (s1,0), u®s = (u1 +s1,0), and w (w1, wr) = (w1 —wo, 0). Therefore, in this example,
Y (x, v, (u1,0)) = {xh(v, (ug — i + w2, )} —g<w;,wr<q-

It was shown in [33] that n™ Zm al<n Sdn)—1/ax (1.y COBVETEES weakly to a random
element in the space of all Radon measures on [—00, 00] \ {0} We take a sequence y,, satisfying
n'/®/y, — 0 and apply Theorem 4.1 to conclude that the following HLS convergence holds in
Mo (M7):

Wpaf € ) = plg22)® e ® v( {6, 0 € 122,21 x (=00, 00l \ 0) x W -

/ D Sty Y v,y 0)) A € ])

Q,V u|€Z

q __ —1
where An = 17" 31 iy < l

— —1 .
n 1(’1>12)s Vn {X(tlfwl,tszz)}fqgwl,11)2§q)

The following corollary is a direct consequence of Theorem 4.1. Its proof is very similar to
that of Corollary 3.2 and hence is skipped.

Corollary 4.4. Let y > 0. Then as n — 00,
o
Yn ( max X; > yny) — ILeb(A)y™ | (sup ht (v, u))* + (sup A~ (v, u))*v(dv).
nP \ltlleos=n W ueH ueH
In particular, with T as defined in Corollary 3.2,

lim y" P(r < an) = APa"%ILeb(A) | (sup h™ (v, u))* + (sup h™ (v, u))*v(dv).

n—0oo W ueH ueH

5. Large deviation of the partial sum

In this section, we use our point process large deviation results to investigate the classical
large deviation behaviour for the partial sum sequence of stationary symmetric stable random
fields. As before, we consider two cases depending on whether the underlying group action is
dissipative or conservative. To fix the notations, let {X;},.7« be a stationary symmetric o-stable
random field as before and define the partial sum sequence

Sie= Y X, neN (5.1)
ltiloo=n

Using continuous mapping arguments from the results of Theorem 3.1 and Theorem 4.1,
respectively in [33], one can establish the following weak convergence results. If {X;},c7q is
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generated by a dissipative action as in Theorem 3.1 having representation (3.5) with kernel
function f € L*(W x Z4, v ® ) satisfying

/W (Z If (v, u)|> v(dv) < oo, (5.2)

ueZd

then n=4/%S, = CyZ,, where Zo ~ SaS(1) and

cy=2' [ ((Z fo, u>>+>a - ((Z f@, u))_>a v(dv). (53)

uezd ueZd

On the other hand, if {X;},.« is generated by a conservative action as in Theorem 4.1 with
he L*(W x H,v ® ¢g) satisfying

/ (Z |h<v,u>|> v(dv) < oo, (5.4)
w

ueH

then nP—4-rlag, — Civ.nZy, where

+ o
Clofv,h =1 (/A(V(Y))(X dy) X /W ((,,EZH h(v, u)) )

+ ((Zh(v,u)) ) v(dv). (5.5)
ueH

We do not present the proofs of the above statements because they will also follow from our
large deviation results; see Theorem 5.1 and Remark 5.2. Note that the normalization for weak
convergence of partial maxima and partial sum sequences are the same in the dissipative case but
not in the conservative case. This is because the longer memory results in huge clusters and this
causes the partial sum to grow faster than the maxima.

The following theorem deals with the classical large deviation issue of the partial sum
sequence S, under the assumptions of Theorems 3.1 and 4.1, respectively. In the context of
stationary Sa'S random fields, it is a novel result that can even handle very strong dependence
(i.e., the conservative case). The convergence used here is as in [15] with the space S = R and the
deleted point so = 0, i.e. Sg = R\{0}. This results in the space M (RR) of all Borel measures on
R\{0} that are finite outside any neighbourhood of 0. The convergence in My (R) implies vague
convergence in R\{0}; see Lemma 2.1. in [21].

Theorem 5.1. Let {X;};cz¢ be a stationary symmetric a-stable random field and S, be the
partial sum sequence as defined in (5.1). Then the following large deviation results hold.

(@) If {Xt}cpa is generated by a dissipative group action as in Theorem 3.1 having
representation (3.5) with kernel function f € L*(W x Z¢, v ® ¢) satisfying (5.2) and {y,}
satisfying (3.9), then

o
o By Sy € ) = Chua() asn — oo in My(R),
n

where Cy is as in (5.3) and vy is as in (3.2).
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(b) If {X:};cz4 is generated by a conservative action as in Theorem 4.1 withh € L*(W x H,v®
Cy) satisfying (5.4) and {y,} satisfying (4.5), then

o
() = LRGPy 1S, € ) > u() asn — o0 in My(R),
n
where u(-) = Cl"‘v pVa () with Cp oy as in (5.5) and vy as in (3.2).

The proof of this theorem is presented in the next subsection. For the point process large
deviation result, we gave the detailed proof of the dissipative case and sketched the proof in
the conservative case. In this case, we shall present the detailed proof of this theorem when the
underlying action is conservative. The other case will follow similarly.

Remark 5.2. (a) Let {X,},.7« be an SaS process. Then S, defined by (5.1) is an SaS random

variable as well. We denote its scaling parameter by o,. This means S, 4 0,2y with
Zy ~ SaS(1). If {y,}, {c,} are sequences of positive constants satisfying n*/y,, — 0 for
some k > 0, then the following equivalences hold for C > 0:

(i) #-0, - Casn — oo.
n

(i) ZP(c;!S, € ) = C%y(-) as n — 00 in My (R).
(iii) nl”én S, = CZy asn — 00.
Consequently, the large deviation behaviours in Theorem 5.1 imply the weak convergence
results presented in the beginning of this section, and vice versa.

b)If « € (0,1] and f € L*(W x Z,v ® ¢) then assumption (5.2) is satisfied. However,
for ¢ € (1,2) this is unfortunately not necessarily the case. To see this, let {X;};c7 be a
moving average process of the form X; = Z;:_oo Bi—jZj, t € Z, where (Z;) ez is an
i.i.d. sequence following an SaS(1) distribution witho > 1 and 8; = j77, j € N, for some
a !l < y < 1.Clearly, (5.2) is not satisfied since Z?io |Bj| = oo. Theorem 1 in [3] says that

p~Ve=ltvg — CZ, asn — oo for some C > 0. Hence, 0, ~ Cn'/2T1=7 A conclusion
of the equivalences in (a) is that for any sequence {y,} with nl/et1=v) /5 0asn — oo,
V;? —1 o .
nl-i-(l——)/)(xp(yn Sy € ) > C%yqy(-) asn — ooin Mp(R). (5.6)
We see that the scaling in the large deviation behaviour in Theorem 5.1(a) under assumption
(5.2) differs from the scaling in (5.6). Further examples for moving average processes with
Z;O:() |Bj| = oo whose scaling o, satisfies n~1/%g, — 00 can be found in [2,3,14,41].

5.1. Proof of Theorem 5.1

As discussed earlier, we will prove this theorem only for the conservative case (b). The
dissipative case (a) can be dealt with in a similar fashion.
We shall first prove Theorem 5.1(b) for & supported on W x Hr for some T > 1, and then use

a converging together argument. To this end, for all T € N, set i = hlw x p, and define X ,(T),
tn, T, u1 and C;p p, by replacing i by At in the definition of X, w,, u and Cj,y j, respectively.

Lemma 5.3. Let S, = Y., X{ ), n € N. Then

o
uD ) = Lpr=dy 15T ) — u () asn — 00 in Mo(R).
n
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Proof. Since the proof is very similarly to the proof of Theorem 6.1 in [17] we will give only a
short sketch. The idea is that for any 0 < € < 1, S, is divided into three parts

T T
SP= 3 X []1{|X,‘”|5e}+]l{e<|x,”)|5e—'}+]1{|Xf”\>e—l}]

[#lloo=n

— s 4 5O 4 5O,

In the following we investigate the second term. Define g : [—1, 1]¢ x [—o0, 00]\{0} — R with
8e(t, x) = X1{6<|x|§e—'}' Since

k) r(EeME(—1, 11 x {lx] =€ ore™'}) > 0)
<ILeb(4) Y ve ®v ({(x, v) € [—00, 00]\{0}) X W : [xh(v, u)| = € or e~ })

ueHr

=0,
the continuous-mapping theorem (see Lemma A.2 in [17]) and Theorem 4.1 give

Vi oo p— Vo
PSP € ) = (EP(ge(A7,) € )

npP

— ILeblp @ vy ® v({(y,x, v) € A x [—00, 0]\{0} x W :

V(y) Z Xh(, W)L xn.uyj<e-1y € })

ueHr

= 1)

as n — oo in My (R). Moreover, for any bounded continuous map g : R — R that vanishes in a
neighbourhood of 0, say (—n, n) for some 1 > 0, by dominated convergence the limit

/LET)(g) = A/]R\{O} /Wg <V()’) Z Xh(vv”)]l{e<|xh(v,u)fe—1}> v(dv)ve(dx)dy

ueHr

— / / / 8 (V(y) Z xh(v,u)) v(dv) ve(dx)dy = 1T (g)
AJR\(0} JW

ueHr

holds as ¢ — 0. Dominated convergence theorem can be applied in the above limit since V is
bounded (Lemma 5.1 in [33]) and we assume (5.4).

Finally, if we show that for any § > 0

)
> X

€l0 n
V0 o0 Il o<n

o
lim lim sup In <

> y,,nd_p5> =0, (5.7)

then Lemma 5.3 will follow step by step as in the proof of Theorem 6.1 in [17] by a converging
together argument.
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To prove Eq. (5.7), note that

y;lx (T) d—p
,Tpp< P R G
ltlo<n
_Vup 3 mis,mxM1 > yund=Ps
P eH, ' s XD 1< yne) Yn
S€lly

with m(s, n) = |[-nly, —nly] N (s + K)| for s € H. First, we would like to point out that if
N @ s) < T for some u € H, then it can easily be shown that N(s) — T < N(u) < N(s)+T.
Hence, we have the representation

x =f hy(v, u @ s) M (dv, du).
WXHN(SH—TOHX/

(s)-T
From this we see that for s;,sp € H with N(sy) + T < N(sp) — T the intersection
HX/(sz)—T N Hys)+7 1s empty so that XS(lT) and Xs(zT) are independent.
Letsy,sp € Handu € H with N(u @ s1) < T. Then

Nu®s) = N(s20s1) —Nudsi) =N(s20s51) —T. (5.8)
We define the positive finite constant
c=min{||[Ui + Vylloo : i € Z'\{0,}, y € R},

and ¢* = inf{z € N : 1/c < z} = [¢ . If sy == x; + U(c*QRT + )iy + j) € H and
s2 .= xx + U(c*Q2T + 1)ia + j) € H for some iy, iz, j € ZP, i1 # i, then

N(s2 ©51) = min{|ls2 — 51 + V|lec : v € K}
> QT + D" min{|Ui + Vylloo i € ZP\{0,}, y € RY}
= Q2T +1). (5.9)

A conclusion of (5.8) and (5.9) is that N (u@s7) > T+1and finally, X" = X\') |, or i o

and X S(ZT ) = xD (T +1)ip+j) A€ independent. In the following, we assume without loss of

xk+U(
generality that n + L is a multiple of ¢*(2T + 1) where L := max— . ; |lxk|lco and define

n' = m+ L)/(c*2T + 1)). This gives H, C [—nly, nl1,] and

,,,,,

i
H, C U{xk +UCQRT + i+ j): je[—c"T1,,c*T1,], i € [-n'1,,n'1,]}.
k=1

We define sy ; j == x; + U(c*QT + 1)i + j) fori, j € ZP, k € {1, ...,1}. Then H, C {s¢; ; :
kef{l,....l}, j € [-c*T1,,c*T1,], i € [-n'1,,n'1,]}. The independence of the sequence
(X ng l.).j )iezr for fixed j € ZP and k € {1, ..., [}, Markov’s inequality and Karamata’s Theorem
(cf. [28, eq. (2.5) on p. 36]) result in

% (
npP
2
m(s, n) 2 €40

T 1
< const. y,‘,"}P’(ng )| > y,,e)ezn—p Z PorE < const. € = 0.

seH),

> s, ”)Xgr)]l{\xi”mne}

seH,

> ynndp8>
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In the last inequality, we used (4.1) and Lemma 5.1 in [33], which says that m(s, n)/ nd=n ig
uniformly bounded. [J

In order to complete the converging together argument and establish Theorem 5.1(b) from
Lemma 5.3, we need one more lemma.

Lemma 54. S, — S,(,T) ~ SaS(or ) where

. . OT,n
lim lim sup
T>00 nsoo pa 2yd-p)

Proof. By the decomposition

Sp =S =" mis, mX, — X1
seH,

ot
WxHyqr WxH¢

n+T

] <Z m(s,n)h(v, u ® S)]l{N(uEBs)>T}> M'(dv, du),

seH,

the random variable S, — S,(,T) is Sa S with scale parameter

orn = (077, +05 )" (5.10)

where
o

Z m(s,mh(v,u ®s)| Linwes)>1)¢H (du)v(dv),

seH,

o —
01 T.n = /
WXHnJrT

o —
GZ,T,n _/
W><H+T

In the following, we will use that there exists a constant k¢ such that m (s, n)/ nd=p) < ko for all
s € Hand n € N (cf. [33, Lemma 5.1]) and |H,+7| ~ c(n 4+ T)? ~ cn? (cf. (4.1)). The first
term in (5.10) has the representation

o

> mls, M, u ® ) Lines)>1)| Cu(du)v(dv).

seH,

ol *
L,T.n m(S ”)
pprad—p) np/ 2 hv, u @ SIinwes)>1y| v(dv)
uEH,HT sEH,,
o
< const. "”'/ S b, I | vidv)
JjeH}
o
"% const./ 3 b I vdv) =30 (5.11)

JjEHS
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by dominated convergence and assumption (5.4). It is easy to check that, if « < 1, then
o
0-2,T,n <
nptad—p) —
ueH‘

const.
Z D 1, u @ ) Liyues>1)v(dv)

YeHn MEHL

m(s n) ¢
a [h(v, u ® )| LNwes)>T)| v(dv)

SEH,,

< const. f D Ik, HI*v(dv) =%,

jEH‘

by dominated convergence and h € LY(W x H, v ® ¢g). On the other hand, if 1 < o < 2, then

o

oy 1
2,T,n I
red—p) < const. / E E [A(v, j)I o

uEHL jeHy
> |h(v,u€9s)]l{N(u€BS)>T}| :
seH, U(dv)
> Jh(v, j)l
JjeH]
o
< const. / Z lh(v, )
JjeH;
S h(u, u® )| L nwes)>T)
uEHyy sHy (dv)
: v(dv
T SHTIC
JjeHy
o
< const./ Z |h(v, DI v(dv) Tzp0 )
JjeHy

by dominated convergence and assumption (5.4). To summarize

Uoz
lim limsup — =0
T—00 pooo nPted—p)

=0. (5.12)

D(

A conclusion of (5.10)—(5.12) is that lim7_, o lim sup,,_, ;=0 0O

np+a(d p

Now we are ready to prove Theorem 5.1(b). We have to show lim,,_, o 1, (g) = r(g) for any
bounded continuous map g : R — R that vanishes in a neighbourhood of 0; see Theorem 2.1
in [15]. As noted in the appendix of Hult and Samorodnitsky [17, p.33], we can further assume
that g is a Lipschitz function. For such a function g and any 6 > 0, | (g) — i, (g)| is bounded by

(@) — D (g) + ‘M(T) (g) —E (y" g(n?™ —lsm))‘

Vi p—d.,—1(T) Vi p—d. —1
+’E<(n—pg(” Yu Sn )—n—pg(” Va S ) Lpay =15, sD)og)
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Ya —d ,—1(T Y —d. , —1
" 'E ((n_npg(np Y S0 = LS ) s, 01
= IT,n,l + ]T,n,2 + IT,n,S + IT,n,4~

We shall show that limr_, s limsup,_, ., IT.n; = 0 for i = 1,2,3, which combined with
lims o lim7_, o limsup,,_, o, IT,n,4 = 0 will prove this theorem.

First, using dominated convergence and assumption (5.4), we obtain for any Borel B C
R\{0},

uD(B) "3 u(B). (5.13)

A consequence of Portmanteau-Theorem (Theorem 2.4 in [15]) is u'T) — pas T —
oo in Mp(R), and lim7_, o limsup, , ., I7,n,1 = 0. Moreover, Lemma 5.3 results in
limy_ oo limsup,,_, o IT.n2 = 0.

Next, for any § > 0, we have

123 —d. -
It = 20 gl 1Sy = S101 > 6).
Obviously, a conclusion of Lemma 5.4 is that §,, — S,ET) ~ SaS(or ) with y,,nd_paT_,ll — 00
if nP/* /y, — 0 and hence

o o

(o
lim 2 P@P=dy-11s, — ST > §) = lim —L"

n—o0o pp n—oo pPtald—p) P(lzﬂtl > 8) = 0,

where Z, ~ SaS(1). Therefore, lim7_,  limsup,_, o I7.,3 = 0.

Let n» > O such that g(x) = 0 for x € (—n,n). Suppose that § < n/2. If either
1gmP~y=IS)l > 0 or |gmP~dy~1S) > 0, we have n7~9y 1S > 52 on
{nP=dy =118, — S| < 8}. This results in

Va —d. -
Irpa < sup |g(x) — gIZEP@P =y, S > n/2).
lx—y|<s nb
Using Lemma 5.3, (5.13) and the fact that g is a Lipschitz function, it follows finally that
lims o lim7_, o lim sup,,_, o, I7,4,4 = 0. This proves Theorem 5.1(b).
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