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Abstract

An important family of stochastic processes arising in many areas of applied probability is the class of
Lévy processes. Generally, such processes are not simulatable especially for those with infinite activity. In
practice, it is common to approximate them by truncating the jumps at some cut-off size ¢ (¢ \ 0). This
procedure leads us to consider a simulatable compound Poisson process. This paper first introduces, for this
setting, the statistical Romberg method to improve the complexity of the classical Monte Carlo method.
Roughly speaking, we use many sample paths with a coarse cut-off eB, B € (0, 1), and few additional
sample paths with a fine cut-off ¢. Central limit theorems of Lindeberg—Feller type for both Monte Carlo
and statistical Romberg method for the inferred errors depending on the parameter ¢ are proved with explicit
formulas for the limit variances. This leads to an accurate description of the optimal choice of parameters.
Afterwards, the authors propose a stochastic approximation method in order to find the optimal measure
change by Esscher transform for Lévy processes with Monte Carlo and statistical Romberg importance
sampling variance reduction. Furthermore, we develop new adaptive Monte Carlo and statistical Romberg
algorithms and prove the associated central limit theorems. Finally, numerical simulations are processed to
illustrate the efficiency of the adaptive statistical Romberg method that reduces at the same time the variance
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and the computational effort associated to the effective computation of option prices when the underlying
asset process follows an exponential pure jump CGMY model.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Lévy processes arise in many areas of applied probability and specially in mathematical
finance, where they become very fashionable since they can describe the observed reality of
financial markets in a more accurate way than models based on Brownian motion (see e.g. Cont
and Tankov [10] and Schoutens [32]). In particular in the pricing of financial securities we
are interested in the computation of the real quantity EF(L7), T > 0, where (L;)o<;<T is a
R¢-valued pure jump Lévy process, d > 1 and F : RY — R is a given function. In the literature,
the computation of this quantity may be carried out using three different methods: Fourier
transform methods, numerical methods for partial integro-differential equations and Monte Carlo
methods. It is well known that the two first methods cannot cope with high dimensional problems.
This gives a competitive edge for Monte Carlo methods in this setting. Therefore, the focus of
this work is to study improved Monte Carlo methods using the statistical Romberg algorithm and
the importance sampling technique. The statistical Romberg method is known for reducing the
time complexity and the importance sampling technique is aimed at reducing the variance.

The Monte Carlo method consists of two steps. In the first step, we approximate the Lévy
process (L;)o<;<r by a simulatable Lévy process (L{)o<;<7 With ¢ > 0. If v denotes the Lévy
measure of the Lévy process under consideration, then it is common to take (L?)o<;<7 Wwith
Lévy measure vj(x|>¢) and & ~( 0. This approximation is nothing but a compound Poisson
process. In the second step, we approximate E F (L%.) by % ZIN=1 F(L% ), where (L7 )1<i<n
is a sample of N independent copies of L7.. Therefore, this Monte Carlo method (MC) is affected
respectively by an approximation error and a statistical error:

1 N
E(e) =E(F(Ly) — F(Ly)) and &(N) = ¥ Z F(L%;) —EF(L7).

i=1

On one hand, for a Lipschitz function F' we have £;(¢) = O (o (¢)), where o2(¢) =E|L; — L 2
(see relation (6) for more details). On the other hand, the statistical error is controlled by the
central limit theorem with order 1/+/N. Hence, optimizing the choice of the sample size N in the
Monte Carlo method leads to N = O(o~2(¢)). Moreover, if we choose N = o ~2(¢) we prove
a central limit theorem of Lindeberg—Feller type (see Theorem 3.1). Therefore, if we denote by
KC(e) the cost of a single simulation of L%, then the mean total cost necessary to achieve the
precision o (¢) is given by Cyrc = O(K(e)o ~2(¢)) (see Section 3.3).

In order to improve the performance of this method we use the idea of the statistical Romberg
method introduced by Kebaier [22] in the setting of Euler Monte Carlo methods for stochastic
differential equations driven by a standard Brownian Motion which is also related to the well
known Romberg’s method introduced by Talay and Tubaro in [33]. Inspired by this technique,
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we introduce a novel method for the computation of our initial target. The main idea of this new
method is to consider two cut-off sizes ¢ and ?, 8 € (0, 1) and then approximate EF (L) by

—ZF(L‘}ﬂl)+ ZF(L ) — F(LE).

The samples (L*’T,i)lfiSNz and (LgTﬁi)lil'SNz have to be independent of (IZETJ.)ISiSNI . Moreover,
for1 < i < Nj, the process (L‘E Jo<t<7 is nothing else the sum of (Lgﬁ)o<,<T and an

independent Lévy process (L )0<,<T with Lévy measure V(e <|x|<ef) which is also simulatable
as a compound Poisson process This new method will be referred as the statistical Romberg
method (SR). Additionally, like for the MC method, we prove a central limit theorem of
Lindeberg—Feller type for the SR algorithm with N; = o 2(¢) and Ny = 0 2(e)o%(eP) (see
Theorem 3.2). Then, according to Section 3.3, the total time complexity necessary to achieve
the precision o (¢) is given by Csg = (K(sﬂ) + K(e)oz(eﬂ))a’z(s). It turns out that the
complexity ratio Csr/Cpc vanishes as & goes to zero.

Since the efficiency of the Monte Carlo simulation considerably depends on the smallness
of the variance in the estimation, many variance reduction techniques were developed in the
recent years. Among these methods appears the technique of importance sampling very popular
for its efficiency. For the Gaussian setting, the importance sampling technique was studied
by Arouna [2], Glasserman, Heidelberger and Shahabuddin [19] for MC method and by Ben
Alaya, Hajji and Kebaier [4] for SR method. Concerning Lévy processes without a Brownian
component, Kawai [21] has already applied this technique for MC algorithm using the Esscher
transform which is nothing but the well known exponential tilting of laws. From a practical point
of view, his approach is exploitable only when the Lévy process (L;)o<;<r is simulatable without
any approximation. Note also that in his study there is no result on the rate of convergence
of the obtained algorithm. Furthermore, we can cite the recent works of Dereich and Li [11],
Giles and Xia [34,35] and Abdulle, Blumenthal and Buckwar [1] on the Multilevel Monte Carlo
method and references there. All these papers apply this method to Lévy processes. In [11], the
authors consider a one-dimensional stochastic differential equation driven by a Lévy process
dX; = a(X,)dL;, for t > 0 and obtain a central limit theorem on the associated Multilevel
Monte Carlo method combined with their proposed approximation scheme, see Theorem 1.6
n [11]. The limit variance in this result is zero when the coefficient « is a constant function. So,
their result is not optimal when (X;);>¢ is itself a Lévy process and another study is needed to
obtain the appropriate rate of converge. This is the aim of our Theorem 3.2. The three other papers
are rather interested in the study of the mean square error as in the original work of Giles [18]
and on the numerical performance of the Multilevel Monte Carlo method in the setting of Lévy
processes. Elsewhere, there is no importance sampling approach in the algorithms proposed
by [1,11,34,35].

The main aim of the present work is to apply the idea of [21] to the approximation Lévy
process (L?)o<;<7 for both MC and SR algorithms and to study the inferred error in terms of
the cut-off ¢; a question which has not been addressed in previous research. Roughly speaking,
thanks to the Esscher transform we produce a parametric transformation such that for all § € K
we have IEF(L ) = EG(@, L% 7), where K is a suitable subset of R4 and (0, x) — G, x)
is a real functlon taking values in RY x R4, Concermng the MC method it looks natural
to implement the method with 0, = arg ming, «EG?@, L¢ 7). However, for the SR method

the inferred error is controlled by Var(G (9, LS 7)) + TE(IV.G(, L¢ )| ). Then, in this case,
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it is natural to implement the first (resp. the second) empirical mean appearing in the SR
estimator with 91’" . (resp. 9;’ = argming g E(|V,G(®, L} )| )). But what about the effective
computation of (Gi”fs)ie{l ,21? To answer this question, we use a constrained version of the well-
known stochastic approximation Robbins—Monro. All these ideas led us to introduce two new
methods based on adaptive approximations. The first method concerns a combination of an
adaptive importance sampling technique and the MC method that will be called Importance
Sampling Monte Carlo method (ISMC) (see relation (24)). The second one concerns an original
combination of an adaptive importance sampling technique with the SR algorithm that will be
referred as Importance Sampling Statistical Romberg method (ISSR) (see relation (28)). The
main point in favor of the ISSR method is that it inherits the variance reduction from the
Importance sampling procedure and the complexity reduction from the SR method. A complexity
analysis is also provided.

From a technical point of view, in this paper we deal with a pure jump Lévy process, so
many specific problems related to the nature of jumps appear and we need new techniques
completely different from the continuous Brownian diffusion case as in [4,5,22]. Unlike the
Brownian motion, Lévy processes may not have finite exponential moments. This issue makes
the study of the error terms quite complicated especially when we combine the Monte Carlo or
the statistical Romberg method with the importance sampling procedure.

The rest of the paper is organized as follows. Section 2 introduces the general framework and
recalls some useful results. In Section 3, the central limit theorems of Lindeberg—Feller type are
proved for both MC and SR methods (see Theorems 3.1 and 3.2). Similar results are derived for
the setting of an exponential Lévy model (see Corollaries 3.1 and 3.2). A complexity analysis is
included. In Section 4, we recall the Esscher transform and the principle of importance sampling
technique for the SR method. For i € {1, 2} and ¢ \( 0, we prove the convergence of the optimal
choice 6* to the optimal choice associated to the limit model (see Theorem 4.1). In Section 5,
we first study, fori € {1, 2}, the almost sure convergence of the stochastic recursive constrained
Robbins—Monro algorithm given by the double indexed sequence 6; ., as ¢ \( O and n /* o0
(see Theorems 5.1 and 5.2 and Corollary 5.1). The rest of this section is devoted to prove the
central limit theorems of Lindeberg—Feller type for both adaptive ISMC and ISSR methods (see
Theorems 5.3 and 5.4). Section 6 illustrates the superiority of the ISSR method over all the other
ones via numerical examples for both one and two-dimensional Carr, Geman, Madan and Yor
(CGMY) process [8]. Finally, the last section is devoted to discuss some future openings.

2. General framework

We denote by (2, F, P) our underlying probability space. A stochastic process (L;);>0 on
(2, F,P) with values in RY such that Ly = 0 is a Lévy process if it has independent and
stationary increments. We endow the probability space ({2, F, P) with the canonical filtration
(Fr)o<t<r where F; = o(Ls,s < t). The characteristic function of a Lévy process L with
generating triplet (y, A, v) is given by the well known Lévy—Khintchine representation

Ee'*Lt = exp {t (iy.u - Eu.Au +/ e"r —1- iu.x1x|51)v(dx))} , uelR?,
R4

where y € RY, A is a symmetric non-negative-definite d x d matrix and v is a Lévy measure on
R \ {0} verifying fRd\{O}(|x|2 A Dv(dx) < oo. (Given vectors x and y € R?, x.y denotes the
inner product of x and y associated to the Euclidean norm | - |). In this paper, we are interested in
studying pure-jump Lévy processes, that is, we set A = 0 throughout all the paper. Then, (L;);>0
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is a Lévy process with generating triplet (y, 0, v). The simulation of a Lévy process with infinite
Lévy measure is not straightforward. From the Lévy—It6 decomposition (see e.g. Theorem 19.2
in Sato [31]), we know that L can be represented as a sum of a compound Poisson process and
an almost sure limit of compensated compound Poisson process L; = lim,_o L} a.s. where for
O0<e<l1

Lf =yt + Z ALSI‘Abe] + ( Z AL318<|ALX|51 —I/ xv(dx)) y
e<|x|<1

O<s<t O<s<t

t>0. ()

Note that without the compensation ¢ f€<|x‘<l xv(dx), the sum of jumps ZO<x§t AL, AL <1
may not converge as £ goes to zero. We denote the approximation error by

RE=L—L°. 2)

The process R is also a Lévy process independent of L? with characteristic function
Ee'“Ri = exp {z / (e"r —1— iu.x)v(dx)} .
|x|=<e
Consequently, E[R{] = 0 and the variance—covariance matrix E[R? (R?)'] = t X, where
Y, = / xx'v(dx).
Ix|=<e

(Here, we denote A’ the transpose of a given matrix A). The asymptotic behavior of the
distribution of R? is firstly studied by Asmussen and Rosiriski [3] in the one-dimensional case
and later extended to the multidimensional case by Cohen and Rosifiski [9]. Throughout this
paper W = (W;);>0 is a standard Brownian motion in R4 independent of (L;);>0.

Theorem 2.1. Assume that the matrix X, defined above, is invertible for every ¢ € (0, 1]. Then,
ase —> 0,

STV2RE = w,
if and only if for each k > 0

lim (571, x) g <ev(dx) = 0. 3)

=0 (E{lx,x>>k

Here “= " stands for the convergence in distribution.

If v is given in polar coordinates by v(dr,du) = p(dr|lu)i(du), r > 0, u € §9=1 where
{n(-lu) : u € S471} is a measurable family of Lévy measures on (0, 0o) and  is a finite measure
on the unit sphere S, then

I3
X = / / r2uu w(dr|u)r(du).
sa-1 Jo
If we define 0% (g, u) := [; r>u(dr|u) and 6%(e) = [ga_1 0*(e, u)A(du), then

E|L, — Lf)? = tTr(Z;) = to(e). 4)
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Remark. In the one-dimensional case Asmussen and Rosifiski [3] have obtained the conver-
gence of o ~1(¢) R? to a standard Brownian motion if and only if foreach k > 0, o (ko (¢) Ag) ~
o (¢) which is satisfied as soon as lim,_, ¢ ‘72—5) = oo (see Theorem 2.1 and Proposition 2.1 in [3]).
An extension of this condition to the multidimensional case is given by Theorem 2.5 in Cohen
and Rosiniski [9]. Suppose that the support of the measure A is not contained in any proper linear

subspace of R?, they proved that if

o(e, u)

lim =00,A —a.e. (@)
e—0 &
then X, is invertible and condition (3) of Theorem 2.1 holds.

The CGMY process. One example of Lévy process that satisfies our forthcoming theoretical
assumptions and on which we carry out our numerical tests in Section 6 is the CGMY process.
This real-valued pure jump process has for generating triplet (0, 0, v) with

—Mx CefG\xl

Ce
v(dx) = Wlpodx + W

where C >0,G >0,M >0, and0 < Y < 2.

1, <odx,

In this case o2(¢) = O(e>7Y). So lirr}) @ = oo and according to the above remark, The-
E—>

orem 2.1 applies. In the multidimensional setting, we consider the d-dimensional independent
CGMY processes, so that

d
v(dxy, ..., dxg) = ZSO(dﬁﬂ) .. So(dxi—1)vi(dx;)So(dxiy1) ... So(dxq)
i=1

where fori € {1,...,d} v; is the Lévy measure of a one-dimensional CGMY process with pa-
rameters C; > 0, G; > 0, M; > 0, and O < Y; < 2. For this multidimensional setting, we
have %, = Diag(o?(¢), ...,07(¢)) where fori € {1,...,d}, 0?(e) = Ji x?v; (dx;) which

is of order £2~Yi. Meanwhile, condition (3) reduces to lim,_. Z;jzl f{ﬁﬂl_ () ne<|xi|<e} al._z(s)
xizvi (dx;) = 0, which is satisfied as we have lir% U’T(S) = 00 (see the above remark) and then
E—>

the result of Theorem 2.1 holds. Another way to obtain this result is to apply Theorem 2.1 and
Proposition 2.1 in [3] for each component of the d-dimensional CGMY process using the inde-
pendence structure.

xi|<e

On the other hand, according to Proposition 2.1 of Dia [12], we have a L?-upper bound of
the error approximation in the one-dimensional case for any real ¢ > 0. This result on the strong
error approximation remains valid for the multidimensional case. More precisely, if we consider
the d-dimensional error Lévy process R® given by relation (2), then we can easily deduce that

E|R;|? < Ky 1oo(e)?, where K, 7 > 0and og(e) =0 (e) Ve. (SE)

Concerning the weak error, if F denotes a real valued Lipschitz continuous function with
Lipschitz constant C > 0, then it is easy to see that

[EF(Lt) — EF(L;)| < CVTo (e). (6)

Moreover, under some regularity conditions on the function F we obtain an expansion of the
weak error. This result extends Proposition 2.2 of [12] to the multidimensional setting.
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Proposition 2.1. 1. Let F : R — R be a €' function satisfying E|VF(L%)| < oo. If there

exists p > 1 such that sup, 1]EP ‘VF(LS +60R7) — VF(L] )|p is finite and integrable
with respect to 6 € [0, 1], then

EF(Lt) —EF(L%) = o(op(¢)).

2. Let F : RY — R be a €2 function satisfying E|VF(L )| < oco. Assume that there exists a
definite positive matrix X' such that hmg%oa 2(e) X, = X. If there exists p > 1 such that
SUPgc(0,1] E|Hess(F(L%))|? and SUPgc(0,1] ]EP |Hess(F(L£ +6R%)) — Hess(F (LS ))|p are
finite and integrable Wlth respect to 6 € [0, 1], then

To2(e)

E(F(Lt) — F(LY)) = Tr (SE [Hess(F(L1))]) + 0(0 ().

Proof. For the first assertion, we use Taylor’s expansion for order one to get
1
F(Lt)— F(L}) =VF(L%).R} +f (VF(L*: +60R7) — VF(L] )) R7 db.
Thanks to the independence between L. and R}, the expectation of the first term in the right hand
side of the above equality is equal zero. For 1 < p’ < p, by Holder’s inequality and assumption

(SE) there exists C > 0 such that

1
E|(VF(LG +0RS) — VF(LY)).Ry| < Coo(@)EV

+6R%) — VF(L§ )|P

Since, R% converges almost surely to zero as ¢ tends to zero, we obtain the desired result
using our uniform integrability assumption. Concerning the second assertion, we use Taylor’s
expansion for order two to get

E(F(Ly) — F(L%)) =E(VF(L%).RS) + E(Rg Hess(F(L5))R%)

+E (f (1 -6)R7. [Hess(F(Lg +60R7)) — Hess(F (L] ))] R d9) @)
Using once again the independence between L% and R, the first term in the right hand side of
the above relation is equal to zero and

E (R§.Hess(F(L5))R}) = Tr (E [R5 (R})'| E [Hess(F(L5))])
=TTr (E E[Hess(F(L ))])

Now, as limy_,¢ 0 2(¢) X, = ¥ and SUPg(0,1] E[Hess(F (L%))|? < oo we deduce that
Tr (2:E [Hess(F(L5))]) = o%(e)Tr (SE [Hess(F(L1))]) + 0(a3 ().

Similarly to the proof of the first assertion, we use our uniform integrability assumption to obtain
that the remaining term in (7) is of order 0(00 (¢)). This completes the proof. [

The above result illustrates some relation existing between the regularity of F' and the rate
of the weak convergence. In fact, if F' has bounded derivatives or F is an exponential element-
wise function with a Lévy process having finite exponential moments, then the conditions on the
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above proposition involving the function F are satisfied. So, it is worth introducing the following
assumption: there exist Cr € R and v, N\ 0 as ¢ N\ 0 such that

v '(EF (L) —EF(LT)) = Cr ase \ 0. (WE,,)

Remark. According to the above proposition, in the first case one can chose v, = op(e) and
Cr = 0 and in the second case v, = o2(¢) and Cp = %Tr(EIE [Hess(F (L7))]). Never-
theless, if F is only a Lipschitz-continuous function, then thanks to relation (6), we can take
ve = ol7(e), n € (0,1), and Cr = 0. Note also that condition lim,_¢ o)y, = %
is satisfied for the d-dimensional CGMY process introduced in Section 2 provided that for all
ie{l,....,d}, Y, =Y €(0,2).

3. Statistical Romberg method and Lévy process

In this section, we establish two central limit theorems of Lindeberg—Feller type, for the
inferred errors associated to MC and SR algorithms, in terms of the cut-off ¢. Similar results
are derived for the setting of an exponential Lévy model. We also provide a complexity analysis
for both algorithms. In the sequel, for x € R we denote by |x] the biggest integer less or equal
than x.

3.1. Central limit theorem for the MC method

Theorem 3.1. Ler F : R?Y — R be a continuous function satisfying assumption (WE,,). If
SUPg.e<) E [FZ“(LST)] < 400 fora > 1, then for N = |_U€_2J we have

1 N
v ! (ﬁ SRy ) - IEF(LT)> L N(Cr. Var(F(L7)))  ase \ 0. ®)
i=1
Proof. At first, we write the total error as follows
1 & 1 &
~ Z F(L; ;) —EF(Ly) = ~ Z F(L} ) —EF(L}) + (EF(L}) — EF(L7)).
i=1 i=1

Assumption (WE,, ) ensures that lim,_,o v, IR (F (LST) - F (LT)) = CF. Concerning the first
term on the right hand side of the above relation, as N depends on ¢ we plan to apply the
Lindeberg—Feller central limit theorem for independent random variables (see e.g. [6]). In order

—1

to do that, we set X; o := UFT (F(LET D= EF(L?)), and we split the proof into two steps.

Step 1. First, we easily check that Z,N: 1 IE(XZ.2 ) 20 Var(F(L%)). Then, by the almost sure
e~

convergence of Lf towards Lr, the continuity of function F and the uniform integrability
condition given by supy_,<; E [FZ“ (L"})] < 400, we obtain

N
lim Z E(X?,) = lim Var(F(L%)) = Var(F(L7)). 9)
e—0 = ’ e—>0
Step 2. Concerning the Lyapunov condition, for 1 < a < a, we have

E [|X,~,g|2’1] ~ v VE[F(Ly) - EF (L5 .
: £—

N
i=
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Once again by the same arguments used in the previous step we prove the convergence of

E|F (L) —EF(L5)|* towards E|F(L7) — EF (L7)|* as & tends to zero. Since vz @ ™" — 0,

e—0
we obtain
N ~
I IE[X 2“]:0. 10
g%; | Xi e (10)

By (9) and (10), we obtain thanks to the Lindeberg—Feller central limit theorem for independent
random variables the desired convergence in law. [

In the corollary below, we will treat the special case where F(x) = f(e*!,...,e*) for all
x = (x1,...,xq) € R4 and f: R‘j_ — R is a Lipschitz continuous function. In finance this
model is well known as an exponential Lévy model.

Corollary 3.1. Assume that flz|>1 e?¥2ly(dz) is finite for a > 1. Then, in the setting of an
exponential Lévy model there is C > 0 such that ’EF(LT) — EF(LgT)’ < Co(e). Moreover,
if we choose N = |0~ 21 (e) |, with 0 < n < 2, then

N
o= 1H12(g) <% SRy - EF(LT)> £ N, Var(F(L1))) ase \ 0. (11)
i=1

It is worth noticing that this corollary ensures that Theorem 3.1 assumptions are satisfied for a
large class of functions with any Lévy process satisfying f‘ -1 e?2ly(dz) < 00, a > 1. For the
d-dimensional CGMY process introduced in Section 2, this condition is equivalent to choose for
alli € {1,...,d}M; > 2 and G; > 2. Furthermore, this condition is obviously satisfied for any
Lévy measure v with a compact support or even with sufficiently decreasing behavior like it is
the case for the Gaussian measure.

Proof. We denote by e* the exponential function element-wise of the vector x = (x1,...,xq) €
RY, & = (e%,...,€e%). Let C r denote the Lipschitz constant of function f, since LlT and
(Lt — LlT, L5 — LlT) are independent we obtain by standard calculations

IEF(L7) — EF(LS)| < C Rel“t R | Ly — L8| (el =17l 4 elEr=Lrl)
< Cro@Beltt (|lelbr=H ], 4+ [elFr=HH] ).

Now, on the one hand thanks to Theorem 25.3 in [31], the assumption f|z|>1 e22ly(dz) < 400

ensures the finiteness of EelZ7|. On the other hand by virtue of Lemmas 25.6 and 25.7 in
Sato [31] we have the boundedness of ||e|LT—L1T‘ ||2 Concerning the term He‘LET_LlT| ||2, we have

el < ]_[‘;zl(exf + e7¥7), this last upper bound can be written as a sum of finite number of
exponential functions evaluated at points which are a linear combination of the components of
the vector x. Therefore, there exists a family of R¢-valued vectors, (b j)1<j<pd such that

2d
”e\L%—L‘ﬂ”; < Zexp {Tf
j=1 €

Note that the finiteness of the above upper bound is once again ensured by Lemmas 25.6 and
25.7 in Sato [31]. So, it follows that supy_,; |e!27 27! |, is finite. Now, thanks to the linear

(ebi* —1 —bj.x)v(dx)}.

<lx|=1
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growth of f and using the same arguments as above we check in the same manner the property
supg_,<; E[F?(L5)] < +oo. Hence, if we choose v; = ! ~/2(¢) then Theorem 3.1 applies
and this completes the proof. [

3.2. Central limit theorem for the SR method

We use the SR method to approximate E[F (L1)] by

N

1 Ni A B 1 e B
Oc =3 L P+ 5 0 (Ftep - Fagy).

i=1

Theorem 3.2. Let F : RY — R be a €' function satisfying assumption (WE,,) and such

that supy_,-; EF?(L%) and supy_, -, E|o =" (e)(F(L%) — F(LT))\Z“ are finite, for a > 1.
Moreover, assume that

H1. Condition (3) in Theorem 2.1 holds and there exists a definite positive matrix X' such that
limp o0 2(e) 2, = X.
H2. For 0 < B8 < 1, we have lim_,¢ 0(8)6’1(8'3) = 0 and limy_ ¢ veo L (e#) = 0.

If we choose N1 = ngzj and Ny = ngzaz(sﬂ)J, then

vl (0. —EF(L1) & /\/(Cp, Var(F(L7)) + TIE(VF(LT).EVF(LT))), as £ \, 0.

Proof. At first we write the total error as Q, — EF(L7) = Qé + Qg +EF(LY) —EF(Lt),
with

N
I h L peh s
0! = N > F(Ly ) —EF(Ly) and
i=1

2 1 & e ef ¢ e
02 = E Z F(L7;) — F(Ly ) —E [F(LT) — F(Ly )] .
i=1

So, assumption (WE,,) yields the convergence of v, 1 (]EF (L*?T) —EF (LT)) towards Cr as ¢
goes to zero and following step by step the proof of Theorem 3.1 the convergence in law of
v, 1 Q; to the normal distribution N (0, Var(F(Lt))) is easily obtained. Concerning the term
Q?, we plan to use the Lindeberg—Feller central limit theorem for independent random variables

—1
(see e.g. [6]). We set Xi.c = % (F(LG) = F(LE) — (EF(Lg) — EF(LY)) ) and we split
the proof into two steps.
Step 1. It is straightforward that Zlszl IE(X%S) 8300_2(8’3)Var(F(L8T) - F(L‘ST/S)). Now
applying Taylor—Young’s expansion to the real valued %! function F we get

F(LS) — F(LE) = VE(LE).(LE — L) + (L5 — L) .e(Ls — LE),
where €(L5 — L‘}ﬂ) 2% 0as e — 0. Now, by applying twice Theorem 2.1 to L} — L7 and

Ly — L"ETAg and thanks to assumption H2 we obtain o ~! (g#) (L"ET - L"ETﬂ) % Y12Wy . Since LETﬂ
E—>
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is independent from L& — L& and VF (L) ;6 VF(L7), we obtain

o1& (F(L*;) — F(L‘}ﬂ)) ig VE(Ly). 52 Wry. (12)

For the second term, using the tightness of o ! (sﬂ)(LgT — LsTﬂ) we deduce that o ~! (sﬂ)(LgT -
LSTﬁ)e(LgT — LgTﬁ) :—'_})O. Thanks to the inequality |x + y|>¢ < 22¢71(|x|?* + |y|?%), for any

_ 2 . _
x,y € R, we getsupy_,; E|o 7" (e)(F(LS) — F(L1))|™ < 400 and lim,_. o ()0 ! (eP) =

0 we deduce the uniform integrability of o 2P| F (L%) - F (LST/S)|2. Therefore, we obtain the
first condition needed to apply the Lindeberg—Feller central limit theorem

N>
lin%Z]E(Xi,s)z = Var(VF(L7).2'?Wr) = TE(VF(L7).EVF(LT)).
£— i=1
Step 2. For the Lyapunov condition, let 1 < a’ < a, we get by standard evaluations

3 ! ! / 24d’
Y EIX P < Cod@ Vo2 D AR o @) (L) — FILE )|
i=1

with C > 0.

Once again we use the convergence in distribution given by relation (12) and the uniform

2a
integrability property supy_,; E ’o_l(sﬂ)(F(LsT) — F(L*}ﬁ))’ < +o00 to deduce the con-

—1(.B £y _ &P 2! 1/2 2" _. .
vergence of E |0~ !(e#)(F (L) — F(L%))|  towards E|VF(L7).X'>Wy|™ . Finally, since

lim,_, 0 vso 1 (¢?) = 0, we conclude that lim,_, Zf\gl E|X,<,g|2“/ = 0 with @’ > 1. This gives
the asymptotic normality of Qg and completes the proof. [J

Now, we get back to the exponential Lévy model setting introduced before Corollary 3.1
where F(x) = f(e*,...,e") for a given € 1 Lipschitz continuous function f. Our aim is to
deduce in this setting a central limit theorem for SR method.

Corollary 3.2. Assume that flz|>1 e**2ly(dz) is finite for a > 1. In the setting of an exponential
Lévy model there is C > 0 such that |EF(LT) — EF(L‘ET)| < Ca (g). Moreover, assume that for
0 < B < 1 there exists 0 < n < 2 such that limy_,00'="2(e)o "1 (e#) = 0, o (¢) > ¢ for all
0 < ¢ < 1 and condition H1 of Theorem 3.2 is satisfied. Then, if we choose N1 = |_U_2+'7 ©)]
and Ny = |0~ 2T(¢)a2(eP) | we obtain

o2 (0, —EF (L)) £ N(o, Var(F (L7)) + TIE(VF(LT).ZVF(LT))),
as e \ 0.

Note that, this corollary gives a large class of functions for which assumptions involving F
in Theorem 3.2 are satisfied. In addition, for these functions condition H?2 is equivalent to check
lime—go'="2(e)o =1 (eP) = 0 since v, = o!~"/%(¢). For the d-dimensional CGMY process
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condition H'1 is already checked when Y; =Y € (0,2),i € {1, ..., d}, see Section 2. Further,
as mentioned after Corollary 3.1, we need to choose M; > 2 and G; > 2,i € {1, ..., d}. Finally,
condition lim;_.0 o !="2(g)o~1(¢#) = 0 is satisfied as soon as n < 2(1 —p).

Proof. According to Theorem 3.2 and Corollary 3.1 we only need to check that assumption
SUpg <1 E |0’1(8)(F(L5T) - F(LT))|2a < oo is satisfied. Since f is Lipschitz it is sufficient

2a
Lt To do so, we use the independence of LIT and the

to find an upper bound for E ‘eLST —e

couple (LT — LlT, L% — LIT) and Cauchy—Schwarz’s inequality to get

2a
E ’eLgT — el

< B 1Ly — L5 P (e Ibr =t + et )

By the same arguments given in the proof of Corollary 3.1 we have the finiteness of
1 1 3 1 .. .

REe?*ILr!, ||62”|LT_LT| ||2 and supy_, ||€2a|L€T_LT‘ ||2 Combining all these results together with

assumption (SE) we deduce the existence of a constant C > 0 not depending on ¢ such that

-1 £y _ 2a —2a 2a
Elo~ @) (F(Ls) = FLp)| " = Co ™ @)af" o).

This completes the proof since op(¢) = o(¢),for0 <e < 1. O
3.3. Complexity analysis

Thanks to the above limit results we are able now to provide a complexity analysis for both
MC and SR algorithm. To keep things simple, we consider the particular case d = 1, v, = o (¢)
and we assume that the measure v has a density of the form L(x)/|x|¥ ! for a small x, where
L(x) is a slowly varying as x — 0 and Y € (0, 2). Observe that the positive (resp. negative)
part of the approximation (L?)o<;<7 is essentially a compound Poisson process with intensity
v([e, +00)) (resp. v((—oo, —&])). Then, the cost necessary of a single simulation is random, with
expectation of order K(¢) = v(|x| > ¢). Hence, according to Theorem 3.1 the time complexity
of the MC method necessary to achieve a total error of order o (¢) is random with expectation of
order

Cyc = K(e)N :OIC(s)a—2(s).

In the same way, thanks to Theorem 3.2 the time complexity of the SR method necessary to
achieve a total error of order o (¢) is random with expectation of order

Csk = KNI + KNy = (/C(eﬂ) + K(e)az(e/’)) o).
e—
By Karamata’s theorem (see e.g. Bingham, Goldie and Teugels [7] or Feller [17])

& L L(—
o2(e) = / Y Laydx ~ FEOTLES ooy
—e e—0 2—-Y
Similarly we have
L(e)+ L(—8)87Y

Ke) sio Y
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Consequently, we compute the time complexity ratio given by
Cse  LE)+ L&) yap  LED L) 4o,
Cyc e>0 L(s) + L(—¢P) 2-Y '

If L(¢) is constant in the neighborhood of zero, like for the CGMY model (see relation (2)), then
we easily get

Csr _ 0 (SY(l—ﬂ) +8ﬂ(2—Y)).
Cumc

Optimizing the order of this last quantity yields 8 = Y /2 which leads us to a gain of a complexity
of order ¥ (Y/2=1 that asymptotically increases as soon as & becomes small.

4. Importance sampling and statistical Romberg method

Let {L;;t > 0} be a Lévy process in RY under the probability P with generating triplet
(v, 0, v). We define the set

61 =10 e R? : E[e”11] < 400} = {9 eR?: / e’ u(dx) < oo}, (13)
[x|>1

where the second equality holds by Theorem 25.3 in [31]. Thanks to the convexity of the
exponential function it is straightforward that the set ©; is convex. In view to use importance
sampling routine, based on exponential tilting, we define the family of {Py, 6 € 6}, as all the
equivalent probability measures with respect to IP such that

@| _ ek _ A Li—1k(®)
dP i E[efL1]
where k denotes the cumulant generating function given by «(9) = InE [e?-L1]. Under Py, the

stochastic process {L;; t > 0} is still a Lévy process with the exponential tilted triplet (yg, 0, vg)
where yp =y + f‘x|<1 x(vg — v)(dx) and vg(dx) = e’ *v(dx) (see e.g. Cont and Tankov [10]).

Fore, B € (0, 1), itis easy to check that under Py the components of the family {L;, L?, Lfﬂ it >
0} are still three Lévy processes with characteristic triplets given respectively by (yg, 0, vg),
(Ve,0, 0, ve,9) and (Yep g, 0, vp o) where fora € (0, 1), yo0 = ¥ + fa<|x‘51 x(vg — v)(dx) and
Vo0 (dx) = ee"‘l{|x‘>a}v(dx). It is worth noticing that under Py, L — L? is still independent of
L? and similarly L® — L¢” is still independent of L.

Then, we introduce the family of Lévy processes {L?, Lf’e, Lfﬂ’e; t > 0} such that under PP it
has the same law as {L;, L7, Lfﬁ; t > 0} under Py and we get

E[F(Lp)] =Eg [F(Lp)e 71O | SB[ F(LY)e 0 H+ O],
Taking F = 1 in the above identity we obtain that e7<®) = (E(e_a'Lg))_l. Moreover, using the
— 0 _p&b —
independence between L9 — L?Q and L%g we obtain that E |:e 6'(1‘7 L )+T(K(9) KS(Q))] =1

with eTk®) = (]E(e_Q'LET’o))fl. Note that «,(6) is also equal to In[E [eg'Li]. Then, we deduce
that

E[F(L5)] = E [F(L?a)e—e.ﬁ;wx(e)] ) I:F(L;:G)E—G.L?g-l—TKg(Q):I '
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0. (115 JoT @, 0)

.. . B B
Similarly, we have E | ¢ = 1 since L%e — L% % and L 0 a

independent. So, by the same arguments we deduce that
P, e,
E[FLy)|=E [F(L?ﬁ"))e—“r O+ <9)] = B[F(LY e 0L T )]
Hence, we write now for 61, 6, € 0

[F(L )] |:F(L‘S 91)6—91 +TK€,S(91)]

+E [(F(Lé;f)z) _ F(L;ﬁﬁz)) —6s. L +Tl(s(92)] (14)

The idea now is to approximate independently each expectation by the associated empirical
mean which leads to a new version of the statistical Romberg method

_ZF(LSIS 91) —61.L Tk +TK/3(91)+ Z(F(LEQZ)—F(LS'S 92)) —65. L”+TK€(92)

Mimicking the proof of Theorem 3.2 we establish a central limit theorem with limit variance

6 6
Var(F (L9 Lr +TO0) L TE((V F(L%). £V F(L%))e~22L7 +2T%)) Since L9 (resp. L%)
under P has the same law as Ly under Py, (resp. Pg,) we rewrite this variance using once again
the Esscher transform as

E [FZ(LT)e_Q"LT+TK(0‘)] _[EF(L7)P + TE [(VF(LT).EVF(LT))e_92L7+TK(02)] :
Hence, let us introduce fori € {1, 2},
i (0) =E [E(Lr)e_eLT+T"(0)] . with F; = F2and F, = VF.XVF. (15)

Our aim now is to minimize separately these two quantities. To do so, fori € {1, 2}, we introduce
a first set

02 = 61N [9 ceR!:E [Fi(LT)e_G'LT] < +oo]
to ensure the existence of v; () and a second set
;3= 612N {9 eRY: E[|LT|2F,-(LT)e—9-LT] < +oo}

to ensure the existence of the first and second derivatives of v; (9). In the sequel, we will assume
that Leb(6;3) > 0, fori € {1, 2}, so that Oy, 6; 2 and 6; 3 are nonempty sets. In addition, the
convexity of sets ©; 2 and ©; 3 can be proved in a similar manner to the proof of Lemma 2.2
in [21]. Moreover, we prove the convexity of v;, i € {1, 2}.

Proposition 4.1. Let i € {1,2}. Assume P(F;(L7) # 0) > 0. Then, 6 +— v;(0) is a €? strictly
convex function on ©; 3 and Vv;(0) = E[H; (6, L1)] where

Hi(0,Lt) = (I'Vk(0) — L7)Fi(L7)exp(—0.L1 + T« (0)). (16)
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Proof. For a fixed i € {1, 2}, the function § > F;(L7)e ?L7+T%®) js almost surely differen-
tiable on ©; with a first derivative equal to H; (6, Lt). Further, according to the properties of the
moment generating function, the function 6 — v;(6) is finite for & € 6;, and is differentiable
with Vv;(6) = E[H; (0, Lt)] provided that E[|H; (0, L7)|] is finite. Using Holder’s inequality,
this last condition is satisfied as soon as 6 € ©); 3. In the same way, we prove that v; is of class
€2 on ©; .3 and we get for all u € R?\ {0},

u.Hess(v; (0))u = E [(u.Hess(/c(Q))u + TV (@) — LT))Z) F,-(LT)e_e‘LT*T"((’)] .

Note that Hess(x(0)) is nothing but the variance—covariance matrix of the random vector Lt
under the probability measure Py and it is clearly definite positive. Finally, since P(F;(Lt) #
0) > 0, we conclude that v; is strictly convex on ©;3. [

For ¢ > 0, the same result holds for the approximated Lévy process (L?);>0 by considering
the associated sets 07, 952 and O, and functions k; and v; ¢, i € {1, 2}, with the canonical fil-
tration (F7)o</<7 defined by F; = o (L, s < t). In the sequel, we assume that Leb(@fﬁ) > 0.

Proposition 4.2. Let i € {1,2}. Assume P(F;(L5) # 0) > 0 then the function v;¢(0) =
E[E(LgT)e_eL%+TKF(9)] is of class €% and strictly convex on 91% with Vv;(0) =
E[H;©, L5)].

Now, let us introduce for i € {1, 2}

* o,

0F, == argminv; .(#) and 6 = argminv;(9). a7n
’ 0€Of; 0€6;3

Our aim now is to study for i € {1, 2} the convergence of 6, towards 6 as ¢ tends to zero. For
q > 1, we define the set

6, = {9 ceR?: / Ix|?7e=9% v (dx) < —I—oo}. (18)
[x|>1

Remark. 1. It is worth noticing that for 0 < ¢’ < 2g and 0 € 6, we have flx\>1 |x|‘1,e"19'x
v(dx) < +oo. We also have 6,, C 6,, forall g1 < ¢q».

2. Further, fori € {1,2},if E[ F*(L7)], for any a > 1, is finite then by Holder’s inequality we
easily get 6, C 6; 3 for all ¢ > a/a — 1. The same result holds for the approximated Lévy
process. Indeed, for ¢ > 0, we have 6, C 6/ ; provided that E [an (L% ] < 00.

According the above remark, choosing § € 6, with ¢ > a/a — 1 ensures that § will belong
to the domain of convexity of both v; and v; . On the other hand it also guarantees the finiteness
of the quantity fIX\>l |x|9¢=99%v(dx) which will be needed in each proof assuming condition
0eb,.

In what follows, let E denote the set of all interior points of a given set E. We have the
following result.

Theorem 4.1. Let i € {1, 2}. Suppose that x + F;(x) is continuous, that is for the case i = 1
the function F is continuous and for i = 2 the function F is of class €'. Moreover, assume
P(Fi(Lt) # 0) > 0, P(F;(L}) # 0) > 0 for all ¢ > 0 and there exists a > 1 such that
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[F“ (LT)] and sup8>0IE [F“ (L§ )] are finite. Let K be a nonempty compact set such that
K C @q with ¢ > %5 and assume that the sequence (9:8)8>0 € K. Then,

0, — 6 €K, ase—0.

We prove Theorem 4.1 after the following technical lemma.

Lemma 4.1. For compact set K C 0, with ¢ > 1, we have supycg E[|L5|7e™9%LT] is
uniformly bounded in ¢.

Proof. Let us consider the two independent Lévy processes L' and L¢ := Lf — L' and the
submultiplicative function gg(x) := (x| v 1)?¢~9%*. There exists ¢g > 0 depending only on ¢
such that go (x + y) < ¢,480(x)go(y) for any 6 € R? and

E[|L517e71" 7] < cgB[go(L5) |E[ga (L])]-

Since the function 6 +— E[gg (LT)] is continuous on 6, the second expectation on the right hand
side is uniformly bounded on 6 € K. Concerning the first expectation, we start by establishing
the uniform convergence of k. towards i, where k. and k denote the cumulant generating
functions of respectively Lf = L® — L' and L = L — L'. According to the Lévy—Khintchine
decomposition, we have k(0) — k() = f‘x|< . (e?* — 1 — 6.x)v(dx) and thanks to Taylor’s
expansion we get

o 1% 101 2

K(©) — ke (®)] = ——eTo (). 19)
This ensures the uniform convergence of the family functions (k¢)o<s<1 On any compact set of
R?. Note that for all x = (x1, ..., xg) € R? we have (|x| v )7 < cell < c]_[j?zl(ex!' + e )
with some ¢ > 0 depending only on ¢. This last upper bound can be written as a sum of
finite number of exponential functions evaluated at points which are a linear combination of the
components of the vector x. Therefore there exists a family of deterministic R?-valued vectors,
(bj)1<j<pa such that

od

E[go(L5)] < ¢ > E[e®m40L7].

j=1

Each term in the above sum is nothing else exp(k¢(b; — ¢gf)) which in turn converges to
exp(k (bj — g8)) as ¢ tends to zero. This gives us the desired claim. [

Proof of Theorem 4.1. Let i € {1,2} and (g,),en be a sequence decreasing to zero. Note
that (Oi’fsn)neN is a R?-bounded sequence. So, we only need to prove that for any subsequence
(eifsnk )keN, if 9;‘?8"’( — Oi"joo € R4 then Gi’foo = 6. According to Proposition 4.2 we have
n n 19 Lnk+T &n (912
Vv,gllk(elgn):IE[(Qi T — L )Fi(Ly e ey Feng Cieny ]:0,
Now, leta = , it is easy to check that 1 < a < a, so by applying Holder’s inequality we get

&n &n © 0 a
E[!(e,- T LI (Lo e om0 Ty Ol d

eng * ~ ~ ~
< ]E(a a)/a I:}(Ql o, T — L "k) zank L +TK5nk (ei,snk)|aa/(a_a):| Ea/a I:F;a(L?k):I .
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Note that sup,. o E [F l.“(LST)] < o0. Hence, to get the uniform integrability it is sufficient to
prove that the first expectation on the right hand side of the above inequality is uniformly bounded
on gy, and 6 ey Indeed, using the almost sure convergence of L7, towards L7 and the continuity

of function F;, we easily get
VUi (6] 0) = B[ 6T = L) Fi(Lpe i T H 40 | =

and then we complete the proof using the uniqueness of the minimum ensured by Proposition 4.1.
Consequently, noticing that ¢ = aa/(a — a), it remains now to prove the uniform boundedness

* eng *
. wes 0, Lp* 4Tk, (©; .
of the quantity E [}(Qi*snk T — L;" Ye et e Gy ]q . To do so, we establish first the

uniform convergence of k., towards «. According to the decomposition given by relation (2), we
have that k (0) — k. (0) = f (e?* — 1 —6.x)v(dx). By Taylor’s expansion we deduce

|x|<e

2
(©) — s (0)] < %e‘%z(e). 20)

Hence, the family functions (k¢)p<¢<1 iS equicontinuous on any compact subset of ©; and we
deduce the convergence of Kep, (07, ) towards k(6] ) when k tends to infinity. Noticing that
9 I’lk )

—gK C 61, we use once again the equicontinuity of («:)o<s<1 on the compact set —gK to
get limg_ oo Ky, (—q@i’fsnk) = K(—q@foo) and then the problem is reduced to prove the uniform
Enk

Oiieny L ] which is ensured by Lemma 4.1. [

boundedness of IE[|L€T"" [9¢ 1
5. The adaptive procedure
5.1. Stochastic algorithms

The aim now is to construct family sequences converging almost surely to the optimal limits
9;5 and 6’;"8 of the previous section. For this, let (Lt ,),>1 (resp. (L(;‘,n)nzls e > 0), be i.id
copies of the R¥-valued random variable L7 (resp. L%). Let K be a compact convex subset of
©; c R4 with {0} € K. For fixed i € {1, 2} and 6.0 € K, we construct recursively the sequences
of R?-valued random variables (6i.n)nen and (6; ¢ n)nen defined by the system

:ei,nﬂ = Ik [6in — Y1 Hi @iy LT s )] o

Oient+1 = Ik [Qi,e,n — Yn+1Hi (0 e.n, L?,n+1)]

where Il is the Euclidean projection onto the constraint set K, Hy and Hj are given by relation
(16) and the gain sequence (,),>1 is a decreasing sequence of positive real numbers satisfying

o0 o0
Z Yp = 00 and Z ynz < 00. 22)
n=1 n=1

Theorem 5.1. Let i € {1,2}. Assume P(F;(Lt) # 0) > 0, P(F; (LsT) #0) > O0foralle >0
and there exists a > 1 such that E [ F*(L1)] and sup,.oE[F?(L%)] are finite. Let K be a
nonempty compact set such that K C Oa4 /(a—1) then the following assertions hold.
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e If the unique 6;" = arg miny g, ,v; (0) satisfies 0] € K then the sequence 6; , —+> 0F a.s.
i, ! o0

e If the unique 91.":5 = arg mineegif}vi,g(G) satisfies 9;?8 € K then the sequence 0; ¢ , —+>OO 91*5
a.s.

Proof. Both items can be proved in the same way, so we choose to give the proof only for the first
one. According to Theorem A.1 in Laruelle, Lehalle and Pages [25] on truncated Robbins Monro

algorithm (see also Kushner and Yin [24] for more details): in order to prove that 98 —+> 91*5
n——+00

a.s., we need to check firstly the mean-reverting property, namely
Vo #0607 € K, (Vvi(0),0—06]) >0.

This is satisfied using Vv; (6;) = 0 and the convexity of v; ensured by Proposition 4.1. Secondly,
we have to check the non explosion assumption given by

3C >0 suchthatVd e K, E [|H,-(9, LT)|2] <cU+18P).
In fact, using Holder’s inequality with the couple @ and a/(a — 1), we obtain
E|H; 0, L7)|* < Ex [F,-Z"(LT)] Eit [|TVK(0) _ LT|2a/(a—1)e—2a/(a—l)04LT]eZTK(Q)'

Since E [Fiz"(LT)] isfiniteand 6 € K C 624/(4—1), we deduce that sup, . ¢ E|H; (6, L7)? < o0
which completes the proof. [J

Theorem 5.2. Considering the sequences given by relation (21), for i € {1, 2}, we have for all
nelN

Oien —> 0in a.s.
e—>0

Proof. We proceed by induction. The base case is trivial and for the inductive step we suppose
that fori € {1,2},n € N, 6; ., converges to 6; , a.s. as ¢ goes to 0 and we prove the statement

for n + 1. We have 0; o o1 = IlIg [Gi,s,n — Yit1Hi i e.n, LST,n+1)]' By the continuity of the
function H; given by (16), the almost sure convergence of Lgr ng1 O Lt ,+1 and the continuity
of the projection function /g, we deduce that 6;  ,+1 converges to 6; ,+1 a.s.as € goesto 0. [

The following corollary follows immediately thanks to Theorems 4.1, 5.1 and 5.2.

Corollary 5.1. Under assumptions of Theorem 5.1, the constrained algorithm given by routine
(21) satisfies for i € {1, 2}
lim 6; ., = lim(lim 6;,,) = lim (lim 6;,,) =67, P-as. (23)
=0 e—0 n—>o0 n—>o0 g—=0

n—o00

Remark. Suppose for a while that we omit assumptions 6 € K and 9* € K in Theorem 5.1.
According to Theorem 3.2 of Kawai [21] based on Theorem 2.1 of Kushner and Yin [24]
there exist §; and 91 ¢ in K such that 6;, —+> 0; a.s. and Bi.en —+> 91 ¢ a.s. Moreover,

v;(6;) < v;(0) and v,,g(é’l,g) < v;¢(0) for all 8 € K. In this case we can prove that the
constrained algorithm given by routine (21) satisfies relation (23) with 6; . instead of Gi*.
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5.2. Central limit theorems

In what follows, we consider the filtration Fr ; = O’(Ll o t( ,0<e<1,t<T,L<k,0¢€

R?), where (LY, L¢ L, )[2 1 are independent copies of (LY, L&) supposed to be Borel-measurable
on 6 € RY. Let us assume that there exists a family of sequences (Qlf)kzo,o«;gl and (6x)k>0
satisfying

Foreach e > 0, (9,f)k>0 and (6x)k>0 are (Fr r)k>0-adapted
(He) lim (lim 6;) = hm O = hm( hm Gk) = hm 0 =6*, P-as.,
k—00 ¢—>0 e—>0
with deterministic limits 6* and 6.
At first, we start with studying the MC setting. We use the adaptive importance sampling
algorithm for the MC method to approximate our initial quantity of interest EF (L7) by

£,6f
ISMC _ ZF(L b e 0Ly & TR0 ) (24)

Our task now is to establish a central limit theorem for the adaptive importance sampling Monte
Carlo method (ISMC).

Theorem 5.3. Let F : RY — R be a continuous function satisfying assumption (WE,,) and such
that supy_. <) E [Fz“ (L‘})] < 400 for a > 1. Moreover, assume there exists a double indexed
family (6;)keN,e>0 satisfying (Ho) and belonging to some nonempty compact set K C @q with
q > a/(a — 1). Then, if we choose N = |v, 2|, the following convergence holds

ur! (QfESMC _ EF(LT)> L N(Cr,0?), ase N0, (25)

where 62 .= [Fz(LT)e’e*'LTJ“TK(G*)] — (E[F(L7)D~

It is worth noticing that assumptions involving F are the same as in Theorem 3.1. Moreover,
Corollary 3.1 gives a large class of functions for which these assumptions are satisfied. For
the d-dimensional CGMY process introduced in Section 2 and for F(x) = f(e*!,...,e")
with x = (x1,...,x4) € R?, by standard calculations for ¢ > —%; the set 6, is equal to

(=M= 1 gt 1) forany 1 < a < % A 7 Furthermore, if the Lévy measure v is with a
compact support or even with sufficiently decreasing behavior like for the Gaussian measure,
then 6, = R4, for any ¢ > 1.

Proof. By assumption (WE,,,) we only need to study the asymptotic behavior of the martingale
-1 6 _pe g‘gigfl £

arrays (M;)r>1 given by M} = UPT Zle F(L;i”l)e Oi Ly +Tee O ) _ EF(L%)

do so, we plan to apply the Lindeberg—Feller central limit theorem for martingales arrays (see

Theorem A.1 in the Appendix section). The proof is divided into two steps.

Step 1. The quadratic variation of the martingale arrays (M[)> is given by

—2N

£,0¢
-2 AT 2T (6F
<M€>N— (LY “) Oor-bric 2Tk O) 7y 4]

—2
N

(EF(L5))”. (26)
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Since 9,?7] is Fr k—1-measurable and (L‘;’i)ge@q AL Fr k-1, by Esscher transform we obtain

-2 N

-2
(V) & U
(M) = 55 > v pel ) — = (EF (L),
k=1

where forall 6 € 6,, y:(0) =E [FZ(LET)e’G'LST]. On the one hand, using assumption (WE,, ),

we have lim;_,o EF (L%) = EF (Lt). On the other hand, thanks to relation (20) we have the uni-
form equicontinuity of the family (k;)¢~0 on the compact set K. So, we only need to check this
last property for the family (y:).~0 in view to use after that Lemma A.1 and then deduce the con-
vergence of (M¢)y towards y (0*) — (EF (L7))* as & \, 0, where y () := E[F?(Ly)e L],

Thus, it remains to prove the uniform equicontinuity of the family functions (y:).~0o defined
on the compact set K. Using Holder’s inequality and the assumption sup,.yE [F 2a (LET)] <
+00, there exists ¢; > 0 not depending on ¢ such that

[7©) = 7e(0)] < E[FAL5)|e™Hr — =17

_ & _pnlre
o EVa [|e 0.L5 _ =0 .LT|¢I].

/\

IA

By Taylor’s expansion and standard calculations we easily get
|679.L;~ —6'. LT|q < |9 0 |q/ |L€ |(1 7(1(”0‘1‘(1 u)0 ) LTdM

Therefore, we have

|ye(0) — (6] < 110 — 6 sup EVA[| L5790 ET ],
6K

Hence, according to Lemma 4.1 there exists a constant ¢ > 0 also not depending on and ¢ such
that

Ve (@) — v(0))] < 216 — 0']. Q27

This completes the proof of the first step.

Step 2. We check now the Lyapunov condition given by assumption A3 in Theorem A.1. So, let

a= ;’H” it is easy to check that 1 < a < a. Once again using the measurability properties of

the family (LT’ oeo, and the sequence (6} )r>0, we get using the Esscher transform

N .
Y E [IM; - My |m71]
k=1

—2a 5'015 1 €
22(1 1 72a N € 22[;7]U72a 2a
9 e(2a DTxe(07_)) + —= |EF L “
< N2 ]; Va, e k— 1) N2a | ( |

where forall 0 € 6, y; .(0) =E [FZ&(LgT)e_(Zé_l)Q'L?]. Then, by Holder’s inequality we get

V&,g(e) < ]Eﬁ/a[FZa (L?)]E(a—ﬁ)/a [e—(Z&—l)a/(a—&)G.LET]-
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Noticing that ¢ = (2 — 1)a/(a — @), it results from assumption supy_,; E[F?>*(L%)] < +o0
that y; . is uniformly bounded on the compact set K C 6,. Moreover, using once again relation
(20) we deduce the uniform boundedness of the family (k¢).~o on the compact set K. Hence,
combining all these results together with assumption (WE,, ), we deduce the existence of ¢3 > 0

not depending on & such that Z,ivzl E [’M,f - M;_, ]21} |,7:T,k71] < Nfil . This completes the

proof. [

Remark. If one have in mind to reduce the variance by using an adaptive crude Monte Carlo
method, it appears clear that the natural choice is

6 =argminv;(#) and 6], =argminv; () fore >0,
0cO 3 ’ 0e6;

where v; and v ¢ are presented in Section 4. The construction of stochastic sequences converging
almost surely to these desired targets and satisfying (Hy) is ensured by Corollary 5.1.

Now based on the telescoping identity (14), we introduce the adaptive importance sampling
statistical Romberg method (ISSR) to approximate our initial quantity of interest EF (L7) by

B
Ny B peP P o8
0 B Lk—1 B
Q£SSR — 1 ZF LST]’CI,I(—I e Ohk—1L1 +Tk,p 0 1)
N; ’
k=1

Ny o B pe . £.05 .
+ NL 2 (F (L?if*“) - F (L?,fz‘k"» e brd TR D) (08

2 k=1

Our second result is a central limit theorem for the adaptive ISSR method.

Theorem 5.4. Let F : RY — R be a €' function satisfying assumption (WE,,) and such that

SUPQ_e<] ]EFZ“(LST) and supy_.<| E |U_1(S)(F(L8T) — F(LT))|2a are finite, for a > 1. Sup-
pose also that the following assumptions are satisfied.

HI1. Condition (3) in Theorem 2.1 holds and there exists a definite positive matrix X such that
lime oo 2(e) X, = X.
H2. For 0 < B < 1, we have lim,_,¢ o (¢)o ~ () = 0 and lim,_, o veo ~ 1 (ef) = 0.

Moreover, assume there exists a double indexed family (Q,fk)keN,Do, fori € {1, 2}, satisfying

(Hp) and belonging to some nonempty compact set K; C éq with q > a/(a — 1). If we choose
N = ng_zj and Ny = |_U8_20‘2(8/3)J, then

ur! (QIESSR . IEF(LT)> EN (Cp, o2 + &2) . ase — 0,
where
o2 =E [FZ(LT)e—Q*-LT”K("*)] —[EF(Lp)? and
2=TE [(VF(LT).ZVF(LT))e—G*'LT”K(@*)] .
Note that in the above theorem, assumptions involving F, conditions H1. and H2. are the

same as in Theorem 3.2. Moreover, Corollary 3.2 exhibits examples of functions for which
these assumptions are satisfied. Finally, according to the comment below Theorem 5.3, the
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d-dimensional CGMY process and the examples given there still satisfy the assumed hypotheses
in the above theorem.

Proof. By assumption (WE,, ) we only need to study the asymptotic behavior of v_l QISSR

—1 QISSR with

ISSR 1 & O\ _geb Lgﬂ'gfi”wk @’ ) ]
01, = FZ(F(LTk . )e pe Tt ~EF(LT )>
, 1 ’
k=1
and
Ny e B ne 8,05,
O = ([P — Ry e it T
5 N2 3 ’
k=1

—E[F(L%) — F(Lgﬁ)]>

An application of Theorem 5.3 yields v, ! Q[SSR AN (0,02), as & — 0. For the second term,
we aim to apply Theorem A.1. So, we introduce the martingale arrays (M} )i>1

£ ;1 & 5625 1 ef 924 1 —65 .La'g§‘£71+T/<g(08 )
M = v, Z((F(LTZ ) = F(Ly ,*"))e ertri 301
=1

—E[F(LY) — F(Lsﬂ)])

Step 1. Thanks to assumption (Hp) and the Esscher transform, the quadratic variation of M
evaluated at NV, is equal to

-2 M

-2
(M), = (05 e ) = Y (B[ P F L) - R )

2 k=1
where forall 6 € 6,,£:(0) = 0 2(¢#)E (‘F(L ) — F(Lsﬂ)‘ —0.L7 > . Using the convergence

in law given by relation (12), the assumption SUPg e <] E |(T 1(8)(F(L ) — F(LT))| < +00
and the independence of L7 and Wr, we deduce that the second term on the right hand
side of the above equation vanishes when ¢ tends to zero. Concerning the first one, we aim
to use Lemma A.l. So, we only need to prove the equicontinuity of the family (§;).~0 on
any compact subset of ©,. First, we prove the simple convergence of & to & with £(9) =

]E<|VF(LT).Z% Wr |ze’9'LT). For this, we can proceed analogously to the proof of relation
(12). More precisely, we use Taylor—Young’s expansion with function F, the convergence in law
given by (12), the independence of L} — L”ZT‘3 and Lé}ﬂ and Slutsky’s theorem to get

o 2P| F(Ly) — F(LE)[Pe LT—>|VF(LT) S1wp et
Now, applying Holder’s inequality with @ = aa—" yields

El|o~2(ef)(F(LS) — F(LE)) e 0L |

<EV|o~(eP)(F(L5) — F(LY))[E@D/ae a0 LT,
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Using assumptions H2 and sup,_.-; E |a_1 (e)(F(L%) — F(LT))| < 400, it is easy to check
the uniform boundedness with respect to ¢ of the ﬁ{st term on the right hand side of the above
inequality. Concerning the second one, since ¢ = —*=

result. Hence, we have the simple convergence of &, towards & when ¢ tends to zero. There-
fore, it remains to prove the equicontinuity of the family functions (£;).~0 on any compact set
K C 6. Replacing F(L%) by a‘l(sﬁ)(F(L ) — F(L% )) in the steps of the proof of relation

(27) and using assumptions H?2 and supy_,<; E |o 1(s:)(F(L ) — F(LT))| < 400 we prove
the existence of a constant ¢ > 0 not depending on ¢ such that

|£:(0) — E.(0")| < clO —0']. (29)

Thus, under assumption (Hg), we get the almost sure convergence of &, (05 i) towards £(6) as
k goes to infinity and e vanishes. We complete the proof of the first step using the almost sure
convergence of «; (9 ) towards Kk (6*) as k goes to infinity and & vanishes. This last convergence
is obtained thanks to relat1on (20).

Step 2. The second step of this proof consists on checking the Lyapunov condition A3 of The-
orem A.l. We proceed in the same way as in the second step of the proof of Theorem 5.3. We

take d = 2ZIZ and we get using the same arguments that 3 02 E[|Mf — M{_ || 2 | Fr 1] is
bounded by

22a 1 —2a N
ZSﬂE(QZk 1) (2a l)TKg(GZk D

N22“ pi
22a IU—Za
2 v Rlo PPy — Fay ][
N2
where for all & € 6, £.,(0) = [|o*1(8ﬁ)(F(L ) — F(LE )M e Ga=10-L ] Then re-

placing F(L%) by o~ (e#)(F(LS) — F(LET )) in the second step of the proof of Theorem 5.3,
the same arguments remain valid thanks to assumptions H2 and sup_,; E[|o~ L(e)(F (Ly) —
F (LT))|2“ < 400. So, we deduce the existence of ¢ > 0 not depending on ¢ such that

- € & 2a C
ZEUMk _qu‘ |-7:T,k—1:| = —-
N
k=1 5
This completes the proof. [

Remark. 1. Similarly as in the MC case, we still have in mind to reduce the variance associated
now to the SR method. This goes back to optimize separately v; and v>. Hence, the optimal
choice corresponds to

6 =argminv;(#) and 6], =argminv;.(#) fore > Oandi € (1,2},
e 91,3 e 9153
where v; and v; . are presented in Section 4. In the same way, the construction of stochastic
sequences converging almost surely to these desired targets and satisfying (Hy) is ensured by
Corollary 5.1.

2. For the setting of Section 3.3, we have that the complexity of ISMC (resp. ISSR) algorithm
is equal to the complexity of MC (resp. SR) method up to a multiplicative factor 2. Indeed,
for a fixed k in relations (24) (resp. (28)) we need to simulate first Glf_ | with a cost equal
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to () = v(|x| > &), then we simulate independently L?i for a fixed & = 6;_, with an
additional cost equal to Ky(e) = vy(|]x] > &) which is of the same order as (¢) when
& — 0. Hence, the optimal gain is also given by

Cissr -0 (EY(Y/Z—I)) )
Cismc

6. Numerical results

Now, we present numerical simulations that illustrate the efficiency of the ISSR method
throughout the pricing of vanilla options with an underlying asset following an exponential pure
jump CGMY model. The CGMY process has been introduced by Carr, Geman, Madan and
Yor [8] with the aim to develop a model for the dynamic of equity log-returns which is rich
enough to accommodate jumps of finite or infinite activity, and finite or infinite variation. Monte
Carlo simulation of the CGMY process has been tackled in the literature specifically by Madan
and Yor [26], Poirot and Tankov [27] and Rosinski [30]. A CGMY process is a pure jump process
with generating triplet (0, 0, v) where for C > 0,G > 0, M > Oand Y € (0, 2)

—Mx Ce—G\x|

e
v(dx) = xl—le>0dx +

" 1, 0dx. (30)

|x|l+Y

Following the notations of [27], we consider the Lévy—Khintchine representation with a
truncation function £ and a characteristic exponent given by

Y(u) =iypu + / (@™ —1 —juh(x))v(dx) with
R
Yh = Ak(h(X) —x1jx<ipvldx), ueR.

e For1 <Y < 2andh(x) = x, we have y, = f\xlzl xv(dx) and
Y(u) =iuy, +CI'(=Y)

(- -1+ () -5

e For0 <Y < 1and h(x) =0, we have y;, = flx\sl xv(dx) and

L\Y . \Y
V() =iuy, +CI'(=Y) [MY ((1—%) —1>+GY <<1+%) —1):|,

In what follows, we consider the risk neutral model with jumps generalizing the Black Scholes
model by replacing the Brownian motion by (L;)o<;<7 the CGMY process with generating
triplet (y, 0, v), ¥ € R and define the asset price

S; = Soexp(rt + L;), where r > 0 is the interest rate and Sy > O.

To guarantee that e’ S, is a martingale we have to impose the condition fl
(which is satisfied as soon as M > 1) and the condition

x>l efv(dx) < o©

y + /R(ey — 1 =yl <1pv(dy) =0, (31

or in other words y = —(—i).
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Now, let us recall that for 0 < & < 1, the approximation (L7);>0 of (L;);>0 is a Lévy
process with generating triplet (y, 0, v;) where v (dx) = 1jx|>¢v(dx). It is worth to note that
(L%)s>0 can be seen as a compound Poisson process with drift y; == y — f8<|x|<1 xv(dx), see
(1). This compound Poisson process can be represented as the difference of two independent
processes namely the positive part and the negative one. More precisely, the positive part (resp.
the negative part) is a compound Poisson process with jump size v/ = 1> v([e( ergo) (resp.

v, = Ip<— —¢) 3= (dx) )) and intensity v([e, +o0[) (resp. v(] — oo, —¢])). To simulate these

compound P01sson processes we can use either the classical rejection method as described in

Cont and Tankov [10] or an improved method used by Madan and Yor [26]. Indeed, when we

—Mx
1

.
simulate the positive part we choose vaf . SO that j‘fj; x)=e (x>¢) < 1. Then, according

0,¢
to Rosinski [29] we may simulate the paths of v} from those of vg . by only accepting all jumps

x in the paths of Vo for whic

S
distribution. Hence, we use following algorithm

Algorithm 1 Simulating the positive jump size Z of the CGMY process using Rosinski’s
rejection

1

Require: U; and U, are uniform random variables and Z = eU 1_ v
if Uy > exp —M.Z then

Z=0
end if

return Z

In the same way, we simulate the negative jump part by replacing in the above algorithm the
parameter M by G.

Our aim is to test our approximation methods for computing the price of a vanilla option
with payoff F. To do so, we use the importance sampling technique, introduced in Section 4, to
approximate the price e T EF (S7) by

TR [F(S?Q)e—g.Lf’9+TKg(9)j| 7
with $5¢ = Spexp(rt + LE?), for6 € 61 = [-G, M], (32)

where LgT’e is also a Lévy process with generating triplet (y; 9, 0, v¢ g), Where v g = e v, (dx)

and yp o = ye + fil x(e?* — Dvg(dx). The choice of 6 depends on using the classical MC
method or the SR one. According to relation (17), 6, is the optimal choice for the MC method.
However, for the SR method, we optimize separately each quantity appearing in the associated
variance and the optimal choice is given by the couple (9] o 5‘ ¢) (seerelation (17)). To compute
these optimal terms, we use the constrained algorithms introduced in the system (21). It is worth
to note that in practice it is easier to use « (0) instead of x;(0).

Concerning the numerical illustrations, we decide to test our algorithms for a range of pa-
rameters M and G commonly used by practitioners without taking into account some theoreti-
cal restrictions. In fact, we simply choose the default parameters given by the Premia platform
(https://www.rocq.inria.fr/mathfi/Premia/index.html).
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6.1. One-dimensional CGMY process

In this setting we consider the European call option with payoff F(x) = (x — Strike).
The parameters of the CGMY model are chosen as follows: SO = 100, Strike = 100,
C =0.0244,G = 0.0765, M = 7.5515,Y = 1.2945, the free interest rate r = log(1.1) and
maturity time 7 = 1. In this case, we have o2(e) :0 2C82_Y/(2 — Y) and as it is mentioned

E—>

in the proofs of Corollaries 3.1 and 3.2 we have v, = o1=12(g), for n € (0,2) and we finally
choose n = 0.2. We run 50000 iteration for the constrained algorithm with the compact set
[—G, M]. The obtained optimal values are given by (6 02*’8) = (5.3,2.5) (see Fig. 1).

1,e°
In order to compare the ISMC algorithm (24) (with N = |_£0‘9(Y_2)J) and the ISSR one (28)
(with Ny = €920 =2 and N, = |V =2DO09-Y/2)|) we use the couple (91*,5’ 9;"8) computed
above. Note that we take the optimal sample sizes N, N; and N, given in the remark after
Theorem 5.4. For this, we compute for each method the CPU time (per second) (the computations
are done on a PC with a 2.5 GHz Intel core i5 processor) and an error measure given by the mean

squared error (MSE) which is defined by

LS I val imul lue)?
MSE = 30 ; (Real value — Simulated value)~. (33)
The real value is obtained using the Fourier-cosine method introduced by Fang and Oosterlee [16]
for a one-dimensional CGMY with an accuracy of order 10710, This method is available in the
free online version of Premia platform. For this setting, our ISSR algorithm (28) is now available
in the latest premium version of Premia.

For different values of ¢, we give in Fig. 2 the log—log plot of the obtained MSE versus the
CPU time for the classical Monte Carlo (MC), the statistical Romberg (SR), the importance
sampling Monte Carlo (ISMC) and the importance sampling statistical Romberg (ISSR)
methods.

According to Table 1 and for a fixed MSE of order 6 - 1073, the ISSR method reduces the
CPU time by a factor of 8, 73 compared to the ISMC one. Clearly the ISSR method is the most
efficient compared to the other ones.

6.2. Two-dimensional CGMY process

We focus now on the computation of a price of the form e "TEF(SL, S%), where F(x,y) =

(x + y — Strike)4 and the couple (Stl, Stz)()stsT denotes the underlying asset process. In this

. 1 2
setting we choose (S}, S?) = (Spe" 'L, Spe"+Er) where (LD)o<;<r and (L?)g<;<T are two

independent CGMY processes with generating triplets (y1, 0, v1) and (y2, 0, v2) such that the
processes (e_rtS,I)osth and (6_”53)05t5T are two martingales. So, it amounts to select y; and
y, as in relation (31).

Since the Fourier-cosine method with high accuracy cannot be used for the two-dimensional
setting, the “Benchmark™ price is obtained by running the classical MC algorithm with a very
small value of ¢. Indeed, for ¢ = 107° the “Benchmark” price is 21.0782 with a CPU time
of 24718 s. The parameters of the considered two CGMY processes defined by (C, G1, M1, Y)
and (C, G,, M, Y) are chosen as follows: C = 0.0244, G; = 0.0765, M; = 7.55015, G, =
2,My =5,Y = 0.9, S0 = 100, Strike = 200, r = log(1.1) and the maturity time 7 = 1. In
this case, we have Y, = 02(g)lox2 with o2(e) 20 2C27Y /(2 — V) and v, = 0%(e). Using

&E—>
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Fig. 2. CPU time versus MSE in the one-dimensional setting.

Table 1
Time complexity reduction (ISSR versus ISMC).

Time complexity reduction

MSE ISMC CPU time ISSR CPU time
7.1073 7-10% 5102
6,5-1073 2.103 6-10%
6-1073 5,5-103 6,3-10%
5,5-1073 15-10° 7-10%

the constrained algorithms (21), we obtain the values of the optimal two-dimensional vectors
given by relation (17) and we get 91*8 = (4,3.5) and 9;‘8 = (3.5, 1.1). In Fig. 3, we plot the
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Fig. 3. Variances vy ; and vy , versus 6 in the two-dimensional setting.

Table 2
Time complexity reduction ISSR versus ISMC.

Time complexity reduction

MSE ISMC CPU time ISSR CPU time
1073 40 20
6-10~4 100 30
4.1074 250 60
3.1074 450 80

evolution of both variances vy . and vy, in terms of 8 = (01, 62) € [-G1, M1] x [-G2, M2].
Now we proceed as in the one-dimensional case with the same sample sizes to compare the
different methods. Fig. 4 confirms the superiority of the ISSR method over the other ones and
this holds even when we compare it to the ISMC method. Indeed, for a given MSE, the ISSR
spends less time than the other methods to compute the desired option price. The difference in
terms of computational time becomes more significant as soon as the MSE becomes very small,
which corresponds to low values of ¢ (see Fig. 4).

According to Table 2 and for a fixed MSE of order 1073, the ISSR reduces the CPU time
of the considered option price by a factor 2 in comparison to the ISMC method. Moreover, this
factor becomes more important when we consider a smaller MSE. In fact, for a fixed MSE of
order 3 - 10~%, the ISSR reduces the CPU time by a factor > 5 in comparison to the ISMC one.

7. Conclusion

In this paper, we highlight the superiority of the ISSR method over the classical Monte Carlo
approach for the setting of Lévy processes. It may be of interest to extend this study to the setting
of Euler discretization schemes for Lévy driven diffusions developed by Protter and Talay [28],
by Jacod, Kurtz, Méléard and Protter [20] and more recently by Kohatsu-Higa and Tankov [23].
Also, a next natural question consists on developing analogous results for path dependent options
in exponential Lévy models in the spirit of the works of Dia and Lamberton [13,14]. These two
points will be the object of a forthcoming works.
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Appendix
We recall first the Lindeberg—Feller Central Limit Theorem for martingales arrays.

Theorem A.1 (Central Limit Theorem for martingales arrays [15]). Suppose that ({2, F, P)
is a probability space and that for each n, we have a filtration F, = (F}')k=0, a sequence
k, —> 00 asn —> oo and a real square integrable vector martingale M" = (M}!)x>0 which
is adapted to I, and has quadratic variation denoted by ((M))k>0. We make the following two
assumptions.

Al. There exists a deterministic symmetric positive semi-definite matrix I', such that

ke

P
(M, = E[IM} — M P | T
k=1

n—0o0
A2. Lindeberg’s condition holds: that is, for all ¢ > 0,

ko

P
Y E [lM/? - MI?—l|21{\M£*M,’:,1|>6}|‘7:1?—11| — 0.
k=1

n—oo
Then
Mg £>./\/(0,F) asn — oo.
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Remark. The following assumption known as the Lyapunov condition, implies the Lindberg’s
condition A2,

A3. There exists a real number a > 1, such that
kn P
n _ agn  (2a)rn
I;]E I e

Moreover, we give a double indexed version of the Toeplitz lemma. For a proof of this result
see Lemma 4.1 in [4].

Lemma A.1. Let (a;)1<i<k, be a sequence of real positive numbers, where k; 1 00 as € tends to
0, and (xf )i>1,0<e<1 a double indexed sequence such that

(i) limg 0 Zlﬁiskg ai = o0
(ii) limi_>+go x?f = limj oo (limg 0 x7) = limg o (lim; s 100 X7) = x.
£—>

Then
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