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Abstract

Continuous Time Random Walk (CTRW) is a model where particle’s jumps in space are coupled with
waiting times before each jump. A Continuous Time Random Walk Limit (CTRWL) is obtained by a limit
procedure on a CTRW and can be used to model anomalous diffusion. The distribution p (dx,t) of a
CTRWL X; satisfies a Fractional Fokker—Planck Equation (FFPE). Since CTRWLs are usually not Marko-
vian, their one dimensional FFPE is not enough to completely determine them. In this paper we find the
FFPEs of the distribution of X; at multiple times, i.e. the distribution of the random vector (X froen X ,n)
fort) < --- <t for alarge class of CTRWLs. This allows us to define CTRWLs by their finite dimensional
FFPEs.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Continuous Time Random Walk (CTRW) models the movement of a particle in space, where
the k’th jump J; of the particle in space succeeds the k’th waiting time Wy. We let N; = sup{k :
Ty <t} where Ty = Zle Wi, if T1 > t then we set N; to be 0. N; is just the number of jumps
of the particle up to time 7. Then

N;
K=Y
k=1

E-mail address: ofer659 @gmail.com.

http://dx.doi.org/10.1016/j.spa.2016.08.008
0304-4149/© 2016 Elsevier B.V. All rights reserved.

Please cite this article in press as: O. Busani, Finite dimensional Fokker—Planck equations for continuous time random
walk limits, Stochastic Processes and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.08.008



http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2016.08.008
http://www.elsevier.com/locate/spa
mailto:ofer659@gmail.com
http://dx.doi.org/10.1016/j.spa.2016.08.008

2 O. Busani / Stochastic Processes and their Applications 1 (1111) IIE-111

is the CTRW associated with the time—space jumps {(Jx, Wi)}ren- Let us now assume that {Ji}
and {W;} are independent i.i.d. sequences of random variables. In order to model the long time
behaviour of the CTRW we write {(J¢, W)}, for ¢ > 0. Here the purpose of c is to facilitate

the convergence of the trajectories of {(J¢, W¢)}, . weakly on a proper space. More precisely,
we let D ([O, 00), ]R2) be the space of cddlag functions f : [0, c0) — R? equipped with the
Skorokhod J; topology. We assume that

Lcu]
(85, 71F) = Z (JE, W) = (Au, Dy) ¢ — o0,
k=1

where = denotes weak convergence of measures with respect to the J; topology. We further
assume that the processes A; and D; are independent Lévy processes and that D; is a strictly
increasing subordinator. Denote by X; the CTRW associated with {(J s Wi ) } ren- We then have
([15, Theorem 3.6] and [14, Lemma 2.4.5])

X{ = X, =Ag, c¢— oo, (1.1

where E; = inf{s : Ds; > t} is the inverse of D; and = means weak convergence on
D ([0, 00), R) equipped with the J; topology. It is well known that X, is usually not Markovian,
a fact that makes the task of finding basic properties of X; nontrivial. One such task is finding the
finite dimensional distributions (FDDs) of the process X, i.e. P (X; € dxy,..., X;, € dx,).In
the physics literature, there is much emphasis put on the FDDs and correlation functions of the
Continuous Time Random Walk Limit (CTRWL). Correlation functions are a vital experimen-
tal tool for distinguishing CTRWL from other fractional diffusion (such as fractional Brownian
motion) [2]. In [11], Meerschaert and Straka used a semi-Markov approach to find the FDDs for
a large class of CTRWL. It turns out that the discrete regeneration times of X{ converge to a set
of points where X, is renewed. Once we know the next time of regeneration of X;, we no longer
need older observations in order to determine the future behaviour of X;. More mathematically,
denote by R; = Dg, —t the time left before regeneration of X; then (X;, R;) is a Markov process.
One can then use the transition probabilities of (X;, R;) along with the Chapman—Kolmogorov
Equations in order to find P (X, € dxi,..., X;, € dx,) fort; < --- < 1, and n € N. This
method was used in [6] in order to find the FDD of the aged process X b — x r — Xpp- It is well
known [9, Section 4.5] that the one dimensional distribution p (dx, 1) = P (X; € dx) satisfies a
Fractional Fokker—Planck Equation (FFPE). Once again, as X; is non Markovian the FFPE satis-
fied by p (dx, t) is not enough to fully describe X; (as it does when X, is Markovian). Hence, a
dual problem to finding the FDDs is that of finding the finite dimensional FFPEs of the FDDs of
X;. In this paper we obtain the finite dimensional FFPEs for a large class of CTRWL. We use the
expression of the FDDs found in [11] along with Fourier-Laplace transform to find the FFPEs
of these FDD. This is done first by investigating the multivariable Fourier—Laplace transform
on relevant distributions on certain subsets of R”} , developing multivariable space—time pseudo-
differential operators (PDOs) and applying these results to the expression found in [11]. Results
on the finite dimensional FFPEs of CTRWL exist in the literature [3,4,7], however, the meth-
ods used there are somewhat limited (cf. Remark 4). For example, these methods can only be
used to find the FFPEs of the distribution % (dxy, ...,dx,; t1, ..., t,;) of the inverse of a subor-
dinator on x; < xo < --- < X, whereas the distribution’s support is x; < x2 < --- < x,.
Moreover, these methods are ill-suited for coupled CTRWs. Our results generalize prior re-
sults to find the FFPE of the inverse subordinator on x; < xp < --- < x, as well as for the
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coupled case. We also provide results on PDOs that appear naturally in the finite dimensional
FFPEs.

In Section 2 we present relevant mathematical background for this paper and prepare the way
for our main result. It is divided into 4 subsections; Section 2.1 introduces the notation to be
used throughout the paper, Section 2.2 presents the Caputo and Riemann-Liouville fractional
derivatives, Section 2.3 establishes results regarding PDOs on certain multivariable functions
which facilitate the proof of Theorem | and Section 2.4 presents briefly the work in [11] upon
which we establish our results.

Section 3 presents our main results; Theorem | gives the finite dimensional FFPEs of E;, The-
orem 2 states the finite dimensional FFPEs of the process X; = A, where the outer process A;
and the subordinator D, are independent. Finally, Theorem 3 gives the finite dimensional FFPEs
of the coupled case. Section 4 compares our results with the well known finite dimensional case.

In Section 5 we show that if £ (—k, s) is the symbol of a PDO on a suitable Banach space then
& (— Yo ki, Yot s,-) is also a symbol of a PDO on another Banach space. This complements
the results in Section 3.

For the reader’s convenience, we list here the abbreviations that appear in this paper:

o CTRW—Continuous Time Random Walk.

e CTRWL—Continuous Time Random Walk Limit.
e FFPE—Fractional Fokker—Planck Equation.

e FDD—finite dimensional distribution.

e PDO—pseudo-differential operators.

e LT—Laplace Transform.

e FT—Fourier Transform.

e FLT—Fourier-Laplace Transform.

e LLT—Laplace-Laplace Transform.

e RL—Riemann-Liouville.

2. Mathematical background
2.1. Notations

A well known method of solving partial differential equations of distributions p(dxi, ...,
dxp;t1, ..., ;) on R" is taking the Fourier Transform (FT) of the distribution with respect to the
spatial variables and then the Laplace Transform (LT) with respect to the time variables. This
is referred to as the Fourier-Laplace Transform (FLT) of p (dxi,...,dx,;t1, ..., t,). More
generally, for m,n € N let f (dxy,...,dxp;t,...,t,) be a finite measure on R™ for every
t=(,....,1;)st.0 <t <--- < t, and assume that fXGAf(dxl,...,dxm;tl,...,t,,) is
measurable as a function of t for every measurable A C R”. We denote the FT of f by

m
~ =i ) kjx;
f(kl,...,km;ll,...,tn)Z/ / e /=1 fdxy,...,dxm;t1,...,ty).
x1€R xm€eR

When f has density f (x1,..., Xm; t1, ..., ;) we denote the LT of f by

L3 T S TR

n
00 oo — 3 sjtj
:/ f e =1 fx1, oo, xmt1, ..., ) dty - - - dty.
t11=0 t,=0
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The FLT of f is

m n
_ 00 00 —i Y kjx;—=) sjt;
P b= [ [T [ [ SRR
t1=0 t,=0 Jx R xp€R
X fdxy,....,dxp;t1, ..., t,)dt---dt,.

We also denote by f the FT of f with respect to some of its spatial variables, therefore,
f (dx1,ko; t1, 1p) is the FT of f w.r.t. xo. Similarly, f(dxl, dxy; s1, 1) is the LT of f wrt. 1
and f (k1,dxy; s1, 1) is the FLT of f w.r.t. x1 and #;. When using the hat symbol is cumbersome
we also use f = Z (f). We occasionally use bold font to represent the vector x = (xy, ..., X)
where the size of the vector is clear.

2.2. Caputo and Riemann—Liouville fractional derivatives

The Riemann-Liouville (RL) fractional derivative of index 0 < a < 1 is given by

B ' .
sz(t)—gm/o t—r)y" f@)dr, 2.1

for a suitable function f defined on R. When the variable with respect to which we take the
derivative is obvious we drop the subscript and just write D¢ f (¢). It can be verified that the LT
of (2.1) is

DU (s) = s F (s).

Hence, the RL derivative is a PDO of symbol s*. Caputo’s derivative is obtained by moving the
derivative in (2.1) under the integral to obtain

1 ! a
DYf () = F—/o t—r"° B_rf (r)dr. 2.2)

(1I—-a
The LT of (2.2) is
Hﬁ\f (s) = s“f(s) — so‘flf (O+) .
We denote the classic derivative by % = D!, and note that D! = D' iff £(0") = 0. For

simplicity we drop the superscript and write % =D (or % = © when that is the case).

2.3. Pseudo-differential operators of multivariable functions

Here we investigate the PDOs acting on measures f (dxi, ..., dx,) on R’ with support in
A" = x:0<x; <xp <---<x,} with LT f Let k = (kq,..., k) be a strictly increasing
I-tuple where 1 < k; < nforl <i <1 < n and s.t. ki = 1. We shall sometimes abuse

notation and write i € k where we mean that i = k; for some 1 < j < [. We also write k*
for the increasing vector s.t. i € kiff 2 < i < nandi ¢ k. If x is a vector of length n we
write Xk for the vector of length / whose i’th element is xy;. Let A be the set of all x € A" s.t.
Xxi—1 < x; iff i € k and where xo = 0. For example, forn =3 A?I,Z) ={x:0<x] <x2=2x3}.
Since our interest in these distributions comes from the FDDs of the process E;, i.e.
h(dxy,...,dx,;t1,...,t) = P (E,1 edxy,...,E; € dx,,) we also assume in this subsection
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that f (dxi,...,dx;) can be written as f (dxi,...,dx;) = f (xkl, e, xk,) (Sklf—l (dxktlr> X

X Ope g (dxk",,) dxp, -+ - dxy, where f (xg,, ..., xy,) is absolutely continuous (a.c.) in each
of its variables, i.e. xy, — f (x1, ..., x,) is a.c. with respect to Lebesgue measure on R for each
1 < i < 1. We occasionally refer to such f as a.c., not to be confused with the concept of a.c.
measure on R”. We abbreviate by writing

Sk (dx) = f (Xk) Ske—1 (dXke) dX, (2.3)

so that k points out the indices for which f has absolutely continuous density. For example,
fa,2.4) (dx1,dxz, dx3, dxs) can be written as f (X1, X2, xX4) 8y, (dx3) dx1dx2dx4. To motivate
this assumption cf. (3.1) and note that by (2.8) h (dx1, ...,dxy; t1, ..., 1) is of the form f (xk)
on Ay. The set A} is a manifold of dimension /, and represents the event where the process E;
has been stuck at the point x; since the time #;_1 to #; for i ¢ k. For example, A‘(‘1,3) represents
the event {E;, = x; € (0,00), Ey, = x1, E; = x3 € (x1,00), E;, = x3}, and it helps to think
of k as the indices of mobilized points of the particle. Let us define a derivative operator on fi
distributions. We define the derivative operator to be

l

0
Dy fic (d%) = Y —— f (xk) ke -1 (dXee) dxc.
= 9%
For example, if f(1,2) (dX) = f (x1, x2) x, (dx3) dx1dx> then
d
Dx f(1,2) (dx) = Ef(l,Z) (x1, x2) Ox, (dx3) dx1dx2

0
+ — fa1,2) (x1, x2) 8y, (dx3) dx1dx;.
0x)
Note that Dy is well defined as we assume that fi has a.c. density in x; for i € k. We also assume

that limxk]_mo e f (xk] e xk]) = 0 where f is as in (2.3). This is not a strong assumption
as f has LT.

Lemma 1. Let fx be such that | = n. Then the LT of Dy f (X) is

Dy fic (8) = <Zs,-) fieGstooomn) = Bim fGersa. o). 2.4)

P 1—0F

Proof. In the following, we use d; to indicate that a; is absent from where it normally should be.
Since here fx (dx) = f (x)dx, for 1 <i < n we have

/ / / —sx) O (%) (X)

x1=0 Jxp=0 0x;
/ / f e S1%1 =8 X} =Sy X
x1=0 x;=0 xp,=0

X [/ e Siti f)EX)d :|dx1 dx; - dx,

/ / / e StX1 —SiXj - —SnXn [ s,x,f (X)|Eilit—lil+lil+l ,,,,, in%
xl— x,—() xn=0 Toeeos Xi—1 X — 15 Xi4 150005 n
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(0.¢]
—i—si/ e_‘v"""f(x)dxii| dxy---dx;---dxp
x;=0

o S o) 5
= / e / A / e T S1X T SiXi = Sn Xn
x1=0 x;=0 x,=0

eix
X | e P f b xp .o, X, Xitl s Xifl---sXn
~—~—

i’th coordinate

—SiXi—
—e L b XL X1, Xicl L Xig D -, X
——
i’th coordinate

o0
+s,-/ e_‘”""f(m,xz,...,x,l)dXi}
X,

i=0

xdxy---dxi - dxy

o0

2/ emGitsin)xint f g s X XiaSiga ... Se | dxig
xi+1=0 —
' i’th coordinate

o

—/ emGmsi)Ni f g L XL L SieSiga ... Se | dxis
xi—1=0 —~—
! i’th coordinate

+sif (51,852,000 50). 2.5)

Note that since limy, o0 €~ f (X1, ..., X,) = 0, summing over the variable i the first two terms
in the last equality in (2.5) cancel out for every i # 1. Fori = 1 only the second term in the
brackets cancels out and the result follows. [

Lemma 2. The LT of Dy fx (dX) is

n
Dx fi (8) = ;si Jie(®) = Him i (et 52, 0).

Proof. Taking the LT of fx (dxi, ..., dx,) first w.r.t. the indices that are not in k we see that

_251'

B s) = [ e & Dy, 26)

R

and can be written as

-1 (Kig1~1 n
_— “2l X s X s
Dxfk (Xka Sk<7) — ]D)Xf (Xk) e i=1\j=k;j+1 Jj=kj+1 ,
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where f is an a.c. function. It follows that

— Zsixi/\
Dx fx (s) =/l e i< Dy fk (Xk, Ske) dXk

Ry

-1 (kigy1-1 n
— > six _.Z ) > s Xk = > Sj Xk
:/ e ick Dxf (Xk)e i=1\j=kj+1 Jj=k;+1 ka
R

1
T
-1 kiﬁ»l’l n
_Z< Z Sj>xk,-_>z,:€ Xk
=/RI e =N ST D f ) d

By Lemma 1 for n = [ we see that

=1 (kig1-1 n
o n —Z( > s-)xki—ZS-xk
Dy fx (s) = <Z Si) /1 e =1\ iFki J =k J lf(Xk) %
R,

i=1
1-1 fkig1—1 n
—Z . s xki_,z )Xk
— lim [ e 2\ i
x1—>0+
-1
Ry

f (xx) dxy

where k' is just the vector of length / — 1 s.t. k] = k;y1 for 1 <i <1 — 1. Since

—~ — > six
fk () = /n e =l f(Xk)Oke—1 (dXke) dXg

RL

=1 (kig1-1 n
—Z Z si |k — > 5 XK
- /z e T SR (X)) dXk,
R
T

the result follows. [

If f (x) is a differentiable function then Dy is just the directional derivative along the vector
v = (1,...,1) of size n. Let ¥, be a PDO on R with symbol (k). Then ¥ (}_/_, k;) is a
symbol of the PDO Wy to be defined later and where we use bold x subscript to emphasize the
fact that Wy is defined on functions on R”. One can think of W as the directional version of ¥,
with directional vector v = (1, ..., 1), this will be defined rigorously in Section 5.

Define the RL fractional derivative of index 0 < o < 1 of f (x) to be

-

"oy x1
ggf(X):<;8_xi)/o f(xl—r,xz—r,...,xn—r)”q—_wdr. 2.7

Once again, Eq. (2.7) can be thought of as a fractional directional derivative.

As opposed to the one dimensional case where under certain conditions the derivative w.r.t.
the time variable is defined on a function p (x; f), in the finite dimensional case one cannot avoid
the fact that p (dx; t) is fi (dx) valued on A}. In order to describe the dynamics of p (dx; t) on
Ay one should extend this notion to the functions f (t), where we now use the letter t in order
to emphasize the context of this operator. Since on Ay the dynamics on tic are degenerate it is
reasonable to apply Dg on tx. More precisely, if fi (dt) = f (tk) 8¢ —1 (dtke) dtk (here f (tg)
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need not be a.c.) then we define

—a

o — i _ _ r
@tfk(dt)._]D)t[/O f()c;Cl R r)—F(l—

pm dréy 1 (dtkr)i| .

The analogue of Lemma 2 is the following.

Lemma 3. The LT of D¢ fic (dt) is (X0, 51)" i (5).

Proof. As before, we start with fi (dt) where I = n so that fx (dt) = f (t). A simple
computation shows that

151 -
f(/o f(tl—r,tz—r,...,tn—r)lj(};—_ )(s) <Zs,) f(sl,...,sn).

Next, note that

151 —a
f(/(; f(tl—r,tg—r,...,tn—r)ﬁdr)(tl,sz,...,sn)

1 —(is,—)r r—a
= e \i=2 (t1—r,s2,...,5,) ———dr
/r:O f Y -a
so that lim,, _, o+ .2 (f(j‘ Fi—rt =1ty —1) F(%_aa)dr) (t1. 59, ... 5) = O. It follows
by Lemma | that

@/mut):(zsn) Flstoeeoisn.
i=1

The case where [ < n is similar to Lemma 2. [

Remark 1. There is nothing exceptional about the operator ¢, in fact it is better to think
of it as an archetype of PDOs corresponding to Laplace symbols of Lévy measures on R .
Indeed, if ¢ (s) = fR+ (e_sy - 1) K> (y) dy, then ¢ (s) is the symbol of the PDO &; (f) (t) =
S (f@=y)— f @)Kz (y)dy. A simple calculation then shows that ¢ (}_7_, s;) is the
symbol of & (f)(t) = fooo (ft1—y,....tha —y) — f () K2 (y)dy. The extension to the
functions fx is obtained along similar lines to Lemma 3.

2.4. The semi-Markov approach

Since the process X; = Ag, is not Markovian, knowing its one dimensional distribution
in not enough to construct its FDDs. To circumvent this problem Meerschaert and Straka [11]
constructed the Markov process (X;, R;), where R, = Dpg, — t is the time left before the next
regeneration of the process X;. Let Q; (x/ ,r'sdx, dr) be the transition probability of the process
(X;,R)and0 <t <th <--- <t, forsomen € N. Then

P (X, €dxi, Xy, €dxa, ..., X,, € dxy)

00 00 00
= f / E 04, (0,0; dxy, dry)
r1=0 r2=0 rn=0

X Oty (X1, 15 dx2,drp) <+ X Qg g, (Xn—1,Tu—1; dXn, dry)
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= 04 (0,0;dx1,dr1) o Qu,—yy (x1, 715 dx2,dr2)
Xoeee Qtn—tn,] (Xp—1,Fn—1;dxp,dry) o. (2.8)
Here, O; (x’, r'; dx, dr)of (x,r) = froio f(x,r) 0O (x/, r';s dx, dr) and O; (x’, r's dx, dr) o=
froio O (x/,r’; dx,dr). In [11], the expression for Q; is given for a large class of jump
diffusions. Here, however, unless stated otherwise we consider processes of the form X; = Ag,,

where A; is a Lévy process and E; is the inverse of a strictly increasing subordinator D; that is
independent of A;. That is,

E;=inf{s >0: Dg > t}.

More precisely, the characteristic function of A; and the Laplace transform of D; are given
respectively by

. 1 .
E (e’kA') = exp [t <ibk - Eak2 —i—[ (e’ky —-1- iky1{|y|<1}) K, (dy)ﬂ 2.9
R

E (e_sDt> = exp [z (f]R+ (™ — 1)Ky (dy))] .

Here,a > 0, b € R. K is a Lévy measure while K> is a Lévy measure whose support is [0, 00)
and satisfies [ (y A 1) K2 (dy) < 00, K2 ({0}) = 0and [ K, (dy) = oo. By (2.9) it can be easily
verified that the infinitesimal generator A of the process (A;, D;) is

9 a 9%
Af) (x, 1) =ba—xf(x,t) + E@f(x,t)

af (x,t)
0x

+ /Rz <f x+yt+w) —fx,0)—y 1{|<y,w)<1}>K(dy’dw)’ (2.10)

where K is again a Lévy measure. In [11], the case where the coefficients b and a as well as the
measure K may be dependent on (x, ) is considered. However, when they do not (this is referred
to as the homogeneous case), the transition probability Q; is given by [11, Equation. 4.4]

o (x’, r'sdx, dr) = l{o<r<r}0 (dx — x’) 8p—¢ (dr) + Lyo<r'<1y Qr—r (x’, 0; dx, dr)

0 (x',0; dx,dr):/ / U* (dy,dw) K (dx — y,dr +t —w), (2.11)
yeR Jwel0,7]
where U~ (dy, dw) is the occupation measure of (A;, Dy), i.e.
o0
/f(y, w) U~ (dy,dw) =E (/ f(Au+x, Du)du).
0
When the processes A; and D, are independent, it can be easily verified that
, o
U* (dy,dw) =/ z(dy—x/,u)g(dw,u)du, (2.12)
0

where z (dx,t) = P (A; € dx) and g (dx,t) = P (D, € dx). Moreover, in the case of indepen-
dence it was shown that [5, Corollary 2.3]

K (dy,dw) = K1 (dy) 8o (dw) + 80 (dy) K2 (dw) .
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Hence, Eqgs. (2.11) translate into

O, (x,r'ydx,dr) = Lio<s<80 (dx — x') 81—, (dr)

o0
—|—1{05r/51}/ / (/ z(dy —x', u)g(dw,u)du)
yeR J wel0,r—r'] 0

X (80(dr+t—r/—w)K1 (dx—y)+5o(dx—y)Kz(dr~|—t—r’—w)). (2.13)

However, since f K> (dy) = oo, we see [13, Theorem. 27.4] that g (dw, t) has no atoms.
Therefore, (2.13) reduces to

O (x',r'sdx, dr) = lip< <80 (dx — x") 8,,_; (dr)

o0
+ 1{05,/5,}/ (/ z(dx —x/,u)g(dw,u)du)
wel0,1—r'] 0

x Ky(dr+1t—r" —w). (2.14)

3. Fokker-Planck equations

Throughout this section, we let A; be a Lévy process such that E (e/*4r) = V% s
probability density is given by z (dx,t) = P (A; € dx). E; is the inverse of a subordinator
D; such that E (e_SDf) = ¢!?®)  its probability density is i (dx, t) = P (E; € dx). We denote
by ¥ and ¢ the pseudo-differential operators of the symbols ¥ (—k) and —¢ (s) respectively.
We also denote the transition probability function of the Markov process (X;, R;) by Q; and
that of (E;, R;) by H;. Next note that the occupation measure of (¢, E;) is just U~ (dx,dw) =
g (dw, X — x’) dx (cf. [11, Eq. 5.1]), and similarly to (2.14) we have

Hy (x',r';dx, dr) = ljg< <180 (dx — x") 8, (dr)

+ 1{0<r/<z}/ g(dw,x—x’)dxxl(z (dr—i—t—r’—w).
- Jwel0,r—r]
3.1
The next theorem finds the FFPE of the FDD of E;.

Theorem 1. Let h (dxy, ...,dx,; t1, ..., ty) be the FDD of E; wheret) <t) < --- <1y, ie.
h(dxy,...,dx,;t1,...,t;) = P(E,1 edxy,..., E; den).
Then
Gih (dx; t) = —Dyh (dx; t) . (3.2)
Proof. Let us take LT with respect to the spatial variables and with respect to the time

variables, this will be abbreviated by LLT. Before taking the LLT of % (dx; t) we note that since
H; (x’ ,r'vdx, d r) is translation invariant with respect to the spatial variable we have

h(dx; t) = H; (0,0;dxy,dr1) o Hy, 4 (0,715 dxa — x1, dr2)
"'thftn,l 0, rp—1;dxy — xp—1,dry) 0. (3.3)

Taking the LLT of (3.3), by the change of variables xlf = x; —x;_1 fori > 2 we see that (to avoid
confusion we now use A instead of k)
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h()»l,...)»n;sl,...,sn)z/ / e \
t1=0 Jx1=0

n
H. 0,r1; A, dr
S 1 Z i 2
i=2

X O--- Hsn+s,l,1 0, rp—2; Anp + Ap—1,drp—1) o Hs,, 0, rp—1; Ap, dry) 0. 34

m=

Sl>11*<z M)Xl
i=! Htl (01 07 d-xlvdrl)odtl

Now, let us look at

Lot
W

X Ky (dri +t — w)dw

oo —(i A.i).xl
=/ e V= / g (w,x1)dx;
x we[0,00]

o0 —<Xn: Sl')I]
X / e \=! Ky (dri+t —w)dw
n

lM=

Yl)tl_<z )»,)X]
=1 Hy, (0,0;dxy,dry)dn

||'[\1=

Yl>tl_<Z: )\l)xl
i=l / g (w, x1) dx

wel0,1]

00 *<i li)Xl *(i&')w
:/ e \i=! / g (w, x1)dxje \=! dw
x wel0,00]

S —<i Si>11
X / e \i=l Ky (dri +11)
n

1 o0 —(is,)tl
= - / e \=l Ky (dr1 +11). 3.5
!

Next note that,

Hm 7 ety A2y v dons STy s Sn)
x1—0*t
= lim e \=! i=2 / g (dw, x1) x / K> (dr1 + 1 — w)
x1—0*t
11=0 wel0,1] r1=0

n
X His,— 0,1’1;Z)xi,dr2
i=2

X O--- an—i-s,,,l 0, rp—2; Ap + Ap—1,drp—1) o H, (0, rp—1; Ap, dry) o.

Please cite this article in press as: O. Busani, Finite dimensional Fokker—Planck equations for continuous time random
walk limits, Stochastic Processes and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.08.008




12 O. Busani / Stochastic Processes and their Applications 1 (1111) IIR-111

oo 5 )1 oo
/ ( )I/KZ(drl+tl)

ry =0

H <0 ry, Z)\tvd’?) s,,—H,L 1(0 Tn—2; An + Ap—1,dr,—1)

i:2

HM:

X OHsn 0, 7p—1; Ap,dry) o 3.6)

Indeed, by the continuity of the measure K> and [13, Lemma 27.1] follows the continuity of the
following function

e¢]

w > Ko (dri +1 —w) x Hn (0 ri; E kz,dm) 'ﬁsn 0, rn—1; Ap, dry) o,
r|_0 Si
i:2

since g (dw, x1) dx| converges weakly to 8y (dw) as x; — 07 (3.6) follows. Finally, plugging
(3.5) in (3.4), using (3.6) and rearranging terms we arrive at

—¢(Zs,>h(k1,.. Ay Sy ennsSp) = —<Zk>h(k1,.. Ay Sy ennsSp)

NN (O CTUUS WER I (3.7

Taking the inverse LLT of (3.7) and using Lemmas 2 and 3 we obtain (3.2). [

Theorem 1 paves the way for the finite dimensional FFPEs of the process X;. We denote the
FDD of A; by z (dx1,...,dxp;t1, ..., ty) = P (A,1 edxy, ..., Ay € dx,,).

Theorem 2. Let p (dxi, ..., dx, 11, ..., 1) = P (X, €dxy, ..., X, €dx,) wheret) <1y <
- < ty. Then

Gep dxy,...,dxp;t, .. ty) = Ugp dxy, ..., dxp t1, ..., 1)

00 00 9
—l—/ / / 8o (dx1)z(dxp,...,dxy;un, ..., uy)
ur=0 Juz=up Uup=u,—1

xh (0%, dus, ... duy; tr, ... 1) (3.8)

Proof. By the independence of A; and D,

p(dxy,....dxg 1, ..., 1)

o0 o o0
=f f f z(dx1,...,dxp ur,...,up)h(duy, ..., duy;ty, ..., t;)
u1=0 Jur=u, Up=Up—]

o0 o0
=/ / z(dxy,u1) z (dx2 — x1,dx3 — x1, ..., dxy
u1=0 Up=lUp_|

— X[3U2 — U, U3 — UL, ..., Uy —UL)
x Hy, (0,05 duy, dry) o Hy—4y (0, 71; duz — uy, dr)
X O~ "Ht,,—t,,,l O, rp—1;duy —up—1,dry) o. (3.9)
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Taking the FLT of p (dxy, ...,dx,; t1, ..., t,) and using the change of variables u; =u; —uj
for 2 <i < n we obtain

ﬁ(kls'-~akn;slv---9sn)

o o —
u1=0J1=0 Jx eR

o] o0 R
X/ ""/ ’z(k29"'1kn;u2a"'vun)H” (Osrl;du2ad72)°"'
Up=Un—1 _;Si

S,‘)tl—(l'ik,))cl
=l z(dxy,u1) Hy (0,0;duy, dry) odry

e

X I:Ixn O, rp—1;duy —up—1,dry) o (3.10)
Let us look at
(i%)h*(iiki)m
/ / [ i= i=l z (dxy, ul)H,] 0, 0;duy, dry)dt
u1=0J1=0 X|€R
(-t
B
u1=0 Jt;=0 xleR
/ gw,u)du1 Ky (dry +t —w)dh
we[Otl]
00 00 —i(ik;>x1—<is,->w
=[ / / e V! =7z (dxr, un) g (w, uy) duy
u1=0 Jw=0 Jx; eR
o0 —(is,)tl
X/ e \=l K> (dr1 + 1) dty
t1=0
(5o £4))
[,
u1=0 Jw=0 Jx; eR
&
X/ e \i=l K> (dr; 4+ t1) dt (3.11)
t1=0
1 oo *(i&')n
/ e \=1 Ky (dry + 1) dty. 3.12)
t1=0

w(£)e(2)

Plugging (3.12) in (3.10) and using (3.6) we have
1

Dk, kny St .., 80) = -
v (-£u) -0 (L)

/ / (k27" kn’“z""?”rl)h
uz=0 Up=lty—]

0+ duz,.. dun,sl,.. Sn).

Rearranging and taking the inverse FLT we arrive at (3.8). [
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Working along similar lines to the proof of Theorem 1 one can also obtain the finite dimensional
FFPEs of the process X; = Ag, where E; is the inverse of a strictly increasing subordinator D;
and (A;, D;) is a Lévy process, i.e. the processes A; and D; are not necessarily independent.
More precisely, suppose E (e”‘Af_SD’) = ¢'8%:9) and that £ (k, s) = ibk — %ak2 + fR(e"ky_sw
— 1 —ikyl{y.w)|<1}) K (dy,dw) and that = is the operator whose symbol is —& (—k, s).

Theorem 3. Let (A;, D;) be a Lévy process s.t. E (eikA’_‘YD’) = 65 et E, be the inverse
of the strictly increasing subordinator D; and let p (dxy,...,dxp;t1, ..., 1) = P(X,l €
dxi, ..., X, € dxn). Then

o0
Ex,tp(dm,..-,dxn;tl,...,tn)=/ OK(dX1,dr1+t1)
rp=
X Onp (x1,r15dx2,drp) o -+ Qg (Xn—1,Tu—1; dXp, dry) 0. (3.13)

Proof. Using (2.11) we see that Q; is again translation invariant with respect to the spatial
variable. Note that here

o0
U~ (dy,dw):/ v(dy—x/,dw;u)du,
0

where v (dy, dw; u) = P (A, € dy, D, € dw). Using the same ideas as in the proof of Theo-
rem | we obtain

e
Pk, knsst, .., 80) = / / / v(dy, dw; u) du
1= xleR u=0
x/ / f Kdxy —y,dri+t —w)
r1=0JyeR =0

x QiSI (o drl,Zkl,drz> < Qs (0, 715 K, dry) o

I

ki))’ 00
! / v(dy,dw; u)du
u

e B
e (£ )i-(E£ 1)

n
x K (dxi,dri +t1)§i (0, dri; Zki,dm) °
2 Si i=2

m=

X asn 0, rn—1; kn, dry) o

( Si)’l*(i ki)xl
— , / / / =l =l K (dxy,dry +t1)
( Z > r1=0J4=0 X]G]R

M=

Ei (o, dri; Zki, dr2> 0+ Qy, (0, a1 kn, dry) . (3.14)

i=2

Rearrange and invert to obtain (3.13). [
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Remark 2. When the CTRW is coupled, a distinction between the limit of the CTRW X; =

Z,C/;] Ji and the Overshoot CTRW X, = Z,ﬁljl Ji is needed. Indeed, in the case where the
outer process A; and the subordinator D; are dependent it has been proven in [15] that the limits
of the CTRW and the Overshoot CTRW are A(g,)— and Ag, respectively.

Remark 3. As was mentioned above, it is usually impossible to define CTRWL by their one-
dimensional FFPE. However, since Eqgs. (3.13) and (3.14) are equivalent and cadlag processes
are characterized (up to their law) by their FDDs, we see that one can define the process Ag, by
specifying all its n dimensional FFPE.

Our next result gives a meaning to the measure f TO=0 K (dx1,dr1 + t1) in the context of
CTRWL.

Proposition 1. Let A; and D; as in Theorem 3. Then
0
B—P (X, € dx, E; < u) = K (dx, (t, 00)) u— 0. (3.15)
u

Proof. Let A] = (A, t) and note that A/Et = (X;, E;). Using [11, Equation 4.4] (which is
Eq. (2.11) for outer process in R?) for every x; € R we have

t 00 00
P(Xl‘ € (-OO,XI],E[ EQ) =/ / / / / U/ (dYI,dyL dw’u)
y1eR JyeR Jw=0 Ju=0 Jr=0

x duK' ((—oo,x1 — y1l,dxs — yo,r +t —w). (3.16)
It is not hard to see that here

v (dy1, dyz, dw; u) = v (dy1, dw; u) 8, (dy2) (3.17)
K' (dx1,dxy, dw) = K (dx1, dw) 8 (dx3) .

Plugging (3.17) in (3.16) we have
t ()
[ [ [ v awws, @k
y1€R JyeR Jw=0 Ju=0
t 00
=/ f / v (dy1, dw;u) duK ((—o0, x1 — y1], [t — w, 00)) 8y (dx2) . (3.18)
y1eR Jw=0 Ju=0

Integrating w.r.t. x2 on [0, g] for some g > 0 we have

P (X; € (—oo,x1], E; < ¢q)

t o0
= / / / v(dyr, dw; u)duK ((—oo, x1 — y11, [t — w, 00)) lu<g)
y1eR Jw=0 Ju=0

t q
=/ / / v (dyr, dw; u)duK ((—o0, x1 — yil, [t — w, 00)). (3.19)
y1€R Jw=0 Ju=0
Taking derivative w.r.t. ¢ we have

d
—P (X; € (—o0, x1], E; < ¢q)
dg

t
=/ / v(dyr,dw; q) duK ((—o0, x1 — y1], [t — w, 00)) .
yleR w=0
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The measure K (dx1, dw) is continuous because K (R, dw) = K3 (dw) is continuous. Letting
g — 0 we see that v (dy;, dw; q) =5 8(0,0) (dy1, dw) and hence %P (X € (=00, x1], Er <q)
— K ((—o00, x1], [t, 00)) as ¢ — 0 which is equivalent to (3.15). [

Proposition 1 sheds light on the “remainder” term that appears in Theorems 2 and 3. It appears
that using a so-called multidimensional RL PDO in the finite dimensional FFPE one is left with
a term that accounts for the portion of particles that have not been mobilized since t = 0. More
philosophically, if we think of the value of E; as the number of mobilizations of the process by
time ¢, then %P (E; < u) is the ratio between the portion of particles Am that experienced
between u and u 4+ Au mobilizations up to time ¢. Evaluating %P (Et <u)atu = 0is
then the ratio between the portion of particles Am that experienced an infinitesimal number
of mobilizations Au by time ¢ and Au. If %P (E; < u) |u=o is big then the diffusion becomes
very dynamic at time ¢ as many particles get loose and “take part” in the diffusion. Considering
now %P (X; €dx, E; <u)|yu=0 we see that since X, is the limit of the Overshooting CTRW,
where a jump precedes a waiting time the position of the particle that has been “stuck” until
time ¢ depends on that first jump in space. In that context it is worthwhile to compare this to
[8, Equation 4.2], the dynamics of the coupled CTRWL where the jump in space succeeds that
in time. The “remainder” term therefore accounts for the Finite dimensional dynamics that only
“kick in” at time ¢.

4. Examples

Theorem 1 as well as Theorems 2 and 3 should be compared with their one-dimensional
counterparts to gain a better understanding of the dynamics of the processes whose distributions
govern the FFPE. We start with a specific case of the one dimensional analogue of Theorem 1.

Example 1. Let D; be a standard stable subordinator of index 0 < o < I, ie. E (¢7*P) =
') Tts inverse E; has a distribution % (x, ) which satisfies [10, Equation 5.5]

DFh (x,t) = =Dyh (x,1),
onx,t > 0. Since here ¢ (s) = —s%, we see that §; = DY.

Next we look at the one dimensional analogue of Theorem 2.

Example 2. Again we let D; be a standard stable subordinator of index 0 < o« < 1, and
A; be a Lévy process s.t. E (e/f4r) = ¢'V®. Then the distribution p (dx, ) of A, satisfies
[10, Equation 5.6]

—o

t
’D?‘p(dx,t): J/xp(dx,t)—i—m(so(dx). (41)
To see why (3.8) can be thought of as a generalization of (4.1) note that & (0+, t) = %

[10, Equation 4.3] and rewrite (4.1) as
Dp (x, 1) = Wy p (x,1) + 8 (dx)h (07, 1).

Our last example concerns the one dimensional analogue of Theorem 3.
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Example 3. Let (A;, D;) be a Lévy process as in Theorem 3. Then its one dimensional distribu-
tion p (dx, t) satisfies

o0

Seop(dx, 1) :/ K (dx,dr +1). 42)
r=0

This was shown in [8, Theorem 4.1].

Remark 4. In [3, Equation 5.9], using different methods, Baule and Friedrich essentially
obtained Eq. (3.2) for the case where D; is a standard stable subordinatoron x| < x < - -+ < Xxj.
In [4, Equation 14] Baule and Friedrich used the results in [3] to obtain Eq. (3.8) (uncoupled case)
for the two dimensional case where Dy is a standard stable subordinator. The methods used in [3]
can be used to find the finite dimensional FFPEs of the inverse of any subordinator [7], however,
cannot be used to find the equations on x; < x» < --- < x,,. Moreover, these methods are ill-
suited for the coupled case. To see this, we outline the proof in [3] for the two dimensional case.
Since E; is the inverse of the subordinator D; we see that

P(Ey <x1,E, <xp) = P(Dy, =11, Dy, > 1) xXp < x2. (4.3)

Taking the LT of both sides of the equation w.r.t. f; and #; and derivatives w.r.t. x| and x, we see
that on x| < x»

b (dr. doa: s 52) = 53 (51 +2) — 53)e—xl<s1+s2>“—(m_ms«g7 44
5152
and it follows that
DFh (dx1, dxy; t1, 1) = —=Dxh (dx1, dxz; th, t2) . 4.5)
However, since P (Dx1 > 1, Dy, > t2) is not differentiable on x; = x; we cannot obtain

Eq. (4.5) on x; = xo through Eq. (4.3). In [4], the authors used the independence of the
outer process A; and the inverse subordinator E; to obtain the two dimensional FFPE of Ag,
through integration by parts, hence, this method cannot be used for the coupled CTRWL. The
Markov embedding of CTRWL enables us to find the dynamics of the inverse subordinator on
x1 < xp <--- < x;, and the coupled and uncoupled CTRWL.

5. Directional pseudo-differential operators

In this section we wish to give a meaning to the PDO Wy, & and = ¢ discussed earlier. We
shall see that they are directional versions of their one-dimensional counterparts ¥, ¢, and =} ;.
We shall focus on =y ¢ as it is a generalization of Wy, &;. To illustrate the kind of results we are
looking for, let us look at the next simple example. Assume we have the following equation in R?

0 d
<_+_8 )f(m,xz):h(m,xz). 5.D
x2

8)61
By using the change of variables (x1, x2)7 = T (xi xé)T where 7 = (} ?)We can rewrite
Eq. (5.1) as

0

g (TX) = (7).
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If we think of the change of variables 7 as an operator on functions, i.e. 7 f := f (7x) we see

that
0 0 0
—t — | =T —T.
dx1 dx2 ax)

Since the operator Dy is the classic one-dimensional derivative under the change of variables
T we say that it is a directional version of the classic derivative. We wish to show a similar
result, i.e. that if £ (—k,s) is a Lévy symbol, and therefore a symbol of a one-dimensional
PDO Z, then & (— Y7, ki, Y i, 5i) is the symbol of a PDO Z ¢ that is a directional version
of =y ;.

In [1], the authors showed that if & (k, s) is a Lévy symbol then it is the symbol of a PDO on
a Banach space. More precisely, let X = L Clo (R x R4 ) be the space of measurable functions s.t.
1fllo = J& f]lh |f (x,1)] e “'dtdx < oo where @ > 0 is fixed. With this norm, the space X
is a Banach space and the FLT is defined for each f € X fork € R, s € (w, 00). Let & (k, )
be a Lévy symbol, then it was shown that £ (—k, s) is the symbol of the generator L of a Feller
semigroup on X. Moreover, the domain of L is given by

D(L)={fe€X:&(—k,s) f(k,s)=h(k,s),IheX}.

Let Li) (R™ x R™) denote the space of measurable functions that are defined on R" x R”
and

/ / |f (x, t)] e~ Paxdt < oo,
R? JR”

for some w € R’ . Let A, C L (1‘, (R™ x R™) be the set of functions that vanish outside R"” x A"
where A" = {t:0<# <t <--- <1, < 00}. Note that A, is itself a Banach space and that
the FLT of f € A, is defined fork € R", s € A" .= {s: w; < s;}. Let T be the element of GL,
(n x n invertible matrices) s.t. its first column s (1, 1, ..., 1)T and its i ’th column ¢; (j) is ; ()
(1ifi = j and zero otherwise) for 1 < i < n. Note that det (7) = 1 so that 7 is a bijection
from the set B" = {(x1,x2,...,x;) :x1 >0,0<xp <x3 <-..-.-<x,}onto A". We introduce
the change of variables 7x' = x and 7t = t and see that for f € A,

// |f(x,t)|e’<“”t>dxdt://
n VJ'r n i

= / ) /R r@x T T axat, (5.2)

F(TX, TY) e @ T der (T)2ax at

where 7* is the adjoint of 7. Note that 7* is the matrix whose first row is (1, 1, ..., 1) and its
i'throw r; (j)is 8; (j) forl <i <n.LetB, C L’IT*(.) (R™ x R™) be the subspace of functions
that vanish outside R” x B" and note that it is a Banach space w.r.t. the norm || f || 7+, and that
its FLT is defined for (k/ ; s’) € R" x B" where B" := T*A". We can now define the operator
T : A, — B,by (T f) (X, t) = f (7T, Tt). Note that by (5.2) 7 is an isometric isomorphism
from A, to B, and that if fg € A, then 7 (fg) = 7 (f)7 (g) € B,. We abuse notation and
define the operator =y, : B" — B" by f (X;t') = Sy f (-, x5, ..., x}; -, £}, ..., 1). Finally,
we define the operator Zx ¢ : A" — A" by Ex ¢ = 71 v T.
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Proposition 2. Let & (—k, s) be a Lévy symbol of the one dimensional PDO =\ y, then Zx ¢ is a
PDO with symbol & (— Y_7_, ki, Y_1—, si) and its domain is

D (Ex¢) = {f € A, :S(—Zki,Zs,)T(k,s) =nh(ks),3he An}. (5.3)
i=1

i=1

Proof. By (5.2) and Fubini’s Theorem we have

/ / T F ()i 608y 1)] e T @Gt il ] < oo, (5.4)
R JR,
and we see that 7 f (-, x5, ..., x}; 0, ....1}) € le,. (R x R) for almost every (x5, ...,

Xpithe oo, n) € R"~1 x R"~!. On the other hand, 1ntr0duc1ng k= (7% 'K ands = (7%~ '¢
on (K';s') € R x B" and f € A, we have,

?((T*)_l K, (T*)—l S/) — / / e—i<(’T*)71k’,x>—<(’2’*)7ls’,t>f (x. ) dxdt

:/ / e (TN (T0 £ (x ¢ dxdt

= / / ¢TI KX)=(8) p(TX, TV ) det (T~")2ax'dt

_ / / KX =T (¢ ) dxat .
" JRY
It follows that for f € A, on R" x B" we have
(1) F=TT.
To summarize, we have shown that the following diagram is commutative.
/Til\
Ay B

/
‘T IFLT FéT IFLT
\ ! /
/ *
(T*)*'/

Here A, and B, denote_the image of A,, and Bﬂ respecti_vely under the FLT map and IFLT is the
inverse FLT. Note that A, is defined on R” x A" while 3, is defined on R"” x B". Next, we note
that the domain of =/ ; on B, is

D(Zyy)={f:&(=ki.s1) f(K.8)=h(K,s),3h e B,}. (5.5)

Indeed, if f € B, satisfies & (—k{,s]) f (K',s') = h(K,s') for some i € B, then by (5.4)
and the results in [1] we see that f € D (Ex/,,/). Next we show that = ¢ is a PDO with symbol
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£ (=0 ki, > si). Suppose f € D (Eyy), then
EesTf (X, ¢)=Th(x,t), (5.6)
for some h € A,,. Applying FLT on both sides we obtain

E(—Hpst) () T (Ks) = (77) T (K.5), 6.7
multiplying both sides by 7* we have

§<—Zki,2si> [T* (7% 7 k, s)] —h(ks). (5.8)
i=l1 i=1

This can be seen to be true since 7* (fg) = 7* (f) 7™* (g) while recalling the presentation of
T* as a matrix. Hence, Zx ¢ is a PDO with symbol & (— Y7, ki, Y1, 5;). It is left to show that
the domain of = ¢ is as in (5.3). Since 7 is a bijection it is clear that 7 D (Ex,t) =D (EX/,,/) and
the claim can be seen to be true through Eq. (5.5). O

In order to give a meaning to Egs. (3.8) and (3.13) through Proposition 2 we define the function

f(xzt)=/Rng(x—y)p(dy;t),

where g is a smooth function with compact support in R” and p (dx; t) is a parameterized
distribution as in Section 2.1. It follows that f (x; t) is smooth in R" for every t € R’} . Multiply
both sides of Eq. (3.14) by g (k) and use the convolution—multiplication property of the FT to
obtain

Extf (x50 = fRn gx—y) pody; V),

where
o0

Po (dx’ t) = / K (a’xl,dn +l])

r1=0
X Qp-n (X1, 715dx2,dra) o+ Qg4 (Xn—1,Tn—1; dxy, dry) 0.

This interpretation of (3.8) and (3.13) is in the spirit of that in [12, Chapter 4] and was used in
[6, p. 15].

6. Conclusions

In this paper we find the FFPEs of the FDDs of the process Ag, where (A;, D;) is a Lévy
process, D; is a strictly increasing subordinator with no drift and E; is the inverse of D,. The
general form of these FFPEs (Eq. (3.13)) is a PDO in time and space variables applied to the
distribution of the process on one side of the equation while on the other we have a term that
accounts for the portion of particles that yet to be mobilized. Moreover, considering the difference
between the RL derivative and that of Caputo’s in the one dimensional case, and compared to the
finite dimensional one, it seems that the RL derivative is more suitable in the context of CTRWL
(similar conclusions were obtained in [4] where a generalized Caputo derivative was suggested).
We also showed that the PDOs which appear in Theorem 3 are indeed bona fide PDO and in fact
a directional version of their one dimensional counterparts.
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