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Abstract

This paper considers the martingale problem for a class of weakly coupled Lévy type operators. It is
shown that under some mild conditions, the martingale problem is well-posed and uniquely determines a
strong Markov process (X, A). The process (X, A), called a regime-switching jump diffusion with Lévy
type jumps, is further shown to possess Feller and strong Feller properties under non-Lipschitz conditions
via the coupling method.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

This paper deals with the martingale problem for a weakly coupled Lévy type operator A

defined as follows. Let d and ng be two positive integers and set S = {1,2, ..., n¢}. For all
“nice” functions f: R? x S — R, we define
Af(x, k) = Ly f(x, k) + Qx) f(x, k). (L.1)
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Here, for each k € S, Ly is a Lévy type operator defined as follows:
1
Ly f(x, k) = Etr(a(x, OV f(x, k) + (b(x, k), V £ (x, k)

(12)
+ /d(f(x +u, k) — f(x, k) = (V f(x, k), u)p.e) () v(x, k, du),

RO
where for each (x, k) € RY x S, a(x, k) = (a;;(x,k)) € R**? is symmetric and nonnegative
definite, b(x, k) = (b;(x,k)) € R?, and v(x,k,-) is a Lévy kernel such that for each (x, k),
v(x, k, ) is a nonnegative o -finite measure on Rg satisfying

fd |t [*150,¢0) (W)V(x, k, du) < 00 and v(x, k, RI\ B(0, &9)) < oo, (1.3)
RO

where gy > 0 (one can usually take gy = 1). Here and hereafter, V (-, k) and V2 f(-, k) denote
respectively the gradient and Hessian matrix of f(-, k), (-, ) denotes the inner product in R?,
RY = RI\{0}, and B(0,r) := {x € R? : |x| < r} forr > 0.In (1.1) and throughout the paper,
the switching operator Q(x) is defined as follows:

Q) f(x, k) =Y qu)(f(x,1) = f(x, k), (1.4)

leS

where Q(x) = (gu(x)) is an ng x no matrix-valued measurable function on R? such that for all
x € R? we have g (x) > 0 for k # [, and foreach k € S, Y iesqi(x) = 0.

In this paper, we consider the martingale problem for the weakly coupled Lévy type operator
A defined in (1.1) on 2 := D([0, 00), R? x S), the space of right continuous functions on
[0, 0o) into R x S having left limits endowed with the Skorohod topology. Let F; be the o-field
generated by the cylindrical sets on D([0, c0), R? x S) up to time ¢ and set F = \/fio]-",. Next,
let C®*(RY x S) denote the family of functions defined on R x S such that f(-, k) € C>(RY)
with k € S, where CfO(Rd ) denotes the family of functions defined on R? which are infinitely
differentiable and have compact supports.

Definition 1.1. For a given (x,k) € RY x S, we say a probability measure P*F on
D([0, 00), R? x S) is a solution to the martingale problem for the operator A starting from
(x, k), if PXR((X(0), A(0)) = (x, k)) = 1 and for each function f € Cfo(Rd x S),

M = F(X@), A0) — F(X(0), A©0) — / Af(X(5), A(s)ds (1.5)
0

is an {F,}-martingale with respect to P*-¥), where (X, A) is the coordinate process defined by
(X(t, ), A(t, w)) = o(t) e R? x Sforallt > 0and w € {2.

Sometimes, we say that the probability measure P*-X) is a martingale solution for the operator
A starting from (x, k). We often call the coordinate process (X, A) the regime-switching jump
diffusion with Lévy type jumps.

Since the seminal work of Stroock and Varadhan [29,30] on martingale problems for second
order diffusion operators, the notion of martingale problems have been extensively studied
for various processes in the literature. For example, Komatsu [12] and Stroock [28] prove
that the martingale problem for a Lévy type operator is well-posed; Bass [1] investigates
the martingale problem for pure jump Markov processes; Dawson and Zheng [6] and Feng
and Zheng [7] consider the martingale problem for a class of nonlinear master equations for
chemical reaction models; Xi [34] and Zheng and Zheng [42] discuss the martingale problem
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for Q-processes; Zambotti [41] provides an analytic approach for existence and uniqueness
for martingale problems in infinite dimensions; Kurtz [13] presents martingale problems for
conditional distributions of Markov processes; Mikulevicius and Rozovskii [ 18] study martingale
problems for stochastic partial differential equations; Perkins [19] investigates the martingale
problem for interactive measure-valued branching diffusions; Hoh [9] investigates the martingale
problems for pseudo-differential operators; and Bass and Tang [2] are devoted to the martingale
problem for stable-like processes.

This paper is motivated by Stroock [28] and considers weakly coupled Lévy type operator
A defined in (1.1). Roughly speaking, in addition to the diffusion term, the drift term, and the
jump term spelled out in (1.2) for each k € S, A also contains a component Q(x) defined in
(1.4), which provides the switching mechanism for the operators Ly, k € S. In other words, the
operators Ly, k € S are coupled through the operator Q(x) of (1.4). Therefore it is convenient
to call the operator A of (1.1) a weakly coupled Lévy type operator and the coordinate process
(X, A) a regime-switching Lévy type process. Here we remark that Q(x) = (gx;(x)) depends on
x. When the Lévy kernel v(x, k, dz) is independent of (x, k), then A reduces to the infinitesimal
generator of a regime-switching jump diffusion process as those considered in [36,38,43].
Thanks to their ability in incorporating both structural changes and jumps of various sizes,
regime-switching (jump) diffusion processes have attracted many interests lately. See, for
example, [5,16,24,25,33,35-40,43] and references therein for investigations of such processes
and their applications in areas such as inventory control, ecosystem modeling, manufacturing
and production planning, financial engineering, and risk theory.

However, we notice that in these papers, the jump mechanism is usually assumed to be a
finite or a Lévy measure v(dz). The study of regime-switching jump diffusions with Lévy type
jumps is relatively scarce, which is precisely the focus of this paper. In addition, in leu of the
stochastic differential equation approach in the aforementioned papers, this paper begins with
the martingale problem for the weakly coupled Lévy type operator A of (1.1). We prove that
under very mild conditions, the martingale problem for the operator 4 is well-posed. That is,
we show that for any (x, k) € R4 x S, there is exactly one martingale solution for the operator
A starting from (x, k). This is achieved in two steps. In the first step, we assume that Q of
(1.4) takes a special form (@ in (2.1)); consequently A of (1.1) reduces to Aof (2.5). For such a
special operator .Zl\, under Assumption 1.2, we manipulate the Stroock—Varadhan piecing together

method (refer to §6.1 of [31]) to construct a martingale solution for the operator A with an
arbitrary initial condition (x, k) € RY x S and further show that this solution is weakly unique
in Theorem 2.2. The second step deals with the general case when Q(x) of (1.4) is x-dependent.
For such a case, we utilize the likely ratio martingale M defined in (3.1) to establish the desired
existence and uniqueness result in Theorem 3.6. One of the key steps in this approach is to
show that the switching times and the jump times are mutually disjoint with probability one; see
Proposition 3.5 for details. Such a strategy of using the likelihood ratio martingale was used in
the recent paper Xi [36], where the jump component is driven by a finite measure. In this paper,
we develop this approach to handle the general weakly coupled Lévy type operator .A.

Having established that the martingale problem for A is well posed, we then have determined
a strong Markov process (X, A) with state space R? x S. The second part of this paper proves
that such a process possesses the Feller and strong Feller properties. Here the main tool is the
coupling method. For the introduction to coupling method and its applications in various areas of
probability and stochastic analysis, we refer to Chen [3], Hairer et al. [8], Lindvall [14], Lindvall
and Rogers [15], Priola and Wang [21], Wang [32] and the references therein. In this paper, we
first use the coupling method to show that for each k € S, the process X® corresponding to the
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Lévy type operator L of (1.2) is Feller under Assumption 4.1, in which the coefficients, and in
particular, the Lévy type kernel of the operator Ly, are non-Lipschitz in the x variable. In order
to establish the Feller property for the process (X, A), we kill the Lévy type process X® at rate
—qx to obtain the process X®; see (4.5) for details. A mild condition on the functions g (x)
(Assumption 4.2) then helps us to derive the Feller property for the killed Lévy type process X*)
in Lemma 4.7. Finally we use a series representation for the resolvent G, of the process (X, A)
and a result in [17] to establish the Feller property for the process (X, A); this is spelled out in
Theorem 4.4.

Next we use a similar approach to establish the strong Feller property for the process (X, A) in
Section 5. More precisely, inspired by Priola and Wang [21], we use a combination of reflection
and marching coupling for the operator £y, to establish the strong Feller property for the processes
X® and X® in Proposition 5.3. Again, we allow the coefficients and the Lévy type kernel of the
operator L to be non-Lipschitz in the x variable in Proposition 5.3. Then, as in Section 4, the
series representation for the resolvent G, of the process (X, A) and the aforementioned result
in [17] lead to the desired strong Feller property for the process (X, A) in Theorem 5.4.

The rest of the paper is arranged as follows. We present the necessary assumptions as well
as some preliminary results in Section 1.1. In addition, Section 1.1 presents some martingales
associated with the operator A (Theorem 1.4). These martingales are interesting in their own
rights. Moreover, they are useful in the proofs of Section 3. The well-posedness of the martingale
problem for A is divided into two parts: Section 2 treats the special case when A is given by A
of (2.5) and Section 3 deals with the general case. Section 4 is devoted to proving the Feller
property for the process (X, A). Strong Feller property is established in Section 5.

To facilitate later presentations, let us introduce some notations that will be frequently used
throughout the paper. Let D([0, 0o0), RY) (resp., D([0, 00), S)) be the space of right continuous
functions on [0, 00) into RY (resp., S) having left limits endowed with the Skorohod topology,
and let G, (resp., V;) be the o-field generated by the cylindrical sets on D([0, oo), RY) (resp.,
D([0, 00), S)) up to time ¢. Also denote G = \/;2,G, and N = \/7Z A;. It is easy to see that
Fi =G/ \/ N; forany t > 0 and that F = G \/ N. Let C}((R? x S) be the family of functions
defined on R? x S such that f(-, k) € C*(R?) for each k € S and let C,f(Rd x S) be the family of
bounded functions defined on RY x S such that f(G, k) e C%(RY) with bounded first and second
order continuous partial derivatives in x for each k € S. Moreover, we denote by B(S) the family
of all the measurable functions on S into R.

1.1. Assumptions and preliminaries

Similar to Definition 1.1, for a given k € S, we can also define the martingale solution for the
Lévy type operator £y of (1.2) as follows. For a given x € R, we say a probability measure IP’,(CX)
on D([0, c0), RY) is a solution to the martingale problem for the operator £; starting from x, if
P{(X(0) = x) = 1 and for each function f € C2(RY),

MPD = F(X(1) — F(X(0)) — / Ly f(X(s))ds (1.6)
0
is a {G,}-martingale with respect to IP’}:‘).

For the existence and uniqueness of martingale solution corresponding to the weakly coupled
Lévy type operator A defined in (1.1), we make the following assumption.
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Assumption 1.2. Suppose the following conditions hold:

(i) For each k € S and x € R, the Lévy type operator £; defined in (1.2) has a unique
martingale solution IP’,({X) starting from x;
(i1) For each k € S, the function g (x) < 0 is bounded from below; and

(iii)
sup / (A A lyPv(x, k, dy) < oco. (1.7)
(x.h)eRd xS JRE

Remark 1.3. The martingale problem for the operator £; of (1.2) has been well-studied in the
literature. For example, Komatsu [12] and Stroock [28] contain explicit sufficient conditions for
the existence and uniqueness of martingale solutions for L.

We will prove in Section 3 that there exists a unique martingale solution for the operator
A defined in (1.1). Throughout the rest of this paper, as standing hypotheses, we assume that
Assumption 1.2 holds.

We finish the section with the following theorem, which will be needed in the proof of
Theorem 3.6, but also interesting in its own right. Let us introduce a counting measure as follows.
Fort > 0and I' € B(R%) with 0 ¢ I, we let

n(t, )=y 1p(AX(s)) = Y 1p(X(s) — X(s—)); (1.8)

s<t s<t

it counts the number of jumps for the X component such that AX(s) € I',0 <s < t.

Theorem 1.4. Suppose P is a solution to the martingale problem associated with A starting
from (x, k) € R? x S, then the following assertions are true:

(a) Foreach f € Ci(Rd x S) such that f is uniformly positive,

PAF(X(u), A(u))du}

X(), A -
F(X() (t))exp{ o f(X(), Aw))

is a P-martingale.
(b) Foreach 6 € R4,

exp {i<9, X(1) — X(0) — / b(X (), A(u))du> n % / 0, a(X (), A(u))0)du
0 0
= [ =1 16 oI, A, aa
0 Jrd
is a P-martingale, where i := J—1.

(c) Let g be a bounded measurable function on R? which vanishes in a neighborhood of the
origin. Then for any 6 € R,

exp{i<9, X(t) — X(0) — / b(X (1), A(u))du>+% / 0, a(X(w), Aw))o)du
0 0
+ / g(yn(t, dy) — / / [e*@H80) — 1 — (6, y)1p(0.00) ()]
R4 0o JrY

x v(X(n), A(u), dy)du}

is a P-martingale.
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(d) Define 7(t, ") = n@t, I') — fot v(X(u), A(w), I')du. Then for each 6 € R? and any
measurable function g on Rg satisfying the condition |g(y)|* < C(1A|y|*) for some positive
constant C,

exp{i<9, X(1) — X(0) — f b(X (), A(u))du>
0
1 t
-3 / (6. a(X(u). A)8)du + / S dy)
0 4

- / O — 1 — 540, YD p0.00) () — gOIV(X (@), A(u»dy)du}
0 JR

is a P-martingale. In particular, if 0 & I, then 7(t, I') is a P-martingale.

Proof. This theorem can be established using very similar arguments as those in the proof of
Theorem 4.2.1 in [31]. For brevity, we shall omit the details here. O

2. Martingale solution: special case

We first consider a special Q-matrix Q = (Z]\k,), in which g = 1 forall k,I € S with k # 1

and gy, = —(ng — 1) for all k € S. In other words, we have
—(np—1) 1 e 1
o-@)-| . "7V 1| o
I I o)
Corresponding to this matrix @, we introduce an operator @ on B(S) as follows:
Ofk) =) qu(f - fk), kes. (2.2)
1eS

For a given k € S, a probability measure Q% on D([0, 0), S) is said to be a solution to
the martingale problem for the operator Q starting from k, if QW(A(0) = k) = 1 and for each
function f € B(S),

N = FA@) = FOAO) / 0 F(A(s))ds 23)

is an {V; }-martingale with respect to QX). Here A is the coordinate process A(t, ®) := w(t) with
w € D([0, 00),S)and ¢ > 0.
We have the following lemma from [42]:

Lemma 2.1. For any given k € S, there exists a unique martingale solution Q% on D([0, 00), S)
for the operator Q starting from k.

Let A be the coordinate process on D([0, 00), S) and let {z,} be the sequence of stopping
times defined by

1p=0, andforn>1, =t,:=inf{t > 1,_: A(t) # A(t,_1)}. 2.4)
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Then it is obvious that for any k € S, QW {lim,_ .1, = +00} = 1. Moreover, we have
Q® (7 = 1) = exp(—(ng — 1)t) forall > 0 and

QW () =1) = 1/(ng — 1) foreach [ € S\ {k)}.

Clearly, the distributions of 7; and /{1(11) under Q® are regular.
Now we introduce an operator A on CS(R" x S) as follows:

Af(x, k) = Lifx, k) + O f(x, k), (2.5)

where the operators £; and @ are defined in (1.2) and (2.2), respectively. Note that Aof (2.5)1s
really a special case of the operator A defined in (1.1). We can define the martingale solution for
the operator A similarly as in Definition 1.1. For convenience of later presentation, let us also
denote

MY = F(X(1), At)) — F(X(0), A0)) — fo A (X(s). A(s))ds, (2.6)

where f € C(R? x S) and (X, A) is the coordinate process on D([0, 00), RY x S).

We will show that for each (x, k) € R? x S, there exists a unique martingale solution Peo
for the operator A starting from (x.k). Our construction of the desired probability measure Pexb
on D([0, 00), R? x S) as well as the proof of uniqueness for such a solution relies heavily on
the martingale solutions {IP’;X) tk €S, x € R and {QW : k e S}, and the stopping times {7}
defined in (2.4).

But first let us introduce a random point process and a family of counting measures on S as
follows. Fort > 0,k € S, and A C S, set

n(t, A) = Z Liaea, As)#As—)s 2.7
s<t
and

vk; A) == Z G = #{A\ {k}}.

IeA\{k}
In view of Lemma 2.4 of [27], we know that fof v(A(s); A)ds is the compensator of the point
process n(t, A); namely,

u(t, A) =n(t, A) — / v(A(s); A)ds (2.8)
0

is a martingale measure with respect to Q). Moreover, notice that the operator @ defined in
(2.2) can be represented as

01k =Y "Gu(f)— fk) = / (f ) — F(O)vik: di). 2.9)

leS S

Now we present the main result of this section:

Theorem 2.2. For any given (x, k) GARd X S, there exists a unique martingale solution P&R on
D([0, 00), R? x S) for the operator A starting from (x, k).

Proof. The proof is divided into two steps. The first step establishes the existence of a martingale
solution P for the operator A starting from (x, k) while the second step deals with the uniqueness.
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Step 1. For any given (x, k) € R? x S, we define a series of probability measures on (2, F)
as follows:

PO =P xQ®, andforn>1, P"=P"g, (PH™ x Q™) (2.10)

where 2 = D([0, 00), R? x S). Thanks to Theorem 6.1.2 of [31], P"*D = P(™ on Fr,-
Let f € C2(R? x S). We have

AL
F(X (T A1), k) — f(X(0), k) —/0 Ly f(X(s), k)ds

is a martingale with respect to IP’;X) and hence PV, On the other hand, using (2.9), we can write

/0 "B, Asas
-/ LX) = X AN, dDas
= _/OTW/S[J"(X(S),Z)— F(X(s), A (n(ds, dI) — v(A(s), dl)ds)
. fof.Af/S[f(X(s), Iy — F(X(s), A(s))In(ds, dI)

T AL
B _/0 /S[f (X(5).1) = f(X(s), Als))Ia(ds, dI)
+ fX (@ AD, At AD) — f(X (T AL, AT A=)

Then using the definitions of the operators A\, Ly and Q, we have

MY, = F(X (@ A D, AT A1) — F(X(0), A©0)) — 0 AF(X(s), A(s))ds

T AL
= f(X(T1 A1), A0)) — f(X(0), 4(0)) — /0 L @) f(X(s), A(0))ds
+ fX (T AD, At AD) — f(X(T1 At), A0))

TN

+ /0 " Lo FOX(5), AO)ds — [ Ao A
= F(X(@ A D, AO) — FX(O), AQ) — /0 " L a0 fOXG), AN

+ S AD, A AD) = FX@AD,A0) = [ "B, Asnds
— SO A D, AO) = 70X, 40 ~ " L a0 FOXG), AN

" /o | /s[f (X(s).1) — F(X(s). AGs)]u(ds. di).

Recall that y is a martingale measure with respect to Q%) and hence PV, Thus it follows that
M) is a martingale with respect to P,
Next,

TNt
fX (2 AD), A(m) — f(X(11), A1) —/ Laq) f(X(s), A(m)ds, =1
71
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is a martingale with respect to IP’(AX((Z”)) x Q1) Then a similar argument as above gives that

TN PR
JX(m Ay, M A D) — f(X(T), M) - Af(X(s), Als)ds, 1=

13
is a martingale with respect to P(X(T‘)) x QU Notice that the above displayed equation is equal
to Mg 2, Milf 2, Then in view of Theorem 6.1.2 of [31], Mg i is a martingale with respect to
P®. In a similar fashion, we can show that M./). is a martingale with respect to P™ for any
n>1.
Next we show that lim,,_, oo P™{t, < ¢} = 0 for any ¢ > 0. To this end, we consider functions
of the form f(x, k) = g(k), where g € B(S). Then M;{ )_is a P™ martingale. But for any ¢ > 0,

M = N = g(A@) — g(AO) — / Qg(A(s)ds

is a martingale with respect to Q(k) In particular, Nr A is a martingale with respect to Q(k) as
well. On the other hand, for any A € N, we define Q(A) := P™{D([0, 0o), RY) x A}. Then
Nﬁf)A is a martingale with respect to Q By the uniqueness result for the martingale problem for

0 in Lemma 2.1, we have Q = Q®). Therefore it follows that
Pz, <t} =Qfr, <1} =QP{z, <1} > 0, asn — oo.

Recall that the probabilities P™ constructed in (2.10) satisfy P+ = P( on J, Hence by
Tulcea’s extension theorem (see, e.g., [31, Theorem 1. 3 5]) there exists a unique P on ({2, )
such that P equals P™ on F, . Thus it follows that M,n is a martingale with respect to P for
every n > 1. In addition, for any r > 0, we have

Pz, <t} =P™{r, <t} =0. .11

Thus 7, — oo a.s. P and hence M is a martingale with respect to P. This establishes that P
is the desired martingale solution starting from (x, k) to the martingale problem for .A. When we
wish to emphasize the initial data dependence X(0) = x and A(0) = k, we write this martingale
solution as P&0).

Step 2. Next we show that there is at most one solution to the martingale problem associated
with A starting from (x, k). To this purpose, we let P&k ¢ P(§2, F) be another solution to the
martingale problem associated with A start1n§ from (x, k). We show that P& and Prb agree
on J,. Recall that P& agrees with PO = P x Q® on Fy, and that P{” € P(D([0, 00); RY))
is the unique solution to the martingale problem associated with £y starting from x. Also notice
that any A € JF7, is necessarily of the form A x &, where A; C D([0, 00), R9) and & contains
all functions w in D([0, 00), S) satisfying w(t) = k forall 0 < ¢ < t; and w(t;) € S\ {k}. Since
Q®W(8;) = 1, it follows that

PR a) = PP x QP(A) x 8) = P (A)). 2.12)

On the other hand, since P*%) is a solution | to the martingale problem associated with A starting
from (x, k), for any g € C*(RY), M® is a P& martingale. In particular,

TN

M), = g(X(t Aty)) — g(X(0)) — 0 Ag(X(s))ds

— g(X(t A1) — g(X(0)) / Lrg(X(s))ds
0
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is a P®-®) martingale. Now for any A; C D([0, oo), R?) with A| € G, we define

P(A)) == PeP(A; x &). (2.13)

Then M §f} isalsoa P martingale and hence P is a solution to the martingale problem associated
with £, starting from x up to 7;. Now by the uniqueness of the martingale solution to £; starting
from x, we conclude from (2.12) and (2.13) that Peo(A) = PeO(A) for any A € F,. This
shows that the martingale solution to A starting from (x, k) is uniquely determined on J+, .

Now suppose that the martingale solution PeO 1o A starting from (x, k) is uniquely
determined on F7,. By virtue of Theorem 6.2.1 of [31] (also Lemma 5.4.19 of [11]), there is
a Pk_null set N € F, such that

X (tn(@)), Aty — P
PXE@ACOD = 550 ), Atn(@),0) D) Peo

solves the martingale problem for A starting from (X (T(w)), A(t,(w))) whenever w € N, where
P, is the regular conditional probability distribution of P&h) given F,,, whose existence follows
from [11, Theorem 5.3.18]. By the argument in the previous paragraph, PX@m@).A@(@) jg

uniquely determined on 7, . Note that by virtue of Theorem 6.1.2 of [31],

Pob = Prbg PEEOLA@O)
nt ’

In other words, the right-hand side of the above displayed equation satisfies
(i) PeP®, PX@O. MO (A) = P&h(A), for any A € F,, and

n

(i) (X (tn(@)). Atn(@)). ) ®c P, is a regular conditional probability distribution of PP,
BE@OMAGON given F, |

Thus by the induction hypothesis, we conclude that PR js - uniquely determined on 7, .

Now we define for any n € Nand A € F;, that P,(A) = P K(A). Apparently P, satisfies
that P, = P, on F,, and that for any t > 0, P,{7, <t} = POk, <t} — Oasn — oo,
where we used (2.11). Therefore by Tulcea’s extension theorem (e.g., [31, Theorem 1.3.5]), the
sequence P, has a unique extension Pon ({2, F) such that P=P,on Fr,. The measure P solves

the martingale problem for the operator A starting from (x, k). This completes the proof. [J

3. Martingale solution: general case
In this section we construct the martingale solution for the general case. To proceed, for any
given t > 0, we define a function M; on the sample path space as follows:
n(H—1

M (X(), AG) = [] qacac,n(X(@i)

=0 n A 3.1
X exp(— Z/ [gAG)(X(5)) — no + 1]ds>,
i=0 VT
where
qr(x) = Z qu(x), n@)=max{i e N:1; <1},

1eS\{k}

and {t;} is the sequence of stopping times defined in (2.4). In case n(t) = 0, we use the convention
that [],_ya == 1in (3.1).
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Lemma 3.1. We have that (Mt, Fi, @ is a non-negative martingale with mean one.

Proof. Step 1. We first observe that if gi;(x) > 0 for all k # [ and x € R¢, then
n(t)—1 n(t)—1

l_[ G A A (X (Ti1)) = GXP{ Z logQA(ri)A(ri+1)(X(Ti+l))}

i=0 i=0

= exp{f loqu(s_)l(X(s))n(ds, dl)},
[0,6]xS

where n(t, A) is the Poisson random measure defined in (2.7). Then it follows from the definition
of M in (3.1) that

M, (X (), AQ)) = exp{Z(1)}, (3.2

where
Z(t) = / S1ogqA(s,),(X(s))n(ds,dl)— / [g4)(X($)) — ng + 1]ds,
[0,2]x 0

Now we apply 1t6’s formula for jump processes (see, e.g., [10, Theorem II.5.1]) to the process
M;:

M, (X(), A()) — 1 = 20 — 2O
= f /eZ(sf)[qA(s_)z(X(S)) — 1]n(ds, dl) — / eZ(s)[CIA(x)(X(S)) R l]ds_ (3.3)
0 JS 0

Recall from Section 2 that for any s > 0, @{A(s) = [, A(s) # A(s—)} = }101—71 Thus we
have

Ef[n(t, A)] = EF |:Z 1{A(s)eA,/1(x);£/l(s—)}i| =E |:Z Z l{A(s>eA,A(s)#/l(s—)»/l(s—)kli|

S=<t keS s<t

t 1 t
= (ng — 1)/ / dids = / / dids,
o Jano—1 0o Ja

where d!/ is the counting measure on S. Then it follows that

/ e (X(5)) —ng + 1]ds = / *O Y [gasn(X(s) — 1] ds
0 0 I#£A(s—)

= / / e’ [qae—n(X(s)) — 1] dids.
0 JS

Putting these observations into (3.3) and using (3.2), we obtain

M (X(), AC) — 1 = / M (X(), AC)) [gas—n(X(s)) — 1] 7(ds, dD), (3.4)
[0,61xS
where 7(t, A) = n(t, A) — ]E@[n(t, A)] is the compensated Poisson random measure with respect
to IP and also a martingale measure on [0, co) X S.
Step 2. In general, there may exist some i # j and x € R? so that g; j(x) = 0. We define
q(x) = qu(x) + e forall k,/ € Swithk # [ and x € R?. Also, we let 90 (xX) = qr(x)
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—(ng— Deforallk € Sand x € R?. Then as ¢ | 0, we have
g (x) = gu(x), and g (x) = qu(x)

uniformly with respect to x € R¢ for all [ # k € S. Next we define

ME(X(), AG) = exp { /0 o8 iy (X, ds)
[0,7]x

- / [6151(5)(X(S)) —no+ 1] ds}.
0

Thanks to Assumption 1.2 and the bounded convergence theorem, we have M; (X(-), A(-)) —
M,(X(-), A(-)) as ¢ | 0. Moreover, by (3.4) in Step 1, we have

t
MO A0 =1 = [ [ M0, A0 [al (X)) = 1], aD,
0
Now passing to the limit as ¢ | 0, we obtain from the bounded convergence theorem that

M,(X(), A() — 1= / My (X(), AG)) [ga6-u(X(s)) — 1] 7(ds, dI). (3.5

[0,£1xS

Step 3. From (3.5), we can see that M,(X(-), A(-)) is a martingale with mean 1 under P. This
completes the proof. [

Lemma 3.2. Forany T > 0and (x, k) € R? x S, the function My(X(-), A(-)) defined in (3.1) is
integrable with respect to the measure P.

Proof. The proof is similar to that of [36, Lemma 4.4] and we shall omit the details here. [

Let ¢ > 0 and notice that in view of (1.3), v(x, k, R?\ B(0, ¢)) < oo for each (x, k) € RY x S.
(e .

Then we can define a sequence of stopping times as follows. Let ¢, := 0 and forn > 0,

¢ =inflr > £ JAX ()] = |X(1) — X(1-)] > e} (3.6)
Lemma 3.3. Let X.(t) = X(t) — fly\zs yn(t, dy) for t > 0 and define ]:51(8)— = o{X.(t A
{1(8)), At A {l(g)) .t > 0}. Then we have

Pz, > t} = exp{—(ny — )1}, (3.7)

ﬂ;f“ > t|.7:€]<g)7} = exp{— fot V(Xe(u A ), A A 2F), RO B(O, 8))du}. (3.8)

Proof. Eq. (3.7) follows directly from the construction of P in Theorem 2.2. Now we prove
(3.8). Let I' .= Rd\B(O, ¢), and recall n(¢, I') defined in (1.8). Let us also denote

n(t, Iy :=n(, I — / v(X (), A(u), I')du.
0
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Thanks to Theorem 1.4, 7(¢, I') is a f@—martingale. Consequently, for any ¢ > 0, we have

Ep[n(m;@ D)|F 0 ]
o

AL
[/ v(X(u), A(u), F)dulf;m_}
0 1

=)

E

o (3.9)
= EP[ / Lo X @A), A A g, F)dul]-'{(w_}
0 1 1

/ Plel > ulFo0_JoXew A g, Aw A g, Dau
0 1

On the other hand, note that

). 1 it <,
; I
ALy )= {O otherwise.

Thus we have
Ple® > 1] F o} =B 10 1 Fo_]
=E°[(1 =t A ¢ D) |Fo_] (3.10)
-1 —Eﬂ”[n(m;“) D)|F 0 ]

Combining (3.9) and (3.10), we arrive at

t
1-P {;1(8) > t|f{(£)7} = / P{cl(e) > s|]-'4_(g)7}
1 0 1
X V(Xo(s A L), Als A ), I')ds. (3.11)
Let us denote u(t) := P{¢(® > 11 F o0} and v(r) = v(Xe(t A ¢, At A 2P, T). Then we
can rewrite (3.11) as u(t) + fo u(s)v(s)ds = 1, which, in turn, implies that

%(6/6 v(r)dr/ u(r)v(r)dr) — ef(i v(r)drv(t)[u(t) +/ u(r)v(r)dr:| = e/(; v(r)drv(t)-
0 0

Then it follows that
ey virar /I u(r)v(r)dr = /t elo Ay (s)ds = el vindr _ 1,
0 0
and hence
uty=1- /Or u(s)o(s)ds = 1 — (1 ek “<”d’) — e~ foviar,

This establishes (3.8) and hence completes the proof of the lemma. [

Lemma 3.4. Let ¢ > 0 and define the stopping times ¢\®) as in (3.6) and recall the sequence of
stopping times {t,} defined in (2.4). Then under ]P {;‘(8) n > 1} and {t, : n > 1} are mutually
disjoint with probability 1.

Proof. Itis enough to show that forany 7 > 0,{¢\¥ : n > 1,¢\® < T}and{t, : n > 1,1, < T}
are mutually disjoint with probability 1. To this end, welet M > 1 and form =0, 1,..., M —1,
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we denote
JOm — /M, m/M] = max{n e N: ¢\ <m/M}
—max{n eN:¢® §(m—1)/M},
S((m —1)/M,m/M] :=max{n e N:t, <m/M}
—maxfneN:t, <(m—1)/M},

and

Ap = {JOm = 1)/M,m/M] =1}, B, = {S(m —1)/M, m/M] = 1}.
Thanks to (1.7), it follows that there exists some positive constant K, such that

v(x, k, RN\ B(0, ¢)) < K, < oo, forall (x,k) e R xS. (3.12)
Then we have from (3.7), (3.8), (3.12), and Lemma 3.3 that

P{{c®:n>1,9 <T)N{t,:n> 1,1, < T} # 0}

~ -1
<P {there are one jump and one switch in the interval <m7 %] for some m}
M—1 M—1
<> P{AnN By} =) P(AP(B.IAL)
m=0 m=0
M1 m 1
< (1 — exp{—/ V(X (s), A(s), Rd\B(O, 8))ds}) (1 — exp{—(no — 1)—})
m=0 mT_] M
M-1 1 1
< 1- —K.— 1-— —(mg—1D—1¢ ).
2 ) G R

Furthermore, using the elementary inequality 1 — e~ < a for a > 0, we obtain

P{{(¢® :n>1,¢ <T)N{r,:n> 1,7, < T} # ¢

<MX_:1110—1&_("0—1)K5
= MM M

which can be arbitrarily small since the denominator M is arbitrary. This implies the desired
conclusion and hence completes the proof. [J

Note that since X € D([0, 00), RY), the set of discontinuity points of X is at most countable
for almost all w € {2, see, e.g. [23]. Therefore we can again define the sequence of jump times for
X as follows. Let ¢y := 0 and for n > 0, define ¢,y ;= inf{t > ¢, : |[AX ()| = | X(¢t) — X(—)|
> 0}.

v

Proposition 3.5. Under f@ {¢, : n 1} and {r, : n > 1} are mutually disjoint with

probability 1.

Proof. We first notice that {¢, : n > 1} = U;’le{g,i”’”) :n > 1} and hence

Gon=n{min= =" n=110{5 n>1}.

m=1
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Moreover, foreachm =1, 2, ..., since (3.12) holds with ¢ = %, Lemma 3.4 implies that

P{{cV™ :n>1yN{t, :n =1} #0} =0. (3.13)

Therefore we deduce

oo

Pl{ein=1N{t,:n=11#0) <Y P in>1)N{t, :n> 1} #0)
m=1

= 0.
This completes the proof. [

By virtue of M, and ﬁP\’ we can construct another probability measure [P on D([0, c0), R? x S)
such that IP is a solution to the martingale problem for the operator A.

Theorem 3.6. For any given (x, k) € RY x S, there exists a unique martingale solution P% on
D([0, 00), R? x S) for the operator A starting from (x, k).

Proof. For eacht > 0 and each A € F;, define

P (A) = / Mi(X (), AG) dPD. (.14
A

Thanks to Lemma 3.1, the family of probability measures {ng’k)},zo is consistent in the sense

thatif 0 < #; <1, and A € F,,, then Pg ®A) = Pﬁf’k)(A). Thus by Tulcea’s extension theorem
(see, e.g., [31, Theorem 1.3.5]), there exists a unique probability measure P&-9 on (2, F) which
coincides with ]P’Ex’k) on F; for all + > 0. Moreover, we will prove that the P is the desired

martingale solution for the operator A starting from (x, k). To do so, analogously to the proof of
Lemma 4.2 in [36], we first prove that for each function f € CCOO(R"Z X S), (M,M,(f), Fi, @) is a
martingale, where M,(f ) is defined in (1.5). In fact, using integration by parts, we derive that

t t
MM = / M dm, + / M,_dMP
0 0

t » y (3.15)
+ / M,_(dMP — dM D)+ (M, — M,_) (M — M),
0

s<t
where A';I,(‘f) is defined in (2.6). Using (1.5), (3.1), and Proposition 3.5, we can compute

> (M, - M) (M — M)

=Y (M; — M, )Lf(X(s), A9) = f(X(s5), Als—))]

§<t

M;
= / M- (M - 1) Lf(X(s),]) — f(X(s), A(s—))]n(ds, dI)
[0,£]1xS s—

= /[0 | SMs— (246X () = 1) [f(X(5), 1) = f(X(s), A(s=)]n(ds, dI).
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On the other hand,

t
/ M,_(dMY) — diiD)
0

t
=- / My Y (460X () = D[F(X(s), D) = F(X(s), As—)]ds.
0 leS
Combining the last two displayed equations, and using the observations concerning the martin-
gale measure 7(-, -) in the proof of Lemma 3.1, we obtain

t
f M,_(dMD —dMD) + 3 (M, — M, ) (MDD — M)
0

s<t
= / M, (qas—u(X(9)) = 1) Lf (X(5), 1) — f(X(s), A(s—))]7i(ds, di).
[0,1]xS
Then upon plugging the above equation into (3.15), it follows that

t t
MM = / MPam; + / M,_dM)
0 0

s

+ / M, (qae—n(X(s)) — 1) (3.16)
[0,¢]1xS

x [f(X(s), D) — f(X(s), As—))In(ds, d).

We have shown respectively in Theorem 2.2 and Lemma 3.1 that MY and M. are martingales
under the measure P*©). Also recall from the proof of Lemma 3.1 that 7i(-, -) is a martingale
measure on [0, 00) xS under PO Thus in view of (3.16), we conclude immediately that M, M,(f )
is a martingale under P®).

We now prove that for each function f € C®[R? x S), (M,(f ) F, P-9) is a martingale.
Indeed, for any given 0 < s < ¢ and any given A € F;, we have

/ M dpeb = / MM AP0 = f MM AP = / MDdpep,
A A A A

where the second equality follows from the martingale property of (M, M\, F,, P*»), while
the first and third equalities hold true since P**¥) coincides with the probability measure Pﬁx’k)
given in (3.14). This shows that P® is a martingale solution for the operator A starting from
(x, k).

It remains to show that any martingale solution P for the operator A starting from (x, k) must
agree with P*-®) and therefore establishing the desired uniqueness. From [33], for any martingale
solution P*% to the operator .A, we have

PO e S\INF ) == Y (X)) =1.

ENTENCR
Then the uniqueness can be established by using a similar argument as that in the proof of
Theorem 2.2. [

Remark 3.7. Thanks to Theorem 3.6, the martingale problem for the operator A defined in
(1.1) with any initial condition (x, k) € R? x S is well-posed. Thus the process (X, A) is strong
Markov.
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4. Feller property

We proved in Theorem 3.6 that the martingale problem for the operator A defined in (1.1)
is well-posed. Consequently for any (x, k), there exists a unique probability measure P on
2 = D([0, 00), RY x S) under which the coordinate process (X(¢), A(t)) satisfies P{(X(0), A4(0))
= (x,k)} = 1 and that for any f € CfO(Rd x S), the process M,f defined in (1.5) is an
{F:}-martingale. In this section, we will prove that in the probability space ({2, F, P), the process
(X (1), A(t)) possesses the Feller property under the following conditions.

Assumption 4.1. Assume that there exist a positive constant H and a nondecreasing and concave
function p : [0, 00) > [0, co) satistying p(r) > O for r > 0 and

dr
/ — = 00, “.1)
o+ P(r)
such that for all k € S and x, 7 € R,
lo(x, k) —o(z, K|* + 2(x — z, b(x, k) — b(z, k)) < H|x — z|p(|x — z|), “4.2)
and
/dIMIIIV(x, k,-) —v(z, k, )lI(du) < Hp(lx — zl), 4.3)
RO

where o (x, k) € R?*4 satisfies o (x, k)o (x, k)T = a(x, k), and || - || denotes the Hilbert—Schmidt
norm for matrices or the total variation norm for signed measures. Here and below, 7 denotes the
transpose of a vector or matrix.

Assumption 4.2. Assume that

|qu(x) — qu(z)] < H|x — 2| 4.4

forall x,z € R and k # [ € S, where constant H > 0 is the same as that in Assumption 4.1
without loss of generality.

Remark 4.3. For existence of a square root o(x, k) of a(x, k) such as in Assumption 4.1
and the equivalence of different choices of the square root, we refer the reader to Stroock and
Varadhan [31] for details. Some common functions satisfying the conditions in Assumption 4.1
include p(r) = r and concave and increasing functions such as p(r) = rlog(l/r), p(r) =
rlog(log(1/7)), and p(r) = r log(1/r) log(log(1/r)) for r € (0, §) with § > 0 small enough.

The main result of this section is:

Theorem 4.4. Suppose that Assumptions 1.2, 4.1 and 4.2 hold. Then the process (X, A) has
Feller property.

Let us first briefly describe our strategy toward the proof of Theorem 4.4. We first use the
coupling method to show in Lemma 4.6 that the Lévy type process X' corresponding to the
operator £y of (1.2) has Feller property under Assumptions 1.2(i) and 4.1. Lemma 4.7 further
establishes the Feller property for the killed Lévy type process X® under Assumption 4.2. Next
we show in Lemma 4.9 that the resolvent of (X, A) can be represented by a series of the resolvents
of the killed processes X®, k € S. This representation further helps us to establish (4.28). Finally
we use (4.28) together with Proposition 6.1.1 in [17] to derive the Feller property for the process
(X, A).
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Remark 4.5. (i) The recent paper Wang [32] also establishes the Feller property for the
Lévy type process X® under a different set of conditions. In particular, the Lévy type kernel
is assumed to have a certain representation in [32]. By contrast, our goal is to establish the
Feller property for the two-component process (X, A) under Assumptions 1.2, 4.1 and 4.2. This
is achieved by establishing the Feller property for the Lévy type process X® as well as the
killed Lévy type process X® under these assumptions. It is worth pointing out that Lemma 4.6
indicates that Assumptions 1.2(i) and 4.1 are sufficient conditions for the Feller property for the
Lévy type process X®_ These assumptions, in particular, Assumption 4.1, seem more direct and
easier to verify in some sense compared with those in [32].

Recall that for each k € S and x € RY, Assumption 1.2 guarantees that the operator £y of
(1.2) uniquely determines a Lévy type process X ©®) with initial condition X®®(0) = x. Next
we kill the process X®™) at rate (—gy):

Bl f (XPD )] = B[ F(XPD0)); 1 < 1]

= [exp{ / qkk()?”‘“”(s))ds}f()?“‘“")(r))], 43)
0

where 7 = inf{r > 0 : A(t) # A(0)}. Equivalently, the killed Lévy type X can be defined
as XPO @) = )N((k)(")(t) ift < v and XP®() = 9 if + > 7, where 9 is a cemetery point
added to R?. Moreover, we denote the transition probability families of the Lévy type process
X® and the killed Lévy type process X* by {ﬁ(k)(t, x,A):t>0,x € R A e BR?Y)} and
(PO, x,A):t > 0,x e R, A € B(R?)}, respectively.

For an arbitrarily fixed k € S, we now construct a coupling of the Lévy type process X® . To
this end, we need only to construct a coupling for its generator L. For x, z € R?, set

aroz b= AR o be@BTY (bR
T T e e b ack ) T T b k)

Obviously, a(x, z, k) is nonnegative definite for all x, z € R?. For h(x, z) € C3(R? x R?), set
~ 1
La(Oh(x, 2) = Str(alx, 2, k)V?h(x,2)) + (b(x, z, k), Vh(x, 7)), (4.6)

which is a coupling of the diffusion part in the generator £; defined in (1.2) (refer to Chen and
Li [4]). Next, for h(x, z) € CS(R" x RY), set

2;(k)h(x, 2)
= /[h(x +u,z)— h(x,z)— (V. h(x, 2), u)lg(o_go)(u)](v(x, k,du) —v(z, k, du))+

+ /[h(x, z+u) — h(x, 2) = (V:h(x, 2), u) 10,60 (W)]
x (v(z, k, du) — v(x, k, du))*
+ f[h(x +u, 24 u) = h(x, 2) = (Vih(x, 2), )10, (1)

— (Veh(x, 2), u) 10,60 W(v(x, k, () A v(z, k, (-)))(du),

where (v(x, k, ) — v(z, k, )T = sup{v(x, k, A) — v(z,k, A) : A e~B(R3)} and (v(z, k,-) —
v(x, k, )t is defined in a similar fashion. Note that the operator (2;(k) defined in (4.7) is
a coupling of the jump part in the generator £; defined in (1.2). Finally, combining the two

%))
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couplings together, we get a coupling Ek of the generator £; as follows:
Lih(x, 2) = Qa()h(x, 2) + 2;()h(x, 2), (4.8)

for h(x, z) € Cé(Rd x R%).
To proceed, we now introduce the Wasserstein metric between two probability measures as
follows. For two probability measures P; and P, on (R4, B(R?)), define

W(Pi, P,) = illfflx — 2| P(dx, dz),
P

where P varies over all coupling probability measures with marginals P; and P;; that is,

P(A x RY) = Pi(A), and P(R? x A) = P5(A), forany A € B(R?).

Lemma 4.6. Suppose that Assumptions 1.2(i) and 4.1 hold. For each k € S, the Lévy type
process X% generated by the Lévy type operator Ly, defined in (1.2) has Feller property.

I:roof. For an arbitrarily fixed k € S, we need only to prove that for any r > 0, x,z € R4,
PO, x, ) converges weakly to P®O@E, z,) as x — z. By virtue of Theorem 5.6 in [3], it
suffices to prove that

W(F(k)(t, x, ), PO, 7, )) =0 as x — z. (4.9)

We use the coupling Zk constructed in (4.8) to establish (4.9). Let (i(k), ’z“<k>) denote the
coupling process corresponding to the coupling generator L. Also let P, denote the distribution
of (X®,Z®) and E, the corresponding expectation with a slight abuse of notation. By
Assumption 1.2 we readily know that the coupling process (X®, Z®) is non-explosive.
Similarly to the proof of Theorem 2.3 in [4], set

Tx = inf{r > 0: | XP0) +1ZP@))" > R).

Thanks to the assumptions imposed on the function p, we can find a strictly decreasing
sequence {a,} C (0, 1] with ay = 1, lim,_,oca, = 0 and fa“n"“ o~ '(r)dr = n forevery n > 1.
For each n > 1, there exists a continuous function p, on R with support in (a,, a,—) so that
0 < pu(r) <2n~'p~1(r) holds for every r > 0, and fa‘:”" pu(r)dr = 1.

Now consider the sequence of functions

Ir|
Yu(r) = / /y pp(w)dudy, reR,n>1. (4.10)
o Jo

We can immediately verify that ¥, is even and continuously differentiable, with |y, (r)| < 1
and lim,_, ¥, (r) = |r| for r € R. Furthermore, for each r > 0, the sequence {y,(r)},>1
is nondecreasing. Note also that for each n € N, ¥, ¢, and v/ all vanish on the interval

(_an’ an)-
For any x, z € RY, set

A(x,z, k) = a(x, k) + a(z, k) — 20 (x, kK)o (z, k)T,
B(x,z,k) = (x — z, b(x, k) — b(z, k)),

and

Ax,z, k) = (x —z, A(x, 2, k)(x — 2))/|x — z|*.
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Then as in the proof of Theorem 3.1 in [4], we can verify directly that

204009 (Ix — z) = ¥ (|x — zDA(x, 2, k)
G |z|)

_ - 4.11)
[tr(ACx, 2, k) — ACx, 2, k) + 2B(x, 2, k)]

Note that tr(A(x, z, k)) = ||o(x, k) — o(z, k)||* and hence we obtain from (4.2) that
trA(x, z, k) + 2B(x,z,k) < Hlx — z|p(lx — z]).
On the other hand, using (4.2) again,

(x — 2, (0(x, k) — o (z, K)o (x, k) — o (z, k) (x — 2))
lx — z|?

A(x, z, k) =
< Hlx —z|p(|lx — z).

Thanks to the construction of ¥,,, we have 0 < ¢/ (r) < L and ¥/ (r) = p,(r) < %I(anﬂn—l)(r)
for all r > 0. Putting the above estimates into (4.11), it then follows that

~ 1 1
Ca(k)Yn(lx — 2]) < El/f,i’(lx —zDH|x = zlp(lx — z]) + gllf,é(lx —zDHp(lx —z|)

H 1
= — I = 2l a, (1 — 2D + S Hp(x — 2)
Ha,,,l 1
< — =+ S Hp(x —z)). 4.12)

By virtue of the mean value theorem and the fact that |y, | < 1, we have
Yaullx +u —z|) = ¥u(lx —z) < llx +u —z| — [x — 2| < |ul,

and
(Ve = 2, 1) Lpo.eqy 0] < .
Then it follows that
/ (Y (lx + 1 = 2) = Y (lx — 21) = (Ve (lx — 20, u)Lpo,e0)(10))
x (v(x, k, du) — v(z, k, du)) "
< 2/|u|(v(x, k, du) — v(z, k, du)) ™.
Similarly, we have
[ (ot =2 = ) = v = 2D) = (Ve = 20 0)
x (v(z, k, du) — v(x, k, du)) "
< 2/|u|(v(x, k, du) — v(z, k, du)) ™.
Note that V,,(Ix — z|) = =V, ¥, (|x — z[). Thus
/[mux +u—z—u) = Yallx — z) = (Vata(lx — z]), u)1p0.c0) ()
— (V¥n(x — z0), ) 150,60 )] (v(x, k, due) A v(z, k, du)) = 0.
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Then, using the definition of ij (k) in (4.7), we obtain
2,0 Wu(lx — zI)
< 2/|u|(v(x, k, du) — v(z, k, du)) " + 2/|u|(v(z, k, du) — v(x, k, du)) "

=< 2/IMIIIV()@ k,-)—v(z, k, )ll(du) < 2Hp(|x — z|), (4.13)

where the last inequality follows from (4.3).
A combination of (4.12) and (4.13) yields

Liva(x — z]) = Qa(ov(x — z]) + 2;() ¥ (1x — z))

Ha,_
< L 4+ 3Hp(|x —z|), Vx,z € RY,

Now we apply It&’s formula to the process ¥, (| X®@ () — Z®E()]) to obtain
B[y (IX O A Tr) = Z9O( A Tr)))]

tATR ~ ~ ~
= Vu(x — z)) + By [ /0 L (| XD (s) — z<"><z><s>|>ds} @.14)

Han—lt

tNTR ~ .
< Ya(x — z|) + + 3HE; [ / p(IXPD(s) — Z<’<><Z><s)|)ds].
0

Recall that ¥,(|x|) 1 |x| and a, — 0 as n — oo. Therefore, passing to the limit as n — oo
on both sides of (4.14), it follows from the monotone convergence theorem that

E,{Uf(k)(x)(t A TR) — Z(k)(z)(t A TR)|]
tATR - -
<|x —z| + 3HE, |:/ ,0(|X(k)(x)(s) _ Z(k)(Z)(s)|)dsj|.
0

Furthermore, passing to the limit as R — oo, we have by Fatou’s lemma and the monotone
convergence theorem that

t
Ek[|X(k)(x)(t) _ Z(k)(z)(t)” <|x —z| +3HE; |:/ p(|X(k)(X)(S) _ Z(k)(Z)(S)DdS]
0
t
< |x —z| + 3HE, U p(IXPD(s) — Z(k)(z)(s)|)ds]
0

t
<lx =24 34 [ p(BLRONE) - 2090 )ds. @15)
0

where the last inequality follows from Fubini’s theorem and Jenson’s inequality. Denote u(z) =
Ei[IX®O@) — ZO@(1)|] and v(r) = |x — z| + 3H fot o(u(s))ds. Then by (4.15), we have

0 < u(®) < v(t). Define G(r) = lr d—i for r > 0. Then G is nondecreasing and satisfies

lim, oG (r) = —oo thanks to (4.1). In addition, we have

Gu() = G@) = G(lx —z|) +f G'(v(s)v'(s)ds
0

p(u(s))

p(v(s))

where the last inequality follows from the assumption that p is nondecreasing. Let also G~!(r) =
inf{s > 0 : G(s) > r} for r € R. Then G~ is nondecreasing and satisfies lim,_, _,,G~'(r) = 0.

t
=G(x —z)) + 3H/ ds < G(|x — z|) + 3H1,
0
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Furthermore, we have
0 < u(t) = E[IXP9 (@) — ZOD1)|] < G (G(Ix — z]) + 3H1). (4.16)

In particular, when |x — z| — 0, we see that the right most expression of (4.16) converges to 0
and so does u(t). This implies (4.9) and hence completes the proof. [

Lemma 4.7. Suppose that Assumptions 1.2, 4.1 and 4.2 hold. For each k € S, the killed Lévy
type process X® introduced in (4.5) has Feller property.

Proof. For an arbitrarily fixed k € S, we need only to prove that for any given + > 0 and
[ € CyRY),

[ELSXOD0)] = Ee[f (X V90|
Ex [f(ff(")(”(t)) exp{ f i (XO(s))ds ” @17

0
- E [f(??"‘)(”(t)) exp{ / qkko?(“@(s))ds}“
0

tends to zero as |x — z| — 0. Using the coupling process (X®, Z®) generated by the coupling
generator L as in the proof of Lemma 4.6, we obtain that for any given ¢ > 0, the right-hand
side of equality (4.17) equals

Ex [f(f“‘)(")(t)) exp{ / g (XD (s))ds H
0

— E [f(i“‘)@(t)) exp{ f G (ZPD(s))ds ” ‘
0

-
]

<II£l Ek[ exp{ fo qkko?“‘“*)(s))ds} —~ exp{ fo qkk@(")@(s))ds}

t
+ 201 f Il Ex |:exp{ / qu(ZP 9 (s))ds } 1| pR 0001y f(f(k)(z)(;))>g}:|
0

FXOO @) exp{ f qkko?“)(Ws))ds}
0

— F(ZP9 ) exp{ / qkk@'“‘)(”(s))ds}
0

] (4.18)

t
+ e By [exp{/ Qkk(Z(H(Z)(S))ds}l{f()?(k)(X)(,))f(Z(k)(z)(;))<5}i|
0
= (4.18.1) + (4.18.1I) + (4.18.111),

where || f|| denotes the uniform (or supremum) norm of the function f. Noting that g;; < 0 and
the elementary inequality |e™* — e”| < |a — b| for a, b > 0, we obtain from (4.4) and (4.16)

that
t t
f G (XPD (s))ds — / qkk<z<"><z><s»ds}
0 0

<0~ DAIA [ Ek[\%“m(s)—Z“)@(s)\]ds (4.19)
0

418).I < |1l Ek|:

< (no— DH| f] / G (G(x — 2]) + 3Hs)ds,
0
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where G and G~' are the functions defined in the proof of Lemma 4.6. Since both G and
G~! are nondecreasing, for all s € [0,¢] and x,z € R? with |x — z] < 1, we have
0 < G YG(lx —z|) + 3Hs) < GY(G(1) + 3Ht) = G~'(3H¢t), which is integrable on the
interval [0, ¢]. Thus it follows from the dominated convergence theorem and (4.16) that (4.18).1
— 0 as |x — z| = 0. Moreover, in view of (4.16), we have that )N((k)("‘)(t) converges to z(k)(z)(t)
in probability P; as |[x — z| — 0. Thus, from the continuity of f, we obtain that f (f (1Y)
also converges to f(Z®@(t)) in probability P, as [x — z] — 0. Combining this with g < 0,
we derive that

@18).01 < 2| f1| Pe(| f(XOD(0)) = F(ZPD 1)) = &) — 0O (4.20)

as |x — z| — 0. Using the fact that gz < 0 again, we see that (4.18).III does not exceed ¢; which
can be arbitrarily small. Combining this, (4.18), (4.19) and (4.20) together, we conclude that the
right-hand side of equality (4.17) tends to zero as |x — z| — 0. The proof is complete. []

Lemma 4.8. Let Z be the subprocess of 7 killed at the rate q with lifetime ¢, that is,
t
ELf(Z® )] = E[fZV ()1 < ¢] = E[exp{ - f q(im(s))ds}f@”(r))}, @21)
0

where Z is a right continuous strong Markov process, ¢ > 0 on R?, and f € B,(R?). Then for
any nonnegative function ¢ on R? and constant o« > 0, we have

Ele ™ ¢p(ZV (¢ —)] = GE(gp)(x), (4.22)

where {GZ, a > 0} denotes the resolvent for the killed process Z.

Proof. By the definition of the resolvent and (4.21), we get
o0
GZ(gp)x) = E[ f e“‘(q¢)(Z(")(t))dt}
0

= E[ / N e (gp)ZW(1)) exp{— f q(i’m(s))ds}dr],
0 0

which by page 286 in [26] (putting m, = exp{— fot c](z (5))ds}1 <. there) equals the left-hand
side in (4.22). O

For each k € S, let {G®, o > 0} be the resolvent for the generator £; + gxx. Let us also
denote by {G,, @ > 0} the resolvent for the generator A defined in (1.1). Let

GY o .. 0
0 G -~ 0
ng ) & ) ) and
0 0 ... Gm
qux) 0 - 0
0°() = Q(x) - e 0

0 0 * Yngng (x)
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Lemma 4.9. Suppose that Assumption 1.2 holds. There exists a constant o; > 0 such that for
any a > a; and any f(-, k) € By(RY) with k € S,

Gof =Gof +)_Go(Q°GY)" 1. (4.23)

m=1

Proof. Let f(x,k) > 0 on R? x S. Applying the strong Markov property at the first switching
time 7 and recalling the construction of (X, A), we obtain

Gof(x, k) =Ex [/oo e f(X(), /l(t))dt}
0
=E, |:/r e ™ f(X(1), k)dti| + Eyx |:/oo e f(X(1), /l(t))dt]
0 T
=G fx. k) +Eyg [e_‘”Gaf(X(t), A(t))}

=GV f b+ Y I@{e‘“(— ﬂ)(X(r NG f (X(x-), l)]

1eS\{k}
=GP+ Y GPquGaf(. D)),
1eS\{k}

where the last equality follows from (4.22) in Lemma 4.8. Hence we have

Gof(x, k) =GP (-, k)(x) + fo)( > quGafC, l))(x). (4.24)

1S\ (k)
Of course, we know that the second term on the right hand side of (4.24) equals

ij”( > qszff)f(ul)>(x) = Gi,’”( > qszfﬁ( > quafc,zl)))(x).
1S\ {k}

1eS\{k} 1 eS\{1}

Hence, we further obtain that for any fixed k € S and any integer m > 1,

m

Gof(x.k) =D 9 x)+ RPx), (4.25)
i=0
where

& =GP f( k),
¥ = G<k>( 3 Gl rC l)) = GL“( > qkzwé”)’
1S\ (k) 1ES\ (k)
and fori > 1,
Yy = G(k)< Z quv”, )
1€S\(k)

By Assumption 1.2 we know that +00 > H = max{|qi| : k € S} > max{||qull : k #1 € S},
where ||gy;|| denotes the uniform (or supremum) norm of the function ¢;; as before and constant
H is the same as that in Assumption 4.1. Therefore,

1 < Y 168 @I < = Z 11

1eS\{k} IES\{k}
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Thus, we get that

> vl < DH D gl < Z sl

keS keS keS
when o > «) := 2(ngp — 1)H. A similar argument yields that for i > 1,

1
2= 5 1< Z Iyl (4.26)

keS keS keS
and
1
(k) .
IR, O < o kEGS 1Ga fC, R (4.27)

when o > «. Combining (4.26) and (4.27) with (4.25) and letting m 1 oo, we conclude that for
eachk €S, Gy f(-, k)= ;2 Olff(k) which clearly implies (4.23). The lemma is proved. [

Lemma 4.9 and in particular (4.23) establishes the relationship between the resolvent of (X, A)
and those of the killed Lévy type processes X®, k € S. Now we are in the position to give the
proof of Theorem 4.4.

Proof of Theorem 4.4. Denote the transition probability family of Markov process (X, A) by
{P(t,(x,k),A) : t > 0,(x,k) € R xS, A € BR? x S)}. We first prove that for any given
t>0,xeRY k,leSand A € BRY),

P, (x,k), A x {I})

= 5u PP, x, A)+Z / / fd /d pho)
R R

m=1 Io.ly 12 LmeS
O<ty<tr<-- <lm<tl#z+l To—k.dm=1

x (t1, x, dyDqipr, (1)
x PU(ty —t1, y1,dy2) - qu, 1 Gm) Pt =ty Y, A)dtydty - - - dty, (4.28)

where §y; is the Kronecker symbol ill k, I, which equals 1 if k =/ and 0 if k # [. To prove (4.28),
denote its the right-hand side by P(t, (x, k), A x {[}) for brevity. For any bounded function
f(x, k) defined on R x S such that f(-, k) is Lipschitz continuous for each k € S, we define

P f(x, k) = Ex k[ f(X (1), A1))] = / S, DP(@, (x, k), dy x {I}), (4.29)
leS

and

Pfeky= Y [ FO 0PG5k dy x 1)

leS
~+00
—Z[/ 8klf(y,l)P(k)(t,x,dy)+Z //
e m=1 O<ty<tr<--<t<t
/ o / POy, x, dy)giy, ) P (2 — 11,y dyn) -+
R4 R4
lgul1 3.l €S
1j #li 41 lop=k.Im=1

X iy 1o ) Pt — 1y, Y, dy)dtydey - - dfm}- (4.30)
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Since the process (X, A) has right continuous sample paths, it follows from the continuity of
f and the bounded convergence theorem that the function ¢t +— P, f(x, k) is right continuous.
Similarly for every / € S and each m = 0, 1, ..., every term on the right-hand side of (4.30)
is a right-continuous function in #. Moreover, using Assumption 1.2 and the boundedness of the
function f, we can see that the series on the right-hand side of (4.30) is absolutely convergent.
Therefore it follows that the function 7 — 13, f(x, k) is also right continuous.

On the other hand, using Lemma 4.9 and in particular (4.23), for any o > 0, we have

o0 o0
/ -t pf(x f)d = / e~ pf(x k)ds,
0 0

where o is as in the statement of Lemma 4.9. Since both P, f(x, k) and 13; f(x, k) are right
continuous in 7, we can apply the uniqueness theorem of Laplace transform (refer to [3, Theorem
1.38]) to conclude that e“!' P, f (x, k) = e*!' P, f(x, k). That is,

> / FOLDP@, (0, dy x () =Y f DB, (x k), dy x (1), 4:31)
leS leS

Now we prove (4.28) by the Monotone Class Theorem (see, e.g., Theorem 1.35 in [3]). Denote
by L the family of bounded and Borel measurable functions defined on R? x S such that (4.31)
holds. From the above argument, we know that L contains all bounded and Lipschitz continuous
functions on RY x S. Next we show that L is a so-called £-system (c.f. Definition 1.34 in Section
1.5 of [3]). Firstly, L obviously contains the constant function 1. Secondly, for ¢; and ¢; in R
and f) and f, in L, we clearly have c; f; + c2 f» in L. Thirdly, if f, € L with0 < f,, 1 f, then
f € L by the monotone convergence theorem. Hence, according to the definition of £-system
[3, Definition 1.34], L is an L-system. Moreover, let C denote the set of all the open sets in
R? x S. Note that C is a 7-system and recall that L contains the set of all bounded Lipschitz
continuous functions defined on R x S. Therefore, by virtue of the monotone class theorem
(refer to [3, Theorem 1.35]), the family L contains the set of all bounded measurable functions
defined on R? x S. In particular, for any given A € B(R?) and [ € S, the family L contains the
function 14 (x, k), which implies that (4.28) holds.

Finally, we use (4.28) to prove the Feller property for (X, A). By Lemma 4.7, we know that
for every k € S, X® has the Feller property. Therefore, in view of Proposition 6.1.1 in [17] and
Assumption 1.2, we derive that P®(¢, x, A) and every term in the series on the right-hand side
of (4.28) are lower semicontinuous with respect to x whenever A is an open set in B(R¢). This
then implies that the left-hand side of (4.28) is lower semicontinuous with respect to (x, k) for
every [ € S whenever A is an open set in B(RY) by noting that S is a finite set and has discrete
metric. Consequently, (X, A) has the Feller property (see Proposition 6.1.1 in [17] again). The
theorem is proved. [

5. Strong Feller property

In this section, we study the strong Feller property for the coordinate process (X(z), A(t)) in
the underlying probability space ({2, F, P) as specified in Section 4. We first make the following
assumption.

Assumption 5.1. There exists a Ao > 0 such that (£, a(x, k)&) > Ag|€|* for all x, £ € R and
k € S. Denote by oy, (x, k) the unique symmetric nonnegative definite matrix-valued function
such that ofo(x, k) = a(x,k) — Xol. In addition, there exist positive constants 8y, H and a



F. Xi, C. Zhu / Stochastic Processes and their Applications 128 (2018) 42774308 4303

nonnegative function ¥ defined on [0, do] satisfying lim, ¢ (r) = O such that

20x — 2, b(x, k) — b(z, k) + |03, (x, k) — 03, (z, K)I* < 2H|x — 2|0 (|x — z]), (5.1

H
/dlulﬂv(x, k,-) —v(z, k, )ll(du) < ?0(|x —zl) (5.2)
]RO
forall x, z € RY with [x — z] < 8pand allk € S.

Remark 5.2. The uniform ellipticity condition for the diffusion matrix a(x, k) in Assumption 5.1
is quite standard in the literature. Indeed, similar assumptions were used in [20-22] to obtain the
strong Feller property.

Proposition 5.3. Under Assumptions 4.1, 4.2, and 5.1, for each k € S, both the Lévy type process
X® and the killed Lévy type process X® are strong Feller.

Proof. The proof is motivated by Priola and Wang [21]. Fix an arbitrary k € S throughout
the proof. Let o;,(x, k) be as in Assumption 5.1 and put c(x, z, k) = Ao(/ — 2(x — 2)(x —
DT /Ix = z?) + 03y (x, k)03 (z, k)T forall x, z € RY. For x, z € R?, set

atzp = OO0 D) ey = (P00
o C(X,Z,k)T Cl(z,k) ’ T b(Z,k) :

We can verify directly that @(x, z, k) is symmetric and nonnegative definite for all x, z € R?.
Then we define

D.(0h(x, 7) = %tr(ﬁ(x, 2, k)V2h(x, 2)) + (b(x, z, k), Vh(x, 2)),
and
Lih(x,2) = Dy)h(x, 2) + 2;(k)h(x, 2), (5.3)
where h € Cg(Rd x R%) and sz(k) is defined in (4.7). Let
Alx,z, k) =alx, k) + a(z, k) — 2c(x, z, k),
A(x, 2, k) = —— (x — 2, A(x, 2, b)(x — 2)),
|x — z|
B(x,z,k) = (x —z,b(x, k) — b(z, k)).

Straightforward computations lead to

tr(A(x, z, k) = [lo(x, k) — o (z, k)||* + 44 and A(x, z, k) > 4A. (5.4)
Consider the function F(r) := 1’? r > 0.Then F'(r) = (le)z >0and F"(r) = ﬁ < 0 for

all r > 0. Consequently it follows from (5.1) and (5.4) that

~ 1 _
a(R)F(Ix —z]) = EF”(IX —zDA(x, z, k)

0= Diace, 2, ) - A, 200+ 2B, 2, 0]
2|x —z|

<2 F"(Jx — z) + HF'(|x — zD?(1x — z))

oo B(x - 2)) (5.5)
Ttz A+ x =z <& '

for all x, z € RY with |x — z| < §y.
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Next we estimate ij (k)F(]x — z|). To this end, we note that since F is concave, it follows that
for any x, z € R and u € R, we have

F(lx +u—z)) = F(lx — z]) = (Vo F(Ix — z]), u) 10,0 ()
/ F'(lx — z|)
SF(x—zD(x +u —z| —|x —z|) — W(X =z, u)1 (¢ (1)
2|u|
(14 |x =z
Hence it follows that
/[F(PC +u—z)) = F(lx — z]) = (Ve F(lx — 2]), u)15(0,60) ()]
x (v(x, k, du) — v(z, k, du))*

=< m/|u| U(X k du)—U(Z k dl/l))

In the same manner, we have
/[F(Ix — (@4 w)) — F(lx —z) = (V.F(Ix = z|), u)1p0,60)(10)]
x (v(x, k, du) — v(z, k, du)) *

m/lul v(z, k, du) — v(x, k, du))

On the other hand, since V, F(|]x — z|) = —V,F(|x — z|), we have
/[Fux =z —ul) = F(lx — zl) = (Ve F(lx — 2]}, ) Lp(0.00/@)
— (V. F(lx — z]), M>1B(o,50)(u)] (v(x, k,du) Av(z, k, du)) =0.
Then, using the definition of Q (k) in (4.7) and condition (5.2), we obtain
B F(Ix —zI)

=< m['/hﬂ V(X k dM)—V(Z k du))

+ /lul(v(z,k,du)—v(x,k,du)) ]
(I_H—l)z/lulllv(x k, ) —v(z, k, )| (du)

< mﬁﬂx -z, (5.6)

for all x, z € R? with |x — z| < &.

Plugging (5.5) and (5.6) into (5.3), we obtain that for all x, z € R? with |x — z| < 8y,
—40 n 2H

+lx =z 1+ |x —z])?

+2H 9 (|x — z).

LiF(lx —z]) < q 9 (x — z))

< 0
(14 80)°
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Furthermore, since Ao > 0 and lim, jo2}(r) = O, it follows that there exist positive constants «
and 6§ (0 < 8 < &p), we have

LiF(|x —z)) < —k, forall 0 < |x — z| < 6. (5.7

Given x # z with§ > |x — z| > mlo, where my € N. Let (X®® Z®@) be the coupling

process corresponding to the operator Ek and denote by T the coupling time. For n, N € N and
the § in (5.7), define

T, =inflr = 0: X000 - 20900 < %}
oy = inf{r = 0: [XOO@)| + | Z0O @) > NY,
and
Sy == inf{r = 0: | XOD () = ZOO(p)] > ).
We have
0 < FOP T, Aoy > S5}
< B [F(XODT, A Sy now) — ZPOT, A S5 A o))

Ta ASsAON R - -
= F(lx —z]) + E; [ / Ly F(IXPW — Z(k)@l)ds}
0

< F(lx — z|) — «Ei [T, A S5 A on],
where the last inequality follows from (5.7). Then it follows that
FOP AT, Aoy > Ss}+ k Ex[T, A Ss Aoyl < F(lx — z)).
Since T, — T a.s.asn — oo and oy — o0 a.s. as N — 00, we have
FQOPAT > Ss} + « Ex[T A Ss1 < F(lx — 2.
Then forany r > 0and 0 < |x — z| < 4,
Pu{T >t} =P {T >t,8S5 >t} + P {T > 1,85 <t}
<P {T ASs >t} + P {T > S5}

IA

1
;Ek[T AN Sg] + ]P)k {T > Sa}

1 1 F
(; + m) (Ix — z).

This implies the strong Feller property for the Lévy type process X® immediately. Indeed, for
any f € By(RY),t > 0,and 0 < |x — z| < 8, we have

[ELfXO00)] = BLfXOO0)]| < B[ FEPD@0) — £XOD0))]]

= Ee[| FXPD @) — FXPD )| 172 ]
<2 flloP {T >t} - 0, as |x —z| — O.

IA
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Finally, as in the proof of Lemma 4.7, for any f € By(RY),t > 0,and 0 < |x — z| < 8, we can
write

B[ f(XOD@)] = E[fXOD@0))]]
< EkU FXOW (py)elo e XODnds _ £ ZRG (1)) fy aZ PO )ds

< Ek[|f(§<k><x)(t)) _ f(Z(k)(z)([))|ef(§ qkk()~(<k><x>(s))ds]

+ Ek I:f(z(k)(z)(t))|efot qkk(f(k)(a\')(s))ds _ efOt qkk(z(k)(z)(s))ds [I

= 20 fllooPi AT > 1} + IIfIIOOEk[

t t
/ qee(XP(s))ds — / G (ZPD(5))ds
0 0

]

1 1
< 2||f||oo(; + m)ﬂlx —zD)+ H(@no — DIl flloo

t
x Ey [/ |X(k)(x)(s) _ Z(k)(Z)(S)|dSi|
0

1 1 !
< 2||f||oo(; + m)ﬂlx —z)+ H(no — 1)||f||oo/0 G~ '(G(Ix — z|) + 3Hs)ds,

where the second last inequality above follows from Assumption 4.2 and the last inequality
follows from (4.16). Note that F(-) is continuous with F(0) = 0. In addition, recall that we
argued in the proof of Lemma 4.7 that fot G ' (G(x —z|) + 3Hs)ds — Oas |x — z] — 0. Thus
it follows that |Ex[ f(X®©1)] — B[ f(X®@(#))]| — 0 as [x —z] — 0. On the other hand,
for any |x — z| > &, we have

|Ec[ f(XPDO@N] — B[ fXPD@N]| < 287 flloolx — 2l

Therefore we obtain the desired strong Feller property for the killed Lévy process X®). This
completes the proof.

With Proposition 5.3 at our hands, we can use exactly the same arguments as those in the
proof of Theorem 4.4 to establish the following theorem.

Theorem 5.4. Under the conditions of Proposition 5.3, the process (X, A) possesses the strong
Feller property.
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