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Abstract

This paper aims to investigate the numerical approximation of a general second order parabolic
stochastic partial differential equation(SPDE) driven by multiplicative and additive noise. Our main
interest is on such SPDEs where the nonlinear part is stronger than the linear part, usually called
stochastic dominated transport equations. Most standard numerical schemes lose their good stability
properties on such equations, including the current linear implicit Euler method. We discretize the SPDE
in space by the finite element method and propose a novel scheme called stochastic Rosenbrock-type
scheme for temporal discretization. Our scheme is based on the local linearization of the semi-discrete
problem obtained after space discretization and is more appropriate for such equations. We provide a
strong convergence of the new fully discrete scheme toward the exact solution for multiplicative and
additive noise and obtain optimal rates of convergence. Numerical experiments to sustain our theoretical
results are provided.
© 2020 Elsevier B.V. Allrights reserved.
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1. Introduction
We consider the numerical approximation of the following SPDE
dX(@)+[AX(t) + F(X(¢))ldt = B(X(t))dW(t), X@0)=X,, te€(,T], 1)

in the Hilbert space L*(A), where A c R?, d = 1,2, 3 is bounded with smooth boundary,
T > 0 is the final time, F and B are nonlinear functions, X is the initial data which is
random and A is a linear operator, unbounded, not necessary self-adjoint. Precise assumptions
on F, B, Xy and A will be given in the next section. Equations of type (1) are used to model
many real world phenomena in different fields such as biology, chemistry, physics [3,28,29,32].
In many cases explicit solutions of SPDEs are unknown, therefore numerical approximations
are powerful tools to provide realistic approximations. Numerical approximation of SPDE (1)
is therefore an active research area and has attracted a lot of attentions since two decades (see
e.g. [8,9,11,12,16,27,28,34-37]). Due to the time step restriction of the explicit Euler method,
linear implicit Euler method is used in many situations. Linear implicit Euler method has
been largely investigated in the literature (see e.g. [12,17,33,34] and the references therein).
The resolvent operator (I + AtA;)~! plays a key role to stabilize the linear implicit Euler
method, where A is the discrete version of A, obtained after the space discretization. Such
approach is justified when the linear operator A is strong. Indeed, when A is stronger than F,
the linear operator A drives the SPDE (1) and the good stability properties of the linear implicit
Euler method and exponential integrators are guaranteed. In more concrete applications, the
nonlinear function F can be stronger. Typical examples are stochastic reaction equations with
stiff reaction term. For such equations, both linear implicit Euler method [12,17,33,34] and ex-
ponential integrators [8,16,35] behave like the standard explicit Euler method (see Section 2.3)
and therefore lose their good stabilities properties. For such problems in the deterministic
context, exponential Rosenbrock-type methods [7,31] and Rosenbrock-type methods [21,22,31]
were proved to be efficient. Recently, the exponential Rosenbrock method was extended to
the case of stochastic partial differential equations [20] and was proved to be very stable for
stochastic reactive dominated transport equations. However the computation of the stochastic
exponential matrix functions involved was far to be efficient. Since solving linear systems are
more straightforward than computing the exponential of a matrix, it is important to develop
alternative methods based on the resolution of linear systems, which may be more efficient
if the appropriate preconditioners are used. In this paper, we propose a novel scheme based
on the combination of the Rosenbrock-type method and the linear implicit Euler method. The
resulting numerical scheme that we call stochastic Rosenbrock-type scheme(SROS) is stable
and efficient in contrast to the exponential scheme in [20], which is only stable. The space
discretization is performed using the finite element method and our novel scheme is based on
the local linearization of the nonlinear drift part of the semi-discrete problem obtained after
spatial discretization. The local linearization therefore weakens the nonlinear part of the drift
function so that the linearized semi-discrete problem is driven by its new linear part, which
changes at each time step. The standard linear implicit Euler method [12,34] is then applied
to the linearized semi-discrete problem. This combination yields our novel SROS scheme. We
analyze the strong convergence of the novel fully discrete scheme toward the exact solution in
the root-mean-square L2-norm. The main challenge here comes from the fact that the resolvent
operator S;' o, (@) appearing in the numerical scheme (33) is not constant as it changes at each
time step. Furthermore the operator S} 4, () is a random operator. To address those challenges,
we provide in Section 3.1 novel stability estimates to handle the composition of the perturbed
random resolvent operators, useful in our convergence analysis. The results indicate how the
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convergence orders depend on the regularity of the initial data and the noise. More precisely,
min(B,1)
2

we achieve the optimal convergence orders O (h? + At ) for multiplicative noise and the

optimal convergence orders O (hﬁ + Atg’6 for additive noise, where § is the regularity’s
parameter of the noise (see Assumption 2.2) and € > 0 is an arbitrary number small enough.

The rest of this paper is organized as follows. Section 2 deals with the well posedness
problem, the numerical scheme and the main results. In Section 3, we provide some error
estimates for the deterministic homogeneous problem as preparatory results along with proof
of the main results. Section 4 provides some numerical experiments to sustain the theoretical
findings. Those numerical experiments show the efficiency of the novel scheme comparing to
the exponential scheme developed in [20].

2. Mathematical setting and main results

2.1. Main assumptions and well posedness problem

Let us define functional spaces, norms and notations that will be used in the rest of the paper.
Let (H, (., .)n, |l.Il) be a separable Hilbert space. For all p > 2 and for a Hilbert space U, we
denote by L”({2, U) the Banach space of all equivalence classes of p integrable U-valued
random variables. We denote by L(U, H) the space of bounded linear mappings from U to H
endowed with the usual operator norm ||.|| w,u). By £2(U, H) := HS(U, H), we denote the
space of Hilbert—Schmidt operators from U to H. We equip £,(U, H) with the norm

o0
Wy = Y MWl 1 € La(U, H), ()

i=1

where (;){2, is an orthonormal basis of U. Note that (2) is independent of the orthonormal

basis of U. For simplicity, we use the notations L(U, U) =: L(U) and L,(U, U) =: L,(U). 1t
is well known that for all / € L(U, H) and [; € £L,(U), ll; € L,(U, H) and

W ey, my < Wlew, m il zow)- 3)

In the rest of this paper, we take H = L?(A). In order to ensure the existence and the uniqueness
of the solution of (1), and for the purpose of the convergence analysis, we make the following
assumptions.

Assumption 2.1 (Linear Operator A). —A : D(A) C H — H is the generator of an analytic
semigroup S(t) =: e~4’ on L*(A), i.e. S(¢) is given as follows [1,2,6,24]

1
S(t) = —,/e—“(u— A7 ldr, >0,
2mi c
where C denotes a path that surrounds the spectrum of —A.
Assumption 2.2 (Initial Value X,). The initial value X, belongs to L” (!2, D ((A)g», for
some B € (0, 2] and some p € [2, 00).

As in the current literature for deterministic Rosenbrock-type methods [21,22], determin-
istic exponential Rosenbrock-type method [7,19] and stochastic exponential Rosenbrock-type
methods [20], we make the following assumption on the nonlinear drift term.
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Assumption 2.3 (Nonlinear Term F). The nonlinear map F : H —> H is Fréchet
differentiable with bounded derivative, i.e. there exists a constant b > 0 such that

I|F'llmy <b, ueH. @)

Moreover, as in [14, Page 6] for deterministic Rosenbrock-type method, we assume that the
resolvent set of —A — F’/(u) contains (0, co) for all u € H.

Remark 2.1. Inequality (4) together with the mean value theorem shows that there exists a
constant Cr = Cr(b) > 0 such that

I1F(u)— F)ll < Crllu—vll, u,veH. &)

In addition, if || F(0)|| < oo, then from (5) there exists a constant C = (Cp, || F(0)|]) > 0 such
that

IF@Il < [FO) + [1F) = FOI < [FOI 4+ Crllull < CA + [lul), ueH.

Remark 2.2. An illustrative example for which the resolvent set of —A— F’(u) contains (0, co)
is obtained when A generates a contraction semigroup and the derivative of the nonlinear drift
term F satisfies the following coercivity condition

(F'wp,v), =0, u,veH. (6)

In fact, it follows from (6) that —F’(u) is an relatively A-bounded and dissipative operator
with A-bound ay = 0 (see e.g. [1, Chapter III, Definition 2.1]). Therefore, from [1, Chapter
III, Theorem 2.7], it follows that —A — F’(u) is a generator of a contraction semigroup. Hence,
for all u € H (0,00) C p (—A — F'(w)).

Remark 2.3. The condition (0, c0) C p (—A - F ’(u)) on Assumption 2.3 can be relaxed,
but the drawback is that the resolvent set of the perturbed semigroup is smaller than that of
the initial semigroup.

Let (2, F, P) be a probability space and {F;},c[0.71 @ normal filtration on ({2, F, ), that is
{Fi}iero,m) 1s a filtration on (§2, F, P) satistying the following (see e.g. [26, Definition 2.1.11]):

e Jy contains all elements O € F with P(O) = 0,
o Fi=F =(),.,Fs forallre[0,T].

Let Q : H — H be a linear selfadjoint and positive operator. In this work, the noise
W) = W(x,t) is assumed to be an H-valued Q-Wiener process defined in the filtered
probability space (Q, F,P, {]:t}tzo)- Let us recall below the definition of a Q-Wiener process.

Definition 2.1 (Q-Wiener Process [26, Definition 2.1.12]). An H-valued stochastic process
{W(t):t > 0} is called Q-Wiener process if

(i) W(0) = 0 almost surely (a.s).
(ii) The application t —> W(t, w) is continuous from R* to H for every w € {2.
(iii) W(¢) is F;-adapted and W(z) — W(s) is independent of F; for s < .
(iv) For all 0 < s < t, the random variable W(t) — W(s) follows a normal distribution with
mean 0 and covariance operator (r — s)Q. We write W(t) — W(s) ~ N (0, (t — 5)Q).
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It is well known that if Q has finite trace,' then the Q-Wiener process W () can be represented
as follows [26, Proposition 2.1.10]

W, )= Jgiex)pi(t), tel0.T], xed, 0
ieN
where ¢;, e¢;, i € N are respectively the eigenvalues and the eigenfunctions of the covariance
operator Q, and B; are independent and identically distributed standard Brownian motions.
The space of Hilbert—Schmidt operators from Q%(H ) to H is denoted by Lg =

L>(Q2(H), H) = HS(Q2(H), H) with the corresponding norm 11 defined by

1

00 2
. 1 1L 2 0
Il = Q2 s = (Z ||lQ2e,-||> . el ®)
i=1
where (e;);2, is an orthonormal basis of H. Note that (8) is also independent of the orthonormal
basis of H. Following [25, Chapter 7] or [10,12,16,37], we make the following assumption on
the diffusion term.

Assumption 2.4 (Diffusion Term). The operator B : H — Lg satisfies the global Lipschitz
condition, i.e. there exists a positive constant Cp such that

IBO.g = Cp,  1Bw) =By = Cpllu—vll, u,veH.
As a consequence of Assumption 2.4, it holds that

IB@liLg = IBO g +I1Bw)=BO)Ig = IBOI g+ Chllull = Cp+llul), ueH.

We equip V, = D(A?), « € R with the norm [|v]|, == [[AZv], for all v € V,. It is well
known that (V,, ||.||¢) is a Banach space [6].

To establish our root-mean-square L? strong convergence result when dealing with multi-
plicative noise, we will also need the following further assumption on the diffusion term when
B € [1,2), which was also used in [10,13] to achieve optimal regularity rates in space and
time, and in [12,16,20] to achieve optimal strong convergence rates.

Assumption 2.5. There exists a positive constant ¢ > 0 such that
() ()

B (D (A@» C HS (Q%(H),D(AT)) and HATB(v)

<c(1+1lvlg-1)

L3
for all v € D <A@>, where 8 comes from Assumption 2.2.

Typical examples fulfilling Assumption 2.5 are stochastic reaction diffusion equations (see
e.g. [10, Section 4]).

When dealing with additive noise (i.e. when B = I), the strong convergence proof will make
use of the following assumption, also used in [20,34,35].

Assumption 2.6. The covariance operator Q satisfies the following estimate

<CQ, (9)

-1 1
|4 02 <
Lo(H)

where 8 comes from Assumption 2.2 and Cy is a positive constant.

1 In this case W(¢) is called trace class noise.
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When dealing with additive noise, to achieve convergence order greater than % in time, we

use the following further assumption on the nonlinear function, also used in [20,34,35].

Assumption 2.7. The deterministic mapping F : H — H is twice differentiable and there
exist two constants L > 0 and n € (0, 2) such that

IF'Govll < Lilvll,  I1F" @)1, v2)ll—y < Lilvill-lvall, - u, v, 01,02 € H.

The following proposition will be useful in the rest of the paper.

Proposition 2.1 (Smoothing Properties of the Semigroup [6]). Let ¢« > 0, § > 0 and
0 <y <1, then there exists a constant C > 0 such that

NA°S ey < Ct™°, t>0; [JA A= S@) |l < Ct7, t>0;
A’S(t) = S()A® on D(A®°) and ||D!S(t)v|s < Cr=" ola. 10,
v e DAT);
dl
where | =0, 1, and Dﬁ = yTi Moreover, if § > y then D(A%) C D(AY).

The well posedness result is given in the following theorem.

Theorem 2.1 (/25, Theorem 7.2]). Let Assumptions 2.1, 2.3 and 2.4 be satisfied. If Xy is a
Fo-measurable H-valued random variable, then there exists a unique mild solution X of (1),
which has the following representation

t

X(@t) = S()Xo — / S(t — s)F(X(s))ds + / S(t — s)B(X(s)dW(s), te(0,T] (10)
0 0

and satisfies

T
P [/ I1X()|*ds < oo:| =1.
0

Moreover, for any p > 2, there exists a constant C = C(p, T') > 0 such that

sup E| X7 < C(A +E[Xoll”).
tel0,T]

2.2. Finite element discretization

In the rest of the paper, to simplify the presentation, we consider the linear operator A to
be of second-order. More precisely, we consider the SPDE (1) to be a second-order semilinear
parabolic SPDE of the following form

dX(t, x)+[-V-(DVX(t, X)) +q-VX(t, X)dt+ f(x, X (¢, x)dt = b(x, X(t, x))dW (&, x),
(1)

for x € A and ¢ € (0, T], where the functions f : A xR — Randb: A xR — R are
continuously differentiable with globally bounded derivatives. In the abstract framework (1),
the linear operator A is the L?(A) realization [2, p. 812] of the following differential operator

d

d
0 ou ou
A”Z_ijz_laxi(D"f“)ax_,)*g‘“(")am’ Di=(Dij) i gr 9=@iziza- (12)
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where D;; € L*(A), ¢; € L*(A) and there exists a constant ¢; > 0 such that

d
Y DyEE =l EeR! xed

i,j=1
The functions F : H — H and B: H — HS (Q%(H ), H ) are defined respectively by

(F) (x) = f (x,v(x)), (Bu)x)=>b(x,v(x).ulx), xed veH,
ue QI(H). (13)
For an appropriate family of eigenfunctions (e;);en such that sup; [supxE N ||ei(x)||] < 00,
it is well known that the Nemytskii operator F related to f and the multiplication operator B
associated to the function b defined in (13) satisfy Assumptions 2.3-2.5, see e.g. [10, Section
4]. As in [2,16] we introduce two spaces H and V, such that H C V; the two spaces depend

on the boundary conditions and the domain of the operator A. For Dirichlet (or first-type)
boundary conditions we take

V=H=H/A)={veH' A:v=0 on 3A}.

For Robin (third-type) boundary condition and Neumann (second-type) boundary condition,
which is a special case of Robin boundary condition, we take V = H'!(A)

={ve HXA): 9v/dva+av =0, on dA}, ayeR,
where dv/dv 4 is the normal derivative of v and v4 is the exterior pointing normal at n = (n;)

to the boundary of A, given by
d av
dv/Iva = i(x)D;j(x)—, € dA.
v/8v.A ijZ:] @Dy F=.
Using Green’s formula and the boundary conditions, the corresponding bilinear form associated
to A and A is given by

d
ou Jv
) = i z_ d ) GV,
a(u, v) /;1 Z ]8x, 8x, ;q v]dx, u,v

i,j=1
for Dirichlet and Neumann boundary conditions, and

d
ou Jv
a(u,v)zv/;1 Z iy 8xj Zq, 'v dx+/Mozouvdx, u,vev,
ij=1 ! i=1 Xi

for Robin boundary conditions. Using Garding’s inequality (see e.g. [29]), it holds that there
exist two constants ¢g and Ay > O such that

a(,v) = rollvll3, ,, — collvl®, veV. (14)

(A)
By adding and subtracting coXdt in both sides of (1), we have a new linear operator still
denoted by A, and the corresponding bilinear form is also still denoted by a. Therefore, the
following coercivity property holds

a(,v) = Aollvllf, veV. 15)
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Note that the expression of the nonlinear term F has changed as we included the term coX
in the new nonlinear term that we still denote by F. The coercivity property (15) implies that
—A is sectorial on L?(A), i.e. there exist Cy, 6 € (%n, ) such that

- G
(AL + A) 1||L(L2(A)) = mv A€ S,

where Sy = {A eC:r=pe?, p>0, 0<|¢p| < 9} (see e.g. [6]). The coercivity property
(15) implies that —A is the infinitesimal generator of a contraction semigroup S(t) = ¢4 on
L?(A). The coercivity property (15) also implies that A is positive and its fractional powers
are well defined for any « > 0, by

A~ = L t* e dt,
e Jy (16)
A = (A—ot)—l7

where I'(«) is the Gamma function (see [6]). Let us now turn our attention to the space
discretization of our problem (1). We start by splitting the domain A in finite triangles. Let
Tr be the triangulation with maximal length / satisfying the usual regularity assumptions, and
Vi, C V be the space of continuous functions that are piecewise linear over the triangulation
Tx. We consider the projection P, from H = L*(A) to V,, defined for every u € H by

(Pou, \)u = u, X)u, X € V. (17)
The discrete operator A, : V, —> Vj, is defined by
(And, X)u = (A"Pp, A 23 y = a($. x). . X € Vi, (18)

Like —A, —Aj, is also a generator of a bounded analytic semigroup S,(¢) on V}, given by (see
e.g. [2, Chapter II, (7.14)] or [15])

1
Sp(t) = e M = — f eI — Ay~ Ydr, t>0,
27‘” c

where C is a path that surrounds the spectrum of —Aj. Let K be a constant satisfying
ISkl = K, 1 =0. 19)

As any semigroup and its generator, —A; and S,(¢) satisfy the smoothing properties of
Proposition 2.1 with a uniform constant 9 (i.e. independent of /). Following [2,15,16], we
characterize the domain of the operator Az, 1 <y < 2 as follows:

D(A%) =HnN H”(A) for Dirichlet boundary conditions,
D(A) =H, D(A%) = H'(A) for Robin boundary conditions.
The semi-discrete version of (1) consists to find X"(z) € V,, t € (0, T] such that

dX"t) + [A, X" @) + P,F(X"(1)ldt = P,B(X"(t))dW(®), X"(0)= P,X,,
te(,T]. (20)

The proof of the following lemma can be found in [20, Lemma 4 & Lemma 5]. Its provides
the space and time regularities of the mild solution X h(t) of (20).
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Lemma 2.1.

(i) Let Assumptions 2.1 (with 8 € [0, 1)), 2.2-2.4 be fulfilled. Then the mild solution X"(t)
of (20) satisfies the following regularity estimates

B
HA; X' <c <1 +[afxg ) . telo,Tl, @)
LP(Q.H) LP($2,H)
”Xh(tZ) - Xh(tl)”LP(.Q,H)
§C|t2—l‘1|g(1+”A§X0‘ ) n.n € 10,71, @2)
LP(£2,H)

Moreover, if B € [1,2) and if Assumption 2.5 is fulfilled, then

1 B
| X"(12) = X"t gy y < Cli — 1112 (1 + 4% x,) ) .6 €[0,T].

LP(£2,H)

(ii) Let Assumptions 2.1-2.3 and 2.7 be fulfilled with B € [0, 2). Then in the case of additive
noise, the mild solution X"(t) of (20) satisfies the following regularity estimates

B
A2 X"(r) <c <1 + 4% % ) . 1el0,T], (23)
LP(2.H) LP(2,H)
h h min(B,1) B
X902 = XMW gy < Clta =052 (14 [AX0] ).
1, €0, T]. (24)

Here C = C(Cfr,Cp, Cq, |F(O)|, T, B) is a positive constant, independent of h, t, t| and t,.

Corollary 2.1. As a consequence of Lemma 2.1, it holds that

”Xh(t)”U’(Q,H) =C, “F (Xh(t)) ||LP(Q,H) =C, “B (Xh(t)) ||LP(Q,H) =C,
tel0,T]

2.3. Standard linear implicit Euler method and stability properties

Let us recall that the linear implicit Euler scheme applied to the semi-discrete problem (30)
is given by

Zh = SpaZlh + AtSy A P F(ZE) + SiacPiB(ZE), 25)
Snoaw = A+ AtA)~", Zj = PyXo. (26)

If the linear operator A tends to the null” operator, its corresponding discrete version A;, tends to
the null operator and S, A, tends to the identity operator I. In this case, the numerical scheme
(25) and the standard exponential integrator [16] behave like the unstable Euler—Maruyama
scheme. See also [20, Section 2.3] for more details. For a simple illustration of the stability
properties of such problems, let us consider the following deterministic linear differential
equation

y =ay+cy, a>0,c<0, suchthat ¢ < —a. 27

2 Think for instance of the Laplace operator A = a A, with « —> 0. Here the null operator is understood in
the sense of Au =0 for all u € D(A).
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The linear implicit Euler method applied to (27) by considering F(y) = cy as the nonlinear
part is given by

1+ cAr
Vn+1 = m)’n, n>0. (28)

The numerical scheme (28) is stable [23,31] if and only if Ar < azTc Note that when a is
small enough and |c| large enough, the numerical scheme (28) behaves like the explicit Euler
method and the stability region becomes very small. Rosenbrock-type methods were proved to
be efficient in such situations and were studied in [4,5,23] for ordinary differential equations.
Applying the Rosenbrock—Euler method to the linear problem (27) yields
1

1 —(a+c)At
Note that (29) coincides with the full implicit method with F(y) = cy. Rosenbrock—Euler
method (29) is unconditionally stable (A-stable). This demonstrates the strong stability property
of Rosenbrock-type methods for stiff problems. Authors of [21,22] extended Rosenbrock-type
methods to parabolic partial differential equations and the methods were proved to be efficient
for solving transport equations in porous media [31]. To the best of our knowledge, the case
of stiff stochastic partial differential equations is not yet studied in the scientific literature and
will be the aim of this paper.

Ynt1 = Yu, n=0. (29)

2.4. Novel fully discrete scheme and main results

Let us build a more stable scheme, robust when the linear operator A tends to null operator.
For the time discretization, we consider the one-step method which provides the numerical
approximated solution Xf,’i of X"(t,) at discrete time #,, = mAt, m =0, ..., M. The method
is based on the continuous linearization of (20). More precisely, we linearize (20) at each time
step as follows

dX")+[A X ")+ I X" 0]dt = G! (X"@)) dt + Py B (X" (1)) dW(0), ty <1t <ty
(30)

where J! is the Fréchet derivative of P, F at X! and G is the remainder at X" . Both J! and

G! are random variables and are defined for all w € {2 by

JHw) = (P F) (X" () = P,F (X" (w)), (31)
G () (X" (1)) = — Py F(X"(t)) + J! () X"(1). (32)

Applying the linear implicit Euler method to (30) yields the following fully discrete scheme,
called stochastic Rosenbrock-type scheme (SROS)

X} = PXo, 33
X1 = Spta X + AS) 0, Go(X0) + Sy 2 PaB(X) AW,
where AW,, and Sj, a, are defined respectively by
- -1
AWy =W, — W, S ar(@) = (I + AtA,Lm(a))) , (34)

and the linear operator Ay ,, is given by

Apm(@) = Ay + JN(@), e . (35)
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In the numerical scheme (33), the resolvent operator (defined in (34)) is random and changes
at each time step. Having the numerical method (33) in hand, our goal is to analyze its strong
convergence toward the exact solution in the root-mean-square L? norm for multiplicative and
additive noise.

Throughout this paper we take t,, = mAr € [0, T'], where At = % form,MeN, m<M,
C is a generic constant that may change from one place to another but is independent of both
At and h. The main results of this paper are formulated in the following theorems.

Theorem 2.2 (Multiplicative Noise). Let X(t,,) and X" be respectively the mild solution given
by (10) and the numerical approximation given by (33) at t,, = mAt. Let Assumptions 2.1 and
2.2 (with p =2), 2.3 and 2.4 be fulfilled.

(i) If 0 < B < 1, then the following error estimate holds
1X(t) = X2l 2000 < € (hﬂ + Atg) .
(ii) If 1 < B <2 and if Assumption 2.5 is fulfilled, then the following error estimate holds
1X () = Xhll 2 < € (W + ArF)),
where C = C(Cp, Cp, T, ||F(O)|, ¢, Xo) is a positive constant independent of h, M and At.
Theorem 2.3 (Additive Noise). When dealing with additive noise (i.e. when B = 1), let

Assumptions 2.1, 2.2 with p = 4, 2.3, 2.6 and 2.7 be fulfilled. Then the following error estimate
holds for the mild solution X(t) of (1) and the numerical approximation (33)

5_¢
1X ) = Xhll2igm = € (n + A57°), (36)
where C = C(Cp, Co, T, |F(0)|l, Xo) is a positive constant independent of h, M and At.

3. Proof of the main results

The proofs of the main results require some preparatory results.
3.1. Preparatory results

For non commutative operators H; in a Banach space, we introduce the following notation,
which will be used in the rest of the paper.

ﬁH‘ L HH._,---H, if k>1I,
5= it k<l

Lemma 3.1. [20, Lemma 10] Let Assumption 2.2 be fulfilled. Then for all w € (2 the following
estimate holds

[Te | A) <Ct 0<l<m, 0<y<l. (37)

-r
— m+1-10°

=l L(H)

Lemma 3.2 (/20, Lemma 5]). For all m € N and all w € {2, the random linear operator

(An+lh@)e

Ap+ J,ﬁ (w) is the generator of an analytic semigroup S,’Zl(a))(t) =e , called random
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(or stochastic) perturbed semigroup, which is uniformly bounded on [0, T, i.e. there exists a
positive constant C1 = Cy(b, T) independent of h, m, At and the sample w such that

h
e(Ah+Jn1(w))t KeKbt, t > 0

IA

L(H)

IA

Cy, 0<t<T.

The following lemma is an analogous of [18, (3.31)], but here our semigroup is not constant.
In fact, it is random and further its changes at each time step.

Lemma 3.3. Let Assumptions 2.1 and 2.3 be fulfilled.
(i) Forall « € [0,1], n > 1, j > 0 and all w € 2, it holds that

A T+ A @) ]S C= D™ = Con™, 1> 0, (38)
(ii) For all @ € [0, 1), j > 0 and w € {2, it holds that
A% (1+ zAh,j(w))*‘H <Cr®, 10 (39)
L(H)

(iii) For all n, j € N, it holds that

(I+1tA; (@) <C, t>0, (40)

L(H) —

where C = C(b, T, @) is a positive constant independent of h, j and At.

Proof. Note that for all n > 2, 1nt < (n — 1)t. Therefore ((n — 1)t)~® < C(nt)~®. It remains
to prove the first inequality of (38). Using the interpolation theory, we only need to prove (38)
for « =0 and o = 1. Since % > 0 and the resolvent set of —Aj, ; contains (0, 00),” it follows
from [24, (5.23)] that

w1 o
(1414 () v:t”(;1+Ah,j(w)> v

[7’1 o0
=& 1)'/ s"le 1 SMw)(s)vds, v € H. 1)
11 ),

Taking the norm in both sides of (41) and using the uniformly boundedness of Sj.‘(a)) (see
Lemma 3.2) yields

[t i ) o] < 2 /Oo "l ulld (42)
1@) s e s.
" S =)
Using the change of variable r = 7 yields
“n C o

[0+ tAn @) " o] < [ e itar < cio. 43)

‘ (n =Dt Jo
This shows that (38) holds for ¢ = 0. Pre-multiplying both sides of (41) by A, yields
“n " o ,

Ay T+ 1A, (@) v = W/ s"—‘e—%bAth?(w)(s)vds. (44)

n — - Jo

3 Since Assumption 2.3 is fulfilled.
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Taking the norm in both sides of (44) and using [20, Lemma 9 (iii)] yields

(@) o] = o [T P s, 45)

Using the change of variable r = 7 yields

” (L+1A, »(a)))*"vH < Ct—_l/oo W2e " vldr
"/ T m=D'J

Ct~'(n—2)!
- (-1
This proves that (38) holds for « = 1, and the proof of (38) is completed by interpolation
theory. The proofs of (39) and (40) follow from the integral equation (41). W

ol = C (e = Dy~ o]l (40)

The following lemma will be useful in our convergence analysis.

Lemma 3.4. Let Assumptions 2.1 and 2.3 be fulfilled.
(i) For all o € (0, 1] it holds that

AT TS0 a@ <Ct®.,, 0<i<m<M, 0<k<M.

j=i L(H)

(ii) For all oy, oy € [0, 1) it holds that

m
AL l_[S]iA,(w) A <Ct ™ 0<i<m<M, 0<k<M,
Jj=i L(H)
where C = C(b, T, a, o, ap) is a positive constant independent of h, i, m, M and At.
Proof. Note that the proof of the lemma in the case i = m is straightforward from Lemma 3.3.
We only concentrate on the case i < m.

(i) Using Lemma 3.3 it holds that
|AG @+ At A, ()" ||L(H) <Ct .. 47)

m

It remains to estimate AZAﬁH.(a)), where
- i i m—i+1
Al (w) = ]_[ S ai(@) = (8}, 2, (@) ) (48)
j=i

One can easily check that the following identity holds
(T4 Aty (@) = @+ AtAy (@)

= At + At A j1(@) " (Api(@) = Ap j11(@) A+ At Ay (@)™
= At 4 At Ay (@) (I (@) = T! (@) A+ At Ay (@)™ (49)
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Using the telescopic sum, it holds that

m—i—1 m
Al (o) = Z ( 1—[ S;,‘,A,(w)) (I+ ArAp j1iv1 (@)

j=0 \k=j+i+l
[(I + AtAh,j+i+l(a)))7l -+ AlAh,i(w))_l] X+ AtAh,i(w))7j71 . (50)
Substituting the identity (49) in (50) yields
A ()

m—i—1

= Z l_[ Sh.a@) | (J' @) = Ty @) (L+ AtAh,i(w))_j_z
J=0 \k=j+i+l
m—i—1

= At Y (L4 MtAy (@) " (H@) = T @)
j=0

x (L+ AtA; /(@) 7
m—i—1

+ A YAl @) (@) = T @) (T ArA i) 7 (51)
j=0

Therefore we have
AFAL ()
m—i—1

= At 3 AT+ AtA @) " (@) = T @)
j=0

X (I + Al‘Ahyi(a)))_j_l
m—i—1

+ ALY ATAL (@) (@) = T @) (L Ard@) 7T (52)
=0

Taking the norm in both sides of (52), using triangle inequality and Lemma 3.3 yields

m—i—1 m—i—1
145 AL @l = CAE 37 6,25+ CAL Y0 ATAL (@)l
j=0 j=0
< C+CAt Y |AGAY ()]l L. (33)
Jj=i+1

Applying the discrete Gronwall‘s lemma to (53) yields
||AZA2!1,i(w)||L(H) <C.

This completes the proof of (i).
(ii) Following the same lines as in Lemma 3.3, we can show that

< Cr Mt (54)

AN (14 At Ay (w)) "D Az ]
H h ( + h, (a))) LH) — m—i+1

h,i
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It remains to bound A}' A} (w)A,**, where A? (w) is defined by (48). From (51), it
holds that

m—i—1
Azl Airz,i(w)A;az = At Z AZI (I+ AtAh’j_;,_i_q_l(a)))i(mijil)
j=0
x (J (@) = Tty (@)
(T+ AtA; (@) 77" 4,2

m—i—1

+ At Z A A (@) (@) = T (@)
=0

(T4 AtA; (@) 77" 4,2 (55)
Taking the norm in both sides of (55), using triangle inequality, Lemmas 3.3 and 3.4(1)
yields
m—i—1
”AZIA}riz,i(w)A;az”L(H) < CAt Z |}A21Ag1,j+i+l(w)”L(H)
Jj=0
m—i—1 o
CAr Y | AT (L AtAp jia@) "0
+ X(; i (L4 hj+i+1(@)) L
j:
m—i—1 m—i—1
< CAt Y +CAr Y 1,
j=0 j=0
<C.

This proves (ii) and the proof of the lemma is completed. W

The following lemma will be useful in our convergence analysis.

Lemma 3.5. Let Assumptions 2.1 and 2.3 be fulfilled.
(i) For all oy, € (0,1], 0 < j < M and w € {2 the following estimate holds

|4, (M@ — 5] @) 4,2 < cate, (56)

L(H)

(ii) For all ay € [0, 1], ap € (0,1), 0 < j < M and w € {2 the following estimate holds

HAZI (eAh,j(a))At _ S]{,Al(w)> A;Ctz

< CAr @1t 57
L(H)

where C = C(b, T, a1, ap) is a positive constant independent of h, j, M and At.

Proof. We only prove (56) since the proof of (57) is similar. Let us set

. @A .
K;{,At(a)) = eMnj@Ar _ S,fyA,(a)).



J.D. Mukam and A. Tambue / Stochastic Processes and their Applications 130 (2020) 4968-5005 4983

One can easily check that
. At d .
— K,{ @) = / — ((I + sAh,j(a))) ef(Atfs)A”’f(“’)) ds
’ 0 ds
At -
= / sA,ZLj(a)) (I + sAh,j(a))) e (A=94 @) ¢
0

= / - sAp,j(@) (T4 sAy, j(a)))*2 Ap j(w)e™ A9 @ g (58)
From (58) it holds that0
- A;“‘K,{,At(a))A;az = /OAI sA, " Ay () (T+ sAh,j(a))y2
x e AT A (w)A, A ds. (59)
Taking the norm in both sides of (59) yields
|47 K] a4,

L(H)

At
< / s HA;‘” Anj(@) (L+ 545 (@) H
0
Using triangle inequality and Lemma 3.3, it holds that
—a -2
|45 Ans@) (L4 544,50) 7|

e—(Atfs)Ah,j(w)AhJ(a))A;az ds. (60)
L(H)

L(H) ”

L(H)
<[4 (4 540 5@) 7|

<Cs "4
< Cs~'ton, (61)

+ HA,;“I Ih@) (T+ sAp (@) H

L(H) L(H)

Using triangle inequality and [20, Lemma 9 (ii)], it holds that

H e_(Ar—s)Ah,_/(‘“)Ah,j(O))Al;az

L(H)
< He_(At_S)Ah*j(w)Aliaz + ”e_(At_s)Ah*j(w)J;lA;w
L(H) L(H)
< ClAr—s)y"F2 4 C
< C(At — ) 12, (62)

Substituting (62) and (61) in (60) yields

. At
|47 K] a4, v = C/O ssTIH (AL — 5) 2 ds < C A,

This completes the proof of (56). The proof of (57) is similar. W

The following lemma can be found in [15].
Lemma 3.6. For all a;,a; > 0 and o € [0, 1], there exist two positive constants Cg, o, and
Co,a, Such that

m

At Zt71+al t*1+0t2 < Cala2 ]+O(1+(12 At tha —14ap < C O(+0t2. (63)

m—j+1°j m—j+1 j oo m

102

Jj=1
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Proof. The proof of the first estimate of (63) comes from the comparison with the integral

t
/ (t — s) Hog=lHergg
0

The proof of the second estimate of (63) is a consequence of the first one. H

Lemma 3.7. Let 0 <« < 2 and let Assumption 2.1 be fulfilled.
(i) IfveD ((A%)), w € 2,0 <i < M, then the following estimate holds

m m
[[e* % | Pow— [T] S0 | Pov| < CAtZ 0]l

j=i j=i
(ii) For non-smooth data, i.e. for v € H and for all w € 2, 0 <i <m < M, it holds that

m

m
[Te* % | Pov— | TS 2@ | Pov| < CAt21, % 0],

j=i j=i

(iii) For all ay, oy € [0, 1) such that ay < oz, w € 2 and 0 <i <m < M, it holds that

m—i’

m m
[Te' @2 | = TTShat@ | | A=) <care®
j=i j=i

L(H)
where C = C(b, T, a, a1, ap) is a positive constant independent of h, i, m, M and At.

Proof.

(i) Using the telescopic identity, we have

m m
l_[eAhvf'(“’)At) Ppv — (1_[ Sz’At(w) Py

j=i j=i

m—i+1 m ) i+k—2 )
— Z 1_[ eAn. (@At (eA””""(w)At—S;l'jt_l(a))) 1_[ Sé,At(“’) Pyv. (64)

k=1 \j=i+k j=i

Writing down the first and the last terms of (64) explicitly, we obtain

m m
Ay, i(w) At J
[Te* 2 | P — TS0 2@ | Pav
j=i j=i
m—1

A A | | j
— (6 h,m(a)) r_ ]T,At(w)) Sh],At(a)) th
j=i

m
+ 1_[ eAh,_/(w)Al (eAh,i(w)Al _ S;:,At(w)) Pyv
j=i+l1

m—i i+k—2

+ Z l_[ eA/Lj(w)Af (eAh,iJrkfl(w)Af _ S]l,:rﬁ;l(w)) 1_[ SZ,AI((U) th' (65)
k=2 \ j=i+k j=i
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Taking the norm in both sides of (65), inserting an appropriate power of A, and using
triangle inequality yields

m

m
[Te* 2 | P — TS0 2l | Pav

j=i j=i
m—1
Apm(@) At m -5 4% J -5 45
= (e & _Sh,At(w))Ah Ay l_[Sh,At(a)) A, " A, Ppo
j=i

m
+ 1_[ e j(@A (eAh,i(w)Al _ S}I:L,At(w)) A;j AZ Pyv
j=i+1

m—i m
[°3
A j@At | gl—€ g—lte (LApirk 1 @D _ gitk—1 —5—e
+ Z l_[ e A AT (e Siiar (@) A,
k=2 || \j=i+k

W fith2 e
A T Shade) | A7 A7 Py
j=i
=L+ 5L+ L. (66)

Using Lemmas 3.5, 3.4(ii) and [20, Lemma 1] yields

I
o o m71 o ('3
Ap (@) A -2 2 j -2 2
< | —sp @) 42| A (T]Sa@ |42 14 Pl
= L(H)
< CAL2 |0, (67)

Using Lemmas 3.1, 3.5 and [20, Lemma 1] yields

A7 Pyoll

m
L<|| ] et H (eMmi@Ar _ g (@) A} °
’ L(H)

j=i+1

L(H)
< CALZ vy (68)
Using Lemmas 3.1, 3.5, 3.4(ii), 3.6 and [20, Lemma 1] yields

m

m—i
13 S Z 1_[ eAh,j(w)At A}[*G
k=2

J=itk L(H)

(3
—1 Ap jak— A i+k—1 —27¢
X HAh +e (e hyitk—1(@)AL _ SZTA; (w)) Ah 2

L(H)
i+k—2
[ ; _a o
x A7 [] Sia@]A,? A7 Pyol|
j=i

L(H)
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m—i m—i
—]+e 1+ ¢ _ 1+e€
SC ) b ArTan = CAr? Ztm ikl At
k=2 k=2
< CAt3. (69)

Substituting (69), (68) and (67) in (66) yields

m m
[T @2 | o — | T Sia@ | Pav| < car5 |l

j=i j=i

This completes the proof of (i).
(ii) For non-smooth initial data, taking the norm in both sides of (65) and inserting an
appropriate power of A; yields

m m
[[e* % | P = | ]S 2@ | Pav

j=i j=i
o o m—1
A A -2 2 j
< [ (eArm@ar — g1, () 4} )L(H) AL TT 81 @) | Pov
j=i
m o o
Ap (@A 2 2 A A i
+ 1_[ eAn.j@At Ahz ‘Ah 2 ( hi(w)At S;l,Al(w)) phUH
J=itl L(H)
m—i m
+ Z 1_[ eA/l,j(w)At A}17€
=2 || \ j=itk L)

X HA;1+6 (eAh,H»kfl(w)At Sl+k 1(6!))) A I+e€ HL(H)

i+k—2
< 1A [T Siade@) | Pav|- (70)

j=i

Using Lemmas 3.5, 3.4(i), 3.6 and 3.1, it follows that

]_[eAhNMf Py — ]_[S,jA,(w) Py

Jj=i

m—i

m
a —% _ _
< CAt21, 2 |v||+ CAr>t, z vl + C Az’ ¢ § :Azz,n'jék+]tk i Bl

At

N\Q
N‘ N\Q

vl + C A 2 z Aol 4 C A =€ 12y

m l

IA
G Q

IA
I\)Q
| N\Q

?

(71)
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(iii) Taking the norm in both sides of (65) and inserting an appropriate power of A;, yields

m

m

Ap i(w)A j -
l_le njl@Ar } l_[ S/Jz,At(w) AZI o)
= = L(H)

IA

m—1
Apm@At _ gm —a) o J ap—o
(e Sh,At(w)) Ay LD Ay HSh,Az(w) Ay
J=

L(H)

m
| TT et fag] ayr @2 = 5j a@) 4,
j=itl

L(H)
L(H)

m

m—i

§ : ; +
+ l_[ eA/l‘j(a))At A‘;LQ €

k=2

j=itk

L(H)

—Qap—€ Ap idk— At i+k—1 -1+
A s g ) A

L(H)
i+k—2

< A | TT Stado) | A7 ™) (72)
j=i L(H)

Using Lemmas 3.5, 3.4(ii), 3.6 and 3.1, it follows from (72) that

m m

Ap (@A i -
He nj@ar | l_[SZ,At(w) Ao
j=i

j=i

L(H)
m—i

< CAf " 4 CAr "+ CA Y Ar, 07 e
k=2

< CAr*2t, "), + CAr*2t “L + C A2, !

m—i—k

< CAr*2t .
This completes the proof of (iii). H
Lemma 3.8.

(i) Let Assumption 2.6 be fulfilled. Then the following estimate holds

p—1 1
[an= pio

< Cp,
Lo(H) — e

where B comes from Assumption 2.1.
(ii) Under Assumption 2.7, for all w € {2 and m € N, the following estimates hold

A

|(Gh@) @w| = crvl, wven,

A

[(anF (Gh@)" @ v = Clorlival, w0 e H,

where n comes from Assumption 2.7 and C = C(Cp, T, L,n) is a positive constant
independent of h, w, m, M and At..
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Proof. The proof of (i) can be found in [20, Lemma 11] and the proof of (ii) can be found
in [20, Lemma 12]. W

With the above preparation, we are now in position to prove our main results.
3.2. Proof of Theorem 2.2

Iterating the numerical solution (33) at #, by replacing X,]?, i=m-—1,...,2,1 by its
expression only on the first term yields

m—1
xh = (]_[ S,’;A,> PyXo+ AtS) A G (X0 )+ Sy A PhB(X) ) AWy
k=0
m—1 m—1 ) m—1 m—1 )
+ At Z 1_[ Sh, A Gh i (Xh )+ Z 1—[ S A | PRB(XE_)AW, ;. (73)
i=2 \j=m—i =2

j=m—i

Iterating the mild solution (30) at time ¢,, yields

m—1 tm
X"(t,) = (]‘[ eAh’kAf> Py Xo + / em=Anm-1G" _ (X"(5)) ds

k=0 fm—1
m—1 t—i m—1
+ Z/ PN e(’m—i_S)Ah,mfi—lG?nii (Xh(s)) ds
i=2 Yim—i-1 \ j=m—i
m—1 i m—1
+ Z/ eA’A/Lj lm—i=)Anm—i-1 P,B (Xh(s)) dw(s)
i=2 bn—i—1 Jj=m—i
t"l
- / e =DAnm=1py, B (X" (s5)) dW(s). (74)
tm—1
Subtracting (74) from (73), taking the L? norm and using triangle inequality yields
4
h h|2 2
X" @) = X0 2y < 25 D L2 gy (75)
i=0
where
m—1 m—1
1y = l_[eAh’At Py Xy — HS;, A | PrXos
Jj= Jj=

17
Il = f (elm=DAnmrGr _ (XM(9)) — Sy Al Gy (X0 _))) ds,
t

m
o= [ (e (00) = Sy PLB (X)) W),

In—1

m—1 i m—1
I = Z/ 1_[ A An,j e(tm—i—S)Ah,mfiflGﬁhi (Xh(s)) ds
i=2 j

In—i—1 Jj=m—i

m—1

In—i m—1 .
- [T st o () as,
i=2 "

m—i—1 j=m—i
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m—1

m—1
I = Z / [ e | elmi=04mmit P, B (X"(5)) dW(s)

tp—i—1 Jj=m—i
—Z/ ]_[ S} A | PaB(XE_)aw(s).
In—i—1 Jj=m—i
In the following sections we estimate //;, i =0, ..., 4 separately.

3.2.1. Estimation of 11y, 11, and 11,
Using Lemma 3.7(i) with & = B, it holds that

m—1 m—1 : ?
Ap i A j
11Dl 200 < | E 1_[ eI Py Xo — l_[ Si.ac | PaXo
=0 j=0

< CAh ([E||Xo||,%}])% < CAft.

The term /1, can be recast in three terms as follows:

Im
n = / et (G (XM(9)) = Gy (X" (1)) dis

In—1

t7?1
+ / (e(lm—S)Ah,m—l — S]rlnzlt) Gﬁ’l*l (Xh(tmfl)) ds

In—1

Im
[ S G ()~ Gl (X)) ds

In—1

=11+ 11+ 113
Therefore using triangle inequality we obtain

111, ||L2(Q,H) <1 ||L2(Q,H) + ||1112||L2((2,H) + ||III3||L2((2,H)-
Using Corollary 2.1 yields

bn
I Il 2. < C / 1Go—1 (X" )| 2.1, 5

m—1

Im
[ 16 (K)o

m—1

[)?1
< C/ (14 1 Xoll 2¢. 1)) ds < C At

In—1

Using Lemma 3.7(i) with o = 0 and Corollary 2.1, it holds that

bﬂ
I 1ol 20,0 < C/

In—1 m—1

< CAt.
Using Lemma 3.4(i) with ¢ = 0 and Assumption 2.3, it holds that

1 13l 2,1y < CAE | X ) = Xt || 2 -

4989

(76)

(77)

(78)

(79)

tm
|Gl (X)) | o 5 =< € f (14 1 Xoll 2c10)) s
1,

(80)

(81
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Substituting (81), (80) and (79) in (78) yields

1 Dl 2.y < C AL+ CAL X tn-0) = Xy | 20y - (82)
We can recast /1, as follows:

I = / "t (BB (XM(5) — PyB (X" (1,1))) dW(s)

m—1

t)?’l
+ / (e(lm—S)Ah,m—l — szlt) P,B (Xh(l‘m,l)) dWw(s)
t

m—1

+ /’” Sy ay (PuB (X"(tn—1)) — PyB (X}1_,)) dW(s)

Im—1

=11+ 11 + 1. (83)

Therefore using triangle inequality we obtain

”II2||L2(_() H) = 9”112]”L2(Q H)+9||1122”L2(Q H)+9”112%”L2(.Q H)" (84)
Using It6-isometry, [20, Lemma 5], Assumption 2.4 and Lemma 3.2, it holds that
tm
_ 2
1, ||Lz(9 H) / ”e(t’” D Anm-1 (PhB (Xh(S)) — P,B (Xh(tm—l)))HLZ(Q,H) ds

In—1

tm . .
<C / (s — tyy_)™MBDgs < C Ap™inB+12) (85)
I

m—1

Using again It6-isometry, Lemma 3.7(i) with &« = 0 and Corollary 2.1 yields

m
1 Inl0 ) = / [ (e@n=94mmt — §P-1Y P B (X (1,_1) Hiz(Q i ds

m—1

< C/,,:nl (1 + ||X0||§2(Q$H)) ds < CAt. (86)
The It6-isometry together with Lemma 3.4(i) (with « = 0) and Assumption 2.4 yields
tm
Iy = [ 1238 (P8 (X ) = PuB (KA D
< CA X tno) — X,y ||izm,m~ (87)
Substituting (87), (86) and (85) in (84) yields
VD220 = €A+ CAL X" (tnt) = XD [y (83)

3.2.2. Estimation of 113
We can recast /15 in four terms as follows:

m—1 m—1

I = Z/ 1—[ oA AR (elm=i=9Anm=i-1 _T) G . (X"(5)) ds
1,

m—i—1 Jj=m—i

m—1 m—1

+ Z / [T e | (G (X"() = Gy (X" 1-0))) ds

In—i—1 Jj=m—i
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m=1 . m—1 m—1 i
5 et |~ TT $ar | | Gy (K1) s
i=2 YIm—i—1 j=m—i Jj=m—i
m—1 tm—i m—1 .
+ Z/ 1_[ SZ,AZ (Ghmfi (Xh(tmfi)) - Gflnfi (thnfl)) ds
i=2 Im—i—1 j=m—i

= 113] +II32+II33 +II34.
Therefore, using triangle inequality we obtain
||113||L2(Q,H) <13 ||L2(Q,H) + ||[[32||L2(Q,H) + ||I[33||L2(Q,H) + ||I[34||L2(Q,H)- (39)

Inserting an appropriate power of Ay, using Lemma 3.1 and Corollary 2.1 yields

m—1 i m—1 2
||[I31||L2(Q,H) < Z/ E l_[ A1) A;IFG
i=2 Yim—i-1 j=m—i L)
1
A (s ) Gl (0 P as]
m—1 i
<C Z (7 s — 5)' s
— Im—i—1
? m—1
< CA' Y Arge < cAle (90)

i=2
Using triangle inequality, Lemma 3.1, Assumption 2.3 and Lemma 2.1 yields

11 32l 20, 1y

2 !
m=1 . . m—1
= [T e )| 16 () - G (K ) 1P|
i=2 Yim—i-1 Jj=m—i L(H)
m—1 Im—i
= [T X = X oy
i=2 v lm=i-1
mol ety min(8,1) min(8,1)
< CZ/ (twei—s) 2 ds<CAt 2 . (C2)
i=2 Y Im—i-1
Using triangle inequality, Lemma 3.7(ii) and Corollary 2.1, it holds that
2
m=1 . m—1 m—1 )
11 330l 20,1y < 2/ E 1_[ e | — 1_[ SliAz
i=2 Vim—i-1 j=m—i j=m—i LeH)

(ST

< [Gh (X )| | ds

m—i

_ tm—i _B
< CZ/ 12 Athds < CArh. (92)
i=2 1

In—i—
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Using Lemma 3.4(i) with o« = 0 and Assumption 2.3 yields

11 all 2002, 1y

= Z/ "ﬁ Sf{,At

In—i—1 j=m—i

2

L(H)

=

2
< [ (Ghs (X" tn-) = Goss (X)) 2y | @8

m—1

< CAt Z ||Xh(tmfi) - m 1||L2(Q H) " &)
i=2
Substituting (93), (92), (91) and (90) in (89) yields
m—1
min(8,1)
1Bl < CAE 4+ €AY | X i) = X2y oY
=2

3.2.3. Estimation of 11,
We can recast /1, in four terms as follows.

m—1

bn—i _
Iy =y / 1_[ At | (elm=i=D4hm=i-1 —T) P, B (X"(s)) dW(s)
i=2 Y im—i-1 =m—i
m—1 i m—1
| e | (BB (X'(5)) = PuB (X (1)) dW(s)
i=2 Yim—i=1 \ j=m—i
m71 th*l i mil .
+ Z/ eA’A’” =TT Siac| | PuB (X" i) dW(s)
i=2 Yim—i-1 B j=m—i j=m—i
+ Z/ 1_[ Sh At Ph (X (tm l)) Ph ( fln_l)]dW(S)
n—i—1 Jj=m—i
=y + Ty + T + Ty 95)

Therefore using triangle inequality we have

11l 20 gy < V61T Tat 13 gy F 160 L2l T2 g+ 1601 La3 12y 4y 1611 Laall7 g -
(96)
Using Itd isometry, inserting an appropriate power of Ay, using Lemma 3.1 and Corollary 2.1

yields

“1141 ||L2(Q H)
m—1

_ Z/ 1—[ eAiAnj (Im—i_S)Ah,m—i—l _ 1) P,B (Xh(s)) ds

In—i—1 j=m—i

2

0
LZ
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2
m—l .p m—1 1—c
<3[BT )
i=2 YIm—i—1 j=m—i L(H)
—l4e ) A ) 2 " 2
X Ah 2 (e(tmﬂ =) Apm—i-1 _ I) || PhB (X (S)) ||L0 ds
L(H) 2
m—1 Im—i m—1
<C Z/ 7 (i — 5)!%ds < C A Z At 7 < cArte (97)
i=2 Vim—i-1 i=2
Using It6 isometry, Lemma 3.1, Assumption 2.4 and Lemma 2.1 yields
”1142”%2(97[.1)
2
m—1l . . m—1
= Z / E ]_[ e | (PyB (X"(s)) — PyB (X" (tn-0))) ds
i=2 Im—i—1 i—m—i
i i Jj=m—i Lg
2
m=l ;. m—1 5
=3 e || PB (X)) — BB (X )|y | ds
i=2 Vim—i-1 j=m—i L(H)
m—1 tp—i )
<O [ IO = X gy
i=2 Vim—i-1
m—1 Im—i
<C Z / (i — $)™EDgs < € Ap™inBD (98)
i=2 YIm—i—1
Using It6 isometry, Lemma 3.7(ii) with o = '%e and Corollary 2.1, it holds that
151320 4,
s 2
m—1 i m—1 m—1 )
_ Z/ E TT e | = TT Sia || 2B (X Gaen)| |ds
i=2 VIm—i-1 j=m—i j=m—i 10
L 2
B 2
m=l . . m—1 m—1 . )
AtAy h
<Y/ e e | <[ T Sta)| 1B (X n0)liy | ds
i=2 “im=i-1 j=m—i j=m—i L(H)
m71 t"l*l )
<C Z/ 1A' eds < CAr' e (99)
j=2 Yim—i-1
Using It6 isometry, Lemma 3.4(i) with « = 0 and Assumption 2.4 yields
”1144”%2(97[.1)
2
m—=1 . . m—1 ]
-3 / E| | TT Sia | (BB (X"Gu) — PaB(X4_))| | ds
i=2 Yim—i—1 j=m—i

0
L2
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2

— m—1
. A 2
Z el TT Sia | PuB (X" (tn0)) = PaB (X;,) [ g | s
Im—i—1 Jj=m—i L(H)
m—1
< CAt Z | X" (i) — X1
i=2
Substituting (100), (99), (98) and (97) in (96) yields
m—1
MLl 2 ppy < CA™™ P10 4 C ALY " [IX (i) — X))
=2
Substituting (101), (94), (88), (82) and (76) in (75) yields
m—1
< CAMMBI=O LAY XM ) - X2
i=1

=i ”LZ(Q,H)‘ (100)

il a0 (101)

X" ) — X2 |2 (102)

L2(2,H) — L2(2,H) *

Applying the discrete Gronwall’s lemma to (102) yields

| X" @) = X0l 200 1y < C A=

This completes the proof of Theorem 2.2.
3.3. Proof of Theorem 2.3

Let us recall that
4

X" @) = X2y < 25 ) M T T2 g, (103)
i=0
where 111, and 111 are exactly the same as I, and I1; respectively. Therefore from (76)
and (82) we have

B
W1l 2001y + T Il 2005y < CAL2 + CALN X (t1) — Xy Il 120001 (104)

It remains to re-estimate /7 /3 in order to achieve higher order convergence rate. We also need
to re-estimate the terms involving the noise /71, and 1114, which are given below

Im
11 = / (elm=Anm=1 — §70 ) Pud W (s),

Im—1

1113 Z/ 1_[ eAtAh] (tm i —S)Apm—i— lGh (Xh(s)) ds

In—i—1 Jj=m—i

— Z/ Sh Ar) ds
In—i—1 j=m—i

m—1

111, = th K I

Im—i=1 \ j=m—i

_ Z/ sl At) PLdW(s).

tmlljml

eAtA;”) (tm—i =) Ap,m—i— LP,dW (s)
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3.3.1. Estimation of I11,
We can split /11, in two terms as follows:

Im tm
I = / [e(tm*S)Ah,m—l _ eAfAh,m—l] PrdW(s) +/ [eAtAh”"*l — SZTth] Pr,dW(s)
1,

m—1 Tm—1

=111+ 111. (105)
Using it isometry, Lemma 3.2, [20, Lemma 9 (i) & (ii)] and Lemma 3.8(i), it holds that

B30 4

tm _
— / ]E -” (e(tm_S)Ah.mfl _ e(tm_tmfl)Ah.mfl) PhQ1/2 ||22(H)j| dS

Im—1

Im
<[ e
1,

m—1

Im B
<[ e
Tm—1

m—

1-8 ||2

etm=5)Anm—1 (I — e(s_lm—l)Ah,m—l) AhT

L(H)

2 2

—l+e 1-8
2
h

l-e
e(lm_S)Ah,m—lAhz Ah 2 (I _ e(s_tmfl)Ah,mfl) A/

2
ds
Ly(H)
!

tl11 m
< c/ (ty — ) (s — ty_1)Pds < CAtﬂ’E/ (tw — ) Feds < CAP.  (106)

Im—1 In—1

L(H) L(H)

Applying It6 isometry, using Lemma 3.7(i) and Lemma 3.8(i) yields

Im 2
2 _ AtAp ey _ om—1 1
T Inl 0 0 = /tml E [H (eArAnm-1 — sm1y P, 0 LMJ ds
tm p-1 . 2
<C AtP711A, 7T P02 ds < CAP. (107)
Im—1 ﬁz(H)
Substituting (107), (106) in (105) yields
D12 gy < 21T D132 gy + 20 T 2132 gy < C AP (108)
3.3.2. Estimation of 1113
Since 1115 is the same as I I3, it follows from (89) that
11 =111+ 1115 + [1133 4+ 11134, (109)

where I113 I113, 11133 and 11134 are respectively the same as [13; 113, 1133 and I 134.
Therefore from (90), (92) and (93) we have

M50\ 20,1y + T30l 200, 1y + 1T Dall 200, )
m—1

< CA? +CAt Z IX" (i) — X2 _ill 1200, 10)- (110)

m—i
i=2
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To achieve convergence order greater than 1 we need to re-estimate /7I3 by using

2
Assumption 2.7. Recall that 1113, is given by

m=1 . m—1
=3 / [T e® | (Ghei (X)) = Ghoy (X)) ds. (1)
i—2 YIm—i—1

j=m—i
Using Taylor‘s formula in Banach space yields

1115

m—l . m—1
=Y / [T e | (ebmmi-vAm=r — 1) X" (2, _i)ds
i=2 YIm—i—1 \ j=m—i
m=l .p
+ Y /
i=2 Y1

m—1
l—[ A4 (G;};—i)/ (Xh(tm_i))
m—i—1 Jj=m—i

x/ = Anm—i-1 (an_i(xh(a))) dods

In—i—1

m

—;

1 s
eAtAh_j (G,l,ln_i), (Xh(tm—i)) / e(s‘—o‘)Ah,m—i—l Pde(O')dS

—i—1

m—1 .
+ > /
i=2

Im—i—1 \ j

1
3

L

m—1 . m—1
+ > / [ e | Rl ds
i=2 Vim—i—1 \ j=m—i
= [ + 115 + 111 + 1115, (112)

where the remainder R” _, is given by

m—i

1
Ry = / (Ghd)” (X"t + 2 (X () = X (1))
(X" () = X" (t-i), X"(8) = X" () (1 = 2)d .

Inserting an appropriate power of Ay, using Lemma 3.1 and Corollary 2.1, it holds that

2

m—1 . m—1
=i AtA 1
h.j —€
E / E | | e 1A,
i=2 YIm—i—1

j=m—i L(H)

IA

1
||1”3(2) 20, 1)

% ”A;Hf (e(s—tm—i—ﬂA/Lm—i _ I) HL(H) ||Xh(fm—i)|| ds

m-1 tn—i
c Z/ (s — b)) Cds
i=2

=
bn—i—1
m—1
< CA' Y A < cAr'e (113)

i=2
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Using Lemmas 3.1, 3.8(ii) and Corollary 2.1 yields

m=1 n—i s
||111;§>||§2(97H) <Ccy / / WD m=i=1 (Gh ) (X"(0))do ds
i=2 Yim—i—1 ||V tm—i-1 L2(02,H)
m—1 tm—i
<C Zf (s — tm_i—1)ds < CAt. (114)
=2 tn—i—1

Since the expectation of the cross-product vanishes, using It6 isometry, triangle inequality,
Holder inequality and Lemma 3.1 yields

(3))2
”11132 ”LZ(Q,H)
m=1l . m—1
. /
|| [" T e ) (@) (Knn)
i=2 Vim—i=1 \ j=m—i

2

X / e Anm—i-1 P,dW(o)ds
n—i—1

m—1 i s m—1
= ZE / / 1_[ A An,j (Gf:zfi)/ (Xh(l‘mfi))
i=2 Im—i—1 YIn—i—1

j=m—i

2

x 8T Anm—i-1 p AW (c)ds

m—1

m—1 n—i s
say [T el)f e | (Gh) (X'(t-0)
i=2 !

In—i—1 m—i—1 j

—i

1
3

2

x 5= nm-it paw ()| | ds

a(

m—1 Im—i s ml
S el (T e ) o
i=2 Ytm—i—1 Ylm—i-1 Jj=m—i
2
« e(S—U)Ah,mfi—lPhQ% dods
Lo(H)
m—1 tn—i s i , ) A 1 2
3 AtZ/ / EH(Gm—i) (X" (1)) e~ Mhni-1 p, 02 . H)dads. (115)
i=2 Ytm—i—1 Yhn—i-1
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Using Lemma 3.8 yields

2
E Gh X / Xh to e(S_U)Ah'"’*"*IP %
( mfz) ( (m z)) hQ L
h i A : A 1= p-1 1 2
=E (G’”*i) (X (t’"*")) et h'miiflAhz Ahz P,Q2
Ly(H)
hoy (xh = -1 2
<E (Gm—i) (X (tm_i)) e5—0) h,m—z—lAhz A7 P,Q?
L) Lo(H)
18 ||2 p-1 12
<E e(s—o‘)Ah,m—i—lAhz Ah2 P,0?
L(H) Lo(H)
< C(s — o)mn=1+A.0), e

Substituting (116) in (115) yields

m—1 In—i s . .
||111§§>||§2(Q’H) <CAry” / / (s — )"0 g ds < C Ar™nIHED (117)
i=2

In—i—1 YIm—i—1

Using Lemma 3.8(ii) and 2.1 yields

< | IX") = Xt

_n
ACR) .
H h h,m—i L2(Q2.H)

L2(2,H)
2 min
< C|x"s) - X”(zm,,»)||L4(QqH) < CAMnB.D, (118)

Therefore we obtain the following estimate for 7/ 13(‘2‘)

m—1 . m—1 0 2
T 20,y < CA™MNEDS f E [T 2 | A ds
i=2 Y Im—i-1

j=m—i L(H)

m—1
. _n .
< CAfm™nBD E t; 2 At < CA™ D, (119)

i=2

Substituting (119), (117), (114) and (113) in (112) yields

Mol 2y < WIS 200y + ML 200 1)
+”III3(;)”L2(Q,H) + ||III§3)||L2(Q,H)
< cAthe, (120)

Substituting (120) and (95) in (111) yields
(1 @ B,
”11132”1‘2(9,]_1) S ||III32 ||L2(Q,H)+ ”11132 ”LZ(Q,H) S CAtz . (121)
Substituting (121) and (110) in (109) yields

B
151200 0 < CAL2™F. (122)
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3.3.3. Estimation of 1114
We can recast 171, in two terms as follows

m—1 m—1

I, = Z/ 1—[ eAtAnj (e(fm—i—S)Ah.m—i —I) P,dW(s)
In—i— j=m—i
B m—1 m—1 )
+ Z / [T e | = 1 St.a ]| PrdWes)
Im—i-1 j=m—i j=m—i
= 11y + I 1. (123)

Using Itd isometry, Lemma 3.8(i), [20, Lemma 9 (i) & (iv)], Lemma 3.1 and [20, Lemma 10]
yields

”11141 ||L2(.Q H)
B 2
m=l . m—1 1
— Z/ ]E eAtAh J (tmfi_s)Ah.mfl — I) Pth dS
j=2 Yim—i-1 i j=m—i Lo(H)
B 2
m—1 m—1 1-8
< Z/ 1_[ AV (e(fmfi*S)Ah,m—l —I) AhT
In—i—1 i Jj=m—i L(H)
p=1 )%
x ”Ah2 P,02 ds
Lo(H)
m—1 i m—1 2 e 2
<C Z/ E 1_[ A1 AN, A, 5 (e(tm—i*X)Ah,m—l _ I) A, 2 ds
i=2 YIm—i—1 j=m—i L(H) L(H)
tm—i m—1
<C Z/ 67 (i — 8P s < CAP Y 17 A < AP (124)
m i=2
Using It6 isometry and Lemma 3.8(i) yields
||III42||L2(Q H)
s . 2
m—1 .
AtAy E
S | (T e ) (T sta) o] |a
tm i— i—m—1i
1 | IL j=m—i Jj=m—i ] Lo(H)
M - 2
1 Im—i A 1-8
1A =
=2 ) - (11 sta) | 4
m—i—1 | \Jj=m—i Jj=m—i ] L(H)
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-1 7
X HAh2 P,Q2 ds
L(H)
2

m—1 i m—1 m—1 1-8

AtAyp ;i J 2

SCZ/ E [T e =1 I1 Si.a ] |As ds. (125)

i=2 YIm—i-1 j=m—i j=m—i L(H)

If 0 < B < 1 then applying Lemma 3.7(ii) yields

m—=1 . . m—1
2 AtAy
kg =X [ B[ | TT e
i=2 m—i—1

j=m—i

2

J v
— ]_[ Sia | | A ds
j=m—i L

IA

m—1 i m—1
C Z/ At ds < CACT Y T Ar < C AT (126)
i=2

In—i—1 i=2

If B € [1, 2] then applying Lemma 3.7(iii) yields

m—1 i
111l 4y < € Z/, AP~ 17 Feds < Cc AP (127)
i=2 im=i-l
Therefore for all 8 € (0, 2] it holds that
11121135 gy < CALPE (128)
Substituting (128) and (124) in (123) yields
110320 gy < 200 T a2 gy + 20 T L2172 ) < CALPE (129)
Substituting (129), (122), (108) and (104) in (103) yields
m—1
h h|? —2¢ h L2
| X" ) = X0 2y < CAPT +CALY X ) = X | 20y -
i=2

Applying the discrete Gronwall’s lemma yields
B
”Xh(tm) - Xﬁ, ||L2(Q,H) <CArz~¢.

This completes the proof of Theorem 2.3.

4. Numerical simulations

We consider the following stochastic reactive dominated advection diffusion equation with
constant diagonal diffusion tensor

0 1072

with mixed Neumann-Dirichlet boundary conditions on A = [0, L] x [0, L,]. The Dirichlet
boundary condition is X =1 at I' = {(x, y) : x = 0} and we use the homogeneous Neumann

10X 107! 0
dX = V-(DVX)—V-(qX)—X—H dt +b(X)dW, D= . (130)



J.D. Mukam and A. Tambue / Stochastic Processes and their Applications 130 (2020) 4968-5005 5001

boundary conditions elsewhere. The eigenfunctions {e; ;} = {efl) ® 65-2)},~, j=0 of the covariance
operator Q are the same as for Laplace operator —A with homogeneous boundary condition
and are given by

[1 |2 1
eg)(x) = L_z eEZ)(x) = L_,COS <%x> lef{l,2},xeA, ieN

We assume that the noise can be represented as
W, )= /aijei (B0, (131)
ieN2
where B; ;(t) are independent and identically distributed standard Brownian motions, A; j,
(i, j) € N? are the eigenvalues of Q, with

)\i,j _ (i2 + jz)—(ﬁ+e) ’

in the representation (131) for some small € > 0. When dealing with additive noise, we take
b(u) = 1, so Assumption 2.6 is obviously satisfied for any B € (0, 2]. When dealing with
multiplicative noise, we take b(u) = u in (13), Therefore, from [10, Section 4] it follows that
the operators B defined by (13) fulfills obviously Assumptions 2.4 and 2.5. For both additive

B >0, (132)

and multiplicative noise, the function F(X) = —

obviously satisfies the global Lipschitz
1+ X

condition in Assumptions 2.3 and 2.7. We obtain the Darcy velocity field q = (g;) by solving
the following system

k
V.-q=0, q=—-—Vp, (133)
u

with Dirichlet boundary conditions on F[l, = {0,L;} x [0, L;] and Neumann boundary
conditions on FI{, = (0, L) x {0, Ly} such that

1 in {0} x [0, L,]
0 in {L;} %[0, L]

and —kVp(x,#) -n = 0 in FI{,. Note that k is the permeability tensor. We use a random
permeability field as in [32] and take u = 10. The finite volume method viewed as a finite
element method (see [30]) is used for the advection and the finite element method is used for
the remainder. In the legends of our graphs, we use the following notations:

1. ‘Rosenbrock-A-noise’ is used for graphs from our Rosenbrock scheme with additive
noise.

2. ‘Rosenbrock-M-noise’ is used for graphs from our Rosenbrock scheme with multiplica-
tive noise.

3. ‘Expo-Rosenbrock-A-noise’ is used for graphs of stochastic exponential Rosenbrock
scheme presented in [20] with additive noise.

4. ‘Expo-Rosenbrock-M-noise’ is used for graphs of stochastic exponential Rosenbrock
scheme presented in [20] with multiplicative noise.

We take L; = 2 and L, = 2 and our reference solutions samples are numerical solutions
with time step At = 1/2048. The errors are computed at the final time 7 = 1. The initial
solution is Xg = 0, so we can therefore expect high orders convergence, which depend
only on the noise term. For both additive and multiplicative noise, we use § = 2 and
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Fig. 1. Convergence in the root mean square L? norm at T = 1 as a function of Ar for additive noise (a) and
multiplicative noise (c). We take B = 2, and € = 10~" in relation (132) and use 80 realizations. Graph (b) and
graph (d) show the CPU time per sample versus the root mean square L2 errors for additive noise and multiplicative
noise respectively.

€ = 107", The streamline of velocity is given at Fig. 2(a) while a sample of the numerical
solution with the stochastic Rosenbrock scheme for additive noise is given at Fig. 2(b). In
Fig. 1(a) and (c), the graphs of strong errors versus the time steps are plotted for stochastic
Rosenbrock scheme and exponential Rosenbrock for additive noise and multiplicative noise
respectively. The orders of convergence are 0.59 (exponential Rosenbrock scheme) and 0.55
(Rosenbrock scheme) for multiplicative noise, 1.03 (exponential Rosenbrock scheme) and 0.92
(Rosenbrock scheme) for additive noise, which are close to 0.5 and 1 in our theoretical results
in Theorems 2.2 and 2.3 respectively. The implementation of the stochastic Rosenbrock-type
scheme is straightforward and only needs the resolution of a linear system of equations at
each time step. For efficiency, all linear systems are solved using the Matlab function bicgstab
coupled with ILU(0) preconditioners with no fill-in. The ILU(0) are done on the deterministic
part of the matrix Ay, that is (I + ArA;), at each time step. Fig. 1(b) and (d) show the mean of
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Fig. 2. (a) The streamline of velocity (a) and a sample of the numerical solution with the stochastic Rosenbrock
scheme for additive noise.

CPU time per sample versus the root mean square L? errors corresponding for Fig. 1(a)(additive
noise) and Fig. 1(c)(multiplicative noise) respectively. As we can observe, the novel stochastic
Rosenbrock scheme is more efficient than the stochastic exponential Rosenbrock scheme,
thanks to the preconditioners.
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