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Abstract

Suppose that L = Zf;:l a;j(x)0*/0x;0x; is uniformly elliptic. We use Xz(z) to denote the
diffusion associated with L. In this paper we show that, if the dimension of the set {x: [a;;(x)] #
%] } is strictly less than d, the random variable (X;(T) — X.(0))/ VT converges in distribution
to a standard Gaussian random variable. In fact, we also provide rates of convergence. As an
application, these results are used to study a problem of a random walk in a random environment.
© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let X(¢), t>0, denote Brownian motion in R? (d>1). Hence, for x € R? and rea-
sonably behaved functions g: R? — R one has

2

1
ElaCx() 1 = | dwexp(;)gmdy. (1)

Here E, denotes the expectation with respect to the Brownian motion starting from x.
We can rescale Eq. (1) to yield

X(t) —x 1 z?
| 1(M0)] = L men (-5 ) e

where f(z) = g(zv/t). This is the same as

E[f<X(t)ﬁ_x>] — EL/(Y)]. @)
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where Y is a d dimensional Gaussian variable with covariance matrix equal to the
identity. In this paper we shall be concerned with showing that identity (2) holds
approximately at large time for diffusions X, (¢) associated with certain elliptic operators
of the form

L= ; 3
Z () 5—— ax/ (3)

i, j=1
where x € RY has coordinates (xi,...,x;). We assume that the matrix 4(x) = [a;j(x)],

x € R?, is symmetric and that there are constants A, 4 > 0 such that
M <Ax)< AL xeRY, 4)

where 7 is the identity matrix. Therefore L is uniformly elliptic. The operator L gen-
erates a diffusion process which we denote by X;(¢), t=0. If A(x)= %I, x € R, then
X (t) is just Brownian motion.

Suppose that the operator L satisfies Eq. (4). We expect that Eq. (2) holds approx-
imately at large time for X;(¢) provided the dimension of the set {x: A(x) # %I }is
strictly less than d. For 0 <a<d we shall say that a set U has dimension less than or
equal to « if there exists a constant C such that for all balls By of radius R,

|UNBR|<CR*, R>1,

where | - | denotes the Lebesgue measure. This notion of dimension is very different
from the Hausdorff dimension. For instance, a line in R? has dimension 0, and so does
any hypersurface in R?. From the definition above, one can check that any bounded
set in R? has dimension 0. So our notion of dimension measures how big the set is
near infinity. The following theorem is proved in Section 2.

Theorem 1.1. Suppose {x: A(x) # %I Y has dimension less than or equal to o < d.
Let f: R =R be a function such that

o

for some constants A,M. Then for any xo € R?, T>1, there is a constant C depending
only on A, M, /. and A such that

- C
g{f(ﬁ%%rﬂ>} Lﬂﬂﬂ < T (s)

We prove Theorem 1.1 by using the Alexander—Bakelman—Pucci (ABP) inequality.
For a statement of the ABP inequality, see Gilbarg and Trudinger (1983). The es-
timate C/T"'~%9/2 given by the ABP inequality is not sharp. Consider the situation
where {x: A(x)# 31} C{x: [x;| < 1}. In this case x =d — 1 and Theorem 1.1 yields
an estimate C/T'(%). The best possible estimate is C/v/T for this case. We shall
also prove this in Section 2 and a corresponding result for the case when {x: A(x) #
I c{x | <1, x| < 1}

<A™ x e RY,

|f(x)

(X)
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Theorem 1.2. Let f: R — R satisfy the conditions of Theorem 1.1 and xy € RY.
If {x: A(x) # 31} C{x: x| < 1}, then

b (M=) - mronl| < T, ®)

where C depends only on A, M, % and A. If {x: A(x) # 31} C{x: |x1| < 1, |x2] < 1},

then
X.(T) — xp C |10g T|
E,, {f<—ﬁ )} E[f(Y)]‘ T>2, (7)

where C depends only on A, M, 1 and A.

Observe that Theorems 1.1 and 1.2 not only prove convergence in distribution. They
also give us a rate of convergence. This rate of convergence will become important in
Section 3 when we consider a problem of a random walk in a random environment.
The walk consists of a random walk with a drift which is random in both space and
time. To specify the walk let b(i,x), i = 1,2,..., x € Z9, be a vector field on Z¢
such that (1) the components of the vector b(i,x) are independent symmetric Bernoulli
random variables, i.e., they only take on the values +1 and the probability that they
take the value 41 are both 1/2 and (2) the collection {b(i,x), i =1,2,..., x € 7}
of random vectors are independent. Suppose &(j), j=1,2,...,T, is a standard random
walk on Z¢ with measure dWr(&). For any i =1,2,..., let AE; =¢&; — &,_1. Then for
any f§ € R?, the measure P#? defined by

exp[B 3oL B Ei— 1)) - AE1AWr () _ explB YL, Bli, &G — 1)) - AEIdW1(€)
E[exp[ 371 b(i: &~ 1)) - A&]] (cosh )T

(8)

gives us a new measure on the walks £. This measure is also Markovian. Indeed, one
can easily check that

PPO(Eg=x0,...,ér = x7,ér41 = XT41)
Pﬂ’b(ﬁfO:XO,n-,fT:xT)

xr[exp[ﬁb(l 50) Aél]]

PR (Er =xr1|E0=X0,..., Er=x7) =

1
~ cosh ﬁ
This measure corresponds to a random walk with a drift. We denote the random walk
with measure (9) by &,.

Theorem 1.3. Let b(i,x) = (bV(i,x),...,0'(,x)), where b'D(,x), j = 1,....d,

i=1,2,..., x € 7% are independent random variables with mean zero, taking values
+1. Suppose f: R? — R satisfies the conditions of Theorem 1.1. Then
(1) when d =3,
. S(N) —xo
lim E, T =E[f(Y)], 9
im_E,, f( N (V)] Q)

with probability 1 in b,
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(i) when d =2, Eq. (9) holds for N =a, € Z, a,=1, n=1,2,..., with

Sl o

a
n=1 n

(iii) when d =1, Eq. (9) holds for N =a, € 7, a,=1, n=1,2,..., with

=1
;\/CTH<OO.

The relation between Theorem 1.3 and Theorems 1.1 and 1.2 is as follows. To prove
Theorem 1.3 we estimate the mean square fluctuation

2
£ {E lf(f”(N—])v/;x‘)ﬂ —E[f(Y)]} , (10)

where Ej denotes expectation is taken with respect to b. This quantity turns out to be
a discrete version of the LHS of Eq. (5). Now the dimension of the space is 2d and
o =d in Theorem 1.1. Theorem 1.3 for d = 1,2 follows then by establishing discrete
versions of inequalities (6), (7), respectively. To prove Theorem 1.3 for d >3 we use
an argument from Conlon and Olsen (1996) which enables us to exploit the fact that
random walk in Z?¢ is non-recurrent to a set of dimension d provided d > 3.

In this paper we only estimate mean square fluctuations similar to Eq. (10). It seems
likely that one could prove expression (9) converges along the entire integer sequence
in dimensions d = 1,2 by estimating moments higher than the mean square fluctuation.
This is considerably more difficult since to do this one must compare two different
non-standard random walks. Mean square fluctuations can be estimated by comparing
a non-standard random walk to the standard random walk.

The results in this paper should be compared to the problem of random walk with
a drift which is random only in space. It has been shown in Sinai (1982) that for
d =1 this walk is strongly sub-diffusive and in Bricmont and Kupiainen (1991) that
for d =3 it is diffusive with a renormalized diffusion constant provided the noise —
corresponding to f in Eq. (9) — is small. It is also interesting to compare the results
here to the problem of random walk with a random potential (Bolthausen, 1989; Imbrie
and Spencer, 1988; Olsen and Song, 1996; Song and Zhou, 1996). In that case it has
been proven that for d >3 and small noise the walk is diffusive. Numerical evidence,
(Kardar, 1985; Kardar and Zhang, 1987) suggests the walk is super-diffusive at large
noise if d >3 and for any noise if d=1,2. Some rigorous results have been established
for a first passage percolation problem which is closely related to the d =1 large noise
problem, see Licea and Newman (1996), Licea et al. (1995) and Newman and Piza
(1995).
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2. Convergence in distribution to a Gaussian

We turn to the proof of Theorem 1.1. Let g: R — R and

Y
W) = BN = s [ ew |52 st

Then w satisfies the initial value problem
0 1
Oa—vtv = JAw(xn), xeR’, >0,
w(x,0) = g(x).

We can rewrite the heat equation above as

ow 1
2 =Lw+ (2A L) w.

Now let v be the solution of the initial value problem

0 1
%:LU—F —A—L|w, xe[Rd, t>0,
ot 2

v(x,0)=0.
Then it is clear that

Ex[g(X1())] = w(x, 1) — v(x,1).
If we write now

h(x,t) = (34 — L)w(x,1),

then v has the probabilistic representation

v(x,t) = Ex [/t (X (t — s),s)ds} .
0

Now suppose f: RY — R and define g: R? — R by

- X — X0
g(x)f( = )

where xo € R? is some arbitrary fixed point. Then

_ 1 (x—x0—2)?] [ z
w(x,t) = Quiy? /R{[ exp {_Zt } f (ﬁ) dz.

It is easy to see from this formula that if f is of exponential growth,
[F() <4,
then there are constants 4; and M; depending only on 4 and M such that

wix, £)| <4 eM—=IVT o << T

107

(1)

(12)

To get an estimate on /A(x,t), we interchange x differentiation with z differentiation in
Eq. (12) and integrate by parts. Hence if the second-order partial derivatives of f have

exponential growth

e
Gx,ﬁxj

i j=1

M
<Ae \X|,

(x)
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there are constants 4; and M) depending only on 4 and M such that
A
h(x, 1) <71eMIIX*XOVﬁ, 0<t<T (13)

Let U = {z: A(z) # 11} and 1y be the indicator function of U. Then from Eq. (13),
v(x,t) is bounded by

|v(x, )| <Ex {/0 Ly (X (z _S))%GXP[MI IXL(t = 8) = xol/VT] ds} , t<T.

<[5 (%)

T
A .
<E, { / T IU(XL(T — )Ml VT ds} : (14)
0

Hence

Inequality (14) is basic to the argument of this section, since from here on we shall
estimate the RHS of this inequality. To do this we need the following:

Lemma 2.1. Let 13 be the time for the diffusion process X;, started from x € RY, to
go a distance R. Then there is a constant y > 0 depending only on A and A such
that

P(tg <t)<e ®I R= VA

Proof. Let » > 0 be arbitrary and 7, be the time taken for the process to exit the strip
{y: |y1 —x1| <r}. If we put

u(y)=E,[e™],

then u(y) satisfies the boundary value problem
Lu(y) =nu(y), [y —xi| <r,
u(y)=1, [y —xl=r.

Now let w(z), —r < z < r, satisfy the boundary value problem
2w
dz?

wiz)=1, z==r

= %w(z), —r<z<r,

The function w is given explicitly by the formula
w(z) = cosh(z(n/4)"*)/cosh(r(n/4)"?).
If we put u(y)=w(y; —x1), it is clear from Eq. (4) that
Lu(y)<nmu(y), |y —xi|<r,
uy)="1 |n-xl=r
Hence by the maximum principle we have u(y)<u(y) when |y; — x;| < r. Thus

E.[e""™]< 1/cosh(r(n/4)"?).
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We can similarly define t;, j=2,3,...,d, to be the time for the process X; to exit
the strip {y: |y; — x;| < r}. Taking r = R/V/d it is clear that

d d
P(tr <) <Y P <)< Y _e"E[e™"]
j=1 j=1

< de" Jcosh(Ry'? /A 2d /%)
< 2d exp[nt — n'?R/AV2d'2).
If we optimize the last inequality with respect to # we obtain
P(tx < t)<2de R /4id
which yields the result. [J

Lemma 2.2. Suppose the set U CR? has dimension less than or equal to o < d. Then
for any x € RY,

T
E[/ lU(XL(S))ds] <Ccri+HD2, (15)
0

T
{ / 1U<XL(s))ds}
0

where the constant C depends only on 1 and A.

2

E, <Cr't, (16)

Proof. Let 1z be the time for X; started at x to go a distance R. Then we can write

T oo T/\an)T
E[ /0 1U(XL(s>>ds]:ZEx /T ( IIU(XL(s))dsl

n=0 N /T

oo
<) E
n=0

Tt )VT
/ lu(XL(S))dS; TuT <T].
T’Y\ﬁ

Thus

T oo
Ex[/o IU(XL(s))ds] < Pty < TE

n=0

Tt )VT
/ ly(X(s))ds|z, 7 <T|.
LT

(17)

We can bound the expectation in the last sum by using the ABP inequality. Thus

E

T+ )VT T
/ IU(XL(S))dS\‘L'nﬁ <T| < sup E, [/ IU(XL(S))dS] , (18)
Tuv/T y:|y—x|=nVT 0

where 7 is the time taken for the diffusion process started at y to exit the ball {z: |z —
x| <(n+ 1)V/T}. 1t follows from the ABP inequality that

T
E, [/0 IU(XL(S))dS} < Cn+1)WT l/l

1/d
ly(z)dz
z—x|<(n+1)VT

< C(n + 1)1+O</dT(1+O(/d)/2’
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where the constant C depends only on 4 and A. Hence we have the inequality

r oo
E, |:/ lU(XL(S))dS:| <CT(1+O(/d)/2 ZP(Tnﬁ < T)(I’l + 1)1+a¢/d.
0 n=0

From Lemma 2.1 it easily follows that

> P(r, 7 < T)n+ 1)<,
n=0
where C depends only on A and A. Inequality (15) follows from this and the previous
inequality.
Next we turn to the proof of Eq. (16). We write the left-hand side of Eq. (16) as

2, { / Lo ()0 (X(s')) ds ds’]
O<s<s’'<T

T T
—ZEx[/O dsly(Xi(s))E [/ ly(Xe(s'))ds' |XL(S)” :

From Eq. (15) it follows that

T
E U 1u(XL(s’))ds’|XL(s)] <cre/d)2,

T
{ / 1U<XL(s))ds}
0

whence
2

T
E, < 2CT(”°‘/"’)/2EX{ / 1U(XL(s))ds]
0

< 2CT(1+O(/d)/2 CT(1+0(/d)/2
— 2c2T1+x/d

again by using Eq. (15). O
Proof of Theorem 1.1. We estimate the term on the RHS of Eq. (14). Thus

T
Exo|:/ IU(XL(T_S))eXp[MlXL(T_S)_XOV\/T]]
0

0<s<T

T 2
{ / 1U<XL(s))ds} ]
0

12
><Pxo<sup0<s<T ‘XL(S) - x0| BHﬁ)

0o T
< ZEXO {/ 1y(Xi(s)) dsexp[M(n + 1)]; sup |Xi(s) — xo|=nVT
n=0 0

1/2

< exp[Mi(n+ 1E,,
n=0

e} 1/2
< T2 Z exp[M;(n + 1)]Py, ( sup |[Xz(s) — xol >nﬁ> ,
n—0 0<s<T
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by Lemma 2.2. Now from Lemma 2.1 it follows that

Px0< sup |Xz(s) — xo >nﬁ> <exp[ — yn?].

0<s<T

We conclude then from Eq. (14) that Eq. (5) holds. [

We turn to the proof of Theorem 1.2. Evidently the theorem will follow if we can
obtain an improvement of inequality (15) of Lemma 2.2. Estimate (6) is therefore a
consequence of the following lemma.

Lemma 2.3. Let U = {x: |x1| < 1}. Then there is a constant C depending only on /.
and A such that

T
E[/ IU(XL(s))ds] <CVT, T=1.
0

Proof. From Eqgs. (17) and (18) it will be sufficient to show that

u(y)==E, {/OIR IU(XL(S))ds] <CR, y € Bp, (19)

where By is an arbitrary ball of radius R>1 and 1 is the time for the diffusion started
at y € Bg to hit the boundary 0Bg. We can prove this using the maximum principle
since u is a solution of the boundary value problem

—Lu(y)=1u(y), y € Bg,

Suppose By is centered at the point x = (x1,...,x4). If |x;| > R+ 1 then u =0 so we
shall assume |x;| < R+ 1. Let v(z) be the solution of the one dimensional problem

71)”(2) = 1(_1,1)(2), |Z| <2R+1,
o(z)=0, |z/=2R+1.

One can explicitly solve this problem and see that 0 <wv(z) <CR, |z| < 2R+ 1, for some
universal constant C. By the maximum principle one has

u()<2 (), y=1,...,Ya) € B,

where 4 is given by Eq. (4). Inequality (19) follows from this and hence the result.
O

Estimate (7) is a consequence of the following lemma.

Lemma 2.4. Let U={x: A(x)# }I}C{x: |xi| <1, |x2| < 1}. Then there is a constant
C depending only on J. and A such that

T
E[/ IU(XL(s))ds] <CllogT|, T>2.
0

Proof. Again from Eqgs. (17) and (18) it will be sufficient to show that

u(y)=E, UO IU(XL(s))ds] <CllogR|, R>2. (20)
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To prove this observe that the diffusion process is just regular Brownian motion outside
the set U. Consider the cylinders S,, n=0,1,2,..., defined by

Sy ={x = (x1,...,x0): (x] +x3)"2 =211

We view the diffusion as a random walk on the cylinders S,. Observe that U is
contained completely inside Sy. Hence the transition probabilities for the walk are
determined by the Brownian motion probabilities. Let the walk be denoted by Y (i),
i=0,1,2,..., where i is an integer time variable. Then Y (i) will take one of the values
0,1,2,..., denoting which cylinders the walk is on. In particular we have

PY(E+1)=1|YG)=0)=1,

PY(i+1)=n+1|Y(i)=n)=1, n>1,

P(Y(i+1)=n—1|Y(i)=n)=1, n>L
This follows from the fact that for n> 1, the probability that Brownian motion started
on S, exits the region between S,_; and S,;; through S, is % Let N>=3 be an

arbitrary integer. We wish to estimate the number of times the walk hits Sy before
exiting through Sy. If the walk starts at n, 0 <n<N, the expectation of this quantity is

> %(Y(i))] :

i=0

w(n)=E,

where Ty is the exit time to the cylinder Sy and J¢y is the Kronecker o, do(k) =0
if kK #£0, §0(0) = 1. The function w satisfies the finite difference equation

w(n)=1wn+1)+iwn—1), 1<n<N -1,
w(0)=1+w(l),
w(N)=0.

The solution to this is evidently given by the formula w(n) =N —n, 0<n<N.

We can use the function w to estimate the function u(y) as in Eq. (20). In fact let
N be the smallest integer such that 2¥*! > R. For z inside Sy let t be the time for the
diffusion process started at z to hit S;. Then we have for y outside Sy, the inequality

> ok | | 1U<XL(s)>ds”

i—0 z€8y

E, {/ 1U(XL(S))dS] <E | Eyy) ,
0

where S,y denotes the first cylinder hit by the diffusion process started at y. By the
same maximum principle argument that we had in Lemma 2.3 it follows that

sup E, {/TIU(XL(S))ds} <C,
0

z€Sy

for some constant C depending only on A and A. Hence
u(y) < CE[w(n(y))]<cN,

whence Eq. (20) follows. [J
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3. Random walk in random environment

We turn to the proof of Theorem 1.3. We consider the expression

el (5]}
(25 ()

N
exp [ﬁZba, Ei— 1)) A& +b(i, LG — 1)) - AL

i=1

dWy(HdWn(0)

E ————Qpun >
" Eh (cosh B2V

where ¢ and ( are independent standard random walks on 7¢. Define a random walk
X, on 7% by X;(i) = (&(i),((i)), i=0,1,2,.... Then if we let g: R** — R be given
by g(x,v) = f(x)f(»), it follows that

2

where X;(i), i=0,1,...,N, has measure

dWy(dWn(0)

Es (cosh )N

@21

N
exp lﬁZb(i, Ei— 1)) A&+ b(i, LG — 1)) - AL

i=1

It is clear that the measure (21) is Markovian. We can compute the transition proba-
bilities for X;. In fact

. . 1y
P(AXL(i) = (ox,0p) [ XL(i — 1) = (x,»)) = (ﬁ) ,
for vectors dx,5y € Z¢ of length 1 provided x # y. We also have
1\
P(AX (i) = (0x,0) | Xp(i — 1) = (x,x)) = <2d> , (22)

provided ox # +0y. If ox = £Jy, then the transition probability depends on . We
have

, . 1\’ cosh(2p)
P(AX(i) = (0x,0x) | X (i — 1) = (x,x)) = (ﬁ) (coshp)?” (23)
P(AX; (i) = (ox,—x) | Xy (i — 1) = —121 24

(AXL(7) = (6x, —0x) | Xp(i — )—(x,x))—<ﬂ> (cosh )" (24)
Let X(i), i=0,1,2,..., denote the random walk in Z>? with transition probabilities
1 \2
P(AX (i) = (0x,0y) [ X ([ — 1) =(x,»)) = (2d> ) (25)

for vectors ox, 0y € 74 of length 1, x,y € 7¢. Then X is a translation invariant
random walk in Z?¢, whence it converges to Brownian motion in a large time limit.
The walk X is like X except on the diagonal set {(x,x): x € Z¢} where the transition
probabilities are different. If we take the scaling limit then the generator of X converges
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to an elliptic operator of form (3) where the coefficients differ from the Laplacian
coefficients only along the diagonal set, that is a set of co-dimension d. Hence we
should be able to prove a theorem analogous to Theorem 1.2.

Theorem 3.1. Let g: R* — R be a function such that

2d 2d
0 0?
9|+ 2@+ Y | @) <dexplMill. = e R, (26)
i=1 ! i j=11""t""

for some constants A and M. Then for any xo,yy € 79, there is a constant C
depending only on A,M, 3 such that

Exo,yo |:9 (W):l - Exo,yo |:g (W)} ’ <C/Vd(N)a

71(N)= VN,
72(N)=N/|logN|, NZ=2,
7a(N)=N[1+ |xo — yo| %] if d=3.

where

To prove Theorem 3.1 we shall do a discrete version of the argument of Section 2.
Our first goal is to establish the analogue of Eq. (14). To do this let ¢: R* — R be
an arbitrary function and w(x, y,t) be defined by

w(x, »,1) = Ex,[gq(X ()], xyeZ t=0,1,... (27)
Then
wx, y,t + 1) — w(x, y,t) = %Aw(x, V1),

where

1 1Y
S Aw(r, y.1) = (M> Z@ [w(x + 0x, y + 03,0) = w(x, 1)),

where the sum is over dx,dy € Z? of length 1. Next consider u(x, y,¢) defined by
u(x, y,t) = Ex ) [qXr (1)), x,y€Z% t=0,1,...

Then
u(x, y,t + 1) —u(x, y,t) = Lu(x, y, t),

where

Lu(x, p,t) = 1 Au(x, p,t), x# y,
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and

2
Lu(x,x,t) = <1> Z [u(x + ox,x + 0y, 1) — u(x,x,t)]

2d )
ox#£+dy
1Y cosh(2f)
— — 0 o
+(z2) 2 oo et 3t )
+mu(x + 0x,x — 0x,t) — 2u(x,x,t)| ,

where again the sum is over dx,dy € Z¢ of length 1. If we put v(x, y,1) = w(x, y, 1) —
u(x, y,t), then

v(x, y,t + 1) — v(x, y,t) = Lo(x, y,t) + h(x, y,t),
where
h(x, y,t) = (%A — LYyw(x, y,t).
Evidently v(x, y,0) = 0. Hence v(x, y,t) is given by the formula
t
v, 1) =Y (I + L) *hix, y,s = 1),

s=1

where [ is the identity matrix. We can write this as an expectation value, namely

> hXu(t = 5).5 — 1)] .

s=1

v(x, y,t) =E,,

This is the analogue of formula (11). Next we wish to prove the analogue of Eq. (13).

Lemma 3.1. Suppose g: R* — R satisfies the conditions of Theorem 3.1. Let xo, yy €
7% and q: R* € R be defined by
X—Xo Y— )Mo
‘x5 - 2
q(x,y) =g ( NI
and w be given by Eq. (27), with h = (%A — LYw. Then there are constants A; and
M, depending only on A and M such that

>, x,y € R,

A
|h(xay9t)| <NICXP[M1{|X _.X()| + |y - y0|}/\/ﬁ]a 0< I<N.

Proof. By translation invariance we have

W(x,y,t):Ex,y|:‘C] (Xv(t):/_](\f()’m)} :EO,O |:g <X(t)—(x\;]__\);0,y_ y0)>:| )

If we use now the fact that 4 and L are given by second-order differences and the
bound (26) on g we can conclude that

3,1 < B lexpIM£(0) + x — o VN + MIZ(0) + 3y — ol VAV

where ¢ and ( are independent standard random walks on Z¢. Hence we need to
show that

Eolexp[M| (1) + 2| /VN]I <Arexp[Mi|z0|/VN], 0 <t <N,
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for constants 4; and M, depending only on M. This follows from the standard estimate

PO(g(t)*m) d/zexp[78|m| /t]

where ¢ > 0 is sufficiently small and C, is a constant depending only on &. [

From Lemma 3.1 it follows that

(B ()

:|U(X(), yOsN)|

Al
N X[] Yo

X

Z 1u(X2(N — 5))exp[Mi|XL(N — 5) — (xo, yo|/V'N] ] (28)

s=1

where U is the set U = {(x,x) € Z*!: x € Z¢}. Inequality (28) corresponds to relation
(14). It is clear now that Theorem 3.1 will follow by the argument of Section 2
provided we can establish the analogues of Lemmas 2.1 and 2.2. The analogue of
Lemma 2.1 is as follows.

Lemma 3.2. Let 1z be the time for the random walk X; started at (xo, vo) € Z*¢ to
go a distance R. Then there is a constant y > 0 depending only on d such that

P(tg <t)<e ™/ R>/A.

Proof. Let us write xo=(x",...,x{")) and yo=(3",..., ). For (m,n) € 7%, m=

(mD, ... m D), n= (n(l),...,n(d)) let 7; be the time taken for the random walk to
exit the strip {(m,n) € 7**: |m(» —x(()l)| < r}, where r is an arbitrary positive integer.
Consider the function u(m,n) defined by

Lu(m,n) = nu(m,n), |m? —xf)l)| <r,
u(mmn)=1, |m? —xél)| =r.
Then u(m,n) is given as an expectation value by
u(m,n) = Egun[(14+n1)""].
We can obtain an explicit formula for u(m,n). To see this let w(j), j € Z satisfy
Sw(+ D+ w(j = D) = 2w(DI =dmw(j), |j—x" <,
w(H=1 |i-x"=r
It is easy to see that u(m,n)=w(m'"). We also have that
w(j) = cosh((j — x§")k)/cosh(rk), |j—x"| <r,
where
k =cosh™'(1 + dn).
Hence

Exoyo[(1 4+ m) "' ]1<1/cosh(rk).
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Arguing now as in Lemma 2.1 we conclude that
P(tp < 1)<2d(1 + 1)’ [cosh(Rk/(2d)"/?).
If we use the fact that
cosh(Rk/(2d)'?) = Lexp[Rk/(2d)'], 1 +n<e,
we have that
P(1g < t)<4d exp[nt — Rk/(2d)"?]. (29)

Evidently there is a constant ¢ depending only on d such that if R > cf then P(tz < t)=
0. Hence we can assume that \/f <R<ct. Observe also that for any 59>1 there is a
constant ¢y > 0 depending only on 79, d such that k >co/5, 0 < <. Hence relation
(29) yields the inequality

P(tg < t)<d4d exp[nt — Reo/n/(2d)"].
Optimizing this inequality with respect to # yields
P(tz < t)<4dexp[ — R*c}/(8d1)],
where the optimizing 7 is given by
cé R\
-3

Since we are assuming R<ct we can choose an appropriate 7. [
Next we prove the analogue of Lemma 2.3 in the case d = 1.

Lemma 3.3. Let U = {(x,x) € Z*: x € Z}. Then for any xo, yo € Z, one has

N—1
Exy y, lz 1U<XL(s))1 <CVN, N>1,
s=0
where the constant C depends only on p.

Proof. In view of Lemma 3.2 it will be sufficient to show that

R

D lu(Xu(s))

s=0

Exo.v <CR, (30)

where 1 is the time taken for the random walk to exit the disc of radius R centered
at (xg, v0). To estimate this we consider X; as a random walk on the lines J#, =
{(x —n,x +n):x € Z}, n € Z. Clearly U = #. Denote this random walk by Y.
Then for i=0,1,2,...,Y(i) =n if and only if X;(i) € 5#,. The walk Y is Markovian
and we can easily compute the transition probabilities. We have

P(AY(i)=0|Y(i—1)=n)=1,

P(AY(i)=1|Y(i—1)=n)=1,

P(AY(i)y=—1|Y(i—-1)=n)=1,
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provided n # 0.

P(AY(i)=0|Y(i — 1) = 0) = cosh(28)/(2(cosh )*),

P(AY(i)=1|Y(i —1)=0)=1/(4(cosh §)*),

P(AY(i)=—1]Y(i — 1) =0) = 1/(4(cosh B)*).

Suppose now that the random walk Y starts at a point n € Z inside the interval
{n€Z: ny—r<n<ng+r}. Let 7, be the first time it exits this interval and put

an(m))] ,
i=0

where g is the Kronecker 0, do(j) =0 if j #£ 0, d9(0) = 1. Evidently if yy — xq is
even and we put no = (yp — x)/2 then

> %(Y(z'))] :
i=0

w(n)=E,

<Eng

Exo,yo [Z lU(XL(s))
s=0

for any r satisfying »>R/v/2. The function w(n) satisfies a finite difference equation

w(n)z%w(n—l)—k%w(n—kl), ng—r<n<mny+r, n#0,

B cosh(2f3) 1
w(0)=1+ 2(cosh )2 w(0) + 4(cosh )2 [w(1) +w(=1)],
w(ng —r)=w(nyg+r)=0. 31)

Here we are assuming that ng —r, no+r # 0. Let us assume that ng—r <0 <ng+r,
for otherwise w is identically zero. We can then solve problem (31) by a piecewise
linear function. We put

wn)=o(ng+r—n)/(ng+r), 0<n<ng+r,

w(n)=oan —ny+r)/(r—ng), no—r<n<D0.
Solving the second equation in relation (31) for o we obtain
o =2(r* — ng)(cosh B)*/r.

Since ng —r < 0 < ng+r it follows that o > 0. Hence there is a constant C depending
only on f§ such that

wn)<Cr, ny—r<n<ny+r.
We conclude that Eq. (30) holds and hence the result. [
Theorem 3.1 for the case of d =1 follows from Lemma 3.3. To establish Theorem

3.1 for d > 1 we need to make a comparison between random walk probabilities and
Brownian motion probabilities. For R > 0, d >0, let A ;4 denote the annulus,

Ara={(x,») ER*: x,y € RY, R <|y —x| <4R}.
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Let wg 4(x, y) be the probability that Brownian motion started at (x,y) € Ag 4 exits
Ap 4 through the boundary {(x’,)'): |)/ —x’| = R}. Thus wg, satisfies the Dirichlet
problem

AWR,d(xay) :Oa (xay) € AR,d:
WR,d(xay):la |y_x‘:R7
wra(x,¥)=0, |y—x|=4R.

It is easy to see that wg 4 is given by the formulas

wra(x, y) = log(4R/|y — x|)/log4,

d—2
wr.a(x, y) = l(%) —1]/[4”1—2—1], d=3.

Lemma 3.4. For (x,y) € AgqaN 7% et ug.a(x,y) be the probability that the random
walk X defined by Eq. (25) exits Ag 4 through the boundary {(x',y"): |y’ —x'| =R}.
Then there is a constant C depending only on d such that

|uR,d(x7y) 7WR,d(x>y)|<C/R5 (X,y) GAR,d QZZd-

Proof. The function ug 4(x, y) satisfies the boundary value problem

D lura(x+ 0%,y + 6y) —ug a(x, )1 =0, (x,) € Int(dg 4) N 7%,
ox,0y

uga(x,y) =0, (x,y) € Z*, |y —x|>4R,

MR’d(x,y):l, (xay)GZZdv‘y_'x|<Ra
where the sum is over all vectors dx,5y € Z¢ of length 1. We use the Taylor expansion
wra((x, ¥) + 0) = wr a(x, ) + v - Vg a(x, ¥) + 3(v - VY wr a(x, »)
+é(U : v):;"VR,d((-xa y) + 9”)5
for some, 0, 0 < 0 < 1. It is clear that for (x, y) € Int(4dgq4) N 7% we have
> Dvra(x +0x,y + 6y) — wra(x, )]
ox,0y
=3 Awr a(x, y) + 5 4,wr a(x, ) + O(1/R),

whence

D [Wra(x + 6%,y + 6y) — wra(x, )]| SC/R,  (x,) € Int(Ap.q) N Z*.

ox,0y
Next let us extend wg 4 by wra(x,y) =0,y — x| =4R + 3, wgg by wra(x,y) =1,
|y — x| <R — 3. Since |Vwg 4| = O(1/R), it follows that the function v = up s — wg 4
satisfies

> [oralx + 0x,y + 8y) — vpa(x, )| SR, (x,p) € Int(dg g) N 2%,

ox,0y
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(e, MISC/R, [y —x|<R or |y—x|[>4R,
where C is a constant depending only on d. Hence
C
s Ex
(Zal)zR3 o1t
where 7 is the time taken for the random walk X started at (x,y) to exit Ag 4. It is
easy to see that

Eqy[T1<3[(4R + V2d)* — |y — x[*]

whence the result follows. O

c
lo(x, Y| < —

Lemma 3.5. Let U = {(x,x) € Z*: x € Z*}. Then for any (xo, yo) € Z>, one has
N—1

Z IU(XL(S))‘| <CllogN|, N=2,
s=0

EXO,yo

where the constant C depends only on p.

Proof. We follow the lines of the proof of Lemma 2.4. From Lemma 3.2 it will be
sufficient to show that

R

D lu(Xu(s))

s=0

<Cl|logR|, R>2, (32)

ExOﬂyO

where 1z is the time taken for the random walk to exit the cylinder {(x,y) € Z*
|y —x| <R}. For n=0,1,..., let I, be the cylinder

Iy={(x,y) €z 2" —2<|x — y| < 2"}
Evidently the I', are disjoint and U C I'y. Further, the random walk X; hits a point in
I',, for each n. Hence we may regard X; as a random walk on the cylinders I',,.

We can estimate the expected number of times X} visits I'y before hitting I'y;,, M >1,
by using Lemma 3.4 and the argument of Lemma 3.17 of Conlon and Olsen (1997).
Thus for j=1,....M — 1 let pj(m,m’), m € I';, m" € I';;; be the probability that
the random walk X, started at m exits the region between I';_y and I'j;; through the
point m’. Let us put

py=inf > pi(m.m).
/ m' €l

From Lemma 3.4 it follows that there is a constant C such that
pi=texp[—C277], j=12,... (33)

Putting g;=1—p;, j=1,2,..., it follows from the argument of Lemma 3.17 of Conlon
and Olsen (1997) that
M—-1 J

NO<I+ZHq' m e Iy, (34)

jlll

where Ny is the number of times the walk hits Iy before hitting I'y;. In view of
Eq. (33) it follows that
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for some constant C. If we take now M to be the smallest integer such that 2M*! > R+
2, then

3

> luXa(s))

s=0

<CM sup E,
(x0,y0)€To

EXO,yO

> 1U(XL<s))] :

s=0
where 7 is the first time the walk X hits I';. Inequality (32) will follow now if we
can establish that there is a constant C(ff) depending on f such that
sup Exo,yo [Tl] < C(ﬁ)

(x0.y0)€T0
It is a well known fact that if we put

V(.B) = Ssup Pxo,yn(‘cl > 10),

(x0,0)ET0

then

sup  Ex,y[1]< Y 10n9(B)"~" = 10/[1 — (BT,

(x0,0)€T0 —1

provided y(f) < 1. Since we can easily construct a path from any point in I'y to I';
in less than 10 steps it follows that p(f) < 1. O

Theorem 3.1 for the case of d =2 follows from Lemma 3.5. To establish Theorem
3.1 for the case of d >3 we prove the following:

Lemma 3.6. Let U = {(x,x) € 7*:x € 79}. Then for any (x,y0) € 7*?, d=3,
one has
N—1

> lu(Xu(s))

s=0

E X0,)0 < C’

where C depends only on d and .

Proof. We proceed exactly as in Lemma 3.5. Thus for n =0,1,..., let I', be the
cylinder

ry={(xy)ez: 2" —2<x — y| < 2"*'}. (35)
Defining p;(m,m’) and p; as in Lemma 3.5 we can conclude from Lemma 3.4 that
2d—2 )
p;?szHexp[—C2 N, j=12,.... (36)

Hence from Eq. (34) it follows that E,[Ny]<C, m € I, for some constant C
depending only on d. The result follows now by continuing the argument exactly
as in Lemma 3.5. [

Lemma 3.7. Let U = {(x,x) € 7%: x € Z%}. For (xo,y0) € Z** let Py, ,,(U) be the
probability that the walk X, started at (xo, o), hits U before exiting to infinity.
Then there is a constant C depending only on d >3 such that

Py (U)<C/[1 + [x0 — yo| 2.
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Proof. We use the notations of Lemma 3.6. For M >1 let P, , u be the probability
of hitting I’y before I'y, for the random walk X started at (xo, o). Then by Lemma
6.3 of Conlon and Redondo (1995) we have, for any (xq, yo) € I'y, 0 <M’ < M,

1+ PyM—1 + PM—1PM—2 +"'+HM7M/71 PyM—j

qm —1 M —19Mm —2 j=1 qm —j
P, <
¥0,y0,M = PM—1 PM—1DPM—2 M—1 pu—;
I+ qm—1 + qM—19m —2 + + Hj:l qm—j

From Eq. (36) and the above inequality we can conclude that
Py ot SC2M @D (xg, 39) € Tapr, 0 < M’ < M,

for some constant C depending only on d. Letting M — oo and using the fact that
U €T it follows that

PXO,YO(U)<C/2M,(d72): (XO:yO) cel'y, 0< M < M.

The result follows from this last inequality. [
Theorem 3.1 for d >3 is a consequence now of Lemmas 3.6, 3.7 and the argument
of Section 2.

4. Convergence with probability one of RWRE to a Gaussian

Here we shall use Theorem 3.1 to prove Theorem 1.3. First we give a proof of the
central limit theorem for the standard random walk in 79, d >1.

Lemma 4.1. Let f: R =R be a function such that

d
HEEDS
i=1

for some constant A and M. Let &(t), t = 0,1,2,..., be the standard random walk
on 7¢. Then for any xo € 79,

EN) —xo
[ (522)

where the constant C depends only on A,M,d.

0
Lon| <aconnyn. yert (7)

— E[f(Y)]| <C/VN,

Proof. We have

o y Y
E[f(Y)]WAdeXp {_2N/d} f(T/d) dy

B 1 (z+m) z+m
_mz (2nN/d )42 /Qd exp {_ 2N/d ]f ( N/d> dz, (38)

ez

where Q, is the unit cube in RY centered at the origin. Since ¢ is the standard random
walk in Z¢ it is well known that there exists ¢ > 0 and a constant C, such that

P(EN) — &0)=m)< %exp[ —em*/N], me 7% (39)
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We also have that

2

—} [14O(1/N'=*)], (40)

PUN) = E0) = m) = ey [—zx/d

provided |m|<N'V?* and v satisfies 0 < v < 1/4. We have now

EN)—x0 || _ P m
Elf( T )]—ZF(&(N) 6(0)—m)f< N/d).

mezd
From Eq. (37), it follows that for any & > 0,
> e[ )
N2 N N
mEZ4 |m|>NV2ty N N N/d

where C depends only on 4, M and d. Hence from Egs. (39) and (40) it follows that

2

N2v
<Cexp [—8 ] ,

¢(N) — xo 1 m? m 1—4v
Exo [f( N/d >‘| 7meZZd (21‘[N/d)d/2 exp [ 2]V/d:| f( N/d) <C/N s
(41)

where C depends only on 4, M and d. Observe next that for any z € Qy, m € 79,
2

o {_mz}f om\ {_<Z+m)2}f z4m\l_ C {_M}

P\ "N Njd P\ ToNa N )| S VNS aNjd )
where the constant C depends only on 4, M and d. The result follows from this last
inequality and Eqgs. (38) and (41) provided we take v < 1/8. [

Proof of Theorem 1.3. Case d = 1: Let Zy be the random variable

S(N)—xo )| SN) —xo
Y

Then from Theorem 3.1 we have that

E[Z3]1<C/VN,

Zy =E,,

where C depends only on 4, M and f. Hence by standard argument
lim Zy =0, with probability 1, (43)

N — o0

provided N goes to infinity along a sequence N = a,, where

= 1
Lo
n=1 \/a7
Theorem 3.1 for d =1 follows now from Eq. (43) and Lemma 4.1. [J

Case d =2: By Theorem 3.1 the random variable Zy satisfies the inequality
E[Z}]<C(logN)/N, N =3.

Hence the result follows just as in the case d = 1.
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Case d >3: Observe that just as in the d =1,2 cases the result would hold if we let
N = a,, where

S

a
n=1 "

To get convergence through the full integer sequence we follow the strategy in
Conlon and Olsen (1996). Thus, let pp(t,x), t =0,1,..., x € 74, be the probability
density for &,(¢),

po(t,x) = P(Ep(1) = x[€5(0) = x0).

Let 0 <y < 1 and consider the random variable

(&) -x\] ~
f( N/d )] Zpb(Nyax)Ex

xez4

Wn =E,,

EN =N —x
()

Lemma 4.2. For any p > 1, there is a constant C depending only on p, A, M, d, y
and f such that

E[ngl] < C/Nl =/ ptyd/2p)

Proof. Observe that if we condition on the variables b(t,z), t<N7, z € 79, then

E[Wi|b(t,z), t<N', z € 79] = Z pp(N7,x)pp(N7, )

x,yeZ?

O
z [ (X(N—N’)—(xo,xo))}}
L,y g \/N )

where X, X; are the random variables in Z>? defined in Section 3 and the function g
is given in terms of f by

9% ») = fVD (), x,y,€ R
It follows now from Theorem 3.1 that

E[W3|b(t,z), t<N', z € 7]

) " C Mlx —xo| = M|y —xol
<) pb(Nf,x)pb(N’,y)N[l+|x_y|dz]e"p[ \/mo W/N/do ]

x,y€Z?

where M is the constant of Theorem 1.1 and C depends only on 4, M, d, y and f.
Observing next that

Ep[pp(N7,x)pp(N7, )] = P(XL(N") = (x, ») [ X1(0) = (x0,X0))],
we conclude that
C ) ,
EIW1S 5 By [HOXL(N"))exply/dINMIXLNT) = (x0,x0)[ 1],
where the function % is given by

h(x,y)=1/[1+[x = y[*7?, xyeR.
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Let p satisfy the inequality 1 < p < d/(d — 2). Then Holder’s inequality yields

C ) _ ,
EIWNS 3 B o TROGN)) 1P By [expl p' v/ d INMIXL(NT) = Gxo,x0) 1117
where 1/p + 1/p’ = 1. It follows easily from Lemma 3.2 that
Evyx,[expl p'/dINMIXL(N) — (x0,30)[11"7 < C,

where the constant C depends only on p’,d,y. Hence we conclude that there is a
constant C such that

EIWRI< B OGOV (44)

We bound the RHS of Eq. (44) by using the methodology of Lemma 3.6. We define
regions U,, n=0,1,... by Uy =TI, U, is the region bounded by I',;; and disjoint
from U,_;, n=1,2,..., where the sets I', are defined by Eq. (35). Thus

Uy={(x,y)e 22 2" —2<|x — y| <22 -2}, n>1

Hence

o0

Ey xo[M(XL(N))P]1< Z [1P(XL(NV) el
n=0

+ (2n+1 _ 2)d—2]1’ :

We define the random variable n* by
n* =sup{n € Z: X (s) € U,, for some s, 0 <s < N'}.

From the argument of Lemma 3.7 we can conclude that there is a constant C depending
only on d such that

P(n* =m)

P(XL(N") € Up)<P(n* <n)+ CZ ST

Since p > 1 it follows that

i 1 1 - c
(m—n)(d—2) n+l _ 9Yd—21P ~ om(d—2)°
“2 [1+ (2 2)d=217 =2

for some constant C depending only on p and d. Hence we have the inequality

P
Exvo o [H(XL(NT))] <CZ ;Z(;zn)i)’

for some constant C depending only on p and d. Define mg as the smallest integer
such that 2" >N7?2, We shall see that there are constants C, § > 0 depending only on
d and f such that

P(n* <m)<Cexp[ — 622™~™1  m<my. (45)
It follows from this that
. (e ) 1 mo _— 1
Exxo BUWN)TSC D Sy + €D expl = 62
m=mgy+1 m=0
C C

< <
= omy(d—2) S Nvd—2)/2°
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for some constant C; depending only on d and f5. The result follows from this last
inequality and Eq. (44) provided we can prove Eq. (45).
To see this we define regions Wy by

Wr={(x,y) € 7*: |x — y| <R}.
Let 1z be the time taken for the walk X to exit the region Wy. Then
P(n" <m)< Py x,(Tom2 > N7).
Inequality (45) follows from this if we can show that
P, y(tr > t)<Cexp[ — 6t/R*], >0, (46)
for any (x,y)eWg. It is well known that inequality (46) is a consequence of the
inequality
u(x, y) = Ec [tir] SCIR?,  (x,y) € Wh, (47)
where C; depends only on d and f. In view of Egs. (22)—(24) it follows that
2
u(x,y)y=1+ (%) Zu(x+5x,y+5y), X%y,
oxdy
and
1\2
u(x,x)=1+4+ (ﬁ) Z u(x + ox,x + d0y)

ox#£+0y

1)’ < cosh(2f)
+ <ﬁ> % (cosh p)2 u(x + ox,x + ox)

1Y 1
+ <ﬁ> Z mu(x—l— 5}C,X — 5x),

ox
where &x,5y range over vectors in Z¢ of length 1. The boundary condition on u is
u(x,y) =0, (x,y) & Wg. Let w be the function

w(x, ») = (R+V2d)* — |y —x[*.
Then one has

1 2
w(x, y) =2+ <2d) (;;W(x+5x,y+5y), x# Y,

and

2d -2 2 | 1
w(x,x) = (

2
d — ox,x + 0
d T d(coshpr T Zd) D Wkt onxtdy)
ox#+dy

1Y cosh(2p)
+ <2d> ;WW(X+5X’.X+5X)

1Y 1
+ <2d> ; WW(.}C + 5x,x — (3)C)
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If we extend w by zero for |y — x| > R 4+ v/2d then it is clear that w(x,y)=0,
(x,y) & Wg. It follows then from the last two equations that
2d -2 2 1
_|_ —
d d (cosh )2
Inequality (47) follows from this last inequality. [

—1
W(x> J/), (x> y) € WR-

u(x, y) <

For any 7, 0 <y < 1, one can find p > 1 sufficiently small such that 1 — y/p +
vd/(2p) > 1. Hence

lim Wy =0 with probability 1 (48)
N — oo

as N goes to infinity through the whole integer sequence. Now with Zy given by Eq.

(42) one has
. <(N) —xo SN = N")—xg
Wy — Zy = NLORE | f| =2 || —E | /[ —=22) | )
N — 4N Zpb( x){ lf( Nid f Nid
Lemma 4.3. As N goes to infinity through the whole integer sequence,

xezd

Nlim (Wy —Zny)=0 with probability 1.

Proof. It is easy to see that there is a constant C depending only on d and the constants
A,M in Theorem 1.1 such that for any x € 74,

EN) — xo EN =N =,
o () o ()

Let us define the random variable Yy by

Vo= D pVx)explMr - xo|(d/N)"°L

[x—xo| >N+

< Cexp[M|x —xo|(d/N)"?].

Then
E[Yy] = E[exp[M|E(N7) — E0)|(d/N)?]; |E(NT) — E0)] > NUF/4,
where ¢ is the standard random walk on Z¢. In view of Eq. (39) it follows that
E[Yy]<C,exp[ — eNU=7/2],

for some ¢ > 0 and constant C, depending only on ¢,7,d. It follows that limy _, o, Yy =0
with probability 1 as N goes to infinity through the integer sequence.
Wy —Zy| < [Yn|+  sup

Evidently we have
Eo|f ¢(N) —xo
[x—xo| <N+ N/d

EN = N') = %o
()l

It follows now from Lemma 4.1 that if y < 1/2,

¢(N) —xo
e

_Ex

— E[f(Y)]| <C/VN,
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and for any x € Z¢,

EN —N7)—xp B X — Xo
E.|f —N/d E|flY+ Nid

< Cexp[M|x — xo|(d/N)"*1/VN,

where the constant C depends only on d and 4, M of Theorem 1.1. It is easy to see
that

X — X0

N/d

where C depends only on d,4,M. We conclude then that
Wy — Zy| <|Yy| + C/INT=D/4]

E|f(r+ — E[f(Y)]| SC/NU=D4 |x —xo| < NI,

whence the result follows. [

Theorem 1.3 follows now from Lemma 4.1, Lemma 4.3 and Eq. (48).
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