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Abstract

Let (X;) be a strictly stationary random sequence and M, = max{Xj, ..., Xp}. Suppose that some of
the random variables X, X», ... can be observed and denote by M,, the maximum of observed Nrandom
variables from the set {X1q, ..., X, }. We determine the limiting distribution of random vector (M, M)

under some condition of weak dependency which is more restrictive than the Leadbetter condition. An
example concerning a storage process in discrete time with fractional Brownian motion as input is also
given.
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1. Introduction

Let (X,) be a strictly stationary random sequence with the marginal distribution function
F(x) = P{X1 < x}. Suppose that some of the random variables X, X», X3, ... can be observed.
If & is the indicator of the event that random variable Xy, is observed, then S,, = g1 +¢&y+---+¢,
is the number of observed random variables from the set {X, X», ..., X,}.

Following [5], for a given stationary sequence (X,) let us define the associated independent
sequence (X ;) to be i.i.d. with the same distribution function F'(x) = P{X} < x} = P{X1 < x}.
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Throughout this paper we shall use the following notation:

M, = max{X1, ..., X,},
M} = max{X7],..., X},

i - max{X;, 1< j<n, g =1}, if§, > 1,
" = Vinf{t|F(1) > 0}, if 5, = 0.
S max{XG 1< j<n ey =1}, ifS, > 1,
n = \inf{t|F(r) > 0}, if S, = 0.

Under some conditions of weak dependence of random variables in the sequence (X,,) [6] proved
that random variables M, and M, have the same limiting distribution with the same normalizing
constants. In this paper we are interested in limiting distributions of random vectors (M,;, M,;)
and (M,, M,). We show in Sections 2—7 that in natural Leadbetter-like weak dependence
conditions the limit distributions indicate asymptotic independence of the components of the
random vectors (given a first one is at most the second). As opposed to this general weak
dependence approach, we give in Section 8 an example of the storage process with fractional
Brownian motion (FBM) on input, in discrete time. In this case, when the Hurst parameter is
greater than 1/2, the components of the vector (M,,, M,,) are asymptotically perfectly dependent.

2. Some preliminaries and examples

A distribution function F belongs to the domain of attraction of a non-degenerate distribution
function G (notation F € D(G)) if there exist sequences a, > 0 and b, € R, n € N, such that
the equality

lim F"(apx + by) = G(x) 2.1)
n—0oo

holds for every continuity point of G. Every distribution function with non-empty domain of
attraction is of one of the following three types:

Ax) =exp(—e™¥), —o00 <x < +00; 2.2)
0 ifx <0

Palx) = {e)’(p(—x_“) ifi io’ (@ >0), 2:3)

Uy (x) = {‘;Xp(‘(_x)a)’ ii ;8’ (@ > 0). 2.4)

We shall refer to A(x), $,(x) and ¥,(x) as extreme value distribution functions. The
characterization of domains of attraction can be given in terms of the regular varying of tails
of corresponding distribution functions. For example, F € D(®,), for some o > 0, if and only
if

1 — F(tx)
m ————=X
t—oo 1 — F(¢)

—o

, forevery x > 0. 2.5)

For more details about domains of attraction of extreme value distribution functions see [2,8,3,
12]. ~

Results concerning limiting distribution of random vector (M, M) will be formulated under
some conditions on the sequence (&,) and random variable S, = €1 + &2 + - -+ + &.
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Let (g,) be an i.i.d. sequence, independent of (X}), and P{ex = 1} = p, P{ex =0} =1 —p,
where 0 < p < 1. Then S, € B(n, p), i.e. S, is a binomial random variable with parameters n
and p. If u, = apx + by, v, = a,y + by, where a, > 0, b, € R, and x < y, then the following
equalities hold:

P{M}; < up, M} vn}—ZP{sn—k}P{M* n, M} < vy | Sy = k)
k=0

=Y () P = prFa) F )
k=0

= (pF(un) + (1 = p)F(va))". (2.6)

Example 2.1. Let (X;') be an i.i.d. sequence with the common distribution function F(¢) =
1 — e~". Then, for every real x, P{M} < x +Inn} — exp(—e *),asn — oo and F € D(A).
For x < yletusdefineu, = x+1Inn and v, = y+Inn.If (g,) is the i.i.d. sequence, independent
of (X)), and S, € B(n, p), where 0 < p < 1, then

P{M} <, M} <vph = (pF(un) + (1 — p)F(vy))"
— {p (1 _ e—(x+lnn)) +(1=p) (1 _ e_(y-Hnn))}
{1 _pet+ (1 —ppe? }”

n

— e P e =P agn — oo .7

Example 2.2. Let F € D(®,), where o > 0,and 0 < x < y < +o00,

1\ o !
an = (ﬁ) (n) = 1nf{t L F() > 1— Z}' 2.8)

If (ep) is the i.i.d. sequence, independent of (X}'), and S, € B(n, p), where 0 < p < 1, then we
shall prove that the following equality holds:

lim P{M <apx, M) <ayy}=eP* ey (2.9)

n—oo

If the constant a, is given by (2.8), then a, — oo and 1 — F(a,) ~ % as n — oo. Consequently,
using (2.5) and (2.6), we obtain that

P{M;; < ayx, M} < any} = (pF(anx) + (1 = p)F (any))"

o Faw o L= Flay) }
= pl——F(a,,)( (an)) — ( p)l——F@n)( (an))
_ [ 0 —MUH(U)}
n n
_ l_px‘“+(1—p)y‘°‘+0<1>}
n n

e P ey asn 5 0. (2.10)
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Results concerning limiting distribution of random vector (1\71,,, M,,) will be formulated under
conditions of weak dependency of random variables from the sequence (X,,) and some conditions
on the sequence (&,).

Definition 2.3. Let (X,,) be a strictly stationary random sequence, (u,) and (v,) two sequences
of real numbers, and N, = {1,2,...,n}. The condition D(u,,v,) is satisfied, if for all
Ay, A, By, By C N, such that

b—a>1, forallae A{UA, be B1U B;,
AlNA=90, BINB =0

the following inequality holds:

P( ﬂ {Xj <upin ﬂ {stvn})

Jj€A1UB; JEAUB)
—P(ﬂ{x <upd 0 )X < vn}) (ﬂ{x <ud0 [ 1X; < vn})‘
JEA] JEA2 JEB) JEBy
< Oy,

and o, ;, — 0 as n — oo for some [, = o(n).

The condition D(u,, v,) is a modification of the condition D(u,) that was introduced by [6].
Both of these two conditions are satisfied if, for example, the Rosenblatt strong mixing condition
holds for the sequence (X,,).

Definition 2.4 (/5]). Let (X,,) be a strictly stationary random sequence and (u,) a sequence of
real numbers. The condition D’ (u,) is satisfied if

[n/k]
hm limsup n - E P{X1>uy, Xj>u,}=0.
k=00 p—o0 =)

3. Main results

In this section two general results concerning limiting distributions of random vectors
(M, M) and (M,,, M) will be formulated.

Theorem 3.1. Let us suppose that the following conditions are satisfied:

(a) F € D(G), i.e. for some constants a, > 0 and b, € R, n € N, and every real x the
equality (2.1) holds.

(b) (n) is a sequence of indicators that is independent of (X}) and such that

S
o P e0,1] asn — oo. (3.1)
n

Then, the following equality holds for all real x < y:

lim P{M <apx + by, M < anpy + by} = Gp(x)Gl_p(y). 3.2)

n—oo
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Theorem 3.2. Let us suppose that the following conditions are satisfied.:

(a) F € D(G), i.e. for some constants a, > 0 and b,, € R, n € N, and every real x the
equality (2.1) holds.

(b) (X,,) is a strictly stationary random sequence, such that conditions D(uy, v,) and D' (u,)
are satisfied for u, = ayx + b, and v, = a,y + b,, where x < y.

(c) (en) is a sequence of indicators that is independent of (X;) and such that

S
o P e0,1] asn — oo, (3.3)
n

Then, the following equality holds for all real x < y:

lim P{M, < apx + b, My < any + bn} = G?(x)G' P (). (3.4)

n— oo
Remark 3.3. The random variable S,, in Theorems 3.1 and 3.2 is not necessarily a binomial one.

Remark 3.4. The limit theorem for joint distribution of maxima of a Gaussian process in
continuous and discrete time was proved by Piterbarg [11].

Remark 3.5. Theorem 8.3, Section 8, exhibits an opposite situation. For the storage process in
discrete time with FBM on input, the limit distribution of (M,,, M,,) is G (min{x, y}), that is we
have perfect asymptotic dependence. This result is obtained for the Hurst parameter of FBM
greater than 1/2 and the condition P{S, = 0} — 0 as n — oo. By Lemma 8.2, the considered
storage process satisfies D(uy,, v,), and therefore does not satisfy the condition D’ (uy,).

4. Some auxiliary results

In this section we shall formulate some lemmas needed for proving Theorems 3.1 and 3.2.

Lemma 4.1. Let the condition (a) of Theorem 3.2 be satisfied, u, = anx + by, vy, = any + by,
where x < yand 0 < G(x) < G(y) < 1.
(a) The following equality holds:

Jm n(l—pFQ) — (1= p)Fa) = —plnGx) — (1 = p)InG(y). 4.1

(b) If k is a fixed positive integer and m = [%] then the following equality holds:

lim m(F ) — Foy)) = E® ~InGO)

n— o0 k

4.2)

Lemma 4.2. Let (X,,) be a strictly stationary random sequence such that the condition
D(uy, vy) is satisfied for u, = ayx + b, and v,, = ayy + by, where x < y. Let I, I, ..., I
be subsets of N, = {1,2,...,n}, such that |b —a| >l forall a € I, b € I;, where s # t, and
suppose that (gy,) is a sequence of indicators independent of (X,,). If we define

M(I;) =max{X; : j € I},
M(IS) =max{X;:j € Iy, g; =1},
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then the following inequality holds:

k
P (H{M(ls) <up, M(Iy) < Un}>

s=1

P{M(I5) < un, M(Iy) < v,)

k
< (k — Doy (4.3)

s=1

Lemma 4.3. Let (X,,) be a strictly stationary random sequence such that condition D(u,, vy,)
and condition (a) of Theorem 3.2 are satisfied. Let k be a fixed positive integer, m = [n/ k], and

Ki={j:(s—Dm+1<j<sm),
M(K,) = max{X; : j € K},
M(K,) =max(X; : j € Ky, = 1,

fors € {1,2, ..., k}. Then the following equality holds:

n— oo
s=1

k
lim (P{Mn <ip, My < vy} — ]‘[ P{M(Ky) < un, M(Ky) < vn}> =0. (4.4)
5. Proof of Theorem 3.1

Let 0 < ¢ < p and let us define u,, = a,x + by, v, = a,y + b,. Then, we get

n
P{M} <up, MY < vy} = ZP{Sn =k} P{M} < up, M < v, | Sy =k}
k=0

= D P{Sy = k}(F @) (F(wa))" . (5.1)
k=0
Let us define
D=2 poe)= Y P{Sy=kNF ) (Fw,)"™, (5.2)
k: ffp)>s
Sy=Smpoe)= Y P{Sy=k(Fun) (F,)"*. (5.3)
k: %—p)gs

Using the condition (b), we obtain that

i< Y. PSyi=k—>0, asn— oo (5.4)
k:

% —p ‘ >g
The following inequalities hold:

Ty < (F(up)" P - (F (o))" ™" . 3" P(S, =k}, (5.5)
k:‘%—p‘és
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= (Fu))" P - (Fu))"™" =9 3" P{S, = k). (5.6)
: %—p‘és

Using (5.5), (5.6) and (2.1) and the condition (b), we obtain that for every ¢ € (0, p) the
following inequalities hold:

hmsupP{M Sy, M) < vy} <GP78(x) - G'=P~4(y), (5.7)
n—>0oo
liminf P{M* < up, M¥ < v,} > GPFe(x) - G 7P (y). (5.8)
n—oo

Finally, if ¢ | 0, then it follows from (5.7) and (5.8) that

limsup P{M* < u,, M < v,} < GP(x)G'7P(y), (5.9)
n—0oo

11mg<1)fP{M Stp, MF < v} = GP(x)GI7P(y), (5.10)
n—

and the statement of the theorem follows. O
6. Proof of auxiliary results

Proof of Lemma 4.1. Note that the following equalities hold:
n(l — pF(up) — (1 = p)F(vy)) = p-n(l = F(up)) + (1 — p) - n(1 — F(vn)), (6.1
m(F (u) — F(vp)) = m(l — F(vy)) —m(1 — F(uyn)). (6.2)
Equalities (4.1) and (4.2) are easy consequences of (2.1), equalities (6.1) and (6.2) and Theorem
1.5.1 from Leadbetter et al. [7]. O

Proof of Lemma 4.2. We shall use the method of mathematical induction. For k = 2, the
inequality (4.3) is just the condition D(u,, v,). Suppose that inequality (4.3) holds for arbitrary
k — 1 sets, such that the distance between any two of them is not less then /.
Let us consider k sets Iy, I», ..., Iy C N,, for which conditions of Lemma 4.2 are satisfied.
Define
By = {M(Iy) < up, M(Iy) < vy}, s €{1,2,...,k}.
Using the condition D(uy,, v,) and the assumption that the statement of Lemma 4.2 holds for
k — 1 sets, we obtain that
|P(B1By...By) — P(B1))P(B2)... P(By)|
<|P(B1By...Bx—1By) — P(B1Ba... Bi—1) P(By)|
+|P(B\By ... Bi_1) = P(BI)P(B) ... P(Bi—)| - P(BY)
<oyt (k — 2)Oln,l = (k- l)an,l- O
Proof of Lemma 4.3. For any positive integer n let us define N,, = {1,2,...,n}. Let k be a
fixed positive integer and m = [n/k]. For large values of n we can choose a positive integer [
such that k <[ < m. Let
mk =1 UJ) UL UL)U--- U UJy)

be the representation of the set N, = {1, 2, ..., mk} as the union of mutually disjoint sets, such
that the following conditions are satisfied:
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e Every one of the sets I1, Ji, I, Ja, ..., I, Ji consists of consecutive positive integers.
e Cardinal numbers of these sets are given by

(| = L= =|kl=m—1,

[Jil=Ll= =kl =L

e The set I consists of the first m — [ positive integers; the set J; consists of the next [ positive
integers; I, consists of the next m — [ positive integers; J» consists of the next [/ positive
integers; etc. Obviously, Ky = I, U J forall s € {1,2, ..., k}.

Since mk < n < (m + 1)k < mk + 1, we get I[N, \ N,,k| < k < [. Let us define sets Ix4| and
Ji+1 in the following way:

Jio1 ={mk+1, mk+2,...,mk+1},
Liyi={mk—m+14+1,...,mk—1, mk}.

Then, [Ix+1| = m — I, |Jk+1]| = I. The set Jr41 contains the set N, \ Nk, and the set Iy is

a subset of N,,,x. We shall use that maxima on the sets I, I», ..., I} are weakly dependent, and
that small intervals Ji, Ja, ..., Ji, Jr+1 can be neglected.
Let us define
~ k ~
A= P{M, <uy, M, < v} — 1—[ P{M(I; U Js) <up, M(I; U Jg) < v}, (6.3)
s=1
k ~ ~
Ay =P (ﬂ{M(m < un, M(Iy) < vn}) — P{My < up, My < v}, (6.4)
s=1
koo k ~
Ay=7P (m{M(Is) < up, M(Iy) < Un}) - P{M(Iy) < uy, M(I5) < vy}, (6.5)
s=1 s=1

k k
Ay = [T PIMU) < un. M) < va) = [T PAMU U ) S un. MU U Jy) < o).

s=1 s=1
(6.6)
Then, the following equality holds:
A=—-A1+ Ay + As. 6.7)
Note that the following inclusion holds:
k ~ ~
(ﬂ{M(IS) Sup, M(Iy) < vn}> \ M, <up, My < vy}
s=1
k+1 _
C U (IM(Iy) < un < MUI)YU M (L) < vp < M(J)}) - (6.8)

s=1
Using the condition that (X,) is a strictly stationary random sequence, and relations (6.4) and
(6.8), we obtain that

k+1
0< A1 <Y PAM(U) <up < MUY+ (k+ DP{MT) < v < M) (6.9)

s=1
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Using Lemma 4.2, we get

[A2] < (k — Do (6.10)
Note that
k k k
[Tas—[]bs| <D las—bsl. forallay. b €0, 1. (6.11)
s=1 s=1 s=1

Indeed, for ay, az, b1, by € [0, 1] we get

laraz — b1by| = layaz — braz + biaz — b1 by
< lazl - lay = bi| + 1b1] - laz — b2| < |a1 — b1| + |ag — ba|

and for arbitrary k, inequality (6.11) follows by induction. The following inclusions also hold:

(M(I; U Jy) < up, M(I; U J5) < vy} C (ML) < up, M(Iy) < vy, (6.12)
{M(I) < tty, M(Iy) < v} \ (M (I U Jy) < g, M(I5 U Jy) < vy}
C ML) < up < M(J)} U{M(Iy) < v, < M(J)}. (6.13)

Using relations (6.11)—(6.13) we obtain that
0< 435<

< (P{MIy) < . M(Iy) < va} — PAM Iy U Jy) < tty, M(Ig U J) < )

M~

1

“
I

P ({M(Ly) < tty, M(I5) < v} \ {M (I; U J) < tt, M(I5 U J) < v,))

Il
M~

1

©
I

M»

P{M(Iy) < uy < M(J)}-{—ZP{M(I) Un < M(Js)}
1 s=1

©
I

P{M(Iy) < uy < M(Jg)} + k- P{M(I}) < v, < M(J)}. (6.14)

M»

1

“
I

Using (6.7), (6.9), (6.10) and (6.14) we get

k+1

Al < (k= Doty +2 ) PIMU) < uy < M(Jy)}
s=1
+ 2k + DP{M(I) < vy < M(J1)). (6.15)

Let us define

p1=P{M() <v, < M(J1)}, (6.16)
ps = PIM(I) <up < M(Jy)}, s €{l,2,....k+1}. 6.17)
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Let us estimate p; and p,. The following inequalities hold:

p1 < Plug <MU)}="P ( Utx; > vn})
Jjeh
< Y PXj =)= L n(1 = F(uy)), (6.18)
Jje n
Py < Plun < M(Jp)} < Pluy < M(Jy))
<Y P> up} = L n(l = F(uyp)). (6.19)
jels n

Having in mind extreme value distributions &, (x) and ¥, (x), we shall suppose that real numbers
x < yaresuchthat 0 < G(x) < G(y) < 1.If n > ocoand ! = [, = o(n), then
n(l — F,(x)) > —InG(x), n(1 — F,(y)) - —InG(y), and from (6.18) and (6.19) we get
p1 — 0, ps —> Oforalls € {1,2,...,k+ 1}. Now, (4.4) follows from (6.15). O

7. Proof of Theorem 3.2

Let k be a fixed positive integer, m = [n/k], u, = apx + by, v, = a,y + b,, where x < y
and 0 < G(x) < G(y) < 1. Let us define

Ki={j:(s—1m+1<j<sm}, se{l,2,....k}; (7.1)
By={j:jeKsej=1}, sef{l,2,...k}; (7.2)
Agj ={X—tymyj > un}, jel{l,2,...,m} (7.3)

Note that Sy, — S(s—1)m is the number of ¢; that equal 1in (s — I)m + 1 < j < sm. Since
S./n — p p, the following relation also holds:

Ss—ym P

Ssm — S(s— S.
sm G=bm _ Osm _ (s—1) —> p, asn — oo. (7.4

m sm (s —1Dm

For a fixed s € {1,2,...,k} let us consider the event {1\7I(KS) < up, M(Ky) < vy} The
following equality holds:

(M(Ky) <uns MK <oa)° = (X >ud U [ (X5 > vl (7.5)

jEBS jEKs\Bx
Using the equality (7.5) and the Bonferoni inequality, we obtain that
~ m
1 — P{M(Ky) < up, M(Ky) < vp} =

P{Ssm — Ss—1ym =1}

t=0
x P (U {XJ' >u,tU U {Xj > U} Som — Ss—1)ym = t)
Jj€By JEK\Bs
<) P{Sm — Ss—1ym =t} (1 — F(up)) + (m — 6)(1 — F(vyn))) - (7.6)
t=0
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Since {X; > uy, X; > vy} C{X; > un, Xj > u,} fori # j, we getin a similar way

m
1 — P(M(K,) < ttn, M(Ko) <0} =Y P{Som — Ss—1ym =1}
t=0

X (r(l — F(u) + (m—0)(1 = F) —m » P(AslAsj)) :

j=2
Using inequalities (7.6) and (7.7), we obtain that

1 - P{Ssm — S(s—l)m =1t} (s(1 = F(up)) + (m —1)(1 — F(vy)))
t=0

m
< PM(Ky) < g, M(Ky) <02} S 1= Y P{Sym — Sis—tym = 1)
t=0

 (t(1 = F(up) 4+ (m = 0)(1 = F(u,))) +m Y P(As1Ay)).
j=2

Let us define

Tk =m) P(AaAy) =[] D P(AaAy).
j=2 j=2

(1.7)

(7.8)

(7.9)

Since the sequence (Xj) is strictly stationary, the sum in (7.9) does not depend on s. Using the

condition D’(u,), we obtain that

1
To(k) :=limsup T (n, k) = o (—) , k— oo.

n—>00 k
Using (7.8) and (7.9), we get
P{M(Ky) < tty, M(Ky) < v} <1— (1= F(un) - E(Sym — Ss—1ym)
— (1 = F(un))(m — E(Ssm — Sis—1ym)) + T (n, k)
=1-—m+ Fu,) - E(Ssn — Ss—1)m)
+ F(vp)(m — E(Ssm — Ss—1ym)) + T (n, k)

E(Ssm - S(sfl)m)
m

— F(u) (l _ E(Ssm _ms(s—l)m)>} + T, k).

Since the relation (7.4) holds and the sequence (Ss; — Ss—1ym)/m, m =1, 2,
integrable, we get for any fixed s the following equality:

lim E (Ssm - S(sl)m) _

m— 00 m

=1—m{1—F(un)

Hence,

E(Ssm — Ss—
(Ssm (s l)m):p_i_m, where ng — 0 asn — oo.

m

(7.10)

(7.11)

..., 1s uniformly

(7.12)
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It follows from (7.11) and (7.12) that

P{M(Ky) < un, M(Ky) < v}
<1—m{l = F(uy)(p+ns) — F,)(A —p—n)}+T0, k)
=1-m{l —pF(u,) — (- p)F,)}+mng(F(u,) — F(vy)) + T(n, k).
(7.13)

Using (4.1), (4.2) and (7.13), one obtains

v InG 1— p)InG
limsup P{M(Ky) < un, M(Ky) < vy} < 1+ pInG(x)+ (1 —p)InG(y)

n—oo k

+ To(k).
(7.14)
Similarly we get

pInGx)+ (1 —p)InG(y)
. .
Since inequalities (7.14) and (7.15) hold for all s € {1, 2, ..., k}, it follows that

(1 L PG + (llc -p) 1nG<y)>"

liminf P{M(K,) < tn, M(Ky) < vp} > 1+ (7.15)
n—>oo

k
<liminf [T P(M(Ky) < un. M(Ky) < va)
n—oo =1

k
<limsup [ [ PAM(Ky) < un, M(K;) < vy)

—
n—oo s=1

< (1 + pInG(x)+ (1 —p)InG(y)

k
3 + To(k)> . (7.16)

Using Lemma 4.3 and inequalities (7.16) we obtain

( plnG<x>+<1—p)1nG<y>>"
1+
k
< liminf P{M, <y, My < vy} < limsup P{M, < un, My < v2)

n—o0 n—00

+ To(k (1.17)

k

k
< <1 + pInGx) + (1 —p)InG(y) ))
Finally, (3.4) follows from (7.17) if we letk — co. O

8. A storage process in discrete time

Let X(¢),t > 0, X(0) = 0 a.s., be a fractional Brownian motion, that is a Gaussian zero mean
process with stationary increments such that E(X (1) — X ()2 = [t—s |2H ,0 < H < 1. Consider
a random sequence

Y = sup(X(j) — X (k) —c(j — k),
jzk
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where ¢ > Oand k, ! € Z. Since X has stationary increments, Yy is a stationary sequence; we call
it a discrete time storage process with fractional Brownian motion as input, see for details [10],
where the storage process with continuous time

Y (1) = sup(X (o) — X(t) —c(o — 1))

o>t

was studied. We have

P{ max Y < u}
k=1,....K
= P{X(u(s+1)) — X(su) <u+curt,forsomet > 0,s e [0, u 'K, su, tu € Z}
X(u(s+r1)) — X(su) —H
=P <
{ s tHyHy(r) "

; (8.1

t>0,5€[0,u" K ],su,tucZ
where v(t) = 1 4 ct!=H . The Gaussian random field
X(u(s+ 1)) — X(su)
Z(s, 1) =
(5, 7) tHyHy(r)

is studied in [10]. Its distribution does not depend on u, Z(s, 7) is stationary in s but not in 7,
its variance o% (t) depends only on 7 and has a single maximum point at 7o = H/(c(1 — H));
moreover,

, 7>0,5€R,

-1 1 B 2 3
oz(t) =v (1) = Z—m(f—fo) + O0((r — 7)) (8.2)
as T — 710, where
1 H —H
A= —al\aa—m = v(19), (8.3)
H —H-2 ,
B=H m =" (19). 8.4)
For the correlation function r (s, 7; s, ') of Z one has
1 1
ris, s, t)=1- ;—;’,g)(m —s T =P s = P, (8.5)
T
0

ass —s' — 0,7 — 1t/ — 0, and, for sufficiently large |s — s’| and an absolute constant C,
Ir(s,7; 8, T)| < Cls — 5’2172, (8.6)

if2H # 1. For 2H = 1, we have r(s, t; s’, ') = 0 for large |s — s’| since the increments of the
Brownian motion on disjoint intervals are independent; see for details [10,4].
Here we consider the Gaussian field Z(s, t) on the grid R, = ul (Zy x 2).

Lemma 8.1. Assume that 1/2 < H < 1. There exists § > 0 such that

P{ max Y >u} NP{ max Y (t) >u} ~ P{Y(0) > u} ~ P{Y| > u}
k=1,....K 1€[0,K]

as u — 0o, where K may tend to infinity such that K = O(e‘s“z).
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Proof. The second relation is proved in [10], Theorem 1. To prove the first and third relations,
we use (8.1) and the fact that the grid R, is dense for the Gaussian field Z and the level
ul=H in the sense of [11]. Indeed, for the level u!=#, in view of (8.2) and (8.5), we get that
(u'=H)y=2/CH) — y1=1/H ‘and for H > 1/2,u™' = o@!'~VH), O

Lemma 8.2. Let u,, v, — 400 as n — 00, such that u, /v, is bounded from zero and infinity.
Then the condition D(uy, v,) is fulfilled for the sequence (Yy).

Proof. By (8.1), Definition 2.3 reduces to the Gaussian field Z and levels u1 H and vl H Then

the assertion of the Lemma follows from Theorem 1.1, [9], by an argument similar to that in the

proofs of Theorems 2.1 and 2.2. Besides, in estimating ¢, ;, one uses relations (8.2) and (8.6).
O

Theorem 8.3. Assume that 1/2 < H < 1. Let (¢,) be a sequence of indicators that is
independent of the sequence (Yy) and let us define S, = €1 + - - - + €y,

Mn_max{Y|1 Jj<n,g =1}

M, = max{Yy, ..., Y,},

(2A—2)l/(2(l—H))
ay=-— 2 (lnn
20— H)

y~(1=2H)/Q(1-H))
h(2A~H)V/ QA=) |2 A=2 In p)
41— H)?
—2\1/Q(1—H))
QA~HY/ lnc] (lnn)7(172H)/(2(1—H))
2(1 - H) ’

p = QA 2Inp)/CA=H) 4

where A is given by (8.3), h = 2(1—H)?/H —1, ¢ = a®H 2b)~V2H3,, A2 2 a = 1/ 2731,
b = B/(2A) and Hy g is the Pickands constant given by

1
Hryy = lim —Eexp{ max (x/_X(t) 2H)}
T—oo T 0<
If P{S, =0} - 0asn — oo, then the following equality holds:

lim P{M anx + by, My, < apy + by} = exp(— exp(— min{x, y})). 8.7)

n—oo

Proof. If x > y, the equality (8.7) follows immediately from Theorem 1 in [4]. Let x < y and
uy(x) = apx+by, uy(y) = a,y+b,. Then, the equality (8.7) also follows from above mentioned
Theorem 1 and the following relations:

P{M, < un(x), My < un(y)} ~ P{M,
~ P{M,

u, (x)}

The second asymptotic relation in (8.8) follows from Lemma 8.1 if P{S, = 0} — Oasn — oo.
The first relation in (8.8) is a consequence of the following relations:

N //\

{M up(x)} = {M Sup(x), My < uy(y)} U{M Lup(x), My > un(y)},
{%n Sup(x), My > uy(y)} C {M SunMI\ My <un(y)},
My, <up ()}~ {M, <u,(y)}. O
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Remark 8.4. Let X = {X(¢)},>0 be an infinitely divisible stochastic process, with no Gaussian
component, that is self-similar with index H > 0. For given constants ¢ > 0 and y > H, the
storage process with a self-similar and infinitely divisible input is defined by

Y () =sup(X(s) — X(@) —c(s — 1)), t=>0. (8.9)

s>t

For an input process X with stationary increments the storage process Y is stationary, if finite.
Under some additional conditions on the process X and the function ¢ = ¢ (u), [1] proved that

P{ sup Y(s) >u

. s€[0,7]
lim =1. (8.10)
u— 00 .
P{ inf Y(s) >u
s€[0,¢]

In some cases, the function 7 (1) may tend to infinity (Corollary 2, [1]). Let (¥x) be a sequence
defined by Yy = Y (k), k € {1, 2, ...}. We call it a discrete time storage process with a self-similar
and infinitely divisible input. Apparently, using (8.10), it would be possible to get the result that
the components of the vector (M, M,,) are asymptotically perfectly dependent, where M,, and
M,, are defined as in our Theorem 8.3.

Acknowledgements

The authors would like to thank the anonymous referee for useful suggestions and remarks
which led to an improvement of the paper.

The first author is supported by the Ministry of Science and Environmental Protection of the
Republic of Serbia, Grant No. 144032 and Grant No. 149041. The second author is partially
supported by RFFI grants 04-01-00700 and 06-01-00454 from the Russian Federation.

References

[1] J.M.P. Albin, G. Samorodnitsky, On overload in a storage model, with a self-similar and infinitely divisible input,
Ann. Appl. Probab. 14 (2004) 820-844.

[2] B.V. Gnedenko, Sur la distribution limite du terme maximum d’une série aléatoire, Ann. Math. 44 (1943) 423-453.

[3] L. de Haan, On Regular Variation and its Application to the Weak Convergence of Sample Extremes, in:
Mathematical Centre Tracts, vol. 32, Amsterdam, 1970.

[4] J. Hiisler, V. Piterbarg, Limit theorem for maximum of the storage process with fractional Brownian motion as
input, Stochastic. Proc. Appl. 114 (2004) 231-250.

[5] R.M. Loynes, Extreme values in uniformly mixing stationary stochastic processes, Ann. Math. Statist. 36 (1965)
993-999.

[6] M.R. Leadbetter, On extreme values in stationary sequences, Z. Wahrsch. verw. Gebiete. 28 (1974) 289-303.

[71 M.R. Leadbetter, G. Lindgren, H. Rootzén, Extremes and Related Properties of Random Sequences and Processes,
Springer-Verlag, New York, Heidelberg, Berlin, 1983.

[8] D.G. Mejzler, On a theorem of B. V. Gnedenko, Sbornik Trudov Inst. Mat. Akad. Nauk. Ukrain. RSR 12 (1949)

31-35 (in Russian).

V.I. Piterbarg, Asymptotic Methods in the Theory of Gaussian Processes and Fields, in: AMS Translations of

Mathematical Monographs, vol. 148, Providence, Rhode Island, 1996.

[10] V.I. Piterbarg, Large deviations of a storage process with fractional Brownian motion as input, Extremes 4 (2)

(2001) 147-164.
[11] V.I Piterbarg, Discrete and continuous time extremes of Gaussian processes, Extremes 7 (2004) 161-177.
[12] S.I. Resnick, Extreme Values, Regular Variation and Point Processes, Springer-Verlag, New York, Berlin,
Heidelberg, London, Paris, Tokyo, 1987.

[9

—



	On asymptotic distribution of maxima of complete and incomplete samples from stationary sequences
	Introduction
	Some preliminaries and examples
	Main results
	Some auxiliary results
	Proof of Theorem 3.1
	Proof of auxiliary results
	Proof of Theorem 3.2
	A storage process in discrete time
	Acknowledgements
	References


