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Abstract

The paper studies the rate of convergence of the weak Euler approximation for solutions to SDEs driven
by Lévy processes, with Holder-continuous coefficients. It investigates the dependence of the rate on the
regularity of coefficients and driving processes. The equation considered has a nondegenerate main part
driven by a spherically symmetric stable process.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

The paper studies the weak Euler approximation for solutions to SDEs driven by Lévy
processes with a nondegenerate main part. The goal is to investigate the dependence of the
convergence rate on the regularity of coefficients and driving processes.

1.1. Nondegenerate SDEs driven by Lévy processes

Let (2, F, P) be a complete probability space with a filtration ' = {F;};¢[0,7] of o -algebras
satisfying the usual conditions and o € (0, 2] be fixed. Consider the following model in R¢:

t t t
X, = Xo —i—/ a(Xy)ds —i—/ b(X,—)dUy +/ G(X;-)dZs, tel0,T], 1)
0 0 0
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where a(x) = (a'(x))1zi<d. b(x) = (b7 (X)) 1<ij<a. G(x) = (G (X)) 1zi<d.1<j<m. x € R are
measurable and bounded, with a = 0 if « € (0, 1) and b being nondegenerate. The main part
of the equation is driven by U% = {U[};¢[0,T], @ standard d-dimensional spherically symmetric
«-stable process:

t t
Uy =/0 /(1 —Xa(y))ypo(ds,dy)+/0 fia(y)yqo(ds,dy), a € (0,2),

where xo(y) = ligwe1,2)} + Lia=1}X{lyi<1} and po(dz, dy) is a Poisson point measure on
[0, 00) x R¢ (RY = R? \ {0}) with
drdy drdy
Elpotdr,dnl = g qo(dr. dy) = po(dr, dy) — g

If « =2, U is the standard Wiener process in R?. The last term is driven by Z = {Z:}iep0.1],
an m-dimensional Lévy process whose characteristic function is exp {rn(£)} with

nE) = /m[ei@’” — 1 —i(&, M) xqyi<11laeq,2p ] (dy).

Ry

Hence,

t t
Z, = fo / (1= xa(»)yp(ds. dy) + /0 [ Yo () yq (ds. dy).

where x4 (¥) = Ljwe, 211 X{ly|<1}> P(dt, dy) is a Poisson point measure on [0, 00) x Rg1 with
E[p(dt, dy)] = m(dy)dt, and g(d¢, dy) = p(dt, dy) — m(dy)dt is the centered Poisson measure.
It is assumed that

/(|y|"‘ A D (dy) < oo.

1.2. Motivation

The process defined in (1) is used as a mathematical model for random dynamic phenomena
in applications arising from fields such as finance and insurance, to capture continuous and
discontinuous uncertainty. For many applications, the practical computation of functionals of
the type F = E[g(X7)] and F = E[fOT f(Xs)ds] plays an important role. For instance in
finance, derivative prices can be expressed in terms of such functionals. However in reality, a
stochastic differential equation does not always have a closed-form solution. In such cases, in
order to evaluate F, an alternative option is to numerically approximate the Itd process X by a
discrete-time Monte Carlo simulation, an approach which has been widely applied. The simplest
and the most commonly used scheme is the weak Euler approximation.

Let the time discretization {z;, i = 0,...,nr} of the interval [0, 7] with maximum step
size § € (0,1) be a partition of [0,7] such that 0 = v < 71 < -+ < Ty, =T
and max;(t; — 7;_1) < 4. The Euler approximation of X is an F-adapted stochastic process
Y = {Y:}se10,7) defined by the stochastic equation

t t t
Y, = Xo + f a(Yy, )ds + / b(Yy, )AUS + f G(Yr,)dZ, t€[0,T], @
0 ) 0 ) 0 )
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where t;, = 1;if s € [1;, Ti41), i =0,...,n7 — 1. In contrast to those in (1), the coefficients in
(2) are piecewise constants in each time interval of [t;, Tj11).

The weak Euler approximation Y is said to converge with order x > 0 if for each bounded
smooth function g with bounded derivatives, there exists a constant C, depending only on g, such
that

IE[g(YT)] — E[g(X7)]| < C3%,

where 6 > 0 is the maximum step size of the time discretization.

In the literature, the weak Euler approximation of stochastic differential equations with
smooth coefficients has been consistently studied. For diffusion processes (¢ = 2), Milstein
was one of the first to investigate the order of weak convergence and derived «k = 1 [13,14].
Talay considered a class of the second-order approximations for diffusion processes [18,19]. For
Itd processes with jump components, Mikulevicius & Platen showed the first-order convergence
in the case in which the coefficient functions possess fourth-order continuous derivatives [7].
Platen, and Kloeden & Platen studied not only Euler approximation but also higher order ap-
proximations [4,15]. Protter & Talay analyzed the weak Euler approximation for

t
X = Xo +/ G(Xs-)dZs, t€l0,T], 3)
0

where Z, = (Z}, ..., Z") is a Lévy process and G = (Gij)lfifd,lsjfm is a measurable and
bounded function [17]. They showed the order of convergence x = 1, provided that G and g
are smooth and the Lévy measure of Z has finite moments of sufficiently high order. Because of
this, the main theorems in [17] do not apply to (1). On the other hand, (1) with a nondegenerate
matrix b does not cover (3), which can degenerate completely.

In general, the coefficients and the test function g do not always have the smoothness proper-
ties assumed in the papers cited above. Mikulevicius & Platen proved that there still exists some
order of convergence of the weak Euler approximation for nondegenerate diffusion processes
under Holder conditions on the coefficients and g [8]. Kubilius & Platen, and Platen & Bruti-
Liberati considered a weak Euler approximation in the case of a nondegenerate diffusion process
with a finite number of jumps in finite time intervals [6,16].

In this paper, we investigate the dependence of the rate of convergence on the Holder regularity
of coefficients and the driving processes. For a driving process, the variation of the process can be
regarded as a part of its regularity. In this sense, the Wiener process is the worse, most “chaotic”,
among «-stable processes. Also, as pointed out in [17], the tails of Lévy processes influence the
convergence rate as well.

1.3. Examples

For B > 0, denote as C# (R?) the Holder—Zygmund space (see Section 3.1.1 for a definition).
Let us look at two examples.

Example 1 (See Corollary 4). Assume that 8 < o, & N, the coefficients a’, b’/ €
CPRY), Gii e Cart (RY), inf, | det B(x)| > 0, and

/ ly|“m(dy) < oo,
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where 7 is the Lévy measure of the driving process Z. Then it holds that

[E[g(YP)] — E[g(XP)]| < Clglassdt,

T T
EUO f(Y,I.S)ds:|—E|:/O f(XS)dsj|

Example 2 (See Corollary 5). Consider the jump-diffusion case (o = 2)

¢
X; =X0+/ a(Xx)ds—l—/
0 0

where W = {W;};c[0,1] is a standard Wiener process. Assume that 8 & N, a, b e CE(RY),
infy | detb(x)| > 0, and there exists u € (0, 2] such that

B
< C|flgde.

t t

b(X,)dW, + f G(X,_)dZ,, 1e[0.T],
0

/|| 1|y|2n(dy)+/ Iy[“7(dy) < oo.
yI=

lyI>1

i, . B
Let G/ be Lipschitz if 8 = u < 1 and suppose that G'/ € C#~T (R?) otherwise. Then it holds
that

[E[g(YP)] — E[g(XP)]| < Clglassd 2",

T T
E|:/ f(Y,[x)ds] - E|:f f(Xs)ds:|
0 0

s i
If w > 2 and B > 2, the order of convergence is 1. The assumption that G/ € Cnt (R?) shows
that if . < 1, the heavy tail of 7 can be balanced by a higher regularity of G".

BA
<C|flgs 2.

As in [8], this paper employs the idea of Talay (see [18]) and uses the solution to the backward
Kolmogorov equation associated with X/, Itd’s formula, and one-step estimates (see Section 2.2
for the outline of the proof).

The paper is organized as follows. In Section 2, the main result is stated and the proof is
outlined. In Section 3, we present the essential technical results, and these are followed by the
proof of the main theorem in Section 4.

2. Notation and the main result
2.1. The main result and notation
The main result of this paper is the following statement.
Theorem 3. Suppose that B € (0,3),8 &N, 0< B <u <a+ B, and
[ @+ [ e <o
lyl=1 [yl>1

Assume that inf, |detb(x)| > 0 and a', b/ € CP(RY). Let GV be Lipschitz if p = n < 1
.. B
and suppose that G'/ € C#~1 (RY) otherwise. Then there exists a constant C such that for all
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g € CHPRY), f e CP(RY),
IElg(Yr)] — Elg(XD)]| < Clglasp8* P,

T T
E[/O f(Yf,.gds}—E[/o f(Xs)dS}

v py=la P9
1, B>«

< C|flps P,

where

Applying Theorem 3 to the case @« = u and the case of heavier tails results in Corollaries 4
and 5, respectively.

Corollary 4. Suppose that § € (0,3),8 €N, B8 < «, and
/Iyl"‘n(dy) < o0.

Assume that a', b € CP(R?), G/ e Ca%(Rd), and inf |det B(x)| > 0. Then there exists a
constant C such that for all g € C*tP(RY), f e CP(R?),

E[g(Y)] — E[g(XP)]| < Clglaspde,
T T

E[ | f(Yf,-gds} —E[ | f(Xs)ds}
0 0

Corollary 5. Suppose that € (0,3),8 €N,0 < < u < «, and

/| b+ f ylFr(dy) < oo.
yI=

[yl>1

8
= Clflpd=.

Suppose that infy | detb(x)| > 0,a’, b'/ € CB(RY). Assume that G is Lipschitz if B = < 1

and suppose that G' e Cu~1 (R?) otherwise. Then there exists a constant C such that for all
g€ C*PRY), f e CPRY),

E[g(Y)] — E[g(XP)]| < Clglaspd o

T T
E[ /0 f(Yf,-gds} - E[ /0 f(Xs)ds}

Define H = [0,7] x RN = {0,1,2,...}, RI = R?\ {0}. For x,y € R?, write

B

<Clflps * .

(x,y) = Z?zlxiyi. For (t,x) € H, the multi-index y € N¢ with D? = %, and
xl Xd
i,j=1,...,d,define
9 k
_ 9 — (DY
oru(t, x) = atu(z‘,x), D u(t,x) = (D “(t’x))h/\:k’ k €N,
9 2
fu(t, x) = uy (t,x) = —ut,x),  Fut,x) = gy, (t,x) = u(t, x),
ax; / / XiXj
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dxu(t, x) = Vu(t,x) = (du(t, x), ..., dqu(t, x)),
d

Du(t,x) = Au(t,x) =y _ dfu(t, x).
i=1

C =C(,...,-) denotes constants depending only on quantities appearing in parentheses. In
a given context the same letter is (generally) used to denote different constants depending on the
same set of arguments.

2.2. An outline of the proof

Due to the lack of regularity, standard techniques such as the stochastic flows method cannot
be applied to prove Theorem 3. Instead, as in [8], the solution to the backward Kolmogorov
equation associated with X; is used. In the following, the operators of the Kolmogorov equation
associated with X, are first defined.

For u € C**P(H), define

d

Au(t,x) = lig=1(@(2), Vou(t, x)) + Lia=gy »_ DY (2)35u(t, x)
i,j=1

d
+ Liwe(0,2)} /[u(t, x+b@)y) —u(t,x) — (Vu(t, x), b(2)y) xa )] |y|dy+a’
Au(t, x) = Axu(t, x) = Azu(t, x)| o=,

with xo (¥) = Lige1,2)} + Lia=1} X{ly|<1}> D = b*b, and

Bt %) = Lige 2y(@(2). Vou(t, 1)) + fR ult.x + G@Y) — ult.x)
0
— Lgeq. i<y (Vau(r, x), G(2)y) |7 (dy),
Bu(t,x) = Byu(t,x) = Bu(t, x)|;=x-

Applying It6’s formula to X, and u € CJ°(R?), we find that
t t
u(Xy) —f Au(X;)ds —/ Bu(X;)ds, te][0,T]
0 0

is a martingale.

Remark 6. More precisely, under the assumptions of Theorem 3, there exists a unique weak
solution to Eq. (1) and the stochastic process

t
u(X,) —/ (A+ Bu(X,)ds, VYu e C*HBRY)
0

is a martingale [10]. The operator L = A + B is the generator of X, defined in (1); A is the
principal part of £ and B is the lower order or subordinate part of L.
If v(r, x), (t, x) € H satisfies the backward Kolmogorov equation
(3 +A+B)u(t,x) =0, 0<r=<T,
u(T, x) = g(x),
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then as interpreted in Section 4, by 1t6’s formula

T

E[g(Y7)] - E[g(X7)] = E[v(T, Y1) — v(0, Yo)] = E|:/o (3 + Ly, (s, Ys)ds:|-

The regularity of v determines the one-step estimate and the rate of convergence of the approx-
imation. For 8 € (0, 1), the results for the Kolmogorov equation in Holder classes are available
[9,11]. In a standard way the results can be extended to the case 8 > 1. The main difficulty is
deriving the one-step estimates (see Lemma 15).

3. The backward Kolmogorov equation

In Holder—Zygmund spaces, consider the backward Kolmogorov equation associated with X:
(3 + A+ B)v(t,x) = f(t,x), “)
v(T,x)=0.

The regularity of its solution is essential for the one-step estimate which determines the rate of

convergence.

Definition 7. Let f be a measurable and bounded function on R, We say that u € C*tA(H) is
a solution to (4) if

T
u(t, x) =/ [Lu(s,x) — f(s,x)]ds, V(t,x)€H. 3)
t

The following theorem is the main result of this section.

Theorem 8. Suppose that 8 € (0,3), 8 €N, 0< B <pu <o+ B, and

/I b + / yIEr(dy) < oo,
yI=

ly[>1

Assume that a', b7 € CP(RY), inf, |detb(x)| > 0. Let G/ be Lipschitz if B = u < 1 and

., B
suppose that G e Cu~1 (RY) otherwise. Then for each f € CP(R?), there exist a unique
solution v € C*P(H) to (4) and a constant C independent of f such that [ula+p < C|flg.

An immediate consequence of Theorem 8 is the following statement.

Corollary 9. Suppose that p € (0,3),8 €N,0 < <u <o+ B, and
f |y[*7(dy) +/ |y[#r(dy) < oo.
[yI=1 ly|>1
Assume that a', b € CPRY), inf, |deth(x)| > 0. Let G/ be Lipschitz if B = u < 1 and
. B
suppose that GV € C T (RY) otherwise. Then for each f € CP(R?) and g € C**F (RY), there
exists a unique solution v e C**P(H) to the Cauchy problem
(3 + A + B)v(t, x) = f(x), ©6)
v(T, x) = g(x)
and |v|g4g < C(1f1g + |8la+p) with a constant C independent of f and g.
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To prove Theorem 8 and Corollary 9, in a standard way, the equation with constant coefficients
is first solved. Then variable coefficients are handled by using a partition of unity and deriving
a priori Schauder estimates in Holder—Zygmund spaces. Finally, the continuation by parameter
method is applied to extend the solvability of an equation with constant coefficients to (4).

3.1. The Kolmogorov equation with constant coefficients

It is convenient to rewrite the principal operator A by changing the variable of integration in
the integral part:

d
Azu(t,%) = Ligm1)(@(2), Vxu(t, X)) + Lz Y DY (2)83u(t, x)
i,j=1

d
+ 1iac.2)) /[u(t, x+y) —u(t, x) — (Vut, x), y) xa (N)Im(z, y)MTera,
where D = b*b,
(z,y) 1 : €(0,2) (7
m(z,y) = , o ,2).
| deth(z)] _1y |4t
‘b(z) Il
Obviously,
f ym(-, y)pg—1(dy) = 0. (®)
Sd—l

Here S¢~! is the unit sphere in R? and j14_1 is the Lebesgue measure.
For zo9 € RY, define A%(x) = Az u(x). Consider a backward Kolmogorov equation with
constant coefficients and A > 0,

(3 + A — X)v(t, x) = f(x), )
v(T,x)=0.

Proposition 10. Suppose that B > 0, B &N, and f € CP(RY). Assume that there are constants
c1, K > 0 such that for all z € R,

[detb(z)| = c1, Lig=13la(x)[ + |b(2)| < K.
Then there exists a unique solution u € C**P(H) to (9) and

[ulasp < Clflg, (10)

where the constant C depends onlyon o, 8, T, d, ¢y, K. Moreover,
lulp < Cle. ). AT)|fp (11)
and there exists a constant C such that foralls <t < T,

u(t, ) = u(s. Nasp < Ct = )3 |flp. (12)

To derive Proposition 10, some auxiliary results are presented first.
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3.1.1. Continuity of the operator A° in Holder—Zygmund spaces

To show that operator A” is continuous in Holder—Zygmund spaces C# (R?), first recall their
definition.

For B = [B]™ + {B})T > 0, where [8]~ € N and {8} € (0, 1], let C®(H) denote the space
of measurable functions u on H such that the norm

|DYu(t, x) — DY u(t, %)|

lulp = Z sup |D,}C’u(t,x)|+1{{ﬂ}+<1} sup

ly|<IBl~ (t,x)eH lyl‘i[ﬁ},_’ |x — x~|{ﬂ}+
ey sup IDYu(t, x +h) + DYu(t, x —h) —2DY u(t, x)|
{B1+=1}
Iy |=81—, |h|BYF
t,x,h#0

is finite. Accordingly, C#(R¢) denotes the corresponding space of functions on R?. The classes
C# coincide with Holder spaces if 8 & N (see 1.2.2 of [20]).
Forv € Cﬁ(Rd) with 8 € (0, 1), define

B e =)
ol =sup v, [vlp = sup 2.
X x#£y lx — vl

For « € (0, 2), define for v € C*T#(R?) the fractional Laplacian

d
006 = [ 066+ ) = v = (Vo) xa =gz w €Y, (13)

For various estimates, the following representation of the difference is useful.

Lemma 11 (Lemma 2.1 in [5]). For § € (0, 1) and u € Cgo(Rd),

u(x +y) —ux) =K / k¥ (y, 2)0%u(x — z)dz,

where K = K (8, d) is a constant,
KO (y,2) = |z + y| 7 — 2|74,

and there exists a constant C such that

/ kD (y, 2)ldz < Cly’, ¥y e R%

On taking the pointwise limit (8° is defined by (13)) and applying the dominated convergence
theorem, the statement can be extended to u € C*(RY).
Let m(y) be a measurable and bounded function on R?. Define
m dy a+p
L7u(x) = | [u(x+y) —ulx) — (Vulx), xaWMIm(y)—-—, uecC".
R? |y|ate
The following statement is proved in [12] for 8 € (0, 1). It is presented here for the sake of
completeness and is extended to any 8 > 0, 8 & N.
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Lemma 12. Suppose that « € (0,2), B > 0, B € N, u € C*tB(RY), and |m| < K. Assume that
ifa =1,

dy
ym(y)—— =0, Vre(,1l). (14)
/r<|y|<l |yld+1

Then there exists a constant C independent of u such that

[L"ulp < CK|u|g+p-

Proof. Define L = L™. For 8 € (0, 1), consider three cases.
Casel:a € (0,1). Foru € C«*# (Rd), let B’ € (0, 1) be such that o + 8’ < 1. Then

dy
|y|d+a = CKI“|0¢+;3-

sup |L"u(x)| < CKlulaJrﬁ//(Iyl“Jrﬂ, AT
X

Suppose that x, ¥ € R? and a = |x — X|. Write

Lu(x)—Lu()E):/ +/ =0+ 1.
[yl<a [yl>a
Let B’ € (0, B) be suchthata + 8’ < 1 and B — B’ < 1. Then by Lemma 11,
’ ’ ’ d
L] < Kf 19 u(x — 2) — 3 U@ — ) K (y, )
lyl<a |ylete

dy
|y|d+a

= CKaP P af =CKaP.

IA

CK |ulospa’ P f |yt

[yl=a
Leta’ < o be such that 8+« —a’ < 1. By Lemma 11,

dy

il = K [ =2 = 0uG - 2) K=
[y|>a y

IA

/ ;o d
CK lulapa” P~ f VY =2 = CKlulaspa”.
|y|>a |Y|

CaseIl: « = 1. For u € C'TA(R?),

d
Lu(x) =f|| T +3) = ) = (Va) lm() s
yi=

dy
+ / [ +3) — u()]m(y) —
lyl>1 Iyl
= Liu(x) + Lyu(x).
Since
1 dy
Liu(x) = / / (Vu(x +sy) — Vu(x), y)m(y)TH, (15)
lyl<1 /0 |yl

it follows that

dy
sup |Liju(x)| < CK|M|1+/3/ |Y|l+ﬁ d+1 < Q.
x lyl<1 [yl
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Suppose that x, ¥ € R? and @ = |x — ¥|. Write

Lm(x)—Llu(»z):/ +/ .= B+ By,
lyl<a |y|>a

By (15),

dy
|B1| < CK|M|1+/3/ 17 T = CKlulispa”.

[yl<a

Leta’ < 1 besuchthata + B8 —a’ < 1. By Lemma 11 and (14),

dy
1Byl < Kf [t = 2 = o uz - a1k, S
[yl>a

_ / dy _ _
< CKulgtpa® P~ /|y|>a Iyl* yjdTa = CK |ulytpa®™? “ g

= CK|ulgipal.
The estimates of L,u are obvious.

Case III: o € (1, 2). Foru € C*P(RY),

1 d
Lu(x) = //o (Vu(x +5y) — Vu(x), y)m(y)MTme-

Let B/ < 1besuchthata + 8 <2and0 < B — B’ < 1.By Lemma 11,

dy
MW

r_ dy
sup|Lu<x>|sCK|u|a+,sf/ Iy« =y d+a+sup|Vu(x)|K/
x lyl=1 |)’| X ly|>1

= CK|”|0{+/3’-

Carry out the splitting

! dsdy
Lu(x) = / - / (Vu(x +sy) — Vu(x), y)m(y)—| e
ly|<a

f| / Vu(x+sy) Vu(x), y)m(y)HT_m
|y|>a
= Liu(x) + Lau(x).

Letx,x € R, a = |x —x|,and B/ < 1 besuchthata + 8 <2and0 < g — B’ < 1. By
Lemma 11,

1
|[Liu(x) — Li(¥)| < K / f|a‘)‘+/S Wux —2) = %P~ 1Vu(x — 2)|
[yl<a
dsdzdy
x K@D (sy, o)1y ey
< CKluIaHsaﬂ*ﬁ’/ |y |"‘+""| T = CK|ulospa’.
[y|<a

Finally, let | < &’ < a be such thata —a’ + 8 < 1. By Lemma 11,
|Lou(x) — La(x)|
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/ / / [0~ Vu(x — 2) — 8% "' Vu(@ — k@D sy, z)ym(y)ﬁjff
[yl>a

/ +dzdsd
SCKa‘Hﬁ*“/ [v]* L5y = CKaP.
y

lyl>a

Therefore, the result holds for 8 € (0,1). If 8 > 0,8 ¢ N,and u € Ccoth (Rd), then for any
multi-index |y| = [B], DYu € C*F~IA] and

|DY (L"u) |51 = IL™ (D" ut) |g—1p) < CK|DY o 1)

The statement follows. [

3.1.2. Proof of Proposition 10

The statement is proved by induction. Given o € (0,2] and [ € CB(H), for B € (0,1),
there exists a unique solution u € C**#(H) to the Kolmogorov equation (9) such that (10)—(12)
hold [11].

Assume that the result holds for 8 € U (l I+1),n € N. Suppose that 8 € (n,n+1), ,8 =
B—1,and f € CP(H). Then /3 emn—1,n),f € Cﬂ(H), and there exists a unique solution
v e C**P(H),a € (0,2] to the Cauchy problem such that (10)—(12) hold for v with E For
heRandk =1,...,d, define

v(t,x + her) — v(t, x)

h
t, = s
Uk( X) h
where {ex, k = 1, ..., d} is the canonical basis in R, Obviously, v,’: € C"‘*B(H) and
(3 + A —A)ul(t,x) = fl(x), xeR9, (16)
v (T, x) = 0.

Since f € CP(H) and

1
fle,x) = / O f(t.x + hegs)ds,  Vh #0,
0
then
£l < CIVflg—1 < CIflp a7

with a constant C independent of h. Since v € C*+P(H), then v,i‘ e CUHP(H). By (17) and
the induction assumption, the estimates (10)—(12) hold for v,i’ with a constant independent of /.
Hence v,i‘ (¢, x) are equicontinuous in (¢, x). By the Arzela—Ascoli theorem, for each 4, — O,
there exist a subsequence {hnj} and continuous functions vg (¢, x), (t,x) € H, k = 1,...,d,

i
such that vkn’ (t,x) — wvg(t, x) uniformly on compact subsets of H as j — oo. Therefore,

ve € C%+P and 0klysf < Clflp k=1,....d.
It then follows from passing to the limit in the integral form of (16) (see (5)) and the dominated
convergence theorem that uy is the unique solution to

(3 + A% = Mo (e, 0) = % f (2, %),
w(Tl,x)=0, k=1,...,d
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and so v,i’” (t, x) = v (t,x), Yh, — 0. Hence,

. . t,x + hey) — v(t,
vk(r,x)=}}grbv,i’(t,x)=m”( - e,’;) AGE I Y

v € CHP(H), k = 1,...,d, and |Vv|
statement follows.

wrj = CIflp. Therefore, v € C**tP(H) and the

3.2. The Kolmogorov equation with variable coefficients

In this section, an estimate is derived to show that Bu is a lower order operator, which is
essential in deriving Schauder estimates in the case of variable coefficients. To prove Theorem 8,
in a standard way we use a partition of unity and the estimates for constant coefficients, which
allow us to obtain a priori estimates. Then the continuation by parameter method is applied to
transfer from constant to variable coefficients.

3.2.1. Estimates of Bf, f € C**FP

Proposition 13. Suppose that B € (0,3),8 &N, 0 <8 <u <o+ g, and

fl 1Iyl"‘ﬂ(dy)+/ ly“m(dy) < oo.
yi=

lyl>1

. . B
Assume that a € CB(RY). Let G' be Lipschitz if B = n < 1 and suppose that G € C T (RY)
otherwise. Then for each ¢ > 0, there exists a constant C such that

|Bflp < elflatp + Celflo, f e CPRY.

Proof. Since the estimates involving the term with a(x) are obvious, in the following estimates,
assume a = 0.

Casel: B € (0,1), B < u < o+ B.Inwhat follows, |G| is G Lipschitz constant. Carry out
the splitting

B f(x) = /[f(x +G@)y) = f@) = Yaea 2y (V (), G@Y) xqyi<13 |7 (dy)

:/ +/ =Bl f(x)+ Bif(x)
lyl<é ly[>8
and B2 f(x) = —B?! f(x) + B?* f(x) with

B2 f(x) = f(x) 7(dy) 4+ jweq.2)) (Vf(x),

|y[>8

G(z)yﬂ(dy)) ,

s<lyl=l

B2 = [ fa+ Gy,

ly|>8
It follows by the assumptions that there exists 8’ such that u < « + 8’ < a + B and
B2 f ()1 +IBZf () s < ClIfls + Lwea |V flgl, 2z €RY, (18)
1B2' f(0)lg < Cliger 21V f1olGl,

B2l =C [ @i lpldl
Y=

8, x e RY.
UAT
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Consider different scenarios for values of « to show that

B! FO)ls §C|f|a+ﬁ/|| ylan, zeR
yI=

For o € (0, 1], by Lemma 11,

B! f(x) =/|| Sfaaf(x—z)k(“)(C(z)y,z)dzn(dy) ifa <1,
yi=s

1
B! f(x) =f|| 5./0 (Vf(x+sC(z)y), y)dsm(dy) ifa=1.
yI=

Hence, (19) follows.
For o = 2, (19) follows since

1
B! f(x) =/ U (sz(x+sC(z)y)C(z)y,C(z)y)(1 —s)ds:| ifa =2.
lyl<é| JO

For o € (1, 2), (19) follows since by Lemma 11

1
Bl f(x) = f / (Vf(x +5C(@2)y) — V), C(z)y)ds dr
lyl=é] JO

1
= / |:/ (/ IV £ (x — DK@ D(sC(2)y, 1dt, C(z)y)ds:|d7r_
lyl<s] JO

Similarly, to estimate |BL £ (x)] > consider different scenarios for values of a.
Fora € (0, 1),

IB! f(x)lp < |f|(a+ﬁ)f

y“7@y)IGl 5, xeR%
lyl<é HAT

Fora € [1,2], supposethat 8 < u <o+ B < a + B.
Ifae(1,2],for|y| <1,z,7 € R,

ILf(x+G@)y) = f(x) = (Vf(x), Gz)y)]
—[fx+GR@)y) - f(x) = (Vfx), C@y]]
=lfx+G@y) — fx+G@y) — (V) (Gz) — G@)H]

1
< /0 (V@ + (1 =$)G@y +5G@)y) = V(). G@)y = G@)y) ds|
< Ifle (IGI ™ 1517 +16@) = 6@ 31" ) 16@) - G@ Iyl

< CIflGIETIGE) — G@)I IyI*

andifo =1,
I[f(x+G@y)— fO]-[f(x+G@y) — f)]]
=< /01 [(Vflx+ 1 =95G@)y+s5G6(2)y), Gz)y — G@)y) ds|
= IVfhlG@) = G@)I Iyl

1733

19)

(20)
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It then follows that

|B! f()|g < C|fliwsp)IGl§, xR 1)
By (18)—(21), for each ¢ > 0 there exists a constant C, such that
[Bflg < €lflatp + Cel flo- (22)

Casell: B € (1,2), B < u < a+ B. Note that

+ Bfy,.

=X

d
8]‘(Bf(x)) = (8_Bzf(x)>

<j

0l
+ Bzij|z=x = (a_Bzf(x))

=X

For the second term, apply estimate (22) of Case I: fy, € C*+P~1 the tail moment is 1 and
B—1=<pu—1<a+p—1. Alsonote that |G|_s-1 =< C|G|g < oo. Hence,
@—DAI

[Bfx;lp—1 < €l fx;latp—1 + Cel fx;lo-

Only the first term needs to be estimated:

; d
B! f(x) = —B.f(x)

0z
- / [Vf(x+ GG, @y — Lweam VDG, @Oyxgyi<n]dr.  (23)

Suppose that B/ f(x) = Bg f(xX)|:=x, x € R%. Consider different scenarios for values of «
to show that for each ¢ > 0 there exists a constant C, such that

|BY flg—1 < &|flatp + Celflo. f e CPRY. (24)
For o € (0, 1], since
B! f(x) = / Vf(x+G2)y)G:,(2)ydn,
thenforu <a+ g <a+ 8,
|B! f()lg—1 < CIV flg-11Glo.  z € R,

[B/ f()]g—1 < CUVfolGz,lp—1 + | flasp |Gz, 10l VGlol,  x € RY.
For o € (1, 2], carry out the splitting

B! f(x) =f +/ =B f00 + B ().
[yl=1 [y|>1
Since by Lemma 11

B f(x) :/| 1/aa_lvf(x—t)k(“_l)(G(Z)ya’)Gz/'(z)ydtd”’
yi=s

then | B f()]p-1 < C|flasp/|GI3. z € RY.
For |y| <1, z,Z € RY,
V£ +G@)y) = VWG @y — [V (x + GEY) = VF(0IGz; D)y
< IVF(x+G@)y) = Vf(x + GEANIIG, @)
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+IVFE+G@y) = VWG (@) — G, @)l 1yl
<10 flolGlolyI|G; (2) — G, 3

and

[B! f1p-1 < CID*flo|GlplGol.
Since

BI2 f(x) = /w V@ +G@)y)Gs, @)ydr,
then

j,2
|BI f()lp-1 < CIV flp-1lGz o,

[BI2 F ()1 < CIV flolGe, |1 + C /| | PaTID oIV G
y|>

It is hence proved that (24) holds.
Caselll: B € (2,3), B <u <a+ B.Since

dj(Bf (x)) = <%Bzf(x)> + B_ fx,l:=x.
then
2 5 )
x;0x; (Bf(x)) = Bzfx,'xj () ]z=x + 8_21 (Bzij-) . + ngzfxi (x) _
2
+ 9zi9z, B f(x) .

= BO}f+B'9;f +B/d;f+ B f.

1735

(25)

The estimate (22) of Case I can be used for the first term (8 —2 < u — 2 < a + B — 2 with

B —2 € (0, 1)). For each &', there exists a constant C such that

|Bfrix;lp—2 < &'1D? flatp—2 + Cor| D* flo-

For the second and third terms in (25), estimate (24) of Case Il is applied. Indeed, fx; €
CtA-IRY, B —1€ (1,2),—1 <u—1 < a+ B — 1. Hence, for each ¢, there exists

a constant C,/ such that

|B' fi;lp—2 + |BY fi;|p—2 < €'V flasp-1 + Cer|V flo.
Therefore, only the last term is new. By (23),
2

a—Bzf(x) = /(32f(x + G@)y)G;(2)y, G (2)y)dm
zi0zj

+ Liae©.1) / Vi +G@)y)Gyz;(2)ydr

ey / (V@ +GQ@y) = V), Gape, (y) dr

= BP0 + B f(x) + BY f (),
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and for o € (1, 2],

B 1
BY f(x) = / /0 (D*f(x +5G@NG@)Y, Gepe, (D)y)dsdr.

It then follows that for z € R,
- .
1B f()lg—2 < 18% Flp—2IVGI3, 1B F()lp—2 < IV flp—2IVGIold*Glo,
i
|B” f()lp—2 < ID* flp—21D*Glo|Glo.

Suppose that 8 < 4 < « + 8 < «a + B. Then for x € R,

|BY! f(x)|g—2 < D floIVGI5_, + |sz|a+ﬂ/|vo'|3f |y|d,
|BY2 f(x)|g—2 < CUD* f10lG[5 + IV £10lGlp).
|BY2 f(x)|g-2 < 1D° flolG} + |D* flo|Glj.
The statement follows. [
3.2.2. Proof of Theorem 8
The proof follows that of Theorem 5 in [11], with some simple changes.

It is well known that for an arbitrary but fixed § > 0, there exist a family of cubes Dy C Dk -
R and a family of deterministic functions n; € Cy (R?) with the following properties:

1. Forall k > 1, D and Dk have a common center x;, diam Dy < §, dist (D, RY \ ﬁk) <C$é
for a constant C = C(d) > 0, Uy Dy =R%,and 1 < Y, 15, < 24,

2. Forall k,0 < nx < 1,nr = 1 in Dy, nr = 0 outside of ﬁk and for all multi-indices y with
lyl <3,

107 k| < C(d)s™ 71,
Fora € (0,2), A > 0,k > 1, define
Au(t, x) = Ayu(t,x), Bu(t,x) = Beu(t, x), Agu(t, x) = Ay u(t, x),
d
Epu(t, x) = /[u(t, x +y) —ut, )]k (x 4 y) — () Jm(xx, y)MTme,

d
Ee1ut, x) = /[u(t, X+ y) = ult, Ol + y) — nk(x)]MTyﬂ,,

Fru(t, x) = u(t, ) Agne(x), Fiau(t, x) = u(t, x)3%nk (x).
By Lemma 24 in [11], for each ¢ > 0, there exists a constant C, such that

@)

sup(|E u(t, g + | ESu(t. )|g) < ed%ulg + Celulo
k

and there exists a constant C = C(«, 8,d,5, M ("‘)) such that

sup(|F u(t, g + 1Fut. )1g) < Clulp.
k
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As can be easily seen (see (50)—(51) in [11]), for any u € CetA(RY),
lulo < sup sup |nx (x)u(x)l,
k X
lulg < sup [nkulpg + Clulo,
k

sup [nrulg < lulg + Clulo,
k

and

[ttlg+p < Csup [nxtt|a+p- (26)
k

Let u € C*tP(H) be a solution to (4). Then nxu satisfies the equation
0 (i) = Ag(ngu) — A(neu) + ni[Au — Agul + i Bu + ni f + Fru + Egu, 27
and by Proposition 10,
Mcttlarp < ClnklAu — Agullp + |neBulg + Ini flg + | Frulg + | Exulgl.
Hence,

ulatp < Clsup |mi flp + 11, (28)
k

where
I <C Sgp[lnk[Au — Agullg + Ink Bulp + | Frulg + | Exulg + | Fr,1ulp
+|Ek1ulg]l + Calulo.
By Lemma 12,
Il Au = Agullg < CIMp(1+ [Vnlod™)luly g + 87 tlosp]
Therefore, for each € > 0, there exists a constant C, such that
[nk[Au — Agullp < elulo+p + Celulo.

By the estimates of Proposition 13 and Lemma 12, it follows that for each ¢ > 0, there exists a
constant C, such that

I < é¢lulgyp + Celulo.
By (28),

[ula,p;p = Cll flo,g;p + lutlo; pl- (29)
On the other hand, (27) holds and by Proposition 10,

IA

lulo < sup|nrulp
k

IA

w) supll flg + [nk[Au — Agllg + |k Bulg + |Frulg + |Exulg],
k

where w(A) — 0as A — oo. Thus,
lulo = CuIflp + lulatpl- (30)
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The inequalities (29) and (30) imply that there exist Ao > 0 and a constant C independent of u
such that if L > Ag,

lulatp = C1flp- €1y

In a standard way (see [11]), it can be verified that (31) holds for all A > 0. Again by
Proposition 10 and (26), there exists a constant C such that foralls <t < T,

lu(t, ) —uls, Hayp < sup (e, -) — miucs, -)lg1p

Ct — )7 (1f1p+ lulasp) -

Therefore there exists a constant C such that foralls <¢ < T,

IA

u(t, ) = u(s. g < C — )| fIp.

To finish the proof, apply the continuation by parameter argument. Suppose that T €
[0, 11, Lyu = tLu + (1 — 7) 3%u and introduce the space C**# (H) of functions u € C**# (H)
such that for each (¢, x) , u (t, x) = flT F (s, x)ds, where F € CP(H). It is a Banach space with
respect to the norm

|u|a,ﬁ = |M|a+ﬂ + |F|f3

Consider the mappings 77 : é“”ﬂ(H) — CP(H) defined by u (¢, x) = —ftT F(s,x)ds —>
F + L;u. By Lemma 12 and Proposition 13, for some constant C independent of 7, [T7ulg <
C luly - On the other hand, there exists a constant C independent of t such that for all

u e COtB(H),
lulg,g < ClTrulg. (32)
Indeed,

T T
u(t,x)= —/ F(s,x)ds = / (Lzu — (F 4+ Lyu)) ds.
t t

According to the estimate (31), there exists a constant C independent of t such that
lulyrp < C|Trulg = C|F + Leulg . (33)
Hence, by Lemma 12, Proposition 13 and (33),
lulg,p = lulysrp + |Flp < |ulgyp + |F + Lrulg + [Lrulg
< Clulgsp + |F + Leulg) < CIF + Leulg = C|Toulg,

and (32) follows. Since Tj is an onto map, by Theorem 5.2 in [3], all the 7 are onto maps and
the statement follows.

3.2.3. Proof of Corollary 9

By Lemma 12 and Proposition 13, for g € C*t#(R?), |Aglg < Clgla+p and |Bglg <
C|gla+p with a constant C independent of f and g. It then follows from (4) that there exists a
unique solution & € C**#(H) to the Cauchy problem

(3 + Ax + Bx)0(t,x) = f(t, x) — Ay g(x) — Brg(x), (34)
(T, x) =0
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and [V < C(|g|a+,3+ Ifl,g) with C independent of f and g. Define v(z, x) = 0(t, x) + g(x),
where v is the solution to problem (34). Then v is the unique solution to the Cauchy problem (6)
and |vla+p < C(Iglatp + 1 f1p)-

Remark 14. If the assumptions of Corollary 9 hold and v € C*tB(H) is the solution to (6), then
0;v = f — Ayv — Byv, and by Lemma 12 and Proposition 13, [0,v|g < C(|gla+g + | flp)-

4. The one-step estimate and proof of the main result

The following lemma provides a one-step estimate of the conditional expectation of an
increment of the Euler approximation.

Lemma 15. Suppose that B € (0,3),8 €N, 0 < B <pu <a+ B, and

/ll 1Iyl"‘ﬂ(dy)+/ ly|*m(dy) < oo.
yI=

[y|>1
Assume that a', b/ € CP(RY), and inf, |det B(x)| > 0. Let G/ be Lipschitz if B = u < 1

. B
and suppose that G € C»~1 (R?) otherwise. Then there exists a constant C such that for all
f e CPRY,

[ELF (Ye) = f (Yo IF 7,1l < CIf 1585, Vs e [0, T],
where iy =i if T; <s < ti4+1 and k(a, B) is as defined in Theorem 3.

The proof of Lemma 15 is based on applying Itd’s formula to f(¥s) — f (¥, ), f € CB(RY).
If 8 > &, by Remark 6 and Itd’s formula, the inequality holds. If 8 < «, f is first smoothed
by using w € C§° (RY), a nonnegative smooth function with support on {|x| < 1} such that
wx) = w(x]),x € R?, and f w(x)dx = 1 (see (8.1) in [2]). Note that, due to the symmetry,

/Rdx"w(x)dx:o, i=1,...,d. (35)

Forx e R%and ¢ € (0, 1), define w®(x) = e dw (%) and the convolution

ff) = / FOIw'(x — y)dy = / [ —yw(ydy, xeRL (36)

4.1. Some auxiliary estimates

For the estimates of A f°, the following simple integral estimates are needed. Recall that
m(z, y) in the definition of operator A, (see (7)) is bounded, smooth, and 0-homogeneous and
symmetric in y.

Lemma 16. Suppose that v € C3° (R%).
(i) Fora € (0, 2),
dydy’
/, f 003+ 5) =00 = XN Vo0). LT < o,

where x @ (y) = 1{jy1<1)Ljo=1) + Lwe(1.2));
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(i) For B € (0,1), 8 <,z € RY,

sup/ [(A;w)W)| 1yIPdy < oo;
z JRA

(i) Forl < B <a <2,

dsdydy’
/R/R/ [w(y +5y) = wO Iy =22 < oo

| /|d+a 1
Proof. (i) Indeed,
@y +5) — v — x @GNV, ¥

1
< Lgyi<) { f (max [95 00 + 5301 + Lae. VU0 + 53] |y/|]ds}
0 s

+ 1y = { v + YD1+ )] + Laea, 2 Vo) 1Y}
The claim follows.

(ii) For B € (0,1), B < o, z € RY,
ydy’
/ [(A;w)()] |yPdy </ /| 1|w(y+y>||y|ﬁI i

dyd y
lw)| |y ———
/I;d /y |>1 | /|d+a

dsdy’dy
+max// /|a2w<y+sy>||y||y|'S
RY J)y|<1

v,y eR%.

| /|d+oz
an
iy + )1 lylP -2 / / iy + )1y +y1F-2
/Rd /y>l ly /|d+"‘ R J |y |>1 ly ’|d+"‘
dyd y
lw(y + )1 1y
/Rd /y -1 |y/jdte |
Part (ii) follows.

(iii)Forl < B <a <2,

dydy’d
/R/Rf [w(y +s3) = w1 =2

| /|d+ot 1
dydy’ds
< lw(y + sy Iy1F~ ———
/lld[y’|>1/() ly /|d+a 1

dydy’ds

p—1=7"7 =7

+/Rd/ |>1/ lw()| |yl y/[draT

dsdrdydy’
+ [ f f / Vw(y + 52y [ylP!
R J)y|<1

| /|d+oc 2"
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dydy’ds

fRd /y>1f lw(y + sy [yl#~ 1| e
dydy'ds
<C[/Rd/”>lf lw(y + sy 1y +sy'1P~ 1| e

dydy'ds
+f / f lw(y + sy 1y 1P~ ———
R J |y |>1 |y/|d+e-1

and similarly

dsdrdydy’
% p-1
/Rd/<1/ [ [Vw(y + sy 1yl Ttz
dsdrdydy’
<C Vw(y + st +sTy/ [Pl ———
[/Rd/}M/ / [Vw(y YOIy Yl AT

dsdrdydy
/Rdf>|<1f f Vo + st |y e 2:|

are finite, part (iii) follows. O

Since

Now we prove some estimates for Af¢ and Bf*.

Lemma 17. Suppose that o € (0,2), 8 <o, B # 1, and ¢ € (0, 1). Then:
(i) there exists a constant C such that for all f € ch (Rd), x € RY,
£ = fl < CeP|flg:
(ii) there exists a constant C such that for all z, x € RY,
A2 ()] < Ce™**P|flp
and in particular, for all f € CP(R?), z,x € RY,
0% ° ()] < Ce™* P fgs
(ii) fork,l =1,...,d,x € R%,
B f* 0 < Ce™ P flg. i B <1,
I < Clfh,
05 £ < Ce P flg, if p <2,
and
[f¥la < Ce™*M P flg, i pe(01] @e(l,2),
0471V ) < Ce™ P flg, if pe (L), ac(l2).

Proof. (i) For 8 € (1, 2), by (35),

Fo) — ) = f LF(x — y) — FOOTw ()dy

1741

(37

(38)

(39)

(40)
(41)
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= /[f(x +¥) = f(x) = (Vf(x), »)]w (y)dy

1
= //0 (Vf(x+sy) = Vf(x), y)dsw(y)dy

and
|f5(6) = f@) < CIV flp / P Dwt (n)dy < CIflpe”.
For B € (0, 1],
fEo) = f) = / [f(x =) = f)Tw (y)dy
= [1re ) = et ay
and

1
F@ - fo0 =5 / LF G4 9) + FGx— y) — 270wt (7)dy.
Hence, for g € (0, 1],
|fE(x) — fF(x)| < C|flgeP.

(ii) For z, x € RY, by changing the variable of integration with y = % and using (8) fora =1,

A wf (x) = Lig=1}(a1(2), Vw(x))
d
[l 3 = ) = 2 )T ), e )

— % (A,w) (g) , 42)

where xo (y) = 1jjy<ijlie=1} + Liwe1,2)}, ¥ € RY. Tt follows from Lemma 16(i), the Fubini
theorem, and (42), changing the variable of integration with y = % as well, that

A fE () = / e (A ) (ﬂ) F(dy
R4 &
= [t (2) £ - nay
e
= /87“(Azw)(y)f(x —ey)dy, x,zeR%
By Lemma 16(i) and the Fubini theorem,
/ A;w(y)dy =0.
R4
Hence,if g € (0, 1), B < «,

AfE () = / e (A () f (x — ey)dy

_ / e (A WLf(x — ey) — f(0)Idy
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and
A f* (0] = Ce™ | flp / |(Azw) ()] 1y1dy.
R

(37) then follows in this case by Lemma 16(ii).
Assume that | < 8 < @ < 2. By Theorem 2.27 in [2], differentiation and integration can be
switched:

d /!
Aw(y) = f[w(y +5) = w®) — (Vwy), y)m(z, y’)m—zm

1
/ / / d
= /f (Vyw(y +5y) = Vyw(y), y')dsm(z, y )I/I—L“

= // [w(y +sy") —wly/dsm(z, ) —— ,d+a
8)’1 ly |
By integrating by parts,
At = [ A= endy

dsdydy’
= ot // [0 +55) = WOV S = e3).yme )T, x € RE (43)

Since

1
dsdydy’
!/
/RO/R/O W +5) = WIS <o,

the Fubini theorem applies and f[w(y +s5y") — w(y)]dy = 0. Rewrite (43) as

1
AL fE(x) = et / f / [w(y +5y) — w()]
d Rd

dyd
X (Vfx —ey) = V(). yImz. y) |S/|ﬁ+ﬁ, ¥,z e R

Hence,

1 /
_ _ _ dsdydy
| fE(x)| < Ce™@tlef 1|Vf|ﬁ_1ff/0 lw(y +sy) — wy)| yl? 1—|y/|d+a—1

< Ce %P flg,x,z e RY,

and by Lemma 16(iii), (37) is proved. On taking m = 1, (38) follows. Finally, the case of
o € (1,2), p = 1is obtained by interpolation.

Fix @ € (1,2),z € RY Let E be the Banach space of continuous bounded functions
on R? with supremum norm. Consider the operator T(f) = A, f¢(x). We prove that T :

ClidT_l(Rd) — E is bounded:

g3z 30— 3—a
Tl = sup A, f* (0] = Ce™ T2 | flase = Ce20 flae, f € €72 (RY,

IT()] = sup|A; FE@)] < Cez1- flige. f € ' (RY).
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Therefore, by interpolation, 7T : Cl(R" ) — E is bounded and
IT()l =supl|A, fE )| < Ce P fly,  feC'RD.
X

(iii) If B < 1, by changing the variable of integration,
0 (x) = &7 / e (x;y) F()dy
R4 &
8_1/ e~ Bew (X) f(x — y)dy
R4 &

— ! / Bew(Lf (x — ey) — F(0)]dy.
Rd

If 8 =1, then
fEx+h) 4+ fC(x —h) —2f%(x)

1
-3 f we LG — v+ )+ fx—y —h) — 2f (x — y)ldy

and | f¢]; < |fl1. Also, since dZw(y) = Zw(—y), k,I=1,...,d, y € R?,
_ _ X =Yy
ot = [ et (—) )y
R4 I
_ 2 —da2 (Y .
— /Rde 8klw<8)f(x y)dy
=’ fR JORWOILS (x = ey) = f(x)ldy

1
= 26 fR RO G o)+ f = e3) — 2£(0ldy.

Thus, for all x € R,

|0 £ ()| < Ce™ P flg if B e (0, 1),

05 f€ ()] < Ce> P flp if B € (0. 1],
and

05 £ ()| < Ce7* P2 fla=Clfla ifp=2.
Similarly, if 1 < 8 < 2,

st = [eu (L) are - nay
&
= [eu (’%) 0 f ()dy

e = e [ et () asex - dy

and

=¢! / qw()[ f(x — ey) — £ (x)1dy.
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Hence,
107 f5(x)| < Ce~'ePL| flg.

To prove (40), apply (39) and the interpolation theorem. Suppose that 8 € (0, 1]. Consider an
operator on C# defined by T¢(f) = f¢. According to (39), T¢ : CP(R?) — CK(R?), k =1,2,
is bounded,

IT(H)le < Ce ™ P flg. k=12, feCPRY).
By Theorem 6.4.5 in [1], T¢ : C#(RY) — C%(R?) is bounded and

IT*()le < CeTHPC0E2DED 15 — Com@HP flg, f e CPRY.
If g e(l,a),3* 'V & =321 (V£) and by (38),

10971V )] = 107 (V) ()] < Ce! TPV |V Flgy < Ce™*HP £,
(41) follows. [

Corollary 18. Assume that ¢ € (0, 1), a(x) is bounded, and
/(|y|“ A l)n(dy) < 0.

Then there exists a constant C such that for all z, x € R, fecC B (Rd),

|B.f(x)| < Ce™*MP|f|g.
Proof. If 8 <o < 1, by Lemma 11,

FoG ) — fo) = / K9y, )% £2(x — y)dy,
and by (38),

IFE(x + ) — FE0)1 < Ce ™ PIflp(yl* A1), x,yeR?
and
1fE(x + G)y) — fE)| < Ce™*MPIflg(1G(x)y[* A1)
< Ce P f1p[ Ly < GEYI* + 1y (IG )y ¥ A D]
If 8 <« =1, by Lemma 17(ii) and (39),
IfE(x + ) = fE00)] < Csupll £+ VLY A D

A

IA

Ce " PIflglylAl), x,yeR?
and

IfE(x + G)y) — fE)| < Ce P F1a(1G(x)y| A 1)
< Ce7 "I 1111 <11G ()] + 1y=1(1IG(x)y] A D]
Assume that o € (1, 2); then for x, y € RY,

1
a4y = ) = (V) ») = fo (VO +5y) = V() y)ds. (44)
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If B € (1, a), by Lemmas 11 and 17 and (40), for x, y’ € R?,
Ve +y) = V@) < Csup[0* IV A 1y 1471 < Ce P flgly/1*7 ! (@9)
X

If B > o > 1, then directly
V£ +y) = VA < Clflply' 1“7
If B € (0,1],a € (1, 2), then by (41),
V£ +y) = V@] < Ce Py 1" . (46)
By applying (45), (46) to (44), it follows for x, y € R? that
|f5@+ ) = fE0) = (V). p)] < Ce TPyl flp.
Hence, for |y| <1,
|£5(x + G@)y) — f5(x) — (V). G)y)| < Ce “PIG(x)y]*| f1p-
Also, fora > 1,8 € (1,a), |yl > 1,
|fSx+ G)y) — @) = ClfIp(IG)yI A ).

Therefore, the statement follows by the assumptions and Lemma 17. [
4.2. Proof of Lemma 15

If B < «, define f¢ by (36) for ¢ € (0,1) and apply Itd’s formula (see Remark 6): for
s €10, T],

ELf*(Yy) = f* (Ve )| Fe,] = E[ f (Av, S + By, f8<Yr>)dr|ff,s}.

K

Hence, by Lemma 17 and Corollary 18, for ¢ € (0, 1),

[ELf (Ys) — f(Ye )| Fg 1l < [EL(f — X)) = (f = fOX)IF7 ]
+ [E[£(Yy) = fC (Y )| T,
< C(eP +87FF)| £,

with a constant C independent of &, f. Minimizing ¢f + 8¢ =%*# in ¢ € (0, 1), we obtain

B
[ELf (Ys) — f(Y )| Fg )l < C«|flp.
If B > «, apply Itd’s formula directly (see Remark 6):

is

ELf (Ys) = f (¥s, )| F, ] = E[ [ s ran + f(Yr))dr|ff,.s}.

Hence, by Lemmas 12 and 17,
[ELf (Ys) — f (Y5 )| Fr )l < C3| flp.

The statement of Lemma 15 follows.
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4.3. Proof of Theorem 3

Let v € C*tB(H) be the unique solution to (6) (see Corollary 9). By It6’s formula (see
Remark 6) and (6),

T
E[v(0, Xo)] = E[v(T, X1)] — E|:/ (8rv(s, X5) + Ax,v(s, Xy) + Bx, v(s, Xs))ds:|
0
T
E E[g(xn— / f(Xs)ds}

E[v(0, Xo)] = E[v(0, Yp)]. (47)

and

By Proposition 13, Corollary 9, Remark 14, and Lemma 12,
[Azv(s, g + |Bu(s, )p < Clvlat+p < Clgla+p, (48)
[0;v(s, )lp < Clglat+p, s€I[0,T]

Then, by 1t6’s formula (Remark 6) and Corollary 9, with (47) and (48), it follows that

T T
Elg(Y)] - Elg(X1)] - E[ fo f (s, )ds] + E|: /0 f(Xs)dsj|
T T
= E[u(T. Y1)] — E[(0, Yo)] - E[/ fe, )ds} N EU f(Xs)ds}
0 s O
T
= E|:/ {[a,v(s, Ys) = (s, Yo )] + [Ay, v(s, Ys) = Ay, v(s, Yr,)]
0 § K

+[Br,, v(s. Ys) = By, v(s. ¥z,)] }ds:|.

Hence, by (48) and Lemma 15, there exists a constant C independent of g such that

|E[g(YT)] — E[g(X7)]| < C8““Plg|yip.

The statement of Theorem 3 follows.
5. Conclusion

The paper studies weak Euler approximation of SDEs driven by Lévy processes. The
dependence of the rate of convergence on the regularity of coefficients and driving processes
is investigated under the assumption of S-Holder continuity of the coefficients. It is assumed
that the main term of the SDE is driven by a spherically symmetric a-stable process and that the
tail of the Lévy measure of the lower order term has a p-order finite moment (i € (0, 3)). The
resulting rate depends on 8, o and p. In order to estimate the rate of convergence, the existence
of a unique solution to the corresponding backward Kolmogorov equation in Holder space is
first proved. The assumptions on the regularity of coefficients and test functions are different
than those in the existing literature.
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One possible improvement could be to consider the asymptotics of the tails at infinity instead
of the tail moment u. Besides this, the stochastic differential equations considered so far are
associated with nondegenerate Lévy operators. A further step could be to study the case with
degenerate operators. That is, consider Eq. (1) without assuming det b # 0. For example, suppose
that ¢ € [1, 2] and B € («, 2]. Assume that the coefficients are in C B and

/ ly|*dr +f ly|?%dr < oo.
[yl=1 [y|>1

In this case, a plausible convergence rate could be k = g — 1. With detb = 0 being allowed, a
higher regularity of coefficients and lighter tails of = would be required.
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