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Abstract

For Gaussian random fields defined as additive processes based on standard Brownian motions and
Brownian bridges, we find their Karhunen—Loeéve expansions and make connections with related mean
centered processes in distribution. Moreover, Pythagorean type distribution identities are established for
additive Brownian motions and Brownian bridges. As applications, the corresponding Laplace transform
and small deviation estimates are given.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

Let X;(z), 1 < j < d, be independent real-valued stochastic processes with index set E on
the same probability space. Define the associated (real-valued) additive process (field)

d
X(t) =Xt ... ta) = Y X;(t)), t=(n,....ta) € E*. (1.1)
j=1

There are various motivations for the study of the additive process X(t), t € £ 4 and it has been
actively investigated recently from different points of view. First of all, additive processes play a
role in the study of other more interesting multiparameter processes. For example, the Brownian
sheet (arguably the most fundamental multiparameter Gaussian process) is well-approximated
by additive Brownian motion locally and with time suitable rescaled; see [10,11,8,9]. In
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multiparameter potential theory, additive processes are connected with a natural class of energy
forms and their corresponding capacities, and thus provide useful links to the study of fractal
geometry of the associated processes; see [18,22,23,19-21] for detailed discussion and the bibli-
ography for further works in this area. Additive processes also arise in the theory of intersections
and self-intersections of Brownian processes; see [17,5,6]. From the functional analytic point
of view, spectral asymptotics for the associated compact self-adjoint operators of the additive
Gaussian process are considered by Karol et al. [16]. Moreover, recent progress has shown that
additive processes are more amenable to analysis, as we will also see in this paper.

The main objective of this paper is the study of Karhunen—-Log&ve expansion for additive
Brownian motion

d
Wty =W, ..., t7) = Z Wit), t=(t,...,1)€[0, 11 (1.2)
j=1

and the additive Brownian bridge

d
B) =B(1.....t9) = y_ Bj(t)). t=(1.....12) € [0, 1) (1.3)
j=1

where W;(z) and B;(t) are independent standard Brownian motions and Brownian bridges,
respectively, throughout this paper. We also consider a more general case of additive mixtures
of Brownian motion and the Brownian bridge; see (3.1). Note that both additive Brownian
motion W and additive Brownian bridge B are Gaussian fields on [0, 11¢. The Karhunen-Logéve
expansions of Gaussian fields are of significant interest in probability and statistics. However,
to our best knowledge, little is known for explicit expansion for non-tensored Gaussian fields
(covariance functions are not of the product form of lower dimensional covariance functions).
Thus it is natural to exam the additive Gaussian processes in order to gain insights on explicit
Karhunen—Logve expansions and relevant consequences.

Before we state our results based on the Karhunen—Loeve expansions developed in Section 3,
we introduce the so called mean centered Brownian motion W and the mean centered Brownian
bridge B on interval [0, 1] defined by

1
W) =W@) — / Wdt, 0<r<1, (1.4)
0
with covariance function EW ()W (s) =t A s + (t> +52)/2 —t — s+ 1/3, and
1
B(t) = B(t) — / Bt)dt, 0<t<I, (1.5)
0

with covariance function EB(t)B(s) =t As —ts + (t* + s> —t —5)/2 + 1/12.

Theorem 1.1. For additive Brownian motion W defined in (1.2), we have

1 1 1
W2(t)dt 'Y / Wit)dt + - + / Wo_, (tdt + / Y2(t)dt
(0,13 0 0 0

1 ! !
law / BXn)dt + -+ / Bi_ (Ddi + / Y2
0 0 0
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where the mean zero Gaussian process Y is defined by
1
Y (1) = Wa(t) + (Vd — 1)/ Wa(s)ds, 0<t<1 (1.6)
0

with covariance function EY ()Y (s) = t As —ts — (v/d — 1) (12 +5% —t — ) /24 (Vd — 1)?/12.

The process can also be replaced by Wy(t) — (\/Z +1) fol W4(t)dt. This follows from the
simple observation as following

1 1 1 1
/ X+ b —1) / X (s)ds)2dt = / X)) - b+ 1) / X (s)ds)2ds
0 0 0 0

2
1 1
= / X2()dt + (b> = 1) / Xdt |
0 0
for any process X, and for any b € R.

The process can also be replaced by W, (¢) + (:t\/E — 1)tW4(1) which can be seen from the
stochastic Fubini’s theorem. See [15]. More precisely, for any C ! function f:[0,1] - R,

1 1 2 1
f (W(r)— / f’(s)W(s)ds) dt 'Y / (W) — (1= f(1) + )W) dt
0 0 0

1
fav fo W@ = (fFA=0) = fFANW (D) dr.

In particular, for a € R, take f(¢) = at, we obtain

1 1 1
/(W(r)—atW(l))2dtl‘é"f (W(t)—a/ W (s)ds)3dt.
0 0 0

The two Gaussian processes

1
Yip(t) = W(t) + (£b — 1)/ W(s)ds 1.7
0
are the same under the L-norm, but the two are not the same Gaussian process for b # 0 since

EYip)Yip(s) =t As+ (1 Fb)(?/2+52/2—1—s5) + (1 Fb)?/3. (1.8)

Unlike Y45, the two Gaussian processes W (t) + (b — 1)t W (1) are the same process since
foreach b e R

W) - b+ Dtw):0<r <1} law W)+ —-Dtw():0<r <1}
law {B(t) £btW(l):0<t <1} (1.9)
where W () is a standard Brownian motion, and the Brownian bridge B(#) is independent of
W (1). One can easily check (1.9) by computing covariance for each of the Gaussian processes

involved or using the well known representation between a Brownian motion and a Brownian
bridge, B(t) = W(t) —tW(1),0 <t < 1, independent of W(1).
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Theorem 1.2. For additive Brownian bridge B defined in (1.3), we have

1 1 1
f ]Bz(t)dtl“:w/ Ef(r)dr+-~-+f Eﬁ_l(t)dt+[ Z2(t)dt
[0,114 0 0 0

where the mean zero Gaussian process Z is defined by

1
Z(t) = By(t) + (Wd — l)f By(s)yds, 0<t<l1 (1.10)
0

with covariance function EZ(t)Z(s) =t As —ts — (ﬁ_ D@E*+s%2—+¢ —5)/2+ (\/c_i— 1)2/12.

Similar to the remark after Theorem 1.1, the process Z(¢) in (1.10) can be replaced by
B;(t) — («/3 +1) fol B;(s)ds. For each b € R, let us denote Zy; as the Gaussian process

1
Zap(t) = B(t) + (b — 1)/ B(s)ds, 0<t<1, (1.11)
0

with the covariance function
EZip()Zap(s) =1t As—ts+ (1 Fb)> +s>—1—5)/2+ (1 Fb)?/12. (1.12)

It is worth pointing out that both Theorems 1.1 and 1.2 are Pythagorean type theorems (sums
of independent terms involving integrated squares) and it is natural to looking for direct proofs.
However, it is not clear to us at this time why this is the case. One can easily rewrite for any
additive process defined in (1.1),

d—1 1 1 d—1 1 2
X2(t)dt = /Yz d+/ Xa(0) + /Xi dt| d 1.13
/[O’I]d ® ; A i (Ddt A a(t) ; A (t)dr | dt (1.13)

where X; (1) = X;(t) — fol X;(t)dt is the associated mean centered process. However, the process

Xq(t) + Z?;ll fol X;(t)dt in the last term is not independent of the other terms. And so it is
somewhat surprising that we indeed have the distribution identities in Theorems 1.1 and 1.2. Of
course, one could try the well developed stochastic Fubini approach in [14], but we seem missing
some ingredients; see Section 3 for more detailed discussion.

The remaining of the paper is organized as follows. Section 2 contains a short overview
of Karhunen-Loeve expansions, including some well-known ones such as the mean centered
Brownian motion and Brownian bridge. Various distribution identities related to them are also
discussed. We then provide KL expansions for processes Y (¢#) and Z(¢) defined in (1.6) and
(1.10). In Section 3, we obtain Karhunen-Loe¢ve expansions for additive processes associated
with Brownian motions and Brownian bridges. The proof we present is much simpler than our
original one and somehow it is strictly based on one dimensional structure. Section 4 establishes,
as an application of Karhunen-Loeve expansion, the small deviation estimates for the additive
processes discussed.

2. The KL expansions for Y and Z in (1.6)-(1.10)

We start with a short overview of the Karhunen—Logve expansions and various known results
needed including the mean centered Brownian motion and Brownian bridge and their associated
distribution identities.
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Let {X(t)} denote a centered Gaussian processes defined on [0, 119 with d > 1. For
convenience, we sett = (71, ...,1;) € R ands = (sq, ..., sg) € R?, and denote the covariance
function of X by

K(t,s) =E(X(1)X(s)), fort,se[0,1]9,

which is a positive definite function. Assuming K (t, s) is continuous on [0, 1]" x [0, l]d, then
by Mercer’s theorem,

K(ts) =) hei(t)ei(s) .1
i>1

where {A;,i > 1} and {e;(t),i > 1} are the set of eigenvalues and normalized eigenvectors of
the integral operator corresponding to the covariance function in the sense of

Af(t) =/ JK(t9)f(s)ds, telo, 119, (2.2)
[0,1]

Note that A; > 0 and the convergence in (2.1) is absolute and uniform. The well-known
Karhunen—Loeve (KL) expansion for Gaussian process X (t) on [0, 119 is

X(t) =Y &vhe),
i>1

where {£;, i > 1} is a sequence of i.i.d. standard normal random variables. Note that {e; (¢), i > 1}
forms an orthogonal base in L>([0, 1]¢) and thus a natural consequence of the KL expansion is
the distributional identity

X2)dt"Y " g2, 2.3
/{W Ot Y 23)

i>1

Karhunen—Loeve expansion of a Gaussian process is a favor subject of study in probability and
statistics, and plays important role in various applications. For d = 1, the KL expansions have
been computed explicitly for many Gaussian processes related to Brownian motion or Brownian
bridge; see for example, [1-3,12,13] and the references cited therein. For the mean centered
Brownian motion W (¢) defined in (1.4), we know from [3]

1 1
2 law 2 law 1 )
fo W= (t)dt = [) B~ (t)dt = E méi

i>1

For the mean centered Brownian bridge B(¢) defined in (1.5), we know from [30,28]

1 1 1
-2 law 1 2 2 law 1 2 1 )
B (t)dt = - By (t)dt + By (1)drt _—E— .+§_ .
/0 ) 4 </0 1( ) /0 2( ) ) 47.[2l'2§1,l 4712i2$2"

i>1 i~1

where an elementary explanation of the first identity in law is given by Shi and Yor [27].
Pycke [26] gives a short proof based on the decomposition of an arbitrary function and the
stochastic Fubini’s theorem.
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The KL expansion for d > 2 is much harder in general, unless we are dealing with the so-
called tensored Gaussian fields with covariance function

d
K(t.s) =[] K. ).

where K (¢, s) are covariance functions on [0, 1] x [0, 1] with known KL expansions. More
precisely, assuming

Kit,5) =Y 1"e’ e (s), 1<j<d,
i>1

we have the representation

K(t,s) = Z H)‘(j) (’)(tj)e(j)(sj)

i1>1,...ig>1 j=1

and the KL expansion

Xt)= > &G ,d>]_[,/xfj) ap,

i>1,.ig>1

where {§;, ...} is a sequence of d-index i.i.d. N(0, 1) random variables. Thus we have the
distributional identity

2 llﬂl} (])
/;0 13 X (Hdt = Z 5(11 id) 1_[ A

i1=21,...,ig>1

For non-tensored Gaussian fields (covariance functions are not of the product form of lower
dimensional covariance functions), very little is known for explicit KL expansion. As far as we
know, the additive Gaussian processes we considered in this paper are the first family of nontrivial
examples.

Next we consider the KL expansions for Y (¢) and Z(¢) in (1.6), (1.10) and their extensions in
(1.7) and (1.11).

lfroposition 2.1. Let Yy (t) be defined by (1.7) with covariance function (1.8), and let the process
Yy (t) be defined by

Yo&)=W@)+ B —1)tW(), 0<r<Il.
with covariance function
EY,(6)Yp(s) =1 As + (b* — 1)ts.
Then
/0 Y2(1)dt 'Y /0 Y2(0) ’“_’”;Aisﬁ (2.4

where &; are i.i.d standard normal r.v’s and the eigenvalues A; are solutions of the equation

b* — 1)v/Asin(1/v/A) — b* cos(1/+/2) = 0. 2.5)
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In addition, we have
92 1 —1/2
E exp (—7 / Yﬁ(:)d;) - <b2 coshd — (b% — 1o~ sinhe) . (2.6)
0

Proof. For the covariance function (1.8), we need to compute the integral equation

1
Af(t):f (tAs+ (A =b)2)2+52)2—1t—5)+ (1 =b)%/3) f(s)ds, 0<r<1.
0

Taking derivatives, we obtain

1 1
A1) = / F(s)ds + (1= byt — 1) /0 F(s)ds.
t

1
'O ==f0+1=b) [ ros
Then the general solutions are
() = ¢ cos(t/NL) + casin(t /L) + ¢3 2.7)

where c1, ¢3, c3 are constants with c3 = (1 — b) fol f(s)ds. Substitute (2.7) into the expression
of ¢3, then we see that

(1 — b)v/Asin(1/vA)er + (1 — b)VA(1 = cos(1/+/A))ca — bez = 0. (2.8)
Notice that

Af'(1) =0,

which implies

(1 — b)vasin(1/v/A)er + (1 — b)vA(l — cos(1/+/A)ez — bes = 0. (2.9)

We also have

1
(1 =b)af'(0) = b(1 - b)/ f(s$)ds = bcs,
0

we can see that this is just the linear combination of (2.8) and (2.9).
Thus we need one more boundary condition. Note that

1
Af(0) = / [(1 = b)(s2/2 — ) + (1 — b)? /31 f (s)ds, (2.10)
0

while

1 1
/ (s2/2 — ) f"(s)ds = / (/2 — $)df'(s)
0 0
1
— )2 fo (s — D) f'(s)ds
1
_ / (s — Ddf(s)
0

1
— O+ /O Fls)ds,
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on the other hand, from the differential equation associated with f”(¢), we see that
1
A / (s2/2 =) f"(s)ds
0
1 1 1
= —/ (s2/2 —5) f(s)ds + (1 — b)/ (s2/2 —s)ds/ f(s)ds
0 0 0

1 1—b 1
= —/ (s2/2 =) f(s)ds — —/ f(s)ds.
0 3 Jo

From (2.10), and together with the above two equations, we see that

1
—(1 = D)AF(0) + (1 — b)k/ f(s)ds
0

1 ) (1 _ b)2 1
=—(1- b)/ (s7/2 —s) f(s)ds — / f(s)ds
0 3 0
= —1f(0),
which implies bf (0) + ¢3 = 0, i.e.
bc1 + (1 +b)e3 =0. (2.11)

To find nontrivial ¢;, we need the determinant of the matrix corresponding to Egs. (2.8), (2.9)
and (2.11) to be zero. Calculating the determinant, we obtain (2.5).

As we point out, the first identity of (2.4) can be derived by Donati-Martin and Yor [15]. Here
we can also show the identity by KL expansions.

We start with the integral equation

1
xf(;):/ (t As—+ (b% = Dis) f(s)ds, 0<t<1.
0

Taking derivatives, we obtain

1 1
A (1) = / F(s)ds + (b> — l)/ sf(s)ds, and Af"(t)+ f()=0 (2.12)
' 0
with boundary conditions
fO =0 and & =1Df(1)=b"f'(D).
The general solution for the second equation in (2.12) is
F(t) = ¢y cos(t/v/A) + ¢ sin(t/v/A)

for some constants ¢y, c2. The boundary condition f(0) = 0implies ¢; = 0, and we need ¢y # 0.
From the boundary condition %=1 f) = b? f/(1), we obtain (2.5). Hence we obtain the first
identity of (2.4).

Equality (2.6) follows from the general fact that

92 1 92 00
E exp —7/0 sz(t)dt = E exp Y Zkiéiz
i=1

(1+46%)712 = (D(=6%) 71/,

—

1
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Here from (2.5) the Fredholm determinant D()) can be written as
D) = — (b — DA™ 2sin V& + b cos VA, (2.13)

with D(0) = 1; see [29] for a similar argument. In particular, one needs the Taylor expansions
of the sin and cos functions to ensure D(0) = 1.

The Laplace transform (2.6) agrees with the results given by Chan et al. [4] and Donati-Martin
and Yor [15]. O

Note that we have from (1.9) and (2.6)

2 1 _
E exp (—%f (B(1) + sz(l))%l;) - (b2 cosh® — (b2 — 1)6~! sinhe) 2 oaa
0

We can see the above Laplace transform from a different point of view. Since B(¢) and W (1) are
independent, by conditioning on W (1), the Laplace transform (2.14) can be obtained from the

following identity observing [ e 12dx = V27,

E —92/13t+bt2dt =,/ 0 —lbz[e the — 1] 2.15
exp 7 0( (t) ) = sinthXp< 5 co ) (2.15)

Naturally, we can obtain (2.15) by using the formula about the Laplace transform of the quadratic
functional of the Brownian bridge given by Chiang et al. [7]. Here more simply, the expression
(2.15) can be viewed as a direct consequence of the following equality which is known in [24]

E —ﬁ/IWz(t)dt W) =b|= v (—lbz[e) the—l])
FP\TS ), =2) TV sinng TP\ 727 V0 '

Proposition 2.2. Let Z;(t) be defined by (1.11) with covariance function (1.12), then

1
law 1 2 1 2
Z3(dt 'Y o+ =Y i,
/é A P 4n2i2§1" 4 2.

i>1

law1 ! 2 1 ! 2
= —/ B (t)dt~|——/ Yy ()dt
4 Jo 4 Jo

1! 1.
law -/ Bz(t)dt+—/ Y2(t)dt (2.16)
4 Jo 4 Jo

where &1 i, &2 are i.i.d standard normal r.v’s and the eigenvalues A; are solutions of Eq. (2.5).
In addition, we have

L 20 o 2 -2
Eexp (-~ i Z2(1)dt =9(b 0 sinh @ + 2(b —1)(1—cosh9)) . (2.17)

Proof. For the covariance function (1.12), we need to compute the integral equation

1
Af (1) = / (tAs—ts+(1=b)E>+s>—1—5)/2+ (1 = b)) f(s)ds,
0

0<r<l. (2.18)
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Taking derivatives, we obtain

Af (1)

1 1 _ 1
/ f(s)ds —/ sf(s)ds + %(2; - 1)/ f(s)ds, (2.19)
t 0 0

Af" (1)

1
—f@®)+ - b)/ f(s)ds. (2.20)
0
Then the general solutions are

f(t) = c1cos(t/v/A) + easin(t/vVA) + 3, (2.21)

where c1, ¢, c3 are constants with c3 = (1 — b) fol f(s)ds. Substitute (2.7) into the expression
of ¢3, then we see that

(1 — b)vAsin(1/vA)er + (1 = b)Va(l — cos(1/+/A))ca — bez = 0. (2.22)
Notice that from (2.18) and (2.19),

1
AF(0) = / (—(b = (> = 5)/2 + (b — 2/12) f(s)ds;
0
1
(1) = f (b — (> = $)/2 + (b — 2/12) f(s)ds;
0
1 b 1 1
xf/(O)z% / F(s)ds — / sf (s)ds;
0 0

1-b (! !
A (1) = —/ f(s)ds—/ sf(s)ds.
2 Jo 0
We obtain the boundary condition

) = f(1),

which implies
c1(1 = cos(1/+/A)) — easin(1/+/2) = 0. (2.23)
We can also obtain the boundary condition
1
(1= = £/(0) = b1 =b) [ s = bes

which is equivalent to the condition (2.22). On the other hand, we have

_ 1
A (uf’(O) - ﬂf/(l)) = b/ sf(s)ds. (2.24)
2 2 0

Substitute f(s) with (2.21) into the right hand side of (2.24), then we can see that the condition
is a linear combination of (2.22) and (2.23).
So one more condition is still needed. First we can check that

1 1
/ (2 =) f"(s)ds = [ (s> — $)df'(s)
0 0

1
—f @2s — 1) f'(s)ds
0
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1
= —/ (2s — Ddf(s)
0

1
—(F() + FO) +2 fo F(s)ds.

on the other hand, from the differential equation associated with f”(r), we see that
1 1 1 1
A/ (s> = 5)f"(s)ds = —/ (s> = 5) f(s)ds + (1 — b)/ (s> — s)ds/ f(s)ds
0 0 0 0

1 1—b 1
= —/ (s2 — ) f(s)ds — —/ f(s)ds.
0 6 Jo

From the condition of f(0), and together with the above two equations, we see
1—b !
—T?»(f(l) + f(0) + (1 = b)r A f(s)ds

_ 1 _1\2 pl
- _Q/ (s> =) f(s)ds — ®-D / f(s)ds
2 0 0

12
o+ 2D / s - @D f ' fsyds.
12 Jy 12 Jo
which implies
—%(f(o) + () +c3+ f(0)=0;
In other words
(1+b— (1 —=b)cos(1/v/A))c1 — (1 = b) sin(1/v/A)e2 + 2(1 + b)ez = 0. (2.25)

To find nontrivial ¢;, we need the determinant of the matrix corresponding to Egs. (2.22),
(2.23) and (2.25) to be zero. Calculating the determinant, we obtain

20> — DVA(1 = cos(1/+/1)) — b*sin(1/+/1) = 0
simplifying
sin(1/(2v/2)) (2(b2 — DV/asin(1/(2v/1)) — b2 cos(1 /(NX))) =0,

hence we can obtain (2.16).
The Laplace transform follows from similar arguments as Proposition 2.1.
The Laplace transform (2.17) agrees with the results given by Chan et al. [4]. O

At last, let us take a sight into the last term on the right hand side of (1.13). The process
Wa(t) + Zflz_ll fol Wi (t)dt is a centered Gaussian process with covariance function ¢ A s +
(d —1)/3. The process By (t) + Zfz_ll fol B;(t)dt is a centered Gaussian process with covariance
functiont As —ts+(d — 1)/12. More generally, let M, () denotes the centered Gaussian process
with covariance function z A s + a2, and let N,(¢) denotes the centered Gaussian process with
covariance function ¢ A s — ts + a® for a € R. We give the following results without proof.
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Proposition 2.3. We have

1
/ M20)dt'2 Y gl
0

i>1

where &; are i.i.d standard normal r.v’s and the eigenvalues A; are solutions of the equation

a’®sin(1/+/%) — v/ cos(1/v/2) = 0. (2.26)

In addition, we have

0% ! =y
E exp (—7 fo Mj(z)dt) = (coshe +4% sinhe) .

Proposition 2.4. We have

1
2 lﬂl) 1 2 1 g2
/0 N2(tydt ' stu + szléz,i

i>1 i>1

law 1 ! 2 1 ! 2

= - B-(t)dt + - My (t)dt 2.27)
4 Jo 4 Jo

where &; are i.i.d standard normal v.v’s and the eigenvalues \; are solutions of Eq. (2.26).
In addition, we have

0 [ 2 -1 2 -1/
Eexp =7 | Niwar =(9 sinh @ — 2a (1—cosh9))

3. The KL expansions for mixed additive processes

Consider a more general case of additive mixtures of Brownian motions and Brownian bridges

m d
Xma(®) =Y Wit)+ Y Bi(t}). t=(t,....15) €[0,1]" 3.1
i=1 i=m+1

for 0 < m < d. Clearly, we have the additive Brownian motion in (1.2) for m = d and the
additive Brownian bridge in (1.3) for m = 0. The mixed additive process X,, 4 is a centered
Gaussian process with the covariance function

m d
K(,s) = Zti A Si + Z [t; As; —tis;]. (3.2)
i=1

i=m+1

Theorem 3.1. For m > 1, we have the distributional identity

1 1 -
/[O’l]d an’d(t)dtl‘é” Z Z ﬁéjz,l + Z Z mgil + Z)\i%'i*z;

1<j<m—1i>1 1<j<2(d—m) i>1 i>1
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where {&; ;, éj,i, &} are independent i.i.d N(0, 1) rv’s; the eigenvalues X; are solutions of the
equation

(d — D)V xsin(1/v/1) — mcos(1/v/A) — (d —m)(1 + cos(1/v/1))/2 = 0. (3.3)

While for m = 0 (the additive Brownian bridge), we have the distributional identity in Theo-

rem 1.2.
In addition, we have for 0 <m < d

62 5
E - X t)dt
exp 3 /[‘O,l]d qu( )

v 2(d—m) 1 =172
. |:(smh9) (sinh(6/2)) (—(d —1)07 " sinh 0 + coshO(d +m)/2 + (d — m)/2)i| (3 4)

2—2(d—m)g2d—m—1

Proof. For the covariance function (3.2) of X, 4, we need to compute the integral equation

1 1 /fm d
Af(tl,...,td)zf / (ZtiAsi+ Z [t,»/\s,-—t,-s,-]) fe)ds, 0=t <1
0 0 \ig

i=m+1

It is straightforward to claim that the function f has the form:

d
fln )= filt).
i=1

By differentiating both sides of the integral equation (3.4) with respect to #;, we have for
1<i<m

1 1 1
)‘fi/(ti) 2/ / / f(s1,...,8q)ds1---dsq,; 3.5
0 ti 0

andform +1<i <d,

1 1 1 1 1
A () =/ / / f(S)dS—/ / si f(s)ds. (3.6)
0 I 0 0 0

Differentiating again with respect to ¢; in d Egs. (3.5) and (3.6), we have

1 1
WHOE —/ / SO, Sict, iy Siqts o, Sq)dsy - -dsi—1dsigy - - dsg
0 0

1
A=Y [ feds 1=izd.
j#i 70

Then the general solutions for the above equations are

1
fi(®) = cai_y cos(t/vV 1) + cosin(t/Va) — Y /fj(s)ds, 1<i<d (3.7)

1<jAi<d V0

for some constants ¢;, 1 <i < 2d.
From the original integral equation (3.4) we have the boundary condition

f1O) + -+ fa(0) = 0. (3.8)
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Soifc; = 0forall 1 <i < 2d, then all the functions f; in (3.7) are constants, which yields

[, ... t9) = Z?:l fi(t;) = 0. This forces us to find nontrivial ¢; such that Zizil c,.2 > 0.
From (3.5) and (3.6) we have the boundary conditions
=0, 1<i<m (3.9)
fi() = fi(), m+1<i<d; (3.10)
f10) = fi) =--- = f,00) — f(1). (3.11)

Note that by integrating both sides of (3.7), we have a sequence of conditions which are equiva-
lent to (3.11).
The boundary conditions (3.8)—(3.11) imply

cit+e3+-4cey-1—d-1) (Cnﬁsin(l/ﬁ) — cav/A[cos(1/+/A) — 1]) =0;

(3.12)
—coi_1 sin(1/v/A) 4 caicos(1/v/A) =0, 1<i<m; (3.13)
caic1(1 = cos(1/v/R) — e sin(1/v/2) =0, m+1<i<d; (3.14)
c1sin(1/v/2) — cafcos(1/v/A) — 1] = -+ = ¢ag—1 sin(1/~/A) — caglcos(1/~/A) — 1].

(3.15)

To find nontrivial ¢;, 1 <i < 2d, we need the determinant of the following matrix to be zero.

1—(d—1Dvasin (d — 1)v/A(cos —1) 1 0 1 1
—sin cos 0 0 e 0 0 0
0 0 0 --+ —sin cos 0 0 0 0
0 0 0 0 e 0 0 cos—1 sin --- 0 0
0 0 0 0 0 0 0 - cos—1 sin
sin 1 —cos —sin cos—1 .-+ 0 0 0 0 0
sin 1 —cos 0 0 e 0 0 0 0 —sin  cos—1

Let us denote the above matrix as A = (§;, ;). Here for convenience, we write shortly cos (sin)
to mean cos(1/ \/X) (sin(1/ «/X)). To obtain det(A), we expand the matrix by the elements of the
o S1,2%1

first row through
= 81,2
Sk1,2k—1 Ok+1,2k

for 1 < k < d. We denote the matrices left as Ag. From the matrix theory, we know
det(A) = Y (1) FEDFEEDTAE Ger(5,) det(Ar) = D (= DFF! det(8r) det(Ay).

For the 2 x 2 matrices J;, we see

k=1;

cos —(d — 1)~/A sin,
det(6x) = qcos, 2 <k <m;
sin, m+1<k<d.
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Now let us study the matrices Ayg. First we see

—sin cos 0 0 0 o --- 0 0

0 0 ... —sin cos 0 o --- 0 0

0 0 0 0 cos—1 sin --- 0 0
A= -

0 0 0 0 0 0O --- cos—1 sin

—sin cos—1 --- 0 0 0 o --- 0 0

0 0 0 0 0 0O -.-- —sin cos—1

Each row has only two non zero elements, the first (m — 1) rows have the two non zero elements
(— sin, cos), the following (d — m) rows have the two non zero elements (cos —1, sin), and the
last (d — 1) rows have the two non zero elements (— sin, cos —1). More generally, let A*>Y be
a2(x +y) x 2(x + y) matrix similar as Aj, in which the first x rows have the two non zero
elements (— sin, cos), while the following y rows have the two non zero elements (cos —1, sin),
and the last (x + y) rows have the two non zero elements (— sin, cos —1). Notice that

— sin coS .
det . = sin,
—sin cos—1

det (COS ._1 st > =2 —2cos,
—sin cos—1

and

we obtain the determinant:
det(A*Y) = sin* (2 — 2 cos)”.

In fact, the determinant is actually £1 times of what we just obtained. Due to the form of the
matrix, the constant £1 only depends on [ + k, thus we can omit the constant in our problem.
Fork > 2,

— sin cos 0 0 0 0 0 o .- 0 0
0 0 0 0 —sin  cos 0 0 0 0
0 0 0 0 0 0 cos—1 sin 0 0
A = 0 0 0 0 0 0 0 0 .-+ cos—1 sin
sin l1—cos —sin cos—1 --- 0 0 0 o .- 0 0
sin 1 —cos 0 0 0 0 0 o .- 0 0
sin 1 —cos 0 0 0 0 0 o .- —sin cos—1

The first d — 1 rows still have only two non zero elements. It is slightly different for the last
d — 1 rows with Ay, each row has four non zero elements except the (d — 1 + k — 1) row. All
the last d — 1 rows have the same first two elements (sin, 1 — cos), then let us take elementary
row transformations

Fd—1+i < Td—1+i —Fd—1+k—1, forl <i <d-—-1,i# k-1
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Fd—1+k—1 < (=Drg—14k—1.
And move the d — 1 + k — 1-th row to the d-th row, which means the original d — 1 + i-th row
now become the new d + i-th row, for 1 <i <k — 2. We see
Am—l,d—m k=1:
det(Ap) = § (=D (=DF2am=td=m o < f < m;
(=D (=Df2amd=m=1 "y 4 | <k <d.
which implies

(=D sin™ 12 = 2cos)4™™, 1<k <m;

det(Ay) =
A= LM sin" @2~ 2c09)! !, m 1 <k <d.

Combining det(8) and det(Ay), we now see that
det(A) = Z(—l)k“ det(8;) det(Ay) = (cos —(d — 1)~/ sin)(sin)™ ' (2 — 2 cos)¢ ™"
+ (m — 1) cos(sin)”" 1 (2 — 2¢cos)? ™™ + (d — m) sin(sin)"™ (2 — 2 cos)? !
= sin”™ 1 (2 = 2 cos)? (—(d — )V sin+m cos(1/v/A) + (d —m)(1 + cos)/2) .
Hence the eigenvalues are the solutions of the equation
(sin(1/+/2)" =1 (1 = cos(1/+/ 24"
x ((d — DV/asin(1/v/A) — mcos(1/v/A) — (d — m)(1 + cos(l/ﬁ))/z) =0. (3.16)
It is remarkable that for m = 0, the form we obtain is
(1 — cos(1 /)" ((d — DVl = cos(1/v/%)) —d sin(l/ﬁ)/z) =0,
simplifying
(1 = cos(1 /A1) sin(1/(2v/2)) ((d — D/asin(1/2vVr) — d cos(l/(zﬁ))/z) —0,
which is the same as (3.16) if we omit the confusion of (sin(1/+/A))~!. Since we cannot claim
an eigenvalue with multiplicity —1, we need to state the case m = 0 separately.
From the equations above, we obtain the distributional identities.
The Laplace transform follows from similar arguments as Proposition 2.1.
Due to the KL expansion for X, 4 (specially, take m = 0 or m = d), the KL expansions for

the Brownian bridge, mean centered Brownian motion, the mean centered Brownian bridge, and
the KL expansions for Y, Z, we can complete the proof of Theorems 1.1 and 1.2. [

4. Applications

In this section, we study the small deviation estimates of the additive process we discussed.

In the small deviation estimates, we choose to provide a less precise description of several
constants involved since they do not play a significant role in applications. We use the notation
K > 0to denote the constant involved which may change from line to line.

From formula (3.4) of [25], Va > —1, there exists a constant K > 0, such that as ¢ — 0

P (Z(i +a)2E? < 8712) = +o0(1)Ke “exp <—i> ) 4.1

i=1 8¢
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We have the small deviation corresponding to Brownian motion
P /1 W2(t)dt < P Z - g2 < (1+o(1)Ke'/? !
el = f<gl] = 0 e'“expl—— ],
) = L2122 P\ 7%
the small deviation corresponding to Brownian bridge (mean centered Brownian motion)
P Z_l g2 <e|=0+01)Kexp _L
— w227t~ 8e )’
and the small deviation corresponding to the mean centered Brownian bridge
P ZLsZ +Z;52 <e|l=U+o()Ke ?ex 1
L Ar2j2°00 T L2272 =7 ) T P78 )
i>1 i>1
Now let us first discuss the small deviations of the process Y, (1) = W)+ (b —1) fol W(s)ds
and the process Z,(t) = B(t) + (b — 1) fol B(s)ds, forb € R.

Proposition 4.1. For b # 0, there exists some constant K > 0, such that as ¢ — 0,

1
P (/ Y; (tdt < e) = (K +o(1))e'?exp <_i) ,
0 8¢

For b = 0, the process Yp(t) is in fact the mean centered Brownian motion.

Proposition 4.2. For b # 0, there exists some constant K > 0, such that as ¢ — 0,

1
P <f Zy(ndt < s) = (K +o(1)) exp (—i> _
0 8¢

For b = 0, the process Z(t) is in fact the mean centered Brownian bridge.

Proof. We only need to show Proposition 4.1. Since the case b = 0 is trivial, we assume b # 0
here. The starting point is Theorem 2 of [25] that we recall here. Given any two sequences a; > 0
and b; > 0 with

D ai<oo, Y bi<oo, Y |l—ai/bi| < oo,

i>1 i>1 i>1
we have, as ¢ — 0,
1/2
P (Zais? < e) = (1+o0(1)) (Hbi/ai> P (Zbisf < 5) :
i>1 i>1 i>1

For our setting, since sin x /x ~ 0 for large x, the solutions A; of Eq. (2.5) satisfy the approximate
relation

a P~ =12, 4.2)

for large i.
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We set a; = A;, let b; = 1;2 = (i — 1/2)72772. Clearly, Ai_l/z — oo asi — oo. Take
—1/2

4

A = [; + §; for large i, where §; — 0 as i — oo, we have the equality

sin/; cos §; 4+ cos/; sin §;

— b2(cos; cos §; — sinl; sin&;) = 0,
li +6; (coslj cosd; — sinl; sin&;)

b*—1)

from which we have 8; = O(~!); hence we have Y i1 11 —ai/bi| < oc. Then there exists a
constant K such that as ¢ — 0,

P (Z riE? < e) =(1+0(1)KP (Z big? < s> = (K +o(1)e'?exp (_8]_5) )
i>1 i>1

We now complete the proof. [

We next give the small deviations corresponding to the processes M, (¢) (the centered Gaus-
sian process with covariance function ¢t A s + a?), and N, (¢) (the centered Gaussian process with
covariance function t A s — ts + a?) directly without proof.

Proposition 4.3. For a > 0, there exists some constant K > 0, such that as ¢ — 0,

1
P (/ M} (t)dt < s) = (K +o(1)) exp <_i) ,
0 8¢

For a = 0, the process M,(t) is in fact the Brownian motion.

Proposition 4.4. For a > 0O, there exists some constant K > 0, such that as ¢ — 0,

1
P (/ NZ(t)dt < e) = (K +o(1))e™?exp <_i> _
0 8¢

For a = 0, the process Ny (t) is in fact the Brownian bridge.

At last, we show the small deviation of the mixed additive process X,, 4 defined in (3.1) for
0<m<d.

Proposition 4.5. For 0 < m < d, there exists some constant K > 0 such that as ¢ — 0,

d2
P (/ X g(Hdt < s) = (K +o(1))e' "M/ exp <__> _
o119 8¢

Proof. To prove the result, we only need to show the case m > 1 since the case m = 0 follows
from similar arguments. The solutions A; of Eq. (3.3) satisfy the approximate relation

A—I/ZN{(OI-i‘l—])ﬂ, i=2k—1; 43)

i (—a+i)m, =2k

for large i, where 1/2 < « < 1 is the value such that (d +m) cos(amw) +d —m = 0. Form = d,
we have o = 1/2, while for m = 0, we have o = 1. Following similar arguments we can show
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that there exists a constant K such thatas e — 0

1
P <Z)»i§i2 < 8) =( +0(1))KP< Z mgiz

i>1 i=2k—1

" Z( oz—l—t)znz '2§8>

i=2k

1 1
= +0(1))KP< Z (@ =22+ k)22 Szk 1

k>1

*y Z( a/2+k)2n2$2k_ )

k>1
= (1+o0(1))Ke'?exp (—é) , (4.4)

the last equality is ensured by Lemma 4.1 and the small deviation (4.1).
Together with the small deviations corresponding to Brownian bridge (mean centered
Brownian motion) and mean centered Brownian bridge, then from Lemma 4.2, we have

P (fo 1 iXi’d(t)dt < e)
[0,1]4

S IPIETRED VD P ES VLR

1<j<m— 11>1 1<j<2(d—m) i>1 i>1
= (1+o0(1)Keexp(—S?e™1), 4.5)

where a = 12— d-—-—m)/2 —({m —14+d—-m+ 1} —-1)/2 = 1— 2d — m)/2,
S2=(m—-14+d—m+ 18 V2= d2/8, from which we can complete the proof. [J

The following lemma which we need is due to Lifshits; see [3].

Lemma 4.1. Let V1, Vo > 0 be two independent random variables with known small deviation
behavior. Namely, assume that

P(V) <é&) ~ cre” exp(—b1e™"),

and
P(V2 < &) ~ coe® exp(—bre™"),

as ¢ — 0. Then the sum has the small deviation asymptotic behavior:
P(Vi 4+ Vo < &) ~ KeT2 /2 exp(—8 1™,

where

r Sr/271/27a17a2b§2a|+1)/2(r+1>b§2a2+1)/2(r+1).

2
S = bi/(r—H) + b;/(r—H) and K =cjcp il
-

Using induction by n, we have the following result.
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Lemma4.2. Let Vi, ..., V, > 0 be n independent random variables with known behavior of
small deviations. Namely, assume that

P(V;: < &) ~ cie% exp(—bje™"),

as € — 0. Then there exists some constant K > 0 such that as € — 0, the sum has the following
small deviation asymptotic behavior:

IP(V[ N Vn < 8) ~ K8a1+~~+ﬂn*(n7])r/2 eXp(-Sr+]87r),
where

S:b}/(r+]) ++brlz/(r+l)
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