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Abstract

This paper extends the works of Kang and Ramanan (2010) and Kaspi and Ramanan (2011), removing
the hypothesis of absolute continuity of the service requirement and patience time distributions. We consider
a many-server queueing system in which customers enter service in the order of arrival in a non-idling
manner and where reneging is considerate. Similarly to Kang and Ramanan (2010), the dynamics of the
system are represented in terms of a process that describes the total number of customers in the system as
well as two measure-valued processes that record the age in service of each of the customers being served
and the “potential” waiting times. When the number of servers goes to infinity, fluid limit is established for
this triple of processes. The convergence is in the sense of probability and the limit is characterized by an
integral equation.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

We study a many server queueing system in which customers are served in a non-idling,
First-Come-First-Served manner according to i.i.d. (independent, identically distributed) service
requirement. Customers can leave the system, without getting service, once they have been wait-
ing in the queue for more than their patience time, which are assumed to be also i.i.d. random

E-mail addresses: awalshz@gmail.com, awalshz@tx.technion.ac.il.

0304-4149/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.spa.2013.11.008


http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2013.11.008&domain=pdf
http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2013.11.008
http://www.elsevier.com/locate/spa
mailto:awalshz@gmail.com
mailto:awalshz@tx.technion.ac.il
http://dx.doi.org/10.1016/j.spa.2013.11.008

A. Walsh Zuriiga / Stochastic Processes and their Applications 124 (2014) 1436-1468 1437

variables. The objective is to obtain fluid approximations or functional strong laws of large num-
bers of characteristic functionals of the model, when N, the number of servers goes to infinity.

Many server systems were treated first in the seminal paper of Halfin and Whitt [5]. After that,
many authors have succeeded relaxing the assumption imposed in [5], on one hand, considering
general service requirement distributions and, on the other hand, incorporating the reneging
option in their models. Existing work includes Kang and Ramanan [8], Kaspi and Ramanan [10],
Mandelbaum and Momcilovi¢ [12], Puhalskii and Reed [15], Reed [16], Zhang [19] and many
other references therein.

Generalizations of [5] are motivated by statistical analysis made by Brown et al. [3] which
suggests that the service requirement distribution does not obey an exponential law. In [10], un-
der the assumption that the distribution of the service requirement is absolutely continuous with
respect to the Lebesgue measure, with density g satisfying a mild condition, fluid limits where
obtained for a pair of processes (X), 5(™). The first one is a nonnegative integer-valued pro-
cess that represents the scaled total number of customers in system and the second one, a scaled
measure-valued process that keeps track of the ages of customers in service.

With the application to call centers in mind, customer abandonment plays an important role
and therefore must be considered. Garnett et al. [4] explain how the performance of certain sys-
tems are very sensitive to the impact produced by the impatience of customers. In this direction,
the work in [10] has been extended in [8], including another measure-valued process 7V) that
keeps track of the “potential” waiting time of customers in the queue and they have obtained fluid
limits adding this new process. The cumulative reneging process can be then expressed in terms
of the triplet (X, 5 (M) and the patience time must satisfy the same assumptions on the
service requirement, that is, the existence of a density with respect to the Lebesgue measure.

Related to [8] and tracking the residual service and patience times instead of ages and po-
tential waiting times, [19] obtained fluid limits approximations for the model studied in [8]. The
approach of [19] avoids using martingales techniques, the fluid equations are different from those
of [8], the functionals expressed in terms of the hazard rates are not taken into account. In this
way, the fluid limits require weaker assumption on the service time distributions. The assumption
for the service time distribution is continuity and for the patience time distribution is Lipschitz
continuity.

Our work extends the results of [8,10,19] to the case of completely general service re-
quirement distribution and continuous patience time distribution. We consider the same kind
of reneging as in [8], that is, we assume that the queue is invisible to waiting customers,
which is very suitable for call centers models. We obtain fluid limits for the triplet of pro-
cess (XN v M)y of [8]. The fluid equations are very close to those considered in [8].
The difficulty arises in finding substitutes for the terms in the fluid equations of [8] depending
on the densities of the distributions. For this purpose, we consider two sequences (")) and
(p™)) of L'-valued process (where L! is the set of integrable functions with respect to the
Lebesgue measure on R ) which represent respectively for any time ¢ and number of servers N,
the densities of the measure fot QASN)ds and fé ﬁﬁN)ds with respect to the Lebesgue measure on
R, . These sequences always exist and the fluid equations are written in terms of their limits g
and p.

To take into account the processes (™), (p™), g and p is very useful even in the case
where the densities of service and patience time distributions exists. On one hand, it facilitates
the analysis of convergence of the sequences ™) and (ﬁ(N )) and provides convergence in
probability of the process and not only weak convergence. On the other hand, it simplifies the
proof of the uniqueness of the fluid equations. Indeed following [10], the delicate part is to
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establish uniqueness of the so-called “age equation” defined in [10], but using the process g, the
problem can be easily translated to an integral equation, which is easier to treat.

Using martingale convergence methods originating from Krichagina and Puhalskii [11], fluid
and diffusion limits for the process X were introduced in [15,16] in a general framework,
that is, without assumptions about the distribution of the service requirement but excluding
abandonment possibility. A related work on many-server queues with impatience is that in [12]
for both general service distribution and general patience time distribution and where diffusion
limit of customer-count processes and virtual waiting time processes are obtained. However, in
the approach of [12] a detailed fluid analysis is not required.

We extended the results of [15,16] not only to include abandonment but also taking into
consideration the measure valued processes (P™) and (ﬁ(N )). The importance of adding these
sequences is to obtain a Markovian description of the dynamics, as was shown in [8]. Besides,
since the fluid limit obtained here contains more information than just the limit of the scaled
number of customers in the system, it is possible to obtain fluid limits of other functionals of
interest, in an analogous way to [10]. As was pointed in [19], the number of customers in the
system does not give much information because the remaining service times and patience times
can affect considerably the evolution of the system.

A difference between our work and those of [8,10,15,16] is that we do not use a martingale ap-
proach in order to obtain the convergences of the processes. With a suitable property of continuity
of the solutions of the fluid equations stated in Section 4, we will use results about convergence
of non-decreasing functions, see for example Jacod and Shiryaev [6]. Without the existence of
density functions, the compensators introduced in [8,10] are not well defined and therefore a
martingale approach is only possible with the techniques of [15,16]. See Pang et al. [13] for a
detailed discussion of this martingale method. Since these techniques are somewhat complicated,
we opted to take an alternative approach for the convergence of the processes which is simpler
according to our initial conditions. We remark that in the way that we prove the convergence
of the cumulative reneging process, our initial assumptions must be imposed even if we use the
martingales techniques of [15,16].

The paper is organized as follows. The model and the definition of the processes (X,
M 7Ny are introduced in Section 2, together with some additional notation and basic as-
sumptions. In Section 3, we define the scaled version of the primitives introduced in Sec-
tion 2 and specify the assumptions used throughout the paper. Next, we give the fluid model
equations (FME) and finally we state the main result, that is, the convergence of the process
(XM 5N 7Ny to the unique solution of the FME. In Section 4 we establish uniqueness of
solutions to the FME. Following [10], we started proving uniqueness of the so-called “age equa-
tion”. We prove also a continuity property of the solutions of the FME when the initial assump-
tions are imposed. At the end of the section, we explain how the method adopted here can be
used for the case treated in [8,10], when the distribution of service requirements is absolutely
continuous with respect to the Lebesgue measure. In Section 5 we prove the main result. For
simplify, we first introduce in Section 5 some results that we will use in the proof of the main
result and that will be established in Section 6.

2. Description of the model and initial assumptions
In this paper we consider a general multi-server queue with customer abandonment. We use

most of the notation of [8,10]. Consider a sequence of systems index by the number of servers
N, defined on a common probability space ({2, F, P), where expectation with respect to P is
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denoted by E. We will use a superscript (N) to denote all processes and quantities associated with
the Nth-system described as follows. Customers arrive according to a general arrival process
EMN = (EM() : t € R4} and enter service immediately if there is an available server,
otherwise they wait in the queue. We assume that each E™ is a non-decreasing, pure jump
process with EY)(0) = 0and EN) (1) < oo forall t € R

Customers are served in the order of their arrival by the first available server (nonidling
condition) and they have patience times when they are in the queue. They will abandon the
system as soon as the amount of time they have spent in the queue reaches their patience times.
Customers do not renege once they have entered service and in this case, they will exit the system
when their service is finished.

In each N-system, customers are indexed by Z, with non-positive indexes corresponding to
customers present in the system at time 0 and ordered according to their arrival time (prior to time
zero). The index i € N is for the i-th customer who will enter into the system after time zero.
Let X (()N) be the number of customers in the Nth-system at time 0. At this time the queue Q(()N) is
given by (X(()N) — N)*.Fori € Z, the variables Ei(N) (resp. ai(N)) represent respectively the time
in which customer i entered or will enter into the system (resp. started or will start service), if
such a customer exists. If customer i abandon the system then oz,.(N) = 0. In this way, éi(N) <0
ifandonly ifi = =X +1,...,0and ™ < Oifand only ifi € (=X’ +1,..., -0}

i
because these indices correspond to customers in service at time 0. Note that é‘i(N) < Ej(.N) if
i < jandfori < j, ozl.(N) l.(N) = 00, that is, if customer i abandons the

system. Fori € N,

> ot;N) if and only if «

N —inflr > 0: EM (@) > i).

The o-algebra observable at time 0 is denoted by f(gN) and it is generated by

{X(‘)N), M ie—xM i o™ ie—xM 4 l,...,—Q(()N)}}. 2.1

Fori € N, r; represents the patience time of customer i (the ith customer to enter into the sys-

tem after time zero). Fori = — Q(()N) +1,...,0, ri(N) represents the patience time of customers
who are in the queue at time zero. The variables {v; : i € Z} are the service requirements of cus-

tomers that will enter service after time zero, that is, those of indices i € {— Q(()N) +1,...,0}UN.

Fori = —X(()N) +1,..., —Q(()N), vl.(N) represents the service requirement of customers in service

at time zero. Note that fori = —Q(()N) +1,...,0and j = —X(()N) +1,..., —Q(()N) we have

N
Ei( )

+r™ >0 and o™ +0" >0, (2.2)

i J

Assumption 2.1. The following assumptions on the variables introduced above are imposed
throughout without explicit mention:

1. The variables {r; : i € N} and {v; : i € Z} do not depend on N, that is, they are in common
for all the N-systems.

2. {r; i € N}isanii.d. sequence with common cumulative distribution function G" continuous
on [0, 0c0).

3. {v; : i € Z}is an i.i.d. sequence with common cumulative distribution function G® such that
G3(0) < 1.
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4. Forany N € N, géN), EWM, {ri : i € N}and {v; : i € Z} are independent, where géN) is the
_ 7(N) (N) .. _(_pWN) N) .. _ v
o-algebra generated by F" 7, {r;" ' :i ={-Qy "+ 1,...,0}and {v;"" :i ={-X," +1,

_ )
=0
5. Conditionally on 7", the variables {r{™, v{" : i = —of" +1.....0; j = —x§" +
1,..., —Q(()N)} are independent and for any x € R,

1-G"(x A (=) ™)

P > x| FM) = fori =—Qf" +1,...,0,

- 1—G3(x A (—a™
IP(v,'(N) > xlféN)) = A (Nl) ) fori = X<()N) + 1. _Q(()N)'
1 —G3(—q;"")

For any positive ¢, X¥)(¢) represents the number of customers in the system at time ¢,
including those in service and those in the queue, waiting to enter service. Let DY) (¢) be the
total number of customers who have finished their service in the time interval [0, ¢] and R (¢)
the cumulative number of customers who have abandoned the system in the interval [0, ¢]. As a
consequence of (2.2) and the fact that E G4 )(O) = 0, we have

DM ) = RM(0) =0, (2.3)

in particular X ) 0) = X(()N). Evidently, for any r > 0,

XMiey=xM0)y+ EM@) = DM @) — RN (1). (2.4)

Fori e {—Q(()N) +1,...,00UNand j € Nlet a,.(N) and w'™) denote respectively the age process

of customer i and the potential waiting time process of customer j defined for all t € R by

a™M () =vi A —o™)T and w0 =A@ - (2.5)
Fori e {—X(()N) +1,..., —Q(()N)} and j € {—Q(()N) +1,..., 0} define a™ and ng) be given

i
by the above equations with vi(N) and rj(.N) replacing v; and r; respectively. For r € R, let n,(N)

be the discrete Borel measure on R that has a unit mass at the potential waiting time of each
customer who has entered the system in the time interval (0, 7] or who was in the queue in time
zero and whose potential waiting time has not yet reached its patience time. That is

EM(1)

(N) _
=) 8™ L™ @y <ny
i=—0V+1

where for x € R, §, represents the Dirac mass at x. Note that this measure valued process is
slightly different from that defined in [8], indeed, at time zero we consider only customers in
the queue and not all customers who entered into the system prior time zero. For t € Ry, v,(N)
denotes the discrete Borel measure on R that has a unit mass at the age of each of the customers

in service at time ¢. That is

00 EM (1)
(N) _ _
Vi = Z (Sai(N)(t)1{a§N)(t)<v;,a(N)st} = Z (Sa[-(N)(t)1{a§N)(t)<v;,a(N)§t}’

i i

i=—xM+1 i=—xM 41
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where v; = vl.(N) if i < 0. Hence, (1, v,(N) )y = vt(N)[O, o0) represents the total number of
customers in service at time ¢ and the nonidling condition is written as
1L,y =N =[N =XM1t forallt € Ry. (2.6)
For any ¢ € Ry, K™)(r) denotes the cumulative number of customers who have entered
service in the interval [0, #]. For any t € R,., D" () and K™ (t) are given by

E(N>(t) E(N)(t)
(N) 4y — § (N) 4y — §
DYV (1) = 1{a,.(N)+v,-§t} and KW (1) = l{ai(N)ft}’ 2.7
i=xM+1 i= 0§V +1

where v; = vl.(N) ifi <0.Fort e Ry, let Q™N)(r) be the number of customers waiting in the
queue at time 7, that is,

oM@y =xM) - N)T.

Let x™)(¢) be the waiting time of the customer in the head of the line at time ¢, or be 0 if the
queue is empty. Then

x M) = inflx > 0: 90, x1 = 0N (1)) (2.8)

and the cumulative reneging process R (¢) admits the representation

E<N)(t)
N) (1) —
RV =" 3 L™ €™ tryzrse™ i <1y (2.9)
i=—0f"+1
where we use the notation XiN)(t) = X(N )(t—). The above equation holds if we assume that

the customer at the head of the line abandons the system if reaches hit patience when a server
comes available. Note however that this happens with probability zero, due to our assumptions
of independence and the continuity of G".

3. Fluid limits

If (S, d) is a Polish space, we denote by Cjo,o0)(S) (resp. Djo,o0)(S)) the space of S-valued
continuous (resp. right continuous with left limits) functions on [0, co). The space Cy,«0)(S)
is endowed with the Jy-topology of uniform convergence on compact sets of R.. The space
D0,00)(S) can be endowed with the Jy-topology or with the Skorokhod J;-topology (see [6],
Chapter VI). We will use the notations Djg, o) (S, Jy) and Dip ) (S, J1) in order to specify the
used topology. For f € Djo,o0)(R) and ¢ € Ry, we define || f|; = sup{|f(s)] : s < t}. We
denote by BV (resp. V) the subspace of Dy ) (R) of bounded variation (resp. non-decreasing)
functions on compact sets. The subspace of functions in BV (resp. V1) started at 0 is denoted
by BV (resp. VO+). For f € V1, we define its inverse f~! by,

') =inf{t > 0: f(t) > x}.

The space of Radon measures on S equipped with the vague topology is denoted by M(S).
The set of measures u on M(S) satisfying u(S) < 1 (resp. u(S) < oo) and endowed with
the weak topology is denoted by M < (S) (resp. M (S)). It is well-known that M(S), M r(S)
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and M<1(S) are Polish spaces. For a measure p and a u-integrable function f, the integral
f fdu is denoted by ( f, u) or by w(f). A function f is said to be u-continuous if the set of its
discontinuities is of yu-measure zero.

The scaled versions of the basic processes introduced in Section 2 are defined as follows:

) ) ) )
TN XN o gm_ET P R
N N N
g o K2 g e 1™
N N N

Define MS = (G%)"'(1)(=inf{r > 0 : G5(r) = 1}) and M" = (G")~'(1). Note that v™) ¢
M<1([0, M®)) and 7™ € Mp ([0, M")).

From now on, we make the following assumptions on the primitives of the scaled processes
introduced above.

Assumption 3.1 (Initial Conditions). There exists a random element (X (0), E, v, 7o) in Ry X
V0+ x M<1([0, M®)) x Mp([0, M")) such that, as N — oo, the following limits hold for any
w € §2):

1. E™) — E in Dyp,0)(R, Jyy). Moreover E is continuous for all w € £2.

2. )_((()N) — X.

3. D(()N) — Do in M<1([0, M®)). Moreover, if G® is not continuous then vy is a diffuse measure
forall w € f2.

4. ﬁ(()N) — 79 in M ([0, M")) and 7 is a diffuse measure for all ® € 2. (We recall that we
assume that G" is continuous.)

We want to prove convergence of the quantities (X™, ™) 7Ny as N — oo in sim-
ilar way to [8,10]. Assume for the moment that the distribution function G of the service
times is absolutely continuous with respect to the Lebesgue measure and denote by g its
(weak-) derivative. Set M := G~'(1), it was shown in [8,10] that if 4 = g/(1 — G) satis-
fies a mild condition, then b, the law limit of 7™ satisfies the following decomposition for any
@ e CX(0, M) x Ry):

t

<(p(a t)? El) = ((p(v O)v DO) + ‘/(; (ws('a S) + (px('v S), ‘_}S)ds

t t
—/O(h(.)(p(.,s),f)s)ds+/(; (0, s)dZ(s), 3.1

where Z is an element of VO+ (which is the limit of K ™). For general distribution function G, the
third term on right hand side of the above equation is not well defined, nevertheless, still assuming
the existence of g, thanks to Lemma 4.6, for any ¢, the measure A — fot Vs (A)ds is absolutely
continuous with respect to the Lebesgue measure on [0, M]. We denote by g, its density. In this
case, the third term in the right hand side of the above equation can be rewritten as follows,

M t
—/O </O <P(x,S)dsqs(x)> (1= Gx) 'dGx).

This is the term that we will use for general distribution G. Before introducing the fluid equations
we need some definitions. For any v € Djp,o0)(M[0, M)) and ¢t € R, we denote by fé vgds
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the measure given by A — fot vs(A)ds. Note that for any f € C°[0, M), (f, v) belongs to

D0,00)(R) and then [0[ (f, vs)ds < oo for any ¢ € R,. In particular, fot vyds is a Radon measure
on [0, M).

Definition 3.2. We denote by Dﬁ)bgo) (MO0, M)) the set of v € Dy, o) (M[0, M)) such that for

any ¢ > 0, the measure f(; vyds is absolutely continuous with respect to the Lebesgue measure
on [0, M].

For any v € Df‘ot?go) (M[0, M)) and t > O there exists G, € L}, [0, M] such that fé vs(A)ds =
f 4 q(t, x)dx for any Borel set A C [0, M]. Since different versions of g; can give different
integrals with respect to dG, we need to decide what version of g; to take. We say that ¢, is a
regular version of g, if for any x € [0, M):

X

t
q:(x) = liminfn/ g:(x)dx = lim infn/ vg((x — n_l, x])ds. (3.2)
n—oo 1 n—>oo 0

X

It follows from an elementary result of analysis (see e.g. Theorem 9, Chapter 5 of [17]) that
the above limit define a version of the density function of fé vyds, that is, g;(x) = g;(x) for a.e.
x € [0, M].

Remark 3.3. (1) From now on, we suppose that the density of f(; vgds for an element v of
Df‘ot?go) (M0, M)) and ¢ > 0 is always given by its regular version.

(2) Note that ¢ = (t,x) — ¢;(x) is jointly measurable and non-decreasing on 7, in
particular, if for any x, t we define qt+ (x) := limg; gs(x) then for any measurable function
£ fR+ f(s)dsq;" (x) is defined as a Lebesgue-Stieltjes integral. In what follows, we suppress

the + and we use the notation: fR+ F($)dggs(x) == fR+ F()dsq; (x).

Now we introduce the fluid equations. Define the measures dHS on [0, MS] and dH" on

[0, M"] by:

dH®(x) = 1eeps)(1 — GS(x—))"'dGS(x) + Ligs(ms—y<1}0ms (dx),

dH"(x) = Loy (1 — G (1)~ dG" (v).
Definition 3.4 (Fluid Equations). An element (X, 1, v) of the product space D[, o) (R) x Dﬁ)bgo)
(MO0, M%) x D[%bgo) (M[0, M")) is said to solve the fluid equations associated to (Xg, E, vg,
no) € R x BV x M<1[0, M®) x Mg[0, M") if ¢, and p,, the densities of fot vgds and fot nsds
satisfy forany t e Ry, £ < M"and m < MS,

/ g:(x)dH®(x) < oo, / p:(x)dH" (x) < oo, (3.3)
[0,m] [0,£]

there exists K € BV; such that for all ¢ € C2°([0, M®) x R,),

t

(0, 1), v) = (p(.,0), vo) +/O (s(., 8) + ox (., 8), v5)ds

t t
- f ( f go(x,s>dsqs(x>) dHS(x) + / (0, $)dK (s), (3.4)
[0,M$S) 0 0



1444 A. Walsh Zuiiiga / Stochastic Processes and their Applications 124 (2014) 1436-1468

for every ¥ € C2°([0, M") x Ry):

t
Wlot)om) = <w<.,0>,ﬁo>+/ W (e 8) + ¥a (o 8), my)ds

0
t t
—/ (/ w(x,S)d‘svps(x)) dHr(X)Jr/ ¥ (0, s)dE(s), (3.5)
[0,M" \Jo 0

o) < (1, m), 3.7)

t
ko= / / ez () s (AH (1), (3.8)

[0,M"]J0O

where x (t) .= (F”’)_I(Q(t)) and F (x) .= n;[0, x],
Xt)=Xo+ E(t)— / qt(x)st(x) — R(t) and (3.9)
[0, MS]

(Lv)=1-[1-X®]". (3.10)

We will prove uniqueness of the solution of the fluid equations in Section 4. In Section 5 we
will prove the following theorem which is our main result.

Theorem 3.5. Suppose Assumption 3.1, then (XN 5N 7Ny converges in probability in
Di0.00) (R, Ju7) X Djo,00) (M <1[0, M3), J1) x Dio,00) (MFIO, M"), J1) as N — 00, to the unique
solution of the fluid equations associated with (X (0), E, Vg, 19)-

Since a sequence of random variables converges in probability if and only if for any subse-
quence there is a further subsequence converging almost surely, Theorem 3.5 is also true if we
assume that the convergences in Assumption 3.1 are in the sense of P-probability. Using the Sko-
rokhod representation theorem, it can be shown that convergence results in Theorem 3.5 continue
to hold if, in Assumption 3.1, the limits are replaced by limits in the sense of weak convergence.

4. Uniqueness of the solution of the fluid equations

Following [10], in order to prove uniqueness of the solutions of the fluid equations, we need
Lemma 4.1, which provides a unique solution of the “age equation” (3.4) in terms of K and .
This result was proved in [10], Theorem 4.1 for Eq. (3.1), when the service times has distribution
G admitting a hazard function 7 = g/(1 — G). It has been a key step in the proofs of the main
results obtained in [1,8—10] and therefore it is interesting in its own right. In view of Lemma 4.6,
our proof of Lemma 4.1 is also a short way to prove Theorem 4.1 in [10].

Throughout of this section, G denotes a general distribution function on R, M = G| €))
and H is the measure define by dH (x) == 1jy<py(1 — G(x—)"ldG(x) + LiGmM—y<1y8m (dx).

Lemma 4.1. Let (1 be an element of D‘["‘Obgo) (M0, M)) and Z € BV,. Fort > 0, denote by q;
the density of f(; wsds. Suppose that forany t > 0 and m < M,

/[0 ]q,(x)dH(x) < 00. “.1)
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Then, | satisfies the equation
t

(0(, D), ur) = {p(., 0), o) +/0 (s (s 8) + @x (., ), pg)ds

t t
- / (f P(x, S)dsqs(X)> dH (x) +/ ¢(0, s)dZ(s) (4.2)
[0,M) 0 0
forall ¢ € CX([0, M) x Ry) if and only if

1-Gx+1) !
(fs 1) =/ fx+ 1) ————no(dx) +/ f@&—s)1 =G —s))dZ(s) (4.3)
[0, M) 1 -Gx) 0
forall f € CX[0, M). In this case, the density q; is given by
1-G(x-)
q1(x) = (1 —-G(x—)Z(t — x) +f Wﬂo(dyl x € Ry (4.4)
[x—t,x) - ()’)

Remark 4.2. If 1 € D[%bs ) (M0, M)) satisfies (4.2) and o belongs to Mp[0, M), then it

o0

follows by (4.3) that u; € Mg[0, M ) for any ¢ € R.. Moreover, elementary integration by parts
formula from (4.4) leads to

t G -G
/ @ (dH (x) = / Z(t — )dG(x) + / GOFD-CW) a4y @)
[0,M] 0— [0,M) 1 -G(y)
t G -G
= / G(t — x)dZ(x) +/ Muo(dy)
0 [0, M) 1-G(»)
= Z() — (L, ) + (1. o). 4.6)

In particular, f[o a4 ())dH (x) < oo forany € Ry.

Lemma 4.3. Let (X, E, vo, 19) be an element of € R x BVy x M<1[0, M%) x MFp[0, M")
and (X,v,n) be a solution of its associated fluid equations. Let K, Q and R be defined
in (3.4), (3.6) and (3.8) respectively. Denote by q; the density of fot vsds and define D by

D(t) = f(; qs(x)dH®(x). If E is continuous and vy is a diffuse measure if G® is not continuous,
then all processes D, K, Q, R, v, n and X are continuous.

Using Lemmas 4.1 and 4.3 above, we will prove the uniqueness of the solutions of the fluid
equations. We shall then prove Lemmas 4.1 and 4.3. Even if we do not assume that the process E
is continuous, Theorem 4.4 below it is still true since the arguments used in the proof of Theorem
4.6 of [8] are also valid in our case. Nevertheless the continuity properties given by Lemma 4.3
simplify the computations on one hand and on the other hand, they will be needed in the proof of
the main result (Theorem 3.5). We shall therefore prove uniqueness of the fluid equations only
when the assumptions of Lemma 4.3 are satisfied.

Theorem 4.4. Let (Xo, E, vo, no) be an element of € R x BVy x M<1[0, M®) x Mp[0, M").
Suppose that E is continuous and v is a diffuse measure if G® is not continuous. Then there
exists at most one solution to the fluid equations associated to (Xo, E, vo, 10).

Proof. The proof follows from the arguments used in Theorem 4.6 of [8]. Suppose that
(Xl, vl nl) and (X2, V2, nz) are two solutions of the fluid equations. For each i = 1, 2, let
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Q', K, R, v and n' be the processes associated with the solution (X, vi, n'). Let g/ be the
density of fé vids and define,

Di(r) = f gl (x)dHS(x).
[0,M3]

Let 9A denote A2 — Al for A = Q, K, D, R, (1, v).
It follows by Lemma 4.1 that ' = 2. As a consequence of (3.6), (3.9) and (4.6) we have for
i=1,2,
K'(t) = (1,v]) — (1, v}) + D' (1)
= (Lv)) = X'(1) — (1, vp) + X'(0) + E(t) — R'(¢)
= Q'() — R'(1) + X' (0) + E(1)
and hence,
AK(t) = —3Q(t) — IR(1). 4.7)

Choose 6 > 0 and define 7 := inf{t > 0 : 9K (r) > &}. We will show by contradiction that
T = 00. Suppose that T < co.

For s < 1,90K(s) < 8 and therefore fOT 0K (t — 5)dGS(s) < 8. (recall that GS(0) < 1).
Hence, by (4.5), (4.6) and the continuity of d K given by Lemma 4.3, we obtain,

§=9K(t) = (1, v:) +3D(x) = (1, v;) + ft K (t — 5)dG3(s) < d(1, vg) + 6.
0

Then 0 < 9d(1, v;) and therefore, (1, vrl) < 1. It follows by the continuity of (I, v!), given by
Lemma 4.3, that (1, vl) < 1 in a neighborhood of 7.

Thanks to (3.10) and (3.6), Q'(s) = 0if (1, v!) < 1, then Q' = 0 in a neighborhood of t.
Therefore r := sup{s < 7 : Q%*(s) < Q'(s)} VO <,

30(r) =0 and 9K(r) <§, (4.8)

where the first equality is a consequence of the continuity of d Q given by Lemma 4.3. Equality
(4.7) leads to,

0K(t) —0K(r) = —(0Q(t) —90Q(r)) — (OR(z) — 9R(r))
= —0%t) +dR(r) — OR(1)

OR(r) — 0R(7)

T
_f / al{xfx(x)}dsps(x)dHr(x)v
[0,M"] Jr

A

where al{xgx(s)} = l{XS(F”S)_](QZ(S))} - l{xS(F’“)_l(Ql(S))}' But for any s € (r, T], QZ(S) >
Q'(s). Hence 0 < 31{y<y(s) for any x € Ry and then,

0K (t) < 9K (r) <4,

which contradicts the definition of §. This shows that T = oo and 0K (¢) < § forall t € R,.
Since § is arbitrary, dK (1) < 0 for all t € R. By symmetry we also have —9K (t) < 0 for all
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t € R4 and then,
0K(t) =0 forallt e Ry.

By (4.7),00(t)+0R(t) = Oforallt € R, . Suppose that there exists ¢ € R suchthatdQ(¢) > 0
and let s := sup{u < t : 3Q(u) = 0}. It follows by the continuity of 9 Q that 0 Q(s) = 0 and
00w) > 0 forall u € (s,t]. Hence for any u € (s,¢] and x € Ry, 9l{x<yw)) = 0 and
dR(s) = —9Q(s) = 0. This shows that 0 = dR(t) + dQ(t) > dR(s) + Q) = Q) > O.
This contradiction leads to dQ(¢f) < O for all ¢t € R. By symmetry, 0Q(t) > O forallt € R,.
Therefore,

30()=0 and dR(t)=0 forallt e R,.

Since K! = K2, it follows by Lemma 4.1 that vl = v2 and by (4.6), D! = D2, Finally,
thanks to (3.9), X' = X2. O

Proof of Lemma 4.3. In view of the expression for p,(x) (Eq. (4.4) for Z = E,G = G" and
o = 1o) and the continuity of E and G', the process R defined by (3.8) is continuous.

For any function f, Af(¢) denotes f(t) — f(t—). For Egs. (4.5) and (4.6), with Z = K and
G = GS®, we have for all t € [0, 00),

AK (1) = A(l,v;) + AD(t) 4.9)
t
AD(t) = A(/ Gs(t—s)dK(s)>
0
- ZAGS(t—s)AK(s). (4.10)

s<t

The second equality in the above equations is a consequence of the continuity of the second term
in the right-hand side of (4.5) (with uo = v and G = G®). This is due to the assumption that vg
is a diffuse measure if G° is not continuous.

It follows by (3.2) that for any x, ¢;(x) > gs(x) if ¢t > s. Therefore, D is increasing. From
(3.9) and the continuity of £ and R, AX(t) = —AD(t) < 0. Thanks to (3.10), A(1,v,) =
A1 A X(¢)) < 0. Hence (4.9) leads to

AK(t) < AD(t) Vt=>0. “4.11)

From the inequalities —A(1 A X(¢)) = |A(1 A X(@))] < |[AX(t)] = —AX(t) we obtain,
A(l,v) = A0 A X(2)) > AX(t) = —AD(¢t) and (4.9) leads to,

AK(t)>0 Vt>0. 4.12)

Set M = 1 A MS. We will show by recurrence that D and K are continuous in [0, LM] for all
L € N. For L = 0itis evident since D and K are right continuous.
Suppose that D and K are continuous in [0, L M], then from (4.10),

Z AD() = ( Z AGs(t—s)AK(s))
LM<t<(L+1)M LM<t<(L+1)M \LM<t<t
= Z ( Z AGS(t—s)) AK(s)
LM<s<(L+1)M \s<t<(L+1)M
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< Z AGS(1) Z AK (s)

O<t<M LM<s<(L+1)M
< Y AGn ). AD(),
O<t<M LM<s<(L+1)M

where the last inequality is a consequence of (4.11). But Y _,_,, AGS%(r) < 1, then
> Lm<i<(L+1ym AD(@) = 0. This shows that D is continuous in [0, (L + 1)M] and the same
holds for K thanks to (4.11).

The continuity of v and 7 is a consequence of Lemma 4.1. Finally, the continuity of X and Q
follows by (3.9) and (3.6) respectively. [

The following result will be used in the proof of Lemma 4.1.

Lemma 4.5. Let 1 a measure in Ry and T := inf{r € Ry : u[0,7) = oo}. If u is a Borel
function and locally bounded in [0, T) such that

u(t) = —[ u(s)u(ds) Vie<T,
[0,1)

thenu=0in[0,T)

Proof. We have |u(t)| < f[o 0 [ (s)|e(ds), then the lemma is a consequence of an extended
Gronwall inequality (see e.g. [14]). O

Proof of Lemma 4.1. We will prove that (4.2) implies (4.3). The converse follows by elementary
computations.

Take f € C°[0, M) and T > 0. Define ¢(x,t) = OT_t f(x + s)ds. Then for (x,s) €
[0, M) x [0, T] we have ¢, (x, s) + ¢s(x, s) = — f(x) and then,

T 00
[0 (@s (s 8) +ox (., 8), ug)ds = —/0 S()g(x, T)dx, (4.13)
where we used the notation g (x, ) = g;(x), (x,1) € [0, M) x Ry.

Besides, for any x € [0, M), t € Ry set q,+(x) =qgt(x,1) = limg ; g (s, x). Then for any
x € R} we have (see Remark 3.3)

T T
/0 @ (x, $)dsqs (x) = —p(x, 0)gq (x) _fo @s (x, $)g5 (x)ds

x+T x+T
gt / Fls)ds + / gt x £ T = 5)f(s)ds

and integrating the above equation with respect to H(dx) on [0, M] we get

T
/ </ p(x, s)dsqs(x)> dH (x)
(0.m1 \Jo

__ /00/ [qF(x,0) — g T(x, T +x — )] H(dx) f(5)ds. (4.14)
0 [s—T,s)

Elementary computations lead to

T oo
/ ¢(0,5)dZ(s) = / Z(T —s) f(s)ds,
0 0
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(0. 0, o) = fo polls — T.$) f(s)ds and @.15)
(@(, T, r) = 0.

Therefore, by (4.2) and (4.13)—(4.15) we have that for a.e. x € [0, M)

qx, T) = po(lx — T, x)) + Z(T — x) + / " (3,0) =g (y, T —x + y)IdH ().
[x—T,x)
Note that the right hand side of the above equation is left continuous in x and hence, equals to the
left hand side of (3.2) with u instead of v, that is, is a regular version of the density of fOT sds.
In particular, the above equation holds for any (x, T) € [0, M) x R. Then q is left continuous
in x, right continuous in ¢, go(x) = 0 for any x and for any (x, ¢) € [0, M) x R

Q(x,t)=M0([X—I,X))+Z(I—X)—/[ )q(y,t—x-ky)dH(y)- (4.16)
xX—t,X

Now we will show that the above equation admits a unique solution left continuous in x and right
continuous in ¢ given by (4.4).

If r(x,t) is left continuous in x, right continuous in ¢ and solves (4.16), then p(x,t) =
q(x,t) — r(x,t) satisfies p(x,1) = —f[x_t’x) p(y,t —x + y)dH(y). Fix t € R, and define
6 (x) = p(x,x +1). Then & (x) = — fio , PO, 1 + VAH(Y) = — [ig ) &(»)AH (), then by
Lemma 4.5, £ = 0 on [0, M). This shows that p = 0 on {(x,7) € [0,M) x R} : x < t}.
For x € [0, M) define u,(t) = p(t + x,t), t € [0,M — x) and the measure dH, by
dH,(A) :=dH(A + x) where A4+ x :={x 4z :z € A} foraBorel set A C [0, M — x). Then
ur(®) = = fi 00 PO Y = 0AHY) = = [0, PO+ x, MAH () = — [ig. ux(DdH (Y).
Then, thanks to Lemma 4.5, uy = 0 on [0, M — x). This shows that p = 0 on {(x,?) €
[0, M) x Ry : x > t} and therefore r = g on [0, M) x R;.

We have then shown that if u satisfies (4.2) then the density of fot usds is g;. If we denote

by m the process in Dﬁ)t?io) (M][0, M)) defined by (4.3), elementary computations show that the

density of fot meds is also g; for any ¢ > 0. Therefore fot weds = fot wsds for any ¢+ > 0 and by
right-continuity, 4, = w; forany r > 0. O

Lemma 4.6. Suppose that the hazard function h = g/(1 — G) exists. If u is an element
of Di0,00) (M0, M)) that satisfies (3.1) for Z € BVy and fol(l[o’m]h, us)yds < oo for any
m < M,t € Ry, then the measure fot wsds is absolutely continuous with respect to the Lebesgue
measure and its density q; satisfies ess sup{q:(x) : x < m} < oo for any m < M. In particular,
q; satisfies (4.1) for any t € Ry and p satisfies (4.2).

Proof. Evidently (3.1) can be extended to functions in CLI. ([0, M) x Ry). Fix m < M, for any
0<a<b<mande > Osuchthath + ¢ < m define £,(x) := 1 — e~ Y(e Ad(x, [a, b])) where
d(x, [a, b]) denotes the distance between x and [a, b]. Let r be a function in C°[0, M) such that
I”llco = 1 and 7(x) = 1 for x € [0, m]. Now define fg(x) = fox Le(z)dz and fe(x) = r(x)fg(x).
Note that £,(x) = 0 for x > m, then f/(x) = L.(x) + r/(x)fg(x). We apply (3.1) to f, and
obtain

/o (Ce, ps)ds = —/0 (r' fe, 1as)ds +f0 (feh, ps)ds + (fe, ) — (fe, o) — fe(0)Z(2).
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Since (fe. o) = 0:and £, (0) = 0,
t t t
/Owg,undssfo (felr’l,us>ds+/0 b ts)ds + (foo o).

Note that fg(x) < b — a + 2¢. If we define,

t t
. /0 (1], ) ds + fo AT @17)

then f(; (s, g)ds < ¢ (2e +b — a). The second and third terms on the right-hand side of (4.17)
are finite by the hypothesis about p and h. Since r' € CZ°([0, M)), the function t — {|r’|, w;)
belongs to Djo,«c)(R), then, the first term on the right-hand side of (4.17) is finite and therefore
cm < 0o. Forany s € Ry, us([a, b]) < (€,, us) and when ¢ — 0 we obtain

t
/ us(la,bl)ds < cpy(b—a) forall0 <a<b<m< M.
0

This shows that the measure fot wsds is absolutely continuous with respect to the Lebesgue
measure and its density g, satisfies ess sup{g;(x) : x <m} < ¢, foranym <M. O

5. Proof of the main theorem

The fluid equations admit at most one solution (}_( , U, ). In order to establish Theorem 3.5 it
suffices to prove tightness of the sequence (X, 5™ 7(V)) and that the limit of any convergent
subsequence satisfies the fluid equations. The approach of [8,10] cannot be used without the
assumption of existence of densities of GS and G". Besides, the convergence results of (X))
shown in [15,16] do not hold if we include reneging. Despite it seems possible to adapt many of
the results of [15,16] to the method of [8], martingale techniques are complicated even if we do
not consider reneging and then, we prefer to avoid them.

We will prove tightnesses of (")) and (i*™) in similar way as [8], that is, using a criterion
due to Jakubowski [7]. We will not prove tightness of (X™). Since the terms on the right-
hand side of (2.4) are increasing and uniformly bounded when 7 is fixed, we know that (X))
is relatively compact with respect to the topology of the pointwise convergence, this thanks to
Helly’s Theorem (Theorem 5.5). We will prove convergence of (XM (1)) to X (1) (along any
convergent subsequence) for any 7 in a dense set of R . The uniform convergence of (X™) to
X will be a consequence of the continuity established in Lemma 4.3 and a result of convergence
of increasing processes. (Theorem 5.5.)

To show convergence of (v™)) to ¥ is difficult even if we assume that G® admits a density g. In
fact, if we consider the integration by parts formula (3.1) and its analogue for ¥ given in [10],

the difficulty arises when we try to prove that if (¥™)) converges to v then ( fot (hf, ES(N))ds)
converges to fot (hf, vs)ds for any continuous function f and & := g/(1 — G®). This is evident

only when £ is continuous and it is proved in [10] with some additional assumptions of #, as for
example, semi-continuity. For a general distribution G® it will be necessary to show convergence

of ( f(; ES(N)ds) not only weakly but also in total variation. To this end, we will prove that the

density (j,(N) of fé a§N) ds with respect to the Lebesgue measure converges to g;, the density of
fO vgds.
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We will consider (V) as a sequence of C[o,«0) (L'(R4)), where L' (R,) denotes the set of
integrable functions with respect to the Lebesgue measure in R,. We will prove tightness of
(G™) yen and that any convergent subsequence converges to ¢. In an analogous way, we will
obtain convergence of 7V to 7.

Set R, (x) = (1 — G"(x))~! fot Lix<y(s)yds ps(x), where x was defined in (3.8). Thus R(¢)
= fﬂ‘{t(x)dGr(x). By the end of the paper we will prove that for fixed 7, RM i)y ~
f iﬁfv (x)dG"(x) for some function SRfV and that the sequence (%tN ) converges to R; outside
of a countable set (the continuity points of 2R;). Since we assume that G' is continuous, the
previous convergence holds G'-a.e. and then, we obtain convergence of R™Y) to R.

Before proving Theorem 3.5, we first introduce some additional notation and useful results
that will be proved in Section 6.

5.1. Preliminary results

Straightforward computations show that the measure fot DS(N)ds has a density with respect to
_(N) _.
the Lebesgue measure g, ~ given by

EWM) (1—x) 1 -0
~(N) —
4 ()= N Z 1{v[2x;oti(N)5t—x} + N Z l{x—tsai(N)(())<x§vi(N)}' G.D
i=—0§"+1 i=—xM41
Lemma 5.1. For any x,t € R, define
(1 -G%(x-))

~(N) (1 — (v NWEN)
7" ) = (1= G a—NEM (1 —x) + f[x_m) —G°0y)

We have that (j(N) — ?]\(N) € C[()’oo)(L1 (R4)) and if (Ny) is a sequence such that

5V (dy). (5.2)

<1
— < o0, 5.3)
k=1
then (g0 — gV converges P-a.e. to zero in C[o,oo)(L1 R4)).

For K € V" define vX be the element of D[%t?io) (MF([0, M®))) satisfying the Eq. (3.4), that
is, by Lemma 4.1, for f € BT (R),

t
(fvE) :=f0 £t =91 = G3(t — $)]AK (s)

1-G%(x +1)
+ KO,MS) flx+ Z‘)W\Jo(dx). (5.4)

Let 77 be the element of Dﬁfgo) (ME([0, M"))) satisfying the Eq. (3.5), then for f € BT (R),
t
(fsne) = /0 ft—s5)(1—G"(t —5)dE(s)

+ / flx PPl PR (5.5)
[0,M") 1— Gr(x) o ’ '
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Proposition 5.2. Let (Ny) be a sequence such that (5.3) holds. There exists 0, a subset of 12 of
P-probability one, satisfying for any w € §2:

L If (KN (w), DVO (w)) converges to (K (w), D(w)) in Djo.00)(R, Ju) x Djo.00)(R, Ju) for
some D, K € V0+, then ¥'NO) (w) converges to vK (w) in D10,00) (M <1 ([0, M)), J1).
2. r_)(N")(a)) converges to 1)(w) in Djo,c0) (MF ([0, M)), J1).

We recall that D) and K™ are given by (2.7) and that DY) = N~IpWM KN —
N7'K™ _ Due to the independence between the variables {r; : i € N} and the rest of variables
in the model, we can follow the martingale arguments developed in [15], for example, and to
show that DN) — D&V converges to zero in probability in Do ) (R, Jy), where

t
DM (1) :=/ Gs(t—s)dK(N)(s)+/
0 R,

ro_ GS(x +1) —G3(x) _
— (N) (s _ s (N)
= /_ KYW(t —$)dG>(s) —i—/R+ = G500) vy - (dx). (5.6)

GS(x +1) — GS(x)

S
e

Nevertheless, we will only prove (in Section 6) the following partial result that will be sufficient
for our purposes. In the sequel, the abbreviation a.e. stands for “almost everywhere with respect
to the Lebesgue measure”.

Lemma 5.3. Let (Ni) be a sequence satisfying (5.3). Then for P-a.s. w € (2,

(l_)(N")(a), t) — 5(N")(a), 1)) >0 ask —> ooforae t eR,.

Recall that RN = N~1R™M) where R™Y) is given by (2.9). It follows by Lemma 4.1 that the
measure fot nsds have a density with respect to the Lebesgue measure p; given by

_ -G
) = (1= G' (N E(t —x) + / d=G N5 ay).

5.7
[x—t,x) 1 - Gr()’) ( )

Proposition 5.4. Let (Ny) be a sequence satisfying (5.3). There exists 2, a subset of 2 of
P-probability one, satisfying for any w € §2:

If Q(Nk)(t, w) converges (along a subsequence) to Q(t, w) fora.e.t € Ry, for some Q(., w) €
D0,00)(R), then RO (@) converges (along such subsequence) to R(w) in Dio,00) R, Jy), where
R is defined by

t
R(1) ::/ / Lix<y(s)ds ps (x)dH"(x) (5.8)
[0,m11Jo

and x (s) :== (F)~1(Q(s)).

Finally, in the proof of Theorem 3.5 and the proof of above results, we will use repeatedly
Helly’s selection Theorem (see [2]) and Theorem VI.2.15 of [6]. We recall them for reader’s
convenience. We use the French abbreviation cadlag (resp. caglad) for “right continuous with
left limits™ (resp. for “left continuous with right limits”).
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Theorem 5.5. (i) Let (f")nen be a sequence of functions such that, for each n, f" is non-
decreasing or non-increasing and cadlag or caglad. Moreover assume that sup,, oy | f" (x)| <
oo for all x € Ry. Then for any sequence (ny) C N, there exists a subsequence (my) C (ng)
and a cadlag function f such that f™ (x) — f(x) for any continuity point of f.

(i) Let (f™")nen be a sequence of functions in V¥, moreover, assume that there exists a
continuous function f € VO+ such that f*(x) — f(x) for x in a dense subset of R. Then
S converges to f in Dpo.oo)(R, Jy) and forany t € R,

sup |Af"(s)] > 0 asn — oo.
s<t

Remark 5.6. The result in [2] is established for non-decreasing cadlag functions. But from its
proof, we can see that it is also true for sequences of non-decreasing caglad functions and for
sequences of non-increasing functions.

5.2. Proof of Theorem 3.5

Proof of Theorem 3.5. Denote by (X, v, 7j) the unique solution of the fluid equations associated
to (Xo, E, o, no). To show convergence of (XM 5N n(N)) to (X, D, 1) in probability is
equivalent to show convergence P-a.s. along any subsequence satisfying (5.3) or equivalently,
to show convergence P-a.s. along any subsequence (Ng) satisfying the conclusions of
Propositions 5.2, 5.4 and Lemmas 5.1, 5.3. (This last claim is a consequence of these same
results.) In order to simplify the notation, we assume without loss of generality that (Ny) =

that means, that there exists {2 C £2 such that P(£2) = 1 and for any w € 2 we have,

7™ (@) = (@) in Djg,e0) (M £ ([0, M), J1),
if there exist K (w), D(w) € V, such that KM (w) - K(w) and DV (w) — D(w) in
D[O,oo) (R, Jy) then

™M (@) > vE(@)  in Dy ee)(M=<1 ([0, M®)), J1), (5.9)
where vK was defined in (5.4),

(DM (w,t) = DM (w,1)) > 0 as N — oo forae.t € Ry, (5.10)
where D) was defined in (5.6),

@™ —q™) - 0 as N — oo in Cp,e0) (L (RY)), (5.11)

where 4V) and ™) are given by (5.1) and (5.2) respectively and finally, if Q") (w, 1) converges
to Q(w, t) fora.e. t € Ry, for some Q € D0,00)(R), then

R™M(w) = R(w) inDyp,c0)(R, Jy), (5.12)

where R is defined by (5.8). From now on we fix @ € 2 satisfying all above convergences. All
variables will depend on w, but we suppress it in our notation. It is enough to show that for any
sequence (N;), there exists a further subsequence (N ,) such that

(XN 5Nidy — (X, 5)  in Djo,00) (R, Ju) X Dyo,00) (M <1 ([0, M%), J1). (5.13)

B G_iven a sequence (N;), l_)y Theorgm 5.5(i)_, there exists a furt[ler subsequence (Nj,) and
D, K, R* € V7 such that (DM (t), KM (1), RN (1)) — (D(t), K(t), R*(¢)) (along N,,) for
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any ¢ outside of a countable set. We will show that (N, ) satisfies (5.13). In order to simplify the
notation, we assume again without loss of generality that (Nkj) = N, that is,

(DM (1), KM (1), RN (1)) = (D(r), K (1), R*(t)) forae.t € Ry. (.14)

Thanks to (2.4), XM (1) — X*(t) :== X(0) + E(t) — D(t) — R(t) fora.e. t € R.

Setv* = \_)K. We will show that (X*, v*, 7) satisfies the fluid equations for (X (0), E, v, 7o),
thatis, X = X* and v* = v.

It is clear that Q™) (1) — Q(t) := (X*(t) — DT for a.e. 1 € Ry, then it follows by (5.12)
that R* = R where R is defined by (5.8), that is, (X*, v*) satisfies Eq. (3.8). We claim that

_ ro_ GS(x) — Gs(x+t)_
_ _ S
D)= | K(t—s)G (s)Jr/]R+ [—osy o

(5.15)

In fact, for any ¢, continuity point of > [ K ( —s)dGS we have that KV (t —5) — K (t —s)
for dGS-a.e. s € [0, t], then by dominated convergence, the first term on the right hand side of
(5.6) converges to the first term on the right hand side of (5.15). Besides, since vy is a diffuse
measure if G is not continuous, for any ¢ € R the function

GS(x) — GS(x +1)
1— GS(x)

is vp-continuous and therefore, the second term on the right hand side of (5.6) converges to the
second term on the right hand side of (5.15) for any ¢+ € R. We have hence proved, that for a.e.
t € Ry, DM (t) converges to the right hand side of (5.15). Then (5.15) is the consequence of
(5.10). As a consequence of (5.15),

D(0) = K (0)G®(0). (5.16)
Note also that forany r € Ry and N € N, K™ (1) < D™ (1) + E™)(¢). By letting N — o0, we
obtain K (t) < D(t) + E(t). Since E(0) = 0, we have K(0) < D(0). This inequality, (5.16) and

the fact that G$(0) < 1 show that K (0) = D(0) = 0. It follows by Lemma 4.1 that v* satisfies
(3.4) and v = vo.

Denote by g;(x) the density of fo vyds which is given by (4.4) for Z = K and vy = 7g. We
get from (4.5) and (5.15),
D) = / g:(x)dHS(x) forallt € Ry, (5.17)
[0,M5]
and then X* satisfies (3.9). For any r € R and f € C,(R.) we have,

t
/ (f. r)ds = / £ (x)dx
0 R

= foo(l — G3(x)K (t — x) f(x)dx

s _bo(dy)
_ s
/ / (1-G7() f(x )d -GSy’
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The function y — (1 — GS(y))~! fnyr'(l — GS(x))dx is Do-continuous and bounded by ¢.
Therefore we have,

t [e¢]
/ (f,7{)ds = lim ( f (1= G K™M (1 — x) f (x)dx
0 N—o0 0

o0 y+t |_)(N)(dy)
el 0
+/0 /} 1-G (x))f(x)dx—l_Gs(dy) (5.18)
— lim / 7™ (o) ()
N—oo Jr,
= lim / g™ (x) f (x)dx
N—o0 R,
t
= lim [ (f,v™M)ds (5.19)
N—o Jo

where the second equality is a consequence of the definition of ) (given by (5.2)) and by
iterating integrals in the second term in the right hand side of (5.18) and the third equality is a
consequence of (5.11). In particular, if f = 1, it follows by (2.6) that

t t
/(1,\7;‘>ds= lim [ (1, p™M)ds
0 N—o0 Jo
t

= li 1—[1—-XM()]1")d
m [ (11 (9)17) ds

N—oo
t
:/ (1—[1—X*s)I")ds.
0

By right continuity, 1 —[1 — X*(#)]* = (1, v}) forall # € R. This shows (3.10) for (X*, v*).
With this method, we can show that (3.6) and (3.7) also hold for (X*, 1, Q).

We have shown that (X*, v, 77) satisfies the fluid equations, that is, (X*, v*) = (X, v).

Since K (0) = D(0) = 0, the continuity of Dand K given by Lemma 4.3 and Theorem 5.5(i1),
we have the convergence, (DM KMy — (D, K) in Dio,00) R4, Jy). Eq. (2.4) shows the
convergence of XM to X in Djg o) (R, J/). Finally, thanks to (5.9) we have the convergence
of ¥ to ¥ in Djg,00) (M <1 ([0, M®), J1)). O

6. Proof of the results in Section 5

The following lemma is useful in this section. We recall that ]?éN) was defined as the o -algebra
generated by (2.1).

Lemma 6.1. For any i € Z, define by {gtN ’i} the right continuous and P-completed filtration
generated by

[(FV ™ =1 e =gt = -0V i,

{vj:j:—X(()N)—}—l,...,i—l}}
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wherer; = r;N)forj <0andv; = v;N)forj = —X(()N) +1,..., Q(()N). Then for any t € Ry,
@M <ti>-x"+1egh
(N)

In particular, conditionally on féN), vj is independent of (a;" ", otﬁ.N), v;) if —Q(()N)+1 <i<]j.

Proof. The second claim of the lemma is a consequence of the first one and Assumption 2.1. Fix
N e N, for simplicity, we omit the dependence on N in our notation. Fori € Z and n € N, let
g,’"" be the o-algebra of 2N {Q¢p = n} givenby {AN{Qyp=n}: A€ g;'}. Since g,”"' C g;' for
alln e Nand {o; <t, i =—Xo+1,...,—n, Qo = n} € Fy, it is enough to show

{a; <13 Qo:n}egln’i foralli > —n +1,

and thus, will assume, without of loss of generality that there exists n € N such that Qg(w) = n
for all w € {2 and hence, we must show that fori > —n + 1, ¢; is an Qi—stopping time. We will
prove this fact by recurrence.

Suppose that oy is an G-stopping time for all k = —n + 1, ..., i. Define the processes,

i i

Qi(t) = Z I{Ek§t<f§k+rk;ak>t}, Ri(t) = Z I{EkJrrkft,ak:oo},

k=—n+1 k=—n+1
i i
XOAN= Y lgzicain) DO = > lgiu=.
k=—Xop+1 k=—Xop+1

The process D', for example, represents the departures of customers who arrived before i (with
i included). The number of customers present in the system at time ¢ and that arrived before i
(with 7 included) is given by

X' @) =X @) AN+ Q). 6.1)

By our recurrence assumption, all above processes are G'-adapted and hence G'*!-adapted.
In this case, define the following G/ +!-stopping times,

T(s) := inf{t > s : D'(t) > D'(s)}, fors € Ry,
U(m,s) :=inf{t >s:D'(t) + R (t) >m+ D'(s) + R'(s)}, forseR;, meN.
We have
{aiv1 <t} ={a; <t, ;41 <t}U{ajr1 <t,0 = 00} (6.2)
Since customer i + 1 cannot enter service before customer i,
{oip1 <t o =00} ={ai Nt =18 +ri <o) <t}
={ai At=1t&+r <oip <t, X' +r) < N}

o0
Ul Jlent=t&+r e <t, X'G+r) =1t (63)
=N

The first set in the right hand side of (6.3) happens when customer i abandons the system at
the moment of somebody finishes service, hence it is an event of P-probability 0 and therefore
,’+1-measurable. Besides, for £ > N,
i At=t8+r <o <t, X' & +r) =10}
={aiAnt=t§+r <t,§i11 <t,UC—N,§& +ri) < (iq1+rig) At}



A. Walsh Zuriiga / Stochastic Processes and their Applications 124 (2014) 1436-1468 1457

which is Qf+1-measurable. Hence the second term in the right hand side of (6.2) is Qf“-

measurable. For the first term in the right hand side of (6.2) we have,
foa; <t iy <t} ={a; <, Xi(ai) < N,ajy; <t}U{o; <t, Xi(oti) =N, ojp1 <t}
= {X'(@) < N.§it1 < 1,0 < Gt +rie) At}
Ui <1, X' () = N vt < 1, T(@) < Gir1 +rivn) At} (6.4)

Hence {o; < 1,041 <t} € Q,H'l and therefore {o; 1] < t} € Q,H'l forall t € Ry, thatis oj4 is

an g;' +1—stopping time.
In order to finish the proof of lemma, it remains to show that¢_, 1 isan G, ntl -stopping time,
but it can be shown using the arguments of (6.4) with i = —n and replacing «; by zero. [

6.1. Proof of Lemma 5.1

Proof of Lemma 5.1. For any N € N define Y™ and Z®) as follows, for any 7, x € R,

o 1 EM (1—x)
V@ =g 2 1wy (= = (1= G%@-))  and
i=—0f"+1
N - G5m)
S(N) W
Z,V(x) = — L w Loy ————— -
t N i_;\’)_H {x—t=<a;"’ (0)<x} < {x=<v;7"} 1 — Gs(al-(N)(O)))
- 0

Let (Vi) be a subsequence satisfying (5.3). We need to show:

(i) P-a.s., (f(Nk))keN converges to zero in C[o,oo)(L1 RL)).
(ii) P-a.s. (ZM0))en converges to zero in C[(),(X,)(L1 Ry)).

(=) — (1 = GS(x—))).

<t—x}

(i) Forany t,x € Ry and N € N define ¥ (¢, x) = 1 o
For any L € N set
LAEM) (1—x)
AN, x) = 5 oo fa.

i=——LAQ{ +1

It follows by Lemma 6.1 that for j > i > —Q(()N) +1,

Bl (0l o™, v, 7M1 =0,

1

then ]E[(/lg(t, x))?] < % and therefore,

00 2
E[(/ |A1LV(t,x)|dx) ] <tk [/I|A2V(t,x)|2dx]
0 0

2L1?
=< T (6.5)
Then by Borel-Cantelli Lemma, we have P-a.s the following: For any L € N and t € Q,
Ag" (t, x) converges to zero in L'(R) as k — oo. But for L > supy EM () v Q(()N), f,(N)(x) =

Ag (t, x) for all N € N. This shows that P-a.s., Y,(Nk) — 0in L'(R) for all t € Q.. In order
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to show (i), it remains to prove that P-a.s., (YN is relatively compact on C[o,oo)(L1 (Ry)) or
equivalently, to show that for any 7 > 0,

lim sup w()?(N), 6,T)=0,
§—0 NeN

where w denotes the continuity module on C[o,oo)(L1 (R)) (see e.g. [2]). Foranyr <t < T,

/ II?t(N)(x)—17r“*’)()c)|dx5/ (KMt —x) = KM@ — x))dx
0 0

t
=/ IZ(N)(x)dx
< (t —r) sup(EM(T) + 0.
NeN

Then for § > 0, supycy w(YM T,8) <8 supNeN(E(N)(T) + QE)N)) — 0asé — 0.
(i) We start proving that for any r € Ry, (Z,(N"))keN converges to zero in L'(R), P-a.s.
Toward this end we shall prove,

P-a.s., (Z(N"))NEN converges to zero in Llloc Ry) and (6.6)

P-ass., (Z™M)yey is uniformly integrable in L! R4). 6.7)
In the same way that we have proved (6.5) we obtain

E[(ZM ()21 < N7!, forallx € Ry,

(N
thus E[1Z{" 12, ]

Lemma. Besides

< >N~ for all £, N € N. Therefore (6.6) follows by Borel-Cantelli

(N)

-Q4

lim sup /OO ZM(x)dx < lim sup 1 Z fwl - dx
=00 yeN J o T €—00 NN N X ¢ {x—r=a;"" (0)<x}
=%
< lim sup tD(()N)(Z —t, 00)
{—00 NeN
=0, (6.8)

where the last equality follows from the fact that ﬁ(()N) converges to vy and therefore it is tight.

This shows (6.7). We have shown that P-a.s., (Z,(N") ) converges to zero in L'(R) for all t € Q.
In order to finish the proof we need to show that for any 7 > 0,

lim sup w(Z™V), T, 8) = 0. (6.9)
3—0 yeN
Forr < 1t,
S(N) _ () -
12" =z, ”LI(RJr) = N Z /0 l{ai(N)(O)<s§v;N)}l{s—tfai(N)(O)<s—r}dS
i=—xM+1
L oe
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DR ek i O d
1= Go@M - b= O=-nT
< 2(t —r).

Therefore w(Y™M), T, 8) < 25 forany 7,8 > 0. O
Proof of Lemma 5.3

Proof of Lemma 5.3. Let (Vi) be a sequence satisfying (5.3). For any ¢ € R and k € N define,

1{06-<Nk)+v-<t} — Gt - O‘,'(Nk)) ifi > _Q(()Nk) +1
N N

k=11 G3@™ ) + 1) — G3@™(0))
p; (f) = V) N oy =

| s 1 - GS(a™ (0))

ifi =—Xg"+1,....,-0p -
Then we have,
_ N | 00
e T L
N V)
i=—Xy © 41

It follows by Lemma 6.1 that E[pf (t)|ai(Nk), ozﬁNk), Vi, féN")] = 0 for —XéN) +1<i < j.Then
Elpf 0001 7M™ = E [ of OBLoE 0™, ™, v, FVF| =0

Therefore for any i < j € Z, ]E[pf,of; i> —X(()Nk) + 1] = 0 and for any L € N we obtain,

2
00 00 3 00 1 LNy L o] 5 00 1
E et L~ — St <2 L~ — < 00.
/0 I; 1; N Z(N) o0 a ; izt Nk
= = i=—LAXy 41 = =

Therefore, for P-a.s. w € {2, there exists A C R, of Lebesgue measure zero, such that for all
t e R+ \ ./4,

2
00 00 1 LNy
Z 173 Z & Z pf(w, )| < o0.
L=1 k=1 k. (Np)

i=—LAXy F+1

Hence, for all L € N, limg_, o0 le Z»LN]{LAXWWH pf(a), t) = 0. But for
== 0

L > sup[EM) (w, 1) v X(()Nk)(a))]

keN
and for all k € N,
| LN ) R
Y pf@.n)= D" (.0 — DM (..
i=LAX) 41

This finish the proof of lemma. [
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Proof of Proposition 5.2

In order to establish Proposition 5.2, we need the following result. Denote by S™Y) the
cumulative number of potential reneging, that is,

1 E(N)(t)
(N) —
§70) = N Z l{r,-+$,-“v)sr}

N
j==05"+1

and define SV .= %S(N).
Lemma 6.2. Let (Ni) be a sequence satisfying (5.3). Then (S™0)) converges P-a.s. to S in
Di0,00) R, Jy), where for any t € Ry,

G'(x) —G'(x+1) _

t
S®) = | G'@-—s)dE / d
(1) /0 (t —s)dE(s) + . =670 fo(dx).

Proof. Define S™) by

t
SM (1) ;=/ Gr(t—s)dE<N)(s)+/ o (x) Gx+n, 75" (dx). (6.10)
0 R, - G'(x)

In an analogous way to the proof of Lemma 5.3, we can show that there exists 2 C £ such that
P(2) = 1 and for any w € {2,

SV (@, 1) = SN (w, 1)) > 0 ask — oo forae. r € Ry.

Besides, since E is continuous and no is a diffuse measure, SV )(a), ) — S’(a), t) for all
t € R,. Therefore, for any @ € f}, SM(w, 1) converges to S(w, 1) for ae. t € R,. Since
S(w, .) is continuous and S(w,0) = 0, thanks to Theorem 5.5(ii), the convergence holds in
D[())oo)(R, Jy). O

Proof of Proposition 5.2. (1) Let (Vi) be a sequence satisfying (5.3) and let 12 be the subset
of w € £ such that (§VF (w) — g™ (w))ken converges to zero in Cjp.) (L' (R)). Thanks
to Lemma 5.1, P(2) = 1. Fix o € £ such that (K™ (w), D))oy converges in
Di0,00) (R, Ju) X Dyo,00) (R, Jy) for some K (»), D(w) € V,". We need to show that 7™V (w)
converges to vE(w) in D10,00) (M<1([0, M %)), J1). From now on, all variables will depend on
such w, however, in order to simplify the notation, we suppress it in our notation, moreover, we
will assume without loss of generality that (Ny) =

It is enough to show that for any 7' > 0, the sequence ({v,
{vX 11 €0, T1} on Do, 7y (M<1(Ry), J1).

First, we will prove

M) . e [0, T]}) NeN converges to

{(P™ . N e Ny U {vX} is a closed set of Djo,71(M<1 ([0, M)), J1). (6.11)

Indeed, if a subsequence (vV¥));cy converges to w in Dio,71(M<1([0, M)), J1) then for any
f €Cp(Ry) and r < T, we can show in the same way as (5.19) that,

t t t
f vE(frds = lim / BN (f)ds = / 115 (f)ds.
0 k—o00 0 0
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Then by right continuity v = & and (6.11) hold. We have shown in fact that any convergent
subsequence of (™)) must converge to vX. Therefore, (V) converges to vX if and only if

{E(N) : N e N} is arelatively compact set of Do, 71(M<1 ([0, M), Jp). (6.12)

In view of Lemma 3.3 of [7] and Remark 5.11 of [10], to show (6.12) it is sufficient to show
(6.13) and (6.14).

IK € M<1([0, M?®)) relatively compact : E,(N) cK, YNeNandr<T. (6.13)

{E(N)(f) : N € N} is arelatively compact set of Djo 7(R, J1) Vf € C; (R4). (6.14)

We start showing (6.13). The following argument was used in the proof of Lemma 5.12 in [10].

Since E(()N) converges to vy, it follows by Prohorov’s theorem that for any ¢ > 0, there exists

s(e) < oo such that

5V ([s(e), 00[) <& forall N € N.
Then for any N € N,z € [0,T] and ¢ > O, D(()N)([s(e) — 1t + T,00]) < ¢ and therefore,
5" ([s(e) + T, oo[) < &. Set

K:={neMcrRy):Ve >0, u(s(e) +T,00[) < e}

Then by Prohorov’s theorem, the set /C is relatively compact in M < (R4). Moreover EI(N) ek
forallt € [0, T] and N € N. This shows (6.13).

Now we will show (6.14). Using the classical criterion of tightness in Do, 71(R, J1), (6.14) is
equivalent to show that for any f € Cl} R4),

sup sup Dt(N)(f) < oo and (6.15)
NeNt<T
lim sup w' (0N (f), 8, T) (6.16)
§—0 yeN

where w’ denotes the continuity module on Dy o0) (R, J1) (see e.g. [2]). Since for any ¢ < T and
N eN, 3™ () < | flloo, (6.15) is evident. Besides, forany s < ¢ < T and N € N,

l o0

- (N - N

R T D DR s O AR
iy N)
i=—X, '+1

00
(N)
— Z f(ai (t))1{u1.(N)(s)<vi,ai(N)SS}
i=—xV+1

NS )
| X S@ O 0 s
i=—Xy +1

o0
N
_ E f(ai( )(S))l{ai(N)(s)<vi,(xi(N)§S} , (6.17)
i=—xM+1
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where v; = v )ifi < 0. The first term on the right-hand side of the above inequality is bounded
by

o0

HfHOON Z <l{afN)<t<oz(N)+v v<a(N) +1 (N)—i-v <t, a( )<v<a(N)+v,-})
i=—x{V+1
1 2 1 o
< — —
- ”f”OO N Z l{s<ot[(N)§t} + N Z l{s<a;N)+vi§t}
i=x{V+1 =X +1

= | floo( KM (1) = KM (5) + DM (1) — DN (s)).

For any i, | f(a{™ (1)) = f@™ ()] < I lecla™ (@) = a™(5)] < I f'lloc(t — 5). Then the
second term on the right hand side of (6.17) is bounded by (K ™) (s) + 1)|| f/lloo (t — s). Finally
we obtain,

5 ) = 3N < 1l BN @) = RN (5) + DN (1) = DM(5)
FIKM () + 11 lloot = 5)
and therefore, for any §,
w' @M ), T,8) < [ fllocw' (KN = DM T, 8) + 1| fllool K™ (T) + 116.
Since K™ — D™ converges to K — D, (K®™) — D))y is relatively compact and then

lim sup w' (D™ + K™ T,8) = 0.
=0 yeN

Besides, since supycy KMN(T) < oo, [KN(T) + 118 converges to 0 as § — 0. This shows
(6.16).

(2) This can be shown with the same arguments used in (1) with (7, E, S) instead of (vK,
K, D) and using Lemma 6.2 and an analogous result of Lemma 5.1 for the measure (F](N )). The
only difference is to show an equivalence to (6.13). That means, to show,

3KC, € Mg([0, M")) relatively compact : (N) CcK,, YNeNandr<T. (6.18)
But as in the proof of (6.13) it holds that for any ¢ > 0, there exists r(¢) < oo such that
5™ (lr(e) + T, o0]) < €. Setar == E(T) + 1 and

Kr={n e M<p(Ry) : (1, u) < arand u(Jr(e) + T, 00[) < & Ve > 0}.

Then by Prohorov’s theorem, the set K is relatively compact in M g(R.). Moreover n( ) ek
forallz € [0, T] and N € N. This shows (6.18). [

Proof of Proposition 5.4

We recall that the filtration {QIN ’i} was defined in Lemma 6.1. Denote by {H,N ’i} the
P-completed right continuous filtration generated by GV-/ and v; (vi(N) ifi € {—X(()N) +
—QE)N)}). For any i € {—X(()N) +1,...,0} UN, denote by X"/(r), the number of
customers present in the system at time zero and who have entered into the system before
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customer i (with i included). This process was already defined in (6.1) and it is adapted to the
filtration {H"'}. Fori € {—0" +1,...,0} UN define

UN = inf{s > si(N) - xNilg) < N

1

The cumulative reneging process (2.9) can be represented as follows,

EM (1)
(N) —
R(1) = Z l{ri+$i(N)§tAUiN}’
i=—0{"+1
where we use the notation r; = r(N) ifi € {— Q(N) 1,...,0}. Fori € N set

o0
N — r
PO =1 e < num) _/0 Hrg® <enumdG )

and fori € {— Q(N) 1...,0} set
N 1 OO r
P; (@) = 1{V;(N)+§;(N)SIAU,N} - T—él(m) /—S,-(N) 1{x+§[(N)§t/\UiN}dG (x).
Forall x, 7 € Ry let RV (x) and R™) (¢) be given by

N | EMo 1 0 l{x> £
Ry (x) = Z x+eM<tnUN} + N Z 1 - G'(— ‘;;-(N)) {X+-§(N =tnUMy |
= i=—0V+1

RM(r) = /Oo RN (x)dG" (x).
0

Then we have,

B N E(N)(t)
RV kMo =3 oo.

i=—— 0oV +1

Lemma 6.3. Let (Ni) be a sequence satisfying (5.3). Then for P-a.s. w € {2,

(RN (w, 1) — I’Q\(N’()(a), t)) >0 ask — ocoforaeteRy.

Proof. Note that U; N is measurable with respect to the o-- algebra generated by H and éi(N),

hence conditionally on .7-'5 ), r; is independent of {Ej(. ), U jN : Q(N), ..., 1} and therefore
]E[pl.N (t)p}v(t)|.7?éN)] =0if —Q(()N) 4+ 1 <i < j. Hence, the lemma can be established with the
same arguments used in the proof of Lemma 5.3. [

Forany 7, x € Ry define £V (x) and fN (x) by
FAIEE

(1 -G"(x)RN(x) and

1 EM (@) 1 0

N —

fi () = N Z 1{)H—S,»(N)St/\U,-N}1{"5”} + N Z 1{x+§,-(N)§tAU,-N}1{—5,-(N)<x§ri}'

i= i=—0f"+1
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The following lemma can be proved with the same arguments used in the proof of Lemma 6.3.
Lemma 6.4. Let (Ny) be a sequence satisfying (5.3). We have P-a.s.,

(7Vk(x) — ftN"(x)) — 0 ask — ooforae x e Ry., Vt € QT.

Proof of Proposition 5.4. It is enough to show the assertion of the proposition for any subse-
quence (V) that satisfies the conclusion of Proposition 5.2(2), Lemmas 6.3 and 6.4. We assume
then, without loss of generality and in order to simplify the notation that (V) = N, that is, P-a.s.,

TN yenw — i1 in Dyg,00) (M p (10, M), J1), (6.19)
RM@) = RM 1) > 0 forae.reR,y and (6.20)
(F¥x)— fNx) -0 forae.x R, ands € Q. (6.21)

_ From now on, we fix » which satisfies all the above convergences and such that oM () —
Q(1) for some Q € Djp,0)(R), fora.e. € R. All variables will depend on such w.
For any x, ¢ € Ry define

' x _
= 1o(ds)
%(x)::/l dE(s—x)—i—/ Ly (x— _—
1 0 {x(s)=x}Us et {x(x—s)>x} 1— Gr(S)
We want to prove the following. For any ¢ € Q4,
%fv (x) = R, (x) forallx € [0, M") outside of a countable set. (6.22)
Note that %y(x) = atN(x) - ,BZN (x), where
- 1 0 s g
OltN(.X) = E(N)(t) + N Z ﬁ and
oy 1= G
)
1 EZ® 1 0 1{x>—$-(N)-i-t/\U.N}
Bl =5 2 Le®omum ¥y 2 o
N o BN =0+ 1 Gr(—&™)
Note that for any € Ry and x < M",
X
_ 1
N -
=E(t —o(dy),
o (x) = oy (x) ()+/o 1—Gr(y)770( y)

and for any N € N, ,B,N is a non-decreasing functions such that Vx < M",

sup BN (x) < sup oV (x) < sup EM (1) + 1 sup 757 ((0, x]) < 00, (6.23)

NeN NeN NeN 1 —G"(x) yen
Then it follows by Theorem 5.5(i) that for any sequence (Ny) there exists a further subse-
quence (Nkj) such that ,3tN converges along (Ng j), to some non-decreasing function g; for any
x € [0, M") outside of a countable set. In order to prove (6.22) we need only to show that
B: = a; — R, because in this case, the set of x where the convergence holds, which is the
set of continuity points of R, is not depending on the subsequence (Ni;). The function B; is
determinate by the set of integrals

Mr
I/O (1 = G"(x))p(x) B (x)dx : ¢ € Cc[0, M) ¢,
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where C.[0, M") is the set of continuous functions with support in [0, M"). Therefore, if we
define f;(x) = (1 — G"(x))R;(x), (6.22) is equivalent to show that for any ¢+ € Q. and any
@ € C[0, M"),

lim ¥ )ex)dx = / £,(0)p(x)dx. (6.24)
N—)OO [O,Ml’) [O’Mr)

It follows by (6.23) that sup,. y ftw(x) < 00 and directly to the definition of ftN , SUp, N ftN (x)
< supNeN(E(N) 1) + QE)N)) < 00. Then thanks to (6.21) and dominated convergence, (6.24) is

equivalent to

lim ftN(x)qJ(x)dx = / fr(x)p(x)dx. (6.25)
N—o00 [0,M") [0,M")

Foranyi > —0¢" +1, (x : x+&™ <tAUN i x < i) = fx )M E +r) = riix <),

where for any s > 0, XiN) (s) denotes the left-limit of the function x (V) (s) defined in (2.8). Then

| EMa—0
N
fr@ =5 21: Lo iy Lz

0
I
N2 e e iz iz
i=—0f"+1

Elementary computations show that fot ﬁ§N)ds has a density with respect to the Lebesgue mea-

sure. This density is denoted by ﬁ,(N) and is given by

) | O 1 0
pr(x) = N Z Lirzx) + N Z ]{x—t<wFN)(0)<X<r[}'
=1 NPT - -
i=—Q0, +1

The function £,V admits the representation
t
N _ 5(N)
S ) _/0 1{)((_N>(S)Zx}dsps (x), forallx e Ry,
and then, for any ¢ € C.[0, M"),
M" t
N p()dx = f / L0 (5 718" (dx)ds.
0 0 JRy

Forany x € Ry, fi(x) = fot 1{X(N)(S)Zx}d_yﬁs (x), where p; is the density function of the measure
fé 7sds given by (5.7). The for any ¢ € C.[0, M"),

M" t
fi(0e()dx = / / Ly o127y () ds
0 0 Jr,

and (6.25) can be written as follows,

t t
lim / / L) (518 (dx)ds = / / 14 (s)=x) 715 (dx)ds. (6.26)
0 JR, 0 JR,

N—o00
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Define £ (s) = [ 1j,w (=@ @A"Y () and Lo(s) = Jr, Vix)=x)9(x)dijs (x). Then
(6.26) will be the consequence of the following fact.
If ™) (s) — Q(s) then £ (s) — £o(s). (6.27)

From now on, for two sequences (a,)neN and (by)nen, an ~ b, means that (a, — bn)nE_N con-
verges to zero as n — 00. The proof of (6.27) will be done in the following steps. If 0WM(s)
— Q(s)then,

HORAOES /R Lomsymn@((FT )71 (00)dy, (6.28)

)~ s) = fR Lo @ (P ) o0)dy, (629)
+

e (s) ~ £3(s) = A; 156y @(F™) 7 (y)dy  and (6.30)

£3(5) = €o(s) ©631)

where we use the convention ¢(oc0) = 0.
We have thanks to the change of variables formula,

=(N)
st=f1 ) Fs )y~ (y)dy,
0= Jo ez ODD
and this leads to,

loll 1o(s) — £ (s)| 5/ I
Ry

~(N) _ _(N) _ d
{(Fs =L QWM (s))=(Fs )~1(y); 0N (s) <y} Y

1. S(N) (N _ d
/]R+ 06,7 Py 1 o Y

= [F (FE) O ) - 0N (s)]
=i ({1 @M enl). (6.32)

_ S(N) = ~(N) _

Forany 7 € Ry, " ({(FF) 1 @M 6)]) = suppeery AFT (1) + 7V (T, o0)). By
the definition of ﬁ(N ) givqn by (5.5) and the fact that E is continuous and ¥y is a diffuse mea-
sure, the function x — Fs(x) is continuous. Hence, thanks to Theorem 5.5(ii) and the fact that
F)§N) converges to 7y, the right hand side of (6.32) converges to zero. This shows (6.28). The

— - -(N
convergence (6.29) is evident from Q™) (s) — Q(s). As a consequence of the fact that F s

_ _(N _

converges to F we have that (F”g ))’1 (y) converges to (Fs)~!(y) for any y < (1, 7j5) con-
tinuity point of (F)~! and converges to oo for any y > (1, 75) (see Theorem 13.6.3 of [18]).
Then (6.30) follows by dominated convergence. Since F* is continuous, the function (F fisy=1
is strictly increasing and then

Ly<on = i) 1m=m)-1@wn = Lo 1o =xe)-
Then (6.31) is got by a change of variables formula. This finishes the proof of (6.26) and therefore
(6.22) holds for any ¢t € Q.. Since G" is continuous,

RN — M, dG"-ae. forallr € Q,. (6.33)
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Forall N e N,t € Ry and x € [0, M") define

N | Qo P 1
S0 = N ; 1{x+§,-(N><t}+ﬁi=§)+lml{x—t<—§f”><x}
&,(0) = Et — ) + /{xm @

Forany N € N,z € Ry and x € [0, M"), R (x) < &) (x), [;° &Y (x)dG"(x) = SM (#) and
fooo S, (x)dG"(x) = S(z), where TS’;(N) and S, were defined in Lemma 6.2 and (6.10). As we have

seen in the proof of Lemma 6.2, S converges to S in Dio,00)(R, Jy) and therefore, for any
t € Rylimyooo [y &N (0)dG"(x) = [ &;(x)dG" (x). From Fatou’s Lemma we obtain

f (610 — R ()G () < lim inf / m(GIN (x) — R (x))dG"(x)
0 -0 Jo

- /OO G, (x)dG"(x) — lim sup/oo RN (x)dG" (x).
0 0

N—oo

Using the above inequality and Fatou’s Lemma again we get for all 1 € Q4

o) [e¢) [e¢)
lim sup / RN (x)dG"(x) < / R, (x)dG"(x) < liminf / RN (x)dG" (x).
0 0 N—oo Jo

N—o0

Note that fooo R, (x)dG'(x) = R() for R defined in (5.8) and therefore we have shown that

R™M () — R(t) as N — oo for all ¢ € Q.. The convergence is in fact in Do o) (R, Jy) thanks
to Theorem 5._5(ii) and_the fact that R is continuous. For this reason and (6.20), we obtain the
convergence RY) — R in Dio,0oy R, Jy). O
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