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Abstract

Exact sampling of the first passage event (FPE) of a Lévy process with infinite Lévy measure is
challenging due to lack of analytic formulas. We present an approach to the sampling for processes with
bounded variation. The idea is to embed a process for which we wish to sample the FPE into another process
whose FPE can be sampled based on analytic formulas, and once the latter FPE is sampled, extract from it
the part belonging to the former process. We obtain general procedures to sample the FPE across a regular
nonincreasing boundary or out of an interval. Concrete algorithms are given for two important classes of
Lévy processes. The approach is based on distributional results that appear to be new.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

The first passage event (FPE) of a Lévy process is an important subject in applied probabil-
ity [2-4,14-16,23,25,34]. In many cases, it is crucial to sample the FPE as completely as possible,
in particular, to sample the first passage time (FPT) and the values of the process just before and
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at the FPT ([35]; unless otherwise mentioned, by sampling we mean exact sampling). For pro-
cesses with infinite Lévy measures, except for a few, the distribution of the FPE is unavailable
analytically, which poses a serious hurdle to the sampling. In practice, there are various methods
to sample the FPE approximately [19] or to evaluate some of its parameters [36,37]. However, it
remains challenging and tantalizing to sample the FPE exactly.

This paper presents an approach to sampling the FPE for a rather wide range of real-valued
Lévy processes with infinite Lévy measure and bounded variation. Each such process is the dif-
ference of two independent subordinators, i.e., nondecreasing Lévy processes, which also have
bounded variation. Both types of processes are important in theory and application [3,13,21,24,
30,32,35]. The approach allows one to sample (1) the FPE of a subordinator across a nonincreas-
ing boundary that has certain regularity, (2) the FPE of a process with nonpositive drift across a
positive constant level, and (3) the first exit event (FEE) of a process with no drift out of a closed
interval that has 0 in its interior. A useful by-product of the approach is a sampling method for
infinitely divisible (ID) random variables alternative to the one in [8].

It should be noted that the approach as presented is not very practical due to its high com-
putational complexity; see however [35] for an efficient application of its simplified version to
real data. Rather, the motivation to attack the sampling issue at a conceptual level is to gain in-
sights into the distributional properties and structure of the FPE, which would help develop more
practical algorithms. The work is therefore more about theory than about application.

In Section 2, general procedures to sample the FPE or FEE in several scenarios are presented.
The main idea is “embed and extract”. That is, given a process for which we wish to sample
the FPE, embed it into another process whose FPE can be sampled based on analytic formulas,
and once the FPE of the latter process is sampled, conditional on the event, sample its part that
belongs to the former process. The validity of the procedures is established in Section 4 by
considering the distribution of the triple (tr, X(t—), X (1)), where X = (X1, ..., Xx), with X;
being independent subordinators, and t is certain FPT of X + - - - + X}. The results are related
to [23], which however does not consider t and the case of creeping; also see [3,4,13,14,16,30].
In Section 3, after a brief general discussion, the procedures are applied to two important types of
Lévy measures of the form ¢ (x) dx + x (dx), with ¢ a Lévy density and yx a finite Lévy measure.
The first type has

o) = 1{0<x5,}e_‘”yx_l_“, withg >0, y >0, r >0, a € (0, 1), (1.1)

which will be referred to as an exponentially tilted upper truncated stable Lévy density. This type
coincides with the one that has ¢(x) = (y + O(x))x""’1 as x — 0+, and gives rise to many
interesting processes [6,26-29,31], e.g. Lamperti-stable that has ¢(x) = 1{x>o}e’3" (X — 1)1
with 8 < o + 1 and x = 0. For this particular process, we can set r = oo in (1.1). However, in
general, r is finite. The second type has

1

9(x) =1px<ryye ¥*x7, withg >0, y >0, r >0, (1.2)

which will be referred to as an upper truncated Gamma Lévy density. This type coincides with
the one that has ¢(x) = (y + O(x))x~1 as x = 0+. The famous Vervaat perpetuity is of this
type [11,18]. More importantly, subordinators with this type of Lévy measures play a prominent
role in Bayesian survival analysis that uses F(f) = 1 — e~4® as a prior on the distribution
function of failure time, with Z a nondecreasing additive process [12,17,21,35]. To estimate
the main parameters of a survival model, multiple failure times need be sampled from F. In the
standard inversion method, F is fully specified and failure times are sampled as inf{z : F(¢) > u;}
with uq, ..., u, i.i.d. uniformly distributed on (0, 1) [10]. However, for Z with an infinite Lévy
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measure, F' cannot be fully specified as it has infinitely many random jumps in every interval
in (0, 00). Instead, one need first draw all of uq, ..., u, and then, given their values, sample
t; = inf{t : Z(t) > a;} for a single path of Z, where @; = —In(1 — u;). To do so, start with
a; = mina; and sample #; and Z(t;). For the rest a;’s, let t; = 1; if a; < Z(t;). Next, find the
smallest a; greater than Z(;), use the renewal property of Z to sample ¢; and Z(¢;), and so on,
until no a; is left (cf. [35]). Due to the jumps in Z, the probability to have equal ¢;’s is positive,
a property very useful for modeling data that have tied failure times. The application in survival
analysis highlights the importance of exact sampling of the FPE and strongly motivates the paper.

1.1. Notation and preliminaries

We will consider the FPE across a boundary that has certain regularity. A function ¢ on (0, c0)
is said to be regular if it is absolutely continuous and nonincreasing with c¢(0+) > 0, and is
differentiable on (0, 0co) \ F, with F a closed set of Lebesgue measure 0. If ¢ is regular, then for
any constant a > 0, ¢ A a is also regular.

For a Lévy process X, denote X ~ BV(II,d) if it has Lévy measure I/, drift d, and
bounded variation, i.e., f (Jx] A DII(dx) < oo and X has no Brownian component. Denote
by ID(I1, d) the distribution of X(1). If d = 0, then write BV(II) and ID(II) for brevity.
Denote by |/I| the total mass of II. For x = (x1,...,xx) € R¥, denote lx]l = > |xi|. Define
inf# = oco. A probability density function with respect to the Lebesgue measure will be simply
referred to as a pdf. For a, b > 0, denote by Gamma(a, b) and Beta(a, b) the distributions
with pdfs 1(y~0x¢ " 'e /2 /[ '(a)] and 1jo<x<13x*~ ' (1 — x)?~1/B(a, b), respectively, where
B(a,b) = I'(a)I'(b)/I'(a+Db). Denote Exp(b) = Gamma(l, b). Denote by U (0, 1) the uniform
distribution on (0, 1) and § the probability measure concentrated at 0. For k > 1, the Dirichlet
distribution Di(ay, ..., ax) with parameters @; > 0 is a distribution on R, such that for any
Borel function g > 0 on RF and w ~ Di(ay, ..., a),

Flag +---+a) L
E — 7 1 - St d. ceedxg— .
L)) =S T {aux,_mg(x)iL!x, X1 k-1

where in the integral x = (x1,...,x;) with xx = 1 — Zf‘;ll x;. Its pdf with respect to the

measure oy (dx) = Tgait ;20)dx - - dag—1 8(dxg — 1+ Y"1 xy) is D@y +- - -+ap) [To, 7"
Hf:l I'(a;), and will be referred to as its pdf. If k = 1, then for a > 0, define Di(a) = §(dx — 1)
and its pdf (with respect to o1 (dx) = 8(dx — 1)) to be constant 1.

Let v = ID(A) with A concentrated on (0, 0o). Given ¢ > 0, A,(dx) = e™9* A(dx) is called
an exponentially tilted version of A. If v, = ID(4,), then v,(dx) o< e”%*v(dx) [1,3,5,22] and
can be sampled by rejection sampling [10,19]. In general, if ¥ and v are two probability mea-
sures satisfying dv/dv o< ¢ < C, with ¢ > 0 a function and C > 0 a constant, then the rejection
sampling of ¥ proceeds by keeping sampling & ~ v and U ~ U(0, 1) (independently) until
CU < 0(%).

2. Sampling of FPE and FEE
2.1. FPE of subordinator

Let Z ~ BV(II, d) be a subordinator with |/I| = oo and ¢ a regular function. The FPE
of Z across c is characterized by the FPT tCZ ={t>0:Z() > c()} as well as Z(rCZ—) and
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Fig. 1. Sampling the FPE of a subordinator by embedding.

Z(‘CCZ). By the transformations Z (1) — Z(t) —dt and c(t) — c(t) — dt, assume without loss of
generality that d = 0. The main assumption here is

II(dx) = e™ 1y <,y A(dx) + x(dx), ¢ >0, 0 <r <o00, |x| <00, 2.1

such that, letting S ~ BV(A), the FPE of S across any regular function can be sampled. As
seen later, this is the case if e %" 1jy<,yA(dx) = @(x)dx, with ¢ as in (1.1) or (1.2). Let
X1 ~ BV(em " 1<) A(dx)), X2 ~ BV(Ljo<x<rj(1 — e79") A(dx)), X3 ~ BV(1x>rA(dx)),
and QO ~ ID(x) be independent. All the processes are subordinators, and all but X are
compound Poisson (CP). Since X; + Q ~ BV(II), we identify it with Z.

We first explain the scheme informally. For now let us ignore the CP process Q by assuming
x = 0, so that Z = Xj. As said in Section I, the scheme is “embed and extract”. Indeed,
by Z + Xo + X3 ~ BV(A), S is identified with Z + X, + X3. In this sense, Z is embedded
in S. As for the “extract” part, let b(t) = c(t) A r be the “target boundary” for S to cross and
T = rbS; see Fig. 1. By assumption, we can sample (t, S(t—), S(7)). Clearly, S(t—) < b(r) <r.
Given T = ¢ and S(t—) = s < r, we need to sample Z(t—). If ¢ = 0, then X, = 0 and
so Z(t—) = s. If ¢ > 0, the sampling is possible for three reasons. First, the conditional
distribution of Z(t—) is the same as that of Z(¢) given S(¢) = s, as if ¢ is fixed beforehand.
Second, the following simple but crucial fact holds: since X3 only has jumps greater than r,
S(t) = s < Z() + X2(t) = s. Third, by using properties of exponential tilting for ID
distributions, Z(¢) can be sampled conditional on Z(t) + X»(t) = s. In Fig. 1(a), we have
Z(t—) < S(tr—). However, as X, is CP, we may have Z(t—) = S(r—). Next, we need to
sample Z(t). The jump of S at 7 is Ag = S(r) — S(r—). By independence, only one of Z,
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Table 1
Sampling of (z, Z(t—), Az(t)), where T = rL.Z A K, cis regular or 0o, 0 < K < oo (finite if ¢ = 00). To start with,
T=H=D=0,A=K.

. If D = 0, then sample (D, J) ~ (T A A, Ag(T A A)) with T = inf{t : Q(¢) # 0}.

. Setb =c Ar.Sample t] ~ rg and sett =11 A D.

. Ift =t < D, then sample (s, v) ~ (S(t—), Ag(¢)) conditional on t[f =t.

Ift = D < t1, then sample s ~ S(¢) conditional on S(t) < b(¢) and set v = 0.

. Sample x ~ X (¢) conditional on S(t) = s.

. If v > 0, then sample U ~ U(0, 1) and reset v < UI{USK U<e—dv)-

.Update T <~ T +1t.Set A=v+1y_pyJ,z=x+ A, and update H < H + z.

.Ifz<c()andr < A, thenupdate A <— A —t, D < D —t,c(-) < c(- +1) — z, and go back to step 1; else output
(T,H — A, A) and stop.

© NN AW~

X5 and X3 can jump at 7, so Az € {0, Ag}. Fig. 1 illustrates two scenarios. If Ag > r, then it
must belong to X3, giving Az = 0. If Ag < r, then by comparing the Lévy measures of Z and
X», with probability e =745 (resp. 1 — e~945), Ag belongs to Z (resp. X»), giving Az = Ag
(resp. Az = 0). This gives Z(t) = Z(t—) + Az. If Z(tr) < c(t), then by strong Markov
property, the procedure is renewed for S with starting point (¢y, So) = (t, Z(t)). The procedure
eventually stops, yielding a sample of (rCZ ,Z ('L’CZ =), Z (rCZ ).

Note that, if ¢ is decreasing, then S may creep across ¢, i.e., Ag = 0, as marked by  in panel
(c). In this case, Az = 0 and moreover, if ¢ > 0, we may have Z(t) < S(r) and the procedure
has to continue; see the scenario marked by B in (c). The characterization of creeping across a
linear boundary is known [3,20]. Here, as ¢ may be nonlinear, we need further results on this
regard.

To implement the scheme, one may first sample 7, then (S(t—), S(r)) conditional on t, and
finally (Z(t—), Z(7)) conditional on (z, S(t—), S(r)). The sampling of t is the simplest. The
sampling of the rest will require several distributional properties of the FPE obtained in Section 4.

Formal procedure. Denote rcs = inf{t > 0 : S(t) > c(t)} and Ay the jump process of
Q. In the formal procedure in Table 1, the jumps in Q are taken into account in steps 1 and
7. In addition, a terminal point 0 < K < oo is introduced so that the final output is a sam-
ple of (t, Z(t—), Az(t)), where T = ‘L'CZ A K. In particular, if ¢ = oo and K = 1, then
Z(1=)+ Az(1) ~IDUI).

Theorem 2.1. Let ¢ be a regular function. The procedure in Table 1 stops w.p. 1, and its random
output follows the distribution of (t, Z(t—), Az(t)). The claim still holds if ¢ = oo and
K < oc.

2.2. Extensions to Lévy processes with bounded variation

Let Z ~ BV(II,d) take values in R with [II| = co andd < 0. Then Z = Z+ — Z—,
where Zt ~ BV(II) and Z~ ~ BV(IT~, —d) are independent subordinators with I7*(dx) =
11 (£dx). Suppose that for o = =+,

II° (dx) = exp(—q° x)1(x <0y A% (dx) + x7 (dx), ¢° =0, 0 <7 < o0, |x°] < o0,
2.2)

such that, letting S° ~ BV (A7), the FPE of S across any positive constant level can be sampled.
Note that at most one Z° is CP. If, say Z* is CP, the set ST = 0, so that the FPT of S across
any positive boundary is oo.
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Fig. 2. Sampling the FPE of Z across a > 0.

We consider the sampling of the FPE of Z across a constant level a > 0 and, assuming
d = 0, the FEE of Z out of an interval I = [—a~,a™] with constants a* > 0. Denote
tZ =inf{t > 0: Z(t) > a}and t¥ =inf{t > 0: Z(1) & I}.

As in the subordinator case, we first give an informal description for the sampling schemes.
The scheme for the FPE of Z across a > 0 can be presented in a more general setting. As Fig. 2
shows, it can be thought of as having Z* to “catch up” with a + Z~. To start with, let a be
the target boundary for ZT to cross and T = 7| the corresponding FPT. It is evident that before
T, ZT stays below a + Z~. However, at 7, since Z™ has a jump, it is possible for Z* to pass
a + Z~. We can use the procedure in Section 2.1 to sample Z*(r—) and Z* (7). Meanwhile,
as Z~ is independent of 7, we can also use the procedure to sample Z7 (t—) = Z (7). If
a+Z (1) < Zt(r),thent = raZ. Otherwise, set a + Z ™~ (t) as the new target boundary for Z+
to cross, with starting time point and value (7, Zg') = (7, Z%(1)). As long as limy— o0 Z(1) = 00
w.p. 1, the procedure eventually stops. For the scheme, the assumption that Z has d < 0 is
necessary, as otherwise Z™ can creep across a + Z~ with positive probability. If this happens,
the FPTs 1, 12, ... of Z* shown in Fig. 2 will converge to but never reach raZ , causing the
procedure to go on forever.

To sample the FEE of Z out of I, a modified version of the scheme in Section 2.1 can be used.
It is convenient to use the “phase plot” of the Lévy process W = (Z~, Z*), which shows the
trajectory of W on the plane. The FEE of Z out of I can be depicted as the FEE of W out of the
band {(x,y) : —a~ < y—x < a™}. Tostart with,leth™ = a~Ar~—,b" = a* ArT, and set the top
and right sides of the rectangle [0, b~] x [0, b™] to be the target boundary. In Fig. 3(a), 7~ > a~
and r+ < a™, resulting in the rectangle as shown. Now sample the FPE of S = (S~, S™) across
the target boundary. First, independently sample the FPTs of S* across b*. If, as shown in
panel (a), S~ makes a crossing at time t before ST, then sample (S~ (r—), S™(t)), and sample
St(r—) = ST(1) conditional on ST(r) < b*. We next can use the scheme in Section 2.1 to
recover Z* (7). In the scenario shown in Fig. 3, since the jump of S~ at 7 is greater than r~, it is
not part of Z~, so we end up with W(t) as in panel (b). The procedure is then renewed. As long
as Z # 0, the procedure stops eventually and produces a sample FEE of Z.

Formal procedures. As in the subordinator case, let 0 < K < oo be a terminal point. First, let
T =17 AK.If tZ < oo, then Z makes a positive jump at 77 [3, Exercise VI.9]. On the other
hand, Z makes no jump at K. Therefore the only possible jump that Z can make at 7 is positive,
giving Az(t) = Az+ (1), ZT(t) = ZT(1—=) + Az (1), and Z~(t—) = Z (). A procedure
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Table 2

(a) Sampling of (z, Zt (t—), Z7 (1), Az(1)), where T = 'L'uZ AK.Tostart with, T = HY =H™ =0,A=K,b=a.

1. Sample (¢, zt,v) ~ (zT, ZT (T -), Azt (z1)), where t+ = th+ AA. Setx =zt +.

2. Sample z— ~ Z~ (¢).

3.Update T <~ T +t, H <« H  +x, H <« H +z".

4. Ifx—z7 <bandt < A, thenupdate A <— A —t,b < b+ 7z~ — x, and go back to step 1; else output
(T,HT —v, H™,v) and stop.

(b) Sampling of (r, ZtT(z—), Z~(z—), Azt (1), Ay— (1)), Wwhere T = ‘[IZ A K. To start with,
T=Ht'=H =D=0,A=K,bt =a",b” =a".

L. If D = 0, then sample (D, J) ~ (T A A, Ag(T A A)), with T = inf{r : Q(r) # 0}, and set JE= (£J) vO.
2. For 0 = =+, sample 1 ~ ngr (0).Sett = tT At AD. (Note: w.p. 1, tT,t~, and D are different from each other.)
3. For o = %, sample (x7, v7) ~ (X] (t-), Axi‘ (1)) conditional on 7+ A T~ A D = ¢, by applying steps 3-6 in
Table 1 to X°.
4. Update T <~ T +t.Foro = £, set A =7 + 1([:1)}]”, 7% = x% + A%, and update H? < H? +z7°.
5.1fzF —z= e (=b~,bT)andr < A, thenupdate A < A —1,D < D —1,bt « bt + 77—z 7,
b~ <« b +zt—z,and go back to step 1; else output (7', Ht — At H-— A=, At, A™)and stop.

to jointly sample 7, Z*(t—), Z7(t), and Az(z) is presented in Table 2(a). By assumption,
Z* cannot be both CP. If 1T (resp. I1~) can be decomposed as in (2.1), then the procedure in
Table 1 can be called in step 1 (resp. 2) in Table 2. On the other hand, if one of Z¥ is CP, the
corresponding step is straightforward.

Theorem 2.2. Suppose lim;_, oo Z(t) = 00 w.p. 1 or K < 00. The procedure in Table 2(a) stops
w.p. 1, and its random output follows the distribution of (v, Z*(t—), Z7 (1), Az(7)).

Nowlett =t [Z A K and suppose Z has no drift. Then Z* have no drift, so Z makes a positive
jump if it first exits 7 at ™, and a negative jump if it first exists I at —a~. Thus 7, Z*(r—),
and A+ (t) characterize the FEE. A procedure to sample the random variables is shown in
Table 2(b). Init, for o = £, X7 are defined by the same rule in Section 2.1, Q ~ BV(xT+x),
and all the processes are independent. In each iteration, for ¢ = &+, we have to monitor when
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SO =X{+ X+ X ‘{ crosses b’ A r?, where b° is a constant obtained from a“. For brevity,
denote by beAr (o) the FPT of S? across b A r°.

Theorem 2.3. Suppose Z # 0 and 0 < a* < oo. The procedure in Table 2(b) stops w.p. 1, and
its random output follows the distribution of (t, Z*(t—), Z7(t—), Ay+ (1), A, (7).

3. Examples
3.1. Sampling issues involved

For the procedures in Section 2, the main task is to sample random variables of the following
types:

(1) the first jump of O ~ BV(x) with 0 < |x| < oo;
) tCS = inf{r : S(¢) > c(¢)} with ¢ being regular;
(3) (S(t—), As(t)), conditional on 75 = 1;

(4) S(¢), conditional on S(¢) < c¢(¢); and

(5) X1(t), conditional on S(t) = s < r.

For (1), the time and size of the first jump of Q are independent following Exp(1/|x|)
and x/|x|, respectively [3,34]. If |x| is unavailable or x/|x| cannot be directly sampled, the
following rejection sampling known as thinning can be used. Let i be a finite Lévy measure
such that dy = o du for some function o < 1. To start with, set ¢ = 0.

1. Sample s ~ Exp(1/|u|) and x ~ p/|p|. Update t <t + 5.
2. Sample U ~ U (0, 1). If U < p(x), then stop and output (t, x); else go back to step 1.

For (2), since S is strictly increasing w.p. 1 and c is nonincreasing,
Pr(z} <1} =Pr{S(t) = c(1)}, 3.1

which is continuous and strictly increasing in ¢+ > 0. If the distribution of S(¢) is analytically
available for each r > 0, then rCS may be sampled by the inversion method. Alternatively, if
S has scaling property, it can be utilized to sample 5. Both possibilities will be demonstrated
later. The sampling for (3) heavily relies on the distributional properties of the FPE obtained in
Section 4. The sampling for (4) has a generic solution, which is to keep sampling x ~ S(¢) until
x < a. However, by utilizing the structure of S(¢), it is possible to make the sampling more
efficient.

Finally, for (5), in the nontrivial case ¢ > 0, if S(#) has a bounded pdf g;, then in principle
rejection sampling can be used. Indeed, as X (t)+ X»(t) ~ BV(v) and X () ~ BV(e~?*v(dx))
with v(dx) = t1y<,1 A(dx), Pr{X () € dx} oc e79* Pr{X1(¢t) + X2(¢) € dx}. On the other hand,
for x € (0,r], Pr{S(¢) € dx} = Pr{X3(t) = O} Pr{X(¢) + X2(¢) € dx} as X3(¢) is either O or
>r. Then X (¢) has a pdf on (0, r] which is in proportion to e~7* g;(x), giving

Pr{X (t) edx | S(t) = s} xe ¥g,(x)Pr{s — Xo(t) € dx}, se€(0,r]. 3.2)

Thus, we may keep sampling x ~ s — Xp(t) and U ~ U (0, 1) until U < e~ 9*g,(x)/ sup g; and
then output x. Since X;(¢) is CP, its sampling is standard. However, g; can be hard to evaluate.
To get around the problem, the structure of S(¢) may be exploited.
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3.2. Exponentially tilted upper truncated stable Lévy density

Let Z ~ BV(p(x)dx + x(dx)) with ¢ as in (1.1). We next apply Table | to devise an
algorithm to sample the FPE of Z across a regular boundary c¢. Using Table 2, an algorithm
can be devised to sample the FPE of a process with nonpositive drift across a constant
level, or the FEE of a process with no drift out of an interval, when the Lévy measure is
LoexertyyTe ™ x7170  de 4 1 gy e “|x|717Y dx 4 x(dx) with aF € (0, 1).
The details are omitted for brevity. The algorithm can be extended to finite mixtures of upper
truncated stable Lévy densities as well; see [9] for details.

To start with, S = X + X»+ X3 is stable with E[e *5"] = exp{—ty ['(1 —a)a~ 'A%}, A > 0.
By scaling ¢, assume y = «/I'(1 — «). Then the pdf of S(1) is

)= —— / " . 0)d6 3.3)
I—wr Jo

where for 0 € (0, 7) and x > 0, letting h¢(#) = sin[(1 — a)@][sin(af)]*/ 1= (sin§)~1/(1=)
h(x,0) = 1{x>0}h0(9)x_1/(1_“) exp{—ho(0) x~*/1=®} The sampling of S(1) is well
known [7,10,38]. Define ¢ (x) = l{x;,go}x’l(l —e ") + 1= and My, = (1 —
a)l-Veg=1-le,=l/¢ Giyen 0 < K < oo, the following algorithm samples T = rL,Z A K,
Z(t—), and Az(7) jointly. To begin with,set T = H =D =0, A = K.

1. Sample (D, J) as in step 1 in Table 1.
2. Seth = ¢ Ar. Sample S(1). Set 1 such that t,/*S(1) = b(11), 1 = t; A D, and z = b().
3.Ift = 11 < D, then set wg = —b'(¢), w1 = yz'7%/[a(1 — )], and do the following steps.

(Note: w.p. 1, b is differentiable at r with a nonpositive derivative.)

(a) Sample ¥ ~ U(0, ) and ¢ € {0, 1} with Pr{t = i} = w;/(wp + wy). If ¢ = 0, then
set s = z, v = 0; else sample 81 ~ Beta(l, 1 — «), B> ~ Beta(e, 1), and set s = Bz,
v=(z—15)/B2.

(b) Sample U ~ U (0, 1).If U > h(t~'/%s, 9)/M,, then go back to step 3(a).

4. Ift = D < t1, then sample S(¢) conditional on S(#) < z. Sets = S(¢) and v = 0.
5.Setm = s'""%yql'(1 —a),dy = k' T'(1 + k(1 — a)), Cx = m*/dy, and C = Y 22 Cx, and
do the following steps.

(a) Sample ¢+ ~ U (0, ) and « € {0, 1,2...}, such that Pr{x = k} = Cy/C.

(b) If «k = 0,setx = s, 0 = 1; else sample B ~ Beta(l, k(1 — «)) and (w1, ..., ®x) ~
Di(l —«,...,1 —a),and setx =58, 0 = [[; ¥ (g(s — x)w;).

(c) Sample U ~ U (0, 1). If MU > pe 9 h(t~/%x, ), then go back to step 5(a); else go
to the next step.

6. The rest is the same as steps 68 in Table 1.

The steps of the algorithm correspond one-to-one to those in Table 1. Only the details of
steps 2, 3 and 5 need to be verified. With 7; being the unique solution to r'/*S(1) = b(¢), from
(3.1) and the scaling property of S, Pr{rbs <t}= Pr{tl/"‘S(l) > b(t)} = Pr{t; < t}. Thus the
(11, t, z) in step 2 is a sample of (tbS, T, b(t*)), where t* = rbs A D. Given rlf =fand t* =1,
by step 3in Table 1,ift = #; < D, then we need to sample (S(t—), Ag(¢)) conditional on tl;g =t.
From Theorem 4.4 in the next section, letting z = b(t), wo = |b'(£)], wy = yzl_"‘/[oz(l —a)l,

Pr{S(t—) e ds, Ag(t) € dv | ‘L’bS =t} x g/ (s) [wod(ds — z) 6(dv) + wip(s, v)ds dv],

where p(s,v) = ljo<z—s<pjor(l — o)z 1 t*y~1=¢ js a pdf. Define (¢, ¢, V) such that Pr{i =
00 = 1-P{t = 1} = wo/(wg + wy), Pric = z,V = 0 | ¢+ = 0} = 1, and
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Pr{¢ €eds, Ve dv |t =1} = p(s,v)dsdv. Let & ~ U(0, w) be independent of (¢, ¢, V).
Then by g;(s) = 1=/« f(1=1/%s),

Pr{S(r—) e ds, As(t) e dv | ) =1}
x /h(t_l/“s,O)Pr{ﬁ €dd, tedi, ¢ eds, V edv), (3.4)

with 6 and i being integrated. Step 3(a) samples (7, ¢, ¢, V). To see this, note that (¢, V) ~ p
ife =1-— Ull/(l_a))z and V = (z — {)U{l/a, with U; i.i.d. ~ U(0, 1). Next, for x > 0 and
0 € (0,m),

h(x,0) < sup |ho(0) x sup(z/¥e 0@ | = o= 1%e=l/® qup ho(o)' 1/
6e(0,m) >0 6e(0,m)

By sin(t6)/ sin(@) > t for @ € (0, w) and t € (0, 1), ho(0) > (1 —a)a®/1=%) so h(x,0) < M,.
Thus step 3 is rejection sampling of the distribution in proportion to 2 (r~/%s, §) Pr{t} € d6, 1 €
di, ¢ €ds, V € dv}, soby (3.4), (s, v) is a sample of (S(t—), As(¢)) conditional on t,f =1.

By step 5 in Table 1, given (t*, S(t*—)) = (¢, s) with s € (0, r], we need to sample X1 (¢)
conditional on S(#) = s. To this end we shall use (3.2). Since X»(¢) is CP with Lévy density
W) = Ly =ty (1 — e 95)x 17,

Pr{X,(t) € s —dx} o 1jp<x<s) |:5(dx —s)+ Z
k=1

AR (s — x) dx
k! ’

]_[f=1 A(wv;) ox(dv) with oy the measure specified in Section 1.1. Since 0 < w < s
definition of i and Dirichlet distribution, for any v = (v, ..., vx) with v; > 0 and ||v||

r, by

where A** is the k-fold convolution of A. For w > 0 and k > 1, k*k(w) = fwk_l
<
=1,

=~

k= 11_[A(wv)—wk l(f)/)knl_e quv; — pk-o)— l(t]/)k kl_ll//(qul Hiot

1+o
(wo;) i=1 izt Vi

- livart - of
T(k(l —

=w fe( )]_[df(qu,
with fi _the pdf of Di(l — ¢, ..., 1 —@). Let wx ~ fx. Forx € [0, s] and w = (wy, wa,...) €
Uj>1 R/, define o(x, w) = ]_[{-‘=1 ¥ (g(s — x)w;), with k the dimension of w. Then

[tygl (1 — ))f
I'(k(l —a))
Since 1jg<y<s 1k (1—a) (s —x)K1=0=1 /k(1=0) i5 the pdf of s with B ~ Beta(1, k(1—a)), then

MR (s — x)dx = kICk Pr{spBr € dx}E[o(x, wr)], where Cy is as in the algorithm. This combined
with (3.2) and (3.3) yields

AK(s — x) = (s — x)kd—0=1 Elo(x, wy)].

Pr{Xi(z) € dx | X1(¢) + X2(t) = s}
oc /n e h(t~"/%x, 0)d0 {6(dx —5) + Y Ci Pr{spi € dx}E[o(x, a)k)]} .
0 k=1

Now the treatment is similar to step 3. Define random vector (x, ¢, ), such thatx € {0, 1,2, ...}
with Pr{k = k} o« Cg, conditional on k = 0, { = 5, w = 0, and conditional on x = k > 1,
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¢ ~ sPr and w ~ wy are independent. Finally, let % ~ U (0, ) be independent from («x, ¢, ).
Then

Pr{X;(#) € dx | X1(1) + X2(t) = s}
x /equh(fl/“x,@)g(x, w) Pr{® € d9, k € dk, ¢ € dx, w € dw},

with 0, k, and w being integrated. It is then seen step 5 is rejection sampling of X (¢) conditional
on X1(t) + Xo(t) =s.

3.3. Upper truncated Gamma Lévy density

Let Z ~ BV(II) be a subordinator with II(dx) = 1{o<x§,}e_xx_l dx + x(dx) and ¢ be
regular. For Lévy measures fY(dx) = @(x)dx + x(dx) with p(x) = 1{0<x5;}ye"”x’1, g >0,
y > 0, the sampling of the FPE can be reduced to that for /7. Indeed, if 7~ BV([Y ), then letting
r =gqgrand x(dx) = x(dx/q), Z(t) = qZ(t/y) ~ BV(II) and so the FPE of Z across ¢ can be
obtained from that of Z across gc(t/y).

The sampling here is somewhat simpler than the one in Section 3.2, as exponential tilting
itself is part of the Gamma Lévy measure. Let X; ~ BV(l{oqgr}e_xx_1 dx), X, ~
B\/(l{x>r}e_)‘x_1 dx), and Q ~ BV(yx) be independent. Then § = X;| + X, is a Gamma
process with S(1) ~ Exp(1). Given 0 < K < 00, an algorithm to sample T = tCZ ANK, Z(t—),
and Az (7) jointly is as follows. To begin with,set T = H =D =0, A = K.

1. Sample (D, J) as in step 1 in Table 1.

2. Seth = cAr.Sample U ~ U(0, 1). Set #; such that fb"(‘;l)xflfle*x dx/I'(t1) =U,t =1 AD,
and z = b(¢).

3. Ift =t; < D, thenset wg = —b'(t), w; = 2B(t, 1/2)z/e, wy = 1/t,

R (x, v) = Ljgezmxcpzzge VA — x/2) 2 In[(1 — x/2)711/2,
ha(x,v) = 1{0§zfx<z<u}ze_x/v,

and do the following steps.
(a) Sample ¢ € {0, 1}, such that Pr{t = i} = w;/(wo + w1 + wy). If t = 0, then set x = z,
v =0,n = 1;if ¢« = 1, then sample 8 ~ Beta(z, 1/2), & ~ U(0, 1), and set x = z8,
v =2z(1 = B)%, n = hi(x,v);if L = 2, then sample B ~ Beta(t, 1), & ~ Exp(1), and set
x=zB,v=z+& n=nhyx,v).
(b) Sample U ~ U (0, 1). If U > n, then go back to step 3(a).
4. If t = D < t1, then sample y ~ Gamma(D, 1) conditional on y < z.Setx =y, v =0.
5. The rest is the same as steps 68 in Table 1.

To verify the algorithm, from (3.1) and S(#) ~ Gamma(z, 1),

1 o0
Pr{z’ <t} =Pr{S(t) > b(t)} = — t=17% dx,
r{t; <t} =Pr{SQt) = b(1)} %0 bmx e " dx

which is continuous and strictly increasing in ¢. Thus step 2 uses the inversion method to sample
rbs and the (#1, t, z) it generates is a sample of (rbS, ™, b(t*)), where t* = rbs A D. Given

rbs =t and t* = ¢, by step 3 in Table 1, if t = #t; < D, then we need to sample (S(zt—), As(t))
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conditional on t,f = t. Let g; denote the pdf of Gamma(z, 1). From Theorem 4.4, for x, v > 0,

Pr(S(i—) € dx, Ag(r) € dv | 75 =1} o |B'(1)]g:(2)8(dx — 2)8(dv)

+ Lo<z—x<v)g(X)v e " dx dv
o< |/ (1)]8(dx — 2)8(dv)
+ q1(x,v)dx dv + g2(x, v) dx dv,

where, letting ¢ (x, v) = g;(x)e™Y/[vg:(2)],

q1(x,v) = Ljo<z;—x<v<z}q (x, V), q2(x,v) = Ljo<z—x<z<v}q(x, V).
Now g (x, v) = (x/z)'~1e?™* 7V /v. Let
(/211 —x/2)71? 1

=1 <z—x<v< ’
p1(x,v) {0<z <z} B 1/2)z o In[(1 — x/2) 1]

m(x,v) = 1{O§z—x<z<v}t(X/Z)t_lez_v/Z-
Fori =1, 2, pj(x,v) is apdf and ¢; (x, v) = w;h; (x, v)p;(x, v), where w; and h; are defined in
the algorithm. It is easy to check A;(x, v) < 1 fori = 1, 2. Define ho(x, v) = 1. Define (¢, ¢, V)
such that ¢ € {0, 1, 2} with Pr{t = i} = w;/(wo + w| 4+ wy), conditional on ¢t = 0, { = z and
V =0, and conditional on ¢t =i € {1, 2}, (¢, V) has pdf p;. Then

Pr{S(r—) € dx, As(t) edv | 77 =1} = /hl-(x,v)Pr{c € di, ¢ € dx, V e dv},

with only i being integrated. It is easy to check that (z8;,z(1 — 8,)Y) has pdf p;, with 8, ~
Beta(z, 1/2) and U ~ U (0, 1) independent, and (zf;, z +&) has pdf py, with 8, ~ Beta(z, 1) and
& ~ Exp(1) independent. Then step 3 in the algorithm is rejection sampling of (S(r—), Ag(t))
conditional on be = t. Since S(t—) sampled by step 3 or 4 is exactly X (z—), there is no need
for a step like step 5 in Table 1. We can directly proceed to steps 68 in Table 1.

4. Distributions of the FPE
4.1. Main results and the proof of Theorem 2.1

Consider the following general setting. Let X ~ BV(JI) take values in [0, c0)* and
Ay be its jump process. Then S = | X| ~ BV(IIs) is a subordinator with IIg(ds) =
1{x>0} f I{HxHEds}H(dx) and AS = ||Ax|| Denote Hs(s) = Hs(s, OO)

Theorem 4.1. Suppose |II| = oco. Fix a nonincreasing function ¢ € C(0, oo) with c(0+) > 0
and put T = ‘L’CS. Then (1) fort > 0, u € [0, oo)k, and 0 #£ v € [0, oo)k,

Pr{r edt, X(v—) € du, Ax(v) € dv} = Lio<c(t)—fuf<|lo)ydt Pr{X (¢) € du} II(dv)
4.1)

and
Pr{r e dt, X(t—) € du, Ax(r) =0}
=Pr{r eds, S(t) =c(0)}Pr{X(@) edu | S) =c(®)}; “4.2)
and (2) fort > 0, s € [0, c(t)], z > c(t) — s, u € [0, 00)K, and 0 # v € [0, co)¥,
Pr{X(t—) edu, Ax(z) edv |t =1t S(z—) =s, As(r) =z}
=Pr{X (1) € du | S(t) = s} II,(dv) 4.3)
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and
Pr{X(t—)edu|1=1t, As(t) =0} =Pr{X(#) edu | S(t) =c@®)}, 4.4)
where II,(dv) = Pr{V e dv | ||V || = z} with V following the normalization of (||v|| A 1)II(dv).

We next obtain the pdf of ‘L'CS at the event that S creeps across a differentiable segment of c. For
linear c, the pdf is already obtained in [20]. We need the following condition on the distribution
of S, which is satisfied by both stable and Gamma processes.

Definition 4.2. S is said to satisfy the continuous density condition, if S(t) has a pdf g; on (0, co)
for each ¢ > 0 and the mapping (¢, x) — g;(x) is continuous on (0, 0o) x (0, o).

Proposition 4.3. Let ¢ € C(0, 00) be nonincreasing with ¢(0+) > 0 and differentiable on an
open nonempty G C (0,00). Put v = tcs. If S satisfies the continuous density condition, then
fort e G

Pr{t edt, S(v) = c(v)} = =c'(t)g: (c(2)) dt. “4.5)

Theorem 4.4. Let ¢ be regular. Fix a closed set F with £(F) = 0 such that c is differentiable on
(0, 00)\ F. Putt = ICS. Then under the continuous density condition on S, w.p. 1, T € (0, c0)\ F
and for u € [0, 00)* and 0 # v € [0, co)k,

Pr{X(t—) €du, Ax(r) € dv |t} = Z(t) " e (du, dv), (4.6)
Pr{X(t—) edu, Ax(r) =01} = Z(r)flvf(du), “@.7
where fort € (0,00) \ F, letting ¢(t) = —c' () g, (c(1)),

c(t)
Z(@t) = é@t) + M s(c(t) — s)Pr{S(t) € ds},
0

ue(du, dv) = 1{050(t)—||u|\<||v\|} Pr{X (t) € du} I (dv), and v;(du) = c(t) Pr{X () e du | S(¢t) =
c(n)}.

Based on the above results, we are ready to give

Proof of Theorem 2.1. We only deal with the case where c is a regular function. The case where
¢ =o0and K < oo is similar. Let Z, S, X, X», X3, and Q be defined as in Section 2.1. Put
X = (X1, X2, X3). Then S = || X||.

Consider the first iteration in Table 1. As A = K, D =T AK.Fort < D, Z(t) = X (¢).
Note that b = ¢ A r is regular. In step 2, 71 is a sample of tbS and ¢ that of t* := tlf AT AK.
By independence of S and Q, #; # D w.p. 1, so either #; < D or t; > D. Then the (s, v) in
steps 3—4 is a sample of (S(7*—), Ag(t*)) conditional on t* = ¢. For step 3, this is clear. As for
step 4, notice that if ; > D, then w.p. 1, S(D—) = S(D) < b(D).

Given (t*, S(t*—), As(t*)) = (¢,s,v), steps 5-6 sample X (t*—) and A;(r*) :=
X1(t*) — X1(t*—) from their joint conditional distribution. Indeed, if t+ = #; < D, then
by Theorem 4.1(2), X(t*—) and A;(z*) are independent under the conditional distribution,
following the distribution of X(f) conditional on S(#) = s and that of A;(¢) conditional
on Ag(t) = v, respectively. This is still true if t = D < t, as X(D—) = X(D) and
Ay(D) = As(D) = O0w.p. 1.Bys < b)) <r,Pr{X1(t) € dx | S¢) = s} = Pr{X,(¢¥) €
dx | X1(t) + X2(t) = s}, hence the sampling of x in step 5. Clearly, Ag(t) = 0 implies
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Ay(t) = 0. Suppose Ag(t) = v > 0. The support of [Ty is within {(x1, x2,x3) : x; >
0, at most one is nonzero}, such that for y > 0, IIx(dy x {0} x {0}) = e 1<, A(dy),
IIx ({0} x dy x {0}) = (1 — e"¥)1{<,3A(dy), and IIx ({0} x {0} x dy) = 1{y>,)A(dy). Then
by Theorem 4.1(2), Pr{A(¢) e dy | As(t) = v} = II,(dy x {0} x {0}) = 1{y—y<,je” 7", hence
the updating of v in step 6.

Put together, the (¢, x, v) generated by the end of step 6 is a sample of (¥, X (t*—), A1(t¥)).
It follows that the A and z in step 7 are samples of Az(t*) = Aj(r*) + Ap(r*) and
Z(t*) = X1(t*—) + Az(t™*), respectively. If the condition of termination is not satisfied, the
updating of A and b in step 8 renews the sampling. Note that D is the distance in time to the
current jump of Q. Once D becomes 0, the next jump of Q has to be sampled.

Let Ty = 0, and for n > 1, (T, H,, 4,) the value of (T, H, A) obtained by the end
of the nthiteration. By induction, we can make the following conclusion. For n > 1, if
Z(T,—1) < c(Ty—1) and T,,_; < K, then

T, =inf{t > T,y : S(t) — S(T,,_1) > [c(t) — Z(T,_ )] ArorAg(t) > O} A K, (4.8)

H, = Z(T,) and A, = Az(T,). To show that the procedure stops w.p. 1 and returns a sample of
(t, Z(t—), Az(1)), it suffices to show Pr{T,, = 7 eventually } = 1. Clearly, Tp < 7. Forn > 1,
if T,_1 < 7, then, since Z is strictly increasing w.p. 1, Z(T,—1) < Z(t—) < c(1) < c(T,—1).
Then by (4.8), T,, > T,,—1. For t € (T;,—1, T,,), since there are no jumps of Q in the interval,

Z(t) = Z(Th—1) = X1(1) = X1(Th—1) = S(0) = S(T—1) = c(t) — Z(Ty-1),

with the last inequality due to (4.8). Then Z(¢) < c¢(¢) and hence T,, < 7. Assume that 7, # t
foralln > 1.Then T} < T < --- <t < K.Letd =1imT,. Then § < t < oo. By quasi-
left-continuity of Lévy processes [3, Proposition 1.7], (X (T3), O(T,)) — (X(8), Q(0)). Then
Z(T,) — Z(T,—1) — 0. Meanwhile, since the CP processes X7, X3 and Q only have a finite
number of jumps in (0, 8), eventually they have no jumps in (7, ). It follows that for n > 1,

r>Z(Thy1) = Z(Ty) = S(Thy1) = S(Ty) = [¢(Tny1) — Z(T)I AT

It is easy to see that the inequalities imply Z(7,,+1) > c¢(T,+1) and hence T,,+; > t. The
contradiction shows that w.p. 1, 7,, = 7 for some n. [

4.2. Proofs of Theorems 2.2 and 2.3

Proposition 4.5. Let X € BV (I, d) take values in R with |II| = oo and d < 0. Then
Pr{3t > 05zt X(s) < X(t) =aforalls <t} =0, a=>0.

Proof. Given a > 0, let t* = inf{r : X(s) < X(@) = aforalls < r}. It suffices to
show Pr{t* < oo} = 0. By t* < t = taX, Pr{t* < oo} = Pr{t* = 1t < oo} +
Pr{t* < 1} < Pr{X(r) = a} + Pr{t* < t}. Since X is not CP, by the argument for
Proposition IL.2 in [3], Pr{X(t) = a, Ax(r) # 0} = 0. Meanwhile, since X has bounded
variation and nonpositive drift, Pr{X(r) = a, Ax(r) = 0} = 0 [3, Exercise V1.9]. Then
Pr{X(t) = a} = 0. Assume Pr{z* < t} > 0. Let n ~ Exp(l) be independent of X. Then
Pr{t* <n <t} > 0 and hence Pr{X () = a} > 0, where X () = sup{X(s) : 0 < s < t}.
From the fluctuation identity [3, Theorem VIL.5], Y(n) is either constant O or ID with Lévy
measure v(dx) = 1y~ fooo t~Le ' Pr{X(¢) € dx} d¢. In the latter case, the potential measure
U(dx) = fooo e " Pr{X(t) € dx}dr is diffuse [3, Proposition I.15], so v is also diffuse, implying
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the distribution of X (1) is continuous on (0, 00) [34, Remark 27.3 and Theorem 27.4]. As a
result, Pr{X (n) = a} = 0. The contradiction completes the proof. []

Applying the result to X and —X respectively and using union-sum inequality, we get

Corollary 4.6. Let X € BV (I]) take values in R with |II| = co. Then
Pr{3t >0st —b<X(s)<aforals <t, X(t)=—-bora}=0, a,b>0.

Proof of Theorem 2.2. Let T = 0, HO+ = H™ =0,and forn > 1, let (T}, H,f, H,, v,) be the
value of (T, HT, H~, v) at the end of the nthiteration. By induction, for n > 1, the procedure
continues to the nthiteration if and only if Z(7;) < a and Ty < K for 0 < k < n, in which
case T, = inf{t > T,y : ZY(t) — ZT(Ty—1) > a — Z(Ty— )} ANK > T,_1, H = Z7(T),
H = Z7(1,), and v, = Az(T,). Note that for n > 1, if the procedure continues to the
nthiteration, then

Z(t) <a forallt < T,. 4.9)

Indeed, for n = 1, since at least one of Z¥ is strictly increasing, for 0 < ¢t < Ty, Z(t) =
ZY(t) — Z=(t) < ZT(T1—) < a. On the other hand, for n > 2, by renewal argument,
Z(t) — Z(Ty—1) <a — Z(T,—y) forall T,_1 <t < T,. Then by induction, (4.9) follows.

By assumption, T < oo w.p. 1. To finish the proof, it suffices to show w.p. 1, the procedure
stops eventually at the end of an iteration with 7, = t. The compliment of the event consists
of two cases. The first one is that the procedure stops at the end of an iteration with 7,, # t. In
this case, T, < t < K, otherwise there would be t < T,, < K, which leads a contradiction
to (4.9). On the one hand, 7, < 7 implies Z(7,) < a, on the other, T, < K together with the
stopping rule of the procedure implies Z(7;) > a. Then Z(T,,) = a.By (4.9) and Proposition 4.5,
the chance of this is 0. The second case is that the procedure goes on forever. In this case,
as pointed out at the beginning, 7, is strictly increasing, 7, < K, and Z(7,) < a. Then by
49), T, < t,giving 0 = limT, < oo. For any t < 0, by (4.9), Z(t) < a. Meanwhile, by
ZT(Tpy1) — ZT(Ty) = a — Z(T,) > 0 and quasi-left-continuity of Lévy processes [3], letting
n — oo yields Z(6) = a. By Proposition 4.5, the chance for such 0 to exist is also 0. [

Proof of Theorem 2.3. First, 7 < oo w.p. 1 [3, Theorem VI.12]. Let Ty = 0, H0+ =H, =0,
and forn > 1, let (T, H;", H, , A}, A) be the value of (T, HT, H~, A*, A™) obtained by
the end of the nthiteration. By induction and the same argument as in the proof of Theorem 2.1,
for n > 1, the procedure continues to the nthiteration if and only if Z(T}) € (—a~, a™) and
T < K for 0 < k < n, and in this case,

T, =inf{t > Ty : ST@) — ST (TH_)) > a™ — Z(T,—1),
ST) =S (Th-1) >a + Z(Ty—1), or Ag(t) > 0} AK > T,_1,
HS5 =Z"T), H, =Z"(T,), Ay =A4z+Ty), 4, =Az-(T),
and, similar to (4.9), Z(t) € (—a—,a™) for all t < T,. The rest of the proof follows that of
Theorem 2.2, except Corollary 4.6 isused. [
4.3. Proof of Theorem 4.1

(1) Itis clear that 0 < 7 < oo w.p. 1. To show (4.1), following the proof for Proposition III.2
in [3], let f > 0 be an arbitrary Borel function on {2 := (0, co) x [0, oo)k x ([0, oo)k \ {0}) such
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that f (¢, u, v) = 0 when ||v|| = ¢(t) — ||u||. Then
fr, X(t—), Ax(v)) = Z ft, X(t=), Ax ) o<ct)—sa—)<| Ax @)Il}- (4.10)
7
For each ¢+ > 0, define function H;(v) = f(t, X(t—), v)1jo<c(r)—sc—)<|vly o0 [0, oo)k.

Since H = (H,) is a predictable process with respect to the filtration generated by Ay, by
the compensation formula [3, p. 7]

ELf(r, X (t—), Ax ()] = /0 B [ / £ X (), v)l{o§c<,)_s0_><”v|}mdv)}

o0
(;i)/o dt/f(t,u,v)l{Osc(z)—||uu<||vn}Pf{X(f) € du} 11 (dv)

= /9 Lo<co)—qup<qon f @, u, v)dt Pr{X(t) € du} Il (dv),

with (a) due to X(¢—) ~ X(¢). This shows (4.1) for (¢, u,v) € 2 with ||v]| # c(@) — |lull.
Now let (¢, u, v) € 2 with ||v|| = ¢(t) — |lu||. Then the RHS of (4.1) is 0. Letting f (¢, u, v) =
1{y=c(r)—u>0}, by similar derivation as in the above display, but applied to S instead of X,

Pr{S(t—) < S(1) = c(7)} = /oo dr / Pr{S(t) € du}s({c(t) — u}).
0

For each ¢, there is only a countable set of u with IIg({c(t) — u}) > 0. On the other hand,
by |IIg| = |II| = oo, the distribution of S(¢) is continuous, i.e., Pr{S(¢) = u} = 0 for all u
[34, Theorem 27.4]. As a result, fPr{S(t) € du}llg({c(t) — u}) = O for all t+ > 0, and so the
multiple integral is 0. Finally, the proof of (4.1) is complete by

Pr{Ax(t) #0, S(r) = c(t)} = Pr{S(t—) < S(z) = c(1)} = 0. @.11)

Now consider (4.2). By |IIs| = oo, S is strictly increasing w.p. 1. Clearly, Ax(tr) = 0 implies
S(t) = c¢(r). Conversely, from (4.11), on the event S(t) = c(t), Ax(r) = 0 w.p. 1. Define
" = inf{t > 0: S(¢t) = ¢(¢)}. Then w.p. 1,

[t* <00} ={t =1} = {S(1) = c(1)}. (4.12)

Let f > 0 be a Borel function on (0, oo) x [0, 00)¥ with bounded support. Then there are two
ways to express E[ f (7, X (t—))1{s(r)=c(r)}]- First, it equals

/f(t, W) juy=cy Prir e dt, X(v—) e du, Ax(r) =0}. (4.13)
Second, from (4.12), it also equals
E[f(z, X(t)1{st)=c(x)}] = ELf(t", X (T*) 1z <o0)]
= /E[f(t, X(@®) | t* =t]Pr{t* e dt}
= /f(t, w)Pr{X(t) € du | ™ =t} Pr{z™* € dr}.
From the definition of t* and (4.12), the last integral is equal to

/f(t, w)Pri{r edt, S(r) =c(r)}Pr{X () edu | St) =c(®)}. (4.14)
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Since f is arbitrary, comparing the integrals in (4.13) and (4.14) then yields
=@y Prir € dt, X(v—) € du, Ax(r) =0}
=Pr{r eds, S(r) =c()}Pr{X (@) edu| Sk =c()}.

The qualifier 1{jj,j=c ()} is redundant in the identity. Then (4.2) follows.
(2) Since (X, S) ~ BV(IT), with IT(dx, ds) = IT(dx) 8(ds — |lx|)). By similar argument as
(1), fort > 0,5 >0,z > 0,u € [0, 00)%, and 0 # v € [0, c0)¥,

Pr{r eds, X(t—) €du, S(t—) €ds, Ax(r) € dv, Ag(r) € dz}
= 1{o<c(t)—s<1dt Pr{X(t) € du, S(¢) € ds} II(dv) 6(dz — |[v]}).
On the other hand, applying (4.1) directly to S,
Pr{r e dt, S(r—) e ds, As(r) € dz} = Ljo<c(r)—s<)dt Pr{S(¢) € ds} II5(dz).

In order to get (4.3), it then suffices to show II(dv)§(dz — |lv||) = II;(dv)IIs(dz) for 0 #
v € [0, oo)k and z € (0, 00). Put C = f(||u|| A 1)II(du), which is positive and finite. Then
Pr{V e dv} = (|Jv|| A D)II(dv)/C and Pr{|| V| € dz} = (z A 1)II5(dz)/C. It follows that

IL(dv)[Is(dz) = CPr{V e dv | |V] = 2} Pr{|IV]| € dz}/(z A 1)
=CPr{V edv, V|| €dz}/(zA1) = C8(dz — [v]) Pr{V € dv}/(z A 1),

which yields the desired equality.
4.4. Proof of Theorem 4.4
We need a few auxiliary results. First, from Theorem 4.1 it is easy to get the following.

Corollary 4.7. For a > 0 and t > 0, define

a
Ya(t) = / Hgla—u)Pr{S@) € du}. (4.15)
0

Then, under the same assumption as Theorem 4.1,

Pr{it e dt, S(t) > (1)} = ¥ (1) dt. (4.16)
In particular, if c is constant a € (0, 00), then t has pdf ¥, (t).
Proof. Apply (4.1) in Theorem 4.1 directly to S to get

Pr{r € dt, S(7) > c(7)} = dt/l{ofc(,)_u@} Pr{S(¢) € du}lls(dv),
which is (4.16). If ¢ = a, then by Pr{S(r) > a} = 1 [3, Theorem Ill.4], Pr{r € dt} =
Ya(t)de. O

The following two lemmas will be proved in Section 4.5.

Lemma 4.8. Under the continuous density condition on S, the mapping (a,t) — ¥,(t) is
continuous on (0, oo) x (0, 00).

Lemma 4.9. Let ¢ be continuous and nonincreasing on (0, 0co) with ¢(04) > 0. Put t = ‘L’CS.

If S satisfies the continuous density condition, then Pr{r € A} = 0 for any A C (0, 00)
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with £(A) = c(A) = 0, where c(A) is the absolute value of the Riemann—Stieltjes integral
f l{xeA} dc(x).

Proof of Proposition 4.3. It suffices to consider ¢ € G with ¢(¢) > 0. Given such ¢, puta = c(t).
Fore > 0,let g(e) = Pr{t —e <17 <t}. Then g(e) = Pr{S(t —¢) <c(t —¢), S(t) > a} =
q1(¢) + q2(¢), where q1(¢) = Pr{S(t —¢) <a < S(t)}. q2(¢e) =Pr{a < St —¢) <c(t —&)}.
Then g1(¢) = Pr {t —e< ras < t}. By Corollary 4.7 and Lemma 4.8, the distribution function
of ras is differentiable with derivative ¥, (t) at t. Then q1(e)/e — Y,(t) = Yer)(t) ase | O.
On the other hand, ¢;(¢) = foc(t_s)_c([) gi—e(a + x) dx. Since (¢, x) — g;(x) is continuous on
(0, 00) x (0, 00) and c is differentiable at ¢, g2(g) /e — —c'(t)g:(c(t)) as & | 0. We thus get

11338*‘[Pr{r <t} —Pri{r <1 —el] = =g (c®)) + Ve (1)
&

Likewise, as ¢ | O, e_l[Pr{r <t + e} — Pr{r < t}] converges to the same limit. Thus, the
distribution function of 7 is differentiable everywhere in the open set {r € G : ¢(¢t) > 0}, and so

—c' ()81 (c()) + Yy (¢) is the pdf of T on the set [33, Theorem 7.21]. Then by Corollary 4.7,
Pr{t e dt} = —c'(t)g:(c(t))dt + Pr{r € dt, S(t) > c(7)}, which yields (4.5). O

We are ready to complete the proof of Theorem 4.4. Since ¢ is absolutely continuous,
c(F) = 0, so by Lemma 4.9, t € (0,00) \ F w.p. 1. By Theorem 4.1 and Proposition 4.3,
fort € (0,00) \ F,u € [0, 00)*, 0 # v € [0, 00)k,

Pr{r e dt, X(t—) € du, Ax(‘t) e dv} = 1{()56(;)_||u”<||v”}dl Pr{X(¢) € du} Il (dv)
and
Pr{r edt, X(z—) € du, Ax(r) =0} = —c'(t)g; (c(t)) dt Pr{X (t) € du | S(t) = c(t)},

which, by definition, are df u,(du, dv) and dr v;(du), respectively. Integrate over u and v to get
Pr{t € dt} = Z(¢) dr. Then (4.6) and (4.7) follow.

4.5. Additional technical details
To prove Lemmas 4.8 and 4.9, we start with two more lemmas.

Lemma 4.10. Fort > 0and 0 <a < b < oo, let

L1<t,a,b)=/0 [[Is(a —u) — I s(b — u)lg: (u) du,

b
Ls(t, a,b) =/ Hs(b—u)g(u)du.
Then for any E = [tg, t1] C (0, 00) and I = [«, B] C (0, 00),

liﬂ)lsup{Li(t,a,b):te E,ael,a<b<a+r}=0, i=12. (4.17)
r

Proof. Fora <b <a+vr,Li(t,a,b) < Li(t,a,a +71Given8 e(_O, a/2), Li(t,a,a+r) =
Ji+ Jr with Jy = [§ hand J, = [ h, where h(u) = [II s(a —u) — I (a +r — u)]g;(u). Then

Ji < /sﬁs(a —u)g(u)du < I g(a —¢) / g (u) du
0 0

= IIs(a —&)Pr{S(t) <&} < Hs(a — &) Pr{S(ty) < &}
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and letting M = sup{g,(u) : t € E, ¢ < u < B},
a o B __ o
J2§M/ [Hg(a—u)—Hg(a—u—l—r)]duSM/ [ITs(u) — Tg(u+r)]du.
5 0

By assumption on g,(x), M < oo. Also, foﬁ Hgu)du = fooo(v A B)IIs(dv) < oo. Then by
monotone convergence, as r |, 0, J, — 0 uniformly for (¢, a) € E x I, and so for L1, the limit
in (4.17) is at most 1T s(a — &) Pr{S(fy) < €}. Since Pr{S(ty) > 0} = 1 and ¢ is arbitrary, the
limit 0. Thus (4.17) holds for L. Next, fort € E,a € I,and b € [a,a + r],

La(t,a,b) = / Hg(dx)/w EE /Hs(dx)/b gz+f Hg(dx>/ g

<M [/ xITg(dx) + rﬁs(s)] ,
0

where M’ = sup{g;(u) : t € E,a — & < u < B}. Then, as r | 0, the limit for L, in (4.17) is at
most M’ f(f xIIg(dx). Since ¢ is arbitrary, the limitis 0. [

Lemma 4.11. Let h be a bounded function on (0, 0c0) x (0, 00). For a, t € (0, 00), define
H(a,t) = / Yu<a<xyh(u, x) Pr{S(t) € du} g(dx — u).

Then under the continuous density condition, H is continuous on (0, 0o) x (0, 00).

Proof. Let |h(u, x)| < 1. It suffices to show H € C(R) for any R = [a, 8] X [to,t1] C
(0, 00) x (0, 00). Let (a, s), (b, t) € R. Then

|H(b,t)— H(a,s)| <|H(0b,t) —H(a,t)|+|H(a,t) — H(a,s)|.

Let L; and L, be as in Lemma 4.10. Leta’ =a Aband b’ = a v b. Then

|[H(b,t) — H(a,1)| < / |1{u§b<x} - 1{u§a<x}| Pr{S(t) € du} IIs(dx — u)

IA

/ (1{u§a/<x§b/} + l{u/<u§b/<x}) Pr{S(t) € du} IIs(dx — u)
= L(t, a, b/) + Lo(t, a, b/).

Then by Lemma 4.10, as (b,t) — (a,s), H(b,t) — H(a,t) — 0. On the other hand, given
g€ (0,a),let M = sup{g:(u) : u € [@ — ¢, B, t € [to, t1]}. Then

|H(a,t) — H(a,s)| < /1{u§a<x}|gt(u) — gsW)|[{Ig(dx — u) du

— [ tuzal@ ~ @[ Tsta = .
Bounding the integral on [a — ¢, a] and [0, a — €] separately, we obtain
|H(a.1) — H(a,s)| <2M /:ﬁs<u>du +ﬁs<e>f |8 (u) — g5 ()| du.
Let + — s. Since point-wise convergence of g; to g, implies convergence in total variation,

lim|H (a,t) — H(a,s)| < 2M [y IIs(u)du < oo. Letting & — 0 gets H(a,t) — H(a,s) —
0. O
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Proof of Lemma 4.8. Apply (4.15) and Lemma 4.11, with h(a, t) = | therein. [J

Proof of Lemma 4.9. G := {r > 0: c(t) > 0} is an open interval and Pr {r € G} = 1. To prove
the lemma, it suffices to show that for any I = [#p,#;] C G,Pr{r e ANI} =0.Leta = c(t1)
and S = c(tp). Given ¢ > 0, A N I can be covered by at most countably many disjoint intervals
(ai, bi) C (19, 11) such that Y (b; —a;) < € and Y_[c(a;) — ¢(b;)] < €. For each i,

Pr{t € (a;, b))} < Pr{S(a;) < ca), Sbi) > c(bi)}
< Pr{c(b)) < S(ai) < c(ap)} +Pr{Sa) < c(by) < S(b;)}
=Pr{c(bi) < S(@) < c(a)} +Prizy,, € (@, bi)}.

By the continuous density condition and Lemma 4.8, the RHS is at most M{[c(a;) — c(b;)] +
M>(b; — a;), where M| = supg;(x) and My = sup ¥, (¢t) over (t,x) € [to, 1] X [, B].
Therefore, Pr{r € ANI} <) Pr{r € (a;, b;)} < (M| + M3)e. Since ¢ is arbitrary, this yields
the proof. [
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