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Abstract

We introduce the notion of pathwise entropy solutions for a class of degenerate parabolic—hyperbolic
equations with non-isotropic nonlinearity and fluxes with rough time dependence and prove their
well-posedness. In the case of Brownian noise and periodic boundary conditions, we prove that the path-
wise entropy solutions converge to their spatial average and provide an estimate on the rate of convergence.
The third main result of the paper is a new regularization result in the spirit of averaging lemmata. This
work extends both the framework of pathwise entropy solutions for stochastic scalar conservation laws in-
troduced by Lions, Perthame and Souganidis and the analysis of the long time behavior of stochastic scalar
conservation laws by the authors to a new class of equations.
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1. Introduction

We are interested in ‘““stochastic”, scalar, degenerate parabolic—hyperbolic equations of the
form

N
du + 21: 3y, F' () odz' = div(A(u)Du)dt  inRY x (0, T), an
1=

u=u" onRV x {0},
where

ug € (BV N L®)(RY), z€ Co([0, T, RY) and A e L (R; RV*N). (1.2)

loc

A particular example of the signal z is the N-dimensional (fractional) Brownian motion. The
Stratonovich notation o in (1.1) is justified by showing that the pathwise entropy solution con-
structed in this paper is the limit of solutions u") to (1.1) with z replaced by smooth approxima-
tions z) converging to z.

Equations of the type (1.1) arise, for example, in the study of mean field games, see [24,31] for
details. In this case one typically has A(u) = Id. More generally, (1.1) describes the evolution of
a density subject to nonlinear diffusion and convected by a nonlinear, stochastic flux function. For
example, this models the diffusion of the temperature in an impure, turbulent fluid, loosely related
to the so-called Kraichnan models of turbulent mixing of passive scalars. For simplicity, a possi-
ble additional semilinear noise term is neglected in (1.1), see [22,27] for progress in this direction.

We assume that

A € L. (R; SV) is nonnegative, (1.3)
where SV is the space of symmetric N x N matrices, and
FeCi.(R;RY) with F'(0) = 0. (1.4)

In this paper we introduce the notion of pathwise entropy solutions for (1.1) and prove that it is
well-posed. In the setting of stochastic scalar conservation laws, that is when A = 0 in (1.1), the
notion of pathwise entropy solutions was introduced by Lions, Perthame and Souganidis [31],
while Chen and Perthame [10] studied the entropy solutions of the “deterministic” version of
(1.1), thatis for z(z) = (¢, ..., t). We also refer to Perthame and Souganidis [42] who introduced
an equivalent solution in the deterministic case called dissipative solution and to Lions, Perthame
and Souganidis [33], Gess and Souganidis [24], Friz and Gess [20], Hofmanova [27] for
stochastic scalar conservation laws with A = 0 allowing for spatially inhomogeneous flux and
semilinear noise. We note that, as compared to [24,27,31,33], the inclusion of the non-isotropic
parabolic part A in (1.1) leads to additional complications and additional approximation and
localization steps in the proof of well-posedness are needed.
As particular examples, (1.1) includes stochastic porous media equations, that is

N
du+ 0y, Fi(w)odz = Aul™dr inRN x (0, T) (1.5)
i=1

where m > 1 and u™ = |u|"u.
In this case our results extend previous work on stochastic porous media equations, based on
the variational approach to SPDE, which did not allow treatment of nonlinear transport noise as
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in (1.5). See, for example, Prévot and Rockner [43], Krylov and Rozovskii [29], Pardoux [40],
Barbu, Da Prato and Rockner [ 1-3] and the references therein. In addition, in contrast to previous
work, the pathwise approach to (1.1) developed in this paper immediately implies the existence
of a corresponding random dynamical system. This is of particular interest, since (1.1) contains
nonlinear multiplicative noise for which the existence of a random dynamical system is known
to be a difficult problem (see, for example, Mohammed, Zhang and Zhao [39], Flandoli [19] and
Gess [21]).

In the second part of the paper we study the long-time behavior and regularity properties of
(1.1) set on the torus TV and driven by Brownian motion, that is the initial value problem

du + .Nl 3y, F' (u) o dB! = div(A(u)Du)dt in TV x (0, 00), 16
im
u=uy onTV x {0},
with
A€ CRS™NCIR\ (0} S, (7
[F'E) + 1A' @) < CA+EIPT +15172)
for some C > 0, p1, pr € (—1,00) and all £ € R\ {0},
B = (/31, ey ﬂN) is a standard two-sided Brownian motion, (1.8)
and
ug € L'(TV). (1.9)

We prove that, under a genuine nonlinearity condition for F, A, the solutions to (1.6) converge
to their spatial average and we provide a rate of convergence. In the deterministic setting, that is
when z(¢) = (¢, ..., ), Chen and Perthame [11] proved the convergence to the spatial average
by different methods and without an estimate on the rate of convergence. In the hyperbolic case,
that is when A = 0 and restricted to one and two space dimensions respectively, Lax [30], E and
Engquist [17] provided estimates on the rate of convergence. Convergence to the spatial average
under weak conditions on the flux F has been shown by Dafermos [12]. A rate of convergence
in any dimension for both deterministic and stochastic scalar conservation laws (A = 0) was
established by the authors in [25].

The third result presented here is a regularity estimate based on averaging techniques. This
extends the regularity results developed in [25] for the hyperbolic case and provides new
regularity estimates for stochastic porous media equations. Averaging lemmata for deterministic
parabolic-hyperbolic equations have been established by Tadmor and Tao [44].

Stochastic scalar conservation laws driven by multiplicative semilinear noise, that is,

du + divF (u)dt = guw)dW, (1.10)

have been intensively studied in recent years; we refer to Holden and Risebro [28], Feng and
Nualart [18], Debussche and Vovelle [14], Chen, Ding and Karlsen [7], Bauzet, Vallet and
Wittbold [4], Hofmanova [26] and the references therein. In particular, Debussche, Hofmanova
and Vovelle [13] and Bauzet, Vallet and Wittbold [5] studied SPDE of the type (1.10) additionally
including a second order quasilinear term. Part of the results obtained in this paper is related to
questions of continuous dependence of solutions to quasilinear degenerate PDE with respect to
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the coefficients. For related results we refer to [8,9]. The long-time behavior of solutions to (1.10)
with additive noise has been analyzed by E, Khanin, Mazel and Sinai [16] and Debussche and
Vovelle [15].

Organization of the paper. In Section 2, we introduce the notion of pathwise entropy solutions
and state the results about its well-posedness for general continuous paths and the long time
behavior with rates as well as regularity in the stochastic case. The proofs are given in Sections
3,4, 5, 6 respectively. Since some of the results are technical, we have chosen to present in the
first two appendices the proofs of the most technical estimates. Finally, for the convenience of
the reader we recall in Appendix D the definition [10, Definition 2.2] of the kinetic solution to
(1.1) for smooth driving signals.

Notation. We work in RY or on the torus TV, S¥~1 is the unit sphere in RV, R, := (0, o0)
and § is the “Dirac” mass at the origin in R. For notational convenience, we write A < B if
A < CB for some C > 0,and A ~ B,if A < B and B < A. For a matrix A € RN*N
we write A = (a,-j)f\,/jzl and, given two matrices A, B, we set A : B = Zﬁ,zlaijbij.
The subspace of L'-functions with bounded total variation is BV and its norm is || - ||gy. If
f € BV, BV(f) is its total variation. We write 8, for the “Dirac mass” measure in L!(TV)
charging the constant function ¢ € R and we set Li(’H‘N )= {u € L'(TV) : u has average c}.
We set Co([0, T]; RY) = {z € C([0,T];RY) : z(0) = 0}. For an open set @ < RV,
CCl (O) is the space of all continuously differentiable functions with compact support in O. If
F:[0,T] > R, F|' := F(1) — F(s) for all 5, r € [0, T]. In the second part of the paper, we
will omit, when it does not cause any confusion, the dependence in w and we occasionally write
m(x, &, s)dxd&ds instead of dm(x, &, s). The space of homogeneous Bessel potentials, whp
forA > 0, p € [1,00),1is

WP = (f e LP(TV) : (In* f(n))" € LP(TV)},

where f is the discrete Fourier transform of f on TV and fV is its inverse. The homogeneous

Bessel potential spaces coincide with the domains of the fractional Laplace operators (—A)% on
LP(TV). For notational simplicity we set H* := W*2.

2. The main results

Pathwise entropy solutions. We introduce here the notion of pathwise entropy solutions to (1.1),
which is based on the kinetic formulation of (1.1) and on choosing test-functions transported
along the characteristics. For (hyperbolic) scalar conservation laws this was introduced in [31]
and it was motivated from the theory of stochastic viscosity solutions for fully nonlinear first-
and second-order PDE including stochastic Hamilton—Jacobi equations developed by Lions and
Souganidis (see [34-38]). The theory was extended to the spatially inhomogeneous case by
Lions, Perthame and Souganidis [33], Gess and Souganidis [25] and Hofmanova [27]. In view
of the parabolic part in (1.1), the kinetic formulation has to be appropriately adapted; in the
deterministic case this was done in [10].

For smooth driving paths z € C!([0, T]; RY) the well-established theories of entropy
solutions and kinetic solutions apply to (1.1). In order to fix the ideas and the notation, it is
necessary to introduce the functions

+1 if0<§& <u,
xw, &) :=q1-1 ifu<§=<0, 2.1
0 otherwise,
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and, given u : RV x [0, o0) — R,

x(x,§,1) = x(ux,1),§) 2.2

and to observe that

0z x(x,8) =8(5) —8(5 —u).
Finally, to simplify the notation, we use the functions

fig,0) = (FY ) 0.
The kinetic form of (1.1) then is

d
dx+ fED-Dix— Y aij®dg, x = %&m+n) inRY xR x [0, 00),
i,j=1

x(x,§,0) = x(uo(x), &),

where the entropy defect measure m and the parabolic dissipation measure n are nonnegative,
bounded measures in RY x R x [0, 7] for each T > 0. In the sequel, when we do not need to
differentiate between m and n, we set g := m + n.

The notion of kinetic solutions is not well defined for rough driving signals z that are merely
continuous, since the coefficients f (&, ) blow up with z. On the other hand, following [25,31,
33] we observe that the linearity of (2.3) in x suggests that we may use the characteristics of
(2.3) to derive a stable notion of solutions, which will be the pathwise entropy solutions.

We continue assuming z € C! ([0, T1; RY) and consider the transport equation

(2.3)

{a,g+f(§,t) -Deo=0 in RY xR x [0, T], (2.4)

00=0" onRY xR x {0}.

For each (y,n) € RVN*! and o° ¢ C;’O(RN x R), 0 = o(x,y,&,n,t) is the solution to (2.4)
with
0.y, 0,0 =0’ =y, =) =0"¢ = "¢~ 2.5)

and 00 € C o0 RM), o0 e C °(IR). Here, we use the superscripts s and v to emphasize that the
functions act on the space and velocity variables respectively.
The convolution along characteristics is then given by

0% x(ram. 1) :=/g(x,y,s,n,nx(x,s,t)dxds,

and it follows from Lemma 2.2 that, for all (y,n) € R¥*! and in the sense of distributions in
t €0, T],

N
o xtron = 3 [ ay@nir .08, ot . bn dxde
ij=1

- /35Q(x,y,$, n,0)q(x, £, dxdé inRY x R x (0, T).

The solution of (2.4) can be expressed in terms of the associated (backward) characteristics.
Due to the spatial homogeneity of the flux f, the characteristics starting at (y, &) and the solution
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o=o0(x,y,& n,t)to(2.4) are given respectively by the explicit form
Y(, @0 =y + f{EZ 0,
and

o(x,y,6,m,1) =0 (x,y, £ 10" ¢ — 1) = 0"(x — f(E)z(t) — )" —n). (2.6)

Note that, in contrast to (2.4), the characteristic equations are trivially well defined also for rough
driving signals z € Co([0, T]; RN).

Since A(u) is a symmetric, nonnegative matrix, it has a square root, that is there exists o (1) =
@), = A(u)? € L (R; RV*V), such that

loc
N
aij() =Y o (u)oji(u).
k=1

For notational convenience we write
Bix () = oigc(u).
Next we give the definition of pathwise entropy solutions.

Definition 2.1. Let ug € (L' N L®)(RY) and T > 0. A function u € C([0, T]; L'(RM)) N
L®RN x[0,T)isa pathwise entropy solution to (1.1), if
() forallk € {1,..., N}

N
> 0nBi(w) € L*RY x [0, T)), 2.7)

i=1

(i) forall (y,n) e R¥*landallk € {1,..., N}

N
Z/R/ul X (x, &, 0ok (§)dy,0(x, y, &, n, t)dxd&
i=1

N
== Z/N Ox; Bir(u(x, 0)o(x, y, u(x, 1), n, t)dx, (2.8)
i=1 VR
(iii) there exists a non-negative bounded measure m on RN x R x [0, T such that, for all test

functions o given by (2.4) with 0 € C°(RN+1) as in (2.5), for all (y, n) € R¥*! and in
the sense of distributions in ¢ € [0, T'],

d N
Ger 000 = 3 [ v &0a;©8, ot .50 ndxd

i,j=1
- /%Q(x,y,%‘, n, 0)(m+n)(x,§, 1)dxds, (2.9)
where n is the non-negative measure on RY x R x [0, T'] given by
N [N 2
n(x, &, 1) =08(5 —u(t,x) ) (Z O Bik (u(t, x))) : (2.10)
k=1 \i=1

In the sequel, we refer to (2.7) and (2.8) as the regularity and chain rule properties respectively.
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When A = 0, that is for the hyperbolic problem, (2.9) alone was used as the definition of a
pathwise entropy solution in [31]. In the presence of A it is, however, necessary to also include
the chain-rule (2.8) in the definition, a fact already observed in the deterministic case in [10].

The definition can be reformulated as follows: If 1y, m and n are as in Definition 2.1, then
ueCI0,T: L") NL>®(0,T] x RV) isa pathwise entropy solution to (1.1) if and only
if, instead of (2.9), for all (y,n) € RN+! ¢ < ¢ and all test functions o given by (2.4) with
QO e CSO(RNJH),

N t
ox X —ekx(ins) = ) / /x(x,S,r)aij(S)af,ij(x,y,é,n,S)dexdr
ij=17s (2.11)

t
= [ [ ety gonron 4w g asdear
N
Next we show that, for smooth paths, the notions of kinetic and pathwise entropy solutions are

equivalent. For the convenience of the reader we recall from [10] the definition of the kinetic
solution in Appendix D.

Lemma 2.2. Assume that z € C} ([0, T1; RY) and u € C([0, T1; L'(RY)) N L*>°([0, T] x RY).
Then u is a pathwise entropy solution to (1.1) if and only if it is a kinetic solution.

Proof. Let u be a kinetic solution to (1.1). Since u € L*([0, T] x RY), we may take ¢ = 1 in
(D.1) and ¥, = 11in (D.2).
Then, for all p € CC1 (RN xR x (0, 7)),

/OT/X(ZMO—F fEr)- D"“"JFM.XN::] aij €92, ¢ )dedxdr = /Or/qaggodsdxdr.
Since u € C([0, T]; L' (RY)) it follows that, for all s <t and all ¢ € C}(RY x R x [0, T]),
ft/x(x, 6,10 (e, 6.+ F (1) - Daglx. £.1)+ il aif (©)92 . @(x, &, 1) )dedxdr
s (5=
- /x(x,é,t)w(x,é,t)dédx+fx(x,$,s)<p(x,$,s)dédx =fst/q8wd$dxdr-

Choosing ¢ = g yields

_/X(xvgv ')Q(xv yv‘i:? n, )dédx‘

t
N

N t
+) / / X (%, €, 1)aij(€)d5 . 0(x, v, &, 1, s)dédxdr

i,j=1Y9

'
:/ /qaggdédxdr,
N

which in view of (2.11) implies that y is pathwise entropy solution to (1.1).
Next we derive the chain-rule. It follows from (D.2) that, for all v € C2°,

N N
VU@ 0) Y g B, 1) = Y 0y, Bl u(x. 1) ae.in(t,x) (2.12)
i=1 i=1
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where

(Bl ) = i (w)y/ ¥ (), (2.13)
and thus

Bt ) = [ (. & 0oue) @
Choose /¥ () == 0" —n)os(- — &) in (2.12), where o5 is a standard Dirac sequence, multiply
the resulting equation by o° (x, v, £, 1) = 0>%(x — y + f(£)z(¢)) and integrate in x and & to get

N
> [ et~ mestute. - 03, ( [ oo r)dr) 0 (x, v, &, 1)dxdé
i=1
N
-3 [ ( [ ouet @ = maste — oxtr. r)dr) 0 (x, v, &, Ndxds
i=1

N
=- Z/ (f ik ()" (r = mMes(t — )y (x, T, t)dr) 050" (x, y, &, )dxdE.
i=1

Letting 6 — O we obtain

N
Z/Q”(u(x,t) — M0y, (f oik(D)x (x, T, t)dr> 0 (x, y, u(x, 1), )dx
i=1

N
= —Z/o,-k(sm”(s — WX (x. & 08,0 (x. y, €, NdxdE,
i=1

and, thus,

N
> [ duututr. et y.utr. 0. 5. 0dx
i=1

N
=2 [[ outerxer e 00 .k n e,
i=1

Let now u be a pathwise entropy solution to (1.1). It follows from [10] that there exists a ki-
netic solution # to (1.1), which, in view of the above, is also a pathwise entropy solution. Since,
by Theorem 2.3, pathwise entropy solutions are unique, it follows that u = u and hence u is a
kinetic solution. [J

The well-posedness of pathwise entropy solutions. The first result here is the uniqueness and
stability of pathwise entropy solutions with respect to the initial condition and driving paths.

Theorem 2.3. Assume (1.3) and (1.4) and let u™, u® e L>°([0, T7; BV (RN)) be two pathwise
entropy solutions to (1.1) with driving signals D, @ ¢ Co([0, T1; RN) and initial values
ucl), u(z) € (L® N BV)(RY). Then, foralls <t €0, T], there exists C > 0, which may depend

1 2
on ”M( )||L°O([S,l];(L°°ﬂBV)(RN)) and ||M( )||L°°([s,t];(L°°ﬂBV)(1RN))’ such that

1/2

{||u<“(t)—u<2>(r>||L1(R~) < JuV ) =u® ©)ll 1@y + Cllz =220 ey 2.14)

1 2
+C |1z — ¢ )||c([s,z];JRN)~

Please cite this article in press as: B. Gess, P.E. Souganidis, Stochastic non-isotropic degenerate parabolic—hyperbolic
equations, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.01.005




B. Gess, P.E. Souganidis / Stochastic Processes and their Applications 1 (1111) IH1-111 9

The next result is about the existence of pathwise entropy solutions, which, in view of Theo-
rem 2.3, are unique.

Theorem 2.4. (i) Assume (1.3) and (1.4) and let ug € (L*NBV)(RY) and z € Cy([0, T]; RY).
Then there exists a pathwise entropy solution u to (1.1) satisfying, for all p € [1, oo],

lull Looro.77: Lo MYy < lluollp, (2.15)
lull oo o, 71, BV ®NY) = lluollBv, (2.16)
and
m(x, &, dxdédt + dy, Bi k(u) dxdt < —||u0||2. (2.17)
/RNxRxR+ RN xR, ,; ; e 2

Moreover, for p € (—1,00) and t > 0,
loe (-, t)||£+2+(p+2)(p+1)/ / |E1Pd(m +n)(x,&,5) = ||M0||p+2 (2.18)

(i) Assume (1.3) and (1.4) and let ug € (L™ N LYRN) and z € Co([0, T1; RN). Then there
exists a pathwise entropy solution u to (1.1) satisfying (2.15) for all p € [1, 00], (2.17) and
(2.18) for p € (—1,00) and t > 0.

It follows easily from the arguments leading to Theorem 2.4 that the well-posedness theory
for (1.1) extends to (1.1) set on the torus TV .

Proposition 2.5. Assume (1.3) and (1.4) and let ug € (L NBV)(TN) and z € Co([0, T]; RV).
Then, there exists a unique pathwise entropy solution u € C([O, 00); L! (']TN)) N L0, T];
(L>® N BV)(TNY), forall T > 0, and the solution operator is an L'-contraction and, hence, is
defined on L' (TN).

The long time behavior and regularity. Here we assume that z is a Brownian motion. We start
by considering the long time behavior of (1.6). The claim is that, under a genuine nonlinearity
assumption for F and A (see (2.20)), as t — oo and almost surely (a.s. for short) in w,

u(-, t; w, ug) = Up == / uo(x)dx.
TN
Moreover, we provide an estimate for the rate of convergence, we show that &z, is the unique,
strongly mixing invariant measure of the associated Markov semigroup and that i is the random
attractor of the associated random dynamical system (see Theorem 2.6).

Without loss of generality we consider the filtered probability space ({2, F, (F;)ser. , P) with
the canonical realization of the two-sided Brownian motion on 2 = Co(R;RY) = {b €
C(R;RN)and 5(0) = 0}, and P, E, F, and F, respectively the two-sided standard Gaussian
measure on {2, the expectation with respect to P, the canonical, uncompleted filtration and its
completion.

A measurable map m : {2 — M, where M is the space of nonnegative bounded measures on
TN x R x [0, T], is a kinetic measure, if the process t — m(., [0, ¢]) with values in the space of
nonnegative bounded measures on TV x R is F;-adapted.

Amapu: TN x [0, 00) x 2 — Ris called a (stochastic) pathwise entropy solution to (1.6)
if, for all w € 2, u(-, w) is a pathwise entropy solution to (1.6), n, m are kinetic measures and
t — u(-, t) is an F;-adapted process in L'(TN).
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Since the entropy solution to (1.6) is constructed in a pathwise manner, for each ug € L'(TV)
and ¢ > 0, the map

@(t, wug = u(-, t; w, ug) (2.19)
defines a continuous random dynamical system (RDS) on L!'(T%). For some background on

RDS we refer to [25, Appendix A].

The associated Markovian semigroup (P;);>o is given, for each bounded measurable function
fon LY(TV), ug € L'(TV) and ¢ > 0, by

P; f(uo) =Efu(, t;-,u0) =Ef(p, uo).

As usual, by duality we may consider the action of (P);>0 on the space M of probability
measures on L! (’H‘N ), that is, for each u € M, we define

Pt = [ Preduc
L

A probability measure u is an invariant measure for (P;);>o if, forall r > 0,

P[*M =M,
and p is said to be strongly mixing if, for each v € M and as t — oo,

PFv — pweak x in M.
The study of the long time behavior of the stochastic entropy solutions is based on a new stochas-
tic averaging-type lemma (Theorem 2.7) which holds true under the following genuine nonlin-
earity condition:

{there exist 6 € (0, 1] and C > O such that, for all o € SNfl, zeRY and e > 0, (2.20)

(E eR: f(E)o — 2> +0AE)0 <e)| < Ce?,

where the product of the two vectors f(&)o is defined by (f(&)o) = fi(&)o! and o A(§)o =
Zi’ jaij(§)ojoj. We choose the scaling % on the right hand side in order to be consistent with
our previous work [25].

Also note that in the corresponding deterministic case, that is (1.6) with z(¢) = (¢, ..., ), the
expectation is that the non-degeneracy condition should be (see Tadmor and Tao [44])

e €R:|f(E) -0 —z2l +0AE)0 <&} S &b (2.21)

In (2.21) the hyperbolic and parabolic parts | f(§) -0 — z| and o A(&)o scale respectively linearly
and quadratically in o. In contrast, in the stochastic case both the hyperbolic and parabolic parts
scale quadratically in o. This change in the scaling of the hyperbolic part in (2.20) is due to the
quadratic scaling of Brownian motion. The fact that both the hyperbolic and the parabolic part
of (1.6) are scaled quadratically is crucial for the proof of the averaging lemma and allows a
significantly simpler treatment than in [44].

For notational simplicity we set

po =0V p1V ps.
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Theorem 2.6. Assume (1.7)—(1.9) and (2.20). Then, ast — o0
u, t; - up) — i in L'(2; LY(TV)) and P-a.s. in L' (TV). (2.22)

Moreover, fort > 1 and ug € L2tpo (TN),

. J 2+
Ellu(-, t; -, ug) — gl <t %8 (||u0||2+gg + l) :

In particular, 8, is the unique invariant measure for (P;);>o on LLI20 (TN) and is strongly mixing.

Restricted to LLI20 (TN) the random dynamical system ¢ has ito as a forward and pullback random
attractor.

Note that, if ug € L>°(TV), then the convergence in (2.22) holds in L? (£2; L?(T")) and P-a.s. in
LP(TN) for all p € [1, 00), since [|u(-, t; -, 1) loo < |ltt0]loo (see Theorem 2.4).

Using essentially the same estimates leading to Theorem 2.6 we also prove a new regularity
result, which extends the estimates obtained in [25,32] for the hyperbolic case, that is, when
A = 0 and in [44] for the deterministic problem.

Theorem 2.7. Assume (1.7), (1.8), (1.9), (2.20) and let uy € L*tPo(TN). Then, for all 1 €
(0, %), 8§>0and T > 0,

T
E/O lu@llwride S 1+ IIMOIIiZg) and  supEllu(t) (w1 < oo.

t>6

3. The stability of pathwise entropy solutions

We present the proof of Theorem 2.3. Since it is rather long, we have divided it into several
parts and we have chosen to present some technical arguments in Appendix A. To help the reader,
in the first part of this section we present an informal overview of the arguments and the main
ideas and then we continue with the actual proof.

Informal arguments and main ideas. We present an informal overview of the proof of unique-
ness of pathwise entropy solutions. While several of the arguments presented next need further
justification, all the main steps of the rigorous proof are included. In order to make everything
rigorous, it is necessary to introduce appropriate smoothing/mollifications and doubling of vari-
ables. All these create significant technical difficulties since it is necessary to estimate the errors,
etc.

Step 1: Transformation. The definition of a pathwise entropy solution corresponds to the trans-
formation

X, 6,1 = x(x+ f&)z. &, 1),
with x solving, informally,

81X~(.x, E’ t) = 8I(X(-x + f(E)Zf’ é’ t))
=Dix(x+ fE)z. 6. 0) - fE)zr + 0 x(x + f(E)zr, &, 1)
=Y aij @)X (x. E.0) + (Beq)(x + f(E)zi. . 1). 3.0
ij
As noted earlier, the point of this transformation is that the derivative of z does not appear in
(3.1). As compared to the usual proof of the stability of kinetic solutions in the deterministic
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case (see, for example, [41]) additional complications appear since the right hand side is not
anymore the derivative of a measure.
Indeed

@eq)x + f(E)z, €,1) = % (q(x + f(E)z1,§,0) = Dxq(x + fE)z1, 6, 1) - f(§)z 3.2)

and the second term causes additional difficulties.
Making use of the special properties of the function x, we find that

||M(l)(t) _ I/l(z)(t)“L](RN) — /(X(l)(-x! é’ t) _ X<2)(x’ 57 [))dedé

(3.3)
= / XV, &0l + 1x P, &0l —2x Vi, &, 0x P (x, &, Hdxde.

The first step is to rewrite (3.3) in terms of . Obviously,

/|x‘”<x,s,r>|+|x<2>(x,s,t)|dxds=/|>z<‘>(x,s,t)|+|x<2)<x,s,r)|dxds.

For the third term in (3.3), it is easy to see that

‘ / KO0 & 00O (x, £, Ddxds — / )Z“)(x,é,t)i‘”(x,S,t)dxdé‘

2 (€8] 2
< u )||L°°([0,T];(L°°mBV)(RN))|Z: -zl

and, hence, for some C > 0,

) = u@ Ol gn,

= [0 - 70 s

2 1 2
+ Cllu’ )”LOO([O,T];(LOQOBV)(RN))”Z( ) — )”C([s,t];RN)-

Therefore, it is enough to estimate
3 / GO & 1) — 7D (x, & 1) dxde

=9 f(bz(”(x,s, DI+ 1P, &, 01 =25V, 6,07 P (x, £, 1)) dxdE,

the advantage being that here we may use (3.1) which makes sense also for non-smooth z.
Step 2: The product term. Next we note that

_zj_t/x“)(x,s,r)x@)(x,s,t)dxds
= —2/[2<”<x, 00320 60+ 31V, 6,05 (x, £, )1dxdE
=2 [0 nay @83V .0
i,j

+ a5 %V, £, D3P (x, & 1)]dxdg
+2 [0 0@ + O, 00

+ @M+ f©, 6,07 P (x, €, )]dxdE (3.4)
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and
2 (120 60 @ea @)+ SO0
+ g + f©)z" £ DFP(x, &, D)dxdE
=2 / Ve + FOED = 2. 6004 (x, 6.1
+0:q V@ £, 0x P + fFO @D - o). 8 Dldxdg
=2 / [Gex D+ FE G — ), 6,09 (. £, 1)
+ a0, 8 D@D+ FE G — ), & Dldxd + Err!?.
The error term Err(1?) | which is a consequence of the defect identified in (3.2), is given by

Err'2 (1) =2 / (f’(é)(2§l) — 2 (Dex Ve + FEE" = 2P), 0P (x, &, 1)

—¢Wn£ﬂmx®u+ﬂ@@”—#hangm&.
We set

G060 =gV + fF©)zn &0 and D (x, & 1) = uD(x + £E)Z, 1),

and observe that
2 [ (6ex )+ £ @D =206, 600
+ 4V 6N D)+ 1O - o), 6.0 dxds
=2 [(@x e+ £ 607 e
+ G0 6 D@ )+ [©)2 8, 1)) dxds
= 2/((6(&) =8¢ —aV . £,0)§% (x.£.1)
+ G0 E.0066) — 86 — 1D (x,£,1))) )dxds
< —2/(8@ — i e AP (0 + A0 (8, 08 — 1D (x, £,1) ) dxds
+z/@@mun+¢wnamm.
The key difference with the purely hyperbolic case is that here we do not drop the terms contain-
ing the parabolic dissipation measures 7" and 7. Instead, we will use them to compensate the

additional parabolic terms appearing in (3.4).
In conclusion, we have

d V
— 25/2(1)()@5, N7 (x, €, dxde < 1PV (1) + 1P (1) + Err''2(r),
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where
"0 =23 [ GO nay @83

+ aij(g)aij 7V e, 07D (&, t))dxdg
2/(ﬁ(1)(x, E,1)5(& — ﬁ(Z)(x’ £,1)+8(8 — ﬁ(l)(x, g, t))ﬁ(z)(_x, £, t))dxd§
and

1P (1) = 2/(q(2)(x, 0,0) + ¢V (x,0,1)dx

Step 3: The hyperbolic term 1™P.
Multiplying (3.1) by sgn(&) and integrating yields

d
_/IX(X £, 1)|dxdg = [sgn(é‘)x(x £, t)dxdE
ZZ/Sgn(é)azj(s) X (x, & t)dxdE

+ /Sgn(é)(asQ)(x+f(§)Zz,$,t)dxd$
= —Z/q(x,O, t)dx,

and thus
d d
== ”dd--/”dd.
dtflxlxé T |X“ldxdé

Step 4: The parabolic term IP*". Using integration by parts, we observe

_22/ (U(X &, f)au(é)az ~(2)(X &, l)—i—(llj(f)az ~(1)(x g, I))Z(Z)(x,é,t))dxdé
=4Z/aij(§)8j)?( Y(x, &, 00 P (x, &, H)dxdE
_422f0’k($)0k1(5)3 AV, 087 (x, &, 1)dxdg

and informally (this is where the chain-rule will be required in the rigorous proof)

Z / oik ()0 (€)3; 1V (x, &, 09: X% (x, £, 1)dxd§

=Y. / ok (©)3;a " (x, &, 085 — iV (x, &, 1)
iJj

x 0k (§)0;a P (x, &, 8§ — i (x, &, 1))dxdE
=y / 3j B @ (x, £, 1)8(5 — &V (x, & )3 Bir (@® (x, &, 1))
iJj

xva(g — P (x, &, 1)dxdE.
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Hence,

—22/(;2(%,&,r)aij@)a?,-x@(x,s,r) +aij €05V x, &, 07 P (x, &, 1))dxdE
iJ

=422/%ﬁw(ﬂ‘”(x,s,z))a(s — D (x, £,1))
i.j k

x 3 B (@ (x, &, 1)8(5 — @ (x, £, 1))dxdE.

Since

2
(Z o Bix @V (x, t))) + (Z 3 Bjr (@ (x, t)))
i J
> 2 0@ (x, )29 Bjx @ (x. 1)),
i,j
using (2.10) we find

2

_/ AV, & 08¢ —a®(x,0) + 8¢ —aV(x, 0)A® (x, &, dxds
=233 [ - a0 £ a(e - 1P, 6.0)
ki,

x 3 B @V (x, &, )8 B @P (x, &, 1))dxdE,
and, in conclusion,
P4 < 0.

Step 5: Combining the previous steps we find
d . - - -
& U= 2200 e 07 e 0 + 7 0dxds < B0,

Thus, it remains to estimate Err(1-?). For this we approximate x ) by convolution with parameter
e, that is, roughly speaking, we replace x ) by a smooth x @-¢. Since x ) has bounded variation,
this introduces an error of order &, while the gradient D, x ©-¢ blows up like é as ¢ — 0. This
leads to the estimate

(1

1.2 2" = 2
Errt? () <22 e
&

M _ ZEZ) |'/2, we obtain the bound

Thus, choosing & = |z;
Errt (1) < 12" — 27|12,

which allows to conclude the proof.
The rigorous proof of Theorem 2.3. We start with the observation

luP (@) — u@ Ol 1@y, = / (x P, £.0) = xP(x, &, 1)) dxdE

= /(|x“><x, E DI+ IxP 6,0 —2xVx, &, 0P (x, &, 1))dxdE,
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where, fori = 1,2, x @ is related to u® by (2.2). To prove (2.14) we want to estimate the time
derivative of the right hand side of the above equality. In order to be able to use the solution
property, following [24,31,33], we replace x (", x® by 0 * x (I, 0 % x® for suitable choices of
o. Then it is possible to differentiate with respect to ¢ at the expense of creating several additional
terms that need to be estimated.

Step 1: Approximation. We perform three approximations. Firstly we consider the convolutions
along characteristics in the space variable, secondly we localize the space and velocity variable
and thirdly we regularize in the velocity variable. All these are explained next.

Given t € [0, T'] define

G(r) = / GO0 0.0 = x @y, 0. 0)dydn,

and let o, o5 be standard smooth mollifiers, that is approximations of Dirac masses, and for
i = 1,2 we consider

oYy 6.0 =0l — fEV W)~ y)
and

fo;f;(x, v &m0 = 0"D(x,y, & D0¥(E — 1),

that is o) is the solution to (2.4) with z = z®) and initial condition 0"’ (-, y, &, 0) = 0% (-—y).

Although we can start from the beginning with the Qé’% ’s, in order to keep the presentation simpler

and, in view of the different role played by ¢ and §, we work first with the gé’(i) ’s.

We then define
Ge(t) = -2 (x“) * Qi’(l)) ».n.1) (X(Z) * Qi’(Z)) (.0, tydydn
+ [ senm(x Y x 0 V) (v, n. Hdydn + / sgn(m) (x® * 02 D) (v, n, Hdydn.

Lemma A.3 in Appendix A yields

1Ge()) = G| = (2 + 1 £ @V |2V ) = 22 ()]

x (BV @V (0) +BVu?@)).

Hence,

G() = Gs) = Ge(®) = Ge(s) +2 (& + 1 F @Dl ogr oy 127 = 2P e ) )

x (e oo s ;v @y + 102 oo s, 01, v @Y 3.5

and to conclude it is enough to derive an appropriate bound on G, () — G¢(s).
We show, and this will be the main part of the proof, that

Ge(t) = Ge(s) S &7z = 2P e rymmm- (3.6)
and combining (3.5) and (3.6) we find
G(t) —G(s) Se 'z — Z(z)”C([S,t];RN)
+2(e+ @M 1z = 2@
e+ 1 f )l oo x5, I 27l es. RN
1 2
x (|lu’ )”LOC([s,t];BV(]RN)) + flu )”LOO([s,t];BV(RN)))'

The conclusion follows by choosing £ = [|z(1) — z®? Il ¢(gs.11: ™) It thus remains to prove (3.6).
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Step 2: The product term. We note that, while x @ x Qg ) is smooth in y, in order to apply
Definition 2.1 we still need to mollify with respect to 7, that is to consider x @) x Q(l) and, in the
end, take § — 0. For this mollification to converge, we first need to localize in y and n, a fast
which requires yet another layer of approximation.

Therefore, for every ¥ € C°(RN ) with |||l ¢ gy, < 1, we introduce

Geys(t) = —Z/W(y, n) (x(” *QS;) O, n,t)< @ *9(2)) (v, 1, )dydn
+ / v (. mGen* o) x Y oDy, n. ndydy
/ ¥ (y, )(sgn* o) (x @ * 02 (v, n, H)dyd.

To simplify the notation we suppress the €, ¥, §-dependence in the next few steps. We have:
d M 4 o0 (@ 4 @
—2 | vOm (x *0 )(x *0 )dydn

/[W(y n)( M, (U)%( @) Q<2>)

+ v (X(z) *9(2)) % (x(” “))}dydn

—ay [ g eV .y g

i,j=1
x x P8 Dai ()5, 0P Ly 8 )

+ v mx P g 0Py, & DV x, £ Daij €)
x 92 oW(x,y, & n, 0)]dxdedx'dE dydn

x,xj

- 2f[w(y, a6, 0eM (. v, £, 1)

X Q(Z)(.X/, v, %./’ n, t)aé/q(z)(x/’ %./’ t)
+ v Mx P g, 0P, y, €0, 1)
x oW (x, v, & 1,089V (x, &, 1)ldxdEdx'dE dydn.

We first consider the last two terms on the right hand side. As in the hyperbolic case we note

-2 / (W mx P, & 00V, y, 6,0, 002, v, £ 0, 0P (K E 1)

+y O mMxP L E 00Dy, & 1)
x oD (x, y, & 1, 0)d:q"V (x, &, 1))dxdgdx'dE dydn

_ —2/(w<y, mx D, £, 090 (x. y. £, 1)
x 0P, y, &, n,0¢P (& 1)
+ 9, mMx P& E ND0P (', y, &, 1)
x 0V (x,y, & 1,09V (x, & 1))dxdedx'dg' dydn
+Err (@),
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where

Errt2 (1) =2 / v (x Ve 0gP @ E LD + P8 0g P 60)

x @V (x, y. £, 1. D 0@ (', y. €' 0. 1) (3.7
+ 30V (x, v, & 0, 00D, y, &, 0, 1))dydndx'dg'dxdk.

We next use the nonnegativity of the Dirac masses § to observe that

2 / WO mx D& 0900 (x v, £ 0P (6 v, € m gD 1)

+ o mxP g 000P(, y, E 1)
x 0V (x, y, &1, 0)¢WV(x, &, 0)]dxdedx'dg dydn

= 2/[w(y, m (5@ - 8¢ —uV @, 0)) eV, . 80,0
x @@ y. & n.0g? (€. 1)
+ Y0 (860 -8 —u® 1))
x 0Py, & 0, 00V (x, v, £, 1,V (x, &, t)}dxdédx’dg/dydn

<2 / [ (y, m8E —uD(x, )0V (x, y, & 1, 00D (', y, &, 0, HnP (', &, 1)

+ ¥, mMSE —u®P @, 10)0P, y, 0, 1)
x 0V (x, y, &0, 0nWV(x, &, nldxdédx'dg'dydy

+2 f ¥ (y, MoV (x,y,0,n,00P (', y, ', n,0)gP (¥, &, ydxdx'd& dydn
+2 / v, MoV x,y, & 0,000, y,0,1, )¢V (x, £, )dxdedx'dydn, (3.8)

and, hence,
d ,
—2 f vy, m) (x(” * Q“’) (XQ) * Q(z)) dydn < 1P (1) + 1P (1) + ErrM 2 (1),

with I7%" and 1P denoting respectively the parabolic and hyperbolic terms, that is

N
() = -2y /(Vf(y, mx P, &, 00V, v, &0, 0x P E L raE)
ij=1
X 8xlfx_’/.Q(2) (x/» y, %_/, n,s)
+ 00 mx P E 0Py E o DxV(x, &, r)aij ()
x 82, oW (x, y, .1, ))dxdedx'dg dydn

XiXj
—2/(w(y, m8E —u e, )M, v, £ 1.
x 0P (', y, & 0, OnP (' &, 1)

+ 9y, MEE —u® &, 1)o@, y, & 0, 1)
x oWV (x, y, & n,0nV (x, &, 1))dxdédx'dg dydn,
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and
1"(t) =2 / (. meP(x,y,0,n, 00", y, &, 0, 0)gP (', &, 1)dxdx'dE dydn
+2 / Y (v.meV (. y. & 0. 00P (. y.0,n.0)g"V (x, &, )dxddx'dydn;

note that we call the above expression a hyperbolic term in spite of the occurrence of the parabolic
dissipation measures n1) and n®, because they have the same structure as and are treated
similarly to the hyperbolic case.

Step 3: The hyperbolic terms. Since both terms in I are treated similarly, we provide details
only for the first one. We have

t
2 / / ¥ (y, MoV (x,y,0,n,1M0P ', y, ', n,rqP (', &, r)dxdx'dg'dydndr
5
t
= f / ¥ (y, mgsgn(©)o (x, y, & 1, 1)
S
x 0P, y, & 0, rgP ', €, r)dxdedx'dg' dydndr
t

= _f ¥y, U)Sgn(s)agg(l)(X, v, &0, 0P &, y, E 0, 1)
S
x ¢P (', &, rydxdedx'dg' dydndr

t
_ / / ) ( / sgn@)d”(x,y,s,w)dxdé)

* </ 00 (', 3. 8 n. g P (. é’,r)dx/dé’) dydndr + / "By,
s
with
ErrD(r) = _/ v(y, n)Sgn(é)(agg(“(x,y,s, . 1e@ () y. £ 1)
+ 0, y. 6,100 (.8 0. 1) )q P (' &, r)dxded'dg dydy.

Using the solution property (2.9) for x® and

f sgn(@)oV(x, y, & 1, r)dxdé = (sgn* 0")(n)

we find
t

2 / / Y mePx, v, 0.0, 0P, y, &0, r)q® (€', r)dxdE dx' dydndr

= / t f ¥ (y, ) (sgn x 0") (1) ( f % 0® ', y, &, n,Ng?P (', &, r)dx’ds’) dydndr
+ / tErr(l)(r)dr

=— [ v, )sgnx ")) (X x0P)(y, n, idydn + / t f (sgn  0") ()

x (wy, ) f / PG RO TCOUNMIICN m)dx/ds’) dydndr

ij=1
t

+ / Err(l)(r)dr.
)
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Since
axl'g(i)(xa y’ E’ n, t) = _ay,'Q(i)(xv yv Ea n, t)
07,000, y, &m0 =07, 0V (x, y, &1, 1) (3.9)
we have

t
//(sgn*Q“)(n)d/(y, m)

* N
x ) / K2 OE L D (€)0,0 0P Wy, £ 0, Ddx'dE dydndr

ij=1

t
= / / (sgn + @") (dy, ¥ (v, m)
* N
x Y / x PG E L Da(€)0,00P Ly 8 . 0dx'dg dydndr

i,j=1
‘

::/ ErrcW r)dr.
N

In conclusion,
t
/ 1" (ydr = — / ¥ (v, misgn 0" ) (D 5 0V)(y, 1, L dydn
N

— / ¥ (v, m(sgnx 0" (x? * 0®)(y, n, )L dydn

t t
+ f Err'Y ) + Err® (r)dr + / Errl(’c’(l)(r) + Errc@ (rdr,
S S

with Err®, Erro©®?) defined analogously to Err(D, Errloc-() respectively.
Step 4: The parabolic terms. Using (3.9) we get

N
> [ wma Ve g eV vk P s €)

i,j=1
x D00 (', y, &' 0, dxdEdx'dg dydn

N
=-> / Yomx V& 0x P € Daij )
ij=1
x 05,00 (x.y. £.0. 00, 0P y. €' 0. dxdEdx'dg dydy + Err'*®),

where
N
Eroc® = = " / By (v mx M x, & Dx P € Daj €
i,j=1
x oW (x.y.&.0.00,0P .y, &' 0. 1)dxdEdx'dg dydn.
Hence,

N
-2 /W(y, mx V& 00V x, y, & 0,0
ij=1
x XD E D E)y0 0Py, 8 1)
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+y.mx P E 0Py £ Dx V. £ Daij ()
x 32 oW(x,y, & n, 1)ldxdedx'd€ dydn

Xi)(j

N N
=4y > / W, mx V@, & nx P&, DoinE)ox; &)

i,j=1k=1
x 05,0 (. y. £.0. 00y 0P (', y. ' n. dxdédx'dE dydy
+ Err" + Er/'oe®) 4 grloc @), (3.10)

with

N
ErrP?" =2 Z fw(y, mx P, &, 0x P E L
ij=1
! N
X <a,'j(§) - ZZUik(f)Ukj(g/) +aij(‘§/))
k=1
X axiQ(l)(x’ Y, Ev n, t)ax}Q(z) (X/, vy, E/, n, t)dxdédx’d&’dydn

and Err'o©® defined analogously to Errloc®),

We now use the chain rule (2.8) and get

N
> / Y. mx P, & 0x P E Do @) ()

=1
x 35,0 (. v, £.0. 08 0P (', y. €', n, dxdEdx'dE dydn

N
= f vy, ) (Z / x<”(x,e,r>o,-k<s>ax,.g“><x,y,s,n,odxds)
i=1
N
x (Z / x PG E L Do (DD 0P Oy o, t)dx’dé’) dydy
- |
! N
= / vy, m (Z / 0 Birc (D (x, )0 (x, y, uV (x, 1), n,t)dX)
i=1

N
x (Z / e By P (000 @ (', y, u@ t),n,t)dx/> dydn.
j=1

and, therefore,

N
-2 /(w(y, Mx Ve, 60000,y 80 x P E LD

ij=1
x aij€d5,,0% (v, &, 1)
+ ¥ mxP & 0P« . E .0
x WV (x, & 0aij €)%, 0" (x, y, € n,1))dxdédx'dg'dydn

N N
=4y Z/Wy, n)(/ 3 Bir V (x, 1)0 (x, y, uV (x, 1), , 1)

ij=1k=1
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x By, By (@ 0)eP (' y, u® 1), t)dxdx’>dydn
+ ErrP® 4 Eprloc:® 4 Epploc @)

Using (2.10) we analyze next the last two terms in /7%". We have:

/ Y& —uV e )M (x, . &0, 1)
x 0P, y, & 0, HnP ', €, Ndxdedx'dg' dydn
+ / Y. msE —u® ', 1)@, y.& 0.1
x oW(x, y, &, 0, )nV(x, &, t)dxdedx'd€' dydn
- / Yo eV, y, a0, 1), m, 00D, 3, &, n, oD (x', €', Ddxdx'dgdyd

+ / v, me@ &y, u® ' 1), n, 00V (x, y, £, 0, On'V(x, &, H)dxdEdx'dydn

= / Y meP ey, w0, 0, 0Py uP (e, x), 1)
N /N 2
X Z (Z 8x;ﬁik(u(2)(t,x’))> dxdx'dydn
k=1 \i=1
+ / (v, mMe@ &, y, u® ' 1), n, 00V (x, y, uD(t, x), n, 1)
N /N 2
X Z (Z axiﬁik(u(l)(t,x))> dxdx'dydn.
k=1 \i=1

Since
2

N 2 N
(Z O Bir (D (2, x))) + (Z O Bir (2, x/)))
i=l i=l

N
22 ) B (. 0)d By @ (1. 1),

ij=1
we obtain
=2 [ woma —uD ey €
x 0P, y, & n, HnP &, &, 1)dxdedx'd€ dydn
+ / Yy, msE —u® )0, y, &0, 0
x oW(x, vy, &, 0, )nV(x, &, t)dxdedx'd€' dydn
< —4/ ¥ (v meVx, y, uV(x, 1), m, 0P, y, u® @, %), n, 1)

N N
x D (Z axiﬁik(u(l)(t’x))ax}ﬁjk(u(z)(f,x/))) dxdx'dydn,

k=1 \i,j=1
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and, then,

t t
/ 7Y (r)dr < / Err"™(r) + Errloc’m(r) + Errc® rydr.

N N

Step 5: The end of the proof. Combining the estimates in the last two steps we find, now
explicitly writing the ¢, ¥, 6-dependence,

1 2 !
-2 / YO mO Y * o) n )P * 0. Hdydn|
<—[vo.m D %ol dyd
v, msgn* o)) (x Y 0, ) (v, 0, )dydn
- / ¥y, mGsgn o)) (x @ % 0D (y. 1. )idydn
+ | (Er) E Err":? ErP™ d
ey, s(r) + rra 1/“3(}’) +Err,, ll/ﬁa(r) + Er E’w’a(r) r
N
t
+ [ (Erri{ff/;f;)(r) + Errloc (2) r) + Errloc (3) ) + Erri”f/}fg) (r))dr, (3.11)
N
that is
Geps(t) = Gy s(s) < / (Errll) 52 + EreC), ) + Erel! ) + Ery () )dr
t
+ / (Errl;f/f”(;)(r) + Erri”f/j(g) r)+ Erriof//(g) r)+ Erri(jf//”(g) (r))dr.
S

It follows from (A.2), (A.4), Lemma A.4 and Lemma A.5 in Appendix A that, for ¢ € C°
(RN*1y and & > 0 fixed,

lim Gy (1) = lim Ge yr5(5)
t
< / / 13,9 ¢, O)lle@yy @V +¢P)x, &, rydxdedr + e 2D = 2P ¢ o pmy)
+ / (Errles V) + Erles @ o)+ Enl? D) + Enl?G P () ar. (3.12)

Choosing ¥z € C°(RV+1) such that

I, if|(y,mn)| <R

wR(y,n)z{o’ | = k41, @4 IDYRI<1, (3.13)

yields

Jim. / 1,k Ollcm, @D + @), & Ddxde = 0.
In view of Lemma A.6 we also have

lim (Errloc (1) r)+ Errloc’(z) r)+ Errloc’(3) r) + Errloc’(4) (r))dr =

R—o00 Jg & YR & YR &YR
and it is easy to see that

lim hm Geyp,s(t) = Ge(1).

R—006—
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Hence, letting R — oo in (3.12) yield
Ge(t) — Ge(s) < & M1z = 2Pl mm)- (3.14)

which finishes the proof by step one.
4. The existence of pathwise entropy solutions

We prove the existence of pathwise entropy solutions to (1.1) and establish the a priori esti-
mates stated in Theorem 2.4. The solution is found as a limit of solutions of a three-step approx-

imation procedure. In the first step, the initial condition ug € (BV N L®)(RN) is approximated

by smooth functions ug € CSO(RN) such that ||ug||2 < ||lug||2. In the second step, the driving

signal z is approximated by smooth driving signals z"). In the third step, A is approximated by
Af + eI, where I is the N x N identity matrix and A®(£) := A *x ¢°(§) with ¢° being a standard
Dirac family.

In conclusion, we consider the smooth solution u €% to

N
D 3 9 Fr D)) = div(A* @) Du®D) + eAu®*D in RN x (0, T),

i=1

“.1)
u®sh — ug on RN x {0}.
The existence and uniqueness of u®3D for each fixed ¢, § and [ is classical; see, for example,

Volpert and Hudjaev [45]. The proof of the bounds in Theorem 2.4 is based on establishing
similar bounds for 1¢-%!) and then passing to the limit.

Proof of Theorem 2.4. Since the proof is long, we divide it into several steps.

Step 1: The approximating equation (4.1). The kinetic function x %D (x, &, 1) = x(u®%D

(x,1), &) solves

d
o@D+ fOE D - D)@ = Y afi©)dg, xOO0 —eax @

ij=1 4.2)
= 9:q“%) inRY xR x (0, T),

xE8D = x@d(),-) on RY x R x {0},
where
O n=rF©:20
and

q(e,B,l) — m(s,S,l) + n(s,é,l)

with the entropy dissipation and parabolic measures m-®-) and n(¢-%D given respectively by
m@>D (e &, 1) = 86 —u=*Dye] DuHD|?
and

N [N 2
D g 1) = 86 —u®) (Z ax,ﬂfk(u(”’”)> :

k=1 \i=1
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Moreover, it is shown in [45] that, for all # > 0 and p € [1, oo], there exist constants C (O
such that

DO N e < lluollp,  I1DuED @O0 < BV(ug) and  |3,u**D@0)), < c?.
4.3)

Multiplying (4.2) by &€ and integrating yields

N /N 2
(,8,1) e (88,0
m (x,é,t)dxdédt+/ > (D 0B @) ) dxdr
/IKNXRXR+ RN xR ik

+ k=1 \i=1

s _ 1 2
< §||u0||2 < §||M0||2- 4.4

In view of Lemma 2.2, u®% is a pathwise entropy solution, that is, in the sense of distributions
in ¢,

d N
@V x = / x @D (e, €, 0af;©)33,,00 (v, y, &, Ddxd
ij=1

+ 8[X(s"s’l)(x,é,t)AQ([)(x,y,E,n,t)dxd&

- / 390" (x, y, £, 0, 0)g 0D (x, &, 1)dxdk. (4.5)

Elementary calculations also give
N
Z/ X(s’a)l)(-xv %‘3 t)O'ﬁc(é)ale(l) (xs ys ga ns t)d-XdS
i=1
N
= — Z / 8xi,3igk(u(8’8’l) o, )0V (x, y, u®D(x, 1), n, 1)dx. (4.6)

Step 2: The singular degenerate limit ¢ — 0. In view of the estimates (4.3) and (4.4), there
exist subsequences, which we denote again by u@8D 8.0 and n8D such that, as e — 0,

u®D — @D in ([0, T1; L' ®RY)),
m(s,ﬁ,l) N m(S,l)’

n@®3D @D weak x,

N N
D 0B @Dy = "0 B @) in L2([0, T x RY),

i=1 i=1

and thus

2
N N
n(s,S,Z) N n(S,l) — (S(S _ M(S,l)) Z (Z aXi ﬂik(u(&l))> )
k=1 \i=1
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Passing to the limit in (4.5) and (4.6) yields respectively (2.9) for z = z® and

N
> / XD & Dow©)dx 0" (x, y. 6.0, Ddxds
i=1

N
=Y [ 0B 00y e 1, 1,
i=1

Using the lower semicontinuity with respect to weak convergence, we also get

T T N (N 2 |
8.0 8.0 2
m>(x, &, t)dxd&dt +/ / O Bi ™) | dxdt < =|luoll3.
fo /RN xR o Jry ,; ; o 2
Step 3: The rough signal limit | — o0 and initial condition 5 — 0. Theorem 2.3 yields that,
asl,m — oo,

1/2
6n_, Z(m)” /

cqo.ryryy = 0

S, 1
llu ™Ml go.rrLi@yy < Cllz® ~

that is, #®? is a Cauchy sequence in C([0, T']; L' (RY)) and thus has, as [ — 00, a limit «® in
C([0, T]; L'RM)).

We then argue as in Step 2 to obtain a pathwise entropy solution u® to (1.1) with initial
condition ug. Again, Theorem 2.3 yields that, as §1, 52 — 0,

(41)

) 8
[|ue - ”(SI)HC([O,T];LI(RN)) =< C”Mol - “()2||L1(RN)

and arguing as before we obtain a pathwise entropy solution u.

The bound (2.18) follows easily by testing with £+ = |£|”£ and a cut-off argument. Since
the argument is routine, we leave the details to the reader.

5. Long-time behavior—the proof of Theorem 2.6

The general approach is based on averaging techniques related to the classical averaging lem-
mata for scalar conservation laws. Typically, the proofs of averaging lemmata use Fourier trans-
forms in space and time. In the stochastic context this is not possible due to the time-dependence
of the flux. Therefore, we only use Fourier transforms in the spatial variable x. This technique
was developed by Bouchut and Desvillettes [6] and was used for semilinear stochastic scalar
conservation laws by Debussche and Vovelle in [15]. Although our proof follows the arguments
of [15] and more closely [25], new difficulties arise because of the second order term in (1.6).
In particular, we have to adapt the important technical result (Lemma 5.1), which relies on the
genuine nonlinearity condition (2.20). In what follows we are brief about parts similar to [25]
and we concentrate on the differences. Since the proof is rather long, we divide it in several sub-
sections. We also remark that we use properties of the Brownian paths and our approach does
not extend to general continuous time dependence.

Split-up of the solution. Without loss of generality, we restrict to initial conditions with zero
average, that is we assume that

/uo(x)dx =0 (5.1

the case of non-zero spatial average can be easily reduced to this case. Moreover, in view of
(2.14) and the density of L% (TV) in L' (T"), it is enough to consider ug € L>(TV).
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As a regularizing term we use the fractional Laplace operator (see [6,15] for similar types of
arguments)

B:=(—A)*+1d witha € (0,1]. (5.2)

Let Sa, ) (s, ) denote the solution operator of

d
I+ fIEF O — > aij(g)a)%ixju +yBv=0 inT" xR x (s, 00). (5.3)
i ij=1

Since A(§) : D? = sz,jzl ajj (S)Bfixj and B commute, it is immediate that, for all f in the
appropriate function space,

S, @) (5, 1) f () = (e UAEDHYD) gy (v _ £ (E£)(B(1) — B(5)))
= (e UTVAGMD ==V B £y (v — F(E)(B(1) — B(5))) 4 (5.4)
where ¢4 denotes the solution semigroup to the operator A and
FEB@D =B = EB @O =B 6N..... NEBY @) - BV ().

For n € ZV, the Fourier transform of S4 , (&) corresponds to multiplication by
. 2u
exp (~if ©B® = B6) -1 — (nAGR =y (0 + 1) (= 5)).
It follows from the variation of constants formula that, fort € [0, T] and ¢ € C oo (TN),
[, etmenar= [ gt e nands
TN TN xR
= / P(x)Sa, &) (0, 1) xo(x, §)dxdE
TN xR
t
+ / / YB(Sy &) (5. D) (X)X (x, &, s)dxdéds
0 JTN xR

t
_/0 /TNxRas(SZV@(S’t)w)(x)dq(x,s,s), (5.5)

where Sjgy © denotes the adjoint semigroup to Sa, ¢) and for simplicity we set again g = m +n.
Noting that (2.18) implies g (TN x {0} xR;) = O and that & — (S;kly(S) (s, H)p)(x) is continuously
differentiable on R\ {0}, (5.5) can be justified following the same arguments as in [25, Appendix
C] in combination with dominated convergence based on (2.18) and (1.7). We note that, in
comparison to [25], the additional parabolic term of (1.6) is represented in (5.5) via the parabolic
term in the semigroup Sa ().

Recall that, a.s. in w, u € C([0, 00); L1 (TV)). Accordingly, in the sense of distributions in x,
we have

u@®) =u’@) +u' @)+ 0®), (5.6)
where, for ¢ € C®(TN),

W), ¢) = /TN Rw(X)SAy(g)(O, Dxolx, §)dxds, (5.7
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W' . ¢) / / YB(S) &) (5. D)) x (x. &, s)dxdéds (5.8)

Q). ) f / e (S3, 6) (5. DY) () (x., &, s)dxdEds. (5.9

Next we estimate (5.7)—(5.9) separately using averaging techniques. In the analysis we need
a basic integral estimate which is proved in Appendix C. For its statement it is convenient
to introduce, for each measurable » : R — R¥, g : R — R, and f € L2, the function
¢(;a,b, f): RN — R given by

d(w;a,b, f) = e—#/eib<f>'w—3“<@f@)d§. (5.10)
R

Lemma5.1.leth : R - RV, g : R — Ry be measurable functions, such that, for all
e >0,z € RY and some nondecreasing t : [0, 00) — [0, 00) with lim,—.gi(e) =0,

g e R:[b(E) —zI* +a(€) < &}| < (o).
Then, for all § > 0 and f € L*>(R),

)
16 ab, P2, < ﬁ i) anisiB.

The estimate of 1. Taking Fourier transforms in (5.7) yields, for each n € ZN,
120(”, 1) = / —if (E)BW)n—(mAE)n+y (n|*+1)1 Ro(n, €)dE.

As in [25] we have 2°(0, 1) = 0. For n € ZN \ {0}, integrating in time, taking expectations and
using the scaling properties of the Brownian paths, we find

T
E/ 160(n, 1)|?dt
_E/ ’/ —if @B n—mA©n+y (nP+D) 5 )d$’ dt

=/ —2y(|n\2a+1)IE‘/ —ifOPCP) fr—nAEmt o S)dé‘ di
0

2
e—Zy(ln\ Y1)t

V2 |n|?t

Lemma 5.1 with 8§ = 4|n|?t, b(€) = f(£) - IZ_I a§) = }11 &)L il and i(e) ~ g2 gives

m/T e—2y(|n|2°‘+1)t 00
V27 |n|?t

N e~ 2v(n®+hr oo
52 t2e”"drdt||Fo(n. )13

\/2n|n|2t

2a N
5/ =2 DL (10120 =3 4t || 5o (n, ) 12
0

_ \w\

: n n n 2
ol /e—’f@)m'w—w@m'"'Zf)go(n,g)dg‘ dwdt.

T ~0 ) _ (T A 2
E[ (%, ndt < e () drdrl 2o, )13
0 )
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T
- —2y(In|*+r,—¢ A 2
< Inl 9/ WP =S g 20, 2
0
o0
—p —2=0 2, _2-6 s 8 2
Sl y™ 2 (In]* + 1) 2/ et 2dt|xo (-, I3,
0

and, hence,

T 2-9 2-0 .
E/O 12%(n, 1)1*dt < Cln|™y =2 (In1** + 1" 2 I Zo(n, I3
_2-0 .
S YT R0, )3 (5.11)

Combining the previous estimates, after summing over 7, we obtain

Lo T o2 < -8 2
E A e’ (D)l2dr = E 0 la”ON1%de Sy~ 2 lixoC. )l
2—6
Sy T oG =y~ uoll. (5.12)

The estimate of u'. Let @, := y (|n|** + 1). For each n € Z", the Fourier transform &' (n, 1) of
u'(t) in x is given by

t
ﬁl(n, ) = Canf /e—if(é)(ﬂ(t)—ﬂ(s))~n—(nA(é)n+V(\n|2“+l))(t—s))%(n7 £, s)dEds
0

t
=‘Z’"f e—d)n(t—S)/ —ifEFO-PENm-nAGNC=) 2 (1 £ $)dEds)
0

Integrating in ¢, taking expectation and using that fé wpe~ " dr < 1, we find

T
E/ 12 (n, )dt
0

T t
:E/ ‘/ @nefasn(zfs)/ —if B0 —nAGNC=S) 5.0 & s)dsds‘ dt
0
T\t 3 ‘
:E/ ‘/ J)ne—wnr/e—zf(S)(ﬂ(t)—ﬁ(t—r))‘n—nA(S)nr2(n’g’t_,)dgd,’ dt
0 0

T pt
<E/ / C;)ne—canr/ ~if @O —pa—r)n—nA©nr 5 () & t—r)dé‘ drdt.
0 0

Using that x is F;-adapted, that the increments 8(¢) — B(t — r) are independent of F;_, and the
scaling properties of the Brownian motion, as in [25], we find

E‘/ @ BO-PU=r)n=—nA@nr .y £ ,_,)dé‘

_EEV —~if ©B(nPr@) - (B A© & ) InPr Sk, t—r)(a))dé‘
2

Iw\

H n n 2
oW /e—tf(é)w-m (ln‘A@)‘nl)muA( £t rde

! g
V2 |n|?r /
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where E is the expectation with respect to @. Using again Lemma 5.1 with § = 4|n|?r,

bE) = f©) - & anda® =} (LAG ) we get

/

2

\w\ . n
e /eﬂf@)w.m (fa©p)in? Lt — r)dE

<f/ () delaon st =
1-6
$82 /0 tdfllx(n, St=nl3 < (nf SRR Lt =13,
and, hence,
E\/ OGO g 1y < (nPryEEIL 0,1~ I
Combining all the above estimates we find
T T ot . )
E/ Iﬁllz(n,t)dtﬁf [@ne—wn’(|n|2r)—f1E||)z(n,-,t—r)||§drdt.
0 0 0
Young’s inequality then yields
T T . . T
B [P nd S [ e (i tar [ B
0 0 0
and, in view of the fact that, for 6 € [0, 1],
T— —apr,—4 —1+% —pr % 1
wpe” " rT2dr < w, " (wpr)~ 2a’r w; e 'r 2dr < oo,
0 ]R R

we conclude that, for n € ZV \ {0},
! ~112 g0 1202 NN 2
Hence,
T | 5 0 T
E/ lu” @)llzdt S ny/ lu(@)l1dt.
0 0

The estimate of Q. For . > 0 and ¢ € L®(2 x [0, T]; C®(T")) (in what follows, unless
necessary, we do not display the dependence of ¢ in w and 1), let

(CYVELIORTG)
4 N
:2/0 /35 (SAy@)(S’f) ((—A)%w(t)» (x)dq(x, €, s)
! A
= 3 (Sa, &) (s, 0 (=) 20(0))) (0)dq(x, &, 5)
[0,/TNX<R\{0}) §< AL ( ¢ )) x)aqx, s, s
= /0 vy (O = B D+ A©): D2t =)
X Szy(g)(S,t)(_A)%(P(I)(x)dq(x,E,s)’
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where the first equality follows from (2.18) and the second equality is immediate from the
definition of S4,, (&) and S;k‘y(é).

In view of Lemma B.1, for any ¥ € C*°(T"), we have
[esi, 60200
= | D (e EAODD 25y () (- £ OB — B

= I (eI 9 2y () 5= FOBO - )|
< e | eI )iy | S eI - 9)TE [

Again using Lemma B.1 we have

(SA o6 DD

2y (TOTVIERAOPI 2Ty () (x = F@BW — BoM|

— v (@D A )iy (x—f(sxﬂ(r)—ﬂ(s)))Hoo
2 e TN Iy O| S eI — )T [l

In view of (1.7), it follows that, for all ¢ € L®(£2 x [0, T]; C*(TV)),

< e_V(t_X)

T A
2 [ (ai00.v0)ar
0
Tt 2t et a2
scusonooE[ fe—”’—”(y—mﬁm—ﬁ<s>|(r—s)—2 +y -9 T)
0 Jo

x / (L4 1§17 + 1§17)dq(x, &, s)dt
TV x (R\{0))

Tt sy (it Ll a2 i
scugonooE/O /Oe YO (y B — BN — )T 4y TR ()T

X / (1 + [EIP' + |&17)dq (x, &, s)dt.
TN xR

At this point we need to argue as in the previous step by taking conditional expectation and using
that B(t) — B(¢t — r) is independent of F;_,. Since ¢ is only a measure, to make the following
argument rigorous it is necessary to perform another approximation. This is done in [25] and we
omit the details here.

Using the independence of B(¢) — B(s) from F; and Fi-measurability of ¢ we find
E|B(t)—B(s)lg(s) = E[E[B(1)—B(s)|g(s)|Fs] = E[B(1)—B(s)|Eq(s) = v/t — sEq(s),

and employing once more Young’s inequality we obtain

r ot At At At At
B[ [ (10— poly -9y F -9 )
0 0
x/ (L+ [E17 4+ |£1P)dq x. &, 5)di
TN xR

T t
1 1 A+l 2 2
=f fe‘“"” (r a5 4y F -9 )R
0 0
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< [, Qe g g syar
TN xR
T ARl 1 A+l AE2 22
< e V! Q*W;TW +y g *W)d;
0

T
x/ E/ (14 [E17 + [§17)dq(x, &, 5)d.
0 TN xR

In conclusion,

T

T ) ,
B[ (aiem o) Sipls [ e (AT 1y E )
0 OT
B[ [ Al eimdgtr g,
0 JTNxR

Moreover note that, if § > —1, then

T T
/ e dr = y78/ (y)le V'dt = %! / e dr < Cy~1,
0 0 R,

and for § = % - “((xl)x = % — %, 6=1-— “((312))\ =1- A2_+2 and assuming uf; < 2 (note that

o
this also implies ,ufxl))\ < %), we get

T
1 1 1 (@) 2) 3
/(; e*]/l (y_“u.xtz_“u,»\ —+ y_um.ktl_ﬂa‘k) dt < C (7/7 —+ )/72) .

We use next (2.18) and get, in view of all the above,

Il

T A 3
E/O (2300, 00)dr S lploe (y73 +772) Aluoll3 + luoll 5155 + luoll 2255)-
(5.14)

For now it is enough to take A = 0. Then /L(% < %, Mfz) < 2 is satisfied if ¢ > %, and, for

y < 1, we obtain

T
_ 2 2
E/O (Q(1), () Yt <y 2ll@lloolluoll3 + luoll b5 + lluo17215).

Proof of Theorem 2.6. We conclude the proof as in [25]. Note that as compared to [25] the
constants change due to the changed constants in the estimate of Q. We obtain

—lia(%0 1 _ab _ 2 2
Elu(D)| S T2 (3 )nuonf +2777 + T2 (luoll3 + lluoll ' 15 + lluoll 725

and letting a = ﬁ, for T > 1, we get

9 1
- 2 vpa+2\ .
Ellu(T)ly S T~ (IIMoIIl2 + 1+ lluolly + ||uo||£iv£§+2> ;

note that the rate is independent of the choice of «. The proof is concluded as in [25].
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6. Regularity (proof of Theorem 2.7)

The remaining argument is precisely the same as in [25]. First, assuming x = x(u) €
L2(R x [0, T] x £2; HT(RN)) for some t € [0, 1] this implies

T
2 2
E/ (@) llyradt < C(1+ luolh' 5 + luolP213), (6.1)
0

for A satisfying the constraint

01 — a)
x<(4a—2)A(T+r).

Note that the constants change as compared to [25] due to the changed constants in the estimation

of Q. Maximizing the right hand side yields o = % € (0, 1) and we obtain
20 8t
A<da—2=—>-+ .
0+8 0+8

As in [25] this bound is now bootstrapped, which yields that (6.1) holds for all A € (O, ﬁ).
The proof is then concluded as in [25].
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Appendix A. Convolution error estimates

We study here the behavior of the several error terms introduced in the proof of the comparison
principle for pathwise entropy solutions.

The first type of errors, which are studied in the first subsection below, are due to the
convolution along characteristics, that is, when we replace x (x, &,1) by x(x,&,1) = x(x +
f(&)z;, €, 1) and X by its approximation x *xo;. We then consider the parabolic error terms arising
from doubling of variables/mollification of the velocity variable £ in the second subsection. In
the last subsection we estimate the hyperbolic error which is a consequence of the failure of the
right hand side in (3.1) to be the £-derivative of a nonnegative measure.

Convolution along characteristics. Let
Qg(xv Y, gs t) = Qé(x -y + f(:‘;:)Z(l)),
where o} is a standard Dirac family.
Lemma A.1. Let u € BV (RY). Then, forallt € [0, T], p € [1, 00),

l (X * Q;S;) (3, &0 —x(& = fE)z(®), )l Lr@yxr) < BV (u).
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Proof. Using Holder’s inequality and u € BV we find
I(x *08) 0.8, = x (v = FEZD. O] gz,

= [|f xeoaie 5 0dx = x0 = sz dyas

= [|[1x6) = x0 = 1@z 80162 0x v 6000 "dyae

1
< / ‘(/ Q,;‘(x,y,s,r)dx)q

(/ Ix(x,8) = xO& = fE)z®), H)I i (x, ¥, &, t)dx) ’

1P

dyd§

< [[ 116 = 20 = @007 00—y + F©zNdxavde
= [[ 16 = xor1gze = ydxarae

_ / () — u(Mlgl(x — y)dxdy
<eBV(u). O

Lemma A.2. Let u € (BV N L®)(RY). Then, for all t € [0, T},
1O = FOZ0.6) = 20, Ol 1@z = 1@ olzO1BV ).
Proof. Due to [23, Lemma C.1] we have that
gy = /RBV(X(-, £)de,
with x (x, £) == x (u(x), £). It follows that
[ 1x0 = $@z00.6) — xv. 0k = [ BV G0z
< 2N @l [ BY G Endg. O

Let
G(t)=—2 f XV = &2V, & 0xP (v — fEV ), € ndyds
+ / senmx M (y — fE)V (1), & Ddydé
+ / sen(nx P (v — f©)2P @), &, 1)dydé
=-2 / XV = PO -2, 6, 0xP (v, & Ddyds

4 / sen(mx Dy, &, dyde + / sen(mx @y, £, dyde.
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Lemma A.1, with G, as in Section 3, yields
Ge(t) = G| < BV @V 1) + BV 1))
and, with G as in Section 3, Lemma A.2 implies
G =GO < If @) eclzV @) = 22 OBV @™ @)).
In conclusion, we have:

Lemma A.3. If u € (BV N L®)(RN), then forall t € [0, T,

G ) = G| = (2 + 1/ @V D)ol 0) = 22 0)]) (BY V1) + BY @@ 1)),

Parabolic error. We study the parabolic error Err!;alz 5 occurring in the proof of Theorem 2.3.

LemmaAd. Let s,t € [0,T], s < t, ¥ € CPM®R Y, & > 0. Then, as § — 0,
j;t Errg’axzya(r)dr — 0.
Proof. Straightforward calculations lead to
N
Err sy =2 // Y. mx Ve, g nx @ E
i,j=1
N
X (aij(é') —Zzﬁik(é?)ﬁkj@/) +aij(§/))
k=1
X 0,003 (. v €0, 1) 03 (' v &' . r)dxdEdx'd§ dydn

N
=2y fw(y, ") (fx<“(x,s,r>aij<5)ax;ei}§<x,y,s, mr)dxds)

i,j=1
x (/x@(x’,s/,r)ax;gfg(x/,y,g/, n,r)dx/dg/> dydn
N N
-4y / Y(y.n)
i,j=1k=1

x ( / x Ve, .10k (E)ds, 005 (x, v, &, n,r)dxdé>
2) ) & sl 2),.r ’ T
X X (xvsﬂr)o'k](s )ax}Qg,g(X,}’ag’ﬂvr)dng dydn

N
+2)° /wy, D) (/xm(x,s,r)ax,-@i?;(x,y,s, n,r)dxds)

i,j=1
2) (.1 & (s 2), s l Ty
X X (-x9$ar)alj($ )ax}Qg’a(x9ysévnar)dXdé dyd’l

‘We now aim to take the limit § — 0 in each of these three terms. Since the first and third terms
are similar, here we only give the details for the first two.
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Note that, since ¥ has compact support, the integration in (x, y) and (x’, y’) is taking place

over bounded sets. This together with a;; € L;’;’c yields that, in the limit § — 0, and in leoc (R)

x D & )aij €)oo} (x. y. &0, r)dxde
= (/ xP(x, - aij (g0 Vix, y, -, r)dx) * 03 (1)
— /x<”(x, n, r)aij (a0 P (x, y, n, r)dx.

Since all functions are locally bounded, dominated convergence implies that, as § — 0,
N t |
> / /w(y, ) (fxm(x,é,r)ai,-@)ax,-eé,gu,y,s,n,r)dxdé')
i, j=17s
Q) &t @), s / ! gt
X X8 A0 s (0, y, &, r)dx d” | dydndr
N t
— Z / flﬁ(% mx P, n,nx@ &0, rai;(n)
N

ij=1
X Oy, Q;’(l)(x, v, 1, r)ax}gg@ ', y,n, rydx'dxdydndr.

Similarly, as § — O,

N t
> / / Y. mx D@ E o)y el (x. y. &, 1. r)dxds

i\ k=1
x [ AP o €00 de dyandr

N t
= f / Y. mx D@ 0. o el (. y. n. rydx
s

ijk=1""
5,2
x f X P& 0. ok (g ey's? (v, . rydx'dydndr
N t
= Z/ /W(y»n)x“)(x,n,r)x(z)(x@ n, r)aij ()
s

ij=178
X 8X[Q2:§1)(x, v, n, r)Bx}Q;’(z) (', v, n, r)dxdx’dydndr. O

The localization error. We study here the error terms appearing in Section 3 due to the

localization in the (y, 1) variables, that is Erriofp‘(g), i =1, 2,3, 4. Since their analysis is similar,
we concentrate on Erri”fﬂ’(g) and Erri”i,/’(g).

Recall

N
Err?G3(r) = / (sgn * 03) () (ay,-y,-w@, n oy / x P& E ai )

ij=1

x Qézg oy, &, r)dx’d§’> dydn
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Ers Q) = - f 8y, (v mx V. £, P € g €
1
"o [€))] ?2) / get
X Q (x,y,é,n,r)ax}e (', y, &, n,r)dxd§dx'dg' dydn
and set
En's () = / Sy, ¥ (. Mx D . Pyt @y, 7, Py dydn
i,j= 1
En' () = / 00,0 G MV e @, Pas ()
i,j=1

x 0"V, y. 0,13 0”@ (', y,n, r)dxdx'dydn.
J

Lemma A.5. Foralls <t,s,t €[0,T], as 8§ — 0, we have

r
/Erriﬁ}?(r)dr—)/ Errloc m(r)dr and/ Errio’fp’,(g)(r)dr—)/ Errloc (3)(r)dr
N

Proof. Noting that ¥ has compact support and a;; € Lj., the proof is a simple consequence of

convergence of mollifications along Dirac families. [

Lemma A.6. Let Yrg be as in (3.13). Then, as R — oo,

t
/ Errl;f/,’;l)(r)dr — 0 and / ErrloC ) (rydr — 0.
N

Proof. The convergence of Err[(ip(l> is a consequence of the dominated convergence theorem.

We first observe that
Q) 5.(2) (o
|Sgn(n)ay,y11/’R(y mx =&y, V)azj(n)Qg ", y,m, )l
<Clx?N, n, Naijmer® ', y,n,r) < Claijllee X P17, m, ef @, y, 0, 1)

and

/ / X1 0. S @, y. . P)dydx'dndr = f / X1, r)dxdndr

=f /|u(2)|(x,r)dx dt < oo.
S

Moreover, as R — oo and for all (y, n) € RNl andr € [0, T],

sgn(mdy,y, Wr (. Mx P&, . raij e @, y,n.r) — 0,

and the claim now follows again from dominated convergence.

For the convergence of Erriofl;s) we observe that

oy W om0 X P @ nag etV ey g 0P Gy 0
< ClxW1G, 0, Ix @1, 0, nla e V1, v, n, r>|8 TR N
< Cllaijligze Ix V1, 0, nIx @1 0, mle” Pl y, n,r)|ax 0P|y 1)
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and
t
/ f XVl @I 001 VI, y.on. )ldg e DIy, . r)dxdx'dydndr
s J
t
S/t/u@WﬂWJﬂ%g“%@C%mrwf@dwr
5 t t
< C/ / Ix@1(x", n, r)dx'dndr < C/ / u@|(x, rydx'dr < oo.
N N
Since, as R — oo and for all (y, n) € RVl andr € [0, T,

oy ¥ mx D, X @@ n,na e ey, .0 de e P o ynr) = 0

dominated convergence finishes the proof. [
A.l1. The hyperbolic errors

We first provide the following cancellation result.

Lemma A.7. Let Qélg, Qgg be as in (2.6) with zV,z® e Cu([0, T1; RY) and fix e > 0,
Y eCx (RN+1). There exists a bounded function cy.s - R — Rso that lims_, o cy 5(&") = 0 for
all ¢ and
1 2
J1[ (o meice s.sn 030050 3.8 0
+ a0} (v, v 6.0, 000}, v, 8., 1)) )dydn|dxds

|Z(2> O+ IM(5)4-(”8 V() ey * 05)E).

Proof. We have

oy 6.0 030G v 8 ) + deoly (v v 6o 00y 8 )
= 05D (x, .6, 000 — Mo [> P, y. &, DL (E — )]
+ %lod M (x, v, 6,005 — MIoE P, y, £, )0 ' —n)
= 0}(& — mey € — (e V(. v.£. 000 (' v, 1)
+ 300V (x, 3, &, 000 P (', y, & ,t>)

+ 05V, y, &, 008 Py, £, 0)(0:08( — Moy E —n)
+ Y (E — mdgo (€' — ).
We first note that
/ Yy, mod P, v, 6,008 P, . &, 1) (905 — Moy &' —n)
+ 0§ — g 0§ (E" —n)dn
- / 00 o eV (. v, £, DGO . £ DQYE — MY (E — myd
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and, after integrating, we get
/ | / (. mer Ve, y. £.008 P (', y. €. 1)(8e05 (€ — Mo ¢ — )

+ 0§ (E —mdgoyE' —m)
< f gy (v, mley P (x, y. &, 005 P (', y. £ 0y (¢ — mof (¢’ — n)dydndxdé
= / 10y (v. mley P (', y. €', 1)0§ (€ — Moy (&' — n)dydndé
< / 13,9 C )l my 0l € — Mol (&' — mdnde
= f 189 .l crmyol € = mdn = (19,9 ¢ )l crny * 05 (E).

Next we observe that

90>V (x, y, &0 = £(€)z00,00 D (x, y, £, 1),
and, hence,
oSV (x, y, & 00500 (', y, 6, 0) + 30 V(x, v, £, )00 P (', y, €', 1)
=00 D (x, v, 6,01 (E)zP0,00P (. y, & 1)
+ ©z V0,00V (x, y, £, D08 P, y, €, 1)
=00V, 3, 6,0 f (€22 0,00 P, y, & 1)
+ F'©z2P0,00 D (x, v, & 000 P, y, €, 1)
— 0oV (x, 3, &, 0(f(€) — F1ENZD0,00P (', y, &, 1). (A.1)

For the last term we have the estimate

J1f o meie - mese - ey g 0@

— F'ENP0,00P (', y, €, H)dydn|dxdE

|z12)| wa(%‘)
// Yy, MoY(E — Mol —mIf'(€) — f(ENdnds =

Since f’ is continuous, Cy,s 1s bounded and lims_, ¢ ¢y, 5 = 0. The conclusion now follows from
the following estimate

/ ‘ / V(v mobE —modE —med V&, v, &0 f ©)zP 8,00 P, y, & 1)

+ 1 ©zM8,05V(x, y, &, 005 P (W, y, &, 1) ]dydn | dxdg

(2 |
t

<120 / VO Mol E — malE — )
x 05 W(x, v, & 013,05 P|(, y, &, O 1(§)dydndxdg

=1zi" =7 f V(v mes € — ey € = mldyer @1, y. & 011 |§)dydnds
|Z(1) _

2)
< —Z" / 19 G e el & — oY — ) f|€)dnds
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|Z(1)

2)
= B [iwcmieaned€ - i 16 deei s~ ndy

_ 1 2
sup e 2P =22 O
SUpp(7—> 9 (a1 o) +L8.6]

IA

For the estimate for Err), i = 1, 2 we recall that
Errll), s =— / (v msen®@eoy . v 6.1, 0B v, . r)
+oB 0y, &m0 (v, € gD (€ ) ) dxdgdx'dg dyay.
Hence, using Lemma A.7, we find
Errl), ()
< [a@en([|[ vom@eelie s ee g
+ 0y 0y £ D)0 y €, r))dydn]dxds)dx/ds
< / g r)( |22 — (V) 4 22 ‘“(5 L g (e, * Q§><s’>)dx/ds’,

and, letting § — 0, we get
11m / |Err (r)|dr

< 8|| 2@ — 2Dl cenryy + / / @ M8 (-, ENllc@yydx'dE dr.  (A2)

Now we present the proof of the error estimates for

1,2)

E0@ =2 f v (1O & ng@ W &0+ 1P 0g " (x,8.1)
(gilg(x, 3£ D0 (& v E 1)
+ 00 (x, v, €1, 000 (', v, €', 1. 1)) dydndx'dg dxds,

and we note that

1,2
Err 2]

<2 [¢@a e ([ [ ooy e oo v g
+ de0py(x. v, £ DRy, E D) dydn\dxds)dx’ds
+2fq<“(x,s,t> /\/ (V. mpy (e y. & m. D33 (v &' 0. 1)
+ 0} (v, v 6 n 00 v, 8, 1) dydn\dx’ds)dxds (A3)
Using Lemma A.7 in (A.3) yields

c !
B (1)) <2 / q@)(x/,s’,t)( 4P — 20 4 26D

+ (10y9 ¢ )l em) * Qg)(g)>dx/dg

Err
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n qu(”(x,é;,t)( 2@ _ 0 4 s ®) x/fs(E)

+ (199 ¢ ) llewny * Qg)($)>dxd€-

Letting § — 0 and again using dominated convergence we get

11m/ \ErrD () dr < 2/ / D €L r)

( 22 — 2D+ 19,9 (., s)nc(RN)) dx'dg'dr
+ 2/ / Dx, &,r)
x <—|z<2> 2D+ ||a,,1/f(~,s)||C(RN)) dxd&dr.
= %”Z( )1 )||c([x,;];RN)
+2 / t f qP & E D0y Y (L ED ey ydx'dE dr
s
+ 2[/q“)(x,g,r)||a,71/f(-,g)||C(RN)dxdgdr. (A.4)

Appendix B. The Regularity for the Fractional Heat semigroup

We recall without a proof [15, Lemma 9].

LemmaB.1. For y > 0, a € (0, 1], let B, = y(=A)* on TN with corresponding semigroup
e~ By Then there existsa C = C(N,n, m, a, B) such that, forall 1 <m <n <ocoand 8 >0,
C

< —
Lm—Le Wﬂ%(mi_nl)'f‘%

i

Appendix C. The proof of Lemma 5.1

We present here the proof of Lemma 5.1.

Proof. We compute the Fourier transform qg of ¢. Using the elementary fact that

. 2 20,12
l/‘e—2mz-we—%dw = /Sme 1" we find

qAb(z):/e_zmz'wqb(u))dw:/e_zmz'we_lw / ib(&)w— 5“(5)f(§)d§dw
_ // e—2ni<z—ﬁb(§))' ‘"" dwe—ﬁa(é)f(s)ds

=/ me‘\””%b@‘z)\2e—8“(f>f(s>ds,
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and, hence,

s 2
BN = V N O

2
—([vor (L b&)—2 +8a(§)> - e\ -
S(Sn/e CC ds/e Van(se@r2) [ =04 20y
Next we use the assumption on a, b which enters in the following straightforward estimate:

0
5/ 8e & : |b(§) — 2mz|* + a(€) < dt}ldT
0

o0 1 o0 T T
5/ se T (4r)dT < —/ e 4y (—) drt.
0 4 Jo $

{s : }Nb(s) — 27> 4 a§) < r”dr

Hence,

1 2
bR < / et d’/ Yo (2] [ 0®) 2.

_ L —7) 12—
Integrating the above inequality in z and using that |e \ﬁn(sz(g) Z)l sa@)dz =/

676n2\z|275a(§)dz < «/LS yields

f lp(2)*dz < ~—— f drllfllz O

Appendix D. The definition of the kinetic solution for smooth driving signals

For the convenience of the reader we recall here the definition of the kinetic solution to
(1.1) for smooth signals given in [10]. Note that this reference considers the special case of
z(t) = (¢, ..., t) but the argument extends trivially to the case of z € C ([0, T1; RN). For the

notation ﬂ;i recall (2.13).

Definition D.1 (Definition 2.2 in [10]). Assume that 7 € CL([0, T1; RN). Then u € C([0, T];
LY®RN) N L[N x [0, T]) for each T > 0 is a kinetic solution to (1.1) if

(1) forallk € {1, ..., N} and all nonnegative v € D(R),
N
> 8. Bl ) € LARY x [0, T1), D.1)

(ii) for any nonnegative {1, ¥» € D(R) and forallk € {1, ..., N}

N N
VI 0) Y 0B e, 0) = Y 0 B ix, 1), (D2)
i=1 i=1
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(iii) there exists a non-negative bounded measure m on R x R x [0, T'] such that (2.3) holds in
the sense of distributions, where n is a non-negative measure on RY x R x [0, T such that,
for any nonnegative ¥ € D(R),

N [N 2
[v@ancen =3 (Y auplacm) | D3)

k=1 \i=1

References

[1] V. Barbu, G. Da Prato, M. Rockner, Existence and uniqueness of nonnegative solutions to the stochastic porous
media equation, Indiana Univ. Math. J. 57 (1) (2008) 187-211.
[2] V. Barbu, G. Da Prato, M. Rockner, Existence of strong solutions for stochastic porous media equation under
general monotonicity conditions, Ann. Probab. 37 (2) (2009) 428-452.
[3] V. Barbu, G. Da Prato, M. Rockner, Stochastic porous media equations and self-organized criticality, Comm. Math.
Phys. 285 (3) (2009) 901-923.
[4] C. Bauzet, G. Vallet, P. Wittbold, The Cauchy problem for conservation laws with a multiplicative stochastic
perturbation, J. Hyperbolic Differ. Equ. 9 (4) (2013) 661-709.
[5] C. Bauzet, G. Vallet, P. Wittbold, A degenerate parabolic-hyperbolic Cauchy problem with a stochastic force,
J. Hyperbolic Differ. Equ. 12 (3) (2015) 501-533.
[6] E.Bouchut, L. Desvillettes, Averaging lemmas without time Fourier transform and application to discretized kinetic
equations, Proc. Roy. Soc. Edinburgh Sect. A 129 (1) (1999) 19-36.
[7] G.-Q. Chen, Q. Ding, K.H. Karlsen, On nonlinear stochastic balance laws, Arch. Ration. Mech. Anal. 204 (3) (2012)
707-743.
[8] G.-Q. Chen, K.H. Karlsen, Quasilinear anisotropic degenerate parabolic equations with time-space dependent
diffusion coefficients, Commun. Pure Appl. Anal. 4 (2) (2005) 241-266.
[9] G.-Q. Chen, K.H. Karlsen, L' -framework for continuous dependence and error estimates for quasilinear anisotropic
degenerate parabolic equations, Trans. Amer. Math. Soc. 358 (3) (2006) 937-963.
[10] G.-Q. Chen, B. Perthame, Well-posedness for non-isotropic degenerate parabolic-hyperbolic equations, Ann. Inst.
H. Poincaré Anal. Non Linéaire 20 (4) (2003) 645-668.
[11] G.-Q. Chen, B. Perthame, Large-time behavior of periodic entropy solutions to anisotropic degenerate parabolic-
hyperbolic equations, Proc. Amer. Math. Soc. 137 (9) (2009) 3003-3011.
[12] C.M. Dafermos, Long time behavior of periodic solutions to scalar conservation laws in several space dimensions,
SIAM J. Math. Anal. 45 (4) (2013) 2064-2070.
[13] A.Debussche, M. Hofmanov4, J. Vovelle, Degenerate parabolic stochastic partial differential equations: Quasilinear
case. preprint, 2013, pp. 1-34.
[14] A. Debussche, J. Vovelle, Scalar conservation laws with stochastic forcing, J. Funct. Anal. 259 (4) (2010)

1014-1042.

[15] A. Debussche, J. Vovelle, Invariant measure of scalar first-order conservation laws with stochastic forcing, Probab.
Theory Related Fields 163 (3—4) (2015) 575-611.

[16] W. E, K.M. Khanin, A.E. Mazel, Y.G. Sinai, Invariant measures for Burgers equation with stochastic forcing, Ann.
of Math. (2) 151 (3) (2000) 877-960.

[17] B. Engquist, W.E. , Large time behavior and homogenization of solutions of two-dimensional conservation laws,
Comm. Pure Appl. Math. 46 (1) (1993) 1-26.

[18] J. Feng, D. Nualart, Stochastic scalar conservation laws, J. Funct. Anal. 255 (2) (2008) 313-373.

[19] E. Flandoli, Regularity Theory and Stochastic Flows for Parabolic SPDEs, in: Stochastics Monographs, vol. 9,
Gordon and Breach Science Publishers, Yverdon, 1995.

[20] PK. Friz, B. Gess, Stochastic scalar conservation laws driven by rough paths, Ann. Inst. H. Poincaré Anal. Non
Linéaire 33 (4) (2016) 933-963.

[21] B. Gess, Random attractors for stochastic porous media equations perturbed by space—time linear multiplicative

noise, Ann. Probab. 42 (2) (2014) 818-864.
[22] B. Gess, M. Hofmanova, Well-posedness and regularity for quasilinear degenerate parabolic-hyperbolic spde.

arXiv:1611.03600, 2016.
[23] B. Gess, B. Perthame, P.E. Souganidis, Semi-discretization for stochastic scalar conservation laws with multiple
rough fluxes, SIAM J. Numer. Anal. 54 (4) (2016) 2187-2209.

Please cite this article in press as: B. Gess, PE. Souganidis, Stochastic non-isotropic degenerate parabolic—hyperbolic
equations, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.01.005



http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref1
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref2
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref3
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref4
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref5
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref6
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref7
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref8
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref9
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref10
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref11
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref12
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref14
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref15
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref16
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref17
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref18
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref19
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref20
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref21
http://arxiv.org/1611.03600
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref23

44 B. Gess, PE. Souganidis / Stochastic Processes and their Applications I (1111) II1-111

[24] B. Gess, P.E. Souganidis, Scalar conservation laws with multiple rough fluxes, Commun. Math. Sci. 13 (6) (2015)

1569-1597.
[25] B. Gess, P.E. Souganidis, Long-time behavior, invariant measures and regularizing effects for stochastic scalar

conservation laws, Comm. Pure Appl. Math. (2016) arXiv:1411.3939 (in press).

[26] M. Hofmanovd, Degenerate parabolic stochastic partial differential equations, Stochastic Process. Appl. 123 (12)
(2013) 4294-4336.

[27] M. Hofmanovad, Scalar conservation laws with rough flux and stochastic forcing, Stoch. Partial Differ. Equ. Anal.
Comput. 4 (3) (2016) 635-690.

[28] H. Holden, N.H. Risebro, Conservation laws with a random source, Appl. Math. Optim. 36 (2) (1997) 229-241.

[29] N.V. Krylov, B.L. Rozovskii, Stochastic evolution equations, in: Current Problems in Mathematics, Vol. 14, Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1979, pp. 71-147. (in Russian) 256.

[30] P.D. Lax, Hyperbolic systems of conservation laws. II, Comm. Pure Appl. Math. 10 (1957) 537-566.

[31] P-L. Lions, B. Perthame, P.E. Souganidis, Scalar conservation laws with rough (stochastic) fluxes, Stoch. Partial

Differ. Equ. Anal. Comput. 1 (4) (2013) 664-686.
[32] P-L. Lions, B. Perthame, P.E. Souganidis, Stochastic averaging lemmas for kinetic equations. Séminaire Laurent

Schwartz - EDP et applications, 2013, pp. 1-17.

[33] P-L. Lions, B. Perthame, P.E. Souganidis, Scalar conservation laws with rough (stochastic) fluxes; the spatially
dependent case. arXiv:1403.4424, 2014, pp. 1-17.

[34] P-L. Lions, P.E. Souganidis, Fully nonlinear stochastic partial differential equations, C. R. Acad. Sci. Paris Sér. I
326 (9) (1998) 1085-1092.

[35] P-L. Lions, P.E. Souganidis, Fully nonlinear stochastic partial differential equations: non-smooth equations and
applications, C. R. Acad. Sci. Paris Sér. 1 327 (8) (1998) 735-741.

[36] P.-L. Lions, P.E. Souganidis, Fully nonlinear stochastic PDE with semilinear stochastic dependence, C. R. Acad.
Sci. Paris Sér. 1331 (8) (2000) 617-624.

[37] P-L. Lions, P.E. Souganidis, Uniqueness of weak solutions of fully nonlinear stochastic partial differential
equations, C. R. Acad. Sci. Paris Sér. 1 331 (10) (2000) 783-790.

[38] P-L. Lions, P.E. Souganidis, Viscosity solutions of fully nonlinear stochastic partial differential equations,
Surikaisekikenkyiisho Kokytroku (1287) (2002) 58-65. Viscosity solutions of differential equations and related
topics (Japanese) (Kyoto, 2001).

[39] S.-E.A. Mohammed, T. Zhang, H. Zhao, The stable manifold theorem for semilinear stochastic evolution equations
and stochastic partial differential equations, Mem. Amer. Math. Soc. 196 (917) (2008) vi+105.

[40] E. Pardoux, Equations aux dérivées partielles stochastiques non linéaires monotones (Ph.D. thesis), 1975.

[41] B. Perthame, Kinetic Formulation of Conservation Laws, in: Oxford Lecture Series in Mathematics and its
Applications, vol. 21, Oxford University Press, Oxford, 2002.

[42] B. Perthame, P. Souganidis, Dissipative and entropy solutions to non-isotropic degenerate parabolic balance laws,
Arch. Ration. Mech. Anal. 170 (4) (2003) 359-370.

[43] C. Prévdt, M. Rockner, A Concise Course on Stochastic Partial Differential Equations, in: Lecture Notes in
Mathematics, vol. 1905, Springer, Berlin, 2007.

[44] E. Tadmor, T. Tao, Velocity averaging, kinetic formulations, and regularizing effects in quasi-linear PDEs, Comm.
Pure Appl. Math. 60 (10) (2007) 1488—1521.

[45] A.L Vol'rpert, S.I. Hudjaev, The Cauchy problem for second order quasilinear degenerate parabolic equations,
Mat. Sb. (NS) 78 (120) (1969) 374-396.

Please cite this article in press as: B. Gess, PE. Souganidis, Stochastic non-isotropic degenerate parabolic—hyperbolic
equations, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.01.005



http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref24
http://arxiv.org/1411.3939
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref26
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref27
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref28
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref29
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref30
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref31
http://arxiv.org/1403.4424
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref34
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref35
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref36
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref37
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref38
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref39
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref40
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref41
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref42
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref43
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref44
http://refhub.elsevier.com/S0304-4149(17)30008-X/sbref45

	Stochastic non-isotropic degenerate parabolic--hyperbolic equations
	Introduction
	The main results
	The stability of pathwise entropy solutions
	The existence of pathwise entropy solutions
	Long-time behavior---the proof of Theorem 2.6
	Regularity (proof of Theorem 2.7)
	Acknowledgments
	Convolution error estimates
	The hyperbolic errors

	The Regularity for the Fractional Heat semigroup
	The proof of Lemma 5.1
	The definition of the kinetic solution for smooth driving signals
	References


