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Abstract

In this paper, we study estimates on tail probabilities of several classes of subordinators under mild
assumptions on the tails of their Lévy measures. As an application of that result, we obtain two-sided
estimates for fundamental solutions of general homogeneous time fractional equations including those
with Dirichlet boundary conditions.
© 2020 Elsevier B.V. Allrights reserved.
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1. Introduction

1.1. Motivation

The time fractional diffusion equation 8’3 = Au (0 < B < 1) has been used in various
fields to model the diffusions on sticky and trapping environment. Here, 8 is the Caputo
derivative of order ﬁ which is defined as

B = o / (1 — ) P(u(s) — u(0)ds,

* This research is supported by the National Research Foundation of Korea (NRF) grant funded by the Korea
government (MSIP) (No. 2016R1E1A1A(01941893).
* Corresponding author.
E-mail addresses: soobinl5@snu.ac.kr (S. Cho), pkim@snu.ac.kr (P. Kim).

https://doi.org/10.1016/j.spa.2020.01.002
0304-4149/© 2020 Elsevier B.V. All rights reserved.


http://www.elsevier.com/locate/spa
https://doi.org/10.1016/j.spa.2020.01.002
http://www.elsevier.com/locate/spa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2020.01.002&domain=pdf
mailto:soobin15@snu.ac.kr
mailto:pkim@snu.ac.kr
https://doi.org/10.1016/j.spa.2020.01.002

S. Cho and P. Kim / Stochastic Processes and their Applications 130 (2020) 4392—4443 4393

where I' is the gamma function defined as ['(z) = fooo x*"le=*dx. Motivated by this
equation, following [6], we consider the following generalized fractional-time derivatives. Let
w : (0, 00) — [0, co) be a function which satisfies the following condition.

(Ker.) w is a right continuous non-increasing function satisfying lim, oy w(s) = o0,
lim,— 0o w(s) = 0 and [~ min{1, s}(—dw(s)) < oo.

Definition 1.1. For a function u : [0, 00) — R, the generalized fractional-time derivative 9,
with respect to the kernel w is given by

d t
3 u(t) := —/ w(t — s)(u(s) — u(0))ds,
dt J
whenever the above integral makes sense.

For example, if w(t) = t=#/I'(1—p) for some 0 < B < 1, then the fractional-time derivative
;" is nothing but the Caputo derivative of order .

In [6], Zhen-Qing Chen established the probabilistic representation for the fundamental
solution of time fractional equation 9,"u(t) = Lu where L is the infinitesimal generator of
some uniformly bounded strongly continuous semigroup in a Banach space. This procedure can
be described as follows: For a given function w satisfying condition (Ker.), define a Bernstein
function ¢ by

o) = /00(1 — e M) (—dw(s))  forall »>0. (1.1)
0

Since |1 — e ™| < (14 A)min{1, s}, we see from (Ker.) that ¢ is well-defined. Let {S,, » > 0}
be a subordinator (non-negative valued Lévy process with Sy = 0) whose Laplace exponent is
given by (1.1), that is, ¢(A) = —log E[exp(—ASl)] for all A > 0. Then, define its inverse as
E, =inf{r > 0: S, > t} for t > 0. Since condition (Ker.) holds, we have lim,_, ¢, w(s) = 00
so that S, is not a compounded Poisson process. Therefore, almost surely, r +— S, is strictly
increasing and hence ¢ — E; is continuous. Denote by 7; the semigroup corresponding to the
generator £ in a Banach space. Then, for every f € D(L), where D(L) denotes the domain
of £, the unique solution (in some suitable sense) to the following general homogeneous time
fractional equation

3 u(t, x) = Lu(t,x) with u(0,x) = f(x) (1.2)
is given by
u(t, x) = B [T, f(0)]. (1.3)

In [8], the second named author, jointly with Zhen-Qing Chen, Takashi Kumagai and Jian
Wang, proved that when 7; is the transition semigroup of a symmetric strong Markov process,
(1.3) is the unique weak solution to Eq. (1.2) (see [8, Theorem 2.4] for a precise statement).
Moreover, they obtained two-sided estimates for the fundamental solution under the condition
that ¢ satisfies WS(«q, ap) for some 0 < a7 < ap < 1 (see Definition 1.2 for the definition
of WS(«a, @y)). The key ingredients to obtain those estimates were the estimates on tail
probabilities P(S, > ¢) and P(S, < ¢) established in [21,29]. Particularly, the weak scaling
conditions for ¢ were needed to get sharp estimates on P(S, > ¢).

In this paper, we study estimates on upper tail probabilities P(S, > ¢) of a general class
of subordinators. Our results cover some cases when the lower scaling index «; of ¢ is 0 and
the upper scaling index a, of ¢ is 1. Indeed, we will see that the lower scaling index has no
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role in tail probability estimates. On the other hand, when the upper scaling index is 1, various
phenomena can arise in the asymptotic behaviors of P(S, > ¢) as + — oo. To assort those
phenomena, we impose conditions on the tail measure w instead of the Laplace exponent ¢
and then obtain estimates on P(S, > ¢) under each condition. More precisely, we will consider
the three cases: (i) w is a polynomial decaying function; (ii) w decreases subexponentially or
exponentially; (iii) w is finitely supported. (See, Section 2 for details.)

As applications to these tail probability estimates, we then establish two-sided estimates
for fundamental solutions of time fractional equations including the ones with the Dirichlet
boundary condition, given by (1.5).

1.2. Settings

In this subsection, we introduce the notions of the fundamental solution for a time fractional
equation and the weak scaling properties for non-negative function. Then, we list our main
assumptions in this paper.

Let (M, p, m) be a separable locally compact Hausdorff metric measure space and D C M
be an open subset. Let {T,”, ¢ > 0} be a uniformly bounded strongly continuous semigroup
with infinitesimal generator (£LP, D(L£P)) in some Banach space (B, || - ||). Let w be a function
satisfying condition (Ker.). Then, we consider the following time fractional equation with
Dirichlet boundary condition.

0Yu(t,x) = LPu(t,x), xeD, t>0,
u(0, x) = f(x), xeD, (1.4)
u(t,x) =0, vanishes continuously on dD for all ¢ > 0.

Examples and topics related to the problem (1.4) can be found in [3,16,24-27,31]. See
also [19,20] for examples of time fractional equations with non-linear noises.

If we overlook the boundary condition, then it is established in [6, Theorem 2.3] that for
all f € D(LP), u(r, x) := E[T£ f(x)] is a unique solution to (1.4) in the following sense:
() sup,_g llu(t, )| < oo, x > u(t, x) is in D(LP) for each t > 0 with sup,. ||LPu(t, -)| < oo,
and both 7 > u(z,-) and t — LPu(z, -) are continuous in (B, || - ||); -
(ii) for every t > 0, I"[u] :== fot w(t —s)(u(s, x)— f(x))ds is absolutely convergent in (B, || - )
and

1
lim <173 u] = 1)) = LPu(t, x) - in @B, |- ).

Indeed, we will see that if {7,°,# > 0} admits a transition density enjoying certain
types of estimates, then the solution u(z, x) satisfies the following boundary condition (see
Corollary 1.21 for a precise statement):

(iii) if f is bounded, then for all ¢+ > 0, x > u(z, x) vanishes continuously on 9 D.

As discussed in [8], if the semigroup {TtD ,t > 0} has a transition density ¢(¢, x, y) with

respect to m on M, for any function f € D(LP),

u(t, x) = E, [T ()] = / T TP 0 BE, < r) = f ST f0d, B, = 1)
0 0

=f / FOq(r, x, y)ym(dy)d,P(S, > t)
0 M

- /M £ ( /0 q(r,x,ywrms,zz)) m(dy).
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Therefore, it is natural to say that

pt,x,y) 1=/0 q(r, x, y)d,P(S, = 1) 1.5

is the fundamental solution to Eq. (1.4).

Next, we introduce the weak scaling properties for non-negative functions.

Definition 1.2. Let f : (0, 00) — [0, 00) be a given function and «, o, € R and ¢y > 0 be
given constants.

(1) We say that f satisfies LSO(al, co) (resp. LS®(ay, c¢p)) if there exists a constant ¢; > 0
such that

f(R) R\*
>c | — forall r < R <c¢q (resp. for all ¢ <r < R).
fr) r
(2) We say that f satisfies US’ (a2, ¢o) (resp. US® (w2, cp)) if there exists a constant ¢; > 0
such that

f(R) R\*

<c|— forall r < R <c¢p (resp. for all ¢ <r < R).

fr) r
(3) If f satisfies both LS%(a1, ¢o) and US®(aa, co) (resp. LS® (a1, ¢o) and US®(az, cp)), we
say that f satisfies WS (a1, a2, o) (resp. WS («y, a2, ¢p)). Moreover, if f satisfies both
WSO(ozl,ozz, co) and WS (a1, az, cp), then we say that f satisfies WS(ay, an).

Throughout this paper, we always assume that the kernel w satisfies condition (Ker.). Here,
we enumerate our main assumptions for w.

(S.Poly.)(;) There exist constants z; > 0 and §; > 0 such that w satisfies LS%(=61, 1,);
(L.Poly.) There exists a constant 8, > 0 such that w satisfies LS®(—6,, 1);
(Sub.)(B, 6) There exist constants co, & > 0 and 8 € (0, 1] such that

w(t) < cpexp(—0rP) forall > 1.

(Trunc.)(t7) There exists a constant ¢ > 0 such that
(i) w(t) > 0for 0 <t <ty and w(ty) =0;
(ii) w is bi-Lipschitz continuous on [tf/4, 1], i.e. there exists a constant K > 1 such that

K’1|t —s| < |w@®) —w(s)| < K|t —s|, forall t7/4<s =<1t =<ty

(ii1) there exists a constant §3 > O such that w satisfies LSO(—83, tr/2).

Remark 1.3. (1) Condition (S.Poly.)(z;) implies that the corresponding Laplace exponent ¢
satisfies US®(min{8, 1}, 1). Conversely, if ¢ satisfies US*(8;, 1) for some §; < 1, then there
exists a constant 7, > 0 such that condition (S.Poly.)(z;) holds with constant §;. Analogously,
condition (L.Poly.) implies that ¢ satisfies USO(min{Sz, 1}, 1) and if ¢ satisfies US0(82, 1) with
8, < 1, then condition (L.Poly.) holds. (See, Lemma 2.1.)

(2) If condition (L.Poly.) or (Sub.)(8, 6) holds, then we can replace the constant 1 with
arbitrary positive constant since w is a monotone function. However, we cannot replace the
constant #; in condition (S.Poly.)(t;) with other positive constants in general. For instance, if
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w) = 1% — 1)10.1(¢), then we can only take #, strictly smaller than 1. Moreover, the
constant #; in condition (Trunc.)(¢s) is uniquely determined by its first condition.

Notations: In this paper, we use the symbol “:=" to denote a definition, which is read as “is
defined to be”. For a, b € R, we use the notations a A b := min{a, b} and a VvV b := max{a, b}.
For x € R, we define log" x :== 0 v logx and |x| := max{n € Z : x > n}. We denote by 9,
the partial derivative with respect to the variable 7.

The notation f(x) < g(x) means that there exist constants ¢y, ¢, > 0 such that ¢;g(x) <
f(x) < cpg(x) for the specified range of the variable x. The notation f(x) < g1(x)+g2(x)h(cx)
(resp. f(x) 2 g1(x) + g2(x)h(cx)) means that there exist constants ¢, ¢; > 0 such that

f) < ei(g1(0) + g2(0)h(eax))  (resp. f(x) = c1(g1(x) + g2(x)h(c2x))),

for the specified range of x. Then, the notation f(x) =~ gi(x) + g2(x)h(cx) means that both
Fx) < g1(x) + g2(x0)h(cx) and f(x) 2 g1(x) + g2(x)h(cx) hold for the specified range of x.

For a subset D of some metric space (M, p), we let diam(D) = sup, ,.p p(#, v) and
dp(x) == sup_.p p(x, z) for x € D. Then, for x, y € D, we define

8,(x, y) = 38p(x)op(y), 8a(x,y) :=¥dp(x)Adp(y) and &y(x,y):=3p(x)Vép(y).
(1.6)

Lower case letters ¢’s without subscripts denote strictly positive constants whose values are
unimportant and which may change even within a line, while values of lower case letters with
subscripts ¢;,i =0, 1,2, ..., are fixed in each statement and proof, and the labeling of these
constants starts anew in each proof.

1.3. Some toy models with explicit Dirichlet estimates

Our general estimates on the fundamental solution include a term which is described in an
integral form. (See, (1.13).) However, in many applications, we can obtain explicit forms of
them. We first represent some special versions of our results which can be described explicitly.

Suppose that the operator (£?, D(LP)) on (D, p, m) admits a heat kernel ¢(¢, x, y) with
respect to the measure m. We further assume that one of the following assumptions holds for
all (t,x,y) € (0,00) x D x D.

(J1) diam(D) < oo and there exist constants o, d > 0 and A > 0 such that

S a/2 S a2 ¢
| p 92 | A 920 e L) ro<r<1:
q(t, x,y) < /e t/e plx, y)+e

e M8p(x)**8p(y)*/2, ifr>1;

(J2) There exist constants « > 0 and d > 0 such that for all ¢+ > 0,

8p(x)\*/? 8o\ (a4 r
[’ , = 1 A 1/\ t /Ct AN ;
q(t, x,y) ( /e /e px, yyite

(J3) There exist constants ¢ > 0 and d > 0 such that for all ¢+ > 0,

Sp(x) \*? 5o N [ _asa t .
q(t,x,y),\<1/\m 1/\1‘1/“/\1 t /\W 5
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(J4) diam(D) < oo and there exist constants « > 1,d > 0 and A > 0 such that

-1 1
<1 A BD(X))a (1 A —SD(y)>a (z—d/“ At > ifo<r<1;
qt,x,y) =< 1/ t1/a o(x, y)ite =<

e M8p(x)* ' 8p (1), ifr > 1;

(D1) diam(D) < oo and there exist constants @ > 1,d > 0 and A > 0 such that
8o\ (- oW\ i p(x, y)*/@D
(1 N i P ) e e )

e M8p(x)*28p(y)*/?, ifr>1;

(D2) There exist constants o > 1 and d > 0 such that for all ¢+ > 0,

Sp(x)\ > oM\ _a/e plx, )/ DN
q(t,x,y)_ (1/\[17 1A tl/ut t eXp _c—tl/(utfl) s

(D3) There exist constants & > 1 and d > 0 such that for all t > 0,
500 \2 (1 8o\ gyl
o= (1) ) )

tle Al te Al

An open subset D C RY (d > 2) is said to be a C!'! open set if there exist a localization
radius Ry > 0 and a constant A > 0 such that for every z € 9D, there is a C!'! function
I' : Ri~! — R satisfying I'(0) = 0, VI'(0) = (0,...,0), [I'leo < A, |VI(y)—VI(z)| <
Aly — z| and an orthonormal coordinate system CS, : x = (X, xy) := (X1, ..., X4—1, Xg) With
origin at z such that

D N B(z, Ry) ={x € B(O,Ry) in CS; : x4 > I'(X)}.

A C! open set in R is the union of disjoint intervals such that the minimum of their lengths
and the distances between them is positive.

Remark 1.4. When M is RY, p is the usual metric on R¢ and m is the Lebesgue measure, there
are many examples of generators (LP, D(LP)) on (D, p, m) which admit a transition density
satisfying one of the estimates among (J1), (J2), (J3), (J4), (D1), (D2) and (D3). For instance,
if £P is a generator of a killed symmetric a-stable process with 0 < a < 2 or a censored
a-stable process with 1 < o <2, and D C R4 is a bounded C!! open set, then estimate (J1)
or (J4) holds, respectively. (See, [9,10,14].) Else if £ is a generator of a killed symmetric
a-stable process with 0 < @ < 2 Ad, and D is a half space-like C!"! open set or exterior of a
bounded C!! open set, then estimate (J2) or (J3) holds, respectively. (See, [5,7].) Moreover,
when d > 3, L is the Dirichlet laplacian on D, and D C R? is a bounded connected C'! open
set or half space-like C! open set or exterior of a bounded C!'! open set, then estimate (D1)
or (D2) or (D3) holds with o« = 2, respectively. (See, [30,33,34].)

Recall that 4., §, and &, are defined in (1.6). For & > 0, we define two auxiliary functions
FY, F? R x (0,00) x D x D — [0, 00) as follows.

Fr(s, t,x,y) =
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L, epe2<g-1y-1y (PG, Y)* V 8,(x, )¥/2)p (=), ifs <0;
20! .
1 02— -1y (P (X, Y)YV 85(x, ¥)*/?) log™ ( ifs=0;
a2 o1 (PG Y ¥)*?) log plx, ¥)* V 8, (x, y)*
. o
L, (e per2<g-1y-13 (PO, V)OSV 8,(x, )*28(x, y) ™), ifs < 5
p(x, y) VvV 28,(x,y) . o
Lis, (x.y)2/2<g—1)-1 (p(x,y)"‘/2+8 (x, y)**1o ( . ifs=—;
e " S\ oG ) Vet y) 2
L
1{5*(%”(1/254,(,71)71](p(x, V¥V SA(x, y)"‘“*), if 5 <5 <
20t~V A28, (x, y)®
1+10g+( P A28, y>>7 o
plx, y)*
olx, y)*7, ifs > a.
Fl(s,t,x,y) =
L, ceyer2<ga-1y-1 (PO Y072V 8i(x, y) ) pe= )~ Cmemre, ifs <2—a;
201! .
Lisr me2<oa-1-11 (006, )22V 8, (x, )* 1) log™ ( L ifs=2—a;
{85 (x, )/ =<ep(t—") }( ) ,O(X, y)a Vv 8v(x, y)a
1{5*(x,},)a/zs¢(,_|)_1}(,o(x, Y2V 8(x, v)* 18 (x, y)z_"‘_s), if2—a<s<l;
_ _ p(x, y) Vv 28,(x, y) .
Lis o arz<sa—-1y | pG6 )1+ 84(x, y)* o ( , ifs =1;
e ' S ITENDIENERD
1{5*(x,.‘v)u/25¢(,—1)—1}(P(X’ YTV S (x, y)7), ifl <s <a;
200 I A28, (x, y)*
1+10g+( D A28, ) ) o
plx, y)*
olx, y)*77, ifs > a.
We also define
aa(k) =inf{s > 0: s"‘q&(s)’1 > A} for A > 0. (1.7)

Recall that for an integral kernel w satisfying condition (Ker.), the fundamental solution
p(t, x, y) of the time fractional equation (1.4) is given by (1.5). We first give the small time
estimates for p(z, x, y) under condition (S.Poly.)(z,).

Theorem 1.5. Assume that w satisfies conditions (Ker.) and (S.Poly.)(t;). Then, the following
estimates for p(t,x,y) hold for all (t,x,y) € (0,t;] x D x D.
(i) (Near diagonal estimates) Suppose that ot Hp(x, y)* < 1/(462).

(a) If one of the estimates among (J1), (J2), (J3), (D1), (D2) and (D3) holds, then we have

8* , a2 8* , a2
Pt x,y) = (1 A (ﬁ) S 1 w(r) <1 A p(ix yy)2> Fod. 1, %, y).

(1.8)
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(b) Otherwise, if (J4) holds, then we have
3 5,00 N7 e ( 8u(x, y))““ .
pt,x,y) =< (1 A —¢(t1)2/“> o )" +w@) (1A —p(X, W Fl(d,t,x,y).

(ii) (Off diagonal estimates) Suppose that ¢t~ ")p(x, y)* > 1/(462).
(a) If J1) or (J2) or (J3) holds, then we have

_ Sp(x) \*? 5o \*? ™))
Pt )= (1 " ¢(r1>1/“) <1 " ¢(t1)1/a> oG,y 49
(b) If (J4) holds, then we have
_ Sp(x) \“ Sp(y) 7 pe™H!
Pl = (1 : ¢<r1>1/“) (1 : ¢<r1>1/a> pCx, )T
(c) Otherwise, if (D1) or (D2) or (D3) holds, then we have
pt, x,y)
~ Sp(x) \*? 5o N\ e — Py,
~l1A W 1A W (b(t ) exp —Ct(pa((T) ) s
(1.10)

where the function ¢, is defined as (1.7).

Next, under condition (L.Poly.), we get the large time estimates for p(z, x, y). Hereinafter,
we let Rp := diam(D) and Tp = [¢’1(4’1e’2R5°‘)]’1.

Theorem 1.6. Assume that w satisfies conditions (Ker.) and (L.Poly.). Then, for every fixed
T > 0, the following estimates hold for all (¢, x, y) € [T, 00) x D x D.
(i) If (J1) or (D1) holds and Rp < 0o, then we have

8*()(7 y) af2 /2 o
,o(x—y)2 8*()57)’) +Fk(d’TDv-xsy) .

(ii) If (J4) holds and Rp < oo, then we have

8ux, M\ o
,O(x y)2 5*(X,y) +FC (d, TD,x,y) .

(iii) If (J2) holds, then (1.8) and (1.9) hold for all (¢t,x,y) € [T,00) x D x D satisfying
ot Dp(x, y)* < 1/(4e?) and ¢t~ Hp(x, y)* > 1/(4e?), respectively.
(iv) If (D2) holds, then (1.8) and (1.10) hold for all (t,x,y) € [T,00) X D x D satisfying
ot Hp(x, y)* < 1/(462) and ¢t Hp(x, y)* > 1/(462), respectively.
(v) Assume that either of the estimates (J3) or (D3) holds.

(a) If p(t Hp(x, y)* < 1/(4€?), then we have

p(t,x,y) < w() (1 A

pt, x,y) < w(t) (1 A

p(t,x, y) = (1A 8p() (1 A8p())*? (¢<t1)"/“ +w(nGE(t, 1V plx, y)))

3:(x,y)
p(x, y)?

/2
+ Lo p<nyw(t) (1 A ) Frd, [ '@ e ™1 x,y),
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where the function G§(t,1) is defined as follows:

0, if d<a;
o . 2¢(~H~! .
Gd(l,l) = log (W—l)l>, lf d =u;
je—d, if d>a.
(b) If p(t Hp(x, y)* > 1/(4€?), then we have
plt.x,y) = (1A 8p00)"* (1 A 8p ()™
P! : .
o0,y if (J3) holds;

X
Pty exp<—cr$a((@)“)>, if (D3) holds,

where the function ¢,, is defined as (1.7).

Example 1.7. Let0 <o <2,d >1and D C R? be a Cl! open set. Suppose that D is
a bounded set or half space-like set or exterior of a bounded set. If @ = 2 then we further
assume that d > 2 and D is connected. If D is unbounded, then we also assume that d > «.
In this example, we consider the following time fractional equation.

%/ w(t — s)(u(t, x) — f(x))ds = A?u(t,x), xeD, t>0,
0

u0,x)= f(x), xeD, ut,x)=0, xeRI\D, >0, (1.11D)
where w(s) = s #/I'(1 — B) for some 0 < B < 1. Then, the fractional-time derivative is the
Caputo derivative of order 8 and conditions (Ker.), (S.Poly.)(1) and (L.Poly.) are satisfied.
Thus, by Remark 1.4 and Theorems 1.5 and 1.6, we obtain the global estimates on the
fundamental solution pg(t, x, y) of (1.11). Denote by pg(t, x, y) the fundamental solution of
(1.11) when D = R?. Two-sided estimates on pg(t,x, y) are obtained in [8, Corollary 1.5].
(See also [18, Theorem 2.2] for the exact asymptotic formulas of pg(t, X, ¥).)

1.7.1. Small time estimates. Suppose that ¢t € (0, 2].
(1) Assume that |x — y| < t#/*_ Then, by calculating the function Fi(d,t,x,y),sinced > a/2
in this example, we have

(i) if d < «a, then

t=hdle if Sp(x)dp(y) > 2P/
a—d

/2
Pt x, y) = (MM) rﬂ(|x—y|v(aD<x)AsD(y>)) :

Ix — y[?
if 8p(x)8p(y) < 12h/2.
(i) if d = «, then

2tP/e
th log< ) , if 8p(x)8p(y) > t2P/*;
lx — v
(t,x,y) =< Sp(x)8 o/2 Sp(xX)A S
Ps y <1 A p(x) D(zy)) tﬂ(l +logt ( p(x) D()’)))’
|x — ¥ lx =yl

if 8p(x)8p(y) < 1*P/.
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(iii) if d > «, then

Sp)8p(M\** _ o
% t ﬂ|x—y| d
|x — yl

pplt, x,y) < <1 A

Note that interior estimates in (i), (ii) and (iii) coincide with estimates on pg(t, x,y). We
also note that in any cases, for x, y € D satisfying 26p(x) < |[x — y| < thle,

pp(t, x, y) < 8p()*28p(n)* 21 Flx =y 77,
while for x, y € D satisfying |x — y| < 28p(x) < tF/%,
Sp(x)* 1P, if d<a;
pp(t,x,y) =< {log ((SD(x)/|x — y|)t‘ﬁ, if d=q;
t=Plx — y|o T, if d> a.

Hence, the decay rate of the boundary term in pg(z, x, ¥) depends on whether |x — y| < 25p(x)
or not. Indeed, if |x — y| < 26p(x), then the decay rate becomes smaller than «/2. We mention
that there is no boundary term in the estimate of pg(t, x, y) whend > « and |x — y| < 25p(x).

(2) Next, assume that |x — y| > t#/%. Then, we have

Sp(x)\*? S\
Pﬂ(ﬂ%)’)—(l/\ Bl ) IAW

th .
—_—, if 0 <o <?2;
lx — y|+e
2/2—p)
—Bd/2 _ |.X - Y| . _
t exp( “—gan ) if o=2.

In particular, if |x — y| > t#/¢, then by combining with the results in [8, Corollary 1.5], we get
S\ (1 WM\
ppt,x,y) >~ (1 A il 1A Fla pﬁ(t,x, y).

1.7.2. Large time estimates. Suppose that ¢ € [2, 00).
(1) Suppose that D is bounded. Then, by Theorem 1.6(i), we get

aD(x)sD(y)>“/2t_,3

lx — yI?

ppt,x,y) < (1 A

a—d
<|X — ¥V (8px) A 5D()’))> , if d<a
x (1 +log™® <—8D(x) A 8D(y)>>, if d=a;
lx — vl
Ix — y|*~9, if d> a.

These estimates are exactly the same as the ones given in 1.7.1. Small time estimates when
lx — y] < tP/* and §p(x)8p(y) < t*$/%. We can see that since D is bounded so that 85(x), 8p(y)
and |x — y| are small, those two inequalities always hold (up to constant) in this case.
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(2) Suppose that D is a half space-like set and d > «. Then, by Theorem 1.6(iii) and (iv), we
see that the estimates given in /.7.1. Small time estimates hold not only on ¢ € (0, 2] but also
on ¢t € (0, 00).
(3) Suppose that D is exterior of a bounded set and d > «. Then, by Theorem 1.6(v), we
obtain the following:

If |x — y| < t#/%, then

5 a/2 S a/2

pp(t, x,y) < IAA 1/\A Plx — y|*d,
lx —ylIAl Ix —yl Al

Otherwise, if |x — y| > t#/%, then

pp(t, x,y) = (1 ASp(x)*2(1 A 8p(y)*/?

i if 0 2
_ i <a <2
|x _ y|d+ct

2/(2-p)
—Bd/2 _ |~x - )’| . .
t exp ( c—tﬁ/(%ﬂ) , if a=2.

In both cases, according to [8, Corollary 1.5], we get

8p(x) )“/2 (1 o)

/2

0
—_ —_— t,x,y). O
=y Al |x—y|A1) Pplts %, )

ppt, x,y) = <l A

Example 1.8. Under the settings of Example 1.7, let pg (¢, x, y) be the fundamental solution
of (1.11) with w(s) = s‘ﬂl(o,ll(s) + 57"1(1,00)(s) for some n > 1. Note that still conditions
(Ker.), (S.Poly.)(1) and (L.Poly.) are satisfied. Thus, by Remark 1.4 and Theorems 1.5 and 1.6,
we obtain the global estimates on pg ,(z, x, y).

1.8.1. Small time estimates. For all t € (0,2] and x, y € D, it holds that

Dpa(t, x,y) > pp(t, x, y).

1.8.2. Large time estimates. Suppose that 7 € [2, 00) and x, y € D. Since ¢’(0) < oo in this
example, we see that q)(t’l) = ¢~ for all ¢+ > 2. Define

5D<x)aD(y))"/ o

bdd
p.(t, x,y) = (1 A
! lx — yI?

a—d
<|x —ylv (3D(x) A 50(y))> ,  if d <a;
8 NS
X <1 +log" (—D(x) D(y)>>, if d=a
lx =yl
Ix — y[*~?, if d> a.
(1) Suppose that D is bounded. Then, by Theorem 1.6(i), we get
Ppat, X, y) < py(t, x, y).

(2) Suppose that D is a half space-like set and d > «. Then, by Theorem 1.6(iii) and (iv), we
obtain the following:
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If |x — y| < ¢, then

Sp(x)8 o/2 Sp(x)8 o/2
pean(t,x, )< (1A M = (1A M t7x — o
12/ [x — I

In particular, if (SD(x)8D(y))l/2 Vix—yl < tVep==D/d then Dyt x,y) =< pf]’dd(t, X, y).
Otherwise, if |x — y| > t'/%, then

a/2 a2
ppa(t, X, y) = (1 A 8D(x)> <1 A 5D(y)>

tl/(x tl/(x

t

_ if 0<a<?2;
|x_y|d+ot

2
a2 exp (—cg) , if a=2.

(3) Suppose that D is exterior of a bounded set and d > «. Then, by Theorem 1.6(v), we
obtain the following:

X

If |x — y| < t'/%, then

a/2 a2 _d/la
Pon(tx, y) = (1A 8p()) 2 (1 A 8p(x0)) 21~
S a2 S a/2
n <1 o p(x) ) <1 A p(y) ) M — y|ed,

lx —ylAl lx —yIAl
Otherwise, if |x — y| > t'/%, then
/2
Ppa(t.x,y) 2= (1A 8p@)*"* (1 A 8p(y))

t
|)C _y|d+(¥’

Y
td/zexp(—clx ty| >, if =2 0O

a/2

if 0<a<?2;

X

Under condition (L.Poly.), even if D is bounded so that g(z, x, y) decreases exponentially
as t — oo, the fundamental solution p(t, x, y) decreases polynomially. (See, Theorem 1.6(i)
and (ii).) We introduce a condition which makes p(¢, x, y) decrease subexponentially.

(Sub*.)(B, 6) There exist constants ¢y > 1,0 > 0 and S € (0, 1) such that
¢y exp(—0tP) < w(t) < coexp(—HtP) forall ¢ > 1.

Under condition (Sub*.)(8, #), we obtain estimates for p(¢, x, y) which have exactly the
same exponential terms as w.

Theorem 1.9. Assume that w satisfies conditions (Ker.) and (Sub*.)(8, ). We further assume
that (J1) or (J4) or (D1) holds. Then, for every fixed T > 0, the following estimates hold for
all (t,x,y) € [T,00) x D x D.

(i) If (J1) or (D1) holds and Rp < oo, then we have

8i(x,y)

/2

p(t, x,y) < exp(—0tP) <1 A
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(ii) If (J4) holds and Rp < 0o, then we have

S«(x, y)
p(x, y)?

Notice that condition (Trunc.)(¢) implies condition (S.Poly.)(#,) with ¢, = ¢ /2. Hence, we
obtain the small time estimates (0 < ¢ < ¢;/2) under condition (Trune.)(ts) from Theorem 1.5.
Here, we give the large time behaviors of p(z, x, y) under condition (Trunc.)(z ).

a—1
p(t, x,y) < exp(—0tP) (1 A > <8*(x, Y+ FA(d, Ty, x, y)).

Theorem 1.10. Assume that w satisfies conditions (Ker.) and (Trunc.)(t ). Then, the following
estimates hold for all (t,x,y) € [ty/2,00) x D x D. Let n; := [t/t;] +1€N.
(i) If (J1) or (D1) holds and Rp < oo, then we have

plt,x,y) =
S i a/2
1A SN S W g B — any. T, x. y)
p(x, y)? J
n . + o
—i—(n,tf — t) 'F,f‘(d —a(n, — 1), Tp, x, y)j|, ift<| o Itys
d
8x(x, ) 2e™e, ifr>] +ath.
o .
(ii) If (J4) holds and Rp < oo, then we have
pt,x,y) =~
3* , a—1
(1 A2 yl) [3*(x,y)a/2+Ff(d—an,,TD,x,y)
olx, y) '
nt g . d+2a—2
~|—(n,tf — t) FXd—oam, —1),Tp,x,y)|, ift< I_Tjtf;
d+2a—2
8.0x, ) le e, o | S22
o

(iii) If (J2) or (J3) or (D2) or (D3) holds, then we have

pt,x,y)~
a2
<1 p 2 y;) [6*(x, V2N + FA(d — an,, t, x, y)
ox, y)
+(nity — t)n’ F(d — aln, — 1), 1, x, y)i|,
if p(x,y)* <¢@™)" and 1t < [(d + a)/a]ty;
qlet, x, y), if p(x,y)* > ¢ ™" or 1> |(d+a)/aty.

Remark 1.11. When d > o, we have that F*(d,t,x,y) = F*(d,t,x,y) = plx, ).
Thus, by Theorems 1.6 and 1.9, under either of the conditions (L.Poly.) or (Sub*.)(8, 6),
limy_,, p(t,x,y) = oo for all large ¢ even if D is bounded. However, under condition
(Trunc.)(t7), by Theorem 1.10, p(¢, x,x) < oo for all ¢ large enough. Indeed, we see that
when the kernel w is finitely supported, the singularity of p(z, x, y) at x = y recedes as the
number [#/t7] increases.
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1.4. General results

In this subsection, we present our estimates for the fundamental solution in full generality.

Throughout the remainder of this paper, we always assume that {V(x,-) : x € D} is a
family of strictly positive functions satisfying the condition WS(d,, d») for some d, > d; > 0
uniformly, that is, there exist constants cj, ¢; > 0 such that

L\" Vx, i L\*
o (2 < Yel) (BN paixeD, 0<i <h < oo
l Vix, 1) L
We also always assume that @ : [0, c0o) — [0, 00) is a strictly increasing function such that
®(0) = 0 and satisfies WS(«1, a») for some o, > a; > 0.

For a given non-decreasing function ¥ : (0, 0c0) — [0, co) such that &(I) < ¥(I) for all
[ > 0 and satisfies WS(y1, y») for some y, > y; > 0, we define

t

tV(x, &1t + vV (x, D)’
Besides, for a given function M : (0, co) x (0, c0) — [0, c0) and a constant a > 0, we define
exp(—aM(t, 1))

V(x, 271(1)
We will use the functions g/ and ¢? to describe interior estimates for ¢(z, x, y).

On the other hand, for y € [0, 1) and (¢, x, y) € (0, 00) x D x D, we define

x ),_< B(5p(x) )y( B(Sp(y)) )V
VY= e6o) +1) \86po)+1)
al(t,x,y) =l (t)(t + 1), x. y).

These functions will be used to describe boundary behaviors of g(t, x, y).

gt x,1; &, W) =

q‘(a, t,x,l; &, M) =

Remark 1.12. Observe that for any positive constants a, b and c, it holds that a/(b + ¢) <
(a/b) A (a/c) < 2a/(b+ c). Hence, we have that

| ¢
V. o0 vV & D)
¢(5D(X))>y <1 95(5D(y)))y
— ) =)

qj(t,x, I; 9, V) <

t
¢(5D(X))>y (1 A 45(50(y)))”.

tn1 tA1

aj(t,x,y) = (1 A

a;(t,x,y) = (1 A

We list our candidates for the estimates of the transition density g(z, x, y).
Definition 1.13. Let y € [0, 1), A € [0, 00) and k € {1, 2}.
(1) We say that g(z, x, y) enjoys the estimate HK?’M(@), V) if
q(t,x,y) = al(t,x, y)g’(t, x, p(x,y); &, ¥)  forall (t,x,y)€(0,1]x D x D,
and for all (¢, x,y) € [1,00) x D x D,
al(t,x,y)q/ (t, x, p(x, y); &, ¥), if 1=0,

qt, x,y) <
al(1,x, y)e™, if A >0.
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(2) We say that ¢(¢, x, y) enjoys the estimate HKZ’M(@ if @y > 1 where «; is the lower
scaling index of @, and
q(t.x,y) > al(t.x, y)q"(c. t.x, p(x,y); &, M) forall (t,x,y) € (0,1] x D x D,
and for all (z,x,y) € [1,00) x D x D,
ai (6, x, y)g" (e, 1, x, px, y); &, M), if A =0,
qt,x,y) = i
al(1,x,y)e™, if A>0,

where the function M(¢, ) is a strictly positive for all ¢,/ > 0, non-increasing on (0, co) for
each fixed [/ > 0 and determined by the following relation:

t l
= o for all 7,/ > 0. 1.12
M(z, D) <M(t, l)> (112
(3) We say that ¢(z, x, y) enjoys the estimate HKV"‘(@, V) if oy > 1 where «; is the lower
scaling index of @, and there are functions ¢/, g¢ such that

qt,x,y)= qj(t,x, y) —l—qd(t,x, y) for all (¢,x,y) € (0,00) x D x D,
and ¢/ and ¢? enjoy the estimate HK,*(&, ¥) and HK};**(®), respectively.
In the rest of this subsection, we always assume that g(z, x, y) enjoys one of the estimates

HK (&, &), HK};*(#) and HK);**(®, ¥) for some y € [0,1), & > 0 and k € {1,2}. If
A > 0, then we further assume that D is bounded so that Rp = diam(D) < oo.

Example 1.14. (1) Examples of estimates HK,™*(&, ¥), HK};**(®) and HK};"*(®, ¥)
include all estimates given in Section 1.3. For example, we see that estimate (J1) is nothing
but estimate HKIJ/Z’A’l(%, é,) for A > 0 where ®,(x) := x“.

(2) The factor e=*a] (1, x, y) usually appears in the global estimates of the Dirichlet heat kernel
when D is a C'! bounded open set, aj (t, x, y) appears when D is a half space-like C L1 open
set and @} (¢, x, y) appears when D is an exterior of a bounded C'-! open set. Various examples
are given in [4,7,13,15,23,30,33].

(3) Recently, in [17], we, jointly with Renming Song and Zoran Vondracek give examples of
generators whose transition density satisfies estimate HK?’M(%, ®@,) for each 0 < o < 2 and
y 0V (e —1)/a, ).

(4) Examples of symmetric Markov processes (including non Lévy processes) satisfying the
mixed heat kernel estimates HKKf”‘k(é, ¥) can be found in [1,2,23,29]. We will show that one
of the explicit expressions of the function M is given by

I t
M(t, ) = -——1,
*h f‘i%’{s ¢<s>}
which appears in the exponential terms in [1]. (See, Lemma 3.2(i).)

We introduce some functions which will be used in near diagonal estimates for the
fundamental solution. Define for (¢, x, y) € (0,00) x D x D, y € [0, 1) and k € {1, 2},

1/t 14
IV (t, x, ) :://(“’“’ DAy,
D(p(x,y)) Vix, é_l(r))

ap (1/¢t™"), x, y)
V(x, 2=1(1/p="))

’

._7ky(t, X,y) = + w(t)I,f(t, X, y). (1.13)
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Under certain weak scaling conditions for V and @, we can calculate the integral term Z;
explicitly. (See, Proposition 1.22.) Now, we are ready to state the main results.

Theorem 1.15. Let p(t, x, y) be given by (1.5). Assume that w satisfies conditions (Ker.) and
(S.Poly.)(z;). Then the following estimates hold for all (t, x,y) € (0, t;] x D x D.
(i) (Near diagonal estimates) If ®(p(x, y)p(t™") < 1/(4€?), then we have

plt,x, y) < J/(t, x,y).
(ii) (Off diagonal estimates) Suppose that $(p(x, Y)p(t™") > 1/(4€?).
(a) If q(t, x, ¥) enjoys the estimate HK];’M((QZ D), then we have
ay (1/¢™"), x, y)
d N D(p(x, )V (x, p(x, y))’
(b) If q(t, x, y) enjoys the estimate HKZ’M((Q), then we have
exp(—eN(t, p(x, )
V(x, o71(1/p="))

where N (-, 1) is a strictly positive function which is determined by the following relation

p(t, x,y) <

plt,x,y) >~ a) (1/¢p(t™"), x, y)

1 [
—_— =< | —, t,1 > 0. (1.14)
SN, /1) <N (1, l>>
(c) If q(t, x, y) enjoys the estimate HKK,}A’k(@, V), then we have

p(t,x,y)

~ a? (1/6(™), x, y) ( ! exp(—eN (1, p(x, y»)) |

S T (pCe, IV, pCr ) | V(211 /1)

Recall that Ry = diam(D) and Tp = [¢~ (47 'e 2 R;*)] 7.

Theorem 1.16. Let p(t,x,y) be given by (1.5). Assume that w satisfies conditions (Ker.)
and (L.Poly.). Then for every fixed T > 0, the following estimates hold for all (t,x,y) €
[T, 00) x D x D.

(i) If . = 0, then estimates given in Theorem 1.15 hold for all (t,x,y) € [T, 00) x D x D.
(ii) If A > 0 and Rp < oo, then we have

2#(Rp) a%/(ra-xa )’)

pt,x,y) < wF (Tp, x,y) = w(t) —_—
‘ oy V@, D7)

Remark 1.17. (1) By Lemma 3.2(i), one of the explicit expressions of the function N

satisfying (1.14) is given by

N(t,1) = sup {é - t¢‘1(1/§15(s))} :
5>0

(2) Theorems 1.15 and 1.16 recover [8, Theorems 1.6 and 1.8]. Indeed, the assumptions in [8]

can be interpreted as the kernel w satisfies conditions (Ker.), (S.Poly.)(#;) and (L.Poly.) for

some 0 < 8,8, < 1 and ¢g(z, x, y) enjoys either of the estimates HK(}’O"I(@, ®) or HK%O'](@.

(3) In off diagonal situations, that is, when @(p(x, y)) > ¢(t~')~!, estimates for p(z, x, y) can

be factorized into the boundary factors and the rest. However, there is no such factorization



4408 S. Cho and P. Kim / Stochastic Processes and their Applications 130 (2020) 4392—4443

on near diagonal situation in general since J (¢, x,y) cannot be factorized commonly.
(cf. Theorem 1.5.)

When condition (Sub.)(8, #) holds, the bounds for fundamental solution decrease subexpo-
nentially as ¢t — 0o. Moreover, when 0 < 8 < 1 and D is bounded, we obtain the sharp upper
bounds that decrease with exactly the same rate as the upper bound for w as t — oo.

Theorem 1.18. Let p(t,x,y) be given by (1.5). Assume that w satisfies conditions (Ker.)
and (Sub.)(B, ). Then for every fixed T > 0, the following estimates hold for all (¢, x,y) €
[T, 00) x D x D.
(i) Suppose that > = 0.
(a) If D(p(x, y)p(™") < 1/(4e?), then there exists a constant ¢ > 1 such that
o [ )

V(x, 271(n) e sy V&)

L (X, 9 Qe g7 (1 x
=ptx,y)=c AGLINE +exp(——t’3)/ LSUEIEIR xly) dr),
V(x, 27'(1) 2 " epeyy Vi, 271(r)

where 6 > 0 is the constant in condition (Sub.)(8, 6).
(b) If d(p(x, y)p(t~") > 1/(4e?), then we have

p(t,x,y) ~q(ct, x,y).

(ii) Suppose that . > 0 and Rp < oo. Then, there exist constants L, L, > 0 independent of
A and ¢ > 1 such that in the case when B € (0, 1), we have

0D g (r,x, y)

——ar
P(p(x,y)) V(x, é_l(r))

286(Rp) ¥
< plt,x,y) < CGXP(—Qtﬁ)/ L{Iy)
D(p(x,y)) V(X, ¢ (V))

c_lw(t)

’

and in the case when 8 = 1, we have
o (w(t) 2000 g (r, x, y)
B,y V&, D7)
<p x,y)
0 2P(Rp) ay(r, X, y)
<c|exp(—=t / L dr e M P(Sp(x)) ¢(5D()’))y) ,
( ( 2 ) B,y V(x, D71(r))
where 6 > 0 is the constant in condition (Sub.)(8, 6).

dr + ei)‘L't @(SD(X)))/ Q(‘SD(y))y>

Our last theorem gives the estimates for p(z, x, y) when w is finitely supported.

Theorem 1.19. Let p(t, x,y) be given by (1.5). Assume that w satisfies conditions (Ker.)
and (Trunc.)(zy). Then the following estimates hold for all (t,x,y) € [tf/2,00) x D x D. Let
ng=t/tr] +1eN.
(i) Suppose that » = 0.

(a) If P(p(x,y)) <t < |dr/ay +2y]ts, then

2t ne .,V ni—1,Y
p(t’x’y)x/ ra) (r,ch,y)err(nttf_t)m/ r=lal (r,lx,y)
B(p(x,yy YV (x, 271(r) B(ptr,yy V(x, @)

2t

dr,
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(b) If D(p(x,y)) <tandt > |dy/oy +2y]ty, then

al(t,x,y) _
Vix. o 0) q(t.%. ).

(c) If ®(p(x,y)) > t, then

p(t, x,y) ~q(ct, x, y).

pt, x,y) <

(ii) Suppose that . > 0 and Rp < oo.
(a) If t < |da/ay + 2y Jty, then

Dx. 3~ fzqsuep) Mm +(maty — 1" fquuep) rla? (r, x, y)dr
D(p(x,y)) V()C, @‘l(r)) B(p(x,y)) V()C, @_l(r))

(b) If t > |da/oy + 2y |2y, then
plt, x,y) = e " D(8p(x))” D(Sp(y)” = q(t, x, y).

Remark 1.20. Note that under settings of Theorem 1.19, we can apply Theorem 1.15 to
obtain the estimates of p(t, x, y) for all (z,x,y) € (0,1,/2] x D x D. Hence, we have the
global estimates for p(z, x, y) under those settings.

As a consequence of the estimates for the fundamental solution, we have that the solution
to the Dirichlet problem (1.4) vanishes continuously on the boundary of D. Indeed, under mild
conditions, the solution u(¢, x) vanishes exactly the same rate as a transition density g(z, x, y).

(V.) There exists a constant ¢y > 1 such that for all x € D and 0 <[ < Rp = diam(D),

'V, D <m({y e D:p(x,y) <1}) < cyV(x,D).

Corollary 1.21.  Suppose that (D, p, m) satisfies (V.), and w satisfies conditions (Ker.),
(S.Poly.)(z;) and one among (L.Poly.), (Sub.)(8,0) and (Trunc.)(t;). We also assume that
q(t, x,y) enjoys one of the estimates HK;"\'k(@, D), HKZ’A’k(@) and HKK,I')"k(@, ¥) for some
O<y <1, A>0andk € {1,2}. When ) > 0, we further assume that D is bounded. Then,
for all bounded measurable function f on D, u(t,x) = E[T£ f(x)] satisfies the following
boundary condition:

For any fixed t > 0O, there exists a constant ¢; > 0 such that for every x € D,

lu(t, )| < c1ll flloo 2Gp (X))

Proof. Since the ideas are similar, we only give the proof for the case when w satisfies (Ker.),
(S.Poly.)(;) and (L.Poly.) and ¢(¢, x, y) enjoys estimate HK;’O’z(Q @) for some y € (0, 1).
Fix t > 0 and we let A, := @’1(1/(462¢(t’1))). By Theorems 1.15 and 1.16, for every x € D,

(e, )] = ‘ fD p(t. %, y) f(m(dy)
< ¢ fllo BB ()

(/ T (t,x,y) / m(dy) )
X —————m(dy) +

{yeD:p(x,y)<A;} @(SD(X))V {yeD:p(x,y)>As} @(,O(X, y))V(x’ ,O(X, )’))
=: ¢ flloo ®(8p(x))" (11 + D).
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Set n = (d1/QRa)) A((1 —y)/2). Since n < d; /oy, by [4, Theorem 2.2.2], we have that for
alxe Dand 0 <5 <1,

inf r7"V(x, 87 '(r) < sV (x, $(s)). (1.15)

re(s,t]

Then, by Fubini’s theorem, (1.15), condition (V.) and the weak scaling properties of V
and &, since y +n < 1,

> 1/ 1) dr
I <c E / / VTS PN m(dy)
{yeD27* A <p(r <2 kD A Jape,yy TV V(x, @7H(r))

k=1
= 1/@e¢a") dr
=c¢ Zf m(dy) +np—n -1
= Jivepaka <pix.yp<a-k-Day se-kay  rYHIrVix, o71(r))
i Vix,2=® D4, 1/@oG™) gy

< _
= C}; B2 FA) WV (x, 2KA) Joporn, 1

/@™ gy
n kno
<cP(A)) (/0 o E 2k <

Moreover, we also have that by condition (V.) and the weak scaling properties of V and &,

> 1
h<c / m(dy)
; {yeD:2%=1 4, <p(x,y)<2k 4,3 P((x, YV (x, p(x, y))

k
—CZ le(x’zAi)kl =c Z =c
= P2ANV (X, 271 A) D(Ay)
Therefore, we get the result. [J

In the end of this section, we study explicit forms of Jk’/(t, x,¥) (0 <y < 1) under some
weak scaling conditions for V and . Recall that @(-) satisfies WS(«, op) and V(x, -) satisfies
WS(d,, d») uniformly. We define Sf(x, y) = P(6p(x))P(6p(y)).

Proposition 1.22. Let y € [0,1). If y = 0, then we redefine 5p(x) = oo for all
x € D. Then, the following estimates hold for all (t,x,y) € (0,00) x D x D satisfying
D(p(x, y)p~") < 1/(4e?).

(a) If da/ay < 1 =2y, then

82y 1
14 — *
Tt x. 2 = <1 : ¢(t1)2) V(e 219G )

(b)) If oy =0y, dy =dy = (1 —2y)a; and y > 0, then
8 (x, y)™!

Ty (%, 3) = <1 D) 2) PN+ L, ¢y 2 g1y ()

xs*<x,y>“lylog+< 206 )

(p(x, y) v 8u(x, )"
(c)If 1 =2y <di/ar <dp/oy <1 —y, then

80 1)\ !
Trx <1 " ¢<t—1)—2) V(@ 17gaty) e s
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y <1 A §2(x,y) )V ( D(p(x, y)) v 8I(x, )y @(Sv(x,y))lz”)
P(p(x, y))? V(x, p(x, ) V(x,8u(x, y) '
(d)Ifay =0y, dy =dy =(1 —y)a; and y > 0, then

o]
Jm,x,y)x(l ¢E ly))z) pH'7

8e(x, )\
a2 <pen-nw(e) (1 " p(x, y)?
p(x, y) Vv 28,(x, Y)))

px, y) V(x,y)

X (p(x, W 4+ 84(x, y)*7 log (

(e)If 1l —y <di/ay <drJo; < 1, then
820, v\ 1
Trx ) (1 : ¢(r—1>—2> VG o179 ) | e et
( 82 (x, y) )V ( B(p(x, y)) D(Sp(x, y)) )
x 1A \% .
D(p(x, y))? Vix,p(x,y) V(x,8x(x,y)
(f)If(Xl =wp =d; = d,, then

8ule, YN
jly(t,x,y)x(l/\W> ¢(I 1)

oy —1y—1 o
+w() (1 o 8*(x,y)) (1 +log* (2¢(t )T A28A(x, y) 1))
p(x, y)? p(x, y)4

(g) If 1 <di/ay, then

3. Y\ 1
Y N 3k
*71 (t, x, y) =< (1 A ¢(t1)2> V(x, @*1(1/¢(I*1)))

82(x,y) >V B(p(x, y))
1 .
+w(t)< N B 2) Vi el y)

Proof. See Appendix. O

Remark 1.23. We can obtain closed forms of jzy from closed forms of jly and jlo. Indeed,
for every fixed T > 0, we can see that J) (r,x,y) < J/(t,x,y) for all y € [0,1) and
(t,x,y) € (0, T] x D x D. Moreover, for all large ¢ such that $(1)p(t~!) < 1/(8e2),
2 -1
/1/(26 o) a;(r, X, y)
ooy Vx, @7N)
1/@eg=1) 1 200 G¥(r, x, y)
Vay(lxy)/ dr +1 X,<1/ LY g,
281 B(p(r,y) V (X, P V(x, &1(r) (o=t B(p(x.yy V(x, D7)
Add an isolated point yy to D and define p(x, yp) = 1 for all x € D. By the above observation,
we have that for any fixed 7 > 0, the following comparison holds for all y € [0, 1) and
(t,x,y)e[T,o0) x D x D:
jzy (t, x, )’)
= (1A 2@p())" (1A @) T, %, ¥) + Lipee <y Ty (67 @ eI x, p),
where y/ = y if p(x,y) > 1 and y’ = y, if p(x, y) < 1. (cf. Theorem 1.6(v)(a).)
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2. Estimates for subordinator

Throughout this section, we always assume that S be the subordinator whose Laplace
exponent has the following representation with a function w satisfying condition (Ker.):

o(A) = — logJE[exp(—)nsl)] = /00(1 — e ) (=dw(s)) forall A>0.
0

Following [21], we let
H) = ¢(L) — A’ (L) forall L >0.

In [21], Naresh C. Jain and William E. Pruitt studied asymptotic properties of lower tail
probabilities of subordinators, P(S, < ¢), in terms of the function H. Then, in [29], Ante
Mimica obtained estimates for upper tail probabilities, P(S, > ¢), in terms of the function
H as well. Those estimates were crucial ingredients in [8] to establish the estimates for the
fundamental solution p(¢, x, y).

In this section, we will improve the results in [29] and obtain tail probability estimates in
terms of the tail measure w instead of the function H. This allows us to get estimates for the

fundamental solution in more general situations.
2.1. General estimates for subordinator

Lemma 2.1. (i) For every A > 0, we have
1/

1/
o) =< A/ w(s)ds and H(\) < AZ/ sw(s)ds.
0 0

(ii) If w satisfies LS’ (—a1, co) (resp. LS®(—ay, cp)) for some ay > 0 and ¢y > 0, then ¢
satisfies US®(a; A 1, 1/co) (resp. US%(ay A 1,1/(2¢0))) and H satisfies US® (a1 A 2, 1/co)
(resp. US*(ay A 2, 1/(2¢0))).

(iii) If w satisfies LS’(—ay, co) (resp. LS®(—ay, cp)) for some a; <2 and ¢y > 0, then

w(s) =< H(sil), forall 0 <s <cqy. (resp.forall s> 2cy.)

(iv) If ¢ satisfies WS (s, a1, co) (resp. WSo(az, a1, cq)) for some 0 <oy <a; <1, ¢cg >0,
or H satisfies WS® (a3, ay, cg) (resp. WSO(ozz,ozl,co)) for some 0 < a) < ap < 2, ¢g > 0,
then there exists ¢; > 0 such that w satisfies WSO(—Oll, —ay, c1). (resp. WS®(—ay, —a3, ¢1).)

Proof. (i) By the integration by parts and Fubini’s theorem,
N _ [ Ly %
— = e Mdu(—dw(s)) = e "Mwu)du + e Mwu)du = 1) + I,.
A o Jo 0 1/

. im . . . .
First, we see that I < fo/ w(s)ds. Moreover, since w is non-increasing,

00 1/2 1/
L < w(l/k)/ ey = LA 5/ w(s)ds 5/ w(s)ds.
1/A 1 0

eA
/(22)
Hence, the first claim holds. On the other hand, note that by the definition of H,
H( o
)\(2 ) _ —( o)) = f ue M wu)du.
0

Then, we can deduce that H (%) =< A2 fol/ * sw(s)ds by a similar argument.
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(i1) First, assume that w satisfies LSO(—a] , co)- By (1),

1/(ch) 1/a
Dlich) = K)L/ w(s)ds = A/ WG/ ovds forall k> 1, 4> 1/eo. (2.1)
0 0 w(s)

Besides, by the assumption, there exists ¢, > 0 such that w(s/k)/w(s) < ck® for all
k> 1, A > 1/cy. Thus, we deduce that ¢ satisfies US® (a1, 1/cg) from (2.1) and (i). Since ¢
always satisfy WS(0, 1), we get the result for ¢. Then, by a similar argument and the fact that
H always satisfy WS(0, 2), we can also deduce that H satisfies US®(a; A 2, 1/cg).

Now, assume that w satisfies LS®(—ay, ¢g). Then, by (i),

1/ 174
D) = A / w(s)ds = A f w(s)ds for all 0 < i < 1/(2co). 2.2)
0 o

The second comparison holds since [;° w(s)ds < c3 < ¢4 [ ico w(s)ds < ¢y [, t)/ *w(s)ds for all
A < 1/(2cp). Then, we get that for all ¥« > 1 and 0 < A < 1/(2kcyp),

(2] - fc:)/(“) w(s)ds 3 L_:)/: w(s/K)ds - L,L{('\ w(s/K)ds o w
N = K= =6, =60 cek®1,
o) fco w(s)ds fCO w(s)ds fCOK w(s)ds

which proves that ¢ satisfies US%(a; A1, 1 /(2cp)). The proof for the assertion on H is similar.
(ii1) We first assume that w satisfies LSO(—ozl ,co) for a1 < 2 and ¢y > 0. Then, by (i),

w(u)
w(s)

Next, assume that w satisfies LS*(—a1, ¢g) for a1 < 2 and ¢y > 0. Then, by the same
arguments as the ones given in the proof for (ii) and (i), we get

w(u)d
w(s)

(iv) Suppose that there is ¢y > 0 such that ¢ satisfies WS™(«ay, a, ¢g) for some constants
0 <ar <a; <1 or H satisfies WS®(a, a1, ¢g) for some constants 0 < o, < a1 < 2. In
either case, by [29, Lemma 2.6 and Proposition 2.9], H satisfies WS (a», a1, cp) and there
exists a constant ¢; > 0 such that w(s) < H(s™") for 0 < s < ¢;. Then, the result follows.

The cases when either of ¢ and H satisfies the weak scaling properties at the origin can be
proved by similar arguments. [

H(s’l) = s’zw(s) /s u
0

du =< s’zw(s)/ s TNy =< w(s) forall 0 <s < .
0

H(s™") < s 2w(s) /S u
o

u = s_2w(s)/ s9uMdy < w(s) for all s > 2.
co

Lemma 2.2. Suppose that there exist § > 0 and ty > 0 such that w satisfies LS°(=3$, 1)
Then, there exists a constant c¢; > 0 such that for every t € (0, o],

H(t™ Yt <10 w().

Similarly, if there exist §' > 0 and t, > 0 such that w satisfies LS®(=8', 1)), then there exists
a constant ¢ > 0 such that for every t € [t(/), 00),

H@E ) < epc™) wio).
Proof. Since the proofs are similar, we only give the proof for the first assertion. If § < 2,
then by Lemma 2.1(iii), we have that for all ¢ € (0, 1],

H(e™)* < cHE™) w(®) < cpt™) ().
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Now, assume that § > 2. By Lemma 2.1(i) and Holder’s inequality, for every ¢ € (0, #],

‘ P 1-1/(8+1) P 1/(5+1)
Ht ™" < ct_2/ sw(s)ds < ct™? </ w(s)ds) (/ s5+1w(s)ds)
0 0 0

< ct—z(t¢(t—1))1—l/(6+l)(ta+2w(t))1/(8+l) _ c¢>(t_1)'_l/(8+1)w(t)l/(5+l).

We used Lemma 2.1(i) and [4, 2.12.16] in the third inequality. [J
Lemma 2.3. Suppose that there exist 5 > 0 and ty > 0 such that w satisfies LS (=38, to).
Then, there exists a constant c¢; > 0 such that for every t € [ty, 00),

o)’ < crw().
Proof. We first assume that flo/cz%) w(s)ds < co. By Lemma 2.1(i), we have that ¢(+~!) =< ¢!
for all # > ty. Then, by Potter’s theorem, (see, [4, Theorem 1.5.6],) for all ¢ > 1y,

(™) < et < cw(@).

Now, assume that /;:/32 w(s)ds = oo. In this case, by Lemma 2.1(1), ¢p(t~') < ¢t~! ft:)/Z w(s)ds
for all ¢ > ty. We also have that by [4, 2.12.16], w(t) =< t~5~! ft;/z sSw(s)ds for all 1 > 1.
Then, by I’Hospital’s rule and the fact that w is non-increasing, we get

fmsup 0 < ctimpup IO Sz
P s+l = cimsap 531 — ¢limsup 5+
t—oo QI t—00 (t—lft;/z w(S)dS) t—00 (ft:)/2 w(s)ds)
Sw(t )
< clim sup w() 5 <climsup——— =¢. O

s
=% w(r) (fz;/z w(s)ds) oo (tw(to/2))
For s > 0, we define

b(s) == s¢'(H™'(1/s)).

Lemma 2.4. (i) b is strictly increasing on (0, 00), lim;_.o b(s) = 0 and lim,_, , b(s) = o0.
(ii) For every s > 0, we have that

82—6

e—2

¢s™H ™ <b7s) < o(s™H7L
Proof. (i) Since H is strictly increasing on (0, co) and ¢’ is strictly decreasing on (0, 00), b is
strictly increasing on (0, 0o). Moreover, we have that lim, ¢ b(s) < ¢'(H (1) lims_os =0
and lim;_, o b(s) > ¢'(H (1)) limy_, oo § = 00.

(ii) From the concavity of ¢, since ¢~'(1) < H~'(1), we have that for all s > 0,

b(s) < o' dH'GT) 1 < o
p@ (s~ H7's™H ¢7s™H T o7

Therefore, we get b~'(s) > ¢(s~!)~! since both ¢ and b are strictly increasing.
On the other hand, we note that from the definition of ¢ and H, for every A > 0,

$0) < A / u(—dw(w)) + w(l /2,
(0,1/1]
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P =e! / u(—dw(u)), H(}) = e (e = 2w(1/2).
0,1/1]
Let a := (e — e)/(e — 2). Then, for all s > 0,

blag(s™) ") = ap(s™)'¢'(H (¢p(s™)/a))

> ae_l¢(s_1)_1/ u(—dw(u))
_(Oqu*1(¢(fl)/a)l’1]

zae"gb(s_l)_] / u(—dw(u))—i—s/
LJ(0,s]

(—dw(u))}
H PG/

=ae'p(s™H7! / u(—dw(u>)+sw<s>—sw([H1(¢<s1>/a>]‘)]
LY (0,s]

>ae (s sp(s™) —ee —2)'sH(H™! (¢(Sl)/a))]
= aeil(l —e(e — 2)71(171)s =s.
Again, since b is strictly increasing, we conclude that b='(s) < a¢(s~"H)~'. O

We will use Chebyshev’s inequality in tail probability estimates several times. To applying
Chebyshev’s inequality for subordinators, we need the following lemma.

Lemma 2.5. Assume that w is finitely supported, that is, there exists a constant T > 0 such
that w(T) = 0. Then, for every L € R, r > 0 and n € {0} UN, we have that

n

E[(S,)"e*5 ] = d exp (r/ (e — 1)(—dw(s))> .
d}\.n (O’T]

Proof. Fix r > 0 and let £(dt) := IP(S, € dt). For z € C, define
f@) = / e HE(dr).
[0,00)

Then, it is well known that there exists the abscissa of convergence oy € [—00, o] such that
f(2) converges for Re z > oy, diverges for Re z < op and has a singularity at op. Moreover,
f(z) is analytic in the half-plane Re z > oy so that for every n € N and x > oy, it holds that

dx"
(See, [32, p.37 and p.58] and [28].) On the other hand, we also have that for A > 0,

f) =" / t"eME(dr). 2.3)

[0,00)

() =E[exp(—AS,)] = exp(—r¢(1)) = exp <r /(

(€™ — 1)(—dw<s)>) = g(1).

0,71

Since w is finitely supported, the function A +— g(}) is a well-defined differentiable function
on R. If oy > —o0, then from the uniqueness of the analytic continuation, the function g(A)
should have a singularity at A = op. Since there is no such singularity, we get oy = —oo. Then,

the result follows from the definition of f and (2.3). O
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2.2. Tail probability estimates for subordinator

In this section, we study two tail probabilities P(S, > 7) and P(S, < r) under mild
assumption for w. We first give the general lower bounds for upper tail probability P(S, > ¢)
which are established in [29]. Note that these bounds hold for every subordinator.

Lemma 2.6. For every L > 0, it holds that for all r,t > 0 satisfying r¢(t™") < L,

P(S, > 1) > e “Lrw@).
Proof. Note that r¢(t~!) < L implies that rw(t) < er¢(t~') < eL. Thus, by [29, Proposition
2.5], for all r, t > O satisfying r¢(t~') < L, we have that

PSS, >1)>1—e ™0 > ruw()e ™" > e Lrw@). O

Now, we study the upper bounds for P(S, > 7).

Proposition 2.7. Assume that condition (S.Poly.)(¢,) holds. Then, there exists a constant ¢y > 0
such that for all r,t > 0 satisfying 0 <t < t; and r¢(t™") < 1/(4e?),

P(S, = 1) < crrw(o).

Proof. Fix r,t > 0 satisfying 0 < ¢ < t; and r¢p(t~") < 1/(4e?). Set

1. 2. 3.
n = l(O,l/H_l(l/r)] . (_dw), n- = 1(1/1‘1_1(1/7'),{] . (_dw), n = 1(['00) . (_dw).

Let S', $? and S? be independent subordinators without drift and having Lévy measure u'!, u?
and >, respectively. Then, we have S, < S! + S? + S and hence

P(S, > 1) <P(S' + 82+ 8} > 1) <P(S! > 1/2) +P(S? > 1/2) + P(S> > 0). (2.4)

First, since S° is a compounded Poisson process, ]P’(S,3 >0)=1—e"™0 < ru(r).
Next, we note that by Lemma 2.4(i), t = b(b~'(t)) = b)) > b(de’r) > 4e>b(r).
By Chebyshev’s inequality and Lemma 2.5, we have that for every A > 0,

P(S! > 1/2) < E[exp(—At/2 + AS})]

At
= exp<—— + r/ (" — l)(—dw(s)))
2 ©O.1/H=1(1/p)]

At -
< exp(—— + aretH 1(1/’)/ s(—dw(s)))
2 ©.1/H=1(1/n)]

At _
< exp<—7 + erb(r)er't ](1/’)).

Thus, by letting A = H~'(1/r), we get
P(S! > 1/2) <exp(—27"tH™'(1/r) + &*b(r)H ' (1/r)) < exp(—4~"tH™'(1/1)).

Thirdly, let fo(s) = w(s)l(s) + w35 21 00)(s) for s > 0. Then, we see that f; is
non-increasing and for every Borel set A C R, it holds that

17(A) < w(dist(0, A))1,(dist(0, A)) < fo(dist(0, A)),
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where dist(0, A) := inf{|y| : y € A}. Moreover, since w satisfies LSO(—S, ty), for all u,v > 0,

/uoo folovy— %)/Lz(dy) = fow/Dw(u) < ci fo()H(1/u).

Therefore, by [22, Proposition 1 and Lemma 9], we have that for every x > 0 and p € (0, x/3],
P(S? € [x — p, x + p) < carfo(x/3).

It follows that

o0
P(SE>1/2) <Y P(S?e[27'.2-27))
i=0

o0 o0
<cr Z Fo(21721) < erw(r) Z 2% = crw(t).
i=0 i=0
Combining the above inequalities, by (2.4) and Lemma 2.2, we deduce that
tH™'(1/r) 1v8©B+1) \*
P(S, =1) < t 2060+1) ——— | < t _—
(6 2 1) < erw HexP( C+D =61 ) = OT T an
H(t_l) §+1
H(H='(1/r))
<crw(t) +crg(tH T HE YT < crw().

<crw(t)+c (

In the second inequality, we used the fact that e* > x for all x > 0 and in the third inequality,
we used the fact that H(Ax) < (1 v A2)H(x) for all A, x > 0. Also, the fourth inequality holds
since r < Lo(r~H~1. O

By the same argument, we also get analogous estimates for large time 7.
Proposition 2.8. Assume that condition (L.Poly.) holds. Then, for every T > 0, there exists
a constant ¢ > 0 such that for all r,t > 0 satisfying t > T and re(t™") < 1/(462),
P(S, = 1t) < cirw(t).

Proof. Follow the proof of Proposition 2.7. The only difference occurs in the definition of fj.
In this case, we use fi(s) := jH(s")l(oyT/g](s) + w(s)L(r/2,00)(s) instead of fo(s). U

Proposition 2.9. Assume that condition (Sub.)(B, ) holds. Then, for every T > 0, there exist
constants ¢, > 0 and L € (0, 1] such that for all r,t > 0 satisfying t > T and L

P(S, > 1) < cor exp(—gtﬁ).

Proof. Fix ¢t > T and r € (0, Lt) where the constant L € (0, 1] will be chosen later. Let Sl
and S? be independent subordinators without drift and having Lévy measures

n' =10 (—dw) and @I*:= 1.00) - (—dw), respectively.
Then, since S, = S! + 52, by condition (Sub.)(8. 8), we have
B(S, > 1) <P(S! > 1) + P(S? > 0) < P(S! = 1) + rw(r) < P(S! > 1)+ crexp(—61F).
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It remains to bound ]P’(S\r1 > t). By Chebyshev’s inequality and Lemma 2.5, for all A > 0,
P(S! > 1) < E[t7'S! exp(AS} — ar)]

<t le My ( / se“(—dw(s))) exp(r (e — 1)(—dw(s))). (2.5)
0,11 0,11
Note that by the integration by parts and condition (Sub.)(8, 8), we get

/ se™ (—dw(s)) 5/ w(s)e“ds—i—)»/ sw(s)eMds
0.1] 0.1] 0.1]

< ZKeA/ w(s)ds + Co/ exp(—@sﬁ + ks)ds + Co)\./ K exp(—@sﬂ + As)ds,
0,1] (1,1] (1,1]

and

(€ — D(=dw(s)) < re* /

w(s)ds + Co)u/ exp(—@sﬂ + )Ls)ds.
0,1]

©.1] 1.1
Take A = 20t#71/3 € (0,20T#!/3]. Then, since s — —26s?/3 + As is a convex function,

205 9sh
/ sexp(—0s” + As)ds < sup |:— S Xsi| / sexp(—i)ds
(L] 3 (L] 3

se(l,t]

20 20tP OsP
< (——~|—A——+At)/ sexp(——)dsfc.
3 3 .1 3

Using this observation and the fact that f(o 1 w(s)ds < 0o, (2.5) implies that
<l -1 20 4 B—1
P(S! > 1) < c3t rexp(—?t + cyrt?),
for some constants c3, c4 > 0. Now, we choose L = 1 A (8/(6¢c4)). Then, we get
— 260 0
P(S' > 1) <e3T7'r exp(—?tﬂ + s LtP) < cor exp(—ztﬁ). O

When w decreases subexponentially (0 < 8 < 1), we obtain small time sharp upper bounds
for P(S, > r) which decrease with exactly the same rate as the bounds for w as t — oc.

Proposition 2.10. Assume that condition (Sub.)(8, 0) holds with constant 0 < B < 1. Then,
for every fixed k > 0 and T > 0, there exist constants c; > 0 and L € (0, 1] such that for all
r,t > 0 satisfying t > T and rt-l' <L,

P(S, = 1) < cor exp(—61” + kr).

Proof. Let S' and S2 be independent subordinators without drift and having Lévy measures
o= 10,2 - (—dw) and = 1 /2,00) - (—dw), respectively.
Then, since S, = §r1 + §,2, we get
[o.¢]
P(S, > t) :/ P(S? >t — w)P(S! € du)
0
=T/2

<PS?>t—-T/2) +/ P(S? >t —uw)P(S edu)+PS >1-T/2). (2.6
T/2
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By Chebyshev’s inequality, Lemma 2.5 and the integration by parts, for # > 0 and A > 0,
P(S! > u) < E[u=*(S!)? exp(—ru + AS})]

2
=u"? r/ s2e™ (—dw(s)) + <r/ se“(—dw(s))) j|
L J(0.1/2] 0,2/2]

X exp(—)»u + r/ (™ — 1)(—dw(s)))
0,2/2]

2 1/2 2
<u? r/ (2 + rs)se™w(s)ds + <r/ (r+ )Ls)e”w(s)ds> }
0 0

1/2
X exp(—ku + Ar/ e“w(s)ds).
0

Take A = 61#~' € (0, 6T#']. Then, for all 1 < s < ¢/2, we have that As < 0tF~1(z/2)!PsP <
28-1958 Tt follows that

12
/ (2 + As)se w(s)ds
0
1 t/2
<2+ 1)e* / w(s)ds + co(2 + A)/ 52 exp(2ﬁ_19s’3 — Gsﬁ)ds
0 1

o
<c+ c/ 52 exp(—@(l — Zﬁ_l)sﬂ)ds < ¢y,
1

where the constant ¢4 > 0 is independent of ¢ € [T, 00). By similar calculations, by taking c4
larger, we may assume that

t/2 t)2
/ (1 + rs)e*w(s)ds < ¢4 and / eMw(s)ds < cs.
0 0

Therefore, we have that for every u > 0,
IE”(:SV'r1 >u) <(cs+ ci)u’z(r +7r?) exp(—@tﬂflu + 904tﬂ’1r).
In particular,
B(S! > 1 —T/2) < ct72(r + r?)exp(—01F + 011 T /2 + fcat?~'r)
<cT™2 exp(GT’g/Z)r exp(—@z"3 + (Oeat? ! + k/2)r).
On the other hand, note that $? = ZlNz(;) D; where N(r) is a Poisson process with rate

w(t/2) and D; are i.i.d. random variables with distribution P(D; > u) = w(u \Y, (t/2))/w(t/2).
Thus, for every 0 < u < f,

P} zu) <P(N( =1, Dy 2 u) + PN() 2 2)
<rwV (t/2)+1—e ™ —ru(t/2)e D
<cr exp(—@uﬂ) +rw(t/2)* < cr exp(—@uﬁ) +cLrt exp(—921’ﬂt’3)
< crexp(—0u”) + cLr exp(—017).
It follows that
P(S2>t—T/2) <cr exp(—ci(t — T/2)) < crexp(—cyt?).
The second inequality holds since t# — (t — T/2)? < (T/2)P.
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Using the above inequalities, by (2.6) and the integration by parts, we obtain

k ! ~
P(S, >1t) <cr exp(—@t’3 + Bt —)r) + cr/ exp(—@(l — u)ﬂ)IP’(Srl € du)
L 2 ; )2
<cr exp(—@t‘3 + (964#3’1 + E)r) + cr/

P(S! = w)(t — u)’~" exp(—6(t — u)f)du
T/2

< crexp(—0tP + (Bcat? ! + g)r)(l + (T /2)%! /T , u~*exp(— f(u))du),

where f(u) :=6(t — u)? + 0t~y — 0tP. Observe that
flw) = =Bt —u)P '+ 0P~ = —0tP 1t —uw)P 1Bt P — (t — u)'P).

Hence, f is decreasing on (0, (1 — B'/1=#)t) and increasing on ((1 — B'/1=P)z t). Since
f(0) = f(t) =0, we deduce that f(u) < 0 for u € (0, t) and hence th/2 u? exp(—f(u))du <
f;;)z u=2du < c. Tt follows that

k
P(S, > 1) < crexp(—0t" + @cst’" + E)r).
Hence, if t > (k/(29c4;))’1/(1"3) =: ¢s5, we are done. Moreover, if ¢ < c¢s, then we get
k k
exp((@cat” " + E)r) < exp(feut? + 3 )<c
since r < Lt < t. This completes the proof. [l
Here, we state the estimates on lower tail probabilities P(S, < f) when r is large enough
compared to b~'(¢), which are established in [21].
Lemma 2.11 (/2/, Lemma 5.2]). For every N > 0, there exist constants ci, ¢, > 0 such that
crexp(—car H(@")~'(t/r) < B(S, < 1) < exp(—rH((¢")~'(t/r))),
for all r,t > 0 satisfying r > Nb~1(2).
Proof. If N > 1, then r > Nb~!(¢) implies that r H((¢)~'(t/r)) > rH(¢") "' (b(r)/r)) = 1

and hence the result follows from [21, Lemma 5.2]. Suppose that N € (0, 1). Since r — S, is
strictly increasing almost surely, we deduce that for all r € (Nb~'(¢), b~ (1)1,

P(S, <1) = P(Sy-1) < 1) = ¢ > cexp(—cor H(¢) ' (t/r))). O

Corollary 2.12. If condition (S.Poly.)(¢,) holds, then there exist constants N > ¢ > 0 such
that for all t € (0, t,], it holds that

P(Sy -1y = 1) = P(S,, jp-1y = 1) = 1/4. 2.7

On the other hand, if either of the conditions (L.Poly.) or (Sub.)(8, ) holds, then for every
fixed T > 0, there exist constants N > &1 > 0 such that (2.7) holds for all t € [T, 00).

Proof. By Lemmas 2.11 and 2.4(ii), there exists a constant N > 0 such that for all
t > 0, P(Sy/4q-1y < t) < 1/4 and hence P(Sy 4,-1) = #) = 3/4. On the other hand, by
Proposition 2.7 (resp. Proposition 2.8 or Proposition 2.9) and the facts that ¢(+~') =< ¢~! for all
t > T under condition (Sub.)(8, #) and qﬁ(t‘l) > e~ lw(z) for all ¢+ > 0, we can find a constant
€1 > 0 such that P(S,, 4,1y > 1) < 1/2 for all ¢ € (0, #;] (resp. for all # € [T, 00)). U
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By Corollary 2.12, we get a priori estimates for the fundamental solution p(z, x, y).

Corollary 2.13. Assume that condition (S.Poly.)(t,) holds. Let p(t, x, y) be given by (1.5).
Then, there exist constants N > &1 > 0 and ¢ > 0 such that for all t € (0, t,],

pt,x,y)>c inf q(r,x, y). (2.8)
reer/op(t=1),N/p@=1))

On the other hand, if either of the conditions (L.Poly.) or (Sub.)(8, ) holds, then for every
fixed T > 0, there exist constants N > &1 > 0 such that (2.8) holds for all t € [T, c0).

2.3. Estimates for truncated subordinator

In this subsection, we obtain tail probability estimates when the kernel w is finitely

supported. Throughout this subsection, we always assume that condition (Trunc.)(t¢) holds.
An example of such kernel is given by w(¢) := ﬁ(r’ﬁ — D1 13(t) (0 < B < 1). Those

integral kernels are used in the fractional-time derivative whose value at time ¢ depends only

on the finite range of the past. (See, [6, Example 2.5].)

Proposition 2.14. There exists a constant ry > 0 such that for all r € (0,ro]l and t > t;/2,
P(S, > 1) ~ [r + (nt; — t)”]r" exp(—ct log t),

where n .= |t/ty| + L.

Proof. Take ry small enough so that r¢(r~') < 1/(4€?) and r < t;/6 for all r € (0, ro]. Since

lim, ¢ r¢(r’1) = 0, we can always find such constant ro. Then, fix r € (0, o] and ¢t > /2.

Note that since n = |t/t7]| + 1, we have ((n —-Dv 1/2)tf <t < nty.
(Lower bound) Let U' and U? be the driftless subordinators with Lévy measures

Vi = L /t1)00) - (—dw) and vy =1 /p 00) - (—d W), respectively.

Observe that both U' and U? are compounded Poisson processes and their jump sizes are at
least bigger than ¢/(n + 1) and t/n, respectively. Since S, > U! > U?, it follows that

2P(S, = 1) = P(U,} = 1) + P(U} > 1)

> P(U" jumps (n + 1) times before time r) 4+ P(U? jumps n times before time r)

(rw(t/n))n

n!

(rw(t/(n + 1)))’”rl
(n+1)!
Since s +— w(s) is non-increasing, we have w(t/(n + 1)) < w(t;/4) and w(t/n) < w(ty/2).

Moreover, by condition (Trunc.)(t)(i) and (ii),

w(t/(n+ 1) = Kty —t/(n+ 1) = K (n+ 1)1y,

w(t/n) = K~ 'ty —t/n) = K~'n"(nty —1).

> exp(—rw(t/(n + 1))) + exp(—rw(t/n)) 2.9)

Using these observations, Stirling’s formula and the fact that n < ¢, by (2.9), we obtain

n+1_n+1 non
P(S, > 1) > e "W/ tyor e (nty —t)'r
- 2K (n + 1)t + 1)! Skl

> s exp(—ct — 2nlog n) + (nty —t)"r" exp(—ct — 2nlog n)
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2 [r + (nty — 1)"]r" exp(—ct logt).
(Upper bound) Let U? and U* be the driftless subordinators with Lévy measures
v3 = Lo.y01 - (—dw) and vy = 1/9.00) - (—dw), respectively.

Then, we have that S, = U> + U?# and U* = Zp(r) J; where P(r) is a Poisson process with
rate w(ty/9) and J; are i.i.d. random variables with distribution

Fu) =P(J; > u) =w(t;/9)” w(u \% (tf/9))

Hence, we get

o0
B(S, 2= ) P(U} + U} 2 1. P() = )
j=0

<P(U} = 1)+ Y P(U} + U} = 1|P(r) = j)P(P(r) = j) + P(P(r) > n).
j=1
First, by Stirling’s formula, the definition of Poisson process and the fact that n =< ¢,

rn+1
P(P(r) > n) < TR ~ 7" exp(—ct log ).

Secondly, by Chebyshev’s inequality and Lemma 2.5, for all ¥ > 0 and A > 0,

P(U; > u) < E[exp(—Au +AU})] = exp(—Au + r / (e” — D(—dw(s)))
(0,25/91

< exp(—Au + )Le“f/9r/ s(—dw(s))) < exp(—Au + ¢ re*1r).
0,17 /9]

Hence, by taking A = 91" log(u/(9cir)), we have that for every u > 0,

P(U? > u) < exp(—8u/9) = (9¢1r/u)™/". (2.10)
In particular, since ¢t > ((n —Dwvl /2)tf, we have that

PU? = 1) < 9err/1)*" < r8/ exp(—ctlogt) < er" exp(—ct log1).

Moreover, we also have that

)

n— n—-2 P
P(U} 4+ U = t|P(r) = j)P(P(r) = j) < Z MP(UE >(n—1-jy)
1 j=1 ’

Zr!w(tf/9)f ( 9¢ir )8(””)
=2 .

(n—j— Dty

J

-2
: 1
< et 8(n—1)-7j
~ € Z "(l’l _ ] _ 1)8(n7j71)

Pt Zexp ct —cjlogj—cn—j—1Dlogn—j—1)
j=1
<" hexp(ct — c(n — 1)log(n — 1)) ~ r"*'exp(—ct logt).

~
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The first inequality holds since the jump sizes of U are at most tr and the third line follows
form Stirling’s formula. Lastly, the fourth line holds by the facts that 4(aloga + blogb) >
2(a Vv b)log(2(a v b)) > (a + b)log(a + b) for all a, b > 1 satisfying a Vb > 2 and that n < ¢.
It remains to bound probabilities ]P’(U,3 + Ur4 >t, P(r)= j) for j =n —1 (when n > 2)
and j = n. Observe that by Stirling’s formula, we have
P(U} + U > t|P(r) =n — 1)P(P(r) =n — 1)

n—1

n—1 n—1 (n—1)t
5 %/ VB(UF 21— (= Dty ) B(Y = = Dty — )
n— 0 i=1

exp —ct log t)

(n—Dyy ty/4 1
[(/ / / )P(U3>t—(n—1)tf+ud[P’Z - (n—l)tf—u)]
ty/4 i=1

n—1
< " Vexp(—ct logt)[]P’(Uf > t,/4) +P(U} >t — (n — Dts)P ( Ji>(n—Dty—r)
=1

I’l

tf/4
+/ ]P’(U3>t—(n—1)t;+ud]P’Z i (n—l)t_f—u)i|
= I"n_l CXp(—C[ log I)[A] + A2 + A3] =
and by the same way, we also have that
P(U} 4+ U} > t|P(r) = n)P(P(r) = n)

< r"exp(—ctlogt) I:IP’(Ur3 > tp/4) + ]P’(Z Ji = nty — (nty —t +7r))
i=1

ff/4 n
+/ P(U} =t —ntp +u)d,P(Y_ Ji = nty — u)}
Vltf*lJrr im1
=r" CXp(—Cl lOg I)[Bl + B, + B';]
To bound A; and B;, we claim that for every k € N and u € (0, t7/4], it holds that

k
P> Ji = ktp —u) < (Kw(tp/9)™") uk, @2.11)
i=1

where K > 1 is the constant in (Trunc.)(z;)(ii). Indeed, if k = 1, then by (Trunc.)(t£)(i) and
(i), we get P(Jy >ty —u) = F(ty —u) = w(ts /9 'w(ty —u) < Kw(tr/9)" u. Suppose that
the claim holds for k. Then, by (Trunc.)(z7)(i) and (ii), for all u € (0, t7 /4],

k+1

P(Z Ji > (k+ Dty —u)

i=1

:/zk } tf—u+Z Vi F(tr — ug)...dy Fty — uy)
| Ui<u

=~

< Kw(t;/9)™! /zk (u— Zu, du F(ty — ug)...dy F(ty —uy)
(D= ui<u}
< Kw(tf/9)_lu/ ) dy F(ty — ug)...dy F(tp — uy)
{31 uisu)
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k
< Kw(ty /9 uP(Y_ J; = kty —u) < (Kw(ty/9)'u)

i=1

k+1

Therefore, the claim holds by induction.
We consider the following two cases that when 7 is very close to nty and not.

Case 1. (n — 1/12)ty <t < nty;
At first, by (2.10), we obtain A; + Ay + A3 < 3P(U;? > t;/4) < cr®. On the other hand, by
(2.10), (2.11), Proposition 2.7, the change of the variables and the integration by parts,

ty/4+t—nty n
B+ By+ By <cr’*+ c"(nty —t+r) + cr/ w(u)duIP’(Z Ji >t — u)

i=1

tf/4+tfntf
<c'r+cnty—0)"+ Cnr/ (nty — 1+ u)'(=dw())
r

tf/4+t—ntf
<c'r+c"(nty —t)" +"(ntp —t)'rw(r) 4+ c"r / u"(—dw(u))
<c"(r+ (nty —1)").

In the third inequality, we used the fact that (a + bk < 2k@* + b*) for all a,b > 0 and
k € N and in the fourth inequality, we used the assumption that rw(r) < er¢(r~') < 1/(4e).
Therefore, since n < t so that ¢” < ce®’, we get the result in this case.

Case 2. (n — Dty <t < (n—1/12)ty;
By (2.10), (2.11), Proposition 2.7 and the integration by parts, we obtain
n—1

tf/4
AL+ A+ Az < (36c1r/tf)2 +ctr 4 cr/ w(u)duIP’(Z Ji=m— Dty — u)

i=1
tf/4
<c'r+ c"r/ u(—dw(u)) < c"r.
r
Since By + B, + B3 <3, n <t and (nty —t) < 1 in this case, we finish the proof. [

Lemma 2.15. There exists a constant L € (0, 1) such that for all t,r > 0 satisfying t > t;/2
and rt~' < L,

P(S, >t) ~ (;)Ct =~ exp(—ct log ;)

Proof. Fix r,t > 0 satisfying t > t;/2 and rt~! < L where the constant L will be chosen
later. Pick any 7, € (0, ) such that w(z,) > 1 and let S* be the driftless subordinator with
Lévy measure 1(, o - (—dw). By condition (Ker.), we can always find such constant z,. Since
S, > S* and jump sizes of S* are at least bigger than ., by Stirling’s formula, we get

P(S, > 1) = P(SF > 1) > P(S* jumps (|¢/1.] + 1) times before time r)
(rw(te))(U/feJ+1)

(Lr/te] + D!
> exp(—rw(t,) — (Lt/t.] +3/2)log(lt/t.] + 1) + Lt/t.] + (lt/t.] + D) logr)

= exp(—rw(te))

> exp(—ct log£ +1/Q2t.) — rw(z,)) = exp(—ct logé +1/(2t,) — Ltw(t,)).
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Hence, by taking L sufficiently small so that Lw(z,) < 1/(2t,), we get the lower bound.
On the other hand, by Chebyshev’s inequality and Lemma 2.5, for all » > 0,

iy
P(S, > 1) < e ME[e*¥] = exp(—At+r / (™ —D)(—dw(u))) < exp(—it+corre™'s),
0

where ¢j = fotf u(—dw(u)) € (0, 0c0). Then, by taking A = tj?l log(t/(ZCor)), we obtain

At

P(S, > 1) < exp( 5 ) < exp(—ct log E) O
r

3. Properties of the estimates HK’}’l’k((I), ), HKgA’k(di) and HK%;U‘(@, 0)

A function f : (0,00) — R is called a completely monotone function if f is infinitely
differentiable and (—1)" f®(1) > 0 for all n € N and A > 0. A Bernstein function is said to
be a complete Bernstein function if its Lévy measure has a completely monotone density with
respect to Lebesgue measure.

Lemma 3.1 (/8, Lemmas 3.1 and 3.2]). Assume that a family of non-negative functions
{f(x, Vlrem satisfies the weak scaling property uniformly with (o, o) for some 0 < o) <
oy < 00, that is, there are constants cy, ¢y > 0 such that for all x € M,

ci(R/r)* < f(x,R)/f(x,r) <c2(R/r)*?, 0<r <R <o0.

Then for any asz > oy, there is a family of complete Bernstein functions {¢(x, -)}xem Such that
for all x € M and r > 0, we have that

fx,r) < ex, r_"‘3)_l and 0,p(x,1) =< r_l(p(x, r).

By Lemma 3.1, we can assume that all functions é(r), ¥(r) and V (x, r) are differentiable
in variable r and their derivatives are comparable to the function obtained by dividing r,
ie., ) =<r7'd@), V(@) <r ' W) and 8, V(x,r) < r 'V(x,r) forall r > 0and x € M.
Indeed, for example, by Lemma 3.1, we have V(x,r) < V(x,r) = @(x,r )" for some
complete Bernstein functions {¢(x, -)}yey and dz > d,. Then, for all » > 0 and x € M,

r B, r®)

o, )2 = Vx,r).

rB,V(x, r) <

Therefore, by using V instead of V, we get the desired properties.
Recall that for a strictly increasing function @ : [0, oo) + [0, co) which satisfies WS(«y, or2)
for some o, > oy > 1 and (0) = 0, a function M is determined by the relation (1.12),

t [
= ¢ for all 7,1 > 0.
M(t, 1) (M(t, l))
For example, if ®(/) = [ for some o > 1, then we have M(t, ) = [*/(@=D¢=1/@=D,

Lemma 3.2. (i) For t,l > 0, define

/ t
fule 1) = fﬂ‘S{E B ¢<s>}'

Then, ®,(t,1) is strictly positive for all t,1 > 0, non-increasing on (0, 00) for fixed | > 0 and
satisfies (1.12). In other words, ®(t,1) is one of the explicit forms of the function M(t, ).
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(it) M(@(),1) < 1 foralll > 0.
(iii) There are constants c3, c4 > 0 such that foralll >0and 0 <t <T,

T —1/(a;—1) M(T l) T —1/(a2—1)
a3\ — < . <cy | — .
< ¢ ) M@, 1) ( t )

Proof. (i) Fix 7,/ > 0 and define for s > 0,

_1B(s) —1s _ ()
g(s) = oG k(s) == -

We also define k~'(x) := inf{s : k(s) > x} for x > 0. Since &(s) < sP'(s) for all s > 0, there
exists a constant ¢; > 0 such that

(s D(5))7g'(s) = s(ts D'(s) — lk(s) B(s)) > s D(s)(cit — Ik(s)).

It follows that for s, = k’l(clt/l), we have @(¢,1) = sup;. o g(s) = sup,, 8(s) < /s,
On the other hand, for any a > 1, we have

l t l t I —1
d1(t,1) > — — > = — 1_51 (%) '
as,  Plas,) — ass a1 d(s,)  as, a1

Hence, by choosing a = 2V (2¢;'¢2)'/@1 =D, we get ®(t,1) < [/s,. Then, we conclude that

/ t

(ii), (iii) These are consequences of the relation (1.12). [J

By Lemma 3.2(iii) and Lemma 3.1, we can assume that M(t, [) is differentiable in variable
t for every fixed / > O and there exists a constant ¢; > 1 such that for all 7,/ > 0,

e T M, D) < =9 M, 1) < et T M@ D). (3.1

From [8, Lemma 5.1], we get the following time derivative estimates for g(a, ¢, x, [; ¢, M).

Lemma 3.3. For every a > 0, there are constants ci, ¢, > 0 such that
|8,qd(a, t,x,l; P, ./\/l)| <cit ¢ et x,1; B, M), 1,1>0, x €D,

Moreover, there are constants c3 > 0 and ¢, € (1, 00) such that for all x € D,
dqq'a,t,x,l; &, M) > cst'q%a, t,x,1; &, M) if D) > cyt.

We obtain the upper time derivative estimates for q'(t,x,1; ¢, ¥) and a}: (t,x,y).

Lemma 3.4. (i) There is a constant c¢; > 0 such that for all t,] > 0 and x € D,
ia,qj(t,x,l; P, W)| < clt_lqj(t,x,l; o, V).
(ii) For all y € [0,1), t >0, x,y € D and j € {1, 2},

1

|dal (¢, x, )| <2t7'a] ¢, x, y).

Proof. (i) Observe that
TV (x, ) =129, V(x, o113, 91 (1)

J . —
a0 B ) = T ) + SOV DY

)
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By using the comparisons 9,V (x,r) < r~'V(x,r) and 8, d~'(t) < t~' &~ (¢), we get

ctVix, &711) + vV (x,1) ny .
Ve, &) 1 POVGn e = 4Gl )

(ii) From the definition of a}, we get

18,q7(t, x,1; &, U)| < (

14 " 14
1+ 2(@p(x) 14 PGp(y)

[0,al (¢, x, y)| = ( )aly(t,x, y) <2t 'al(t, x, y),

, B v y a%/(tvxv y)
ezt v, 01 = <t T +08E0) 1+ +t)¢(8a(y>)) b+t
<27 'al(t,x,y). O

4. Proof of main theorems

In this section, we give the proof for Theorems 1.15, 1.16, 1.18 and 1.19. Throughout this
section, we assume that there exist y € [0, 1), A > 0 and k € {1, 2} such that ¢(z, x, y) enjoys
the one of the estimates HK”**(&, @), HK};»*(®) and HK*(&, ¥). Let p(z, x, y) be given
by (1.5).

Proposition 4.1. (On-diagonal lower bounds) If condition (S.Poly.)(¢,) holds, then there exists
¢ > 0 such that for all (t,x,y) € (0, t;] x D x D satisfying ®(p(x, y)p(t~") < 1/(462),

pt,x,y) > cjk’/(t, X, ¥). “.1)
On the other hand, if condition (L.Poly.) holds and ). = O, then for every fixed T > 0, (4.1)
holds for all (t,x,y) € [T, 00) x D x D satisfying ®(p(x, y)pt™") < 1/(4@2).

Proof. Since the proofs are similar, we only give the proof when condition (S.Poly.)(z,) holds.
Fix (t,x,y) € (0,t] x D x D satisfying @(p(x, e < 1/(46‘2) and set [ = p(x, y).
By Proposition 2.7, there is a constant &, € (0, 1/2] such that for all ¢ € (0, t,], we have that
P(S,, o0y = t) < 1/2. Then, by the Markov property, we get

P(Soe, 00) = 1) = P(Soe, 00) — Sey0y =t O Se,00) = 1)
3
= 1= (1= P(Sey00) = 1) = SP(Sey00) 2 1),

We used the inequality that 1 — (1 — x)? > 3x/2 for x € (0, 1/2]. It follows that

1
P(Soe,00) = 1) — P(Se, 00) = 1) = EP(Sszqf'(l) >1).

and hence by the scaling properties of V and @ and the monotonicity of r > a; (r, x, y),

y y
aj(r,x,y) ap (P, x,y)
p(t,x,y) > 6/5245(1) —V(x, qﬁ—l(r))drP(S >t1)> CZ—V()C, )

Besides, by the integration by parts and Lemma 2.6,

26, B(1)
P(Se,00) = 1). (4.2)

1@ o7 (1, x, y)
p(t,x,y) > c/ k d,P(S, > 1)

&) B(1) Vix, d=1(r))
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- 1/2¢2p(t~1y) ( a{(r,x,y) )_ aZ(@(Z),x,y)P(S s > 1)
- P "\ Vx, 271(r)) Vx, 1) 20 =
1/Q2e2pa~ 1)) ay(r X y
L (rox,y) ag (D), x,y)
> t —  dr — oy —+———=P(S, > ). 43
zaw® | Ve, o) "0 vy et 2D @3

Finally, by Corollary 2.13, (4.2) and (4.3), we deduce that
(I+c3+c)plt,x,y)

Y1/, x, 1/Q2¢a=y v X,
Se a, (1/¢~7), x, y) + ercsw() a (r x]y)
V(x, 1(1/p7")) 20) V(x, o71(r))
In the rest of this section, we fix (x,y) € D x D and then define I := p(x,y) and

V@) =V(x,r).

4.1. Pure jump case
In this subsection, we give the proofs when ¢g(¢, x, y) enjoys the estimate HKz’k‘k(QS, D).

Proof of Theorem 1.15. Fix ¢ € (0, t,]. Since we only deal with small time ¢, we can assume
that A = 0. By (1.5) and the integration by parts, we have that for L := 1/(4¢?),

o0
P(t»x’y)X/ q(r,x, y)d.P(S, > 1)
0

L/ 00
:/ Q(rvxvy)drP(Sr Zt)_/ q(r,x,y)d,]P’(Sr St)
0 L/p@=h)

o0

L/gp@™"
=q(L/pt™ "), x,y) — / P(S, > )d,q(r, x, y) + f (S = 0drg(r x, y)
0 L/p@—")

=q(L/p@t™").x,y) = I + L. (4.4)

Case 1. d()p(t™") < 1/(4e?);
By Proposition 4.1, it remains to prove the upper bound. We first note that

al (1/¢~H), x, )
V(e~1(1/p=1))

Next, by Proposition 2.7, Lemma 3.4 and the definition of HKz’)"k(@, P),

q(L/pGt™), x,y) <c

L/pa™h
] < cw) f a0 %, y)dr
0

202 ra? (r, x, LI$G™Y o7 (r, x,
< cw(t)/ k( y) k( y)
0

dr + cw(t) dr =11+ 1.

SV ) o2 V(PTU(r)
Observe that since y < 1 and 7 +— eraZ(r, X, y) is increasing, we have that
P2 2v g7 (r, x, y)ri=2
= C“’“)f SOV
0
¢12;/V@l77 D()/2
< cw(t) ) ak( D), x,y) RE.
oDV 0
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(] D() Y X,
< cw®al (D), x, 2D _ e GOy,
V) a2 V(P~H(r)
Therefore, we have that |1;]| < cl1, < cJ! (t, x, y).
Lastly, by Lemma 3.4 and the change of variables, we get

oo Y o0
e[ AEIDar < calason oy [ 1
L/pt=1) VV(@ l(r)) L SV(@il(S/(p(til))

- LA A/$E, x, y) /wsqmz gs = /PG, X, y)
V(e-t/¢a1) Ji V(2-1(1/¢1))
Therefore, we obtain the upper bound from (4.4).

Case 2. d(Dp(t™") > 1/(4?);
In this case, we have

)ds

ay (1/¢™"), x, y)
paHoMVI)
By Proposition 2.7, Lemma 3.4 and the fact that o™ > e lw(r),

il = cut [ AR ) EUKCD ) D A
B 0 onHva) (=) 0 NV A)

¢ D _ a1/ D, x, )

DOV~ peHeOVA)

Moreover, by Lemmas 3.4, 2.11, 2.4(ii) and the change of variables,

PO G (r, x, ) © al(r,x, y)exp(—rH(@ ' (t/r)
I Ty / k2
'2'SC/L/¢<,—1> ven T 70Y20)
al (1/¢™), x, y) %0 o R
<c SOV D) |:1+/1 exp(—b (t)sH(¢ /b (t)s))))ds:|
ay (1/¢(=), x, y) [1 N /wexp(_s) ds} af (1/$™"), x, y)
1

<c <c .
Pp(t=HV )2 Pp(t=HV D) (1)

In the third inequality, we used the fact that s — H (¢>"1(t/(b‘1(t)s))) is increasing and
b’l(t)H(qS/’l(t/(b’l(t)))) = 1. This proves the upper bound.
On the other hand, by Corollary 2.13 and the definition of HK’;’A’k(Q, ), we obtain
ay (1/¢™"), x, )
paHV(P(1)

q(L/p@™ "), x,y) <c

< cw(®)a] (1/¢@™"), x, y)

dr

pt,x,y)>c

Proof of Theorem 1.16. If A = 0, then by using Proposition 2.8 instead of Proposition 2.7,
the proof is essentially the same as the one for Theorem 1.15. Hence, we omit it in here.
Now, assume that A > 0 and Rp = diam(D) < oo. Let T, = 1/(462¢(T’1)). Then, by
Proposition 2.8, Lemma 3.4 and the integration by parts,

o]

Ty
p(t, x,y) < f q(r, x, y)d,P(S, > 1) + D(6p(x))” ¢(5D(y))y/ e M d (S, = 1)
0 T

*

< q(Ty, x, ))P(S, = 1)
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Tx 00
+ cw(t) / 4G, x, Y)dr + 2 Gp(0) BEp(») / MBS, = dr
0

Ty

= q(Te, x, Y)P(S7, = 1) + J1 + J2 < cw(@®) P(Sp(x)) PEp() + J1 + Jo.

By Proposition 2.8 and Lemma 2.3, we obtain

1/t~ 1)) 00
Jr < cP(Sp(x)) D(8p(y)) (w(t) re dr + / e—“dr>
Ty 1/(4e2p(t~1))

< ®Bp(x))” P(Bp(»)” (w(t) + exp(—c/p(t™)))
< cPBp(x)) PEp(») (wt) + ¢t~ ) < cw(t) BSp(x)) D(Sp(1)) .

In the third inequality, we used the fact that for every § > 0, e~ !/* < §%¢%x% for all x > 0.
On the other hand, we note that

Z/T* ai/(r,x,y)dr - /T*QS(”/QB(RD) raf(r,x,y)dr /T* aly(r,x,y)dr
T, (1)/2D(Rp)) V(o-i(r) T, &(1)/2D(Rp)) 140140) Ty /2 V(P~1(r))
V(@ P(l
> (PO 55,007 500
V)
TOD/CPRD) 1q! (1, x, y)
/0 |40140]
Thus, by the scaling properties of aj, V and &, we get
29(Rp)

=>c

dr + c®Bp(x)) ¢(p(y))’.

Ty 1% 14
a; (r,x, a r, x,
1 ( y)drxw(t) 1 (r,x, y)

Ty &(1)/2P(Rp)) V(9-1(r) 200) V(&-1(r)) '
> cw@®) P(p(x)) 2(6p(y)) = cJa.

Ji < w(t)

This proves the upper bound.
On the other hand, by essentially the same proof as the one for Proposition 4.1, we get the
lower bound. We omit the details in here. [

Proof of Theorem 1.18. If A = 0, then by using Proposition 2.9 instead of Proposition 2.7 and
the fact that ¢(t~') =< ¢~! for all + > T which follows from Lemma 2.1(i), we get the desired
results. Hence, we assume that A > 0 and Rp = diam(D) < co. Let L > 0 be the minimum of
the constants in Propositions 2.9 and 2.10. By the integration by parts, Proposition 2.10 with
k = A/2 and the argument given in the proof of Theorem 1.16,

o]

LT
pt, x,y) < C/ q(r, x, y)d,P(S; = 1) + ¢ P(p(x))” P(3p(y))” / e Md (S, = 1)
0 LT

c 28(Rp) ay(r, X, y)
< c|:1{0<ﬁ<1} exp(—cltﬂ) + 11 exp(—Elt)i| <q(LT, x,y)+ [15(1) Wdr)

Lt
+ A D(8p(x)) @(SD(y))y[l{o<,g<1}exp(—cltﬁ)+1{5=1}exp(—%t)] / re *2dr
LT

o0

+ A D(ép(x))” 45(50(y))y/ e MBS, = 1dr

Lt
/2@(13[)) ai’(r’ X, y)

C1
< C|:1{0<5<1} CXp(—Cltﬁ) =+ l{ﬂzl} exp(——t):| o) m r

2
+ cre MBS p(x)) PBp(y)) .
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This proves the upper bound.
On the other hand, by the proof for Proposition 4.1, we can obtain that

2P(Rp) ai/(r’ X, y)

-
() V(P~1(r))

Furthermore, by Corollary 2.12 and the fact that ¢(+~')~! =< ¢ for all + > T, there exists a
constant L; > 0 such that

pt.x,y) = cw(r)

pt,x,y)>c (io“{ atnx, ) = ce M P(Sp(x)) D(Sp(y)) .
re(0,Lqt

Hence, we get the lower bound. [
4.2. Diffusion case

In this subsection, we provide the proof when ¢(z, x, y) enjoys the estimate HKZ‘”‘(@).
Set k(co, 1) = a,f(r, x, y)q(co, r, x,1; &, M) for ¢y > 0 and r > 0 where the function M is
determined by the relation (1.12).

Proof of Theorem 1.15. Since we only consider small time ¢, we can assume that A = 0. For
every fixed ¢ € (0, t,], by the integration by parts, we have that for L := 1/(4¢?),

pt,x,y) =~ /Ook(c, rNd,P(S, > 1)
0

o]

L/gt™h
— k(e, L/t — f B(S, = Dd,k(c, r) + / B(S, < Ddyk(c, )
0 L/t~

= k(c, L/¢pt™") — I + L.

Case 1. d(p(t™") < 1/(4e?);
Note that by a similar proof as the one given in Section 4.1, we obtain
al (1/gt™"), x, y)
V(2-1(1/p(t=1))
Hence, by Proposition 4.1, it remains to get upper bound for I;.
By Lemma 3.3, Proposition 2.7, the change of variables and Lemma 3.2(iii),

L < ck(c1, 1/(4p(t™"))) <

02 gy Liga™") 4¥
1] < cw(t)/ Me‘””“””dr + cw(t) G5 V) (r’j’ Y) dr
0 V(o~1(r)) a2 V(@7H(r)

2 (@)s) al (2(D)s, x, )
e

< cw(t)¢(1)172yv/o sV (P~ (D()s))
S (P2, x,y) [V

762M(¢(1)S’1)ds + C%y(t, X, y)

< cw(t) s~/ exp(—C3s71/(“271))ds +c Tt x,y)
V) 0
&)
< cw(t)a] (D), x, y)m + Tl x,y)
a0
< cw(t) G0 D) 40y Y 1k y) < e (1 x ),

o@y2 V(P71(r)

Case 2. d(Dp(t™") > 1/(4€?);
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Define for every a > 0 and r > 0,
exp(—aM(r, 1))
FRV(@ir)

Then, we see that

gla,r) =

exp(—a./\/l(r, l))

dgizar’ e (—ard, M(r,1) = (1 +2y) = rd, V(®~'(r) - V(&~'(r)7")

exp(—a./\/l(r, l))
P V(671(r)
for some positive constants ¢4 and cs5 independent of a and . By Lemma 3.2(ii) and (iii), for

each fixed a > 0, there exists a constant § > 0 such that g(a, r) is increasing on 0 < r < § &(I).
By Lemma 3.3 and the fact that r — r?"a] (r, x, y) is increasing on r > 0, we get

> (aC4./\/l(r, I — 65)

L/p¢™1) L/p¢™h
|| < c/ rilk(c6, rydr = c/ rZVaZ(r, x, y)g(ce, r)dr
0 0
<cp™ ) el (1/¢7"), x.y)  sup  gles.r).

O<r<¢@—1~1

Therefore, if ¢p(t~")~' < 8(c) D(I), then we get

exp(—c; M(1/¢(™"), D))

V(e-'(1/p))
Otherwise, if ¢p(t~")~' > 8(cs) @(I), then ¢(+~')~! < &(I) and hence by Lemma 3.2(iii),

1] < et a) (1 /g™, x, y) sup g(ce, 1)
8(ce) P()<r<g(t—1)~1

exp(—coM(1/p(™"), 1))
V(D-1(1/¢(")))
Next, by Lemmas 3.3, 2.11 and 2.4(ii), we have

1L < cal 1/, x, )

<cal(1/¢(t™"), x, )

0] 00 ,
|| < c/ r~k(ce, r)dr + c/ r~'k(ce, 1) exp(—rH(qb _1(t/r)))dr
L/¢G=h b=

=D+ bp.
By Lemmas 2.4(ii) and 3.2(iii), we have

exp(—cioM(1/¢(™"), 1))

V(2-1(1/p(1))

To control the exponential terms in I, we consider the following two functions that
e(r) = rH(¢/_1(t/r)) and ey(r) .= M(r,1). (cf. [8].) Note that e; is non-decreasing and
ey is non-increasing. Moreover, by the definition of the function b, ei(b~1(1)) = 1 for all
t > 0 and e;(0c0) = oo and by Lemma 3.2(ii) and (iii), ex(P(/)) < 1 for all / > 0 and
e3(00) = 0. Thus, by the intermediate value theorem, there are constants a; > 0 and a, > 0
independent of ¢ and [ such that for all ¢,/ > 0 with &()p(t~') > 1/(4e?), there exists a
unique r* = r*(t,1) € (b~'(t), a1 &(1)) such that e;(r*) = ae>(r*). Now, we have

al (1/¢(™"), x, ) s

Ly <cal(1/¢(t™"), x,y)
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- /r* exp(—cﬁj\/l(r, l))dr ~|—ch0 CXP(—rH(¢’_1(t/r)))
1y rV(@~N(r) o rV(o-1(r))
By the change of variables and Lemma 3.2(ii) and (iii), we get
1 —ceM(r*s, 1
hos = C/ exp(—cs , s, D)
Lty r* sV(@_ (r*s))
_ Cexp(——/:/l(r* D) / 1l (s Ve D) gy < Cexp(——/\/l(r* D)
V(®~1(r")) 0 V(o-'(1/¢1)
Also, by the change of variables, we have
/°° exp(—=b~' s H(¢ "'t/ (b~ (1)s))))
by =c —
b1 V(@1 (b (0)s)
Lol [ g, P MO D)
R AC 2 Cai ) T V(971 /e1Y)
To determine the function M(r*, [), we note that by (1.12), e;(r*) < e,(r*) implies that

dr =1 Db+ ).

ds

A" (#)
r*H(¢'~1(t/r*)) r*H(¢'~1(t/r*))

Let s* = 1/H(¢ ~"'(¢/r*)). Then, b(s*)/s* = ¢'(H '(1/s*)) = t/r*. Therefore, by
Lemma 2.4(ii), the function N(¢,1) := aaM@*, 1) = e1(r*) = r*/s* is determined by the
relation

1 t l
EE—— =5 <P —|.
d(N (. 1)/1) (N(t,l)> ’ (N(t, l))

Since M(b~'(t),1) > ce;(r*), we finish the proof for the upper bound.
Now, we prove the lower bound. By Lemma 3.3 and the integration by parts, we have

(o]
pt,x,y) > —c/ k(cg, r)d, (S, <t)
Nb=1()

B()/cu o
> C/ r'P(S, < tk(cg, r)dr — C/ r7'P(S, < Dk(co, r)dr
N

b=1(r) D(l)/cy
o0 o0
> cro f FB(S, < Dk(es, r)dr — c1y f (S, < Dk(cs, F)dr
Nb~lo 2()/cu
— i @.5)

where N := (e — 2)/(8c,e*(e*> — e)). Note that by Lemma 2.4(ii), we have that Nb~'(r) <
1/(8ezcu¢(t‘1)) < &()/(2c,). By taking c, large enough, we may assume that N € (0, 1/2).
Then, by Lemmas 2.11 and 2.4(ii),

dr.

. . exp(—cior H(@ ™' (t/r)) — cs M(r, 1))
> /(=) -2y /
caf (/¢ x g | Y@
Let e3(r) = cler(qﬁ/’l(t/r)) and e4(r) = cgM(r,[) for r > 0. By the same argument as in
the proof for the upper bounds, there are constants a3, as > 0 independent of ¢# and / such that
for all £,1 > 0 with &(1)p(t~") > 1/(4e?), there exists a unique r, = r,(t,1) € (b~'(t), a3 &(1))
such that e3(r,) = agqeq(ry). Moreover, from the monotonicity,

e3(r) < ases(r) for re (b7'(t),r,) and e3(r) > ases(r) for r > r,.
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Therefore, by the change of variables, Lemma 2.4(ii) and the weak scaling properties,

Sy /"" eXP(—E;(r)—64(r))dr _ /°° eXp(—ea(b“(t)s)—e4(b“(t)s))ds
Nb=1(t)

FI2r Y (6-1(r)) N sV (D-1(b~1(1)s))
. c /r*/bl(t) s lmd2/on =2y exp(—(1 + 614)64(17_1([)3))‘15
V(2= (pt=)™) Jrsan10y)
c

> o /b HE)) "R/ 7 exp(—cipes(rs
> Saga Ty O p(—cres(ry)
. xp(=2enes(r)
~ V(@)
- exp(—2cipe4(r.))
V(e p@=)h)
> exp(—2cipe4(r.)) -
V(e @a=)h)
In the last inequality, we used the fact that e3(b~'(¢)) = ¢, and that for every p > 0, there
exists a constant c¢(p) > 0 such that e* > c(p)x? for all x > 0. It follows that

(/b ) exp(Z2es(r,)
as

C127%

a4b_'(t)

(re /b~ (1))~ 2/ exp( e3(b™'(1)))

hz el (46075 07 E(T(fo;*)l))) ~

On the other hand, by Lemma 2.11, we have that

* exp(—rH(g"'(t/r)) dr
o) rV(®-1(r))
<cal (1/¢(t™"), x, y)exp(—c‘l/s(el;(@(l)))

Since e3(Ar) > Aesz(r) for all ¥ > 0 and A > 1, from (4.5), we deduce that there exists a
constant A > 0 such that #(I) > Ar, implies that

JZ = CGZ(@(Z),X, )’)

exp(—cies(ry))
V(o))
which yields the result. Otherwise, if @(I) < Ar,, then by Lemma 3.2(ii) and (iii),
es(b™' (1) = cia = cea(B(1)) > ceq(r,) = cay'es(r) = cay ' (r /b~ (1)es(b™' (1)),
It follows that b~'(t) < r, =< ®(I) in this case. Since by Corollary 2.13, we have that
1
o-1(p=H™h)’

pt,x,y) > cal (1/pt™"), x, y)

plt.x.y) = cal (1/¢(™"), x. y) 7
we still get the result in this case. [

Proof of Theorems 1.16 and 1.18. Observe that both HK™*(&, &) and HK};""(®) give
the same estimates for ¢(f, x, y) on near diagonal situation, that is, when t > cp(x, y) for
some constant ¢ > 0. Using this fact, we deduce the result by the same argument given in
Section 4.1. [
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4.3. Mixed type case

In this subsection, we give the proof when ¢(¢, x, y) enjoys the estimate HKK,}A’k(@, v).
Since the ideas for proofs are similar, we only provide the proof of Theorem 1.15. This
completes the proof for Theorems 1.15, 1.16 and 1.18.

Proof of Theorem 1.15. Define for r > 0 and ¢y > 0,
mi(r) = a,f(r, x, Vg (r, x,1; D, 0), my(co, 1) == aZ(r, x, Vg (co, r, x, 1; &, M).

We also define for t > 0 and ¢y > 0,

[0}

Pl(t) = / ml(r)drP(Sr > l), PZ(CO, t) = / I’I12(C0, r)drP(Sr > t)-
0 0
Then, from the definition, we get
p,x,y) = pi(t) + palc, 1). (4.6)

Case 1. d()p(t™") < 1/(4e?);

By the proof given in Section 4.2, for each fixed ¢co > 0, pa(co,t) = jly(t,x,y).
On the other hand, since ¥(/) > &(/) for all [ > 0, by the proof given in Section 4.1,
pi(t) < cfooo aj (r,x, y)q'(r,x,l; &, ®)d,P(S, > 1) < ¢J| (t,x, y). Therefore, (4.6) yields
the result.

Case 2. d(Dp(t™") > 1/(4€%);

By the proof given in Section 4.2, we get
xp(—cN (@, p(x, )
V(2-'(1/9¢1)

On the other hand, by Lemma 3.4, the integration by parts, Proposition 2.7 and Lemma 2.11,

y —1 €
pac, ) = a (1/p( ), x, y)

1/(4e?p~1))
pit) =m(1/@e P ) — /0 P(S, > t)d,m:(r)

o0
+ / B(S, < 0)d,my(r)
1/4e2pt~1y)

(1/¢([ 1) X, y) (t)fl/(4e2¢(t )} ZVaV(r X, y) 1 2yd

- ¢>(t v 201208
_ eXP(—rH(¢ “Ht/r))
+cak /™), x,y) //(4624)([_])) VO dr

ay (1/¢™"), x, )
h ¢(t hvwea) -
We also have that by Corollary 2.13,
ay (1/¢™"), x, )
P HVDO ()
Hence, we get the result from (4.6). O

pl(t7xv y) =c
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4.4. Truncated kernel

In this subsection, we give the proof for Theorem 1.19. Throughout this subsection, we
further assume that condition (Trune.)(t;) holds.

Proposition 4.2. There are comparison constants independent of x and y such that for all
t = (lda/oy + 2y ] Vv 1/2)ty, it holds that

pt, x,y) ~q(ct, x, y).

Proof. Note that by Lemma 2.1(i), ¢(r~') < ¢! for all # > t;. Thus, by Corollary 2.13,
we obtain the lower bound. Since condition (Trunc.)(ts) implies condition (Sub.)(1,1), by
Theorem 1.18, there exists a constant @ > 0 such that if A = 0 and a ®(p(x, y)) > ¢, then
p(t,x,y) =~ g(ct,x,y). Moreover, if A > 0, then since D is bounded, by taking a small
enough, we can assume that there is no x, y € D such that a @(p(x, y)) > . Hence, it remains
to prove the upper bound when a ®(p(x, y)) < t. Assume that a (p(x, y)) < t.

Let ry and L be the constants in Proposition 2.14 and Lemma 2.15, respectively. Using the
same arguments as in the ones given in the proof of Theorem 1.15,

Lt o)
p(t,x,y) x/ q(r, x, y)d,P(S, > t) —f q(r, x, y)dIP(S, <1t)
0 Lt
Lt
<cq(Lt,x,y)+ c/ r_lq(r, x, VP(S, > t)dr.

aL &(1)/2
Case 1. . =0;
If aL ®(1)/2 > ry, then by Lemma 2.15 and the fact that r — rzya,f(r, X, y) is increasing,

r¥al(r,x,y) (£>cl
rityv(e-l(r)) \t

a[(t,x,y)
V(o)

Lt Lt
[ e =i <c [
a "o

L&()/2

Lt
<ct¥al(t, x, y)L“/ dr <cal(t,x,y)e " <c = q(Lt, x, y).

o
Otherwise, if aL &(I)/2 < ry, then by Proposition 2.14 and Lemma 2.15 and the weak
scaling properties of V and &,

Lt
/ r_lq(r, x, VP(S, > t)dr
aL &()/2

"o rl/iI2ral (r, x, y) Ley2al(r,x,y) rye
= cexp(—et logt)/ Vo) T C/ 2V (6-1(r)) (?) dr
aL (1)/2 7o

14 7 Y
a;(t,x,y) <l +/ 0 rLz/sz—ZV—dz/mdr) < Cak (t, x,y) = q(Lt,x. y).
aL &(1)/2

=V =V

In the last inequality, we used the assumption that ¢/t > |dy /oty + 2y .
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Case 2. A > 0;
If aL ®(1)/2 > ry, then by Lemma 2.15,

Lt Lt et
f r7lq(r X, YRS, = Ddr = B PEp()) / e (5) ar
aL &(1)/2 o 4

Lt
< cP(Bpx))” 95(3D(y))VL“’/ dr < c®(Sp(x))” D(Bp(y)) e " ~qlct, x, y).
0]
Otherwise, if aL @(I)/2 < ry, then by Proposition 2.14 and Lemma 2.15 and the above
calculation,

Lt
/ r_lq(r, x, VP(S, > t)dr
aL o(1)/2

42y Y
< ce—Ctlogt /ro /it yak (r,x,y)
- aroqy2 T V(ON(r)

Iz

0
< cOEp)) PGp(») <e” log / PUltg)=2=dsfer gy Ce“)
aL d()/2

< cP@p(x)) 2Bp(y)e " = qlct, x,y). O

dr +cP@Ep(x))” P(@Ep(y)'e ™

Proof of Theorem 1.19. By Proposition 4.2 and the second paragraph in its proof, it remains
to consider the case when &(I) <t < |dp/a; + 2y [ts. Then, by using Proposition 2.14 instead
of Proposition 2.7, we get the result by the same argument as in the proof for Theorem 1.15.
We omit in here. [

Proof of Theorems 1.5, 1.6, 1.9 and 1.10. Let &,(x) := x“. Then, we can check that
(J1) equals HKY/>*'(®,, &), (J2) equals HK'/>*'(&,, @,), (J3) equals HK,/>**(®,, &,),
(J4) equals HK"~V“*1(@,, &,), (D1) equals HK}}>"'(&,), (D2) equals HK}>"'(&,) and
(D3) equals HK})/M’Z(@O() where the underlying function V(x,r) := r¢ for all x € D and
r > 0. Hence, we can apply Theorems 1.15, 1.16, 1.18 and 1.19. Combining these results with
Proposition 1.22 and Remark 1.23, we get the result. [
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Appendix A

In this section, we give the sketch of proof of Proposition 1.22. Fix t > 0 and x,y € D

satisfying @(p(x, e < 1/(462) and set V(r) .= V(x,r) and [ := p(x, y) as before.

Lemma A.1. Fix p e R. For 0 < A < B/2, define
B 1

S,(A, B) = ——dr.

oA /A V@)

Then, the followings are true.
(i) There exists a constant ¢ > 0 independent of A and B such that

Sp(A,B) = c(A""PV(o7 (A + B'PV(&T ' (B) ).
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(ii) If di > ax(1 — p), then S,(A, B) < A" PV (d~'(A)~".
(iii) If d» < a1(1 — p), then S,(A, B) < B'"?V(¢~'(B))"".
(iv) If di = d, = (1 — p)a; = (1 — p)ay, then S,(A, B) < log(B/A).

Proof. (i) By the monotonicities and the weak scaling properties of V and &,
24

B
1
2S,(A, B) > —d —d
s )—/A V() ’+/B/2 V@)
Alfp Blfp

>
= V(G 12A) 2V (S 1(B))
> c(A"Pv(eT' A + B'PV(@T I (B) ).
(>i1), (ii1) See [4, 2.12.16].
(iv) In this case, since the assumptions imply that V(r) < ¥ and &~'(r) < r'/*1 for all
r >0, we get S,(A, B) < [ r-r~/adr = [P r~ldr =log(B/A). O

Recall that 2 (x, y) = &(5p(x))P(Sp(y)). Without loss of generality, by symmetry, we can
assume that §p(x) < 8p(y). We first claim that if d()p(t~") < 1/(4€?), then

(@)™ 4+ D)) (p™H) " + DBp(») = ™)+ 87 (x, ).
Indeed, it is clear that (RHS) < (LHS) and we also have that
(LHS) < ¢t )2+ 87 (x, y) + 200" dp(x) +1)
<P+ 82 (x, y) + 2007 (2Q28p(x)) + B(2D))
<cpt™ N2 +82(x, y) + cD(Sp(x))* + cB(1)? < c(RHS).

In the third line, we used the fact that 2ab < a% + b? for a, b € R, the weak scaling properties
of @ and the assumption that ¢(t~')~! > 4e?d(l). Thus, if &()p(t~") < 1/(4e?), then

al (1/6().x.y) = o V
! X, Y) = (6=~ + SBp(x))) (p(t=)" + B(Ep(y)))

_ ( 52(x, ) )V 9 <1 R 85<x,y>)y _ (1 R Sfoc,y)y)
T\t H2+82(x,y)) pt—H2) ptH )’

Now, We consider the following three scenarios.
(Sc.1) &(6p(x)) < 49().
(Sc.2) 40(1) < D(8p(x)) and D(5p(y)) < 1/(4e*p(r™")).
(Sc.3) 49() < P(5p(x)) and D(Sp(y)) > 1/(4e’p(t™1)).
If (Sc.1) is true, then we have
IVt x, y) < 82 (x, y)Y Sa, (D), 1/ 2%t 1))).
Else if (Sc.2) is true, then we have
IY (1. x, y) < So( @), P(Bp(x))/2) + D(Sp(x))’ S, (P(Sp(x))/2, D(Sp(y)))
+8.700,3) S2y (2Gp (), 1/2¢(71)).
Otherwise, if (Sc.3) is true, then we get
Fl(t,x,y) = F(t,x,y) < So(2(1), 1/2e*p(t™"))).
Hence, by applying Lemma A.1 with p =0, y and 2y, we obtain the following estimates.




S. Cho and P. Kim / Stochastic Processes and their Applications 130 (2020) 4392—4443

(a) Suppose that d, /oy < 1 —2y. Then,

Ir(t, x,y) =<

82(x, yY ¢tV (S (1 /),
82(x, y) = IV (&1 (1 /g 1)),
oGOV (e'1/paY)

if (Sc.1) is true;
if (Sc.2) is true;

if (Sc.3) is true.

4439

(b) Suppose that a; = a2, d; = dr = (1 —2y)ag and y > 0. Then, V(r) < ré, &(r) < r* and

I/ (t, x,y) =<

(c) Suppose that 1 —

Ir(t,x,y) =

82(x, y) log <;> :
: (Dot~ 1)

1
8¢ ) 71 VRN RN R
w () log ( @(5D(y)>¢<tl>)

if (Sc.1) is true;

if (Sc.2) is true;

V(S 1/ if (Sc.3) is true.

2y <di/ay <dp/o; < 1 —y. Then,

SE, yyr o' 2rvint, if (Sc.1) is true;

820, y) B@Ep(yN' " V(©p(y)™',  if (Sc.2) is true;

SV (S 1 /p0Y) if (Sc.3) is true.
(d) Suppose that &) = &y, dy = d = (1 — y)a; and y > 0. Then, V(r) < r¥, &(r) < r* and
820, yyr ()= v, if (Sc.1) is true;
(1, %, y) = { o) log (%) Cif(Se) s true:

(e) Suppose that 1 —

Ir(t, x,y) =

Ily(t, X,y) <

¢V (S 1/p()) T, if (Se.3) s true.

y <di/or < dyJa; < 1. Then,

82(x, yyr o=V (), if (Sc.1) is true;

B(Sp(x)V(Sp(x)) !, if (Sc.2) is true;

PGV (@' 1/p()) T, if (Se.3) s true.
(f) Suppose that d; = d, = a; = a,. Then, V(r) < r®t, &(r) < r®! and

82(x, )Y ®(1)"2,  if (Sc.1) is true;

) (¢(5D(X))
og| ————=

70 ) ) if (Sc.2) is true;

1 . .
log (W) , if (Sc.3) is true.

(g) Suppose that 1 < d;/a,. Then,

Ily(t, x,y) =<

520e, ) )V, if (Sc.l) is true;
VD!, if (Sc.2) is true;
VD!, if (Sc.3) is true.
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Together with the fact that ¢(¢~') > ¢! fol e"w(s)ds > e~ w(t), we get the result.

Appendix B. Further examples

Example B.1 (Cf. [6, Example 2.5(ii)]). Let0 <o <2,0 < 8 < 1 and § > 0. Then, we
consider the fundamental solution of the following Cauchy problem.
t

o [t —5)F =57 F)(u(s, x) — f(x))ds = A?u(t,x), xeR? t>0,
(t—8)V0

u0,x) = f(x), xeRe (B.1)

In this case, we see that w(s) = ws(s) = (s # —8~F )1(0,51(s) and hence conditions (Ker.) and
(Trunc.)(§) hold. Moreover, it is well known that for the function @,(x) = x*, the heat kernel
q(t, x, y) corresponding to the generator A%/? enjoys estimate HK(}’O'O(Q,, ) if0<a <2
and estimate HK(I))’O’O(@O,) if @ = 2. By Theorems 1.15 and 1.19, we obtain the global estimates
for the fundamental solution p(¢, x, y) of Eq. (B.1).

(i) For every t € (0,8/2] and x, y € R?, we have

p(t,x,y)
1=hdle, if [x—y|<t#? and d < «;
2B/
t# log( ), if x—y|<t#? and d = «;
lx — I
e if [x—y|<t#? and d > «;
tP .
m, if x—y|>t# and 0 <a <2;
t7P4% exp(—clx — y|P/CP=FIC=P) if |x — y| > 1P/* and « =2.

(i) Fix any ¢ € [8/2, 00) and x, y € R?. Let n, = [¢/8] + 1. Then, we have
pt.x,y)
[|x =y (6~ ,)n,}_n, e — y[emee,
if x—y|*<tand §/2<t<|(d-a)/a]d;

1= (0,8 — Y | x — y|em e
if d/a ¢ N, |[x—y|*<t and |(d—a)/als§ <t < |d/a]é;
ds 2t
174 4+ (— — 1) log ,
ot lx — y[*
if dlaeN, |x—y|*<t and (d —a)§/a <t <db/a;

[

e if [x—yl*<t and |d/a]s <t;
t
—_— if x—y|*>¢tand 0 <a <2,
|x_y|d+a | y|
=4 exp(—clx — y*t7"), if x—y*>¢ and o =2.

In particular, for every r > 0 and x € RY, p(t, x, x) < oo if and only if t > |d/a]s. [
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Recall that in Example 1.7, we obtain the global two-sided estimates on the fundamental
solution pg(t, x, y) of the following time fractional equation:

%f w(t — s)(u(t, x) — f(x))ds = A?u(t,x), xeD, t>0,
0

u,x)= f(x), xe€D, ut,x) =0, xeR? \D, t>0, (B.2)
with w(s) = s~# /(1 — B).
Example B.2. Let0 <o <2,d >1and D C R4 be a bounded C! open set. We further

assume that if @ = 2, then d > 2 and D is connected. Let p’"(¢, x, y) be the fundamental
solution of (B.2) with

o0 ﬂ e—@y

The corresponding subordinator is called a tempered stable subordinator in the literature. (See,
e.g. [27, Section 3].) By Theorems 1.15 and 1.18, we obtain the global two-sided estimates on

P, x, y).
6.2.1. Small time estimates. For all t € (0,2] and x,y € D, p"“"(t, x,y) ~ pp(t, x,y).

6.2.2. Large time estimates. For all t € [2, 0c0) and x, y € D, there are constants cy, ¢, €3, ¢4 >
0 and L; > L, > 0 such that

aD(wa(y))“”
lx — y|?

a—d
(|x — ¥V (8p(x) A 5D(y))) ,  if d <a;

X (1+10g+ (M)) if d=a:

Pt x,y) = cre S p ()28 p(3)*? + ¢ exp(—26t) (1 A

lx — ¥l
Ix — y|“4, if d>a,
and
L ) ) 0 Sp(x)8p(»)\*"?
P, X, y) < cse” 2 8p () P8p (1) + ey exp(— 1) (1 A ﬁ)
xX—y

a—d
(Ix — ¥V (8p(x) A aD(y))) . ifd<a

x (1+log+ <M))7 if d=a:
lx — yl

Ix — y|*79, if d>a O

Following [12], for a function f on R4, we define for | <« <2 and r > 0,

M = sup f SOl
ly

d+1—
xerd Jy—x|<r [X — Y i

Then, a function f on R is said to belong to the Kato class K*~! if lim,_ ¢y MG (r) = 0.

Example B.3. Let | <o <2,d > 1and D C RY be a bounded C"' open set. In [12],
the authors studied the stability of Dirichlet heat kernel estimates under gradient perturbation.
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More precisely, for every b € K*~!, an operator (A** 4+ b - V)|p enjoys the estimates
HKyZ’Ab’I(@a, @,) for some constant A” > 0.

Let pPe(t, x,y) be the fundamental solution of (B.2) replacing the operator A%/? with
A*24p.V for some b € K ! and w(s) = s#/I'(1—B) (0 < B < 1). Then, since the operators
AY? 4 p .V and A*/? admit the same form of heat kernel estimates HKV 2@y, @) (with
possibly different 1), we see that p”' (¢, x, y) > pg(t,x,y) for all t € (0,00) and x, y € D.

Example B4. Let 0 < o <2, d > 2and D C R be a bounded connected C!"! open
set. Let p™*(t, x, y) be the fundamental solution of (B.2) replacing the operator A%/ with
A+ A¥/2 and w(s) = s7#/I(1 - B) (0 < B < 1). According to [11, Theorem 1.3], the heat
kernel corresponding to the operator A + AY2 enjoys the estimate HKM“,’I(@Z A Dy, Dyr)
for some A’ > 0. Hence, by Theorems 1.15 and 1.16, the fundamental solution p"™*(t, x, y)
admits the same estimates as pg(t, x, y) with o« = 2, unless ¢ € (0, 2] and |x — y| > t#/2. For
those values of ¢ and x, y € D, by Theorem 1.15(ii)(c), we get

P, x,y)

$p(x) Sp(y) b _ _ -
:(“ o )18 S ) (G + e el -y PO ) ).
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