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Abstract

We consider a class of random walks whose increment distributions depend on the average value of
the process over its most recent N steps. We investigate the speed of the process, and in particular, the
limiting speed as the “history window” N — ooc.
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1. Introduction and statement of results

Over the past couple of decades, many papers have been devoted to the study of edge or
vertex reinforced random walks and excited (also known as “cookie”) random walks on Z.
These processes have a simple underlying transition mechanism — such as simple symmetric
random walk — but this mechanism is “reinforced” or “excited” depending on the location of
the random walk and its complete history at that location. For survey papers which include
many references, see [4] and [3].

In this paper, we consider random walks on R with a simpler and very natural mechanism
for reinforcement; namely, the reinforcement is catalyzed by the behavior of the random walk
path over a bounded interval of its history, irrespective of its present location. In fact, we will
define two versions of such a process. To define these processes, le_t N,l € N, let {Pi(mc)}ﬁz0
be probability measures on R with finite expectations y; = [ x P""(dx), and let {r;}_, be
a sequence. We make the following assumption.
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Assumption A. The sequence {Mi}f:o of expectations corresponding to the measures
{P")l_, is strictly increasing, and the sequence {r;}!_, satisfies

rp< i <Ttigp, L=1,...,0—1;
o <ry and r; < .

In our notation for the processes, we suppress the dependence on all the above parameters
with the exception of N, which is the only parameter that will vary. One version of the process,
the instantaneous version, will be denoted by {XN/}° = while the other version, the delayed
version, will be denoted by {X:P }o2o- Most of this paper will concern the delayed version,
but we define the instantaneous version first, because this will make it easier to describe the
delayed version. For convenience, we define rp = —oo and r;y; = +oo for the following
definition.

The instantaneous version {X:/}  is defined as follows. Let X l =0 and let {XN:1}V |
be distributed like a random walk with increment distribution Pigm) , for some iy. The
continuation of the process is defined inductively as follows. Let n > N + 1 and let i be
such that the process used the distribution NPIi(mC)NaIt time n — 1. The process looks back at its
most recent N steps. If the average value, ”’I_N"*“N , of those steps fell in the range [r;, r;+1),
then at time n the process jumps with increment distribution Pi(mc) . However, if the average
value of those steps was strictly less than r;, then at time 7 the process jumps with increment
distribution Pi('_n,C ), while if the average value of those steps was larger or equal to r;, then at
time n the process jumps with increment distribution Piflc ),

The delayed version {X2:P}  is defined similarly, the only difference being that this
process is required to use any particular jump distribution at least N consecutive times,
thereby insuring that the reinforcement that causes the process to switch from one increment
distribution, say i, to another increment distribution is due to the behavior of the process
while in the i regime. Thus, {X:?}"_ is defined identically to {X"*/}"_ and for each time
n > N + 1, if the jump distribution used at time » — 1 was not used at time n — N, then the
jump distribution used at time n — 1 is automatically used again at time n, while otherwise the
jump distribution at time n is determined as it was for the instantaneous version.

We call each version of the process a random walk reinforced by its recent history. Both
versions are natural models for the fortunes of various economic commodities, such as stocks,
or for the popularity of various social trends, which respond positively to recent success and
negatively to recent failure.

We call N the history window and {r; }§=1 the threshold levels. In Assumption B, we specify
a simple condition to ensure that the processes will almost surely jump an infinite number of
times according to each of the [ 4+ 1 increment distributions.

In this paper, we investigate the speeds of these processes. For the delayed version, it is
rather easy to show that the speed exists almost surely and is almost surely constant.

Proposition 1. Let Assumptions A and B (given below) hold. Then the speed
N;D

sD(N,rl,...,r,) = lim
n—oo n

exists almost surely, is almost surely constant and is independent of the initial state.

The proof of the proposition is embedded in the proof of the main result of this paper,
Theorem 1, and is noted where it occurs. The main result concerns the limiting speed of the
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delayed version as the history window N — oo. Here is the condition we impose to ensure
that the processes will almost surely jump an infinite number of times according to each of the
[ 4 1 increment distributions.
Assumption B.

P (=00, 1)) > 0 and P"([r;11,00)) > 0, fori=1,...,0—I;

Py"(Ir1, 00) > 0, P™ (=00, 1)) > 0.

(Assumption B is a bit stronger than necessary to ensure that the process will almost surely
jump an infinite number of times according to each of the / + 1 increment distributions, but
we use it so as to simplify the exposition.)

A key technical tool that will be used is Cramér’s large deviations theorem for the empirical
mean of an IID sequence. In order to have this at our disposal, we need to make a two-sided
exponent moment assumption on the increment distributions {P"”}_. Let

e .
M pine) (1) = / ¢ P (grx)

oo
denote the moment generating function of the distribution Pi(mc).

Assumption C. There exists a 7y > 0 such that M ,ino (£1p) < 00, fori =0, 1,...,1.

Let I;(r) denote the Legendre—Fenchel transformation for the distribution Pl.(im), defined by

Li(r) = sup(Ar — log M ey (1)), 7 € R. (1.1)
reR i

We recall several facts about /; that we will need and that hold under Assumption C [1].

I;(r) < oo if and only if either r < p; and Pi(mc)((—oo, r]) > 0, or

(inc) (1.2)
r > w; and P;"([r, 00)) > 0.
Let x;" = sup{x € R: [;(x) < oo} and x; = inf{x € R : [;(x) < oo}. Then
Ii(ni) = 0;
I« [ui, xi*) — [0, 00) is continuous and strictly increasing; (1.3)

Ii - (x7, mi] — [0, 00) is continuous and strictly decreasing.

And we recall an elementary large deviations result, a version of Cramér’s theorem [1]: if S,(f ) is
the sum of n IID random variables distributed as Pl.(mc), and Pl.(mc) satisfies Assumption C, then

S 1 S
lim —log P(—— >r) = lim —log P(— >r)= —ILi(r), u; <r <x;";
n—-oon n n—-oon n (1.4)
0] 1 0]
lim —log P(— <r)= lim —log P(— <r)=—Li(r), x7 <r < u;.

We can now state the main result.
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Theorem 1. Let Assumptions A, B, and C hold. Define
Ao = Ip(ry);

Ai = Li(ris1) + Z(Ik(rk) — I(regn), 1 <i <1—1;
k=1
-1

A= 1L + Y () — Ie(riesn)).
k=1
If maxo<;<; A; occurs uniquely at i = iy, then the speed s°(N, ry, ..., r;) of the delayed process
{XN:Py> " satisfies

. D
th ST(N, 11,0 1) = [ig-
—>00

Remark. It is sometimes convenient to have one formula that holds for all {Ai}fzo. Using
the convention that a summation of the form Z?:l is equal to 0, and defining r;1; = r; (for
convenience in defining the process, we had defined r;; = 00), we can write

A = L) + ) () — I(reg), 0<i <6 oy i=r.
k=1

Example. The Legendre—Fenchel transformation of the Gaussian distribution N(u, o?) is
5 X
given by I(r) = 45 Let P ~ N(u;, 02), 0 <i <. Define ry; = r,. If

2
Ok

l}[(ri+1 — wi)? n IZ (k — 1)* = (resr — Mk)z]

occurs uniquely at i, then the limiting speed for the one-step delayed version is ji;,.

In the instantaneous version, the passage from one regime, say i, to a neighboring regime,
say i + 1, will frequently be accompanied by a number of short time oscillations between the
two regimes before the process securely ensconces itself in the new regime i + 1. Because of
technical difficulties related to these oscillations, we can only prove a theorem for the limiting
speed of the instantaneous version in the case [ = 1.

Theorem 2. Letl = 1 and let Assumptions A, B, and C hold. The speed of the instantaneous
process {XY11°°  almost surely satisfies

X! X! L f Li(r);
lim limsup 2 — fim liminf 20 — J#or I To(r) > 1i(r) (1.5)
N> pooo N Nooo n—00 1 wi, if Ii(ry) > Iy(ry).

In the instantaneous version, define the N-dimensional differences process {Z:/}> , by

NI __ N;I N;I N;I1 N;I N;I
Z," = (Xn-H - X, Xn+2 Xn+l’ R Xn+N n+N 1)

It is easy to see that this is a Markov process. In [5] we studied the speed of the instantaneous
version {XN:/ }o2 o under the assumption that the increment distributions {P(mc) }’_0 are all
Bernoulli distributions on {—1, 1}; Pl.(mc) ~ Ber(p;), so u; = 2p; — 1. Thus, those processes
lived on Z and made only nearest-neighbor jumps. In that version, we were able to calculate
explicitly the invariant measure 7" (defined on {—1, 1}") of the differences process {Z}*/}%
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and this allowed us to obtain an explicit formula for the speed s'(N, ry,...,r;). What made
the explicit calculation of the invariant distribution possible was the fact that 7V turned out
to be constant on the level sets {z € {—1,1}" : Z,N:ﬂi = M}, for any M. Even in the
case that the increment distributions {Pi(i“C) }_, are all supported on a fixed set of size three,
the explicit calculation of the invariant measure of the differences process does not seem
possible in general. Exploiting this explicit formula for the speed s’(N, r](N), ey r(N)) in the
case of Bernoulli increment distributions, in [5] we proved the equivalent of Theorem 1 for
the instantaneous version. The expressions {A}ﬁzo in the case of these Bernoulli distributions
appear there in explicit form, but their connection to the Legendre—Fenchel transformation is
not mentioned. The delicate borderline cases, when maxo<;<; 4; does not occur uniquely were
also resolved, in each case of which the limiting speed was a certain linear combination of the
speeds {ui}fzo. In this paper, we work on exponential scale, via (1.4), so we cannot handle the
borderline cases.

We now turn to the organization of the rest of the paper. Theorem 1 is proved very quickly in
Section 3, but this is only after a number of technical propositions are proved in the rather long
Section 2. As already noted, the proof of Proposition 1 is embedded in the proof of Theorem 1.
The proof of Theorem 2 is given in Section 4.

Here is a rough outline of the idea of the proof of Theorem 1. Let {¥Y:P Jor_o denote the
Markov chain (more specifically, birth and death chain) on {0, ..., [} that follows the changes
of the increment distribution utilized by the delayed version {X ;D}ff’zo of the random walk
reinforced by its recent history. Thus, Y(fv P — jy, since the process {X~ ;D}Zio starts out using
the increment distribution Pignc). If the first time the process {X:?}°° ' changes its increment
distribution, it switches from distribution Pi(omc) to distribution P;inc) (j=iop+1lorj=ip—1),
then Y IN D= j- In general, YV'P = k, if after switching increment distribution m times, the
process {XN:P} 'is using the increment distribution Pk(i"C). Propositions 2 and 3, the first two
propositions of Section 2, are the key technical results that are used to prove Proposition 4,
which gives tight exponential estimates as N — oo on the transition probabilities of the Markov
chain {Y,Y*P}>_ . Since {Y}*?}°°_ is a birth and death chain, its invariant distribution can be
written down explicitly in terms of its transition probabilities; thus we obtain tight exponential
estimates on the behavior of this invariant measure as N — oo. Proposition 5 calculates the
exponential order as N — oo of the expected number of steps made by {XV ;D}ffzo between
the time it enters a particular increment distribution regime and the time it switches to another
increment distribution regime, while Proposition 6 calculates the expected distance between
its position upon entering a particular increment distribution regime and its position upon
switching to another increment distribution regime. The proof of Theorem 1 in Section 3
follows easily from Propositions 5 and 6 along with the asymptotic behavior of the invariant
measure for the Markov chain {YY:P}> .

2. A series of propositions

We will use the following notation throughout the paper.

1 1
ay ~ by means ngnoo NlogaN = NILI;I;O N logby;

1
ay < by means limsup ﬁ(logaN — long) <0.
N—o0
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The random walk with increment distribution P"" will be denoted by {8} . Also, we will
use the notation

S =8"—5", for0<j<k.

In order to reduce the cumbersome notation, we define as follows Z,’," 4 forn > 1 and
l<i<I-1:

ZN =1, if
S(i) S(i) S(i)
(n—1)N,nN (n—1)N+1,nN+1 (n—1)N+N—-1,nN+N—-1
max( N , N e N ) > riy1 and
S(i) S(i) S(i)
. (n—1)N.nN  S(n—1)N+1,nN+1 (n—1)N+N—1,nN+N—1
min(——= N N ) = ris
ZN = —1, if
S(i) S(i) S(i)
(n—D)N,nN  S(n—1)N+1,nN+1 (n—1)N+N—1,nN+N—1
max N N s N ) < rit1 and
S(i) S(i) S(i) @1
min( (n—l)N,nN’ (n—DN+1,nN+1 L (n—l)N+N—l,nN+N—l) <
N N N
ZNG = 11, if
S(i) S(i) S(i)
(n=1)N.aN  Sn—1)N+1,nN+1 (n—=1)N+N—1,nN+N—1
max ( N N e N ) = rit1 and
S(i) S(i) S(i)
. (n—1)N,nN (n—1)N+1,nN+1 (n—1)N+N—-1,nN+N—-1 .
mm( N , N e N )<r,>,

ZN' =0, otherwise.

Note that {Z¥-}% are identically distributed, and that each of {Z5'}°°, and {Z)" }>°, is
an independent sequence.

We begin with two key propositions. These propositions serve as a basis for the rest of
the results in this section. For both of them, we will need the FKG correlation inequality [2]
in the following form. Let {W;}), be independent real-valued random variables and define

W=(Wy,...,Wy). Let f,g :R¥ — R. Then

Ef(W)g(W) > Ef(W)Eg(W), if f and g are either both increasing
or both decreasing in each of their M variables;

2.2
Ef(W)h(W) < Ef(W)Eh(W), if one of f and g is increasing and the other 2.2
one is decreasing in each of its M variables.
Proposition 2. Let 1 <i <[ — 1. Then
p(Z{V»i =1~ e_Nli(ri+l);
P(Z]" = —1) m e N0, 2.3)

P = 1) g o M leorinn),
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Proof. We will prove the first and third formulas in (2.3); the second one is proved analogously
to the first. By (1.4), we have

) S(i) S(i) S(i)
Pz =1) < P(max( ;)\’]N" 1,]1\\;+1 EEEE Nf;\,/zNil) > rip1) <
N1 gl 24
D0 PR = ) & Ne Vi) s NG,
j=0
Also
Py =1 =
(@) @) @)
P Sov Sin+1 SN—1.2N-1 -
(max( N TN N ) > rig1)x
. S(()l;)zv Si‘;)NH S%)—I,ZN—I S((){)zv Sii)lw-l S%)—I,ZN—I
P(mm( NN N )Zrilmax( NN N )Z"H-l)-
(2.5)
By (1.4),
(()i) Sii) 1 Sy 1,2N-1 (()i)
N N N—1,2N— N ~ o~ NIi(r
P (max( N N+ e Ty ) =rig1) > P(T > rip) A e Ml (2.6)
The following inequality follows from the FKG correlation inequality (2.2).
(i) (i) (i) (i) @ (@)
. Son Sint SN—12N-1 Sov Sin+ SN—1.2N-1
P(mm(T’N, 1%*’,..., NA’IN ) = ri| max( A’/N, 1,1]\\;4-’“_’ NA’]N ) = riv1) =
s g s
P (min ON PLN+L N71,2N71) > ).
N N N

2.7)

To see that (2.7) follows from (2.2), let x = (x1,...,xy—1) € R*N"! et s;; = Zi:iﬂ Xks
for 0 <i < j <2N — 1, and define

f(x) = lmin(SO.N SILN+1 5N—11,\12N—I)

9
N TN >ri

2Tt

x)=1 ; ; 1N
g(x) max(éONN,S]'%“ ..... SN 11.\]2N 1)

Denote the increments of the random walk {S{}2 by {W"}2° : thatis, SO = Y71 W, Let
wO =w?, ..., W) ). Then (2.7) is equivalent to Ef(WD)g(W®) > Ef(WO)Eg(W®),
and this latter inequality follows from (2.2).

From (2.7) and (1.4) we have

(i) (i) (i) (i) (@) ()
S, S S S, S S
. O0N O1LN+I N—12N—1 0N P1,N+1 N—12N—1
P(mm(T, N+ e, N ) = ri| max( N N+ e, N ) = rig1) =
S(i) S(i) S(i) (i)
1—P(min(%, l’x'”,..., N_XIZN_I)<ri)zl—NP(%<r,»)%l, as N — oo.

(2.8)
The first formula in (2.3) now follows from (2.4)—(2.8).
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We now turn to the third formula in (2.3). We have

i S(()i) Sy, 1,2N—1
P(Z{V” =-11)= P(max( I\’JN e %) > r,-+1)><
(@) (@) (@) (i) (@) (@)
P(min(sol’N Sll,N+1 Sl\l’—l,ZN—l) - r»|max(SOl’N Sll,N+1 51\11—1,21\1—1) . 1)
N7 N 3 eeey N i N, N PRI N — ri+1)-
2.9)
By (1.4),
(()i) Sy 12N—1 (()i)
N N—1,2N— , N Y Ay o NLCigD) (2.10)
P (max e, > <NP > ~e +,
(max ( N N ) = rit1) ( N i+1)

The first inequality below follows from the FKG inequality (2.2) similarly to the way (2.7)
followed from (2.2). Using this and (1.4), we have

(@) (@) @) (i) (@) (@)
P (mi Sol,N Sll,N+l 51\11—1,21\1—1 ' SOI,N Sll,N+1 51\11—1,21\1—1 o)<
(mm(T, N N )<r,|max(N S VAREEE N ) = rig1) <
(i) (i) (@) (i)
P(min(SO’N, Sl,N+1 . SN—1,2N—1) < ri) < NP(S(),N < 1) A e NI,
N N N - N
(2.11)
The third formula in (2.3) follows from (2.9)—(2.11). O
Proposition 3. Let 1 <i <[ — 1. Define
) s®
N = inf{n >0: % & [ri, Vi+1)}- (2.12)
Then
) . . +
p(otNNEN e N (e —nin)

N (2.13)

(@)
I
N(’f(riﬂ)—li (r;)) .

P( NI NN
N

>riy)~e

Proof. Assume without loss of generality that [;(r;) > [;(r;+1). If I;(r;) > I;(riy), then
it suffices to prove the first formula in (2.13) since the two terms on the left hand side of
(2.13) add up to one. If I;(r;) = I;(r;+1), then the proofs of the two formulas in (2.13) are
almost identical. Thus, in this case too we will prove only the first formula. Suppressing the

dependence on N, let
ol =inf{2n >2: 2} #0}, o =infl2n —1>1,Z3", #0}. (2.14)

Using Proposition 2 and the fact that each of {Zévn’i}jjozl and {Zé\;’i 1oz, is an IID sequence, it
follows that

P(Z% = 1)~ A (GG
9;

P(ZN(:‘) =—11 é e~ NI, (2.15)
a.

i

both when al.(*) = oi(e) and when ol.(*) = ai(”).
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Now
SO .
[ <) (20 e - u ) Yo € =1 1)
thus, it follows from (2.15) that
S(l)
P( NG N Nii < Vi) < e_N(li(ri)_h(riH))- (2.16)
—N =
To prove an inequality in the other direction, let ay = P(Z .0 —1)and by = P(Z(N D e
{1, —11}), where we have suppressed the dependence on i. From Proposnlon 2,
ay ~ e Nt p g NG (2.17)

We have for any positive integer M,

S(l) ; ; ) )

[ < S ({2 e 0. -0 N ULz = 1), 2.18)
Thus,

H% <r)z PU,L I{Zé\:‘l = —1hx (2.19)

P(NMZN e o, —1}}| UM, {Z3)" = —1}).
Since {Z }M , are IID, it follows that

PUM (Z) =1 =1-(1—ay)". (2.20)
From the definitions, it follows that

S(l)

(Z)" € (0. =1} = LU = < i) (2.21)

and
) S(i)N S(l)N

{Zé\:[l =-l}= (mizrl:]\](z_nl—l)N{m’Tm < ’"i+1}) (Um —Cn— 1)N{mT+m ri})' (2.22)
From (2.21) and (2.22), along with the FKG inequality (2.2), we have

P(NMzZN e (0, -1} }| UM (Zz)) = —1)) = P(M2M [z} € {0, -1}}). (2.23)
To see this, let x = (x1, ..., Xou+1nn—1) € REMFIDN= er 5, - = Zl{:iJrl x,for0<i < j<

(2M + 1)N — 1, and define

f(x) = max(l, Zlmax NI e (@n—DN.... 20N =1)) <rigy

=1 N
lmin(“"’v#; me(@n—DN...20N~1}) <r; D

Denote the increments of the random walk {S©}°° by {W}°° |, and let W©® = w®, ...,

wi ). Then (2.23) is equivalent to E f(W®) (W(’)) > Ef(WO)YEg(W®¥), and this latter
QM+1)N-1 q 8 8

inequality follows from (2.2).
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Similarly, the FKG inequality (2.2) gives
P(MM [z € (0, —1}}) = (P(ZD € {0, —1))™ = (1 — by)™™.
Thus,
P(NZMZN e (0, —1}}| UM (Z))' = —1}) > (1 — by)™. (2.24)

Now choose M = [ﬁ]. We consider the two cases I;(r;) > [;(r;y1) and L;(r;) = L;(riy1)
separately. We first consider the former case. Note that limy_ Z—Z =0.Since 1 —ay < e 9V,
from (2420)

PN {ZéV’ =1 = 1= = Y o farge N (2.25)
" 2by’
From (2.24),
L )
liminf P (N, 2} {ZN’ € {0, —1}}] Oz = —1}) = e (2.26)
N—o00

From (2.17), (2.19), (2.25) and (2.26), we conclude that
(@)
P( TN,i}[\\;+zN,i - l"l') % e—N(I,-(ri)—l,'(ViJrl)). (227)

Now consider the case I;(r;) = I;(r;+1). Then similar to (2.25), we have
N.i —anlp] : an
P(U {Z2n =—1)>1—-e N > min(c, g), for some ¢ > 0. (2.28)
N

Then from (2.17), (2.19), (2.28) (2.26) and the fact that ay ~ by, we obtain (2.27). The first
formula in (2.13) follows from (2.16) and (2.27). [

Recall the process {YY:?}° = defined at the end of Section I; it denotes the Markov
processes that follows the changes of the increment distribution utilized by the delayed version

{xm D}"o o of the random walk reinforced by its recent history. We denote the transitions for
(rNioy b
priP = P(YN+? =YVl =iy, i, je0,.... 1}, j=i+1

m

Using Proposition 3, the following estimates on these transition probabilities are almost
immediate.

Proposition 4.
+
piD m N ee—tw) gy,
+
pE e N eo—tein) ey (2.29)
N:D _ N;D __ 1
Poi = Pry—1 =1
Proof. The third line in (2.29) follows by definition. Noting that

(@) (@)
N;D TN NN N;D N NN
P = P o ), R = pe

the first two lines of (2.29) follow from Proposition 3. [

<r),
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Denote the invariant distribution of the Markov chain {¥}*?}>_ on {0, ...} by vV:P.
The Markov chain {YY:?}>°  is a birth and death process, thus rever51ble SO its mvarlant
distribution can be calculated explicitly, via the detailed balance equations: v™:P (i) P, ; +1 =

vVP(G 4 1)Pi+1,n i=0,...,1 —1. As is well-known, one has
NP 0) = 1;
N;D
Py =TT 20k =1,
i=1 Pi i—1 (2.30)
N:D
1

where IIy _1+ZH

k=1i=1 P 1

Recall the definition of rN”, 1 <i<l-—1, from (2.12). Define

0) 0]

n,N+n Nl n,N+n
N

N.0 >n) ™M =inf{n=0:

™ =inf{n >0: <n}

Anytime the delayed version of the random walk reinforced by its recent history switches to
regime i, the number of steps during which it will operate in this regime before switching to a
different regime is distributed as TV + N, and the distance between its position upon entering

regime i and its position upon switching to another regime is distributed as S(’Iz, N The next
two propositions calculate the expected values of these two distributions.
Proposition 5.
ErNi a Nmin(L0 Lis) | 2 < 1.
- = ’ (2.31)

E_L.N,l,l ~ eNll(rl); E_L_N,O ~ eNIo(rl).

Proof. Let 1 <i <[ — 1. Using the notation from the proof of Proposition 3, for any positive
integer L, we have

(TN >2LN} ={(ZV' =0, foralln =1,...,2L} =

e o (2.32)

{0-( ) > 2L,a.( ) > 2L — 1}.
Since a ) and 0(0) + 1 have the same distribution, it follows that

PN > 2LN) < P(6” > 2L), L > 1. (2.33)
We have

o0 o0
N,i N,i 1 N, 1
Z PtV > 2LN) > Z(— +DPEN =m)=1+ —E7 (2.34)
L=0 m=0 N

From the definition of ai(e) along with Proposition 2, ai(e) is distributed according to a geometric
distribution with parameter p ~ e~ mi“(l" i), I"(”“)); thus, Eoi(e) ~ eV mi“(I" i), 1"(”“)).

Consequently,

o0 o0
Y P >2L) <Y P = L)=Es ~ " min (119, 1i1:1) | (2.35)
L=0 L=1
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From (2.33)—(2.35), we obtain
EcVi < Nmin(1i00, 1i41) (2.36)

From Proposition 2 and the definition of O'l-(e) and ol.(”), we have for any € > 0 and sufficiently
large N,

P >2L,6" >2L —1)=P(ZN' =0, forn=1,...,2L) >
: . (2.37)
1= 2LP(ZM #0) = 1 — 20NVl i)

Letting Ly, = [e NtV min (1), ’f(’f+1>)], it follows from (2.32) and (2.37) that limy_ oo
P(xN > 2Ly N) = 1. Since € > 0 is arbitrary, it follows that

ErNi 2 N min(150), Lii4n) (2.38)

The first formula in (2.31) follows from (2.36) and (2.38).

The statements of Propositions 2 and 3 involve certain two-sided hitting times related to a
random walk with increment distribution Pl.(inc), with 1 <i <1 — 1. Similar one-sided results
could have been written down for i = 0 and i = /. We refrained from including them in order
not to incur the necessity of additional notation and an additional analogous proof. The second
formula in (2.31) is proved similarly to the first formula using the corresponding one-sided
hitting times. [

Proposition 6.

@)
ESIN-i+N

= w(Ex"" +N), 0<i <L (2.39)

Proof. Let {W"}>  be IID random variables distributed according to Pl.(mc) and consider

the filtration F, = a(W,(i),..., W,f”), n > 1. We can write S = Z?:l Wj(-i). Now

M, y = S,(,’lN—(n—i—N)u,-, n > 0, is a martingale with respect to {F,x}°2,. Note that N+t

is a stopping time with respect to {F,n},c,. S0 by Doob’s optional sampling theorem,
ESqNiynnr — WE(@Y + NYAL)=0, L >0.

Letting L — oo and using (2.31), we obtain (2.39). O

3. Proof of Theorem 1

Recall that v¥-? denotes the invariant distribution of the process {Y}:?}°°_ By the ergodic

theorem, as m — oo the asymptotic proportion of switches of the process {¥N:P oo for the
delayed process to the regime i is vV'?(i). As noted before Proposition 5, anytime the delayed
version of the random walk reinforced by its recent history switches to regime i, the number
of steps during which it will operate in this regime before switching to a different regime is
distributed as TV + N, and the distance between its position upon entering regime i and its
position upon switching to another regime is distributed as Silz)v.i N Also, this random number
of steps and this random distance are independent of the random number of steps the process
spent and the random distance it attained in any regime in the past before the present entrance

into regime i. From these observations, it is standard to deduce that the speed sP(N,ry,...,r),
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defined in Proposition 1, exists almost surely and is almost surely given by the constant

Zl_o VN D(l)ES(N1+N (3 1)
YooV P (ETV + N) '

sD(N,rl,...,r,):

This proves Proposition 1.
By Propositions 5 and 6,

N min| Z; (r;), 1; (r; : .
ES£I,3“+N ~ e mm( (ri) (n+1))’ forl <i<I[l—1; 32
(V] NI 0] NI,
S.L.N oy ~ e o(rl) SrN1+N wie 1)
From (2.30) and Proposition 4, we have
1
N
"
UN;D(I)% Le (ll(rl)—ll(rz)) .
Iy ’
i + +
D) LeN(Il(rl)_Il(rz))Jrl—leN((lk(rk)—Ik(’kH)) ~(hr00-110xn) )
Iy k=2 (3.3)

1<i<l-—1;
VD L v(heo-ne) = ( lk(rk)—lk("kJrl))Jr_(’k—l(’k)—lk—l(rk—l))+)
VP (1) & e ]‘[ X

N k=2

e*N(11—1(r1)*11—1(r1—1)) .

Noting that (/(rx) — Ik(rk+1))+ — (Ielres) — Ik(rk))+ = Ii(ry) — It(res1) and recalling the
definition of {Ai}ﬁzo in the statement of Theorem 1, it follows from (3.2) and (3.3) that

R 1 . .
VI PDES et 0= <1 (3.4)
0
Substituting (3.4) into (3.1), recalling from Proposition 6 that Et}?]&r[’\‘,’ ~ W, and letting

N — oo proves the theorem. [

4. Proof of Theorem 2

For the proof of Theorem 2, we need the following lemma.

Lemma 1. Let {Z,}32 | be 1ID random variables satisfying EZ; = |1 and let S, = Z?:l Z;.
Then for every r < u,

Sn
P(—=>=r,n=1,2,...)>0.
n
Proof. By the strong law of large numbers, lim,,_, oo ‘1—” = u a.s. Thus, for every r < u, there

exists an N, such that P(Sn—” >r, n > N,) > 0. Clearly, P(% >r,n=1,...,N,) > 0. By
the FKG inequality (2.2), we have

S, Sn Sn
P(—>r,n>N,|—>r,n=1,...,N,)> P(— >r, n > N,).
n n n
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Thus,

Sn
P(—=>=r,n=1,2,..)=
n

S, S, S,
P(—~>r,n=1,....,NP(=>r, n>N,|—>r, n=1,...,N,)>0. O
n n n

We now turn to the proof of the theorem.

Proof of Theorem 2. Without loss of generality, assume that Iy(r;) < I;(r;). Since clearly
N;I
limsup,,_, o, X”T < w1 a.s., what we need to prove is that

XN;I
lim liminf —— = p,. 4.1)
N—oo n—>0o0 n
Define
S
c=P(-*%>r,n=12,..)>0, 4.2)
n

where the positivity of ¢ follows from Lemma 1. Without loss of generality, we will start the
instantaneous process {XN:/ }o2, in the Péinc)-mode. The process will eventually switch to the
Pl(i"C)-mode, then switch back to the P(gi"c), etc.

Let Tnﬂv 1 m > 1, denote the number of steps the instantaneous process spends in the Pl(i"“)-
mode during its mth session in that mode? and let Tni" 0. m > 1, denote the number of steps
the instantaneous process spends in the Pémc) -mode during its mth session in that mode.

Clearly V-0, for any m > 1, is stochastically dominated by ™%, where 7V is as in (2.12).
(There is equality in distribution for m = 1.) A

The event that for all j = 1,..., N, the average value of the first j steps of a Pl(”“')-
random walk is greater than or equal to r; has probability greater than or equal to c. Thus,
with probability greater than or equal to ¢, the instantaneous process will spend at least N
steps in the P,(i"C)—mode during any session in that mode. It follows then that T,V!, for any
m > 1, stochastically dominates (N + t"-")Ber(c), where V! is as in (2.12), Ber(c) denotes
a Bernoulli random variable with probability ¢ of being equal to 1 and probability 1 — ¢ of
being equal to 0, and tV'! and Ber(c) are independent. We note that there are two reasons
that TV'! stochastically dominates (N + t¥:!)Ber(c). One is that the probability of the event
described above is greater than c. The other is that T™+!, the number of steps the delayed process
remains in the Pl(i"c)—mode after its first N steps in that mode, is stochastically dominated
by the random variable TY-! — N when this latter random variable is conditioned on the
event described above. The reason for this latter domination is that whereas the first N steps
of the delayed process have the distribution {Sﬁ-')}N the first N steps of the instantaneous

j=r A
process conditioned on the event described above has the distribution {S;’)}?’:l, conditioned
§ ‘
on {Z=>r, j=1,2,..., N}, and by the FKG inequality (2.2), the distribution {(SOP),
0 A

conditioned on {3—. >r, j=1,2,..., N} dominates the distribution {S;.’)}jv:l.

The fraction of steps that the instantaneous process spends in the Pl(inc)-mode after m
sessions in each mode is given by

N1
et T
ZT:l(TkN’I + TkN’O)

4.3)
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By the above noted stochastic domination, we can define on one and the same space {TkN ’l}lfil
and {TkN‘O},‘C’O=1 along with {r,fv" Yooy, 1 =0, 1, and {Ber(c)c};2,, where these last three sequences
are mutually independent IID sequences distributed respectively as TV, i = 0, 1, and Ber(c),
such that

Y T LN+ DBer(e)
S @M 1M T Y (N + 1 DBer(e) + 70
By the strong law of large numbers,
, S (N + 7 HBer(e) ¢(N + EtV'1)
,,}520 m NI N0 = o(N + EcN-1) + ETN0
Yo (N + 1. )Ber(o) + 7, c T T
By Proposition 5 (with /[ = 1) and the assumption that Iy(r;) < I;(ry), it follows that
N,1 . . . . .
limy_ o0 % = oo. Using this with (4.4) and (4.5), we conclude that the asymptotic fraction
of steps that the instantaneous process spends in the Pl(’"c)-mode satisfies
m TN,l
lim liminf — Z"jvl] T
N=oom=oo B (T + 1)

From this we conclude that (4.1) holds. [

a.s. 4.4)

4.5)

=1 as.
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