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Abstract

Some criteria for the mean square and almost sure exponential stability of nonlinear stochastic
partial differential equations are shown in this paper. In particular, the main results obtained
in Caraballo and Real (1994, Stochast. Anal. Appl. 12(5), 517-525) are improved, since the
new coercivity condition introduced in this work permits the state independent term 7y to be
time dependent and nonnegative but of subexponential growth, while in Caraballo and Real
(1994) this parameter is required to be constant and nonpositive. Several examples are studied
to illustrate the theory. (©) 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries

The main aim of this paper is to establish some criteria for the mean square and
almost sure exponential stability of a class of nonlinear stochastic partial differential
equations of monotone type. In fact, a coercivity condition, extending the one consid-
ered by Chow (1982) and Caraballo and Real (1994), is introduced and will play the
role of a stability criterion. To be precise, under the coercivity condition (Theorem 1.2
below) from Caraballo and Real (1994), almost sure exponential stability of solutions
is obtained, while in Chow (1982) pathwise asymptotic stability is proved. However,
as we will explain later, coercivity criteria from Caraballo and Real (1994) are too
restrictive to be applied to a number of interesting and, in our opinion, important ex-
amples, especially in the nonautonomous case. In this work, we shall improve their
results to cover the general nonautonomous stochastic differential equations in Hilbert
spaces. For this purpose, let us first state some basic notations and notions (mainly
from Caraballo and Real, 1994; Chow, 1982).
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Let V' be a Banach space and H, K real, separable Hilbert spaces such that
VesH=H <V,

where the injections are continuous and dense.

Let ||-]|, | -| and || - || denote the norms in ¥, H and V', respectively, (-,-) the
duality product between V'’ and V, (-,-) the inner product in H, and f a constant such
that

x| <Ppl|x|], Vxe.

Let W, be a Wiener process defined on some complete probability space (2,7, P)
and taking its values in the separable Hilbert space K, with increment covariance
operator Q.

Consider the following nonlinear stochastic diffusion equation:

t t
Y=o+ [asxyas+ [ Bex)am, (11)
0 0

where A(t,-) : V — V' is a family of nonlinear operators defined a.c.t. satisfying
A(1,0)=0 for all + € R;; and where B(¢,-) : V — £ (K, H), the family of all bounded
linear operators from K into H, satisfies

(b.1) B(1,0)=0;

(b.2) There exists k£ > 0 such that

[|B(t, y) — B(t,x)||<k||y —x||, Vx,y €V, aed,
(b.3) 1 €(0,T) — B(t,x) € X(K,H) is Lebesgue-measurable Vx € V, VT > 0.

Definition 1.1. Let (Q, %,{Z,},P) be the stochastic basis and W, a K-valued Wiener
process with covariance operator Q. Suppose that X, is an H-valued random variable
such that E|Xy|> < co. A stochastic process JX; is said to be a strong solution on Q to
the SDE (1.1) for ¢ € [0, T] if the following conditions are satisfied:

(a) X; is a V-valued #;-measurable random variable;

(b) X, € IP(0,T; VYN L*(Q; C(0,T; H)), p>1, T >0, where I7(0,T; V") denotes
the space of all V-valued processes (X;)co,r; (we will write X; for short)
measurable (from [0,7] x Q into V'), and satisfying

T
E/ 1X,]|7 dt < oo.
0

Here C(0,T; H) denotes the space of all continuous functions from [0, 7] to H;
(c) Eq. (1.1) is satisfied for every ¢ € [0, T] with probability one.
If T is replaced by oo, X; is called a global strong solution of (1.1).

As we are mainly interested in stability analysis, one always assumes that for each
H-valued random variable Xy with E|X;|> < oo, there exists a global strong solution
to (1.1). In this situation, it is reasonable to assume the following (see Pardoux, 1975)

(a.1) (Coercivity). There exist « >0, p > 1 and 4, y € R such that

2{A(t,x),x) + ||B(t,X)|5< — al|x||? + Ax]* +79, Vx €V, aedt
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where || - || denotes the Hilbert—Schmidt norm of nuclear operator, i.e.,
[1B(,3)|3 = tr(B(,)0B(5,x)"),
(a.2) (Boundedness). There exists ¢ > 0 such that
[|[A(%,x)| |« <c||x||P~", Vx €V, aed,
(a.3) (Monotonicity).
—2(A(t,x) — A(t, y),x — y) + Ax — y[* = ||B(t,x) — B(t, p)||5, Vx,y €V, aed,
(a.4) (Hemicontinuity). The map 6 € R — (A(t,x + 0y),z) € R is continuous
Vx,y,z €V, ae.t,
(a.5) (Measurability). t € (0,T) — A(t,x) € V' is Lebesgue-measurable Vx € V,

aet., VT > 0.
The following stability criterion is proved in Caraballo and Real (1994):

Theorem 1.2. Assume conditions (b.1)—(b.3) and (a.1) hold. We also suppose that
X, is a global strong solution to (1.1). Then, there exists r > 0 such that

E|X,P<EXo|’e™, Viz0, (1.2)

if either one of the following hypotheses holds:

(a) 4 <0,7<0, (Vp>1)

(b) 2p? —a <0, y<0, (p=2).

Furthermore, under the same conditions the solution is almost surely stable. That
is, there exist positive constants &, n and a subset Ny C Q with P(Ny) =0 such that,
for each w & Ny, there exists a positive random number T(w) such that the following
holds:

Xi(@)]* <nlXoe™, Vi=T(w).

However, when the time variable does appear in the operators A(¢,-) and B(z,-) in
an explicit way or the term y is finally positive so that neither hypothesis (a) nor (b)
holds, this criterion cannot be applied (see the examples in Section 3). In the following
section, we shall improve this theorem.

2. The main results

In this section, we shall prove the mean square and almost sure exponential stability
of the solutions to (1.1). Before introducing the coercivity condition which will guar-
antee such results, we are going to exhibit two simple examples of one-dimensional
linear It equations in order to motivate the subexponential growth imposed on the
state independent term appearing in such a condition:

Example 2.1. First, assume X, satisfies the following:
dX; =—-pX;dt + (1 +¢)"4dW,, t=0

with initial data Xy =0, where p,q > 0 are two positive constants and W; is a one-
dimensional standard Brownian motion.
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Let (-,-) denote the standard inner product in R and we set 4(t,x) = — px, B(t,x) =
(1 +¢)79. It easily follows that
2{A(t,x),x) + ||B(t,x)||* = —2px* + (1 + 1), (2.1a)

and, consequently, Theorem 1.2 cannot be applied to this example since (14¢)72¢ > 0,
for all >0, and so one cannot find a y<0 which satisfies (a.1). However, it is easy
to obtain the explicit solution

t
X, = e_pt/ e (1+s)9dW,=e M, t=0.
0

Noticing the law of the iterated logarithm

M,
lim sup ! =1 as.
t—oo  1/2(M,) loglog(M,)
and
log(f, €7 (1 +s)~%d
lim sup og(foe (t $) S):zp,
t—o0o

we get Lyapunov exponent

1
lim sup ; log|X;| =0 as.

t—00
which means that almost all the sample paths of the solution will not tend to zero
exponentially.
Next, suppose Y; satisfies

dYt:_thdt+e_qtth, t>0

with initial data Yy =0, and p, ¢ both are positive constants.
Assume A(t,x) = —px and B(t,x) =e~ 7, then it is easy to deduce

2(A(t,x),x) + | |B(t,x)||* = =2 px® + 72, (2.1b)

and again Theorem 1.2 cannot be applied.
However, the explicit solution is now given by

t
Y, :e‘f"’/ P~ qw, = e PIN,, 1>=0.
0

Taking into account again the law of the iterated logarithm for the process N, and

log( [ e2(p—d)s ¢
lim sup g(fo $)

t—o0 t

=2(p—q)s
we can obtain Lyapunov exponent

1
limsup —log |V;| = —¢ a.s.

—oo 1
That is, the solution is almost surely exponentially stable.

Therefore, if the term y appearing in condition (a.1) is permitted to be nonnegative
and time dependent, a polynomial decay of such a term is not sufficient, in general, to
ensure exponential stability of the solutions. However, the solution could be exponen-
tially stable provided the term tends to zero with an exponential decay.
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Bearing these examples in mind, we can now formulate our stability hypothesis.
Once again, we consider the stochastic diffusion equation (1.1) where A(,-): V — V'
is supposed to be a measurable family of nonlinear operators defined a.e.t. and B(¢,-) :
V — Z(K,H) a measurable family of operators. Note that, at the moment, we do not
assume A(#,0) =0 and B(#,0) =0, ¢ € Ry, as in Caraballo and Real (1994).

The following coercivity condition (CC) will play a key role in our stability result:

There exist constants o > 0, u >0, 2 € R, and a nonnegative continuous function
7(¢), t € Ry, such that

2(d(1,0).0) + B[ < —ollol|” + Ao + ()™, ve, (22)
where p > 1 and, for arbitrary & > 0, y(¢) satisfies y(t) = o(e”), as t — oo, i.e.,

lim, _ oo p(1)/€% = 0.

Remark 2.1. Observe that, owing to the continuity and subexponential growth of the
term p(t)e”*, there exists a positive constant j such that y(¢)e™# <7J for all ¢ € R,.
As a consequence, (2.2) implies (a.1) (by replacing y by 7), i.e., this assumption is
compatible with the existence of the strong solutions to (1.1).

Theorem 2.2. Assume conditions (CC), (b.2) and (b.3) hold. Then, if X, is a global
strong solution to Eq. (1.1), there exist constants T >0, C > 0 such that

EX|?’<C-e7 ™ V=0, (2.3)

if either one of the following hypotheses holds
(i) <0, (Vp>1)
(i) 22— <0, (p=2).

Proof. We only show case (ii). Case (i) can be proved similarly. Firstly, we can
choose 6 > 0 small enough such that u — 6 > 0. Then, 1t6’s formula implies

e(u—é)t |th|2 _ |X0|2

t t
:(u—a)/ e<ﬂ—5>S|XS\2ds+2/ M (A(s, Xy), X;) ds
0 0
t
12 / =08 (X, B(s, X,) AW,
0

+ / t U (B(s, X, )OB(s, Xy )" ) ds. (2.4)
0

Now, since fot et =95 (X. B(s,X,)dW,), t € R,, is a continuous martingale, it follows
that

t
E( / e<“">f<xx,8(s,xs)dws>) =0, teR,.
0
Therefore, condition (2.2) and the continuous injection V' — H yield
t t
SVEGL BN + (-0 [ PR P st e s @)
0 0

where v = (a — 25%)/p>.
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If p—v<0, it follows immediately
t
UNE|X | <E|X|* + / P(s)e”* ds,
0
which means that there exists a positive constant £ = k(d) > 0 such that

E|X, P <(E|Xo? + k(8))e=#—0r,

On the other hand, if g — v >0, we can choose 6 >0 small enough such that
u—v—20>0. Then, from (2.5) and Gronwall’s lemma one can obtain

t
e(“_")tE|X,\2 < <E|Xo2 +/ P(s)e % ds) glln=0=v),
0
and, once again, there exists a positive constant k(0) > 0 such that
EIX <(EXo]® + k(3))e™™. [
Theorem 2.3. Assume the hypotheses in Theorem 2.2 hold. Then there exist positive

constants M, ¢ and a subset Ny C Q with P(Ny)=0 such that, for each o & Ny, there
exists a positive random number T(w) such that

X, |P<M-e™, Vt=T(w). (2.6)

Proof. We only prove case (ii) as in the last proof. We shall split our proof into
several steps, as follows.
Step 1: We claim that there exists C > 0, T > 0, independent of ¢ € R, such that

t
/E||B(u,Xu)||§du<Ce’”, 0<s<t. (2.7)

Indeed, applying I1t6’s formula to (1.1) as in Theorem 2.2, we get that for any 6 > 0
with gy — 96 >0

t t
SVEXPENE + ) [ VB Pas+ [ e e 28)
0 0
and

t
W VEX, P < EXoP 4 (u— 5+ i)/ I TE|X, [ ds
0

t t
+ / p(s)e % ds — oc/ W B E||X,| ] ds, (2.9)
0 0

where v = (a — 28%)/p>.
Now, if u —v<0, it follows from (2.8) that

" s E|Xo|> + [; y(s)e™% ds

/ e(;lfc))sE|)(S|2 dSS | 0| fo '})( )
0 v+o—u

which, together with (2.9), immediately implies

t R 1 t .
/ e(”_b)‘“E||XS||2 ds < — [E|Xo2 —|—/ P(s)e % ds]
0 o 0

-0+ (! 5
+u/ D E|X,|? ds
o 0

(2.10)
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1 [ =647 ‘ ;
< - [H + 1] [E|X02 +/ Ps)e® ds]
0

o|v+o—u
1 /l*é‘i’)u 2

< - | ———— + | [E|X0]” + k(D)) (2.11)
o |lv+o—p

Consequently, for 0<s<t¢,
t t
/ Bl du < / == | X, | du
N N
R t
< e—(u—o>s/ =01 g1, | du
0
- 1 [u -0+ 4

v4+0—pu
which, together with (b.2) and (2.2), immediately yields that

< + 1] [E|Xo|* + k(9)]e~H—oK (2.12)

t t t
/ E||B(u,X,)| du < 2 / E||B(w.X,) — B(w,0)|[3du +2 / EJ|B(u,0)]2 du

N s N

t t
<o [ EGIPdu ks [ e du

< C(8)e™W=or, (2.13)

where ki, k, are two positive constants.

On the other hand, if u — v > 0, it is always possible to choose a suitable é > 0
such that v— 6 > 0. Then, by applying It6’s lemma to the strong solution X;, it is easy
to deduce

t
C(v_é)tELX[‘z <E‘Xo|2 +(v—35+ i)/ e(v—&)sELXvS‘Z ds
0

‘ t
+/ p(s)e” WO g — oc/ e E| X% ds
0 0

t
<EXo]* +(v—68+1) / "N E X ds
0

t t
+ / y(s)e % ds — o / eV E| | X, |2 ds. (2.14)
0 0

Noticing that, in this case, the parameter 7 in Theorem 2.2 turns out to be v, (2.14)
yields

t t
a/ e<v—5>SE||XS||2ds<E|XO|2+k(5)+(v—5+1)/ e % ds,
0 0

and we can argue in a similar manner as we did previously. Hence our claim is proved.
Step 2: We claim that there exists a positive constant M > 0 such that

E< sup |X,|2) <M.

0<t<oo
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Indeed, It6’s formula implies

X, P — Xl = 2/[<A(S,Xs),Xs> ds + /[ tr(B(s, X;)OB(s, X;)") ds
0 0

+2/t<)@,3(s,xs>dWs>. (2.15)
0

On the other hand, from Burkholder-Davis—Gundy’s inequality, we get for any
T e Ry

T 12
( / |Xs|2||B<s,Xs>|%ds) ]

r 12
<K1E{ sup || {/ IB(S,XS)H%dS] }
0<s<T 0

1 T
<3| s 1P| vk [ IBGxE 8 216)
0

0<s<T

2E | sup

t€[0,7]

/ (X, B(s, X ) dI,)
0

<K|E

where K, K, are two positive constants. Therefore, in addition to condition (CC),
(2.15) and (2.16) imply

T T
E< sup |XS2) < E|Xo|? +v/ E|X,? der/ p(s)e ¥ ds
0 0

0<s<T

1 T
w5f (s WP) ke [ ElBG RS @)
0

0<s<T
Thus, our claim can be easily obtained owing to (2.3), (2.7) and condition (CC).
Step 3: Now, we can finish our proof. We only sketch it because it is similar
to that in Haussmann (1978).
Firstly, the coercivity condition (CC) and (2.15) imply

T T
X2 < X+ v / X2 ds + / A(s)e ds
N N

+ | sup

t
/ (X, B(s,X,) dI7,)
te[N,T]

N

] (2.18)

for T >N, where N is a natural number.
In particular, taking N € N large enough, we can easily obtain

P sup [X[Pzey
t€[N,N+1]

N+1
SP{|Xy|*=¢}/4} + P {v/ Xg|2ds>£,2\,/4}
N

+p{

where &}, = Ce=™V/4,

/[<Xv»B(S,Xs)qu>

N

sup
tE[N,N+1]

] >s§/4}, (2.19)
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Now, we can estimate the terms on the right-hand side of (2.19) using Kolmogorov’s
inequality and (2.3) for the first two terms, and Burkholder—Davis—Gundy’s lemma,
Holder’s inequality and an argument similar to that used in Steps 1 and 2 for the last
one. Consequently, there exists a positive constant K3 > 0 such that

P

sup  |XP=ed | <Kze ™4

(E[N,N+1]

Finally, a Borel-Cantelli’s lemma-type argument completes the proof. [J

Next, we shall state a theorem which is a generalization of Theorem 2.2. Due to the
fact that Theorem 2.2 appears as a particular case of this general result, we could have
established only this last one. However, for the sake of clarity, we have preferred to
describe first the simpler one, and then show the general one.

We shall assume the following generalized coercivity condition (CC)’:

There exist constants o >0, 2 € R, >0, 0<0 < 1 and non-negative continuous
functions y(z), t(¢), t € R, such that

2(A(t,v),0) + [|B )3 < — al[ol|” + Ao + w(t)e ™[0 + (e, veV,
(2.20)

where p > 1, and for arbitrary § > 0, y(¢) and 7(¢) satisfy 7(¢)=o0(e®) and y(t)=o0(e?),
as t — oo.

Remark 2.2. The same comments concerning the compatibility of (2.20) with the
existence of the strong solutions of (1.1) as in Remark 2.1 once more remains true.
This follows immediately from the fact that 4%° <14 42 for all # € R and 0<o < 1.

Theorem 2.4. Assume assumptions (CC), (b.2) and (b.3) hold. Let X, be a global
strong solution to Eq. (1.1). Then there exist constants © > 0, C > 0 such that

EIX[’<C-e7™, Vt=0, (2.21)
if either one of the hypotheses (i) or (ii) in Theorem 2.2 holds.

Proof. By a similar argument to that one in the proof of Theorem 2.2, we can get

t
IV < B+ (-6 -v) [ B s
0
t . t .
+ / ©(s)e BE|X,|[*? ds + / y(s)e” % ds
0 0
t
S EXol 4+ (u—0— v)/ UM E|X,|* ds
0
t
+ / ,L.(S)e—(6+a(ﬂ—6))S(e(;4—§)sE|Xvs|2)J ds
0

+ /0 t P(s)e™ ds, (2.22)

where v = (a — 25%)/p>.
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If p—v<0, it follows
t \ \ \ t
ELX, P <E|Xo|? + / 1(s)e” TN (U ELX ) ds + / 7(s)e™" ds.
0 0

Now, an extended Gronwall-type lemma from Mao (1994) (in fact, Corollary 7.5 in
Chapter 1, p. 27), immediately yields

t 1—0
<E|X02 + / y(s)e ds)
0

/ 1/(1—0)
+(1-o0) / 1(s)e (OTolmos ds}
0

e(/t—5)lE|)(t‘2 <

which implies that there exists a positive constant K(d) > 0 such that
E|X,|* <K(9) - e~ WK, (2.23)

On the other hand, if ¢ — v > 0, it is always possible to choose a suitable > 0 such
that u — v — 9 > 0. Then, by virtue of Gronwall’s lemma we easily derive from (2.22)
that

t t
s < B+ [ e @y s [ el
0 0

Once again, the extended Gronwall-type lemma from Mao (1994) immediately implies

t l—o t
ElX)? <e™ { <E|X02 +/ P(s)e % ds> +(1 - 0)/ 7(s)e ™% ds}
0 0

=C(3)-e"

1/(1—0)

and the proof is complete. [

In a similar manner as in the proof of Theorem 2.3, we could also prove the
following result.

Theorem 2.5. Assume that the hypotheses in Theorem 2.4 hold. Then there exist
positive constants M, ¢ and a subset Ny C Q with P(Ny) = 0 such that, for each
W & Ny, there exists a positive random number T(w) such that

X, |P<M e, Vi=T(w). (2.24)

3. Examples

In this section, we consider some stochastic partial differential equations, in order to
illustrate our theory.

Example 3.1. Firstly, we consider the following semilinear stochastic partial differential
equation, which models the heat production by an exothermic reaction taking place
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inside a rod of length = whose ends are maintained at 0° and whose sides are insulated
(see Haussmann (1978) for a similar situation in the linear case):

2
Y, W,
6 Atgx) + r()Y,(x) dl + OC(YI(X))d ts > 0, X € (0, TC),
Em (3.1)

Yo(x) = yo(x),  Yi(0) =Y (n) =0, £=>0.

Here W, is a real standard Wiener process (so, K=R and O0=1), ro € R, and a(-): R —
R is a Lipschitz continuous function such that «(0)=0. We can set this problem in our
formulation by taking H = L*[0,x], V = Wol’z([O, m]) (a Sobolev space with elements
satisfying the boundary conditions above), K = R, A(t,u) = (d?/dx?)u(x) + rou(x), and
B(t,u) = o(u).

Clearly, the operator B satisfies (b.2) and (b.3). On the other hand, it is easy to
deduce for arbitrary u € V' that

204t u)u) + ||Bw)|[3 < — 2l[ul P+ 2rolul® + £2|ul?,

dY,(x) =

where k is the Lipschitz constant for the function «, and the norm in V is given by
Il P = Ji7(o ()Y i,

Therefore, it follows that hypothesis (b) in Theorems 2.2 and 2.3 is fulfilled provided
(k* 4 2ry)p* < 2 (observe that we can set f = /v/2 in this case).

Consequently, we easily deduce that the strong solution of the equation is the mean
square and almost surely exponentially stable.

Remark 3.1. Observe that Theorem 1.2 can also be applied to this situation since our
operators satisfy A4(¢,0) =0 and B(z,0) = 0.

Nevertheless, it happens that under some circumstances, additional heat is applied
to the system in order to drive it to a desired state, if possible. This can be modeled
by introducing some time-dependent terms in the equation. In our case, if we suppose
that the additional heat applied in each point is the same (so it is given by a function
h(t), independent of x), we can consider several possibilities according to the term in
which this function can appear (the diffusion, the drift or both of them).

Thus, we can study the following problems:

dY:(x)= [azg;}ch) + roYt(x)] dt + (a(Yi(x)) + A(2))dW;, t>0, x € (0,m),

Vo) = 70(0), Yi(0) = Y,(m) =0, 10, (3:2)

dY,(x) = [52;;?) FroY,(x) + h(:)} dr + (Y, (x))dW,, >0, x € (0,n),

1) = 10(0), X(0) = (m) = 0, 130 (3:3)
and

d¥,(x) = [azai’cﬁx) Y+ h(r)] dt -+ (Y, (x)) + h(1)) AV,

t>0, x €(0,m), (3.4)

Yox) = o). ¥(0)=Yi(m)=0, 1>0.
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For instance, in the case of (3.2), taking into account that the inequality 2ab <ea® +
¢~'b? holds for a,h € R and ¢ > 0, it can be easily deduced that

20A(t,u),u) + [[B(tu)l[5 < = 2|[ul]* + (2ro + (1 + e)k*)|ul* + (1 + &~ Yh(r)*.
(3.5)

Thus, if (k* + 2ry)B* <2, we can choose a positive constant ¢ > 0 small enough
such that (k2(1 + &) + 2r9)B? < 2. If, in addition, A(¢) is of subexponential type, i.e.
h(t) =y(t)e " with u > 0 and y satisfying the conditions in (CC), the hypotheses in
Theorems 2.2 and 2.3 are satisfied again.

Remark 3.2. Observe that Theorem 1.2 cannot be applied to this occasion since the
coercivity condition there does not hold.

Now, problems (3.3) and (3.4) can be analyzed by applying Theorems 2.4 and 2.5.
For instance, in the case of problem (3.3) we can obtain

204t u),u) + B w)| 3 < = 2/ ul[* + 2ro + k) ul + v/m [h(0)] Jul,

where |i(2)| denotes the absolute value of A(¢). Thus, if A(¢) is of subexponential type
as above, the hypotheses in Theorems 2.4 and 2.5 are fulfilled by taking o= %, provided
that (2r9 + k%)p* < 2.

Lastly, let us simply come back to an example investigated in Caraballo and Real
(1994).

Example 3.2. Let D=[0,1] and 2 < p < 4+ o0, r > 0, and consider the following:

p—2
X = |2 ‘aX’(x) X)) _ x| de + gty am,
ox ox ox (3.6)
t>0, xeD '

Xo(x) = xo(x), x€D, X (0)=X,(1)=0, as,

where a € L°°(D) satisfies a(x)>d > 0 a.s.,, x € D and ¢g: R — R is Lipschitz contin-
uous with constant £ > 0 such that k? < 2@ and ¢g(0)=0. ¥, is a standard real Wiener
process.

Let H = L*(D), V = Wol’p (D) be the Sobolev space with elements satisfying the
above boundary conditions. At the moment, A(#,u) is nonlinear, B(¢,u) = g(u), for all
uelb.

It is easy to check that in this case (2.2) holds with y(s)=0, A=—¢ <0, p > 2, a=2,
where & > 0 is such that k? < 24— e&. Using Theorem 2.2, we easily obtain the required
exponential stability.

4. Remarks and conclusions

We have proved some results which, in particular, extend the theory developed by
Caraballo and Real (1994). In fact, our results can be applied to a number of examples
where the criteria in that paper do not hold, since the coercivity condition assumed
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there requires a uniform bound on the operators. We no longer require the condition
A(t,0) = B(t,0) = 0 from Caraballo and Real (1994); nevertheless, even in this case
(when X; = 0 is solution to (1.1)) our theory improves that which obtains exponential
stability in the mean square and almost surely of the trivial solution to (1.1). However,
the results proved in Section 2 are stronger still. Indeed, what we have shown is that,
under the assumptions in Theorem 2.2 (or Theorem 2.4) the strong solution to (1.1)
exponentially converges in the mean square (and almost surely) to zero even if X; =0
is not a solution of Eq. (1.1).

Acknowledgements

The authors would like to thank the referees for their very helpful comments which
greatly improved this paper. Also, they wish to express their thanks to Dr. James C.
Robinson for his valuable comments on this paper.

The research of T. Caraballo has been partially supported by D.G.I.C.Y.T (Spain)
Proyecto No. PB95-1242. One of the authors, K. Liu would also like to acknowledge
the support of EPSRC Grant GR/K 70397.

References

Caraballo, T., Real, J., 1994. On the pathwise exponential stability of non-linear stochastic partial differential
equations. Stochast. Anal. Appl. 12 (5), 517-525.

Chow, P.L., 1982. Stability of nonlinear stochastic evolution equations. J. Math. Anal. Appl. 89, 400-419.

Haussmann, U.G., 1978. Asymptotic stability of the linear Itd equation in infinite dimension. J. Math. Anal.
Appl. 65, 219-235.

Mao, X.R., 1994. Exponential Stability of Stochastic Differential Equations. Marcel Dekker, Inc., New York.

Pardoux, E., 1975. Equations aux dérivées partielles stochastiques nonlinéaires monotones. Thesis, Université
Paris Sud.



