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Abstract

The goal of this paper is to show that under some assumptions, for a d-dimensional fractional Brownian
motion with Hurst parameter H > 1/2, the density of the solution of the stochastic differential equation

d t )
XF=x+ Z/O Vi (X)dB,
i=1

admits the following asymptotics at small times:

1 _dan (N .
px ) = tge (Zci(x,y)tz’H + O(tz(N“)H))-
i=0
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1. Introduction

In this paper, we are interested in the study of stochastic differential equations on R at small
times:

d t ]
X :x—}-Z/ Vi(X5)dB! (1.1
i=170

where V;’s are C®°-bounded vector fields on R? and B is a d-dimensional fractional Brownian
motion with Hurst parameter H > 1/2. Since H > 1/2, the integrals fé Vi(Xf)dBé are
understood in the sense of Young’s integration (see [23,24]), and it is known (see e.g. [20])
that an equation like (1.1) has one and only one solution. Throughout our discussion, we make
the following two-part assumption.

Assumption 1.1.

e Al: Forevery x € R?, the vectors Vi (x), ..., Vg(x) form a basis of R¥.
e A2: There exist smooth and bounded functions a)f j such that

d
Vi, Vil =)ol
=1

and

I
(,()l» i = —Cl)l- IR

The first assumption means that the vector fields form an elliptic differential system. As a
consequence of the work of Baudoin and Hairer [6], it is known that the law of X, > O,
admits therefore a smooth density p(z; x, y) with respect to Lebesgue measure (also see [21]).
The second assumption is of geometric nature and actually means that the Levi-Civita connection

associated with the Riemannian structure given by the vector fields V; is
1
VxY = E[X Y]

In a Lie group structure, this is equivalent to the fact that the Lie algebra is of compact type, or
in other words that the adjoint representation is unitary. Our main result is the following:

Theorem 1.2. Under the above assumption, in a neighborhood V of x, the density function
p(t; x,y) of X{ in (1.1) has the following asymptotic expansion near t = 0:

1 _deyn (X 4
pt; x,y) = We 22H <Z i e, P oyt x, y)tz(NH)H), yev.
i=0

Here co(x,y) > 0 and d(x,y) is the Riemannian distance between x and y determined
by the vector fields Vi, ..., V4. Moreover, we can chose V such that c;(x,y) are C*® in
V x V c R? x R?, and for all multi-indices o and f

sup  sup |8§858,"r1v+1(t,x,y)|<oo
1<1p (x,y)eVxV

for some ty > 0.
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As a first corollary of the above theorem, we observe that it implies the Varadhan type
asymptotics

d*(x, y)
—

For H = 1/2, which corresponds to the Brownian motion case, the above theorem admits
numerous proofs. The first proofs were analytic and based on the parametrix method. Such
methods do not apply in the present framework since the Markov property for X7 is lost whenever
H > 1/2. However, in the seminal works [1,2], Azencott introduced probabilistic methods
to prove the result. These methods introduced by Azencott were then further developed by
Ben Arous and Léandre in [7-9,15], in order to cover the case of hypoelliptic heat kernels.
In this work, we follows Ben Arous’ approach [8], the strategy of which is sketched as
follows.

The first idea is to consider the scaled stochastic differential equation

lim 2% In p(t; x, y) = —
t—0

n
dXf =¢> Vi(X)dB}, with X§ = xo.
i=1
We observe that there exist neighborhoods U and V of x¢ and a bounded smooth function
F(x,y,z2)onU x V x R such that:
(1) For any (x, y) € U x V the infimum

d(x, 2)?

inf{F(x,y,z)—i— ,ZGR"}:O
is attained at the unique point y.

(2) For each (x,y) € U x V, there exists a ball centered at y with radius r independent of
x, y such that F(x, y, -) is a constant outside of the ball.

So, denoting by p.(xo, ¥) the density of X{, by the Fourier inversion formula we have

_F&xo..y) 1 _ . _ F(xg.y.2)
pe(xp, y)e & = / e de [ e 2 pe(x0, 2)dz
(2m)4

1 ic-(x{-y _F<xoy§Xf>
= W/d{E € € € 3 .

Thus, the asymptotics of p;(xp, y) may be understood from the asymptotics when ¢ — 0 of

ic(x§—y) _ Fo.y.X])
Je(xo,y) =E|e = e &2 .

Then, by using the Laplace method on the Wiener space based on the large deviation principle,
we get an expansion in powers of ¢ of J;(xg, y) which leads to the expected asymptotics for the
density function.

Finally, let us explain where assumption A2 is needed, which is also a major difference from
the classical case. This assumption essentially means that the derivative of the Itd map is unitary
(see Assumption H, Main theorem, page 278 in [17], for a precise meaning in a Lie group
framework for the Brownian motion case).

It particularly implies that the Riemannian distance is the control distance associated with
the equation that we consider. More precisely, denote by @ (x, k) the solution of the ordinary
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differential equation

d t
X =x+ Z/ V; (x)dk!
i=170
where k is an element from the Cameron—Martin space 7% of the underlying fractional
Brownian motion B. Define

D2(x,y) = inf k|2, .
(x,y) P L 1115,

The assumption A2 implies (see Proposition 4.3 for more details)
D*(x,y) = d*(x, y).

Here d(x, y) is the Riemannian distance. When assumption A2 is dropped, it is clear from
the above that one needs to construct a bounded smooth function F(x,y,z) on U x V x R4
associated with D?(x, y) (instead of d*(x, y) as in the classical case). On the other hand, the
original construction of F in the classical case depends on some smoothness of d2(x, y), which
is not clear for D?(x, y) in our case. This causes a technical difficulty in the present work.

Another reason that we want to work with d(x, y) is that, in this case, our result would be
useful for estimating probability in a small ball of x, the starting point of the process X. Without
assumption A2, one should expect to replace d2(x, y) by D?(x, y) in the result of Theorem 1.2
(assuming that the technical difficulty specified above could be overcome). But in this case we
expect D(x, y) not to induce a metric in R in general, and it is not clear to the authors at this
moment whether D(x, y) is comparable to d(x, y) or not.

The rest of this paper is organized as follows. In a preliminary section we recall some known
facts about fractional Brownian motion and equations driven by it. In the second section we show
how the Laplace method may be carried out in the fractional Brownian motion case and finally
in the third section, which is the heart of the present paper, we prove Theorem 1.2. We move the
proofs of some technical lemmas to the Appendix.

Remark 1.3. Under the framework of this present work, the Laplace method can be obtained in
the general hypoelliptic case and without imposing the structure equations on the vector fields
in Assumption 1.1. These two assumptions are imposed only to obtain the correct Riemannian
distance in the kernel expansion.

Remark 1.4. When H > 1/2, to obtain a short-time asymptotic formula for the density of the
solution to Eq. (1.1) but with drift, one needs to work on a version of Laplace method with
fractional powers of ¢, which will be very onerous and tedious in computation.

Remark 1.5. When the present work was almost completed, we noticed that a proof for the
Laplace method for stochastic differential equations driven by fractional Brownian motion with
Hurst parameter 1/3 < H < 1/2 became available from Inahama [13] on the mathematics arXiv.

2. Preliminaries
2.1. Stochastic differential equations driven by fractional Brownian motions
We consider the Wiener space of continuous paths

wWed — (C([O, T1.RY), (B)o<i=r. P)
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where:

(1) C([0, T1, RY) is the space of continuous functions [0, 7] — R,

(2) (Br)r>o0 is the coordinate process defined by B, (f) = f(t), f € C([0, T, RY);
(3) P is the Wiener measure;

(4) (Br)o<:i<r is the (P-completed) natural filtration of (B;)o</<T-

A d-dimensional fractional Brownian motion with Hurst parameter H € (0, 1) is a Gaussian
process

Bl:(Btlv"'yB[d)v IZO,
where B!, ..., B are d independent centered Gaussian processes with covariance function

1
R(t.s) =3 <s2H F2H —s|2H>.

It can be shown that such a process admits a continuous version whose paths are Holder p
continuous, p < H. Throughout this paper, we will always consider the ‘regular’ case, H > 1/2.
In this case the fractional Brownian motion can be constructed on the Wiener space by a Volterra
type representation (see [10]). Namely, under the Wiener measure, the process

t

B, =/ Ku(t,5)dfy, 120 @1

0
is a fractional Brownian motion with Hurst parameter H, where
1 g ! H-2 Hg-1
Ky(t,s) =cpys? (u—s)""2u""2du, t>s
N

and cg is a suitable constant.

Denote by £ the set of step functions on [0, T']. Let H be the Hilbert space defined as the
closure of £ with respect to the scalar product

(L0113, Ljo.s))H = Ru (2, 5).
The isometry K7, from H to L?([0, T)) is given by

T
0Ky
(Kio)(s) = / @(1)—— (1, s)dt.
s at
Moreover, for any ¢ € L2([0, T]) we have
T T
| owas = [ oo,
0 0
We consider the following stochastic differential equation:
t d t )
X5 =x+ f Vo(X)ds + ) / V;(X¥)dB! (2.2)
0 i=170

where the V;’s are C™ vector fields on R with bounded derivatives to any order and B is the
d-dimensional fractional Brownian motion defined by (2.1). The existence and uniqueness of
solutions for such equations have been widely studied and are known to hold in this framework.
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2.1.1. Pathwise estimates
Let us have 1/2 < A < H and denote by c*0,T; Rd) the space of A-Holder continuous
functions equipped with the A-Holder norm

s =1 flloe + sup O =SOI

0<s<t<T (I —s)*

3

where || flloo = sup;¢po, 7y 1./ ()]
The following remarks will be useful later.

Remark 2.1.
1. It is clear that if fi, f» € C*, then fif> € C* with || fi f2lls..r < Il filla.cll f2]l5.;. Therefore,

polynomials of elements in C* are still in C*. It is also clear that whenever @ is a Lipschitz
function and f € C*, we have ¢(f) € C*.
2. Let f € C 0, T; Rd) and g : [0, T] - M, x4 be a matrix-valued function and suppose

g€ C*. By standard argument (see [16] for instance),

/'gx df, € C*(0, T: R")
0
with

oo

In the above, C is a constant only depending on A and 7.

= Cliglh.r I fll.7-
rT

Lemma 2.2 (Hu and Nualart [12]). Consider the stochastic differential equation (1.2), and
assume that E(|X¢|P) < oo for all p > 2. If the derivatives of the V;’s are bounded and Hélder
continuous of order A > 1/H — 1, then

El sup |X/? ) <
0<t<T

Sfor all p > 2. If furthermore the V;’s are bounded and E(exp(A| Xo|?)) < oo for any . > 0 and
q < 2H, then

ElexpAi| sup |X/]7) ] < o0
0<t<T

forany . > 0and q < 2H.
2.2. The Cameron—Martin theorem for fBm

Consider the classical Cameron—Martin space 7 = {h € P,(RY) : ||h|l s < oo}, where

ro
IIhII,;f=</O IhsIdS) :

The Cameron—Martin space for the fractional Brownian motion B is

Hy = Kn (),
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where the map Ky : 5 — ¢y is given by
(Kyh) = /Ot Ky (t,s)hds, forallh € .
The inner product on .7% is defined by
(k1. k2) oy = (hi, h2) ey ki = Kphi, i =1,2.
Hence Ky is an isometry between % and 7% .

Remark 2.3. It can be shown that when y € 7%, y is H-Holder continuous.

The following Cameron—Martin theorem is known (see [10]).

Theorem 2.4 (Cameron—Martin Theorem for fBm). Let B¥ = B + k be the shifted fractional
Brownian motion, where k € ¢y is a Cameron—Martin path. The law ]P’];{ of B* and the law Py
of B are mutually absolutely continuous. Furthermore, the Radon—Nikodym derivative is given
by

dPk, U 1o,
mzexp -/ (Ky) (h)sst—Ellkllij .

In the above, h = (K i)~ 'k and the integral with respect to B is understood as Young’s integral.
2.3. The large deviation principle for fBm

The following large deviation principle for stochastic differential equations driven by
fractional Brownian motion is a special case of Proposition 19.14 in [11] (see also [18]).

Proposition 2.5. Fix A € (1/2, H). Let X? be the solution to the following stochastic differential
equations driven by fBm B:

t d t )
XF=xo+ / Vo(Xo)ds + ) e / V;(X)dB! (2.3)
0 - Jo

where the V;’s are C™ vector fields on R? with bounded derivatives to any order. The process
X¢ satisfies a large deviation principle, in A-Hélder topology, with a good rate function given by

A@) = inf{A(y) : ¢ = 1 ()}
where I is the 1t6 map given by (2.3) with & being replaced by 1, and A is given by

1 2 .
Ady) = {Euyn%ﬂ ify e Ay,

+00 otherwise.

3. The Laplace method

Consider the following stochastic differential equation driven by fractional Brownian motion
d.
on R%:

t d t
X¢ =xo+/ Vo(Xs)ds—i—Zsf Vi(X;)dB:.
0 - Jo
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For the convenience of our discussion, in what follows, we write the above equation in the
following form:

t t
X, =x+ 8/ o (X¢)dB; +/ b(e, X5)ds,
0 0

where o is a smooth d x d matrix and b a smooth function from Rt x R? to R?. We also assume
that o and b have bounded derivatives to any order.

Fix 1/2 < A < H. Let F and f be two bounded infinitely Fréchet differentiable functionals
on C*(0, T; R?) with bounded derivatives (as linear operators) to any order. We are interested in
studying the asymptotic behavior of

J(e) = E[f(X*)exp{—F(X*)/e*}], ase | 0.

For each k € ¢, denote by ®(k) (which is the deterministic 1td6 map) the solution to the
following deterministic differential equation:

du; = o (u)dk, + b(0, u)dr,  with ug = x. 3.1)

Throughout our discussion we make the following assumptions:

Assumption 3.1.
e Hl: F + A attains its minimum for a finite number of paths ¢y, ¢2, ..., ¢, on P(Rd).
e H2: Foreachi € {1,2,...,n}, we have ¢; = @(y;) and y; is a non-degenerate minimum of

the functional F o ¢ + 1/2| - ||2,JKH, ie.,
Vk € Ay — {0}, d*(Fo ®+1/2] 1%, ) (y)k* > 0.
The following theorem is the main result of this section.

Theorem 3.2. Under the assumptions H1 and H2 above, we have

a
€

J()=e 2eg(ozo +aje+---+aye + 0(8N+1)>_

Here

a = inf{F + A(¢), ¢ € P(RY)} = inf(F o &(k) + 1/2|k|,2%”H’ k € sy}
and

c =inf{dF(¢)Y;, i € {1,2,...,n}},
where Y; is the solution of

dY;(s) = 9xo (@i (s)Yi(s)dyi(s) + 3:0(0, i (s))ds 4 9xD(0, ¢; (5)) Y (s)ds
with Y; (0) = 0.

Lemma 3.3. Let @ be defined as above; we have
) 1
Ag) = mf{inkuéﬁ,, ¢ = k). ke %H} .

Moreover, if A(¢) < oo, there exists a unique k € Hy such that ®(k) = ¢ and A(p) =
1/21k12,
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Proof. The first statement is apparent. For the second statement, we only need to notice that if
¢ = P(ki) = P(k2), ki, ki € HH,
then

t
/ o(ps)d(ki —k2)s =0, 1€[0,T],
0

which implies that k1 = k», since we assume that columns of ¢ are linearly independent. The
proof is therefore completed. [

Lemma 3.4. Under assumption H1, we have
def . Ay 12
a = inf{F + A(¢), p € P(R)} = inf{ F o &(k) + §||k||%)H,k € Iy ¢,

and the minimum is attained for n paths y1, y2, . .., Yo € 7y such that
D(yi) = i
and

1
S17ill2s, = A(2().

Proof. This is a direct corollary of Lemma 3.3. [

Assumption H2 has a simple interpretation as follows. Let y be one of the y;’s above. Define
a bounded self-adjoint operator on .5 by

d’°F o &(y)(Kyh', Kyh®) = (Ah', h?) 4, forh', h* € .

Lemma 3.5. The bounded self-adjoint operator A is Hilbert—Schmidt.

Proof. The proof is similar to that in [7] but with slight modification. Thus we only sketch the
proof here. In what follows, k always denotes an element in 7¢ and h = K I;] k its corresponding
element in J7.

For any k', k? € 24y, we have

d’°F o &(y)(Kyh', Kyh?) = &°F o &(y)(k', k%)
= d2F(dP(y)k', dd(y)k?) + dF (¢)(d* B(y) k', k).
Let
¢ =P(y) and x(k)=dP(y)k.
It can be shown (cf. [7]) that
dey = o (¢)dyr + b(0, ¢y)dz,  with ¢ = x,
dy; = o (¢)dk; + 0x0 (@) x,dys + 0xD(0, @) x,dt,  with xo =0,

and

1
o)k )0 = /O O(t, )d:0 (¢5) (x (k"5 dk? + x (k*)ydk))

t t
+ /0 92,0 (@) (x (k")y, x (k*)5)dys + fo 9Z2.b(0, d) (x (k")y, x (k*)s)ds.
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Here Q(t, s) takes the form
Q(1,5) = dxhr (¥)drgps (X) .

Moreover, we have

t
xi (k) =/0 Q(1, s)o (¢ps)dky

t t
=/ (/ Q(r,s)a(cmwds)hudu. (3.2)
0 u

Set

V(' k(@) = /O "o, )50 (¢5) (X (Krh")sd(Kgh?) + x (Kuh®)sd (Kh')s)
- fo 01,510,060 (1 (K )k + £ 1),k
_ /0, /ut o, s)axo(@)W(x (D2 + x(RD)shb)dsdu.  (3.3)
Define a bounded self-adjoint operator A from % to ## by
dF (@)(V(h', h?) = (Ah', 1?) 4.

We conclude that A is Hilbert—Schmidt since, by (3.2) and (3.3), it is defined from an L? kernel.
Therefore, to complete the proof, it suffices to show that A — A is Hilbert—Schmidt.By the same
argument as in [7], we only need to show that

I[d2()Knhlloo = X (KHM)lloo < Cllhlloo, forallh € .
Indeed, by an easy application of the Gronwall inequality to the equation for x, we have
I[d2(y) (K)o = IKrhlloo.

Moreover, since
t
(Kuhy = [ Kt s)hds
0

and noting that 0 K g (¢, s)/ds € L', we have

T 9Ky, "19Ky (2,
[ s)ds‘snhnoof 9Ku,5)
0 0

as

= ds.

|Kghl <

as

t
/ Ky (t, s)hgds
0

The proof is completed. [

From the above lemma, assumption H2 simply means that the smallest eigenvalue of A is
attained and is strictly greater that —1.

3.1. Localization around the minimum

By the large deviation principle, the sample paths that contribute to the asymptotics of J (¢)
lie in the neighborhoods of the minimizers of F 4+ A. More precisely:
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Lemma 3.6. For p > 0, denote by B(¢;, p) the open ball (under A-Hdlder topology) centered
at ¢; with radius p. There exist d > a and gy > 0 such that for all ¢ < g

< e—al/as2 )

J(s)—E[f(X‘;)e‘”X?)/SZ,XEe U B(¢i,p>}

1<i<n

Proof. This is a consequence of the large deviation principle. [J

Assume that n = 1, i.e., F + A attains its minimum on only one path ¢. Let
To(e) =E[f(X5)e "X/ X0 € B, p)].

The above lemma tells us that to study the asymptotic behavior of J(¢) as ¢ | 0, it is sufficient
to study that of J,(¢).

3.2. Stochastic Taylor expansion and Laplace approximation

In this section, we prove an asymptotic expansion for J, (¢).
Let ¢ be the unique path that minimizes F' + A. There exists a y € %% such that

¢=o(y), and A¢) = %nynéﬁ,,
and for all k € 7y — {0},
e <F o d+ %u ||2ij) > 0.
Let
x(k) =dd(y)k and Y (k, k) = d>D(y)(k, k).
We have
dxr = o (@) dky + 3:0 (¢0) xedyr + 3:b(0, 1) xdr, (3.4)

and

Ay = 28,0 (@) xedke + 92,0 (P x2dye + dxo () Yy, + 92.b(0, ) xdt
+ 0,b(0, ¢y) Y dr. 3.5

Here xo = ¢9 = 0. These formulas will be useful later.
Consider the following stochastic differential equation:

t t
Zi =x+ / 0 (Z)(edBs + dys) + / b(e, Z%)ds.
0 0

It is clear that Z° = ¢. Define Z;"* = 0" Z¢ and consider the Taylor expansion with respect to
& near ¢ = 0; we obtain

N .
_ gj¢’ N+1
ZS_¢+-§OT+8 R[sv+1’
]:
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where g; = Z/:0. Explicitly, we have
dgi(s) = o (¢s)dBs + 9x0(ds)g1(s)dys + 0xb(0, ¢5)g1(s)ds + 9:0(0, ¢s)ds.

Like for the Brownian motion case, we have the following estimates, the proof of which is
postponed to the Appendix.

Lemma 3.7. For any t € [0, T], there exists a constant C > 0 such that for r large enough we
have

Cr?
P{llgilln,s = r} <exp {_ﬂ_H}

Cr
P{llg2llr.c = r} <exp ~aH
and on {t < T?}, where T? is the first exist time of Z¢ from B(¢, p), we have
lleRT . < ps

3 . e cr?
PllleRy Il = r;t < T} <exp _WW )

Cr
P{lleR3lIxc = r;t < T°} < exp {—m} :

Let 6(e) = F(Z?). By Taylor expansion of (&) with respect to &, we obtain
0(e) = 0(0) + £0'(0) + £2U (¢).

Here

1
U(e):f (1 —v)0"(ev)dv, and 6(0) = F(¢).
0

Lemma 3.8. With the above notation, we have

T .
6/(0) = dF ($)g1 = /O (K}~ (K;;'y)) 4By + dF @Y.

Here Y is the solution of

dYy = 050 (¢s) Ysdys + 9:b(0, ¢5)ds + 3,D(0, ¢5)Ysds, Y (0) =0.

Proof. By an easy application of Gronwall’s inequality to (3.4), we have for any k € %,
[d2(¥)klloo < Cliklloo (3.6)

for some positive constant C. Therefore, d®(y) can be extended continuously to an operator on
P(R%). We have

g1 =d®(y)B + 7.
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On the other hand, since y is a critical point of F o & 4+ 1/2] - ||’2

g and noting that ||k|| ;5, =
||K;11k||(yf, we have

T . .
AF @) AP K) = — /0 (K33 ), (K5'K) ds

- —/OT((K;})_I(K;;/))SdkS 3.7
for all k € % . The second equation above can be seen as follows. Define
h=Kp'k
We have

! *\—1,g-—1 T el el S 0Ky .
/ (K3~ (K1) dky = / (K3~ (K1), / (s, w)hududs
0 0 o Os

T . T . oK
= [ [ (i k), s
0 u S
T

= / hu(Ky'y), du
0

T . .
— / (Ky'y),(Ky'k) ds.
0

From (3.6) and (3.7) we conclude that the path (K }‘{)_1(1( ;11 y) has bounded variation and
hence, by passing to limit, we obtain

T .
dF ($)dD(y)B) = — fo (K~ (Kz'y)),dB;.
The proof is completed. [
Now, by Theorem 2.4 we have

F(Z?
Jp@) =E [f(?)exp (— = ))

LT 13, \ .
x exp (- /0 (Ki ™' (Kyg'y)) aBs = — 52 )1 Z° € B(@. p)

&

1 ! dF (¢)Y
= E[V(e); Z° € B(, p)]exp [—8—2 <F(¢>) + §||V||éfy>:| exp [_ () ]

dF(¢)Y]

&

= E[V(s); Z°B(9, p)] exp [—:—2] exp |:—
In the above
V(e) = f(Z25)e V@,

To prove the Laplace approximation, it now suffices to estimate ]E[V(e); Z% € B(¢, p)]. For
this purpose, we need the following two technical lemmas.
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Lemma 3.9. Let
0(e) = F(Z%) = 0(0) + £0'(0) + £*U (¢)
where
1
Ue) = f (1 =v)8"(sv)dv, and 6(0) = F(¢).
0
There exist B > 0 and eg > 0 such that

sup E (e_(1+’3)U(5);t < TE) < 00.

0<e<egg

Proof. See the Appendix. [

Lemma 3.10. Forallm > 0 and p > 2, there exists an &g > 0 such that

supIE( sup |8;"Zflp> < 0.

£<¢0 tel0,1]

Proof. This is a consequence of Lemma 2.2. [

Define V™ (g) = 97"V (¢). By Lemmas 3.9 and 3.10, one can show that
E|V™(0)|” < oo, forallp>1, m > 0.

Consider the stochastic Taylor expansion for V (¢g)

N _mys(m)

My im(0)

Vi)=Y —+ eNHss
m=0 :

where

g _ /1 V(N“)(sv)(l _ U)N
N+1

dv.
N!

It can be shown, again by Lemmas 3.9 and 3.10 (cf. [7]), that

sup E[|ISy11; Z° € B(¢, p)] < 0.

0<e<gp

Thus we conclude that

N
E[V(e); Z° € B(¢, p)] = Zams’" + 0N,

m=0
Moreover, one can show that

_ EV™(0)

077
m!
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4. Short-time expansion for the transition density

We now arrive at the heart of our study and are interested in obtaining a short-time expansion
for the density function of X;, where

d
dX, =) Vi(X)dB}, Xo=x. 4.1
i=1
Here the V;’s are C*® vector fields on R? with bounded derivatives to any order. Recall
Assumption 1.1; our main result of this paper is the following.

Theorem 4.1. Fix x € R?. Assume that Assumption 1.1 is satisfied; then in a neighborhood V
of x, the density function p(t; x,y) of X; in (4.1) has the following asymptotic expansion near
t=0:

1 _den (XY .

pt:x,y) = (tH)de 2 2H <ZC,’(X, W2 4oy @ x, y)tz"H>, yeVv.
i=0

Here d(x, y) is the Riemannian distance between x and y determined by Vi, ..., V4. Moreover,

we can choose V such that c;(x,y) are C* inV xV C RY x RY, and for all multi-indices o

and B,

sup  sup |3f3ﬂ3thN+1(I,X,y)| <00

y
1<ty (x,y)eVxV )
for some ty > 0.

Once the Laplace approximation in the previous section is obtained, the proof of the above
theorem is actually quite standard and follows closely the argument given in, for instance, [8].
Thus, for most of the lemmas in what follows, we only outline the proofs, but stress the main
differences from the Brownian motion case.

4.1. Preliminaries in differential geometry

The vector fields Vi, Vo, ..., V4 on R? determine a natural Riemannian metric g = (&j)
on R? under which V;(x), Va(x), ..., V4(x) form an orthonormal frame at each point x € RY.
More explicitly, let o be the d x d matrix formed by

o(x) = (Vi(x), Va(x), ..., Va(x)).
Denote by I" the matrix inverse of oo *. Then the Riemannian metric g is given by
gij=1ij, 1=<i, j=<d.

Throughout our discussion, we denote by M the Riemannian manifold R? equipped with the
metric g specified above. The Riemannian distance between any two points x, y on M is denoted
by d(x, y). We recall that

1
d(x,y)=_inf /\/gy(ﬂ(y/(s),y/(s))ds
0

yeC(x.y)

where y € C(x, y) denotes the set of absolutely continuous curves y : [0, 1] — R9 such that
y(0) =x,y(1) =y.
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More analytically, this distance may also be defined as

d
du»0=mm{ﬂm—f@%feC?@VLERWffsl,

i=1

where Cp° (R?) denotes the set of smooth and bounded functions on R?. Since the vector fields
Vi, ..., Vg are Lipschitz, it is well-known that this distance is complete and that the Hopf—Rinow
theorem holds (that is, closed balls are compact).

Due to the second part of Assumption 1.1, the geodesics are easily described. If k : R>g — R
is an o-Holder path with « > 1/2 such that £(0) = 0, we denote by @(x, k) the solution of the
ordinary differential equation

d t ]
Xy :x—i—Z/ Vi (xs)dks.
i=170

Whenever there is no confusion, we always suppress the starting point x and denote it simply by
@ (k) as before.

Lemma 4.2. &(x, k) is a geodesic if and only if k(t) = tu for some u € R.
Proof. It is well-known that geodesics ¢ are smooth and are solutions of the equation
Ve =0,

where V is the Levi-Civita connection. Therefore, in order for @(k) to be a geodesic, we see first
that k£ needs to be smooth and then that

d ..
> Vixpkl = 0.

V d ..
> Viteoki =
i=1

Now, due to the structure equations

d
[Vi, Vil =) of;Vi,
=1

the Christoffel symbols of the connection are given by
1 ; ; 1
[ 1 1
So the equation of the geodesics may be rewritten as

d 211 d

d°k A
DSV + Y ol Kk Vixs) = 0.
= ds iji=1
s
Due to the skew symmetry wf ;= —a)lj ; we get
2kl
ds2 7

which leads to the expected result. [

As a consequence of the previous lemma, we then have the following key result:
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Proposition 4.3. Let T > 0. For x, y € R¢,

d*(x, y)
. 2 )
_inf 1kl %, = S
ke Ay, Pr(x,k)=y T
Proof. In a first step we prove
dz(x’ )’) . 2
—2H = . inf ||k||ny
T ke Ay, Pr(x,k)=y

Let k € 5 such that $y(k) = x, &7 (k) = y. Denote by z the solution of the equation

d
dz; =Y Vie)dkl, 0<r1<T.
i=1
‘We have therefore
Z0=Xx, ZIT =Y.

Letnow f € C;;O(Rd ) such that Zflzl (Vi £)* < 1. By the change of variable formula, we get

d T
)= fe =3 [ vised.
i=170
Since k € %, we can find & in the Cameron—Martin space of the Brownian motion such that

t
ktZ/ Ky (t,s)hgds.
0

Integrating by parts, we have then

T , T T 9Ky .
/ Vi f(z)dk; = / (/ —(t, s)V,-f(z;)dt) h'ds.
0 0 s ot

Therefore from the Cauchy—Schwarz inequality, the isometry between % and 73 and the fact
that Z?:1(Vi £)? < 1, we deduce that

(fO) = F@N? < R, Dl a1y = T2 1k, -
Thus

d*(x,y) .
< inf k1%, -
T ke Ay, Pr(x,k)=y

We now prove the converse inequality.
We first assume that y is close enough to x that there exist (y1, ..., yg) € R? that satisfy

d
y =exp (Zy,-v,) (x).
i=1
Let

i — Jo Ku(t,5)Kp (T, s)ds _R.T)
t = T2H Yi = T2H Yi-
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In that case, it is easily seen that
d
R, T)
D(k)(t) = exp (le TTyl-vi) ).
1=
In particular,

Po(k) = x, Pi(k) =y.

Moreover,
i 2
y.
k 2 _ i=1 ! _ dz(xs )’)
[ ”ij - T2H - T2H

As a consequence

. d*(x,
inf k2, < S8
ke, Or (x . k)=y “H T
If y is not close to x, we just have to pick a sequence xg = x, ..., x,;, = y such that

d(xi, xi+1) < ¢

and
m—1
d(x,y) =Y d(xi, xiy1),
i=0

where ¢ is small enough. [

The second key point is the following:

Theorem 4.4. Fix xg € M. Let F be a C* function on M. There exists a neighborhood V of xg
such that if yo € V is a non-degenerate minimum of

d*(xo, y)
—
then there exists a unique k° € 4 such that (a) 1 (xo, k) = yo, (b)d(x0, y0) = k%I,

and (©)k° is a non-degenerate minimum of the functional: k — F(®1(xo, k)) + 1/2||k”,2%”;1 on
.

F(y) +

Proof. The first two statements are clear from Proposition 4.3. We only need to prove (c). To
simplify notation, let

1
Gk) = F(1(x0, k) + 5 [IklI %,
Consider
w(u) = GK® + uk),

and

1
v(u) = F(Py(x0, kO + uk)) + Edz(xo, By (xo, kO + uk)).
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It is clear that
ww) > v, w(0) =v(0) and w'(0) = (0) =0.
Thus

2 W/ ” _ l 32 ! 0 2
PGk, k) = w"(0) = 0(0) = ( F +5d0.)? ) (o) (416K )

When k ¢ Ker(d®; (xo, k°)), we certainly have
d>G (k%) (k, k) > 0.

In the case where k € Ker(d @ (xo, k¥)), it is clear that we can assume that k|l 5, = 1. From
Proposition 4.3 we first note that

k= R(t, )yo, 1€l0,1]. 4.2)

Since k € Ker(d & (xo, k°)), we can consider a variation k* of k° such that & (xq, k*) = yo, u €
(—e¢, €). Without loss of generality, we may assume that k* takes the form

K = k0 + uk + u?k!

for some k! € 5. In what follows, we show that there exists a neighborhood V of x( such that
for all yg € V, we have

d2

az|,_ Ko > 0.
u=
Indeed,
& 2 2 0 21
37| KW, = 20kI5, +4K% kD).,
u=0

= 2|[k[l%, +4k{ - yo.

For the second equation above, we used (4.2). On the other hand, since @ (xg, k") = yq for all
u € (—e¢, €) we have

do (k"% =0, and d>®;(k°)(k, k) +2d B (k*) (k") = 0. (4.3)
From Lemma 3.5 we have

|d* &1 (K0 (k, k)| < MIkII, (44)
for some constant M > 0. By computation, we know that

dx, = o (¢)dk! + 8,0 () x,dk? (4.5)

where x = d@(ko)(kl) and ¢ = @(ko). In particular, when yg = x the above equation becomes
(since k% = 0 in this case)

dy; = a(x())dktl.
Therefore when xg = yg

Ix1l = Cilkj|, forallk' e sty
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for some constant C; > 0. It is clear that, by Eq. (4.5) and a continuity argument, we can find a
neighborhood V of x¢ such that for all yp € V we have

Ix1] = Clkl| =8 forall k! € s (4.6)

for some 0 < § < 1 and some constant C > 0 depending on V. Now by the second equation in
(4.3), and inequalities (4.4) and (4.6) we have

2(Clki| = 8) <201l = 1d* &1 () (k, k)| < MIIk| %, 4.7)
Hence in V we have
2
57 M_Onk”nﬁfH = 2kl13,, + 4k - Yo
> 2|13, — 41ki1 1ol
2|yo|M 4] yold
> 2llkl%, — 1elZ, = =

Now we only need to choose V even smaller (so that |yg| is small) to guarantee that the above is
non-negative. [J

Remark 4.5. In the above lemma, it is clear that we can choose the neighborhood V of xo such
that for any x € V,if y € V is a non-degenerate minimum of F(y) + d(x, y)?/2, then the three
properties in the lemma are fulfilled.

4.2. Asymptotics of the density function

Consider

d
dX{ =e) Vi(X))dB] with X{§ = x.

i=1
Before applying the Laplace approximation to X7, we need the following lemma which gives us
the correct functionals F and f.
Lemma 4.6. Let V be as in Remark 4.5. There exists a bounded smooth function F(x,y, z) on
V x V x M such that:
(1) Forany (x,y) € V x V the infimum
d(x,2)°

inf{F(x,y,z)—}- ,zeM}:O

is attained at the unique point y. Moreover, it is a non-degenerate minimum.
(2) Foreach (x,y) € V x V, there exists a ball centered at y with radius r independent of x,y
such that F(x,y, -) is a constant outside of the ball.

Proof. See Lemma 3.8in [§]. [

Let F be as in the above lemma and p (x, y) the density function of X{. By the inversion of
the Fourier transformation we have

_Fxyy) 1 T . _Fkx.,y.2)
pé‘(-xa y)e 52 = (27[)(1 /e 1{')'d§\/\elf'ze 52 pé‘(-x’ Z)dZ
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X, ¥.2

_Fix

1 ig(x§-y Py Xp
ZW/chxe e 2 ).
e

It is clear that by applying Laplace approximation to the expectation in the last equation
above and switching the order of integration (with respect to ¢) and summation, we obtain an
asymptotic expansion for the density function p.(x, y). On the other hand, we cannot apply the
Laplace method here directly since we need a uniform control in x and y. Also we need to show
that the use of Fourier inversion is legitimate.

To make the above prior computation rigorous, we modify the Laplace method in the previous
section as follows.

First note that by Theorem 4.4, Assumption 3.1 is satisfied. Consider

d
dZf (x.y) =Y Vi(Z{ (x.y))(edB} + dy{ (x.y)). with Z{(x, y) = x.
i=1

In the above (x, y) € V x V and y (x, y) is the unique path in %% such that @ (x, y(x, y)) =y
and ||y (x, Y)llz, = d(x, y).

Lemma 4.7. Let Z;(x,y) be the process defined above; then Z7(x,y) is C* in (g, x,y).
Moreover, there exists an go > 0 such that

n
sup  sup Z]E( sup ||DJ(a§afag"zf(x,y))||ﬁS> < 0.
£=e0 x,yeVxV j=0 tel0,1]

Here m, n are non-negative integers, p > 2 and o € {1, 2, ...,d}k,ﬁ e {1,2, ...,d}l are
multiple indices.

Proof. The first statement is clear. The second statement is a consequence of Lemma 2.2. [

Now consider the stochastic Taylor expansion for Z¢:

k(x, y)ek
ZE = i, y)+Zg’ Y RV ek, eVt @.8)
j=1
Here
¢(x,y) = D(x,y(x,y)),
and
1 N
1 —
R,N“(g,x,y)zf asN“zf(x,y)ﬂdv
0 N!
Let
O(e,x,y)=F(x,y, Z{(x,y)).
We have

(e, x,y) = 0(0,x,y) + 3000, x,y) + 2U (e, x, y)
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where

1
Ue, x,y) = f 326 (e, x, y)(1 — v)dv.
0
By our choice of Z¢, it is clear that

00, x,y) = F(x,y, ¢1(x, y)) = F(x,y, y). 4.9)

Lemma 3.8 gives us

1 .
8000, x,y) = — /0 (K3~ (K5'y (x, y)),dBy. (4.10)

Thus applying the Cameron—Martin theorem for fBm (Theorem 2.4), we have

ic - (X§ — F(x,y, X§
Exexp(g (81 Y)_ ( 8}; 1))

& [exp (iz (Zi -y Fa.y, zp)

e g2

L 1712,
X exp _E/O ((KH) (Ky V))Sst—?

= eXp I:_%:I ]Ex |:exp<1{ ' gll (X, y)) exp(lg‘ : V(S,.X, )’) - U(e,x, )’)>:| .
&

In the above

d*(x, y) _

07
2

alx,y)=F(x,y,y) +
and

ZE(x,y) —y —eg{(x, )
&

Ve, x,y) = = st(s, X,¥).

Like in the argument in Section 2, we need to estimate

E, [CXP(i§ 81 (x, y)) eXp(i;“ Ve, x,y) —Ufe, x, y))} .
For this purpose, we need:

Lemma 4.8. There exist C > 0 and gy > O such that

sup  sup Ee~(1+OUe.x.y)

(x,y)eV xV e<ep

< Q.

Proof. We only sketch the proof. Details can be found in [8] (with minor modifications) and will
not be repeated here.

Fix any 1/2 < A < H. One can show that for p > 0 there exist constants C > 0, b > 0 and
&o > 0 such that for all ¢ < g9 and all (x, y) € V x V we have

b
E, {e—(1+C)U(s,x,y); ” Zf — ¢i(x, ) ”A = p} <e, 4.11)
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Here || - ||,/ is the A-Holder norm up to time ¢. The above estimate is a consequence of the
following application of the large deviation principle to X{:

_F(x,y.Xf)
lim sup &2 log B {e 2 IXE =, Y = ,0} < —a(x,y)=0.
e—0

On the other hand, applying Lemma 3.9 we have that for each (x, y) € V x V there exists
C > 0 and gy > 0 such that

sup E, {e= OV 128 — g (x, y)a1 < p) < 0.

£<egg

Since we have smoothness of Z¢(x, y) (in x and y) and V x V is contained in a compact subset
of M x M, the above estimate leads to

sp sup By [em(HFOUEI 78— g,y < o) < o0
£<&0 (x,y)eVxV

Combining this with (4.11), the proof is completed. [
Set

T(e, x,y) =e¢VEXN-UExY)

and consider its stochastic Taylor expansion:

N m
e
Y(e.x.y.0) =) o' T(0.x.y, O+ Sy 18X, y, 0Nt (4.12)
m=0 ’
where
1 1—v)V
Sn+1(e, x,y,¢) = / N Y (ev, x, y, s“)%dv-
0 .
Lemma 4.9. For any non-negative integers k, [, m and n, and multi-indices a € {1,2, ..., d}*

and B € {1,2,...,d}, we have:

(1) Forall p = 2, there exists eg > 0 such that

n
sup  sup E(Z sup [[D/(@009"i¢ - Ve, x, y)) — U(a,x,y)ngs) < 0.
£<eg x,yeVxV i=or€l0.1]

(2) There exist C > 0, K > 0 and ey > 0 such that

n
. k41
sup  sup E(Z sup || D7 (3797 0" T(e,x,y,c»nl‘gc) < K(lgl+1)"
£<e0 x,yeVxV j:()te[O,l]

Moreover, we have

n . . 1+C
sup  sup E(Z sup H D/ (8)‘3‘858;" (e‘g'gll(x’y) T(e, x,y, §))) ” )
e<eox,yeVxV  \jTprel0,1] HS

< K(Ilé_” +1)m+k+l'
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Proof. We follow the argument in [8]. Note that

1 1
ic-Vie,x,y)—U(e, x,y) =i§/ AZ2Z5V(x, (1 —v)dv—f 326(ev, x, y)(1 — v)dv.
0 0

The estimate in (1) follows directly from Lemma 4.7.
For the second statement, first note that
e~V € Dom(D).

This is seen by an approximating argument and because D is a closed operator. Moreover, we
have

De Yy =—(DU)e7 Y.

Hence 7 is also in the domain of D.

It is clear that 8)‘3‘85 9" T is of the form W7, where W is a polynomial in ¢ of degree
m + || + |B| with, as coefficients, derivatives (w.r.t. x, y and ¢€) of U (e, x, y) and V (¢, x, y).
Moreover,

D3P ) = (DW +i¢ - DV — DU)T.

XUy
The first estimate in (2) now follows immediately from (1) and Lemma 4.8. The last estimate in
(2) then follows from the first one in (2) and Lemma 4.7. This completes the proof. [J

With the above lemma, we are now able to obtain an asymptotic expansion for
E, |:exp<i§ ~g11(x, y)) exp(i; -V(e,x,y)—Ul(e,x, y)>i| .
Define
om (¥, y.£) = By [exp(w 810, 1) T(O0,x, y, q)],
and
Tnyi(e, x,y,0) = Ey [GXp(iC - 81 (x. ) Sy 16 x. y, ;‘)]

Recall (4.12); we obtain
E, |:exp(i§ ~g11(x, y)) exp(i; Ve, x,y)—U(e, x, y)>:|

=E, [@m(ii gl (x, y)) T, x,y, 4)]

N
> o, y. 0™ + Ty (e, x, y, e
m=0

Remark 4.10. Lemma 4.9 in fact provides the smoothness and boundedness of ¢, and Tny1.
So far, we have obtained that for all ¢ € RY

E, exp A — )
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a(x )
= (Zam(x y. 0" + Tyy1(e. X, y, oaN“)

m=0
N

=Y an(x, 3, " + Tnyi(e, x, y, eV
m=0

To apply the inversion of Fourier transformation, we need integrability of oy, and Ty in ¢,
which is provided by the following lemma.

Lemma 4.11. For any non-negative integers p,k and I, and multi-indices a € {1,2, ..., d}k
and B €{1,2, ..., d}l, we have:

(1) There exists K = Kp(at, ) > 0 such that

(gl + e,

sup <
(x,y)eVxV ||§||2p

(2) There exist ey > 0and K = K(p, N, o, B, m) > 0 such that

000 am(x, 3, 0)| =

(gl + HWNVFDHAL

a“aﬂa’"TNH(a,x,y,{)‘ <

sup  sup v 05 0

£<€0 (x,y)eVxV

K
112

Proof. The lemma follows from integration by parts in Malliavin calculus. Indeed, first note that
by Eq. (A.7), the Malliavin matrix of g! is deterministic, non-degenerate and uniform in x and y.
By Propositions 5.7 and 5.8 in [22] and Lemma 4.7, for any proper test function v, G € DI*l4,
there exist [, G and r < g such that

E(3°y (8))G) = E(¥(gDa(G))

and

o] ql
(Ell(G)I")7 (Z]EIID’GIIHS> :

=0

Here K depends on|«|, gf and its Malliavin matrix and K is uniform in x and y.
We apply the above integration by parts formula with

d P
V) =" and 9% = (Z afl)
i=l1

‘We have

)E(eif'g}G)) <

K 2p ; . q
I (;E("D' G”Hs)) ‘
Now the lemma follows by Lemma 4.9 and replacing G in the above by

= 0y0y 9 (0, x,,0),

and

G = 3¢90 0" (Snyi(e. x. y, {)eif'gll)e‘ig'gll. O
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Now we only need to chose 2p > d + (N 4 1) + k + [ in the previous lemma and obtain

_Fx.y.y) e_(l(zii” N N1
peey)e 2 =Y Bulx, M +tnqa(e, x, Y)E )
€ m=0
Here
1

ﬁm(-xv )’) = W/am(xs ys ;)d{,

and
1
INv1(e, x,y) = anyd Tnti(e, x,y,0)de.

Notice that 8, (x, ¥, ¢) is an odd function in ¢ when m is odd (cf. [8]). Now by the self-similarity
of the fractional Brownian motion and & = ¥ we obtain the desired asymptotic formula for the
density function.

4.3. The on-diagonal asymptotics

As a straightforward corollary of Theorem 4.1, we have the following on-diagonal
asymptotics:

pt;x,x) = tHLd (ao(x) +a () 4 a0 4 o(tznﬁ)> .

In this subsection, we analyze the coefficients a,(x) and show how they are related to some
functionals of the underlying fractional Brownian motion.
We first introduce some notation and recall some results that may be found in [3,5,19,11].
IfI =(@Gy,...,0x)e{l,..., d}k is a word, we denote by V; the Lie commutator defined by

Vi =i, Vi, oo Vi, Viell D

The group of permutations of the set {1, ..., k} is denoted as Si. If o € &, we denote by e(o)
the cardinality of the set

{je{l,....k—1},0(j) >0(j + D}
Finally, for the iterated integrals, defined in Young’s sense, we use the following notation:
(1)
ANO, =A@, m) €10, 11, 1 < - < 1),

Q) IfI =(y,...,i0x) € {1,...,d}k is a word with length &,

/ dB! = / dB]'---dB}.
A[0,1] 0<f1 <<t <t

A IUI=C(>,...,0) € {1,...,d}k is a word with length &,

—1)¢@
A;(B); = Z L/
oeSi k2 (k - 1) 0<t) <<ty <t

e(o)

—1: —1:
dB; (”)-~-ng @ >0,



F. Baudoin, C. Ouyang / Stochastic Processes and their Applications 121 (2011) 759-792 785

Theorem 4.12. For f € C;°(RY,R),x € R, and N > 0, whent — 0,

N
FXD = FO+Y Y Vi D) / B oY)
k=1 I:(i],..i,iy‘)
=f (exp( > A,(B),V,) x> +o(tNH)
LIN=N

and

N
E(f(X)) = fx)+y 7 3" <Vi1~-Vi2kf><x)E(/A2k[m]dB’)

k=1 I=(iy,....i2%)
+ o(t@N+DH)

=E (f <exp< > A,(B),V,) x)) +o(tVH).
I|I|1<N

As a consequence, we obtain the following proposition which may be proved as in [4]
(or [14]).

Proposition 4.13. For N > 1, whent — 0,
p(t: 30, x0) = d (v0) + O (1 N+1=),
where dtN (x0) is the density at 0 of the random variable Zl,|l|§N Ar(B):Vi(xo).

This proposition may be used to understand the geometric meaning of the coefficients aj (x¢)
of the small-time asymptotics

p(t;x, x) = l (ao(x) +ay () 4 a, ()2 +0(t2nH)).

For instance, by applying the previous proposition with N = 1, we get

1 1
@m)§ 1det(Vi(xo). ... Va(xo))|’

ap(xp) =

The computation of aj(x) is technically more involved. We wish to apply the previous
proposition with N = 2. For that, we need to understand the law of the random variable

6, = ZBV(;CO)Jrz Z /BdBf BdeS[V,,V](xo)

1<i<j<d

From the structure equations, we have

t . . ,
6, = Z (Bk + = Z f"/o B!dB{ — BgdB;) Vi (x0).

1<l<]<d
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By a simple linear transformation, this is reduced to the problem of the computation of the law
of the R¥-valued random variable

1 roo -
6, = (B,k +3 > a)f‘j/ BidB] — Bgd3;>
l<i<j<d 0 \<k<d

At this time, to the knowledge of the authors, there is no explicit formula for this distribution.
However, the scaling property of fractional Brownian motion and the inverse Fourier transform
formula lead easily to the following expression:

1 1
| det(V1(x0), . .., Va(xo))| Qmr?H)d/2

Pi(x0, %0) = (1= an (@ +o@*™)),

where gy (w) is the quadratic form given by

2
1 ) Lo .
gn(w) = d/ E | ¢80 Z <w,~j,,\>/ BldB] — B{dB! da.
8(2m)2 JRe 0

I<i<j<d
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Appendix

In this last section, we give proofs for the technical lemmas that we used before.
Fix 1/2 < A < H. Let B(¢, p) € C*(0, T; R?) be the ball centered at ¢ with radius p under
the A-Holder topology

1l =1 fllee + sup LOZION gl £ e 0, T: RY).

0<s<t<r (t—9)*

Note that the A-Holder topology is a stronger topology than the usual supreme topology.
Recall the two expressions for Z¢:

dZ; = o (Z;)(edB; + dy;) + b(e, Z{)dt (A.1)
and
N oo
&
Zg:¢+ZgJT+EN+1R}Ev+1. (A.2)
j=0 7

Here y € 4, hence y € I T/*(L2) c CH (0, T; RY).
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A.l. Proof of Lemma 3.7

We show, for all ¢ € [0, T], that there exists a constant C such that for r large enough we have
Cr?
P{llgillr,r =7} <exp ~pH (A.3)

Cr
Pllg2lls = r} < exp {_ﬂ_H}

and on {t < T*}, where T* is the first existence time of Z¢ from B(¢, p), we have

leRi I < p (A4

P{l|leRE|); > r:t <TE} < _Cr2
{leR3llx,e 2 r;t <T"} <exp _p2t2H

Cr
&€ . &
P{lleR5ll5e = r;t < T} <exp {—ptﬁ} :

We first prove the estimates for the g;’s. Write

1
0(Z°) = 0(§) + 0 (@) Z" = §) + S0 (P2 — $)> + 0(eY) (A.5)
and

1
be, %) = b(0,§) +b:(0, $)(Z° = §) + T (0, $)(Z° — $)> + 0(e?)

1
D00, )2 + bex (0, 9)(Z° = §)e + O(e)) + Sbee (0, ) + O). (A0)
Substituting into the two expressions for Z* gives us

dgi(s) = 0(¢5)dBs + 0x(s)g1(s)dys + b (0, ds)g1(s)ds + e (0, ¢5)ds (A7)

and
dga(s) = 205 (5)81(5)dBs + 0x (5) 81 (5)*dys + 01 (h5)82(5)dys + brx (0, p5)g1(5)*ds
+0x(0, ¢5)82(5)ds + bes (0, Ps)ds + 2. (0, ds) g1 (s)ds. (A.8)
By (A.7) and Remark 2.1, it is clear that
g1l < CliBlir:, 1€I[0,T],

where C is a constant depending only on ||¢||x,7, ||¥ |, 7 and T. This gives us the first estimate
in (A.3).

Similarly, by (A.8) and Remark 2.1 together with the estimate that we just obtained for g1, we
have

A

lgallns < CA+llglle + NgilZ, + lgtla, Bl
CIBIZ,.

IA

Here C is also a constant, depending only on ||@||x,7, [l |lx,7 and T. Hence we have proved
(A.3).
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In what follows, we prove (A.4). To lighten our notation, in the discussion that follows, we
suppress the superscript € in R whenever there is no confusion.

Since we work in B(¢, p), the first inequality in (A.4) is apparent. We therefore only need to
concentrate on the last two inequalities.

First we use a similar idea to deduce the equations satisfied by R;, i = 1,2, 3. For this
purpose, define w1, w2 and vy, v2 by

0 (Z°) = o () + 1€
0 (9) + 0x (B)N(ZF — ) + poe? (A.9)

and
b(e, Z°) = b(0, ¢) + v1¢
= b0, ¢) + by (0, 9)(Z° — @) + be (0, )e + 12e”. (A.10)

Itis clear that the ;s (resp. v;’s), i = 1, 2 are of the form y“ (e R1)(R1)’ (resp. ¥} (R1)(R1)"),
where the v;’s are some functions of bounded derivatives determined by o and b. Hence in
B(¢, p), i1, v1 are functions of Ry with bounded derivatives, and there exists a constant C,
depending only on the derivatives of o and b, such that

letlla lvilog < CA+ Rl and  pallas (vl < CA+ [ Rill)?. (A1)
Egs. (A.2), (A.1), (A.9) and (A.10) give us
dRi(s) = 0(Z{)dBs + pu1dys + vids (A.12)
dRo(s) = 2u1dBs + 2uadys + 0, (@) Rady: + by (0, ¢5) Rods + 2v2ds.
Since we work with in B(¢, p), we have
IZE e < 1@l +

and hence

t
/ o (Z)dBs| < ClBl..
0

ALt

for some constant C depending only on p, ¢ and the derivatives of o. By standard Picard
iteration, we conclude that

IRl < ClUBll (L + 1y llae), inB(@, p) (A.13)

for some constant C uniformly bounded in ¢.
The equation for R» is

dR(s) — ox (@) Rodys — by (0, ¢s) Rods = 2u1dBs + 2uadys + 2v2ds. (A.14)
Recall that u| is of the form {{ (¢ Ry) Ry, and in B(¢, p),
leRilln: < p-

‘We obtain

t
8/ p1d B
0

< p*ClIBll.s
ALt

t
_/0 Y1 (eR1)(sR1)dB;

At
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for some constant C uniformly bounded in ¢. Similarly,

' t
6/ wodys +8/ vods
0 0

! t
B H/o ViR ERDdn + /0 Y3 (eR1)(eRDdSs

o ALt

P*CIR e (T4 N1y 15.0)
P*ClIB (14 11y llxe)

for some constant C uniformly bounded in &. Hence by multiplying by a factor

exp{— / o ($)dy — f by (0, ¢)du}

on both sides of (A.14) and integrating from O to ¢, we conclude that

Cr?
,021‘2H :

=
=

P{lleR2lla: = r;t < T} <exp {—
This gives us the desired estimate for ¢ R;. A similar argument also gives us

Cr
Pl Rallis = rit < T°} < exp {——p,zH } :

Continuing this type of argument, the equation for R3 is given by
dR3(s) — ox(¢)R3dyy — b (0, #) Rads

1
= 0(¢)RodB; + p2d By + uadys + Eo—xx (¢)R1 Rodys

1
+ bex (0, @) R1 Rads + v3ds + be (0, ¢p) Rods.

By (A.11) and (A.13) we conclude that in B(¢, p) we have forall0 < e < p

< pCIBI3,.
At

t
8/ 0 (9) Rz + p2d By
0

and similar estimates for the rest of the terms on the right hand side of the equation for R3. Hence

P{|leR >rit<TE < Cr
{leR3llx,e = ;0 <T"} < exp ek

Therefore, we have proved (A.4).
A.2. Proof of Lemma 3.9
For the convenience of quick reference, we re-state the lemma here.

Lemma A.1. Let
0(¢) = F(Z°) = 6(0) + £6'(0) + €U (¢)
where U(g) = fol(l — v)0" (ev)dv. There exist B > 0 and gy > 0 such that

sup E (e_(Hﬂ)U(g); Z¢% € B(¢, p)) < 0.

0<e<egg
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Observe that

1 1
(Z8 — ¢)? = 82g% + 583g1R2 + 583R1R2.

Thus, if we write

Ue) = %9”(0) +&R(e)
then

IR(@)] < C(Rs| + g1l [Ral + [ Ral [R1| + [ R})). (A.15)
Together with the fact that [eRy| < p, this gives

leR(e)| < C(leRs3| + |g1] [eRa| + p|Ra| + p|RT)).

Hence, from the estimates in Lemma 3.7, we conclude that for each @ > 0, there exists p(a)
such that for all ¢ < p < p(«), we have

sup E (e(]+°‘)‘8R(6)|; t < TS) < 00.

0<e<p

Therefore, proving Lemma 3.9 is reduced to proving the following:

Lemma A.2. There exists a B > 0 such that

Eexp {—(1 +B) [%9”(0)“ < o0.

Proof. We follow the proof in [7]. Since

1 1
U(0) = E9”(0) =3 [dF(e)gz + sz(Q)g%}

it is clear that to prove the above lemma, it suffices to prove that for sufficiently large » we have

P{_%[dF(d))gz —|—d2F(¢))g12i| > r} <e @ withC > 1. (A.16)

Set
Y® = (sg1,6%2)
with
dYE = e6 (s, Y*)dBs + b(e, s, Y)ds, Y{ =0.
Here & and b are determined by (A.7) and (A.8). Define A C C([0, T], R24) by
A={y =W ¥2) € CI0, TLR! x RY) : dF (@) + P F(@)yi < —2}.
We have

P(Y® € A} = IP{ [dF(@gz +d2F<¢>g%} > 812}

1
2
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and by the large deviation principle for Y¢,

limsup e log P{Y® € A} < —A*(A).
e—0
Here A* is a good rate function of Y?. It is clear that to prove inequality (A.16) it suffices to
prove that A*(A) > 1.
Recall that

A*(A) = inf{%|k éfH; d*(k) A}

where u = @*(k) is the solution to the ordinary differential equation
dug = 6 (s, ug)dks + b(0, s, us)ds,  with ug = 0.

It is easy to see from (3.4), (3.5), (A.7) and (A.8) that we have explicitly
u={ddy)k, d(y)k?).

By our assumption H2 and the explanation after it, there exists v € (0, 1) such that for all
k € sy — {0} we have

@F o d()k* > (=1 + )kl .

or
2 1 2 2 1 2 2 2
k|, > —:(d Fo &(y)k’) = —m(d F(¢)(dD(y)k) + dF (¢)(d” D(y)k?)).
Therefore, if $*(k) € A, we have

Ly Lo
—kl s > — > 1,
2 W T T,

which implies A*(A) > 1 and completes the proof. [
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