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Abstract

We study the estimation of a stable Cox—Ingersoll-Ross model, which is a special subcritical continuous-
state branching process with immigration. The exponential ergodicity and strong mixing property of the
process are proved by a coupling method. The regular variation properties of distributions of the model are
studied. The key is to establish the convergence of some point processes and partial sums associated with
the model. From those results, we derive the consistency and central limit theorems of the conditional least
squares estimators (CLSEs) and the weighted conditional least squares estimators (WCLSEs) of the drift
parameters based on low frequency observations. The theorems show that the WCLSEs are more efficient

. .- —(a— —(a— 2 .
than the CLSEs and their errors have distinct decay rates n— @~ D/® and n=@=1/@" regpectively, as the
sample sizes n goes to infinity. The arguments depend heavily on the recent results on the construction and
characterization of the model in terms of stochastic equations.
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1. Introduction

The Cox—Ingersoll-Ross model (CIR-model) introduced by Cox et al. [10] has been used
widely in the financial world. This model has many appealing advantages. In particular, it is
mean-reverting and remains non-negative. Leta > 0, b > 0 and o > 0 be given constants. The
classical CIR-model is a non-negative diffusion process {X (¢) : ¢ > 0} defined by

dX(t) = (@ — bX(1)dt + o/X1)dB(1), (1.1)

where {B(¢) : t > 0} is a standard Brownian motion. The process defined by (1.1) has continuous
sample paths and light tailed marginal distributions. The restrictions a > 0 and b > 0 of the
parameters come from the mean-reverting assumption in mathematical finance.

It is well-known that many financial processes exhibit discontinuous sample paths and heavy
tailed distributions. This phenomenon has been pointed out by many authors such as Mandel-
brot [36] and Fama [20]. Thus «-stable processes as generalizations of the Brownian motion
have often been used in mathematical finance. Let (§2, .%, .%;, P) be a filtered probability space
satisfying the usual hypotheses. A natural generalization of (1.1) is the stochastic differential
equation

dX, = (a —bX)dt + 0 9X,_dZ,, (1.2)

where {Z, : ¢ > 0} is a spectrally positive stable (.%;)-Lévy process with index 1 < o < 2. For
o = 2, we understand the noise as a standard Brownian motion, so (1.2) reduces to (1.1). When
1 < o < 2, we assume it is a stable process with Lévy measure

liz>0ydz
ozF(—a)z“‘H :

By aresult of Fu and Li [22], there is a pathwise unique non-negative strong solution {X; : ¢ > 0}
to (1.2). We refer to this process as a stable Cox—Ingersoll-Ross model (SCIR-model). We shall
see that the discontinuous SCIR-model indeed captures the important heavy tail property in the
sense of infinite variance. This model was considered in [7, p. 134] as a time-changed «-stable
process. The reader may refer to Borkovec and Kliippelberg [5], Embrechts et al. [19, Sec-
tion 7.6] and Fasen et al. [21] for other similar modifications of the CIR-model. In the recent
work of Jing et al. [29], some statistical evidence from high-frequency data has been provided
to support the application of pure jump models alone in financial modeling. The SCIR-model
is a particular form of the so-called continuous-state branching processes with immigration
(CBI-processes), which arise as scaling limits of Galton—Watson branching processes with immi-
gration (GWI-processes); see, e.g., [30]. The general CBI-processes were also constructed and
studied in terms of stochastic integral equations in [14,15,22,34]. From the results in [22,30], it
is clear that (1.2) essentially gives the most general form of a discontinuous CBI-process driven
by a single Lévy process.

The estimation for stochastic processes based on the minimization of a sum of squared de-
viations about conditional expectations was developed in [31]. They applied their results to the
conditional least squares estimators (CLSEs) of the offspring and immigration means of subcrit-
ical GWI-processes. Their estimators are essentially the same as those studied by Quine [42,43].
By the results of Klimko and Nelson [31] and Quine [42,43], under a finite third moment con-
dition, as the sample size n goes to infinity, the errors of the CLSEs decay at rate n~ /2 and
they are asymptotically Gaussian; see also the earlier work of Heyde and Seneta [23,24]. The

ve(dz) == (1.3)
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asymptotic properties of CLSEs of GWI-processes with general offspring laws were studied in
[50,51]. The estimation problems of the CIR-model defined by (1.1) were studied by Overbeck
and Rydén [40], who proposed some CLSEs and proved Gaussian central limit theorems for
them; see also [39].

Based on the idea of Nelson [38], the weighted conditional least squares estimators
(WCLSES) of the offspring and immigration means of GWI-processes were proposed by Wei and
Winnicki [52], who proved some self-normalized central limit theorems for the estimators in the
subcritical, critical and supercritical cases. The limiting distributions of Wei and Winnicki [52]
are Gaussian in the subcritical and supercritical cases. Wei and Winnicki [52] observed that the
WCLSEs are more efficient than the CLSEs in the sense that they have smaller asymptotic vari-
ances. The reader may refer to de la Pefia et al. [16] for recent developments in self-normalized
limit theorems and their statistical applications. The asymptotics of the WCLSEs of the drift pa-
rameters of general CBI-processes was studied in [25] under the finite variance condition, which
are not satisfied by the SCIR-model.

In this paper, we consider the estimation problem for the drift coefficients (b, a) of the SCIR-
model using low frequency observations at equidistant time points {kA : k =0, 1, ..., n} froma
single realization {X, : t > 0}. For simplicity, we take A = 1, but all the results presented below
can be modified to the general case. We also introduce the parameters

y =eib, p:ab71(1 —y). (1.4)

By applying Itd’s formula to (1.2), for any > r > 0 we have

t t
X, =et0Nx, 4 a/ e gs 1 o / e hexeqgz (1.5)

r r
From (1.5) we obtain the first order autoregressive equation
Xk =p+yXi—1+ &k, (1.6)

where
k 1
er = of etk x!az (1.7)
k—1

It is easy to see that

e = Xy — E(Xg|F—1), k=1
is a sequence of martingale differences. See also [23,24,31,40] for similar considerations. The
CLSE:s of (y, p) and (b, a) can be given by minimizing the sum of squares

n

D er =) Xk —EXiFD)P =) Xk — yXio1 — p)*. (1.8)
k=1 k=1 k=1

In particular, the estimators of (b, a) are given by
n

n n
D Xk1 )y Xe—n ) Xk 11Xk
k=1 k=1

— (1.9)
(Z Xk—l) -n kzl XI%—]
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and

. n A~ n

bn(Z Xr — e bn > Xk—l)

4y = —=! k=1 . (1.10)
n(l —e=bn)

We also consider the WCLSEs of (y, p) and (b, a) following Wei and Winnicki [52] and Huang
et al. [25]. Those are obtained by minimizing the weighted sum

i &7 i[xk—ka,] +1>—(p—y>12'

- Xi—1+1

= 1.11
X1 +1 (11D

k=1 k=1

The advantage of considering the above quantity is it does not fluctuate too much even when the
values of the samples Xy, k =0, 1, ..., n, are large. The resulting WCLSEs of (b, a) are given
by

n n n
1 X
~ 1;1 Xk kzl X1+l nkgl Xk—f-l‘l
by = —log == k= (1.12)
1
kgl(Xk71 + l)kg:] X1 +1 —n?

and

~ n

_ n
bn(Z X — e bn > Xk—l)
k=1 k=1

n(l —ebn)

The main purpose of this paper is to study the asymptotic properties of the WCLSEs and the
CLSE:s of the SCIR-model defined above. We show that the estimators are consistent and obey
some central limit theorems. It turns out that the WCLSEs are more efficient than the CLSEs
with different convergence rates. More precisely, for | < o < 2 we prove that the sequence
n@=V/p b a, —a) converges to an «-stable random vector as n — oo. This extends the
results on general CBI-processes established in [25] under the finite second moment condition.
Forl <a < (1+ ﬁ)/Z, we show that n(“’l)/"‘z(l;n — b, a, — a) converges to a nontrivial limit
as n — oo. Then the errors of the WCLSEs and the CLSEs have distinct decay rates n~ (@~ 1D/«
and n~ @D/ “2, respectively. This is interesting and different from the situation of CBI-processes
or GWI-processes with finite variance observed in [25,40,52], where the errors of the WCLSEs
and the CLSEs have the same decay rate n~!/? as n — oo. It is somewhat unfortunate that
our approach to the central limit theorem of the CLSEs only works for I < o < (1 4+ +/5)/2.
Since the relevant distributions are actually not well-defined otherwise, we do not think one
can remove the restriction by a simple modification of the approach. As a consequence, the
complete characterization of the asymptotics of the CLSEs is left as an open problem. From the
viewpoint of theoretical completeness, we certainly expect a complete solution of the problem.
However, since one can always choose the more efficient WCLSEs instead of the CLSEs, the
incompleteness of our results does not really cause much inconvenience from the viewpoint of
applications.

The proofs of our limit theorems are rather different from and more difficult than those in the
Gaussian case and depend heavily on the construction and characterization of CBI-processes in
terms of the stochastic equations established in [14,15,22,34]. These also stimulate the study of a

(1.13)

a, =
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number of interesting properties of CBI-processes. We first prove the exponential ergodicity and
strong mixing property of the subcritical CBI-process by using the coupling method developed
in [9,8]. We also study the regular variation properties of the distributions of the SCIR-model.
Then we prove the convergence of some point processes defined from the discrete observations.
Based on those results, the most important step of our approach is to establish the convergence of
some normalized partial sums. More precisely, we shall prove limit theorems of the sequences

1 n n Ek 1 n 5 1 n
ni/e (/; & ; Xi_1 + 1)’ (nz/a ];Xk—l’ La+D/a? /; XHS")'
The techniques of point processes in the study of limit theorems have been developed extensively
by Basrak and Segers [3], Davis and Hsing [12], Davis and Mikosch [13] among others. We also
make use of the results of Hult and Lindskog [27] on the extremal behavior of Lévy stochastic
integrals.

The paper is organized as follows. In Section 2, we prove the exponential ergodicity of some
subcritical CBI-processes, which implies the strong mixing property of the SCIR-model. Sec-
tion 3 is devoted to the regular variation properties of some random sequences defined from
the model. The limit theorems of random point processes and partial sums are established in
Section 4. Based on those theorems, the asymptotic properties of the estimators are proved in
Section 5. Some basic concepts and technical results on regular variations are reviewed in the
Appendix.

Notation. Let N = {0,1,2,...} and Z = {0,£1,42,...}. Let R = (—o0,00),R =
[—o0, oo] and Rg = R4\ {0}, where 0 = (0,0, ...,0). Let C(')Ir (Rg) be the collection of non-
negative continuous functions on R% with compact support. Let M (Rg ) be the class of Radon
point measures on Rg furnished with the topology of vague convergence. We use C with or
without subscripts to denote non-negative constants whose values are not important.

2. CBI-processes and ergodicity

In this section, we prove some simple properties of CBI-processes. In particular, we prove a
subcritical CBI-process is exponentially ergodic and strongly mixing. The results are essentially
useful in the study of the stable limit theorems of the partial sums related to the CLSEs and the
WCLSEs. They should also be interesting on their own right.

We start with an important special case of the CBI-process. Let o > 0 and b be constants and
(u A u*)m(du) a finite measure on (0, 00). For z > 0 set

1 o0
¢(2) = bz + Eozzz + / (e™¥ — 1 + zuym(du).
0

A Markov process with state space Ry := [0, oo) is called a continuous-state branching process
(CB-process) with branching mechanism ¢ if it has transition semigroup (Q;);>0 given by

o
[ e Qi(x, dy) = e, .1
0

where ¢ > v;(}) is the unique non-negative solution of

a
7Y ) = =@ (1), vo(A) = A. 2.2
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The CB-process is called critical, subcritical or supercritical as b = 0,b > Qor b < 0,
respectively. From (2.2) we obtain the following semigroup property:

V(M) = v (0, (A)), 1 t,A=>0.

Taking the derivatives of both sides of (2.2) one can see u; = (d/dA)v;(0) solves the equation
(d/dt)u; = —bu;, and so u; = e b for ¢ > (. Then differentiating both sides of (2.1) gives

[o,0]
/ yO,(x,dy) =xe ", 1 x>0.
0

By Jensen’s inequality, we have v; (1) < re b fore, A > 0.

It is easy to see that (Q;);>0 is a Feller transition semigroup, so it has a Hunt realization. Let
X =(02,9,%, X;, Q) be a Hunt realization of the CB-process. The hitting time 7y = inf{r >
0 : X; = 0} is called the extinction time of X. It follows from Theorem 3.5 of Li [33] that for
t > 0 the limit v; =1 limy— ~ v;(}) exists in (0, oo], and

Qi (10 = 1) = Qu(X; = 0) = exp{—xv;}. 2.3)

By Theorem 3.8 of Li [33], we have v; < oo for all + > 0 if and only if the following condition
holds:

Condition 2.1. There is some constant 0 > 0 such that ¢ (z) > 0 for z > 0 and

f ()" ldz < 0.
0

Let ¢t — v:(A) be defined by (2.2). A Markov process with state space R is called a
CBl-process with branching mechanism ¢ and immigration rate a > 0 if it has transition
semigroup (P;);>0 given by

o0 t
/ e P, (x, dy) = exp{—xv,(k) —a / vx(k)ds}. (2.4)
0 0
By differentiating both sides of (2.4) we obtain
9] t
/ yPi(x,dy) = xe " + a/ e Pds = xe " +ab™ (1 — 7, (2.5)
0 0

where b~1(1 — e7?") =t when b =0 by convention.

Proposition 2.2. Suppose that b > 0. Then the transition semigroup (P:);>0 has a unique sta-
tionary distribution |, which is given by

o) A
LM(A)=/0 e u(dx) =exp{—a/0 z¢(z)—1dz}, x> 0. (2.6)

Moreover, we have

a
_ @7
=04 b

e d
/O xp(dx) = —Ly()
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Proof. By Theorem 3.20 of Li [33], there is a probability measure © on Ry so that lim,_,
Pi(x,-) = p by weak convergence for any x > 0. Then (P;);>0 has the unique stationary
distribution . The expression (2.6) of the Laplace transform follows from a formula in
[33, p. 67]. By differentiating (2.6) we obtain (2.7). [

A realization of the CBI-process can be constructed as the strong solution to a stochastic
integral equation. Let W (ds, du) be a time—space Gaussian white noise on (0, oo)? with intensity
dsdu and N (ds, dz, du) a Poisson random measure on (0, 00)? with intensity dsm(dz)du. Let
Ni(ds,dz,du) = Ny(ds,dz,du) — dsm(dz)du denote the compensated measure. Then for
each x > 0 there is a pathwise unique non-negative strong solution to the following stochastic
equation:

t t Ys—(x)
Y/ (x) =x +/ (a — bY;(x))ds + (7/ / W(ds, du)
0 0 JO

t ee} Ys_(x) -
+ / / / zN1(ds, dz, du). (2.8)
o Jo Jo

The solution {Y;(x), t > 0} is a CBI-process with branching mechanism ¢ and immigration rate
a. See Theorem 3.1 of Dawson and Li [15] or Theorem 2.1 of Li and Ma [34]. A slightly different
formulation of the process was given in [14].

Proposition 2.3. Suppose that Condition 2.1 holds. For x,y > 0, let T, = inf{t > 0 :
Y, (x) — Y, (y) = 0}. Then we have P{Ty y < oo} =1 and

P{T:y <1} =exp{—|x —ylv;}, 1=0. (2.9)
Moreover, we have Y;(x) = Y, (y) forallt > Ty y.

Proof. It suffices to consider the case of y > x > (0. By Theorem 3.2 of Dawson and Li [15],
we have P{Y;(x) > Y;(y) > Oforallz > 0} = 1 and {Y;(x) — Y;(y) : t > 0} is a CB-process
with branching mechanism ¢; see also Remark 2.1(iv) of Li and Ma [34]. Then (2.9) follows
from (2.3). The pathwise uniqueness of (2.8) implies that Y;(x) = Y;(y) for all t > T y. By
Corollary 3.9 of Li [33] we have P{T; y < o0} =1. [

The above proposition provides a successful coupling of the CBI-processes. This has many
important implications. The coupling method goes back to Doeblin [17]. We refer the reader to
Chen [9,8] for systematical study of the method and its applications in the theory of Markov
processes. In particular, we shall use the above coupling to prove the strong Feller property and
exponential ergodicity of the CBI-process following the arguments in Section 5.3 of Chen [9].
The later implies a strong mixing property, which is necessary in the study of central limit
theorems of the estimators defined in the introduction. Write f € bZA(R,) if f is a bounded
measurable function on R .

Theorem 2.4. Under Condition 2.1, the transition semigroup (Py);>0 given by (2.4) has the
strong Feller property. Moreover, for any t > 0 and x,y > 0, we have

1P (x, ) = Pr(y, Dlvar < 2(1 — e Uy < 24516 — y|, (2.10)

where || - ||var denotes the total variation norm.
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Proof. Clearly, the strong Feller property follows from (2.10). Then it suffices to prove this
inequality. Let f € bZ(R) satisfy || f||co < 1. Then

[P f(x) = P fOD)I 2 Ellf (Y () = fFX DI, =] < 2P(Txy > 1).
By Proposition 2.3 we have P(T , > 1) = 1 — e =¥ < §,|x — y|. That gives (2.10). O

Theorem 2.5. Suppose that b > 0 and Condition 2.1 is satisfied. Then the transition semigroup
(Py)r>0 is exponentially ergodic. More precisely, for any x,t > 0, we have

1P (x, ) = 1 Ollvar < 201 A (x +ab™ 1)o7, (2.11)
where [ is given by (2.6).

Proof. Since the total variation norm is a special case of the so-called Wasserstein distance, the
exponential ergodicity is essentially a consequence of the arguments in Section 5.3 of Chen [9].
In fact, by Theorem 2.4 one can see

12059 = 1Ol = | [ 182650 = Pvomean]| |
§A|muw—amﬂmmw>
szﬁ (1Al — yli)u(dy)

52A [ A (x4 )3 ](dy)
=2[1 A (x +ab Hg,],

where the last equality follows by (2.7). By Corollary 3.11 of Li [33, p. 61], for ¢t > 1, we have
Uy = v;_1 (D)) and so ¥, < €?A=DF; for + > 1. Then we obtain desired result. [J

Under the conditions of Theorem 2.5, for any finite set {#j < t» < --- < t,} C R we can
define the probability measure jis, 1,,....1, 00 R by

iy tp,nty dX1, dX, oo dxy) = u(dxy) Py (x1,dx2) -+ Py, (Xp—1, dXxy).  (2.12)

Itis easy to see that {(ts, 1,,..1, 1 1 <ty < --- <1, € R}isaconsistent family. By Kolmogorov’s
theorem, there is a stochastic process {Y; : ¢ € R} with finite-dimensional distributions given by
(2.12). This process is a (strictly) stationary Markov process with one-dimensional marginal
distribution p and transition semigroup (P;);>o. Since (P;);>0 is a Feller semigroup, the process
{Y; : t € R} has a cadlag modification.

Remark 2.6. Let {Y; : ¢+ € R} be a Markov process with finite-dimensional distributions given
by (2.6). Then it follows from Theorem 2.5 that it is also strongly mixing with geometric rate,
that is, as t — o0,

= sup sup  |P(ANB) —P(A)P(B)|
A€o {Ys,s<0} Beo{Ys,s>t}

decays to zero exponentially; see, e.g., [37, p. 516] or [6, p. 112]. O
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Now let us consider a filtered probability space ({2, .7, .%;, P) satisfying the usual hypotheses.
Let {Z; : t > 0} be a spectrally positive a-stable Lévy process. For « = 2, we understand the
process as a standard Brownian motion; and for 1 < o« < 2, we assume it is a stable process with
Lévy measure v, (dz) given by (1.3). By Theorem 6.2 of Fu and Li [22], for any initial value Xy,
which is a non-negative .%p-measurable random variable, there is a unique non-negative strong
solution {X; : # > 0} to (1.2). The existence and uniqueness of this solution also follows from
Corollary 6.3 of Fu and Li [22] by a time change. Let f be a bounded continuous function on R
with bounded continuous derivatives up to the second order. For « = 2, we can use Itd’s formula
to see that

t
f(Xo) = f(X;) +/ Lf(Xy)ds + M (f), t=r, (2.13)

where {M;(f) : t > r} is a martingale with respect to the filtration (.%;);>, and

2
Lf(x) = (a — bx) f'(x) + %xf”(x), x> 0.

When 1 < o < 2, by the Lévy-It6 representation of {Z;}, we can rewrite (1.2) into the integral
form:

t t [ee]
X, = X, +/ (a — bX,)ds + 0/ [ X N@s,dz), t>r, (2.14)
r r JO

where N (ds, dz) is a compensated Poisson random measure on (0, c0)? with intensity dsvg (dz).
By It&’s formula one can see that (2.13) still holds for 1 < o < 2 with the operator L defined by
o%x o dy
Liw = @=b0f @+ 22 [y - s -y w1y
al'(—a) Jo yer
By Theorem 9.30 of Li [33], for any 1 < o < 2, we can identify the SCIR-model as a subcritical
CBI-process with immigration rate a and branching mechanism

O.Ol
d(\) = br+ —21%, A =0. (2.15)
o

It follows from Proposition 2.2 that the SCIR-model has the unique stationary distribution p with
Laplace transform given by

L0 = /(;oo e_“,u(dx) _ exp{—/ aadz

0 ab + O-aza—l

Let P, denote the law of the SCIR-model {X; : t > 0} defined by (1.2) with Xy = x > 0 and let
E, denote the corresponding expectation.

A
}, x> 0. (2.16)

Proposition 2.7. Let 1 < o < 2 and let {X;} be the SCIR-model defined by (2.14). Then for any
0 < B < a, there is a constant C > 0 so that, fort, T > 0,

' p
Ex(‘/ e—b(r—s)Xsliadzs‘ ) < C(1 + xPlae=Bbt/a)
0

and

' B
/ e—b“—”xs‘ﬁ“dzs‘ ) < C(aP/aePPU/T | oB0T)

Ex( sup
0

0<t<T
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Proof. By Remark A.8, we have

f p N
E(| / e Tx ) az,| ) = e E( / e X, ds ) “]
0 0

! , B L Bl
/ e—”“—”xsli"‘dzsj ) < ClEx[</ e"‘b*Xsds) ]
0 0

By Holder’s inequality and (2.5) it is easy to see

B ([ erxas) ] < [ [ B xoas] ™

! B/
< [/ P (xe™” + ab_l)ds] ¢
0

< Cy(xP/ePPO=1/00 by

and

Ex( sup

0<t<T

Then we have the desired inequalities. [

Proposition 2.8. Let 1 < o < 2 and let {X,} be the SCIR-model defined by (2.14). Then for any
0 < B < «, there is a constant C > 0 and a locally bounded function T — C(T) > 0 so that,
fort, T >0,

E.(X}) < C(1 + xPe P/
and

E.( sup x') = c)+xP).
0<t<T

Proof. Using (1.5) with r = 0 and an elementary inequality, we have

)

t 1 /3
/ e—b(t—s)XsiadZS‘ )]
0

t
E:(X]) < CiE, [xﬁe—ﬂ”’ +afbP + aﬂEx(‘ f e Ptxqz7,
0
and

Ex( sup Xf) < Cl[xﬂ +afbP +oﬂEx< sup
0<t<T 0<t<T

Then the results follow by Proposition 2.7. [
3. Regular variation

In this section, we assume 1 < o < 2. We shall study the regular variation properties of some
random sequences associated with the SCIR-model. The approach to be given uses heavily the
stochastic equations (1.2) and (2.8). Some necessary concepts and technical results are reviewed
in the last section of the paper. Recall that P, denotes the law of the SCIR-model {X; : > 0}
defined by (1.2) with Xy = x > 0 and E, denotes the corresponding expectation.

Proposition 3.1. Fix ¢t > 0. For any x > 0, we have, as u — oo,

o

Po(X, > 1) ~ #fa)[qa(t) + paxTu™,
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where

poz(t) — ;[e—bt _ e—(xbt]’ qa(t) — a

- i _—abty
b(a —1) b[ab(l e ") pa(t)]. 3.1

Proof. In view of (1.5), the extremal behavior of X, is determined by a stochastic integral. Then,
using Remark A.7, we have, as u — oo,

t
P (X, > u) ~ P, <a / e YX 47 > u)
0
t
~ 0“Py(Z; > u) / e PUTIE, (X;)ds.
0
Based on (2.5), it is easy to compute
t
E f e X ds) = gu0) + puli)x. (32)
0
By Remark A.6 we have P, (Z; > u) ~ t/(al (—a)u®). Then the desired result follows. [J
Proposition 3.2. For any K > 0, we have

o

lim sup ‘u"‘Px(Xl >u) — c (qo + pax)‘ =0
o

U= ye[0,K] I'(—a)
and
1 o’
I I N — =0
e SRt e ) = G gy (e P

where py, = po(1) and g4 = qo (1) are defined by (3.1).

Proof. Let {X,(x)} be the SCIR-model defined by (1.2) with initial value Xog = x. By Theorem
5.5 of Fu and Li [22], the random function x +— X;(x) is increasing, so x — Py (X; > u) is
increasing for any ¢, u > 0; see also (2.8). Then the first convergence holds by Proposition 3.1
and Dini’s theorem. The second convergence follows similarly by Proposition A.2. [

In the sequel of this section, let us consider a stationary cadlag realization {X; : ¢t € R} of the
SCIR-model with one-dimensional marginal distribution p given by (2.16). By a modification of
the arguments in the proofs of Theorems 9.31 and 9.32 Li [33] one can see that, on an extension of
the probability space, there is a compensated Poisson random measure N(ds,dz) on R x (0, 00)
with intensity dsvy (dz) so that (2.14) is satisfied for all # > r € R. For any integer k € Z let

L= (1, (1+ Xe) ™), H; = ka1(X,1/_al, &k), (3.3)

where

k [e'¢)
g =0 / / e M= x VN (ds, dz). (3.4)
k—1J0

It is easy to see that the above sequences are stationary. We are going to prove that they are jointly
regularly varying.
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Proposition 3.3. Let p be the stationary distribution of the SCIR-model given by (2.16). For any
t > 0, we have, as x — 00,

[ (x, 00) ~ ——— F(l—a) Ix=o =

a2b2 3b2

Consequently, for any 0 < r < o, we have
o oo
/ x"u(dx) = f u(y" co0)dy < oo.
0 0

Proof. The tail behavior of X, is closely related with the asymptotics of its Laplace transform.
By (2.16),as A — O,

L) =1 a/" abdz +o0d
D bJo ab+o%ze!1

A otoz—ld
a, a[ 0%z Z +002)
0

Il
|
|
4
|

ab+o~aza—1
a a /)‘ bo%z% 14z
0

— 400
ab_{_aazafl + ( )

|
—_

I

|
>

s L 2a 2(a71)d
a a a oz z
LI (VTS L e
b ab2/0 ‘ ST o ab+oeze-l 7
o

1 x/oo (dx) + &2
= — X X —
0 H Ol2b2

O(AZH) + 002,

where we have used (2.7) for the last equality. Then the result follows by Theorem 8.1.6 of
Bingham et al. [4]. [

Lemma 3.4. Let N (ds, dz) be the compensated Poisson random measure in (2.14) and let

t 1
W) =0 / / e P x 1% N (ds, dz). (3.5)
0 JO
Then, forany 1 <r < a? and any T > 0, we have

E[ sup |z(t)|’] <00

0<t<T

Proof. We follow an idea in the proof of Lemma 5.5 of Hult and Lindskog [27]. Let ¢ =
1/(1 — p~Y) for any p € (1, @?/r). By the Burkholder-Davis—Gundy inequality and Holder’s
sup

inequality, we have
~ r
/ / bSXsliazN(ds,dz)‘ ]
0<t<T

r/2
ClE / erbsxfi“zzN(ds,dz)) ]

§C(T)E sup Xr/ / / 22N (ds, dz) ]

0<s<T

< C(T)(E[ sup x”’/"‘ 1/,, / f 22N (ds, dz) rq/z])l/q.

0<s<T

E[ sup |z(t)|r]

0<t<T

| /\

IA
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The first expectation on the right-hand side is finite by Proposition 2.8. By Theorem 34 of
Protter [41, p. 25], the second expectation is also finite.  [J

Lemma 3.5. Suppose that {A,} C Fy is a sequence of events so that P(A,;) — 0asn — oo.
Then, for any x > 0and T > 0, we have

t
lim nP(An, sup ‘/ e_b(’_S)X:la

n— 00 0<t<T

S a,,x) = 0. (3.6)

Proof. The right-hand side of (3.6) is bound above by J; + J> + J3, where

I =nP sup / f —ba=9) x 1%, ¥ (ds, dz)’ > anx/S)

0<t<T

t 00
Jp=nP| sup / e_b(’_S)X;/“ds/ 72V (d2)
0<t<T JO 1

>a,,x/3),

> anx/3>.

Let z(¢) be defined by (3.5). Then, forany 1 < r < a2, we have

C C r r
e 0T e [ R g
nr/otxr 0<t<T nr/otxr 0

and

J3 :=nP( ne SUD / / e PE=IX 2N (ds, dz)

0<t<T

where the two expectations are finite by Proposition 2.8 and Lemma 3.4. Then J; — 0 and
J» — 0 as n — oo. By introducing the Lévy process

t o0
&@) :=// ZN(ds,dz), t=0,
0 1

for any K > 1, we have

Iy 0 K = ag6) ([ X1, €60 = ani/6),

By Remark A.6 and the property of independent increments of {£(¢)}, it follows that
lim nP(A,, K'%&(T) > a,x/6) = lim nP(A,)P(K'*E(T) > a,x/6) = 0.
n— oo n— oo

By Remarks A.6 and A.7,

T T
lim nP(/ XV x o kydEGs) > anx/6> - C3x_"‘f E[X,1(x,~x)]ds.
n—>oo 0 0

which tends to zero as K — oo. Then we have the desired result. [

Theorem 3.6. The sequence { Xy} is jointly regularly varying with index a. More precisely, as
X — 00 we have

P(Xg > x) ~ 3.7

a3b2
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and, for any integer k > 1,

P(Xy! (X0, ... Xi) € -1Xo > X) = 8(1ob._otiy (). 3.8)

Proof. By Proposition 3.3 we have the asymptotics (3.7). It suffices to show (3.8) holds when
x — oo along the sequence a, = nl/ Let X = (X0, X1,..., Xy) and X = (X, Xoe_b, e,
Xoe’bk). Let z(¢) be defined by (3.5). For any 6 > 0, we can use (1.5) to see

_ J
P(||X —X|| > a,8| X0 > an) < P(ak + 1Ta§k‘/ e~ Sliﬂf ol > a,8| Xo > an)
=J= 0
J — 1/a
< CnP(Xo > a,, max e e s| > ap,d — ak)
1=j=<klJo
k J
5CnZP<X0>an, [ e Alia s >(a,,5—ak)/k>.
j=1 0

By Lemma 3.5 it is easy to see the right-hand tends to zero as n — co. By an equivalent form of
regular variation given in [44, p. 69], we conclude that, as n — oo,

PX/a, € -|Xo > ay) ~ PX/a, € -|Xo > ay)
v © dZ
— o ' l{z(l,e*b ’’’’’ efbk)e}zaﬁ.

Then (3.8) follows by the continuous mapping theorem. By Corollary 3.2 in [3], the sequence
{ Xk} is jointly regularly varying with index . [J

Proposition 3.7. The sequence {1} defined by (3.3) is jointly regularly varying with index «.
More precisely, as x — 00 we have

E(G) _, ac%(l—e™) o

PO > x) ~ mx = T(Ol) (3.9
and, for any integer k > 1,
PO s o) € I ) > x)
SN E(G)_lE[G; (A, A+ X0 H,0,...,0) € ~], (3.10)
where
G =o“ /01 e =D x dz. (3.11)

Proof. Clearly, it suffices to show that (3.9) and (3.10) hold when x — oo along the sequence
ap =n"% For0 <s <k,letZ; = (Zs, Z) and ®5 = (¢1(s), $2(s)), where

k e—b(i—9) /
b(j—s) 1/a Vo Xs
$1(5) =Y _1G-11()e "o X] Pa(s) = 21(1 O e ———— X
J=

j=1
We consider the process

t t
@2, = ([ 0waz., [ weiz).
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.. 5 ..
Choose some § € («, az). By Proposition 3.3, we have E[XO/“] < o0. Then Proposition 2.8
implies that

E[ sup ||<I>S||5] < E[ sup a‘st/a] <o C1 + EX))] < 0.

0<s<k 0<s<k
By Theorem 3.4 in [27] and Remark A.6, as n — oo,
nPa; (®-Z) € ) = Q() = kE[ve{x € Ry : x®, 1z 4 € -}], (3.12)

where v, is defined by (1.3) and 7 is uniformly distributed on [0, k] and independent of ®. In
view of (3.12), we have

nP(a, ' (®-Z); € ) — Q({y € D*[0,k] : y1 € -}).
By Definition A.1 it follows that

Oy € D*[0, k] : [ly1]l > r}) = r~*Q({y € D*[0, k] : Iyl > 1}).
Now define the functions kg, 1, hy : D?[0, k] — R?** by

ho(Y) = (y1,¥2 = ¥1, - - Yk — Yk—1)»
h1(y) = Ly 1>1)» ha(y) = ho(Y)h1(y).

Let Disc(h;) be the set of discontinuities of i; (i = 0, 1,2). By (3.12) it is easy to see that
Q(Disc(hg)) = Q(Disc(h;)) = 0, so Q(Disc(hz)) = 0. Moreover, for any B € A(R*)
bounded away from 0 the set &, ! (B) € Z(D?0, k]) is bounded away from 0. Applying the
continuous mapping theorem, we obtain as n — 00,

nP(IL || > an, '@, L, .o L) €)= Qo hy ' ()
on R?*\ {0}, where
003! () = kE[vafx € Ry : x@ lrig (D] > 1, x(®c11ei1(1D,0, ... 0) € -} ]
- kE[va{x ERy : [x®, | > 1,1 < 1, x(@; 11 4y(1),0,...,0) € .}]
- kE[va{x ERy :x[|®;] > 1, x(®:,0,...,0) € -}1[0,1]@)].
Let E = {(y1,...,¥x) € R2k . lly1ll > 0}. Define the injection f : E — (0, 00) x E by

FO -y = Iyl i/l - oye/lyal)-

Then we have as n — oo,
nP(IL > ap, G170 T €)= Qohy o £71()
on E, where
—1 —1 _ .
Qohy'o f7'() = KE[vafx € Ry : x| @cll > 1, (®:/119¢],0,....0) € -}1po.1(x)

= kE[va{x eRy x| @ > 1}110,13(), (/| D], 0,...,0) € ]

k © d
E[/l . (1. + X970, 0) €]

B OIF(—O[) <I>1||71 ZOH_]
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k " B
ot2[‘(—a)E[”<I)f” Lio,11(7), ((1, (1+ Xop) 1), 0,..., 0) c ]

- mfollz[u@su“, ((1, (1 +X0)™),0,...,0) € ]ds
mE[G, ((1, 1+ X0)™",0,...,0) ]
In particular, as n — oo we have

E(G)
a?l(—a)’
By (2.7), we have E(X;) = a/b. It follows that

nP(|Ii|| > ap) —

ac®

o
E(G) = e b1-Dg; = 49 (| _ gmaby,
ab?

0

Then we have (3.9) and (3.10). By Corollary 3.2 in [3], the sequence {I;} is jointly regularly
varying with index . [

Remark 3.8. Fork =1, 2, ... define

k
Vi = 0/ e k=) pmbls—ktD/ay 7 (3.13)
k—1
Then the sequence {V}} is i.i.d. with the same distribution as
et —e b\ 1/a
()
(a—1b

which is regularly varying with index «.

Lemma 3.9. Let {Vi} be defined by (3.13) and let H, = X(‘Hl)/a(l, Vi). Then, for any
0<r<a®/(@?+1), we have

E[[|H; — Hel|"] < o0
Proof. Since 0 < r < o>(a¢? + 1)~! < a, by Remark A.8 and Holder’s inequality,

k r
E[”Hk _ I:Ik ”r] — EH/\ Ue_b(k_s)Xk_] (Xgia _ X]l/_ale—b(s—k-i-l)/o[)dzs) ]
k—1

IA

k bk b(s—k+1 r/e
CE[(/ D (AN SR PRl G s >]ds) ]
k—1

b r/a
CE{x{_[Ex, , / X, = Xoe 1as)| ]
1 b rja
CE[X 1[/ EXk71(|XS—X0e*s|)ds] }
0
1 s
r/a
E{X 1[] EXH(‘/ e—b“—‘”xf/_“dzu’)ds] }
0 0

I/\

IA

IA
)
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1 s b 1/a r 1/a
< CE{X;_I[/ EXHQ/ e tox,az,| Yas]
0 0

< CE[X]_,(+ X}*)].

which is finite by Proposition 2.8. I

Proposition 3.10. The sequence {Hy} defined by (3.3) is jointly regularly varying with index
o?/(a + 1). Let {V}} be defined by (3.13). Then we have, as x — 00,

POH, | > x) ~ E[1 v vy /@] 90" e/t (3.14)
a3b2I (—a) ’
and, for any integer k > 1,
P(IH 7 (Hy, ..., Hy) € -[[|H || > x)
v E[1v Vi @D; (@, ..., ) € -]
E[l V. |V1|a2/(a+1)]

) (3.15)

where

Q; = ¢ PUTDEED/e v vy, v)).

Proof. We only need to show (3.14) and (3.15) hold when x — o0 along the sequence ¢, =
nlat/a®, By Proposition 3.3 it follows that X(()a+l)/ * is regularly varying with the index o/
(o + 1). More precisely, as n — oo,

(XD L ) o 9T ek (3.16)
0 a3b2 I (—a)
By Remark 3.8, we have E[|V;|"] < oo forany 0 < r < «. Note that ||flk|| = Xlgojl)/a(l Vv V).
By (3.16) and Breiman’s Lemma, as n — oo,

P(IH; | > x) ~ E[1v |V1|0‘2/(“+1)]Lx_a2/(“+1)' (3.17)
a2 (—a) ’
see, e.g., [45, p. 231]. Then ||H, || is regularly varying with the index a?/(a+1). By Lemma 3.9,
forany 0 < r < o/(a® + 1), we have E[|H; — Hy[|"] < co. Now let H = (H, ..., Hy) and
H = (Hy, ..., Hy). By Markov’s inequality and (3.17) we have, as x — oo,

P(H-H| > x) - x" k

H ? E[|H; - H;|"] - 0.
P(H;|| > x) _P(||H1||>x)j2:; [” j j||]—>

As in the proof of Lemma 3.12 in [28], we obtain (3.14) from (3.17). From the above relation we
also have, as n — oo,

P(c,'H € |[H\|| > ¢,) ~ P(c;, "H € -||H{ || > cp). (3.18)
Let Hy = (Xge ?¢—Dy@+D/a(1 v,y For§ > 0and K > 1 we have
P(IH — Hy |l > cx81Xo > an) < P(I[Hx — Hel| > cud, [Vi| < KXo > ay)
+P(|He — Hill > cud, |Vi| > K|Xo > an).
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Let J; and J> denote the two terms on the right-hand side. Then
Ji < P(K|(Xge bh=DyrD/e _ yedD/e) o 0 51X > ay).

By Theorem 3.6 and the continuous mapping theorem, we have J1 — 0 as n — oo. Since X is
independent of Vi, we have

S =P(|Vi| > K|Xo > ap) = P(|Vi| > K),

which tends to zero as K — oo. Then the regular variation property of X implies, for any
¢ >0,

lim P(|H; — Hy|| > x@ D% | X0 > x) = 0. (3.19)
X—> 00
See, e.g., [45, p. 14] for a similar method. By (3.7) we have P(K”‘/("‘“)Xo > a,) ~ hin~ ! as
n — oo for some constant 41 > 0. By (3.19) and the multiplicative formula it is easy to see

lim nP(|H; — He|| > ¢,8, K@tV x) > a,) = 0.
n—oo

It follows that

lim sup nP(||Hy — Hy|| > ¢, [Hy || > ¢5)

n—oo

= limsup nP([H; — He|| > c,8, XA v V) > ¢n)

n—oo

. 1
< tim nPXSTV Vi v k) > €n)
n—>oo
= Tim nE[Vi| @Dy, g PO S )
n—oo
2
= CiE[VII* /™D v, 1= x1],

where we have used Breiman’s Lemma again for the second equality. The right hand side goes
to zero as K — oo. But, by (3.17) there is a constant 4> > 0 so that P(|[H; || > ¢,) ~ hon~! as
n — oo. Then

lim P([Hy — Hyl > cqd[[Hy]| > cn) =0.

LetH = (ﬁl, ...,I:Ik). We have

k
P([H - H|| > c,8|[Hi|l > o) < > P([H; — Hj|| > c,8[|Hi]| > cx) — 0.
j=1

Since H; = H;, by the above relation, we have as n — oo,
P(c,'H e ||Hi| > c») ~ P(c;, 'H e -|[|[Hi[| > cn)
~ hy'nP(|||Hy || > ca, ¢, 'H € ). (3.20)
By Proposition 3.3 one can see, as n — 00,

Liue.ydu

o0
—lyl@+tD/a _ y Vv N
nP(c, X, €)— () = CQ/() /@t D)
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Note that X is independent of Vj for k > 1. By the extended Breiman’s Lemma, as n — oo,
—1q v . _
nP(, He ) — E[v{u u(Eq,...,E8p) € -}]

where E ; = e bU=DltD/e( V;); see Theorem 3.1 of Hult and Lindskog [27]. By (3.18) and
(3.20), we have

P(c, 'H € -||Hi || > c,)
du

o0
v -1. .= = A"
—>C3/0 E[l){u>(1\/V1) u(8q,...,Ep) € }]u1+a2/(a+1).

Then (3.15) follows by an application of the continuous mapping theorem. By Corollary 3.2
in [3], the sequence {Hy} is jointly regularly varying with index . U

Remark 3.11. It follows from Theorem 2.5 and Remark 2.6 that the process {X,} is strongly
mixing with geometric rate. From (1.6) and (3.3) we see I} and Hy, are measurable with respect
to 0 (Xx—1, Xx). Then {I;} and {H} are also strongly mixing with geometric rate, and thus
satisfies the mixing condition 7 (a,) defined in Remark A.3.

4. Convergence of partial sums

In this section, we will first prove some convergence results on the point processes associated
with the stationary sequences {I;} and {Hy} defined by (3.3). Then we derive the limit theorems
of suitably normalized partial sums for those sequences. The results will play essential roles in
the proofs of the asymptotics of the estimators of the SCIR-model. The techniques used in this
section have been developed extensively by Basrak and Segers [3], Davis and Hsing [12], Davis
and Mikosch [13] among others. For i.i.d. random variables, the idea goes back to Davis [11] and
LePage et al. [32]. Leta, = n'/% and ¢, = pleth/e? — f@FD/ oy S 1 We shall assume
1 < o < 2 except for Theorem 4.5.

Lemma 4.1. Let r, = [n%] for any 0 < § < 1. Then for any x > 0 we have

'n
lim limsupn Z P(lek| > anx, |61] > ayx) = 0. 4.1)
m—0o0 n—00 k:n‘l

Proof. Let E, denote the expectation of {X, : t > 0} given X¢ = x. Take a constant r € (§, 1).
For k > 2, we can use Markov’s inequality and Proposition 2.7 to see
rot]
ra

1
o —b(1— 1
= E[l{\snwnx}EXH(v e M1IX Mz,
0

ro

Perl > anx, le1] > anx) = 2B 1 a0
n

k
f e Pkl gz
k—1

)

(anx)ra
Clo.ra
= WE[l{\enmnx}(l + X
n
Czar(x ) )
= E[l{\€1|>anx}(1+X'{e rb(k 2)/01)]’

(anx)re
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where the last inequality follows from Proposition 2.8. In view of (1.6), we have

'n

n P(lek| > apx, |e1| > apx) < J1 + J2 + J3,

k=m
where

C30™n

J1= W("n —m~+ DP(le1] > apx),

n

Ca0™n N b2 r

S = —Y e E(le1]" ey 1>a,x))
(anx) k=m
Cso"%n X,

3= e Y e PEPE(X G e 1 am)-
anx)"® =

By Proposition 3.7, we have P(|e1| > a,x) = O(n~ 1. It follows that J; = O(n®~") asn — 0.
By Proposition A.2 one can see, as n — o0,

E(le1l" ey >anx}) ~

(anx)"P(le1] > anx)
o —r

~ %”NQP(I&I > apx).
Thus we have J, = O(n"/*~") as n — oco. By Markov’s inequality and Proposition 2.7,
E(X01(je11>a,) < WE(X&Q”MI*”)
- WE{XS[EXO(IM““‘”)]}
= ﬁE(X{) + Xo).
It follows that

o
lim limsup /3 < lim C7 » e "¢~V =0,
m—>00 p—o0 m—oo =

Then we have (4.1). O

Proposition 4.2. Let G be defined by (3.11). Then we have, as n — 00,
n d _
M=y 8,1, —>n on M(R3), 4.2)
k=1
where 1 is a point process on R% with the Laplace functional E[e "], fe CJ (R%) given by

exp{_af(l_a) /0 E[(l - expi—f<y, 1_’_yX0>})G] yﬁjil } (4.3)

Proof. By Remarks 3.11 and A.3, the sequence {I;} satisfies the mixing condition 7 (a,) with
rp = [n®] for any 0 < § < 1. Since {g} is a stationary sequence, we have
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nP( max |er| > aux, |e1] > anx>
m=|k|<rp

'n

=n Y [Plekl > @, lerl > an) + Pllesl > anx, le1| > @) |

k=m

n
=n Y [Per] > anx, le1] > @ux) +Pllet] > anx, lecsal > @)
k=m
rp+2
<2n ) P(ec] > anx, le1] > anx).

k=m
The right hand side tends to zero as n — oo by Lemma 4.1. By Proposition 3.7 we have, as
n — oo,

P( max |ex| > ayx| |e1] > anx> — 0.
m=|k|<ry

By Proposition 3.7 we have nP(||I;| > (cn)'/%) — 1 as n — oo, where

ac®(1 — e ®b)
a3b? (—a)

By Theorem 4.5 in [3] we have (4.2) with the Laplace functional E[e~"7(/)] given by

o o

ool gy [ L1 -0l s ) e )
This clearly coincides with (4.3). O

Based on the above theorem, we now study the convergence of some partial sums associated
with the sequence {I;} defined by (3.3). To do so, let us introduce some notation. For any
B € B(R.) define

n

Un®) = D exlasd. Uan(B) =3 5 () (44)

Then we define Uj,n(B) =U;.(B)—E[U;,(B)]for j =1,2.

Lemma 4.3. For any § > 0 we have

lim lim sup P(a,, ' |U1,,(0, ayzl| > 8) = 0.

z=0 pn—oo

Proof. Since E(g) = E(e¢|-%1—1) = 0, we have

n
a, U100, an2] = @' Y Texjeyizar) — Elerl{ina,2)]
k=1

n
=a,’ Z[8k1{|5k|§an2} — E(er ey <ap 2} -Fr—1)]
k=1
n
—a,! Z[E(Sklﬂsumnz}lg‘*kf]) - E(8k1{|8k|>a,,z}):|-
k=1
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Let J; and J; denote the two terms on the right-hand side. By Proposition 3.7 one can see that

812 is regularly varying with index «//2. Then by Proposition A.2 it follows that, as n — oo,

n
_ 2
Var(J;) = a,* ZE{[8k1{|ek|sanz} — E(et g1 <an2) | Fh-1) ]}
k=1

< na; "B ey |za,2) = nat, BT 12 _2.0)) ~ €277,

which goes to zero as z — 0. Now we discuss the asymptotics of J,. Observe that, for u >
yx + p, we have |[X| — yx — p| > uif and only if X| > u + yx + p. It follows that

ua_lEx(|X1 - 31|1{|51|>u}) ua_lEx(h/x + pll{\leyx7p|>u})

= (yx + o) 'Py (X1 > u+yx + p).

Using Proposition 3.1 we see the right-hand side tends to zero uniformly in x € [0, K] as
u — 00. By Proposition 3.2, we have

. 1 . 1
Jim u T [ler e 5] = lim u® " Ex[e1]ix,—ye—pisu)]

= uli)ngo Ma_lEx [X11x, >u+)/x+p}]

o

o
= m(ﬂla + Pax),

and the convergence is uniform in x € [0, K]. It follows that, as n — oo, we have almost surely
n n

ay' Y i<k EBlad e a0 Fao1] = a ' D T < Ex (1o 15a,21]

k=1 k=1
O.otzlfoz Xn:
= ————— ) lixi_<k}(@a + paXi—1) +o(1)
(@ = DI'(—)n =
O_azl—oc n

= 1 Xi— 1
(a_l)]—,(_a)nk : {Xk,lfK}(th—i_pO( k 1)+0()

e ikt paX)] + o) @5)
(@ — DI (—a) 0<K}da T Pa X0 )
where the last equality holds from the ergodic theorem. Similarly, we have
| Uazl—ot
na, E[1ixo=k)811{je)>a,2) ] = mE[l{xosK}(Qa + paX0)] +o(1).  (4.6)

Then (4.5) and (4.6) cancel asymptotically as n — co. Observe that
1
—b(1—s) v 1
PUogrlerl =0 =P(o [ 1grie 70Xz, > )
1
+P(a/0 lxe=kie "X d(-27,) > u)

By Remark A.7, as u — oo,

P(lixo=kilerl > u) ~ C(K)[P(Z1 > u) + P(=Z1 > u)] = C(K)u™*,
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where

1
C(K) = a"‘E[/ Lorg=x1e™ 07 Xods | = CLEL - k) (1 + Xo)).
0

Then, by Proposition A.2, as n — oo,

n
an_lE{Z[l{xk,1>K}E(|3k|1{|8k|>anz}|§k71) + E(l{xk,1>1<}|8k|1{\ek\>anz})]}
=1

n
-1
= 2a, ZE(l{Xk_|>K}|8k|1{1(xk71>K;\8k|>anz})
k=1
o
= a, nE[1xo=kyletl1x,- x ler1=anz)]

= ConP(1(xy>k}le1] > anz) = C2C(K)z ™

The right hand side goes to zero as K — oo. That gives the desired result. [

Lemma 4.4. For any § > 0 we have

lim lim sup P( |l~]2‘,,((), a,z]| > 8) =0.

z—0 n—o00

Proof. It is simple to see that

[u(x + Dot

U lEy [ 1{|m><x+1>u}] g e Bleliaiernnl

+1
where u(x + 1) > u and (x + 1)™ < 1. Thus as u — oo, uniformly for x € [0, K],

u*"'E, [ 0% (qa + pax)

1 ] .
+1 {ler|>x+Du} (Ot _ l)F(—oz)(x + ])a

The remaining argument is similar to the proof of Lemma 4.3. [

Theorem 4.5. Let Uy, = Uy ,(0, 00) and Uz ;, = Uz, (0, 00). Then for 1 < o < 2 we have, as
n— 0o,

a7 U1, Us) =5 (U1, Un) - on R,
where (U1, Uy) is the a-stable random vector with characteristic function given by
A2
1+ Xo
and py = po(1) and q4 = q4(1) are defined by (3.1).

Elexpli G101 +22091] = exp] TB[ (11 + +220) (au + puko) [ 7], @)

Proof. A proof of the result in the Gaussian case (¢ = 2) was given in [25, p. 1106] for a more
general model, so we only consider the case | < o < 2. Fixz > Oand A = (A1, A2) € R2 and
define the function on R? by Saz(x1, x2) = Ax1 Ly >z + A2X21{jxy|>7)- Then we have

2
M (fa,z) = an_l Z)LjUj,n(anz, 00).
Jj=1
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It is easy to see that the mapping from M (Rz) into R defined by
0
N = Z‘S(Xl,k,n,k) = N(fi.z)
k=1

is a.s. continuous with respect to the distribution of the limit point process 7 in Proposition 4.2.

. . d
By the continuous mapping theorem, as n — 0o, we have 0, (fi,;) — 1(f5.;), and hence

2
Elexpfia, ! " 3Ujn @z, 00| = E[explin (£.0)] > Elexpin(fi.0)],

j=1

where the right-hand side is given by

1 o0 iM2y1lysz14x0)) dy
- E[( |',\ | 12Y =2+ Xo)} }— 1)0] .
xP{aF(—a)/o expyirryliysz + 1+ Xo yatl

By Propositions A.2 and 3.7, as n — oo,

ay "E[U} y(anz, 00)] = nay, "E(e11{je,1=ayz)) ~

1 11—«
2@ = DI (—a) 102

1 o0 dy
= — E(G)ylysg——.
aF(—a)/o ST

By Proposition A.2 and Remarks A.6 and A.7, as n — o0,

&1 1 :|
1+ Xo {| T+X, |>a’1z}

T
~ —P(|——| >a
a—1 UTxx,l ~ *

Gy "ElUs0(@n2, 00)] = na, ']

1 G l—a
a(a—l)F( oe)E[(l—i-Xo)“]Z
_ / ] dy
- aF( @) (1+X o [y H=aTasT

Consequently, for fixed z, as n — o0,

E[exp{ian_1 i)»jﬁj,n(anz, 00)}] = E[exp{ifin(f3.2)}]

j=1
converges to
A2y
= p{ar( a)/ eXp ’Myl{y”} T 1TEx 1+X 1“'>Z<1+X°>}} -1
irpy dy
—iMylysgy — ml{y>z(l+Xo)})G] yetl [
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As z — 0, the above quantity tends to

1 o0 iyt k) il2y dy
s [ )
Xp{af(—a)/o ¢ YT X )T e

:exp{ﬁfom(eu — 1 i2)E[ (1 + liZXO)aG]ZﬁI }

By Corollary 14.11 of Sato [49] and (3.2) one can see this coincides with (4.7). Since E(U; ,) =
E[U; (0, 00)] = 0, by the above calculations and Lemmas 4.3 and 4.4, first as n — o0, then as
z— 0,

[exp{ ZA U,n}] - [exp{la Z,\ 0.0 0, oo)}]

converges to (4.7). That gives the desired result. [

Remark 4.6. The proof of the convergence of a,; 1 (U1,n, Uz ) in the Gaussian case (¢ = 2)
given in [25] is based on the standard ergodic theory and the martingale convergence theorem.
The approach to the non-Gaussian case (1 < « < 2) given above is much more involved and
uses heavily the theory of regular variations and the convergence of point processes developed in
this and the last sections. The above theorem plays the key role in the proof of the limit theorem
of the WCLSEs.

Lemma 4.7. Let ry, = [n®] with 0 < 8 < 1. Then we have

lim limsupnP< max  [[Hgl > cnx, Xo > a,,x) —0.

m—=00 po00 —Ip<Kk<—

Proof. Since {(Hg, Xx) : k € Z} is a stationary sequence, by (1.5), it is easy to see

nP( max  [[Hg| > cox, Xo > anx) = nP( max_[Hyl > cux. X > anx)
<

—rp<k<-m m—ry <k<

m
< nP(eimeo + a/ e bm=)g45 5 anx/Z)
0

m
—i—nP(An,o‘/ e_b(m_S)ina o >a,,x/2>,
0
where
A, = ( max ||Hgl| > cnx>.
—rp<k<0

By Proposition 3.10 it is easy to see that
'n
lim P(A,) = lim > P([H_4| > c,x)
n—o0 n—0o0 =0
= lim (r, + DP(J|Hy|| > c,x) = 0.
n—oo

Then Lemma 3.5 implies that

l/a

lim nP An,0’/

n—oo

> anx/Z)
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From Proposition 3.3 it follows that

m
lim nP(eimeo +a/ e bm=s)ggs > anx/Z) = Ce ¥bmy—a
0

n—o0

which goes to zero as m — o0o. Then we have the desired result. [

Lemma 4.8. There exists § € (0, 1) so that for r, = [n°] we have

lim lim supnP( max ||Hg|| > cux, Xo > a,,x) =0.
m—0 p—o0 m=k=ry

Proof. Recall that X is regularly varying with index «. It is easy to see that

"'n
nP( mkax IHg || > cax, Xo > anx> <n Z P(||Hg|| > cux, Xo > aux)
k=m

M=K=ry

n
=n ) P(Hy —Hgll > cyx/2)

k=m

n
+n Z P(|Hi|| > cnx/2, Xo > anx).

k=m

Let J; and J> denote the two terms on the right-hand side. By Lemma 3.9, we can choose
rn = [n®] for sufficiently small § € (0, 1), and thus

Cnry,

limsup J; < lim sup E(|H, — H||")
n—00 n—oo X'Cl
148 _
< limsup ——E(|[H; — H;||") =0.
n—o0 n

By Proposition A.2, we have

aa

X _
E[Xol{xy>apx}] ~ — [P(Xo > ayx) ~ Cayx)' ™.

By Remark 3.8, we have E[|1 v V;|*/@+D] < co. Note that (X, Xx—1) is independent of Vj
for k > 2. Then for some constant § € (0, 1/a),

20{/(0{+1)n 'n 1
J < Py ZE[Xk—IH \Y Vk|a/(a+ ); Xo > anx]
n k=m

Cn n
< — a2 Bl Vil VB[ s, Exy (Xe-1)]
n k=m
Cn % —b(k—1) - —b(k—1)
<y E{l{anx} [Xoe +ab "1 —e )]}
anX k=m
Cn 2, Cnr,
= anxa/(owrl)E[XOI{XP”"X}] > e + anxa/(a+1)P(X0 > o).

k=m
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It follows that

Cxl ™ N ey
11;11)5;}) J2 < W kZ e s
=m

which goes to zero asm — oco. [

Lemma 4.9. Let H, = X,gojl)/a(l, V). Then there exists 8 € (0, 1) so that for r, = [n®] we
have

lim limsupnP( max ||Hg|| > c,x, |[Hy|| > cnx) =0.
m—=00 p-oo m=|k|<r,

Proof. For any K > 1, we have

- 1
nP( max Bl > ox, B> ex) < nP(XET WLy k) > 60x/2)

m<|k|<rp

+nP< max [Hg| > cux, KXETD/ o c,,x/2>
m<k<ry

+nP< max  ||Hg|| > cux, KX(()‘XH)/O[ > c,,x/2).

—Ip<k<—m

Observe that X(()‘Hl)/ “ is regularly varying with index a?/(a + 1). By Remark 3.8, we have
E[|Vi|’] < oo for some b > a2 /(a + 1). It follows from Breiman’s Lemma that

. 1
lim nP(X(()OH_ )/a|V1|1{|Vl|>K} > Cnx/z)

n—oo

. 2 1
= Tim nE(Vi[* /D 1y kPG > eux/2)

—a? 2
— Cx o /((1+1)E(|V1|Ol /(a+1)l{|V1\>K})-

The right-hand side goes to zero as K — o00. Then the result follows by Lemmas 4.7 and
48. 0O

Proposition 4.10. Let {V;} be defined by (3.13). Then we have, as n — o0,
n
d —
£, = Zacglﬂk & on M(RY), 4.8)
k=1
where & is a point process on R% with Laplace functional E[e §P], f e CJ (Ré) given by
ao® * (@+1)/a
—_— E(l — — 1,V )
eXP{ peTET T fo exp{—f(y (1, v)}

00 ) d
% E[exp[_ Z F(ytDlagblG=DetDla( ) ]] yail } 4.9)
j=2

Proof. By Remarks 3.11 and A.3, the sequence {H} satisfies the mixing condition .27 (a,,) with
ry = [n®] for any 0 < § < 1. Itis easy to see that

nP( max Bl > e, [Hi [l > ¢,x) < nP(IH) — Hil| > ux/2)

m=<|k|<ry

+nP( max  [Hel| > cox, [H;| > cnx/2).

m=<|k|<ry



Z. Li, C. Ma / Stochastic Processes and their Applications 125 (2015) 3196-3233 3223

By Lemma 3.9, we have E[|H; — Hi|I"] < oo for some r > «?/( + 1). Then Markov’s
inequality implies that

lim sup nP(||I:Il —Hy|l > cyx/2) <limsup2(c,x) "E[|H; — H, I"]=o.

n—o0 n—00

By Lemma 4.9 we have

lim limsupnP( max ||Hg| > cux, |Hy|| > cnx> =0,
m—00 ;00 m<|k|<rn

where r,, = [n®] for some § € (0, 1). Let

ac®

2
h=————FE[lV|V*/@th]
ey O ]

By Proposition 3.10 we have, as n — oo,
nP{[H || > (k)@ V%) = nP(H, || > K@D/ c,) - 1.

Observe also that

B = fe H) = fRetDE @D/ )T IHy),
k=1

k=1

Let ®; be defined as in Proposition 3.10. Then we can use Theorem 4.5 in [3] to obtain (4.8)
with E[e~¢(/)] given by

1 o 0 ,
N E - peth/d® g
Cxp{ E(1 V|V, |¢*/(@+D) /(; [expl /; f( v l)}

X (1 _ exp{_f(h(a+1)/a2v®1)}>(l v |Vl|a2/(a+1))]d(_v—az/(a+1))}

= exp{ LA /OOOE[exp[— 3 Gy v)ey)
j=2

B3PI (—a)
x (1= exp{—f (1 v |V1|)®1)})]d(—y“)},
which can be rewritten as (4.9). [

From the above theorem, we can derive some limit theorem of partial sums associated with
the sequence {H} defined by (3.3). For B € A(R..) define

n n
Sia(B) =Y _X; (1p(Xi1),  S2a(B) =) Xi1exlp(IXi—1ec)). (4.10)
k=1 k=1
Lemma 4.11. For any § > 0 we have

lim lim sup P(cn_2|S1,n(O, cn2)| > 8) =0.

z—0 n—oo
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Proof. By Theorem 3.6, it is easy to see that X(z) is regularly varying with index «/2 < 1. Using
Proposition A.2 and Theorem 3.6, we have, as n — oo,

notZ2

1 n
E[c,*S1.2(0.cn2)] = 5 > E[X{ 1ix,_y<cpn)] ~
= 2

—P(Xo > cn2) ~ Cc2

The right-hand side tends to zero as z — 0. Then we have the desired result. [

Lemma 4.12. Suppose that 1 < o < (1 4 /5)/2. Then for any § > 0 we have
lim lim sup P(c;, 182, (0, cy2)| > 8) = 0.

z=0 n—oo

Proof. By Proposition 3.10, we see Xoe is regularly varying with index «?/(a + 1). Under the
condition 1 < o < (1 + +/5)/2, we have a?/(a + 1) < 1. By Propositions A.2 and 3.10, as
n — 0o,

_ | & "
E[Cn ! |S2,n(0s CnZ)|] =< C_ ZE[|Xk—18k|1{|Xk,18k\<c,,z}] = C_E[|X081|1{\X051|<cnz}]

n k=1 n
2
ot ~ gl et
a+1_a2P(|X081| > cpz) ~ Cz .
The right-hand side tends to zero as z — 0. That gives the result; see also [12, p. 896]. [

Theorem 4.13. Let Vi be defined by (3.13). Let S1, = S1,2(0,00) and S2,, = 52.,(0, 00). If
l<a<(1+ «/3)/2, then we have, as n — 00,

_ _ d
(@7 %St 0, €y ' Sa) —>(S1, $2)  onR?,

where (S1, S2) has characteristic function E[exp{iA1S1 + iA252}] given by

exp —L /OOE<1 - exp{i)qy2 + i)»zy(“H)/"‘Vl})
a?b?I'(—a) Jo

i€_2b)\.1y2 ie—b(d+l)/a)\'2y(d+l)/a V2 dy
X E[ex { + }] .
1 —e—2b (1— e—b(a+l))l/a ya—H

.11

Proof. We first remark that the integral on the right-hand side of (4.11) is well-defined. In fact,
by Remarks A.6 and 3.8, we have, as x — oo,

P(Vi = x) ~Cix 4+ o(x™9%), PV < —x) =o(x™%).
By Theorems 8.1.10 and 8.1.11 in [4], we have, as A — 0,
E[1 — cos(AV1)] ~ C21% + o(A%), E[sin(AV])] ~ C31% + o(1Y).

It follows that E(1 — ¢*V1) = E(1 — ¢/*Y2) ~ ¢A® as A — 0. Then the integral in (4.11)
converges. Fix any A = (A1, Ap) € R2 and z > 0, define the function on Ry x Rby

2 !
8,z (x1,x2) = Mxla/(wr )l{x,>z(a+1>/a} + A2x2 1|z, > 2)-

It is easy to check that

";:n(g)»,z) = / g)\,zdé:n = )&lanizsl,n (anz, 00) + )\ZC;] SZ,n(CnZ’ 00).
R+XR
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On the other hand, one can see the mapping from M (R ) into R defined by

o0
N:XMMMOHNma=/' g1,:dN
k=1 RJrXR

is a.s. continuous with respect to distribution of the limit process & in Proposition 4.10. By the

. . d
continuous mapping theorem, as n — 0o, we have &,(gx ;) — £(gx.;), and hence

E[exp(i£,(85.,2))] — Elexp(i§(gx,2)],

where the right hand side is equal to

2 2b(j—1)
‘”’{ it |, Fleelno Ze I 02

o
X exp{ikgy("‘H)/“ Z e bU—D+D/a Vil{je-bG-D@+1)/e Vil>z) ”
j=2

xE( —exp{iry? +zx\2y(“+1)/aV}) a+1}

Then we can use dominated convergence theorem to see that, as z — 0, the above quantity goes
to

exp —L /wE<1 - exp{i)»ly2 + i)»zy(‘”l)/“ Vl})
a?b? ' (—a) Jo

o0
. _ . v dy
% E[exp{l Z(Myze (=1 4 gy yplet /e =b( 1)(a+1)/avj)}]ya+1 }
j=2
Since the sequence {V1, V3, ...} is i.i.d., the above quantity is equal to (4.11). Note that E(V7)
= 0. Then the theorem follows by Lemmas 4.11 and 4.12. [

5. Asymptotics of the estimators

In this section, we investigate the asymptotics of the estimators for the SCIR-model. The
results are presented in a number of theorems. Let us consider a stationary cadlag realization
{X; : t € R} of the SCIR-model with one-dimensional marginal distribution u given by (2.16).
In fact, we shall first study the asymptotics of the estimators of the parameters (y, p) defined in
(1.4). Their CLSEs can be obtained by minimizing the sum of squares in (1.8). They are given
by

n

n n
Do Xie1 ) Xk —n ) Xi 1 X
L k=1 k=1 k=1
Vn = - (5.1

(k; Xk—l) -n Z Xk 1

and

1]’! n
=D Xk =0 Y Xe ] (5.2)
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By minimizing the weighted sum in (1.11), we obtain the WCLSEs of the parameters:

n n n
1 Xk
Z Xk Z X+l " Z Xk—ll\+1
77}1 _ k=1 k=1 k=1 (53)
n n
1
kg:l(xk—l + l)kgl pomEs i n?

and

1 n n
o= Xk = Ta ) Xat ] (5.4)

In view of Proposition 2.3 and the above expressions, in the discussions of the above estimators
it suffices to consider a stationary realization {X; : ¢ > 0} of the SCIR-model.

Lemma 5.1. We have, as n — 00,

I e T 3
— = = — _ .
n = k b’ n =1+ Xgo ’
and

1 <& Xk a.s.

_Z——>p)\+y(1—/\), (5.6)

ni— Xp—1+1
where

1
A :E( )
1+ Xo

Proof. By Theorem 2.5, the process {X;} is exponentially ergodic and thus strongly mixing, so
the tail o-algebra of the process is trivial; see, e.g., [18, p. 351]. Recall that E(X¢) = a/b. In
view of (1.6), we have

E(lflxo> ZpE<1+1X0)+”E(1fOXO) = prtyd=4).

Then the result follows by Birkhoff’s ergodic theorem; see, e.g., [18, p. 341]. O

Proposition 5.2. The estimators (p,, 7,) are strongly consistent and, as n — oo, n‘@~1/® ()7,, —
Y, Pn — ,o) converges in distribution to

A—1

- A
oo (S0

) ="' (WUI = Up, 0 = DU) +ab™'Uy),

where k = (1 + ab YA — 1 and (Uy, Us) is an a-stable random vector with characteristic
function given by (4.7).

Proof. In view of (5.3) and (5.4), the results of Lemma 5.1 imply that

_as, abT'A—ph—y(1—2)  ab'yr—y(1—1)
Yn > = =
(1+ab~Hr—1 (1 +ab=Har—1
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and
P~ —(1 —-yY)=0p.

Those give the strong consistency of p, and y,. A simple calculation based on (1.6), (5.3) and

(5.4) shows that
n(- 1)/a(y — Vs Pn — ) = Kn_lUana

where

1 & n 1
kn=— > X +DYy ——— -1,
oy =1 X1+ 1

and
Un = 1/a<Z k’ZXk 1+1)

From (5.5) it follows that «,, 2% 4 and

A A—l)

B, —B:= (—1 ab™!

By Theorem 4.5, we have U, —d> (Uy, Up). Then we have the desired convergence. [

Theorem 5.3. The estimators (by, a,) are strongly consistent and as n — oo, n@~ 1/« (b, —
b, a, — a) converges in distribution to

(U2 — AUy, (1 — e ar + b — DIUL +ab™'e? (U2 — 2UY)),
where k = (1 + ab~Y)A — 1 and (Uy, Us) is an a-stable random vector with characteristic

function given by (4.7).

Proof. The strong consistency of l;,, and a, follows from that of p, and y,. By the relations in
(1.4), we have, as n — 00,

Gn—y)=e" —e™" = —(by — b)e™ + 0(by — b) (5.7)
and

i Pubon pb fubn(1 —e7) — pb(1 — e7Pr)
a, —a = — — = = =

l—ebn 1—e (1 —e~bn)(1 —eb)

b(pn — b, —

_ bon 75) _atn=y) a(yn y) tolB, — b). (5.8)
1—e b 1—

Then the desired convergence follows from Proposition 52. 0O
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Proposition 5.4. The estimators (p,, Yn) are weakly consistent. Moreover, if 1 < a < (1 +
«/3)/2, then, as n — 00,

_ 2 A ~ d — _
n @V Dy =y, b — p) —> ST Sa(1, —ab™h), (5.9)
where (S1, S2) has characteristic function given by (4.11).

Proof. By (1.6) and (5.1) we have

Xi: Zn: —n Y Xi_1&k

~ k=1 k=1
Yn =V = T 5 T
(X Xe—1)" —n 30 X¢
k=1 k=1
Then using (5.2) we get
n n
2 X Z klEk—ZXklek
R k=1 k=1
Pn —pP = n
(Z ) —-n Z Xk 1

By Theorem 4.13 it is easy to see that

n

> Xi—16k
= p
n
Z

— 0.

Then we have o, — p L. 0and Vn—V LN 0, giving the weak consistency of (0., 7). Take any
constant 0 < 8 < [1 A (o — 1)?] /ozz. From the above relations it follows that
((X /e (V =Y Pn — ;0) = Tn_lsnAn,

where

1 2l &,

1

LlH1/a2=5 Z X1 T /a2 Z X1
A = k=1 k=1
n — 1 n )
3
and

1 n 1 n
Sn = <—n1/°‘+3 ];Sk, e/ ];Xklek)-
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Ifo? <a+1, by (5.5) and Theorem 4.13, we have T}, —d> —S87 and

d 0 0
An—)AZZ (_1 ab_1>.

By Theorems 4.5 and 4.13 we have S,, —d>(0, S>). Then (5.9) holds. [

Theorem 5.5. The estimators (l;,,, an) are weakly consistent. Moreover, if 1 <a < (1+ «/3) /2,
then, as n — 00,

n@ VG b a, —a) -S> —eb(1,ab1)ST' S,
where (S1, S2) has the characteristic function given by (4.11).

Proof. The weak consistency of b, and &, follows from that of On and 7,. The relations (5.7)
and (5.8) still hold when the “checks” are replaced by “hats”. Then the desired result follows
from Proposition 5.4. [

Remark 5.6. By the results of Huang et al. [25], Overbeck and Rydén [40] and Wei and Winnicki
[52], for CBI-processes or GWI-processes with finite variance the sequences (l;n —b, d, —a) and
(by — b, @, — a) have the same magnitude /7 and they both have Gaussian limit distributions. In
other words, for those models the WCLSESs are not much more efficient than the CLSEs. On the
other hand, by Theorems 5.3 and 5.5, the sequence (by —b, @, —a) has convergence rate nl@—D/a
while the sequence (l;n — b, a, — a) has rate n@ D/ for | < o < 1+ \/5)/2. Then the SCIR-
model provides an example whose WCLSEs are more efficient than the CLSEs with different
convergence rates. It is somewhat unfortunate that our approach to the central limit theorem of
the CLSEs only works for | < « < (1 + V5) /2. Since (4.11) does not define a characteristic
function otherwise, it seems the restriction cannot be removed by a simple modification of the
approach.
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Appendix

In this last section, we review some concepts and technical results on regularly varying
stochastic processes, which have been used in the preceding proofs. Most of the results can
be found in [1,3,26,27,44,46]. The reader may also refer to Samorodnitsky and Grigoriu [48] for
results on the tail behavior of solutions to certain stochastic differential equations driven by Lévy
processes. Let “| - |”” be any norm on R¢.

Definition A.1. A d-dimensional random vector X is said to be regularly varying if there exists
a Radon measure 7 on R?, finite on sets of the form {x € R? : |x| > r}, and a sequence {a,}
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satisfying a,, — oo such that, as n — oo,

nP(a;'X € ) = (). (A1)

The above sequential form of the condition is the same as saying there exists a (necessarily
regularly varying) function ¢ + g(¢) such that, as n — oo,

gOPE X € ) ().

It is known that the condition implies the existence of a constant @ > 0 such that n(rA) =
r~n(A) forall r > 0 and all A € Z(R?) bounded away from 0, where rA = {rx : x € A}. In
this case, we say X is regularly varying with index o > O.

The next proposition follows immediately from Karamata’s theorem; see, e.g., [46, pp. 25
and 36].

Proposition A.2. Let & be a positive regularly varying random variable with index o > 0. Then
we have:

G) If @ > 1, then as x — oo,
o
EElig>n) ~ ——
() If 0 <o < 1, then as x — oo,

E(¢Lig<x)) ~

xP(€ > x).

o
xP(€ > x).
11—«

Remark A.3. Suppose that {Y;} is a stationary sequence of regularly varying random vectors.
Let {a,} be taken such that nP(|Yy| > a,) — 1 asn — oo. By Lemma 2.3.9 of Basrak [1],
the strong mixing condition implies the mixing condition 7 (a,), i.e. there exists a sequence of
non-negative integers r, such that r, — oo, [, = [n/r,] - oo asn — oo and

Eexp{—gf(Yk/an)} ~ (Eexp|- Z"lf(Yk/an)})l" -0

forevery f € CO+ (Ro). See also Section 3.4.3 of Basrak et al. [2] for similar arguments. In fact, it
was pointed out in Remark 2.3.10 of Basrak [1] that we can choose r,, = [n®] for any0 <4 <1
if {Yy} is strongly mixing with geometric rate.

Definition A.4. A sequence of random variables {X; : k € Z} in R? is called jointly regularly
varying if all the vectors of the form (X1, ..., X;) are regularly varying.

The concept of regular variations can also be defined for continuous time stochastic processes.
Let T > 0 and let ]D)d[O, T] := D0, T, ]Rd) be the space of all RY_valued cadlag functions
on [0, T'] equipped with Skorokhod topology; see [18, p. 353]. In the sequel, we use the norm
x|l ;= max; |x;| forx = (x1, ..., xq) € R%. Let

500, 71 = {y e D10, 71: sup Iyl = 1}.

0<t<T

Definition A.5. A stochastic process Y = {Y; : 0 < r < T} with sample path in D?[0, T is
said to be regularly varying if there exist a measure Q on D?[0, T, finite on sets bounded away
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from 0, and a sequence {a,} satisfying a, — oo such that for any set B € Z(D?[0, T]) bounded
away from 0 with Q(dB) =0, as n — oo,

nP(a, 'Y € B) - Q(B).

The above property implies there is a constant @ > 0 such that Q(uB) = u=*Q(B) forallu > 0
and all B € Z(D[0, T]) bounded away from 0. In this situation, we say Y is regularly varying
with index a > 0.

The convergence in the above definition can be formulated for general boundedly finite mea-

sures on Jﬁ)g [0, T] = (0, 0o] x S?[0, T]. We shall denote the convergence by « ™. The reader
may refer to Hult and Lindskog [26] for more details.

Remark A.6. Let 0 < o < 2 and let {Z; : t+ > 0} be a one-dimensional «-stable process with
Lévy measure v(dz). It follows from Lemma 2.1 of Hult and Lindskog [27] that, as n — oo,

nP(n= %7, € ) -5 tv().

Remark A.7. Let0 < o < 2 and T > 1. Suppose that {Z; : 0 <t < T} is a one-dimensional
Lévy process such that X = Z; satisfies (A.1) with n(z, 00) = cz=* for some ¢ > 0. Let
{Y; : 0 <t < T} be a non-negative predictable caglad process satisfying supg, <7 ¥; > 0
a.s. and E[supy., < Y,"‘J”s] < oo for some § > 0. By Theorem 3.4 and Example 3.1 in [27], for
any z > Oand()_f_t < T, we have, asn — 00,

t

t t
nP<a;1/ Y, dZ, > z) - oo)/ E(Y%)ds =cz_°‘/ E(Y%)ds.
0 0 0

Remark A.8. Suppose that {Z;} is an «-stable Lévy process with 0 < o < 2 and {y(¢)} is a
predictable process satisfying, a.s.,

T
/ ly()|%dt < o0, T >0.
0

It was proved in [35, p. 649] that for any 0 < r < « there exists a constant C = C(r, ) > 0

such that
,
J=cel(]

The above result can be regarded as a generalization of Theorem 3.2 of Rosinski and
Woyczynski [47], where the symmetric case was considered.

T

E[sup‘/(;ty(s)dZs |y(t)|“dt>r/a].

t<T
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