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Abstract

The aim of this paper is to consider reversible random walk in a random environment in one dimension
and prove the Einstein relation for this model. It says that the derivative at 0 of the effective velocity under
an additional local drift equals the diffusivity of the model without drift (Theorem 1.2). Our method here is
very simple: we solve the Poisson equation (P, — I)g = f and then use the pointwise ergodic theorem in
Wiener (1939) [10] to treat the limit of the solutions to obtain the desired result. There are analogous results
for Markov processes with discrete space and for diffusions in random environment.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

The definition of a Random walk in Random environment involves two ingredients: The
environment which is randomly chosen but remains fixed throughout the time evolution; and the
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random walk whose transition probabilities are determined by the environment. Let ({2, A, IP)
be a probability space. The space {2 is interpreted as the space of environments. For each w € {2,
we define the random walk in the environment  as the (time-homogeneous) Markov chain
{X,,n=0,1,2,...} on 74 with certain (random) transition probabilities

plw,x,y) =Pu{X) = y|Xo = x},

where the probability measure P, determines the distribution of the random walk in a given
environment w. In the case that the random walk has the initial condition X = x,

P! {Xo=x}=1.

The probability measure P}, which denotes the distribution of the random walk in a given

environment @ with the initial position of the walk at x, is referred to as the Quenched law.

By averaging the Quenched probability [P} further, with respect to the environment distribu-
tion, we obtain the Annealed measure P* = P x P}, which determines the probability law of the
random walk in random environment

P*(A) :/Q]PZ)(A)]P(dw) =E{P.(A)}.

For more information on the random walk in random environment, the reader can refer to [1-3,
6,9,11].

We now consider again the model for the random walk in random environment as in [3]. Let
(£2, A, ) be a probability space and T be an invertible measure preserving transformation on {2
which is ergodic. More precisely, T acts on {2 by

T:0x7Z— 2
(@, k) — T,
which is jointly measurable and satisfies
—Foranyk,h € Z : T"*" = T*T" and TOw = w,

— T preserves the measure  : y,(TkA) = u(A) for any k € Z,
— T is ergodic: If, for all A € A, TFA=A (up to null sets) for all k € Z then u(A) =0 or 1.

On the lattice Z we assume that the conductivity of the edge between {k, k + 1} is equal to
c(T*w), where ¢ is a positive measurable function on £2. Fix @ € 2, we consider a random walk
(Xn)n=0 on Z with X = 0 and with a transition probability p(w, k, h) which is given by

p@; ko k+ 1) =P (X1 = k+ 11X, = k} = c(T*w) /&(T*w),

pwik k—1) =P){Xyp1 =k — 1|X, =k} = «(T" ' w) /(T w),
where ¢ = ¢ +c o T~L. The random walk is reversible since for all adjacent vertices x, y in Z we
have ¢(T*w) p(w; x, y) = ¢(T?w) p(w; y, x). The corresponding Markov operator f —— Py, f
is defined by

P, fk) = [C(Tk_la))f(k — )+ o(T*) f(k + 1)] .

c(Tkw)
When c is integrable, but ¢~ ! is not, Y. Derriennic and M. Lin have proved, in an unpublished
work, the Annealed Limit Theorem: lim,,— 4o nE, (X ,2,) = (0 in u-measure, where E,, denotes
the expectation relative to the randomness of the walk, the environment being fixed. For the
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Quenched version, recently in [3] J. Depauw and J.-M. Derrien considered a non negative
solution f, defined on Z, of the Poisson equation (P, — I)f = 1 with f(0) = O in order to
obtain the limit of the variance of the reversible random walk (X},),>¢. That is,

Theorem 1.1 (Depauw and Derrien, [3]). For almost all environments w,

X2 1 -1
lim Ew{—”}z[/—du/cdu} . (1)
n—+o00 n C

This limit is null if at least one of the integrals is +0c and it is denoted by o°.

In [7], H.-C. Lam then generalized Theorem 1.1 and established the Quenched Central Limit
Theorem. Their proofs do not involve a martingale construction and c is only required to be
positive. In the case when at least one of ¢ and ¢~ is not integrable, lim,,_ ;oo n_le(X,%) =0
and X,,/+/n converges to 0 as n — +00.

In the sequel, we will study the following model. Fixed environment w € {2 and fixed number
A # 0, the conductances of the edges [k, k + 1] are equal to e*c(T*w). The number A is called
the “drift” of the model. We consider a random walk (X}),>o on Z with Xo = 0 and the
corresponding Markov operator f +—— P, , f which is defined by

Prof () = (T o) k= 1) + Fe(Tho) fk + D]

1
T |

where 7 = e*c + e *c o T E, ., will denote the expectation relative to the space ({2, u),
the environment being fixed in the case A # 0. The aim of the present paper is to prove the
Quenched Einstein relation for the last model with the drift A. It is adapted from J. Depauw
and J.-M. Derrien [3]. For the Einstein relation, the reader can refer to [4,5,8]. The following
definitions can be found in [4].

Definition 1.1. The Quenched diffusivity of a random walk X,, without drift is defined by

. X
k= lim E,{—¢.

n—+00 n

Remark 1.1. When the model is without drift A = 0, from (1) for almost all environment w we
have k = o2 ifcand ¢! € L! (n), and k = 0 if not.
Definition 1.2. The Quenched effective drift of X,, is defined by

. Xn
dw()\)znl}TOOEA,w 7 .

Remark 1.2. When the model is without drift A = 0, then d,,(0) = 0.
‘We now state our main theorem which is a version of the Einstein relation.

Theorem 1.2 (Einstein Relation). For almost all environment w, the function . — d,, (1) has
a derivative at . = 0 which satisfies

lim do(®) =Kk =07, 2
A—>0 A

if c e L?(u) and cle L9(w) with p, q € [1, 400] such that 1/p + 1/q = 1.
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For the LP-integrability assumptions (p > 1) our model works without using either of the
classical assumptions of uniform ellipticity and independence on the conductances. They are
used for proving H, /c € L (n) where H,, is defined as in (10). We can then apply successfully
the pointwise ergodic theorem in Wiener [10] for the function H, /c to obtain d,,(A). This is the
key to the proof of Theorem 1.2. However we do not know if it works for the case where at least
one of ¢ and ¢! is not integrable! We will see in the proof of this theorem that d,, (1) is defined
a.s and does not depend on w. So, it will be denoted by d (1) in the sequel.

Remark 1.3. The Einstein relation for reversible diffusions in random environment is discussed
in a recent paper of Gantert, Mathieu, Piatnitski [4]. This paper is in R? but assumes uniform
ellipticity of the diffusion coefficients, boundedness of the drift and finite range dependence.

This paper is organized as follows. We will prove Theorem 1.2 in Section 2. In Section 3 there
is an analogue to a Markov process with continuous time and discrete space, and the diffusion in
random environment.

2. Proof of Theorem 1.2

Our method here is adapted from [3]. Fix w € {2, we first consider the Poisson equation on Z

{(Pk,w -Nf=1,
£(0) = 0.

This equation has a particular solution f which depends on A and it will be denoted by f;. By
the definition of Py, one has E, ,{f1(X,)} = n for any n > 0. Furthermore, if the limit of
Jfo.(m)/m exists and finite for a.a » then we can treat the limit of E; ,{X,}/n to obtain d(A)
as in [3]. Theorem 1.2 will be proved by Propositions 2.1 and 2.3. We begin with the following
elementary lemmas.

Lemma 2.1. Let u,, and v, be two sequences of positive real numbers. Assume that lim,_, |~
n '3 ug = uand lim,_, 4 oo v, = v then for eacha =0, 1, . ..

. 1 & uv
M et 0 e = L ®

Proof. Firstly, we prove the case « = 0, we will show that

n——+oon

1 n
lim - Zugvg = uv. 4)
=1

For any ¢ > 0 the inequalities

1 & 1 & 1 &
= ugve —uv| < | = wp(e — V)| + |= Y (g — v
n n n
(=1 (=1 =1
1 & 1 &
< - uglvg — vl +v|— ug—u|l <e

hold for all large enough n which completes (4).
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Now assume that (3) is true for o« > 0, we claim that it holds also for o + 1 that is

1 - a+1 uv
1 = . 5
ngr—ir-loo not2 ;6 neve a+2 ®)

Put W, = >"7_, €%uyvy, using summation by parts formula

n—1

1 n
a+1 _
pot2 ;E weve =—"a12 Z —hit b

By the assumption lim,,_, 100 Ip = lim,_ 400 W, /n%t! = uv/(a + 1), and then for any & > 0
the inequalities

u uv
I O{+1 _
T 1)(0{—}—2)‘ n"‘+2 Z ea+1 o+ 1
oz+1 uv
oz+2 Z a+2|a+1

<e€

hold for all large enough n. So,

Ze“"‘l v uv + uv uv
u =
— T T D@+2) Tatrl a+t2

nL+oo not2
which completes (5). W

Lemma 2.2. Let (a,),>0 be a sequence of positive real numbers and let A, be a partial sum
A, =Y ai. Assume that lim,_, o, A, /n = L then

+00
Zaeﬁpz < 400 (6)
=0

where 0 < p < 1. Furthermore
+o0
lim (1—p)Y ap’ =L. (7)
p—1- =0

Proof. Using summation by parts formula

n

n—1 n—1
Y oactpt = (1—=p) Yy Actp' =Y Arp"t! + Aunp”.
£=0 £=0 £=0
Since limy— 00 An/n = L then lim,_o0 Apnp™ = 0, 375 A¢lp® and 3" %5 Agp*! converge
by the D’ Alembert criterion, which completes (6).
Eq. (7) means that the existence of Cesaro means implies the existence of Abel means. We
recall the proof of the classical result. We have

= XA 1
1— C_ L =(—p)? (-‘-—L)N. 8
( p);aw ( p)é e K (8)
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For any ¢ > O there exists N > 0 such that for any n > N one has |A,/n — L| < ¢ and

lim,,— o0 A, 0" = 0. Then the absolute value of the right hand side of (8) is bounded by

N-1

(1=p?*)

{=0

A 1 .
— ——L|tp"+ (1 —-p)L+¢
e p

which completes (7). W

Proposition 2.1. For almost all environment w and for ). > 0 we have

d(n 1 X
lim am _ lim —| lim E,, {2} =02
A—0t A A—=0T A [ n>+o0 77 n

Proof. Fix w € {2 we consider a function f;, defined on Z, such that (P, — I) fx

f1.(0) = 0. For example, we can take

m—1 1

=0

fa(m) = 0, ifm=0

—m —L
1 201 25— .
— —¢ (T w)e®~D*  ifm < —1.
; T L T <

s=—00

Replacing m by X, and taking the expectation, one has
Eywf{fiXn)}=n Vn=0.

The formula (9) can be rewritten as

M X Xn } =1.

E
A’w{ Xn n

4
Z W Z 7T(TSC())€(2S71))L, if m > 1
§=—00

1 and

C))

We will see that the limit of f; (m)/m exists as m — oo and then, as X,, — oo as n — 400, the

limit of E, ,, {X,/n} will exist as n — +o0.

In the next step we will compute the limit of f) (m)/m. The pointwise ergodic theorem is a
limiting statement n~! ZZ;(I) (T *w) = |, o 7 du. For the rest of this section we assume that

p = e . If we put

400
Hy(@) = /P )_ 7T w)p*
k=0

then Lemma 2.2 ensures that Hj (w) is finite and one has also

lim (1 — eV (w) = lim (1 — p) H; () =f 7 du.
A—0t p—>1- 0

Lemma 2.3. With the function f, defined as above, we have

- fa(m) H),
lim ——= = —
m—*oo m n c

du.

This limit is strictly positive and it is denoted by L.

(10)

(11)
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Proof. We will prove this for m > 0, the other case is left to the reader. By the definition of
function f; one has

m—1 m—1

fulm) = Z Lm VP Z T(TPw)p™ = Z c(TZw)[ Z T (T w)p .

§=—00 §=—00

Since T* = T5~¢ o T'* one has
m—1 1
= T o T¢.
fi.(m) ;) T f;oom ] o

Replacing £ — s by k one obtains

m—1 m— 1

[ =
fulm)y = — ﬁZn(T—kw)pk} Z — o T w).
= cTo) |7 =

By hypothesis ¢ € LP(u) we have m € LP(u). Using Holder’s inequality one can show that
H, € LP(u). Again, using Holder’s inequality and the hypothesis that 1/¢ € L?(u) we conclude
that Hy /c € L'(w). The proof of Lemma 2.3 is thus complete by using the pointwise ergodic
theorem for the function H, /c. N

From Lemma 2.3 for any ¢ > O there exists M > 0 such that for any |m| > M then

1 fim)

LA m

1 (12)

We now combine (9) and (12) to compute the limit of E, ., {X,/n}. If we decompose 2 =
{I1X,| < M}U{|X,| > M} then the inequalities

Xn 1 1 fA n
E —t——| < -E X, — 1
)hw{ n } L}L n )\a){ n LA {Xn|SM}}
1 fA(Xn) |Xn|
E 1——
+ “"H L, X, | n
X2
<e+¢ ]Ek,w{_;} (13)
n

hold for all large enough n. We see that if E; {X%/nz} is bounded then the limit of E; , {X,,/n}
isequalto 1/L;.

Proposition 2.2. For almost all environment w and for A > 0 we have

X2 1
lim EM{_;} - L (14)
n

n—-+00
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Proof. Again, fix w € {2 we consider a function g, > 0, defined on Z, such that (Py ., — I)g) =
f>. and g, (0) = 0. For example, we can take

m—1
1
(2s—DA .

Z W Z JT(TSa))e 5= f)L(S) if m >1
gr(m) = 0, ifm=0

« 1 201 -~ (2s—D)a

- —e a(T°w)e' =" f,(s), ifm < —1
Lt 2, '

then (Py., — 1)gy(m) = fi.(m) for any m € Z. Replacing m by X, and taking the expectation,
one has

nn—1)
Y
The formula (15) can be rewritten as

e(X,) X3 1
E X — 1~ =,
e { X2 n2 2

\Y
e

Er o {82(Xn)} = Vn > 15)

where f ~ g means lim,_, ;oo f(n)/g(n) = 1. We will see also that the limit of g; (m)/m?>
exists as m — oo and then, as X,, — 0o as n — +00, the limit of E, 4, {Xz/n } will exist as
n — +0oo.

In the next step we will compute the limit of g; (m)/m? by using Lemmas 2.1-2.3.

Lemma 2.4. With the function g, defined as above we have

g&.(m) 1
m—+00 m2 2

L)\

Proof. We will prove this for m > 0, the other case is left to the reader. Put

m—1

£ = Z:: c(m)p/— Z T(T w)p™ fr(s),

§=—00

m—1

£ = Z C(m))f Zn(TSw)p *f(s),

m—1

& = Z C(Tew)\/_Zn(T“a))p Ss.

By the definition of function g;, we have g, (m) = & + &. We will prove that

lim 5—‘2 -0 (16)
m—4+o00 m
and
1
im 2= 1p2 a17)

By (6) and limg_, o f5.(s)/s = L, then Zngoo w(T*w)p~" fo.(s) is finite which completes (16).
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Proof of (17). Replacing £ — s by k we obtain

m—1 14 m—1

_ 1 K b—s , _ 1 = —k k
&= ;0 C(le)«/ﬁ;n(r w)p' s = ; mﬁ;n(T o)k (L — k).

Since T4 = 7% 5 T, one has

m—1

g_zL \/—Zin(rkw) k oT‘—mz_:l */ﬁ Zn(T w)kp"
3—220 C(Tza)) Pk:() 1Y . C( o

k=0

If we put
o0
Gi(@) = Vp ) n(T w)kp*
k=0

then G, € LP(u) and so Gy/c € L'(u) by Holder’s inequality. Now, using the pointwise
ergodic theorem we see that when m goes to infinity m~2 ZZZ@I [Gr(w)/c(w)]oT ¢ goes to 0. It
follows that

m]—1>r-|r—loom Z Tl )[Zﬂ(T w)kp:| EZO'

On the other hand, foreach¢ =0, 1, ...

=1

ﬁz T (T *w)p* — Hy (T w)
k=0

= p' Hy(w).

Taking a; = ¢~ (T'w) in (6) one has lim,,_, ;oo m ™2 Ze -0 c_l(TZw)EpKHA(w) = 0. Hence
we have
1 m—1

lim —2
m=+o0 m c(TEa))

Zn(ﬂ —k — H,(T*w)| =0

So,

. ";:3 . 1< 1 H, Y
mll}-ll-loom_mgl}i}oomg c T()
By Lemma 2.1, this limit is equal to %L,\.
Moreover, since limy—co f1(s)/s = L, then limy— +o0 SUP;<, m~! | fo(s) —sLy| =
Replacing £ — s by k in both definitions of &, and &3 one has

m—1 ¢
25, < (izw) D - fi(5) — 5Ly,

= L;
m2  m? m = c(Ttw) | s<m

It follows that this tends to O when m goes to infinity, and then

. &
w2 = i 2 e = QLA

which completes (17). W



992 H.-C. Lam, J. Depauw / Stochastic Processes and their Applications 126 (2016) 983-996

By Lemma 2.4, for any ¢’ > 0, there exists M’ > 0 such that for any |m| > M’ then

m2

gnm) L2

<&/ (18)

We now combine (15) and (18) to compute the limit of E, ,, {X,/n}. If we decompose 2 =
{IX| < M'} U{|X,| > M’} then the inequality

X2 1
Exo n_z _L_i

holds for all large enoughn. M
We have thus proved that lim,,_, o0 E; o, {X2/n?} = L;z. From (13), we obtain

X, 1 o 17!
lim Erp{ltl=—= /—du —d().
n—+00 n L o c

This limit does not depend on w. Finally, by using L?-convergence stated in (11) one has

<é

A (- e—”) (1- E_ZA)HA B
lim —— = lim du
A—0t A A—0F
(1-—- e_Z)‘)
= 1 d —-d
Ag{)l+ re™ +et) |:/ M/ M}
= 0‘2

which completes the proof of Proposition 2.1. W

Proposition 2.3. For almost all environment w and for ). < 0 we have

d(x
lim Q =02
A—0— A

Proof. The proof of this proposition is very similar to Proposition 2.1 where we modify the
functions f; and g;, defined on Z, as follows

m—1 1

i) ZMT )@ it m = 1

Sa(m) = (), m =0
il 1 +00
E 2LA K 2s+1r .
Tt §:7T(Tw)€ . ifm < —1
(T~ tw)
=1 s——¢
and
m—1 1
-2 c(Tw)e? & ZW ©)e [ (), ifm > 1
£=0
gr(m) = 0’ fm =0
" 1 +00
Z Wezf)» Z ﬂ(Tsa))e(2S+1))"f)L(S)’ lfm S —l
c w
=1 S——¢

where w is fixed. W
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Remark 2.1. We have proved that for almost all wlim,— 4o Ey o {Xn/n} = d(A) and
limy— 400 Ex 0 {Xﬁ/nz} = d()»)2 with A # 0. This implies that for w a.s X, /n converges to
d(}) in probability.

Remark 2.2. By the argument as in [1], we can show that X, /n converges a.s. Indeed, we will
prove this for A > 0 and the other case is left to the reader. Following the notation of [1] we
introduce

@i (@) =P {Xpp1 =i+ 11X, =i} = " (T ) /7(T'w),
Bi(@) =P Xy =i — 11Xy =i} = e (T w)/n(T w),
pi = pi(w) = Bi(w)/a;i(w),

and S = S(w) =1+ Z,’:ﬁ?mpz ... pr one has

o 20k 1
S = ——e el
c(w) /?:o (T*w) e ()
by Holder’s inequality. Theorem 4.1 in [1] ensures that

. n
Iim — =v, paso,
n—-—+o00 n

where v=! = f o+ po(@))S(w)du(w). By calculating the integrand in the last expression

_)L n(w)e—ZAk _}L+00 n,(T—ka))e—Qkk ‘
g Ty ¢ ,; Tty |°T

Since T preserves the measure p one obtains

H, 17!
v = /—du =d), pasow,
n C

where H, = e 2;208 JT(T_kw)e_Z)‘k. However, we do not know if Alili’s method works for
continuous time process or for diffusion!

3. An analogue to a continuously time process

In this section, we will discuss two theorems as the continuous versions of Theorem 1.2 in
one dimension. These theorems can be proved by solving Poisson’s equation as in Theorem 1.2.

3.1. Markov process with discrete space

We first consider Markov process (X;),>( with continuous time on Z and the initial condition
Xo = 0, the infinitesimal generator is defined by

Lyofk) =e (T w) flk — 1) 4 e (T w) f(k + 1) — n(T*w) f (k),
where m = e’c + e tcoT™ L,

Theorem 3.1. For almost all environment w,

lim + | lim E X 2 / 1d o
m — m _— = — s
S0 |1 2@ Qc ’

if ¢V is integrable.
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Proof. We consider this theorem for A > 0 and the other case is left to the reader. Fixed w, we
solve two Poisson’s equations on Z

Lywfh =1, £0)=0
and
Ly 8. = fi 8.(0) =0
in order to obtain the particular solutions as follows

m—1 1

2s—1)A .
Z C(wa)ezm Z ’ itm =1

fa(m) = 0, ifm=0
2[)» (2s— l)A
— e ifm< -1
Z C(T“zw) Y_Zoo
and
m—1 1 25-1)
- eP DA p(s),  ifm>1
Z C(Tea))eM)‘ Y_Zoo
gr(m) = 0, ifm=0
_ 2[}\. (25 1))\,f (S) lfm < _1
Z (T~ Kw) S_Z:oo

The hypothesis ¢~' € L~!(u1) ensures that for almost all w

. fo.(m) et 1
lim = —du,
m—+oco m 1] —e 22 nec
2

i &.(m) 1 et d
moteo m2 2 \1—e 2~ Qc A

‘We then obtain

and

X2 X
lim E, ., {—;} =d)? and lim E,, {—’} =d()), (19)
t t—+00 1t

t—+00

-1
where d(A) = (e* — e™*) [fQ %d,u] . It follows that

li ! lim E X 2 / 1d o [}
m — 1m e = d .
A0+ A | t—>+o00 Ao t nc H

Remark 3.1. From (19) we deduce that for w a.s X;/t converges to d(A) in probability.
3.2. Diffusion in random environment

Let (12, A, ) be a probability space equipped with an ergodic flow (T} ),cr. We consider two
random variables a, b > 0 such that the functions x — a(T,w) and x — b(T,w) are continuous.
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In this section we study, for fixed w and drift A # 0, the process with the infinitesimal generator
defined by

L ( )—;i(“b(T )ﬂ)
mof () = 2er q(Tew) dx ¢ @y )

and the initial condition Xy = 0.
The associated process satisfies the stochastic differential equation

dX; = 0u(X1)dB; + e (Xp)dt, (20)
where (B;);>0 is a Brownian motion, the coefficient of diffusion crf,(x) = b(Tyw)/a(Tyw) and

the drift 11, (x) = [2¢*a(T,@)] " & (*b(T ).

Theorem 3.2. Suppose that, for almost every w € {2, the functions 0’02) (x) and 1, (x) are local
Lipschitz. Then, for almost all w € 2, the solution (X;);>0 of (20) satisfies

. 1 . Ekw{xt}
st [ 52050 [ L]

ifa e LP(u)and b=' € LI(u) with p, q € [1, +00] such that 1/p +1/q = 1.

Proof. We consider this theorem for A > 0 and the other case is left to the reader. Fixed w, we
solve two Poisson’s equations on R

LyowhHh =1, £.0)=0
and
Ly.wg. = fi, £.(0)=0

in order to obtain the particular solutions as follows

X
h(Tw) 2 a(Tyw) du dv,  ifx >0
fx) /U=Oe“b<Tuw) ey dude, x>
A X) =

0 v
A .
— \/sz m e 2e “a(Tua)) du dU, ifx <0

and

X v
A .
\/;ZO m o 2e “a(Tua))f;L(u) du dv, if x > 0

0 1 v
_/ Vb(Tyw) / 2ff’kua(Tua))f)»(u) du dv, ifx <O.
v=x v U=—00

The hypotheses a € LP(u) and b~ € L4(u) ensure that for almost all
H,
lim 220 _ f L,
X n b

x—+oo

a(x) =

and
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where H; (w) = 2 f:())o e Ma(T_,w) dt. We then obtain

t—400 +00

X2 X
lim E; , :t—;} =d)? and t_l)im Ei o {Tl} =d(}), (21)

where d(%) = [ [, Hy./b du] ™" Tt follows that

I Erw{X) !
g 2 2] [ s [ 1]

Remark 3.2. From (21) we deduce that for w a.s X;/t converges to d(A) in probability.
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