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Abstract

We consider spatially extended systems of interacting nonlinear Hawkes processes modeling large
systems of neurons placed in R4 and study the associated mean field limits. As the total number of neurons
tends to infinity, we prove that the evolution of a typical neuron, attached to a given spatial position, can be
described by a nonlinear limit differential equation driven by a Poisson random measure. The limit process
is described by a neural field equation. As a consequence, we provide a rigorous derivation of the neural
field equation based on a thorough mean field analysis.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

The aim of this paper is to present a microscopic model describing a large network of spatially
structured interacting neurons, and to study its large population limits. Each neuron is placed in
R?. Its activity is represented by a point process accounting for the successive times at which
the neuron emits an action potential, commonly referred to as a spike. The firing intensity of
a neuron depends on the past history of the neuron. Moreover, this intensity is affected by the
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activity of other neurons in the network. Neurons interact mostly through chemical synapses.
A spike of a pre-synaptic neuron leads to a change in the membrane potential of the post-
synaptic neuron (namely an increase if the synapse is excitatory or a decrease if the synapse
is inhibitory), possibly after some delay. In neurophysiological terms this is called synaptic
integration. Thus, excitatory inputs from the neurons in the network increase the firing intensity,
and inhibitory inputs decrease it. Hawkes processes provide good models for this synaptic
integration mechanism by the structure of their intensity processes, see (1.1). We refer to [8,9,15]
and to [19] for the use of Hawkes processes in neuronal modeling. For an overview of point
processes used as stochastic models for interacting neurons both in discrete and in continuous
time and related issues, see also [12].

In this paper, we study spatially structured systems of interacting Hawkes processes rep-
resenting the time occurrences of action potentials of neurons. Each neuron is characterized
by its spike train, and the whole system is described by the multivariate counting process
z iN)(t), R Z;VN)(I)),Z(). Here, the integer N > 1 stands for the size of the neuronal network and
ZfN)(t) represents the number of spikes of the ith neuron in the network during the time interval
[0, ¢]. This neuron is placed in a position x; € R?, and we assume that the empirical distribution
of the positions ¥ (dx) = N ’125\/:1(% (dx) converges' to some probability measure p(dx)
onR?as N — oo.

The multivariate counting process (ZEN)(t), e, ZEVN)(t)),zo is characterized by its intensity
process (A(lN)(t), cees A%V) (t))¢>0 (informally) defined through the relation

P (ZfN) has a jump in J¢, r + dt]|]-"t) = )»,(»N)(t)dt,

where F;, = a(ZfN) (s), s <t,1 <i < N). We work with a spatially structured network of
neurons in which )LEN)(I) is given by )LEN)(I) = f(Ui(N)(t—)) with

N

1
Ui(N)(t) = e o (x;) + v Z w (x_j, xi)/ e_“("“)dZE.N)(s). (1.1)

o 10,1

Here, f : R — R, is the firing rate function of each neuron and w : R x RY — R is the matrix
of synaptic strengths; for each i, j € {1, ..., N}, the value w(x;, x;) models the influence of
neuron j (located in position x ;) on neuron i (in position x;). The parameter o > 0 is the leakage
rate. Moreover, uo(x;) is the initial input to the membrane potential of neuron i.

Eq. (1.1) has the typical form of the intensity of a multivariate nonlinear Hawkes process,
going back to [16] and [17] who introduced Hawkes processes in a univariate and linear
framework. We refer to [4] for the stability properties of multivariate nonlinear Hawkes
processes, and to [10] and [6] for the study of Hawkes processes in high dimensions.

In this paper, we study the limit behavior of the system (ZiN)(t), o, ZEN)(I)),ZO as N — oo.
Our main result states that — under suitable regularity assumptions on the parameters ug, w
and f — the system can be approximated by a system of inhomogeneous independent Poisson
processes (Zx(t)),zo associated with positions x € R? which can informally be described as
follows. In the limit system, the spatial positions of the neurons are distributed according to the
probability measure p(dx). Given a position x € R4, the law of the attached process (Zx(t))tzo
is the law of an inhomogeneous Poisson process having intensity given by (A(z, x));>o. Here

1 Convergence in the sense of the Wasserstein W,-distance is considered in Scenario (S>) below.
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AL, x) = f(u(t, x)) and u(t, x) solves the scalar neural field equation
du(t, x)
T =l x) + [R WO X @l y)p(y), 12
u(0, x) = up(x).

Such scalar neural field equations (or neural field models) have been studied extensively in the
literature, see e.g. [21,22] and [1]. They constitute an important example of spatially structured
neuronal networks with nonlocal interactions, see [5] for a recent and comprehensive review. Let
us cite a remark made by Paul Bressloff, on page 15 of [5] :

There does not currently exist a multi-scale analysis of conductance-based neural networks
that provides a rigorous derivation of neural field equations, although some progress has been
made in this direction [. .. |. One crucial step in the derivation of neural field equations presented
here was the assumption of slowly varying synaptic currents, which is related to the assumption
that there is not significant coherent activity at the level of individual spikes. This allowed us to
treat the output of a neuron (or population of neurons) as an instantaneous firing rate. A more
rigorous derivation would need to incorporate the mean field analysis of local populations of
stochastic spiking neurons into a larger scale cortical model, and to carry out a systematic form
of coarse graining or homogenization in order to generate a continuum neural field model.

Our model is not a conductance-based neural network. Nevertheless, with the present work,
to the best of our knowledge, we present a first rigorous derivation of the well-known neural field
equation as mean field limit of spatially structured Hawkes processes.

The paper is organized as follows. In Section 2 we introduce the model and provide an
important a priori result, stated in Proposition 3, on the expected number of spikes of a typical
neuron in the finite size system. In Section 3 we present our main results, Theorems | and 2,
on the convergence of spatially extended nonlinear Hawkes processes towards the neural field
equation (1.2). This convergence is expressed in terms of the empirical measure of the spike
counting processes associated with the neurons as well as the empirical measure corresponding
to their position. Therefore, we work with probability measures on the space D([0, T], N) x R?
and a convenient distance defined on this space which is introduced in (3.8). The main ingredient
of our approach is the unique existence of the limit process (or equivalently, of its intensity
process), which is stated in Proposition 5. Once the unique existence of the limit process is
granted, our proof makes use of a suitable coupling technique for jump processes which has
already been applied in [10,6] and [11], together with a control of the Wasserstein distance of
order 2 between the empirical distribution of the positions 11V (dx) and the limit distribution
p(dx).

As a byproduct of these convergence results, we obtain Corollaries 1 and 2, the former
being closely connected to the classical propagation of chaos property and the latter stating the
convergence of the process (U I(N)(t), ey UI(\,N)(t)),EO towards to the solution of the neural field
equation.

In Section 4 are given the main technical estimates we use. Sections 5 and 6 are devoted to
the proofs of our two main results, Theorems | and 2, together with Corollary 2. In Section 7 we
discuss briefly the assumptions that are imposed on the parameters of the model by our approach.
Finally, some auxiliary results are postponed to the Appendix.
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2. General notation, model definition and first results

2.1. General notation

Let (S,d) be a Polish metric space and S be the Borel o-algebra of S. The supremum
norm of any real-valued S-measurable function / defined on S will be denoted by ||A|ls.c0 =
sup,.cs|h(x)|. We will often write ||/1|| instead of ||/2]| s, When there is no risk of ambiguity. For
any real-valued function A(y, x) defined on S x S and x € S, the x-section of / is the function
h* defined on S by h*(y) = h(y, x) for all y € S. Similarly, for any y € S, the y-section of &
is the function £, defined on § by h,(x) = h(y, x) for all x € S. The space of all continuous
functions from (S, d) to (R4, |-]) will be denoted by C(S, R, ). For any measure v on (S, S) and
S-measurable function z : S — R, we shall write (h, v) = f ¢ h(x)v(dx) when convenient. For
any p > 1, we shall write L”(S, v) to denote the space of S-measurable functions 2 : S — R
such that ||| Lr ) = (f [R(x)|Pdv(x)'/P < oco.

For two probability measures vy and v, on (S, S), the Wasserstein distance of order p between
v and v, associated with the metric d is defined as

1/p
Wy(vi,v2) = inf d(x, y)’'rm(dx,dy)|
well(vy,vp) sJs

where  varies over the set II(v, v,) of all probability measures on the product space S x S
with marginals v; and v,. Notice that the Wasserstein distance of order p between v; and v, can
be rewritten as the infimum of E[d(X, Y)?]'/? over all possible couplings (X, Y) of the random
elements X and Y distributed according to v; and v, respectively, i.e.

W,(vy, v2) = inf {E[d(X, Y)"]"? : L(X) = v; and L(Y) = 1, }.
Let Lip(S) denote the space of all real-valued Lipschitz functions on S and

|h(x) — h(y)]
AllLip = sup —————
xF#y d(x, y)
We write Lip(S) to denote the subset of Lip(S) such that ||2]/z;, < 1. When p = 1, the

Kantorovich—Rubinstein duality provides another useful representation for W;(vy, v,), namely

Wi(vi, 1) = sup {/ h(x)(v1 — Vz)(dX)} .
heLipi(SHNLL(S,d|vi—va)) L/S

Furthermore, the value of the supremum above is not changed if we impose the extra condition

that £ is bounded, see e.g. Theorem 1.14 of [20].

2.2. The model and preliminary remarks

Throughout this paper we work on a filtered probability space (§2, F, (F;);>0, Q) which is
rich enough such that all following processes may be defined on it. We consider a system of
interacting nonlinear Hawkes processes which is spatially structured. In the sequel, the integer
N > 1 will denote the number of processes in the system. Each process models the behavior of a
specific neuron. All neurons are associated with a given spatial position belonging to R?. These
spatial positions are denoted by xi, ..., xy. In the following, RY will be equipped with a fixed
norm | - ||. The positions xj, ..., xy are assumed to be fixed in this section (unlike Section 5
where the positions are assumed to be random).
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We now describe the dynamics of the N Hawkes processes associated with these positions.

Definition 1. Let f : R — R, w : R x RY — R and uy : RY — R be measurable
functions and « > 0 be a fixed parameter. A (F;),;>o-adapted multivariate counting process
(ZEN)(I), R ZEN)(t)),Zo defined on (2, F, (Fi)i>0, Q) is said to be a multivariate Hawkes
process with parameters (N, f, w, ug, o), associated with the positions (xy, ..., xy), if

1. Q-almost surely, for all pairs i, j € {l,...,N} with i # j, the counting processes
(Zi(N)(t)),zo and (Z;N)(t)),zo never jump simultaneously.

2. Foreachi € {1,..., N} and ¢t > 0, the compensator of ZEN)(t) is given by fot AEN)(s)ds
where ()LEN)(t)),zo is the non-negative (F;),>o—progressively measurable process defined,
forall 7 > 0, by V(1) = £(UN(1—)) with

N
1 ,
Ui(N)(t) =e Yuy(x;) + v Z w (xj, x,-) / e_o‘(’_“)dZEN)(s). 2.1
j=1 10:1
Remark 1. Notice that for each i € {1, ..., N}, the process (Ui(N)(t))lzo satisfies the following

stochastic differential equation
X
dUi(N)(t) = —an(N)(t)dt + N Z w ()Cj, x,-) dZ;N)(;).
j=1

The functions f : R — R, and w : R x RY — R are called spike rate function and matrix of
synaptic strengths respectively. The parameter « > 0 is called the leakage rate. For each neuron
i € {l,..., N}, up(x;) is interpreted as an initial input to the spike rate of neuron i (its value
depends on the position x; of the neuron).

An alternative definition of multivariate Hawkes processes which will be used later on is the
following.

Definition 2. Let (II;(dz, ds))1<i<n be a sequence of i.i.d. Poisson random measures with inten-
sity measure dsdz on R x R,. A (F;),;>0-adapted multivariate counting process (ZEN)(t), L
Z;VN)(t)),Zo defined on (£2, F, (F;)i>0, Q) is said to be a multivariate Hawkes process with

parameters (N, f, w, ug, o), associated with the positions (xy, ..., xy), if Q-almost surely, for
allr >0andi € {1,..., N},
(N) t oo
2000 = [ [ 1) iy Tz d) @2)

where U} (s) is given in (2.1).

Proposition 1. Definitions 1 and 2 are equivalent.
We refer the reader to Proposition 3 of [10] for a proof of Proposition 1. In what follows we

will work under

Assumption 1. The function f is Lipschitz continuous with Lipschitz norm L ; > 0.

2 Without too much effort, the initial input uo(x;) could be replaced by a random input of the form %21;/:1 Ui j,
where the random variables U; 1, ..., U; y arei.i.d. distributed according to some probability measure v(x;, du) defined
on R?. In the limit N — +o00, we have the correspondence limN%JrooN’1 Z;Ll Ui,j = f uv(x;, du) = uo(x;).
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Assumption 2. The initial condition u is Lipschitz continuous with Lipschitz norm L,,, > 0
and bounded, i.e., ||lugllga o < 0.

Proposition 2. Under Assumption 1, there exists a path-wise unique multivariate Hawkes
process with parameters (N, f, w, up, o) such that t — sup, .,y E(ZEN)(I)) is locally bounded.

The proof of Proposition 2 relies on classical Picard iteration arguments and can be found (in
a more general framework) in Theorem 6 of [10].

The next result provides an upper bound for the expected number of jumps in a finite time
interval [0, T'], for each fixed T > 0, which will be crucial later.

Proposition 3. Under Assumptions 1 and 2, for each N > 1 and T > 0, the following
inequalities hold.

N
1
5 D E[@MT)] = T (0 + Llluollzs o) exp {TL oup s, ||L1<M<~>>} .3
i=l1
and
N 2
E [(ZEN)(T))Z] <exp{ T |1+ 4L§c (Sup ||u)x]. ||L2(M(N))>
= J

z[ =

i=1

X

1

T (f(O) + Lylluollpd ) exp {TL 5 sup [lwy, ||L1<M<N>)} +27Tf(0)°
J

+4L§T||uo||§§dm} , 24)

where p™(dx) = N’IZlNZISX[ (dx) is the empirical distribution associated with the fixed spatial
positions xi,...,xXy € R4,

The proof of Proposition 3 will be given in Appendix A.1.

3. Convergence of spatially extended Hawkes processes

In this section, we present two convergence results for the empirical process of nonlinear
spatially extended Hawkes processes, our main results. We fix a probability measure p(dx) on
(R4, B(R?)); it is the expected limit of the empirical distribution gV Ndx) =N 712,{\,:15)@4 (dx).
The following additional set of assumptions will be required as well.

Assumption 3. The measure p(dx) admits exponential moments, i.e., there exists a parameter
B > 0such that & = [ eIl p(dx) < oc.

Assumption 4. The matrix of synaptic strengths w satisfies the following Lipschitz and
boundedness conditions.
1. There exists a constant L,, > 0 such that for all x, x, y, y € R?,

[w(y, x) = w(', x| = Lu(llx = x| + Iy = "D (3.1

2. There exist x¢ and yo in R? such that ||w(yy, MNgd. 0o < 400 and w(-, x)|lgd o < +00.
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Remark 2. Notice that the vectors xo and yo can be taken as the origin 0¢ in R?. This
follows directly from the Lipschitz continuity of w. Moreover, under Assumption 3, notice that
Assumption 4-2. is equivalent to the fact that the y-sections w, and the x-sections w* of w are
uniformly square integrable with respect to p(dx), i.e.,

sup / lw(y, x)[*p(dx) < oo, (3.2)
yeRd

and
sup / lw(y, x)I*p(dy) < oco. (3.3)
xeRd

In fact, (3.2) and (3.3) are the assumptions that naturally appear through the proofs (see e.g. (5.2)
where we need (3.2), and (4.10) where we need (3.3)).

Proof of the equivalence of Assumption 4-2. with (3.2) and (3.3), under Assumption 3 and
@3.1).

We will only show that ||wyd [|ge o is finite if and only if (3.3) holds, the other case is treated
similarly. Observe that the Lipschitz continuity of w implies that for each x, y € R?,

(max{0, |wea ()] — Ly [lyI}* < [w*()I* <2 (||w0d||§w,w +L, ||y||2) :

As a consequence of the inequality above, it follows that

[wea (X)[? 4w ()]
4 p(B(O’ 2L, ))

< / |w"<y)|2p(dy>sz(nwodugdwﬂi / ||y||2p<dy>),

where for each z € R? and » > 0, B(z, r) is the ball of radius r centered at z. Now, taking the
supremum with respect to x, we deduce that

sup / |w*(y>|2p(dy)52<||w0d||§&d,w+Li / ||y||2p(dy>) (3.4)
xeR
and
lwo I o , o
— PBO wpllpd oo/2Lw) < sup [ W (IFp(y). (3.5)
xeR

Under Assumption 3, we know that [ ||y |2 p(dy) is finite. Therefore, (3.4) shows that ||wga ||]12quoo
< oo implies (3.3). On the other hand, (3.5) shows that (3.3) implies ||u)0d||ﬂzwOO < oo if
p(B(07, |wod lge 0o/2Lw)) > 0. Finally, if p(B(04, wod Re 0o/2Lw)) = 0, then it trivially
holds that ||w0d||]%d.oo < oo since L, > 0 and since p(B(0%, 00)) = 1. O

Let us now introduce, for each T > 0 fixed, the empirical measure

N
1
(N,N)
Pl (dn, dx) = — Z5((Z§N)U))OSST,XI,)(dn,dx). (3.6)
i=l1

This measure PI(OIY;I]V) is a random probability measure on the space D([0, T], N) x RY, where

D([0, T], N) is the space of cadlag functions defined on the interval [0, T'] taking values in
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N. The measure is random since it depends on the realization of the N counting processes
ZMN ., ZW, defined on (12, F, (Fy)i=0. Q).

Under two frameworks described below, our two main results state that P[(OIY%I]V) converges as
N — oo to a deterministic probability measure Pjo 7| defined on the space D([0, 7], N) x R4,
This convergence is stated with respect to a convenient distance between random probability
measures P and P on the space D([0, T], N) x R4 which is introduced now.

For cadlad functions n, & € D([0, T'], N) we consider the distance ds(n, ) defined by

ds(n. §) = ;g{l@ll[o,r],* Vln = E@lo.r1.00} » (3.7

where [ is the set of non-decreasing functions ¢ : [0, T] — [0, T'] satisfying ¢(0) = 0 and
¢(T) = T and where for any function ¢ € I the norm [|¢||[0,77,« is defined as

lollo.r.« = sup log (M) .

O<s<t<T r—s

The metric dg(-, -) is equivalent to the classical Skorokhod distance. More importantly the metric
space (D([0, T], N), dy) is Polish, see for instance [2].

Finally, for any random probability measures P and P on D([0, T, N) x R?, we define the
Kantorovich-Rubinstein like distance between P and P as

der(P Py= s E[lfe. P =P, (3:8)
g€Lipy(D([0,T1xN)xR9)

where we recall that (g, P — P) = ./]Rd fD([o,T],N) g(n, x)(P — f’)(dn, dx). Here the expectation
is taken with respect to the probability measure Q on (2, F, (F;);>0), that is with respect to the
randomness present in the jumps of the process.

Our convergence results are valid under two scenarios.

Definition 3. Consider the two following assumptions:

(S1): | Random spatial distribution.

The positions xi, ..., xy are the realizations of an i.i.d. sequence of
random variables X1, ..., Xy, ..., distributed according to p(dx).
(S2): | Deterministic spatial distribution.

The positions xi, ..., xy are deterministic (depending on p(dx))
such that the sequence of associated empirical measures

wM(dx) = N7'YN (5., (dx) satisties Wa(u™, p) < KN~/
for any d' > d and for all N sufficiently large, for a fixed constant
K > 0.

Remark 3. Under Scenario (S}), the random positions x, ..., xy are interpreted as a random
environment for our dynamics. This random environment is supposed to be independent of the
Poisson random measures I1;(dz, ds), i > 1.

In Scenario (S,), the bound N~!/¢" is reasonable compared to the generic optimal quantization
rate N~1/4 [13, Theorem 6.2]. This bound is used afterwards to control the contribution of the
spatial approximation in our spatial mean field approximation context. The construction of a
sequence satisfying the claimed bound is described in Section 6.
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In Theorems 1 and 2 we will prove that as N — oo,

dKR(P[(o],Vfllv)y Py 1) — 0, (3.9)

almost surely with respect to the random environment under Scenario (Sy).
Let us now discuss briefly the properties that this limit Py 7; should a priori satisfy. First, we
obtain the following integrability property.

Proposition 4. Under Assumptions 1, 2, 4 and either Scenario (S1) or (S,), the limit measure
Pjo. 11 a priori satisfies that

/ / 0 + n71Po.ry(dn, dx) < oo, (3.10)
R4 J D([0,T],N)

Proposition 4 is the limit version of Proposition 3, and its proof is postponed to Appendix A.2.

Let us now precisely define the limit measure Pjo 7). Firstly, consider any real-valued smooth
test function (3, x) — g(n, x) = g(x) defined on D([0, T], N) x R? which does not depend on
the variable 5. Evaluating the integral of g with respect to the probability measure P[(OIY}I]V), and
then letting N — oo, one deduces that the second marginal of Pjg 71 on RY must be equal to the
probability measure p(dx) (since wM(dx) converges to p(dx)).

Since (D([0, T'], N), dy) is Polish, it follows from the Disintegration Theorem that Pjo 1} can
be rewritten as

Pyo,r)(dn, dx) = Py,r)(dn|x)p(dx), (3.11)

where Pjo 71(dn|x) denotes the conditional distribution of P r; given the position x € R?. Here,
x +— Ppo.r(dn|x) is Borel-measurable in the sense that x — Po r(A|x) is Borel-measurable
for any measurable subset A C D([0, T'], N). From a heuristic which is explained below, the
conditional distribution Pjo r1(dn|x) (for each x € Supp(p), the support of p) turns out to be
the law of a inhomogeneous Poisson point process with intensity process (A(¢, x))o<,<7 Where
A=, x),0<t<T,x eR?is solution of the nonlinear equation

At x) = f <e""uo(x)+ / w(y, x) / e =) (s, y)ds,o(dy)). (3.12)
R4 0

The heuristic relies on the following argument: at the limit, we expect that the firing rate at time ¢
of the neurons near location y should be approximately equal to A(¢, ). Taking this into account,
Eq. (3.12) is the limit version of the interaction structure of our system described in Definition 1.
In particular, the empirical mean with respect to the positions, i.e. the integral with respect to
u™(dx), is replaced by an integral with respect to p(dx).

Rewriting (3.10) in terms of the intensities, we obtain moreover that a priori,

[ ([ )

for each fixed T > 0. Existence and uniqueness of solutions for the nonlinear equation (3.12) is
now ensured by

T
—i—/ At x)dti| p(dx) < oo,
0

Proposition 5. Under Assumptions 1, 2 and 4, for any sozlution A of Eq. (3.12) such that
= e fot A, y)dsp(dy) and t +—  [oa (fot A(s,y)ds) o(dy) are locally bounded, the

following assertions hold.
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1. Forany T > 0, 1 € C([0, T] x RY, R, ) and 1A R 0. 77,00 < OO-
2. A is Lipschitz-continuous in the space variable, that is, there exists a positive constant
C = C(f, uo, w, &, |Allj0.71xRd 00> T) sSuch that for all x, y € R? and forallt < T,

|A(t, x) — A, Yl = Clix — yll. (3.13)
Furthermore, if we consider the map F from C([0, T] x R?, R,) to itself defined by

A FONx) = f (e—“uooc) + / w(y, x) / s, y)dsp(dy)),
R4 0

then for any A, . € C([0, T] x RY, R,,), the following inequality holds

IF() — FM)lljo.rpxpd 0 < (1—e*T) o Ly sup w* |1,

xeRd

X (14 = Mo, 71xm c0- (3.14)

The proof of Proposition 5 is postponed to Appendix A.3. The inequality (3.14) together with
a classical fixed point argument imply not only the existence but also the uniqueness of a solution
of Eq. (3.12).

We are now in position to state the two main results of the present paper.

Theorem 1. Under Assumptions 1-4 and Scenario (S)), there exists a positive constant
C = C(T, f, w,up, o, B) and a random variable Ny depending only on the realization of the
random positions X1, ..., Xn, ..., such that for all N > N,

dkr (P[%IY%Z]V)v P[Oﬂ) < C(NT2+ W™, p)). (3.15)

Moreover, if |wllgdyrd o0 < 00, then No = 1 is valid. Furthermore, for any fixed d' > d, it
holds that

1
dkr (P[(OIYfI]V)* P[O,T]> =CN &7 (3.16)

eventually almost surely as N — 00.

Theorem 2. Under Assumptions 1-4 and Scenario (S,), for each T > 0, there exists a positive
constant C = C(T, f, w, ug, o, B) such that for all N € N,

dkr (P[g%]]v)’ P[Oﬂ) < C (N2 4+ Wr(u™, p)). (3.17)
Furthermore, for any fixed d' > 2 Vv d, it holds that
1
dxr (P[g,vij]v)’ P[o,T]) =CN 7 (3.18)
eventually as N — 00.

The proofs of Theorems | and 2 are respectively postponed to Sections 5 and 6. Here are
given two corollaries that are valid under either Scenario (S;) or Scenario (S).

Corollary 1. [. For any bounded functions g, g € Lipy,
NN\ [~ pN.N ~
|E |:<g9 P[(()’T] )> (g» P[(O’T] )>] - <g» P[O,T])(gv P[O,T])‘

< (Iglloe + 12llo0) dick (PO7) Pory) -
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2. Suppose moreover that p admits a C' density, denoted by fo» with respect to the Lebesgue
measure. Then for any 1-Lipschitz bounded functions ¢, ¢ : D([0, T],N) — [—1, 1] and any
x, X € RY such that fo(x) # 0 and f,(x) # O, there exist kernel functions Py(z), Pn(z) with
Py (2) f,(2)dz = 8.(dz) and Py(z) f,(2)dz ~ 8:(dz), as N — oo, such that for

gnv(n, 2) = 9(n) Dn(2) and §n(n, 2) = §() Py (2),

we have

E{{en. PO ) v PO)] = (o, PoriC10) (6, PoriC1). (3.19)

Remark 4. Eq. (3.19) has to be compared to the property of propagation of chaos for standard or
multi-class mean field approximations. Thanks to a suitable spatial scaling, which is contained in
the test functions gy and gy and is explicit in the proof, we find that the activity near position x
is asymptotically independent of the activity near position x. Relating this result with multi-class
propagation of chaos as defined in [14] for instance, let us mention that:

e if x = X, one recovers the chaoticity within a class,
e if x # X, one recovers the chaoticity between two different classes.

The functions @y and ®y are approximations to the identity with spatial scaling N”@. The
optimal scaling obviously depends on the scenario under study. Under Scenario (S;), we need
p(d) < [(4 + d)©2d + 1)]7" whereas (S,) the weaker condition p(d) < [(2 vV d)2d + 1)]™" is
needed (the condition is weaker since the convergence is faster).

Proof of Corollary 1. For any bounded functions g, g € Lip;, we apply the triangle inequality
to obtain the following bound

N,N)\ [~ N,N) ~
‘E [(8’ P ><8» Porr) >] — (8. Po.r){g. P[o,r])‘
< lgloe | E [(&. PO = Por)]| + 2l | E [ (2. P05 = P (3.20)

from which we deduce the first statement.

Next, to construct suitable sequences (gny)ny>1 and (gn)n>1, let us first give some control
for the density f,. Since f, is C',letr > 0, & > 0 and M > 0 be such that for all y in
B(x,r)UB(x,r), fo(y) = ¢ (recall that f,(x) # 0, f,(x) # 0) and |V f,(V]| = M.

Then,let # : R — Rbea mollifier, that is a compactly supported smooth function such that
J ¢(y)dy = 1. Let us define $y and Py by

D(NPD(y — x)) and By (y) = NP BNPD(y — i))’
o) Fo()

where p(d) > 0 gives the spatial scaling of the approximations @y and @y (conditions on
p(d) raising to convergence are given in Remark 4 and proved below). Since & is compactly
supported, there exists R > 0 such that Supp(®) C B(0, R) which in particular implies that
Supp(®y) C B(x, RN—PD) and Supp(®y) C B(x, RN~PD). Until the end of the proof, we
will assume that N is large enough so that RN ~7Y) < r. Furthermore, we have

I Pllso

max (|| Py [loos || Py lloc) < NPD 22 = (3.21)
£

Py(y) = NP

and, by applying the quotient rule,

NPV P DM
Il ||oo+ I 2l i|=,3N~

max (I Sy (), IV &))< N [ 8 E
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We are now in position to define suitable sequences (gy)n>1 and (gn)n>1 by

ev(n, ¥) = o Dn(y) and gn(n, y) = ¢(1) By ().

Obviously, the functions ﬂ;lgN and ,B;lgN belong to Lip; and max(||gn|lco, 18N 1lco) < an-
On the one hand, applying the inequality obtained in the first step to ﬁ]\_,lgN and mlgN, we
deduce that

N\ [ 5 N.N .
)E [<8N, P[((),T] )> <gN, P[((),T] )>] — (gw. Po.r) (8- P[O,T])‘

is upperbounded by 28yandxr <P[(01t]%1|v)7 P|0,T])~
On the other hand, we have

(en. Po.ry) = f E [@(Z)] NPD SNPD(y — x))dy — / E [0(Z,)] 8.(dy).
R R

thanks to the continuity of y +—> E[(p(Zy)], which is a consequence of (4.13) proven below.
Therefore,

(gN, P[O,T]) — <§07 P[O,TJ('|X)) and (gN7 P[O,T]) — (‘Z), P[O,TJ('|)Z)>~
Gathering the steps above, we deduce (3.19) provided that Byandk g ( P[(Ol?' I]V ), P[o,T]) goes to 0,

which holds true if p(d) < [(4 + d)(2d + 1)]~" under Scenario (S;) (apply Theorem 1) or if
p(d) < [(2 Vv d)(2d + 1)]~" under Scenario (S,) (apply Theorem 2). [

We close this section with the following observation. If for each > 0 and x € R4 we call

t
ult, x) = e *up(x) + / w(y, x)/ e UIN(s, y)dsp(dy), (3.22)
Rd 0
then clearly A(z, x) = f(u(¢, x)) and u(z, x) satisfies the scalar neural field equation
du(t, x) _
5 = et )+ [ w0 fate, yotdy) 523

u(0, x) = up(x).
Writing UW 0(t, x;) = Ui(N)(t), where Ui(N)(t) has been defined in (2.1), we obtain the conver-

gence of UM(¢, x;) to the solution u(¢, x) of the neural field equation in the following sense.

Corollary 2. Under the conditions of either Theorem 1 or Theorem 2, we have that

N—o0

T
lim E ( / f UM, x) — u(;,x)|dsz>(dx)> =0, (3.24)
R JO

for any T > 0, where expectation is taken with respect to the randomness present in the jumps
of the process.

The proof of this corollary goes along the lines of the proof of Theorem 1 and Theorem 2, in
Sections 5 and 6.
4. Estimating dg R(P[(OIY;I]V), Py, 1) for fixed positions xq, ..., xy

Assume that the following quantities are given and fixed:

e the number of neurons N,
e the positions of the neurons xi, ..., xy.
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Hereafter the following empirical measures will be used (the first and the last one are just
reminders of (3.6) and (3.11) respectively),

N
1
(N.N) _
P[o,T] (dn,dx) = N Z8((Z§N)(Z))05rST!x’_)(dn, dx),
i=1

= “4.1)
P dn, dx) = Pro.ry(dnlx)un™(dx),
Po,11(dn, dx) = Py r1(dnlx)p(dx).
To estimate dx (P 7| » Pio.77) we shall proceed as follows. We will first show that Pj'7,

and P[(ch‘;fv) are close to each other by using a suitable coupling. The rate of convergence of
such a coupling is a balance between the variance coming from the N particles and the bias
induced by the replacement of p(dx) by u™(dx). Next, it will be shown that the dy -distance
between P[(choT’fv ) and Py 71 is controlled in terms of the Wasserstein distance between 1™ (dx)
and p(dx).

4.1. Estimating the dg g-distance between P[(OIY;]V) and P[(OO’OT’]N )

The aim of this subsection is to upper-bound dKR(P[(ON%[]V), P[(()‘TOT’]]V)) when the positions

X1, ..., xy € R? are fixed.

Theorem 3. Under Assumptions 1, 2 and 4, for each N in N and T > 0 there exists a constant
C =C(a, f,w, T, ug) > 0 such that for a fixed choice x, ..., xy € R4 of positions,

T
der (PO, P[(()O,OT’]N)>+E< A fo |U<N>(r,x>—u(r,x)|dm<N>(dx>>

T 2 1/2
<CN'? (f (/ A(t,x)dt) M(N)(dx)>
R4 0

+ (sup llwy; 122 (.v) €Xp (sup IIjoI|L1<M<N))T> + 1)
J J

T 1/2
X (/ / A(l,x)dtM(N)(dx)>
RY JO

+ CWr(u™, p)exp (sup llwy, IILI(,,<N>)T) . 4.2)
J

Proof. Fix a test function g € Lip, and observe that by definition

1 N
v [g (@ Oerer.x) = [ g 0rn) P[O,T](d77|xi)]‘ :
i=1

We will introduce in Eq. (4.5) a suitable coupling between the processes (Zi(N)(t))Oer]', i =
1,..., N and the processes (Z;(t))o<:<r, i > 1, the latter being independent and distributed
according to Py 7j(dnl|x;). In particular, we can decompose the equation above as

WN.N) _ pom\| _
e P = 53" =
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(N.N) _ p(co.N)
. R = )| =

% Z [8 ((ZfN)(t))OS,ST, xi) — 8 ((Zi)ozi=r. xi)]‘

i=1

1 N
+ Z[ ((ZitDozi<r xi) — / g(n,xi)P[o,mdmxi)} < AN(T) + BN(T),
i=1
with
1 N
N - Ny _ 7.
A = 3 s |20 Z)|

N
BN(T) = ‘% > Gi - EIG/|.
i=1

where G; = g ((Zi ®))o<i<T, xi) foreachi € {1,..., N}. To obtain the upper bound A¥(T) we
have used the 1-Lipschitz continuity of g and the inequality ds(n, §) < sup,.r|n(t)—&(¢)| which
is valid for all n, & € D([0, T], N).

Thus it suffices to obtain upper bounds for the expected values of AY(T) and B (T). We start
studying BN (T'). By the Cauchy—Schwarz inequality and the independence of the Z;’s, it follows
that

| N 172
E[BN(Tns[ﬁZVar[Gf]} :
i=1

so that we only need to control the variance of each G;. Now, let (Z,-(t))of,g be an independent
copy of (Zi(t))of,ST and set G[ =g ((Zi(t))of,ST, x,-). In what follows, the expectation E is
taken with respect to G;. Thus, by applying Jensen’s inequality we deduce that

Var(Gy) = E [(G — EIGi)’] = E [[E(Gi - G,»)ﬂ < E|E[@Gi- 6.

Then, since dg(7, S) < supg,7In(t) — &(@)| for all n,& € D([0, T], N) and both processes
(Z; (t))o<i<r and (Z (t))o<:<r are increasing, the 1-Lipschitz continuity of g implies that

|G; — Gi| < sup |Zi(t) — Zi(t)| < Zi(T) + Z«(T).
0<t<T

Therefore, by applying once more Jensen’s inequality we obtain that

B [(G,» _ G,»)z] <2F [(Z,-(T)2 + Z,-(T)Z)] =2(Z(T)* + E[Z«T)*]).
Collecting all the estimates we then conclude that

Var(G;) < 4E[Z,(T)*].

Now, noticing that Z:(T) is a Poisson random variable with rate fOT A, x;)dt,

2

T T
E[Z(TY] = Va(Zi(T)) + (EIZi(T)))? =/ A, x;)dt + </ A(t,xi)dt) .
0 0
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Hence, we have just shown that

T
E[BN(T)] < 2N~/2 [f / At x)dt ™ (dx)
R4 Jo

T
+/ (/ A(t,x)dt)
R4 0

Since clearly (u + )2 < ul/2 4 v1/2 for all u, v > 0, it follows that

2
M(N)(dx)i| 12

T 1/2
E[BY(T)] <2N~'/? (/ / k(t,x)dtM(N)(dx))
R4 Jo

T 2 1/2
+< / < f A(t,x)dt) ,u(N)(dx)) ) 4.3)
R \JO

We shall next deal with AN(T'). Let us now introduce the coupling we consider here. Let

(I;(dz, ds))i>1 be a sequence of i.i.d. Poisson random measures with intensity measure dsdz
on R, x R,. By Proposition 1 the process (ZfN)(t)),zo,izl y defined for each + > 0 and

ie{l,...,N}by

t o0
ZM() = / / 1 o\ Iidz ds), (44
o Jo {zsf(e*“"uo(x,-)Jr% S w(xgoxi) f§ emeazs )<h>>}

is also a multivariate nonlinear Hawkes process with parameters (N, f, w, ug, o), and the

processes (Z; (t))i>0,i=1....n defined foreachi € {I,..., N}and ¢ > 0 as

.....

t o0
7.(0) = / / 1 Ti(dz, ds), 4.5)
0 Jo {fo<€7asllo(xi)+fRd w(y.xi) f§ e*a“'*’wh.,y)dhp(dy))}

are independent and such that (Z,«(t)),zo is distributed according to P(-|x;) for each i €

{1, ..., N}. Now, for each i and ¢ > 0, let us define the following quantity

AN = / d(ZM(s) = Zi())I.
0

Using successively that f is Lipschitz and the triangle inequality we deduce that

IA

T
E[AM(T)] LfE</ |U<N>(s,x,»>—u<s,x,->lds)
0

Ly (FVm + 6™ @)+ 1), (4.6)
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where UM (s, x;) := U™ (s), with U™ (s) as in (2.1), and

e o _
FN(T) =E / ﬁZw Xj, Xi / e~ t=s) I:dZE»N)(S)—de(s)] arl |
0 j=1 [0,¢[
oo, o _
GEN)(T) = F / N w xj, X; / o= [de(S) — A(s, xj)ds] dt| |,
0 j=1 [0,¢[
N
) — ! —Dt([ s)
H;7(T) = / / ZW(XJ',X[))\,(S,XJ‘)
0 [0,¢] J 1
- /d w(y,xi))»(&y)p(dy)]dsdt )
R

Notice that since e *¢~ < 1 for 0 < h < s, we have

FT) < Dw(x,,x ) f (AW (s)ds

which in turn implies that

N

1

2 E ) = sup g0 / § £ 0. @)
i=1

Now, write W;(t) := w (xj-, x;) flo i e""(”s)dzj (s). By the triangle inequality, we have

T N
GM(T) < E / % > W) — EIW;(1)]| dt
0 =1

Then the Cauchy—Schwarz inequality and the independence of the W;’s implies that
1/2
N

Gf.N)(T)g/ Z Var(W;(1)) | dt.
0

Now, Var(W;(1)) = w(x;, x)? for e~ 2= (s, x;j)ds, whence

N N N 12

1 2 : (N) "1 } : ! 2: 2 ' —20(t—s)

N Gi (T) < /(; N ﬁ ’l,U()Cj, X;) A 4 A(s, )Cj)dS drt.
i=1 i=1 J=1

Applying Jensen’s inequality twice, the right-hand side of the inequality above can be upper-
bounded by

1/2

sup ||wxj~||L2(M(N)) T N2 Z/ / —2a(— Y))L(s xj)dsdt
J
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Since [ [y e 2095 (s, x))dsdt = [ a(t,x))2a)M(1 — e 2T D)dr < T [ A(s, x;)dt
(recall that 1 — e™¥ < v for all v > 0), we deduce that

N T 1/2

1

N E GEN)(T)Ssup ||U)xj||L2(H(N))T(/ / A(l,x)dtM(N)(dx)) N2
el j RY JO

Finally we shall deal with Hi(N)(T). Proceeding similarly as above, we have

T t
/ / e—ot(t—s)
0 0
T
T / / wly, x0re, ) [ V) - p(dy>]‘ ar,
0 R

and therefore it follows that

Hi(N)(T)

A

/1; LWL XA, ) [N (dy) — p(dy)] ‘ dsdt

IA

N

DI fo
— H: H<T
Ny H =T | |

i=1

/R e, e, ) [1dy) - p(dy)]‘ uM(dxydr,

Thus, defining §(1) = N~! Z,N=1 E[A;(t)] and then gathering the steps above gives
T 1/2
8T)<T (sup lwa; 120, ( / / At x)dm<N>(dx)> N~2
j RY JO

[ L.

T
+ sup ||wx_,~||Ll(u(N))/ 5(t)dt> .
J 0

fR e, 2200, ) [ dy) - p(dy>]‘ WN(dx)di

Now, Gronwall’s lemma implies

T 12
6(T>sT(sup||wx,~||Lz<mN>>(f / A(t,x>dm<N>(dx)> N2
j RY JO

[ L.

exp (sup l|wy; ||L1(M(N))T) . 4.8)
J

/1; w220, ) [1dy) - p(dy>]’ w”)(dx)dt)

To deduce (4.2), it suffices to observe that E[AY(T)] < 8(T) and the following control proven
below: there exists a constant C = C(«, f, w, T, up) > 0 such that

[

Indeed, let (f) , f{, f’) be a probability space on which are defined random variables YI(N) and
YZ(N) such that their joint law under P is the optimal coupling achieving the Wasserstein distance

nMdx)dt < CWr(u™, p). 4.9)

fR W DA ) (1™ (dy) — p(dy)]
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Wa(u™), p) of order 2 between ™) and p. Then for all # < T, using Holder’s inequality,

/ W, 0ME Y) [N (dy) — p(dy>]‘
R
_ ‘E(w(Yl(N), M YY) = w@ ™ oad, Y5N>))(
< I lo.71xred 0 EQuYM, 1) — w(rs™, )
- 2\ 1/2
w2 (B, Yy = e, v90)) (+.10)
By Assumption 4,
EQquy(™, x) —w@™, 0l < LuEQYY — ¥V < L, Wa(u™, p).
Moreover, using (3.13),
- 2\ 1/2
(Eane v =2 D)) = e, p),

implying (4.9). Finally, observe that together with (4.6), we obtain the same control for
E (Jy ;10 2) = ut, x>|dm<N>(dx>§ . O
4.2. Estimating the dg g-distance between P[((;OT‘]N ) and Py, 1

In this subsection we give an upper bound for dg R(P[E;%V ), Pjo, 1) in terms of the Wasserstein
distance between the empirical distribution ™ )(dx) and the limit measure p(dx).

Proposition 6. Grant Assumptions 1-4. For each N > 1 and T > 0, there exists a positive

constant C = C(f, ug, w, a, T) such that for any choice of xi,...,xy € RY the following
inequality holds
dir (PGS Pory) = CWa™, p), (*.11)

where Wi(u™N, p) is the Wasserstein distance between u™(dx) and p(dx) associated with the
metric d(x, y) = ||x — y|| for x, y € R?.

Proof. Notice that for deterministic probability measures P and P which are defined on
D([0, T1, N) x R4, the distance dx g (P, f’) reduces to

dix (P, ﬁ) -  sup <g, P— ﬁ). (4.12)

geLipy,llglloo<oo

Now, fix a test function g € Lip,. We take any coupling W™ )(dx, dy) of u'"(dx) and p(dy).
Given x and y in R?, we use the canonical coupling of Z,(¢) and Z,(¢). That is, we pose

t o0
Z.(t) = / / 1 1l(dz, ds),
o Jo {z§f<e*‘“uo(X)+fRd w(y.x) [y e*“(“”)k(h,y)dhp(dy)) }

and

t [ee]
Z,(t) = / / 1 II(dz,ds),
0o Jo {zsf (e—wuo<y>+fRd w3 fo e—““—“)x(h,y/)dhp(dy’)) }
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where we use the same Poisson random measure I1(dz, ds) for the construction of Z.(t) and of
Z,(t). Then

(s PG — P E(/ 0V - [ g(Zym,y)p(dy))
R4 R4

=E / [ [8(Zx(@). x) = g(Zy(0), N] WM (dx, dy),
Rd JRA
since u™(R?) = p(RY) = 1. By the Lipschitz continuity of g,

(e 251" = Pon)| = £ [] [4sZi0nerer. Zomnerer) + 1 = 1]
x WN(dx, dy).

Yet, as a consequence of the canonical coupling, it follows that

E[ds(Z., Z,)]

IA

T
E [Suplzx(f) - Zy(t)|:| S/ |A(r, x) — A(t, y)ldt
0

[0,T]
CTlx —yl, (4.13)

where we used (3.13). Finally, the assertion follows from the definition of W;. [

IA

Before going to the proofs of Theorems 1 and 2, let us sum up the results obtained above and
then present the scheme of the remaining proofs.

Remark 5. Combining Theorem 3 and Proposition 6 together with the inequalities W;(u™, p)
< Wau™, p) and || - |l 10y < Il - lz2¢.m) it follows that to conclude the proofs of the
theorems it suffices to control as N — +00:

1- the Wasserstein distance W(u'"), p); 2- the supremum sup; | W, | 1200y

To treat the second point of the remark above, we use the following technical lemma in order
to use (3.2).

Lemma 1. Grant Assumption 4. Let u, p be two probability measures. Assume that p satisfies
Assumption 3 and that | is supported in B(0?, r) for some r > 0. Then, for any B’ < B, there
exists a constant C = C(w, 8, B’) such that

sup {[lwy 175, — ||wy||iz(p)‘ < C(1+7) Wi, p) + CEe™". (4.14)

lIyll=r

Proof. The proof is based on a truncation argument. Let us define the auxiliary measure p,(dx)
by

pr(dx) = pdx) L gu () + (1 = p(BO7, 1)) Sa (d), (.15)

which is the truncated version of p(dx) to which we add a Dirac mass at 07.
The Lipschitz continuity of w implies that for any y, x,z € B 4, r),

[w3(x) — wi@)| < Co(l +r)llx — 2],

that is, x € B(0¢, r) (wy (x))? is Lipschitz with explicit constant, where the positive constant
C,, depends only on w(0, 0) and L,,. We hence deduce that for all y € B(0¢, r),

lwy Iz, — ||wy||iz(,),)‘ / |y (0d(i = p)(x)| < Cu(l+1IWii, pr),
B(0%,r)
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thanks to the Kantorovich—Rubinstein duality. By the triangle inequality it follows then

}nwyuizw) - ||wy||iz(p,_)\ < Co(1+ 1) (Wi(i, p) + Wi(p, p,).

By the canonical coupling, we have

Wilp, pr) < [ llxllo(dx).

lxlI>r
Now, since for any B’ < g, there exists a constant C > 0 depending only on 8 and g’
such that ||x|e? X1 < Cefl¥l we infer that Sisior IXlp(dx) < CEge#" which implies that
Wi(p, p,) < CEge 7.
Now, with M, = |w(0, 0)| + L,r, we have for any y € B(0%, r),

lwylZ2q,) = Ilwylliz@)\ = /”X”>r (M, + LylIxID*p(dx) + (1 = p(BO, r))) M}
< 2L, / Ix[1*p(dx) +3 (1 — p(B(O, r))) M.
llxli>r

On the one hand, for any 8’ < 8, f”x”>r lx]2p(dx) < foH>r x|I2e? 121 p(dx)e P and
there exists a constant C that only depends on 8 and B’ such that ||x||2e/3/”)‘H < CePl¥l,
Hence flle>r Ix[20(dx) < CEge=". On the other hand, 1 — p(B(0%,r)) = fo||>r pldx) <
é};e’ﬁ’. The same argument applies and gives the existence of a constant C such that
(1 — p(B(0?, r))) M ,2 <C Eﬁe’ﬂlr. Finally, (4.14) follows from triangular inequality. [J

5. Proof of Theorem 1

In this section we give the proof of Theorem | using the estimates obtained in the previous
section. We work under the additional assumption that the positions xi, ..., xy are realizations
of i.i.d. random variables X1, ..., Xy, distributed according to p.

On the one hand, to control the Wasserstein distance, Theorem 1.6 Item (i) of [3] gives that
for any fixed d’ > d there exist constants K and Ny depending only on d, B and &g such that

P(Wy(u™, p) > &) < e KN,

forany 0 < ¢ < 1 and N > Npmax{l, e~#t9)}. As a consequence, for any fixed d’ > d it
T
follows that if ey = O(N ™ 4+d") then

o0
> PWau™, p) > ex) < oo,
N=1

so that Borel-Cantelli’s lemma implies
1
Wa(u™, p) < CN™ 57 5.1

eventually almost surely.

On the other hand, define Ry = N7 where the constant y > 0 will be specified later
and observe that by Markov’s inequality, P (UY, {|IX;|| > Ry}) < NP(|Xil| > Ry) <
Ege PRVI=0))  Ag a consequence, Yy, P (U, {|X;|| > Ry}) < oo and by Borel-Cantelli’s
lemma we deduce that for almost all realizations X, X5, ... there exists a Ny depending on that
realization such that for all N > Ny, u™) is supported in B(0¢, Ry).



J. Chevallier et al. / Stochastic Processes and their Applications 129 (2019) 1-27 21
Takingd' =d + 1,0 < y < 1/(10 + 2d) and applying Lemma 1 gives that almost surely,
sup [y 122,00, = 1125, | —> 0,
Iyl <Ry ) @ N—oo
and in particular,

limsup sup [w,; ||L2( wy = sup/ (w,(x))*p(dx) < o0. (5.2)
N—oo 1<j<N d

Finally, the first two assertions of Theorem 1 follow immediately from (4.2) and (4.11)

combined with (5.2) — or sup;[|wy, ;2,0 = |lwle in case w is bounded; (3.16) is a
consequence of (5.1).

6. Proof of Theorem 2

In this section we give the proof of Theorem 2 using the estimates obtained in Section 4.
The main issue here is to construct a sequence of empirical distributions 1Y) for which the
Wasserstein distance Wo(u™’, p) is controlled.

We first use a truncation argument to reduce to the case where p is compactly supported. Let
r > 0 be a truncation level to be chosen later. Let us define the measure p, by

pr(dx) = p(dx)Lga (x) + (1 — p(BO?, r))) 8pa(dx).
By the canonical coupling, we have

Wio.p = [ IniPpc
Yet, if r is large enough,

A ” Ix)1?p(dx) < /” H P p(dx)yrte?r,

hence, by Assumption 3, there exists 8 > 0 such that
Wa(p. pr) < Eprie ™ < 4o0. (6.1)

Let us now describe how we construct an empirical distribution made of N points adapted to
any probability measure p, supported in B(0¢, r). For simplicity of our construction, we assume
that R is endowed with the distance induced by the £*° norm.

The construction is iterative, so we first explain how each step works. Let v be a measure
having support in the cube B(0¢, r) = [—r, r]¢ and denote by |v| > 1/N its mass. Let us prove
that

there exists a cube C with v(C) > 1/N and radius less than r
LD ) < 2r(N w4 62)

Assume that the v-mass of any cube of radius equal to r | (N |v])/¢] - is less than 1/N. There
exists a covering of the cube [—r, r]? into | (N |v D] disjoint smaller cubes, each one of radius
equal to 7 [ (N|v])"/¢]~". This implies

vl < LN N < (VDN = )

yielding a contradiction. Then, treat separately the cases (N|v])!/¢ > 2 and (N|v])'/? < 2 to
prove ;"L(N|1)|)1/”IJ_1 <2r(N|v|)~1.
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Applying the iterative step above to the probability measure p, gives the existence of a cube
Cy such that p,(Cy) > 1/N and Diam(Cy) < 4rN~'/4_ Then, we define the measure
—1

pr(Cn)

Its mass is 1/N. Applying the iterative step to g, = p, — p/ (its mass is (N — 1)/N) gives a
cube Cn_1 such that o,(Cy_1) > 1/N and Diam(Cy_1) < 4r(N — 1)~ 1/d Similarly we define

N

P = pr Cn-

pN-1 = Pr(C—Nl)prICN ,- In brief, applying N times the iterative step gives a sequence of cubes
Cq, ..., Cy and associated measures ,0,, R ,0, such that for all k,

Diam(Cy) < 4rk="4,

,of is a measure of mass 1/N supported in Cy, and p, = Z,ivzlpf.
For each k, let x; denote the center of Cy and let u™) = N _'Z,](V:léxk denote the associated
emlgirical distribution. To control W,(u™), p,), we use the canonical coupling 7 (dx, dy) =
1 (N7'8,) ® pf. Hence,

Wau ™), p)? < N- 12 L, [ b= siaanptay

<N~ 1ZDlam(ck)2 < 16r’N~ IZk 2.
k=1 k=1
Ifd =1, then Y, 20k ~%4 = 7%/6 so Wo(u™, p,)* < g1(r, N) := (4*r/6)N~'2. If d > 2, by
Holder’s inequality,’

N N 2/d 2/d
Zkfz/d < (Zk1> N2 < N(l +lnN> /
k=1 k=1 N

so that
1+InN\"?
T) . (6.3)

We now chose a truncation level that depends on N, namely ry = N? for some ¢ > O.
Combining (6.1) and the results above with the triangular inequality, we have, for N large
enough,

WZ(M(N)v lor) S gd(rv N) = 4r<

Wa(u™, p) < CN*e™ N + g4(N*, N). (6.4)
Hence, for any d’ > 2 Vv d, there exist K, Ny such that for all N > Ny,
Wa(u™, p) < KN~V (6.5)
Takingd’ =d + 2,0 < ¢ < 1/(d + 2) and applying Lemma 1 gives that
2
S — 0,
H»IIu<F:N ||w ”LZ(M(N)) ”wy”LZ(p)‘ N oo
and in particular,
limsup sup w2, v, < sup / wA(0p(d) < +oo. 6.6)
N—oo 1<j<N ye R4

3 This is not optimal (see [7] for a refined version of this quantization argument).
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Finally, the first assertion of Theorem 2 follows immediately from (4.2) and (4.11) combined
with (6.6); (3.18) is a consequence of (6.5).

Proof of Corollary 2. Corollary 2 follows under both scenarios from (4.2) in Theorem 3,
together with the arguments used to conclude the proofs of Theorems 1 and 2. [J

7. Final discussion

In the previous sections, some technical assumptions have been imposed regarding the
parameters of our model. These parameters are: the spike rate function f, the initial condition
uo and the matrix of synaptic strengths w. Here, we discuss these assumptions with respect to
standard choices appearing e.g. in [5].

There are three main choices for the function f: a sigmoid-like function, a piecewise linear
function or a Heaviside function (see page 6 of [5]). The first two choices obviously fit our
Lipschitz condition (Assumption 1). A Heaviside function does of course not satisfy the Lipschitz
condition. However, a Heaviside nonlinearity is less realistic and is mainly studied for purely
mathematical reasons (to obtain explicit computations).

A typical choice for the function u is a Gaussian kernel (see page 38 of [5]). It can describe
an initial bump of the neural activity at some location of the cortex.

Usually, a (homogeneity) simplification is made concerning the function w: w(y, x) is
assumed to depend on ||x — y|| only. Under this simplification, a common choice is the so-called
Mexican hat function (see page 41 of [5]). Nevertheless, inhomogeneous neural fields where the
previous simplification is dropped are also studied (see section 3.5 of [5] for instance). As a
consequence of the modeling used in the present article, the interaction strength felt by neurons
at position x coming from neurons in the vicinity dy of y is given by w(y, x)p(dy). Hence,
inhomogeneity in neural networks can be considered in two ways:

e with an inhomogeneous matrix w (whereas the limit spatial distribution p is homoge-
neous),
e with an homogeneous w but an inhomogeneous distribution p.

Let us discuss the spatial distribution p. Two standard choices are a uniform distribution over
a bounded set (see [18]), or a finite sum of Dirac masses (in that case, the present paper is highly
related to [11]). In these cases, p is compactly supported and therefore satisfies Assumption 3.
For unbounded domains, a typical choice is a Gaussian distribution satisfying Assumption 3
as well. Finally, let us notice that uniform distributions over unbounded domains (such as the
Lebesgue measure on R?) are also considered for the study of the neural field equation. Such a
model (which cannot correspond to a probability distribution on the positions) does not fit our
assumptions and therefore cannot be obtained as the limit of a microscopic description following
our approach.

Finally, the rate of convergence obtained in the present paper depends on the modeling
scenario: the positions of the neurons are random or they are deterministic. Notice that our

1
approach gives better rates of convergence in the deterministic framework (rate in N~ 2v@’ for
N

any d’ > d) than in the random one (rate in N 4+ for any d’ > d).
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Appendix. Remaining mathematical proofs

A.l. Proof of Proposition 3

Using the inequality f(u) < Lylu| + f(0) valid for all # € R (which follows from the
Lipschitz continuity of f), we have that foreach 1 <i < N,

M) < fO)+ Ly [ e uo(e)| + — le(x,,x,)lf e azMs) . (A
j=1

Thus, using that e=*¢~) < 1 for all 0 < s < ¢, we obtain that
Lo
E[V0)] = 70+ Ly | lnoli + 5 Yol x)IE | 2V0)]
Jj=1
Then, denoting B(r) = N’lzfvzlE [Z;N)(t)] for each ¢t > 0, it follows that
BT = Z / BRGIE

T
T <f(0) + Ly /R dluo(x)lﬂ(N)(dx)> + Ly sup [lwy; ll11m) / Podr. (A2)
J

A

Proposition 2 implies that r +— () is locally bounded so that the first inequality stated in
Proposition 3 follows from Gronwall’s inequality. We now turn to the control of the second
moment of ZfN)(t). We first work with the stopped processes ZEN)(~ A Tk), where tg = inf{t >
0: ZiNlel{N)(t) > K}, for some fixed truncation level K > 0. By Itd’s formula,
INTK
E [(Z}M(t A z,())z] —E [Zi(N)(t A z,()] +2F [ f z}m(s)xgm(s)ds]
0
t t
<E [Z§N>(t)] n / E [(Z§N>(s A IK))Z] ds + / E [(xﬁN)(s))z] ds
0 0

(A.1) implies that
L&
M OP <270 +4L5 | luoCa)? + - 3 lwley P12 0F
=1
Denoting yk (t) = N"vazl E [(ZEN)(t A rK))z] for each ¢ > 0, it follows that

T
yr(T) < B(T) + /0 yk(s)ds + 2T £(0)* +

2
T
4L5T / d|u0(x)|zM<N>(dx)+4L§<sup||wxj||Lz(H<N))> / ve(s)ds.  (A.3)
R J 0
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This implies, applying once more Gronwall’s inequality, that

N 2
1
N Z E [(Z;N)(T A rK))Z] <expiT |1+ 4L§n (Sljl'p llwy; ”LZ(M(N)))
i=1

X |:T (f(O)+ Lyllugllo) exp {TLf sup f|wy; ||L1(N<N))} +2Tf(0)* + 4L§T||u0||§o] )
J
We now obtain the result by letting K — oo.
A.2. Proof of Proposition 4

Taking the test function g(n, x) := nr which belongs to Lip;, we obtain first for any N,

/ f g(mPo,r\(dn, dx) < dxr(PY7)", Por)
R4 J DRy .N) '

+E( / / g(n)P[((f}]]V)(dn,dx)>,
R J DR+ ,N)

and then, letting N — oo and using (3.9),

/ / g(n)P[o,r](dn,dx)ElimsupE</ / g(n)P[(oI,Vf[]V)(dn,dx))-
R4 J DR ,N) N—o0 R J D(R4,N)
Yet

N
. . 1 N)
limsup E (/ / g(n)P(N’N)(dn, dx)) = limsup — E[Z§ (T)] < 0
R?J DRy.N) (0.7] N Z

N—o00 N—o00 i=1

by Proposition 3 together with (5.2) or (6.6) (depending on the chosen scenario).
To prove the second assertion, fix a truncation level K > 0 and let ¢ : Ry — R, be a
smooth bounded function such that @k (x) = x? for all x < K, dx(x) < x? for all x > 0 and

such that || Pk || .ip == supx#},ww < 4K. Put then g(n) = # Pk (nr), by construction,

/|
this function belongs to Lip;. As be‘ryore, we obtain that

f f g(nPo.ry(dn, dx) < limsup E ( f f g Py (dn, dx)) :
R4 J DR+ ,N) N—o00 RY J DR4,N)
which implies, multiplying g(n) by 4K, that

/ / ¢K<nT>P[o,T]<dn,dx>slimsupE( / / n%Pﬁ,’Y;ﬁ”(dmdx)),
R4 J D[R4 ,N) N—oo RY J DR4,N)

where we have used that @ (x) < x2 to obtain the rhs which does not depend on K any more.
As in the first step of the proof, the rhs of the above inequality is finite, thanks to Proposition 3
together with (5.2) or (6.6) (depending on the chosen scenario). Therefore, letting now K — oo
in the lhs of the above equation, the assertion follows.

A.3. Proof of Proposition 5
Using the inequality f(u) < L¢|u| + f(0) valid for all u € R, one gets foreach0 <t < T,

AMt,x) < f(0)+ Ly |:e_°”|uo(x)|+ /R d|w(y,x)| / e_“(’_s)k(s,y)dsp(dy)]
0
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We use that e **~) < 1 forall 0 < s < ¢, that ug is bounded and apply Hélder’s inequality to
the last term (with respect to p(dy)) to obtain the upper bound
2

M, x) < f(0)+ Lylluolloo + Lsllw*ll 12, fRd (fo A(s,y)ds) p(dy).

Since t — fRd(fO' (s, y)ds)?p(dy) is locally bounded by assumption and since by Assumption 4
together with Remark 2, x +— [|w*||2(,) is bounded, one obtains from the inequality above that
Az, x) is bounded on [0, T'] x R?, for any fixed T > 0.

We now prove the continuity of the function A(#, x). To that end, take ¢,+ € [0, T] with
t <t < T andx,yinR? On the one hand, by using successively the Lipschitz continuity of f,
the triangle inequality and the boundedness of u(, we deduce that

At x) = A(t', )| < Lylluollcle™" —e™" |

t/
+Ly f Jw(y, ) f le™ =) — == (s, y)dsp(dy)
R4 0

t/
+Ly / lw(y, x)| f e U=9)(s, y)dsp(dy).
R4 t

Write | Allj0.7)xR4 00 = SUPycrd <7 A(f, X) Which is bounded thanks to the first step of the proof.
It follows from the inequality above that

|A(t, x) = A(t', 0)| < aLyullooh + Lf”wx”Ll(p)”)"”[O,TJde,oo
ah —ah (eah _ 1)
@ =11 —-e ")+ v (A4)

On the other hand, the Lipschitz continuity of f implies that
A, x) = A, 9| < Lpe™ lug(x) = uo(y)|

!

t
+Ly / e / M, Dz, 1) — wiz, y)ldsp(dz).
0 R

Thus, using the Lipschitz-continuity of ug, the Lipschitz-continuity of w and the boundedness
of A, we deduce from the inequality above that

1) = 2 ] = Ly (€7 Lug + 30 ryume ol =" L) e =yl (A5)

Inequality (A.5) proves (3.13) and, together with (A.4), proves the continuity of A.
Therefore it remains to establish (3.14). For that sake, observe that the Lipschitz continuity of
f implies that

|F(A)(t, x) — F(i)([, x)| < Lf/ lw(y, x)| / o 1=s)
R4 0
whence

t
[F)(, x) = FO)(@, )] < Lyllw 114 — ?»Il[o,r]de,oo/O e s,

M8 ) = A5, )| dsp(dy),

which implies the result.
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