SPA: 3305 Model 1 pp. 1-35 (col. fig: NIL)

Available online at www.sciencedirect.com

. . stochastic
ScienceDirect processes
and their
. applications
ELSEVIER Stochastic Processes and their Applications Xx (XXXX) XXX—XXX S —————

www.elsevier.com/locate/spa

Stochastic and partial differential equations on
non-smooth time-dependent domains

Niklas L.P. Lundstrom®, Thomas Onskog"*

& Department of Mathematics and Mathematical Statistics, Umed University, SE-901 87 Umed, Sweden
b Department of Mathematics, Royal Institute of Technology (KTH), SE-100 44 Stockholm, Sweden

Received 20 February 2017; received in revised form 30 January 2018; accepted 9 April 2018
Available online xxxx

Abstract

In this article, we consider non-smooth time-dependent domains whose boundary is WP in time and
single-valued, smoothly varying directions of reflection at the boundary. In this setting, we first prove
existence and uniqueness of strong solutions to stochastic differential equations with oblique reflection.
Secondly, we prove, using the theory of viscosity solutions, a comparison principle for fully nonlinear
second-order parabolic partial differential equations with oblique derivative boundary conditions. As a
consequence, we obtain uniqueness, and, by barrier construction and Perron’s method, we also conclude
existence of viscosity solutions. Our results generalize two articles by Dupuis and Ishii to time-dependent
domains.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

In this article we establish existence and uniqueness of strong solutions to stochastic
differential equations (SDE) with single-valued, smoothly varying oblique reflection at the
boundary of a bounded, non-smooth time-dependent domain whose boundary is YW in time.
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In the same geometric setting, we also prove a comparison principle, uniqueness and existence
of viscosity solutions to partial differential equations (PDE) with oblique derivative boundary
conditions.

In the SDE case, our approach is based on the Skorohod problem, which, in the form studied
in this article, was first described by Tanaka [25]. Tanaka established existence and uniqueness of
solutions to the Skorohod problem in convex domains with normal reflection. These results were
subsequently substantially generalized by, in particular, Lions and Sznitman [20] and Saisho [24].
To the authors’ knowledge, the most general results on strong solutions to reflected SDEs in
time-independent domains based on the Skorohod problem are those established by Dupuis and
Ishii [14]. The aim here is to generalize the SDE results mentioned above, in particular those of
Case 1 in [14], to the setting of time-dependent domains.

There is, by now, a number of articles on reflected SDEs in time-dependent domains. Early
results on this topic include the exhaustive study of the heat equation and reflected Brownian
motion in smooth time-dependent domains by Burdzy, Chen, and Sylvester [5] and the study
of reflected SDEs in smooth time-dependent domains with reflection in the normal direction
by Costantini, Gobet, and El Karoui [8]. We also mention that Burdzy, Kang, and Ramanan
[6] investigated the Skorohod problem in a one-dimensional, time-dependent domain and, in
particular, found conditions for when there exists a solution to the Skorohod problem in the
event that the two boundaries meet. Existence of weak solutions to SDEs with oblique reflection
in non-smooth time-dependent domains was established by Nystrom and Onskog [23] under
fairly general conditions using the approach of [7]. In the article at hand, we use the approach
of [14] and derive regularity conditions, under which we can obtain existence and also uniqueness
of strong solutions to SDEs with oblique reflection in time-dependent domains.

Turning to the PDE case, we recall that the approach of [14] relies on the construction of
test functions used earlier in Dupuis and Ishii [11] to prove the comparison principle, existence
and uniqueness for fully nonlinear second-order elliptic PDEs in non-smooth time-independent
domains. Here we generalize these test functions to our time-dependent setting, and obtain
the corresponding results for both SDEs and PDEs in time-dependent domains. In particular,
our PDE results generalize the main part of [11] to hold in the setting of fully nonlinear
second-order parabolic PDEs in non-smooth time-dependent domains. Our proofs are based on
the theory of viscosity solutions. The first step is to observe that the maximum principle for
semicontinuous functions by Crandall and Ishii [9] holds in time-dependent domains. Using the
maximum principle and the above-mentioned test functions, we prove the comparison principle
by following the nowadays standard method, see Crandall, Ishii, and Lions [10] and [11]. Next,
we prove existence of a unique solution to the PDE problem by means of Perron’s method, the
comparison principle and by constructing several explicit sub- and supersolutions (barriers) to
the PDE.

To the authors’ knowledge, there are no previous results on the oblique derivative problem
for parabolic PDEs in non-smooth time-dependent domains. For time-independent domains,
however, there are several articles in the literature. Besides [1 1], Dupuis and Ishii studied oblique
derivative problems for fully nonlinear elliptic PDEs on domains with corners in [13]. Moreover,
Barles [2] proved a comparison principle and existence of unique solutions to degenerate elliptic
and parabolic boundary value problems with nonlinear Neumann type boundary conditions
in bounded domains with />> -boundary. Ishii and Sato [18] proved similar theorems for
boundary value problems for some singular degenerate parabolic partial differential equations
with nonlinear oblique derivative boundary conditions in bounded C'-domains. Further, in
bounded domains with YW**-boundary, Bourgoing [4] considered singular degenerate parabolic
equations and equations having L' dependence in time.
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Concerning PDEs in the setting of time-dependent domains, we mention that Bjorn et al. [3]
proved, among other results, a comparison principle for solutions of degenerate and singular
parabolic equations with Dirichlet boundary conditions using a different technique and that
Avelin [1] proved boundary estimates of solutions to the degenerate p-parabolic equation.

As a motivation for considering SDEs and PDE:s in time-dependent domains, we mention that
such geometries arise naturally in a wide range of applications in which the governing equation of
interest is a differential equation, for example in modelling of crack propagation [22], modelling
of fluids [15,16] and modelling of chemical, petrochemical and pharmaceutical processes [19].

The rest of the paper is organized as follows. In Section 2 we give preliminary definitions,
notations, assumptions and also state our main results. In Section 3 we construct the test functions
crucial for the proofs of both the SDE and the PDE results. Using these test functions, we prove
existence of solutions to the Skorohod problem in Section 4. The results on the Skorohod problem
are subsequently used, in Section 5, to prove the main results for SDEs. Finally, in Section 6, we
use the theory of viscosity solutions together with the test functions derived in Section 3 to
establish the PDE results.

2. Preliminaries and statement of main results

Throughout this article we will use the following definitions and assumptions. Given n > 1,
T > 0 and a bounded, open, connected set {2’ C R+ we will refer to

Q=0 N0, T] x RY), 2.1)

as a time-dependent domain. Given {2 and ¢ € [0, T'], we define the time sections of {2 as
2, = {x : (¢, x) € £2}, and we assume that

{2, # ¢ and that (2, is bounded and connected for every ¢t € [0, T]. 2.2)

Let 342, for t € [0, T], denote the boundary of (2. Let (-,-) and |-| = (-,-)!/? define the
Euclidean inner product and norm, respectively, on R"” and define, whenever a € R" and
b > 0, the sets B(a,b) = {x eR":|x —a| <b}and S(a,b) = {x e R": |x —a| =b}.
For any Euclidean spaces E and F, we define the following spaces of functions mapping E
into F. C (E, F) denotes the set of continuous functions, C¥ (E, F) denotes the set of k times
continuously differentiable functions and W'? (E, F) denotes the Sobolev space of functions
whose first order weak derivatives belong to L? (E). If we can distinguish the time variable
from the spatial variables, we let C 12 (E, F) denote the set of functions, whose elements are
continuously differentiable once with respect to the time variable and twice with respect to any
space variable, and by C;’Z (E, F) we denote the space of bounded functions in C'"? (E, F)
having bounded derivatives. Moreover, BV (E, F) denotes the set of functions with bounded
variation. In particular, for n € BY ([0, T], R"), we let |n| (¢) denote the total variation of 1 over
the interval [0, ¢].

2.1. Assumptions on the domain and directions of reflection

Throughout this article we consider non-smooth time-dependent domains of the following
type. Let £2 C R"*! be a time-dependent domain satisfying (2.2). The direction of reflection at
x € df},t €[0,T],is given by y (¢, x) satisfying

y e Cy? (R, B (0, 1)), (2.3)
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such that y (¢, x) € S(0, 1) for all (¢, x) € V, where V is an open set satisfying {27 C V for all
t € [0, T]. Moreover, there is a constant p € (0, 1) such that the exterior cone condition

U BG—¢y.x).c0) 5, (2.4)
0=<¢=p
holds, for all x € 3f2, ¢t € [0, T]. Note that it follows from (2.4) that y points into the domain
and this is indeed the standard convention for SDEs. For PDEs, however, the standard convention
is to let y point out of the domain. To facilitate for readers accustomed with either of these
conventions we, in the following, let y point inward whenever SDEs are treated, whereas when
we treat PDEs we assume the existence of a function

¥ ecy? (R, B0, 1), 2.5)
defined as ¥ (r, x) = —y (¢, x) , with y as in (2.3). In particular, we have
U BGa+¢ya.x.co) c o, (2.6)
0<¢=p

for all x € 9(2,t € [0, T]. Finally, regarding the temporal variation of the domain, we define
d(t,x) =infycp, |x — y|, forall € [0, T], x € R", and assume that for some fixed p € (1, c0)
and all x € R”,

d(-,x) e WP ([0, T1, [0, 0)), 2.7)

with Sobolev norm uniformly bounded in space. We also assume that D,d(t, x) is jointly
measurable in (¢, x).

Remark 2.1. A simple contradiction argument based on the exterior cone condition (2.4) for
the time sections and the regularity of y and (2, shows that the time sections satisfy the interior
cone condition

U Ba+ev.x).toc .,
0=¢=p
for all x € 9f%, t € [0,T]. The exterior and interior cone conditions together imply that
the boundary of (2 is Lipschitz continuous (in space) with a Lipschitz constant K, satisfying
supte[O,T]K, < 00. Moreover, these conditions imply that for a suitable constant 6 € (0, 1) ,
02 > 1 — p?, there exists § > 0 such that

(y—x, v @, x) =01y —x|,
forall x € 862,y € £2;,t € [0, T] satisfying |x — y| < 6.

Remark 2.2. By Morrey’s inequality, condition (2.7) implies the existence of a Holder exponent
a@=1—1/p € (0, 1) and a Holder constant K € (0, 0o) such that, for all s, € [0, T], x € R",

ld (s,x) —d (t, x)| < K|s —t]°. (2.8)

Remark 2.3. The assumptions imposed on the time sections of the time-dependent domain in
(2.3), (2.4) coincide with those imposed on the time-independent domains in [11] and in Case 1
of [14]. For time-independent domains, existence and uniqueness results for SDE and PDE have
also been obtained under the conditions given in [12] and in Case 2 of [14]. It is likely that also
these results can be extended to time-dependent domains using a procedure similar to that of the
article at hand, but we leave this as a topic of future research.
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Remark 2.4. Consider the function

L(r) = sup sup inf |x —y],

5,1€[0,T], Is—1|<r xeQy yEL2;
introduced in [8] and frequently used in [23]. Condition (2.8) is equivalent to,
I(r)y<K ra,

which is considerably stronger than the condition lim,_,¢+/ (r) = O assumed in [23]. On the
other hand, it was assumed in [23] that (2, satisfies a uniform exterior sphere condition, and this
does not hold in general for domains satisfying (2.4).

2.2. Statement of main result for SDEs
We consider the Skorohod problem in the following form.
Definition 2.5. Given ¥ € C ([0, T],R"), with ¥ (0) € 2y, we say that the pair (¢, A) €

C([0,T],R") x C ([0, T], R") is a solution to the Skorohod problem for ({2, y, ¥) if (¥, ¢, A)
satisfies, for all ¢t € [0, T],

dO =y @O+r1®), ¢ =y (), (2.9
o) € 2, (2.10)
L (T) < oo, 2.11)
(1) = /(0 Tomeread A1), 2.12)
A) = /(0 ]?(S)dl)»l(S), (2.13)

for some measurable function y : [0, T] — R” satisfying ¥ (s) = y (s, ¢ (5)) d |A]-a.s.

We use the Skorohod problem to construct solutions to SDEs confined to the given time-
dependent domain {2 and with direction of reflection given by y. We shall consider the following
notion of SDEs. Let (£2, F, P) be a complete probability space and let {F;},-( be a filtration
satisfying the usual conditions. Let m be a positive integer, let W = (W;) be an m-dimensional
Wiener process and let b : [0, T] x R — R" and o : [0, T] x R" — R™" be continuous
functions.

Definition 2.6. A strong solution to the SDE in {2 driven by the Wiener process W and
with coefficients b and o, direction of reflection along y and initial condition x € (2 is an
{F;}-adapted continuous stochastic process X (¢) which satisfies, P-almost surely, whenever
te[0,T],

X0 =x+ /I b (s, X (s))ds + /I (0 (s, X (8)),dW (s)) + A (1), (2.14)
where 0 0

X el 1A= /0 Iixead [A] (s) < oo, (2.15)
and where "

A1) = /(0 f]?(s)dl/ll OF (2.16)
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for some measurable stochastic process 7 : [0, T] — R” satisfying 3 (s) = y (s, X (5)) d|A|-
a.s.

Comparing Definition 2.5 with Definition 2.6, it is clear that (X (-), A (-)) should solve
the Skorohod problem for ¥ (-) = x + [;b(s, X (s))ds + [, (o (s, X (s)),dW (s)) on an
a.s. pathwise basis. We assume that the coefficient functions b (¢, x) and o (¢, x) satisfy the
Lipschitz continuity condition

|bi (1,x) =bi (1, )| < K |x —y| and |o; (t,x) —o0;; (1, )] < Klx =y,  (217)

forall (i, j) € {1,...n} x {1,...,m}, x,y € R"” and for some positive constant K € (0, 00).
Our main result for SDE:s is the following theorem.

Theorem 2.7. Let 2 C R"! be a time-dependent domain satisfying (2.2) and assume that (2.3),
(2.4), (2.7) and (2.17) hold. Then there exists a unique strong solution to the SDE in 2 driven by
the Wiener process W and with coefficients b and o, direction of reflection along y and initial
condition x € ﬁo.

We prove Theorem 2.7 by completing the following steps. First, in Lemma 4.3, we use a
penalty method to prove existence of solutions to the Skorohod problem for smooth functions. In
Lemma 4.4, we then derive a compactness estimate for solutions to the Skorohod problem. Based
on the compactness estimate, we are, in Lemma 4.5, able to generalize the existence result for the
Skorohod problem to all continuous functions. Finally, in Section 5, we use two classes of test
functions and the existence result for the Skorohod problem to obtain existence and uniqueness
of strong solutions to SDEs with oblique reflection at the boundary of a bounded, time-dependent
domain. Note that we are able to obtain uniqueness of the reflected SDE although the solution to
the corresponding Skorohod problem need not be unique.

2.3. Statement of main results for PDEs
To state and prove our results for PDEs we introduce some more notation. Let {2’ be as in
(2.1) and put
2°=2'n(0,T)xR"), £=020n(0,T)xR",
00 =(2\2) N (0.7) xR").
We consider fully nonlinear parabolic PDEs of the form
u,+ F(t,x,u, Du, D*u) =0 in £2°. (2.18)

Here F is a given real function on 2 x R x R” x ", where S" denotes the space of n x n real
symmetric matrices equipped with the positive semi-definite ordering; that is, for X, Y € S", we
write X <Y if (X —Y)&,&) <Oforall £ € R". We also adopt the matrix norm notation

[lA]l = sup{|A| : A is an eigenvalue of A} = sup{|(A, &)|: |§] < 1}.

Moreover, u represents a real function in £2° and Du and D?u denote the gradient and Hessian
matrix, respectively, of u with respect to the spatial variables. On the boundary we impose the
oblique derivative condition to the unknown u

0
8—f+f(r,x,u(t,x)) =0 on 90, (2.19)
Y
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where f is a real valued function on 342 x R and ¥ (¢, -) is the vector field on R”, oblique to 9 {2,
introduced in (2.5) and (2.6).
Regarding the function F, we make the following assumptions.

FeC(2xRxR'x§"). (2.20)
For some A € R and each (¢, x, p, A) € 2 x R" x S" the function

r — F(t,x,r, p, A) — Ar is nondecreasing on R. (2.21)
There is a function m; € C ([0, 00)) satisfying m; (0) = O for which
F(t,y,r,p,=Y)—F@t,x,r,p, X) <m; (Ix —y[(Ip| + ) + a|x — y|?) (2.22)

(T Oy (X Oy (1 I
““No 1)=\o v)=%\=1 1)

foralla > 1, (t,x), (¢, y) € ﬁ, reR,peR? and X, Y € S", where I denotes the unit matrix
of size n x n. There is a neighbourhood U of 32 in {2 and a function m, € C ([0, 00)) satisfying
my (0) = 0 for which

|F @ x,r,p, X)—F(t, x,r,q,Y)| <my(lp =gl +1X—-Y]), (2.23)

for (t,x) e U,r e R, p,q € R" and X, Y € S". Regarding the function f we assume that
ftx,r)eC(32 xR), (2.24)
and that for each (7, x) € 92 the function

r — f (t,x,r) is nondecreasing on R. (2.25)

We remark that assumptions (2.20) and (2.22) imply the degenerate ellipticity

F¢,x,r,p,A+B)<F (@, x,r,p,A) ifB>0, (2.26)

for (z,x) € 2,r e R, p €R"and A, B € S", see Remark 3.4 in [10] for a proof. To handle the
strong degeneracy allowed, we will adapt the notion of viscosity solutions [10], which we recall
for problem (2.18)—(2.19) in Section 6. Let USC(E) (LSC(E)) denote the set of upper (lower)
semi-continuous functions on £ C R"*!. Our main results for PDEs are given in the following
theorems.

Theorem 2.8. Ler (2° be a time- dependent domain satisfying (2.2) and assume that (2.5)—(2.7)
and (2.20)—(2.25) hold. Let u € USC(Q) be a viscosity subsolution, and v € LSC(!Z) be a
viscosity supersolution of problem (2.18)~(2.19) in 02°. If u (0,x) < v (0, x) for all x € 2,
thenu < v in {2.

Theorem 2.9. Let §2° be a time-dependent domain satisfying (2.2) and assume that (2.5)—(2.7)
and (2.20)—(2.25) hold. Then there exists a unique viscosity solution, continuous on {2, to the
initial value problem

u; + F (t,x, u, Du, Dzu) =0 in {2°,
—»bi‘i‘f(l,X,u(t,x)):O on 9f2,
ay
u(,x)=gx)  for x e, (2.27)

where g € C (ﬁo).
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Theorems 2.8 and 2.9 are proved in Section 6 . The comparison principle in Theorem 2.8
is obtained using two of the test functions constructed in Section 3 together with nowadays
standard techniques from the theory of viscosity solutions for fully nonlinear PDEs as described
in [10]. Our proof uses ideas from the corresponding elliptic result given in [1 1]. The uniqueness
part of Theorem 2.9 is immediate from the formulation of Theorem 2.8, which also, together
with the maximum principle in Lemma 6.2, allows comparison in the setting of mixed boundary
conditions, as follows.

Corollary 2.10. Let 2° be a time-dependent domain satisfying (2.2) and assume that
(2.5)—(~2.7) and (2.20)—(2.25) hold. Let u € USC({2) be a viscosity subsolution, and v €
LSC(02) be a viscosity supersolution of (2.18) in §2°. Suppose also that u and v satisfy the
oblique derivative boundary condition (2.19) on a subset G C 9§2. Then suppu — v <

+
SUP 3 2\G)u 2y (u—v)"

The existence part of Theorem 2.9 is proved using Perron’s method and Corollary 2.10,
together with constructions of several explicit viscosity sub- and supersolutions to the problem
(2.18)—(2.19).

3. Construction of test functions

In this section we show how the classes of test functions constructed in [11] for time-
independent domains can be generalized to similar classes of test functions valid for time-
dependent domains. Lemmas 3.1 and 3.2 provide test functions that are modifications of the
square function, but which interact with the direction of y in a suitable way. The derivations of
these functions follow the lines of the derivations of the corresponding test functions in [11] with
the addition that it has to be verified that the time derivative of the test functions has a certain
order. Lemma 3.3 provides a non-negative test function in C!2 (ﬁ, R), whose gradient is aligned
with y at the boundary. To verify the existence of this function, the proof for the corresponding
function in [11] has to be extended considerably due to the time-dependence of the domain.
In particular, new methods have to be used to obtain differentiability with respect to the time
variable.

The constructions of the test functions below are given with sufficient detail and for those
parts of the constructions that are identical in time-dependent and time-independent domains,
we refer the reader to [11]. We start by stating a straightforward extension of Lemma 4.4 in [11]
from& € S (0, 1) to& € B (0, 1). The proof follows directly from the construction in Lemma 4.4
in [11] and is omitted. For any 6 € (0, 1), there exist a function g € C (R" x R”", R) and positive
constants y, C such that

geC' (R" xR, R)NC*(R" x (R*\ {0}),R), 3.1)
g p) = xlpl’, fors €B(0.1),peR", (32)
§(,0)=0, for§eR", (3.3)
(Dpg (€. p).&) >0, forfeS(0,1),peR" and (p,&) > —0|p, (34)
(Dpg (6. p). &) <0, for&eS(0,1),peR and (p.&) <0|pl, 3.5)
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|D:g (€. p)| < Clpl>. |Dpg(€ p)|<Clpl, for&eB(0,1),peR, (3.6)

and
|Dzg . p)| < ClplP.  |DeDyg . p)| < Clpl. |Digé. p)| <C. 3.7

for& € B(0, 1), p € R" \ {0}. The test function provided by the following lemma will be used
to assert relative compactness of solutions to the Skorohod problem in Lemma 4.4.

Lemma 3.1. For any 6 € (0, 1), there exist a function h € C“2 ([0, T] x R" x R", R) and
positive constants x , C such that, for all (¢, x, p) € [0, T] x R* x R”,

h(t,x, p) = xlpl, (3.8)
h(t,x,0)=1, (3.9)
(Dph (t,x, p),y (t,x)) =0, forx €3 and (p,y (t,x)) > —01p|, (3.10)
(Dph (t,x,p),y (t,x)) <0, forx €d and (p,y (t,x)) <0 |pl, (3.11)

|D,h (t, x, p)l < Clpl®, |D:h(t, x, p)| < Clpl?,

D,h(t,x, p)| <Clpl, (3.12)
and

|Dik (2, x, p)|| < ClplP, | DeDyh (1, x, p)| < Clpl, |Dyh(t.x, p)| <C. (3.13)
Proof. Letv € C*> (R, R) be such that v (¢) = ¢ fort > 2, v(¢) = 1 fort < 1/2,v' (¢t) > 0 and

v(t) >tforallt € R.Letf € (0, 1) be given, choose g € C (R" x R", R) satisfying (3.1)—(3.7)
and define

h(t,x,p) =v gyt x),p).

The regularity of / follows easily from the regularity of g and v and (3.3). It is straightforward to
deduce properties (3.8)—(3.13) from (3.1)—(3.7) and we limit the proof to two examples, which
are not fully covered in [11]. We have

<Clpl%

a
|Dih (8, x, )l = |V (g (¥ (1, %), p))| | Deg (v (1, %), p)| '8_);

by (3.6) and the regularity of v and y. Moreover,

8)/2

0x
2

|D:h (2, x, p)| < C(n><|v” (¢ (v (t,x), p)| |Deg (v (. %), p)[°

/ 2 8)/
+ V' (g (y (t.x), p)| | Dig (v t. %), p)| HE

’ 32Vk
+ V(g (v (6, 0), p))| [Deg (v (1, %), p)| max )

)

Since v” is zero unless 2 > g (y (¢, x), p) = x|p|?, the first term, which is of order C|p|*, only
contributes for small | pI2 and can thus be bounded from above by C|p 2. By (3.6)—(3.7), the two
latter terms are also bounded from above by C|p|>. O
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The test function in Lemma 3.1 is also used to verify the existence of the following test
function, which will be useful in the proofs of Theorem 2.8 and Lemma 5.1.

Lemma 3.2. For any 6 € (0, 1), there exist a family {w;},- of functions ws € C¥*([0, T] x
R" x R",R) and positive constants x, C (independent of ¢) such that, for all (t,x,y) €
[0, T] x R" x R",

e — yP?
We (LL)’)ZXT, (3.14)
x —yI?
we (,x,y) <Cle+——], (3.15)
&
x —yI?
<wa8(t7x’y)7y(tax)>§CTa
forx €30, (y—x,y (L, 1) = 0 |x — ¥, (3.16)
(Dyws(t,x,Y)’V(t,x»fO, fOr.xean, <x_y7y(tﬂx)>2_0|x_y|7 (317)
e =yl
(D)rws(l‘,x’)’),y(ﬁy»SCT,
Jory €3, (x =y, y (t,y)) = =0 1x —yl, (3.18)
e =y
|Dywe (2, x, y)| < C———, (3.19)
lx =yl e =yl
|D_Vw£(t7-x7y)|ic P ) |wa6(tvxay)+Dwa(t7-xvy)|chv (320)
and
C(1 -1\, Clx—yP? (I 0
2
Dws(t,x,y)sg(_l I)JFT 0 1) 3.21)

Proof. Let 0 € (0, 1) be given and choose & € C'? ([0, T] x R” x R", R) as in Lemma 3.1. For
all ¢ > 0, we define the function w, as

X —y
we (8, x,y)=c¢h |t x, .
e

Property (3.14) follows easily from (3.8) and property (3.15) was verified in Remark 3.3 in [14].
Moreover, properties (3.16), (3.17), (3.20) and (3.21) were verified in the proof of Theorem 4.1
in [11] and (3.19) is a simple consequence of (3.12). To prove (3.18), we note that

(Dywe (0. x, ),y (1, ) = —<Dph (r,x, = y) v (@, y>>

&
_<Dph <tv Y, %) ) )/(l, )’)>
+ <Dph <t,y, x%) — Dph (l‘,x, z _y> ,)/(l,y)>.
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Moreover, if (x — y,y (t,y)) = —6 |x — y|, then by (3.10), (D,h (1, y, p). ¥ (t, y)) = 0 with
p = (x — y) /e. Hence, for some & in the segment joining x and y, we obtain, with the aid of the
mean value theorem and (3.13),

DDy ( ‘. _)

2
x Ix—yl
&

(Dyws(t,xa)’)s)’(t,)’))f |x—y|

<C‘ O

We conclude this section by proving Lemma 3.3 using an appropriate Cauchy problem. The
test function « in Lemma 3.3 will be crucial for the proofs of Theorems 2.8, 2.9 and Lemma 5.1.

Lemma 3.3. There exists a nonnegative function o € C'? (ﬁ, R), which satisfies

(Dea (t,x),y (t, %) > 1, (3.22)

for x € 382, t € [0, T). Moreover, the support of o can be assumed to lie in the neighbourhood
U defined in (2.23).

Proof. Fix s € [0, T] and z € d{2 and define H; , as the hyperplane
Hy.={xeR": (x—z,y(s,2) =0}.
Given a function ug € C? (H; ., R), such that ug (z) = 1, ug > 0 and supp uy C B (z,8*/4) N
H; ., we can use the method of characteristics to solve the Cauchy problem
(Dxu(t) x),y (@, x)) =0,
u(l‘)|Hx,z = Uo-

Choosing the positive constants § and 7 sufficiently small, the Cauchy problem above has, for all
t € [s —n, s + ], asolution ug, € C* (B (z, 8), R) satisfying u(,) > 0. Based on the continuity
of y and the restriction on the support of ©(, we may also assume that

supp uq) C | J Bz —¢y(s,2),8/3)N B (2, 6).
teR

Next, we define the combined function

u(t,x)=ugq(x),

and we claim for now that u € C'2 ([s — 1, s + ] x B (z, 8) , R) and postpone the proof of this
claim to the end of the proof of the lemma. By the exterior and interior cone conditions, we can,
for sufficiently small §, find ¢ > 0 such that

) BG—¢y(s.2).6%/3)N (B (2.8) \ B (z.6 — 2¢))
>0

c | JBG—ty(s.2).28) N B (2.8) C £,
>0

and such that the similar union over { < 0 belongs to (2. Hence

392, N (supp uy \ B (z,8 — 2¢)) =0,

Stochastic Processes and their Applications (2018), https://doi.org/10.1016/j.spa.2018.04.006.

Please cite this article in press as: N.L.P. Lundstrom, T. Onskog, Stochastic and partial differential equations on non-smooth time-dependent domains,

22

23

24

25

26

27

28

29

30



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

12 N.L.P. Lundstrom, T. Onskog / Stochastic Processes and their Applications xx (xxxx) xxx—xxx
and, by (2.8), it follows that if 7 also satisfies the constraint < (¢/K)"/ “ then

382 N (suppugy \ B(z,8 —¢)) =1, (3.23)
forallt € [s — n,s + n].
Now, choose a function & € C(;’z (Is—n,s+n] x B(z,8),R) so that £ (r,x) = 1 for
tels—n+es+n—¢l,x € B(z,6 —¢)and & > 0, and set
Us,p (8, x) = u(t,x)& (1, x).
Then vy ; € Cé’z ([s = n,s +nl x B (z,6),R) satisfies vy, > 0. By (3.23) and the construction
of u and &, we obtain
(vas,z t,x),y (t,x)) =0forx € B(z,8)Nasy,tels—n,s+n].
Define wy, € C? (B (z,8) , R) by
Wy (X)) ={x—2,¥(5,2) +M,
where M is large enough so that w, , > 0. Using the continuity of y, we can find § and n such
that (y (s,2),y (¢,x)) = Oforall (t,x) € [s — 1,5 +n] x B(z,§). Setting
85,z ([, )C) = Vs, (l, )C) Wy, 7 (X) s
we find that g, € C(l)’2 ([s —n,s +n] x B(z,8),R) satisfies g;;, > 0. Moreover, using
ly (¢, x)| = 1, we have
(D52 (5,2), ¥ (5,2)) = vy (5:2) (Dywy 2 (2), ¥ (5, 2))
+w, ;. (2) (Dx Us.z (5,2), ¥ (s, Z))
=u(s, 062 ly s, 2P =1,

and a similar calculation shows that

(Drgs.z (1, ),y (1, 1)) = vyo (1, %) (Dxwg - (x), ¥ (2, X))
+w; ; (x) (vas,z @ x),y (@, x))
= vS,Z (tv X) <V (S, Z) ’ 7/ (t, x)) Z 07

forx € B(z,8) Ndf, t € [s —n,s+n]. Now, using a standard compactness argument we
conclude the existence of a nonnegative function @ € C12(2, R), which satisfies (D, « (t,x),

y (t,x)) > 1 forx € d(2,t € [0, T]. Moreover, by the above construction, we can assume that
the support of ¢ lies within the neighbourhood U defined in (2.23).

It remains to prove the proposed regularity u € C"?([s —n,s +n] x B (z,8),R). The
regularity in the spatial variables follows directly by construction, so it remains to show that
u is continuously differentiable in the time variable. Let x € B (z, §) and let t and 7 4 h belong
to [s —n, s +n]. Denote by y (¢, -) and y (¢ + h, -) the characteristic curves through x for the
vector fields y (¢, -) and y (¢ + h, -), respectively, so that

0

a—y (t,r) = £y (t,y (1, 1)),
;
y(,0) =x,

and analogously for y (# + &, -). Choose the sign in the parametrization of y (¢, ) so that
there exists some r (f) > O such that y (¢+,r (#)) = z(¢) € H, .. Choosing the same sign
in the parametrization of y (¢ + h, -) asserts the existence of some r (¢ +h) > 0 such that
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y(@+h,r(+h) =z(+h) € Hg .. Without lack of generality, we assume the sign above
to be positive. Since u (¢, x) = ug (z (¢)), where u is continuously differentiable, it remains to
show that the function z is continuously differentiable.

We will first show that y (-, ) is continuously differentiable by following an argument that
can be found in e.g. [21]. Differentiating the Cauchy problem formally with respect to the time
variable and introducing the function ¢ (¢, r) = % (t, r), we obtain

i t —a—yt (t +a—y(t t t,r)
8rt/f(,r)— 8t(,y . 7)) 3y Y@ )y, r),
¥ (t,0) =0.

This Cauchy problem has a unique solution, which we will next show satisfies
y@+hr)y—y(,r)

Y, r)= ,}ig}) ; , (3.24)
so that ¥ is in fact the time derivative of y (not just formally). Define
R(t,r,h):y(t+h’r2_y(t’r)—1/f(t,r). (3.25)
Now
RG.rh) = /’ <7/(t+h,y(t+h,;:))—V(t,y(t,u)))du
0

"0y ay
0 dt ay
By the mean value theorem
Yi(t+h,y(@+hu)—y @yt u)

i - oY, y_
- 3—);(ri,y(t+h,u))h+%(f,yi)<y(f+hv“)—y“’“”’

for some 7; between 7 and # + /1, some y; between y (¢, u) and y (+ + h,u) and alli € {1, ..., n}.
Hence, the ith component of R (¢, r, h) is

_ [ (7 _
R; (t,r,h)_/o <3t (Ti,y ¢t + h,w)) 5 (t,y(t,u)))du

r 8]/, — y(t +h7 M) - Y(f, I/t) 3%
+/(; (g(’,yi) h —g(t,y(t,u))w(t,u)>du,

where the second term on the right hand side can be rewritten as

/Or (%—’; (t.5;) R(t,u, h) + <aa_;; (1.y:) — %—’; (t,y(t, u))) v (2, u)) du.

Therefore we have

|R(r,r,h>|s/rz
0 iz
+/ IR (t,u, )| )

0 i=1

+f0 W@ wly

i=1

Y - Ay
— (t;, y(t + h, — —(t, y(t, d
az( y (& +h,u) Bt( y( u))’ u

du

Vi, _
By (t.3)

i, _ y;
—(t,y;) — — (¢, y (¢, du,
8y( v:) ay( ¥ ( u))‘ u
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and by Gronwall’s inequality we obtain

ron 8)/, ~ ayl
R@,r,h)| <C — (t;, y (t + h, — — (¢, y (¢, d
R (1, 1) /OIZ,M”*“” at(”“”‘“

+ [y
0 i=1

for some positive constant C. Since | (¢, u)| exists and is bounded, and since the time and
space derivatives of y are continuous, (3.26) implies boundedness of |R (¢, 7, h)|. Therefore, by
(3.25) we have |y (t + h,r) — y (t,r)| < Ch , for some constant C, and we can conclude that
Y, = y(t,u)and 7; — t foralli € {1,...,n}as h — 0. It follows that the differences in the
integrands in (3.26) vanish as & — 0 and hence lim;_oR (¢, r, k) = 0. This proves (3.24) and
therefore that y (-, r) is continuously differentiable.

Now, by the mean value theorem,

d Vi _ 8)/,
—(¢,y,) — = (@, y (¢, du, 3.26
8y (l y,) ay (l y ( M))‘ u ( )

zit +h) —zi(t) = yi(t + h,r (t +h)) — yi(t,r (1))
=yt +h,r@+h)—y@E+hr@)
+ it +h, r (1)) — yi(t, r (1))
= %(t+h,7,~)(r(t+h)—r(t))+@(B,r(r))h,
ar at

for some 7; between r (t) and r (t + h), some z; betweenr and ¢t +h and alli € {1, ..., n}. Since
the function r(¢) is defined so that

<y(t’r(t))_Z7J/(svz)>=0’ te(s_ms‘i‘n),

it follows by the implicit function theorem and by the regularity of y(z,r) that r(¢) is a
continuously differentiable function. Hence, we conclude that 7; — r(t) and 7; — ¢, all
i €{l,...,n},as h — 0 and therefore,

. z{t+h)—=z@) dy , ay

1 —_— = t t —(r t

lim ——— S (L) (0 + 5 (L (),

where the right hand side is a continuous function. This proves that z is continuously

differentiable and, hence, that u € C'">([s — n, s +n] x B(z,8),R). O

4. The Skorohod problem

In this section we prove existence of solutions to the Skorohod problem under the assumptions
in Section 2.1. This result could be achieved using the methods in [23], but as we here assume
more regularity on the direction of reflection and the temporal variation of the domain compared
to the setting in [23] (and this is essential for the other sections of this article), we follow a more
direct approach using a penalty method. We first note that, mimicking the proof of Lemma 4.1
in [14], we can prove the following result.

Lemma 4.1. There is a constant u > 0 such that, for every t € [0,T], there exists a
neighbourhood U, of 02 such that

(Dyd (t,%),y (t,X)) < —u, forae x €U\ (2. 4.1)
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As (4.1) holds only for almost every point in a neighbourhood of a non-smooth domain, we
cannot apply (4.1) directly and will use the following mollifier approach instead. Based on the
construction of the neighbourhoods {U;},¢[o r; in Lemma 4.1 (see the proof of the corresponding
lemma in [14] for details), there exists a constant E > 0O such that B (x, 33) C U, forallx € 92,
t € [0, T']. For the value of p given in (2.7), let

v(t,x)=(d (¢, x)” and¥ (¢, x) =@t x)P"".

Moreover, let pg € C*° (R”", R) be a positive mollifier with support in B (0, 8) , for some g > 0,
and define the spatial convolutions

vg=vk@g and Vg =V * @g.

Lemma 4.2. There is a constant k > 0 such that, for sufficiently small B > 0 and every
t € [0, T, there exists a neighbourhood U, of 3(2, U; D {x cd(x,08)) <28 }, such that

(va,g t,x),y(t, x)> < —kUg(t,x), forxe U\ 2, 4.2)
Proof. Forall x € U, \ 2, such that B (x, 8) C U, and for all B < B, we have
(Devg (1. %),y (1, x)) =/ (0p x =) Dyv (2, ).y (t,x))dy
Rn

= / (Dyv . y), ¥ (. 9))+ (Dyv (2, y) ¥ (t.x) =y (1. ) op (x — y) dy.
Rﬂ
The inner product in the second term is bounded from above by

p( (t, )P~ |Dyd (¢, y)| LB,

where L is the Lipschitz coefficient of y in spatial dimensions over the compact set [0, T'] x
U,E[O,T]Ut. By Lemma 4.1, we have, for almost every y € U, \ £2,,t € [0, T],

(Dyv (1, 3), v (6, 9)) = p (1, )" (Dyd (1, 3) , v (&, ¥)) < —puld (1, )P,
and, for sufficiently small 8 > 0,

pd (., y)PTILB — pu(d (1, y)P ™ < —k(d (t, )",
for some constant « > 0. This proves (4.2). U

We next use a penalty method to verify the existence of a solution to the Skorohod problem
for continuously differentiable functions. The following lemma generalizes Theorem 2.1 in [20]
and Lemma 4.5 in [14].

Lemma 4.3. Let v € C' ([0, T], R") with ¥ (0) € 2. Then there exists a solution (¢, A) €
WLP ([0, T],R™) x WUP ([0, T1, R") to the Skorohod problem for (12, y, ).

Proof. Choose ¢ > 0 and consider the ordinary differential equation

1
¢, (1) = 24 ¢ )y (1. ¢ (1) + v @), ¢:0)=1v(0), (4.3)

for ¢, (), which has a unique solution on [0, T']. Let « > 0 and the family of neighbour-
hoods {U;}ief0,77 be as in Lemma 4.2. Choose a function { € C* ([0, 00), [0, 00)) such
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that
P
r, forr < g /2,
C(r)=1,%r 2P
387 /4, forr>p",

and 0 < ¢’ (r) < 1 forall r € [0, 00). Note that if ¢, () & l~], U £2,, then d (1, ¢, (1)) > 2B
and, as a consequence, for all 8 < B it holds that vs (¢, ¢ (1)) > B” and ¢’ (vg (1, ¢. (1)) = 0.
We next define the function F () = ¢ (Uﬁ (t, ¢e (t))), for t € [0, T], and investigate its time
derivative. Let D,d denote the weak derivative guaranteed by (2.7) and note that

F' (1) = ¢ (vg (1, ¢e (1)) (Dyvp (2, ¢ (1) + (Dyvp (¢, ¢ (1)) , $1 (1))
= ¢’ (v (¢, g (1)) (D,v,g (t. ¢ (1)
+ <vaﬂ (. e (1)), éd (1.6 () y (1. e (1)) + V' <r>>>, 4.4)
as ¢, (7) solves (4.3). From Lemma 4.2, we have
¢’ (vg (2. ¢ (1) <va,3 (. e (1) éd (t. e () 7 (1. ¢ (r))>
< =0 (05 (12 e (1)) Sd (1,60 (0) Ty (1, 6 (1)

for ¢, () € U, \ £2, and for all other ¢, (f) both sides vanish when 8 < B. Integrating the
estimate for F’, suppressing the s-dependence in ¢, and v and denoting ¢’ (Ulg (s, ¢8)) by ¢’ (vﬂ)
for simplicity, we obtain, for all t € [0, T'],

K ! , ~
¢ (vp (1, 9 (1)) = ¢ (vp. 0 & (O)) + = fo ¢’ (vp) d (s, ¢e) Vp (5, ¢¢) ds 4.5)
5/0 ¢’ (vg) | Dsvp (s,<z>s>|ds+/0 ¢ (vg) | Dxvp (s, ¢o)| |¥'|ds = I + .

Note that since |D,d| < 1 a.e. we have |vaﬁ (s, ¢£)‘ < pUg (s, ¢:), and hence, Holder’s
inequality implies

t ) I/p t 0~ p/(o—1) (p=1)/p
<o([ e vras) ([ e @reonas)

Moreover, since | Dsvg| < p(vﬂ (s, ¢€))(p71)/p(|Dxd|p * goﬁ)l/p, we also have

I, =/0 ¢' (v5) |Dsvs <s,¢a>||w/}ds5p/ ¢ (vg) Up (5. 00) [v'| ds

I] :/(; ;’(vﬂ)‘D‘YUﬁ (S,(Pg)ids

<p fo ¢ (vg) (v (5. 90)) P (IDud|” 5 )7 dis

t (p—D/p t 1/p
p(/o s“(vﬂ)v,s(s,cbs)ds) (/0 ¢ (vp) (IDsdlp*go,g)ds) ,

IA
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Inserting the bounds for /; and I into (4.5) yields

1 ! ~
Lt (g o () + < / ¢’ (v5) d (5. b) T (5. ) dis 4.6)
)4 Ep Jo

t (p—1/p t 1/p
< (/0 ¢’ (vg) v (s,¢€)ds) </0 ¢ (vp) (|Dsd|p*<pﬁ)ds>
t K1) (p—1/p t 1/p
i ( / ¢ (v5) (s (5. 60))""" ds) ( [ c’(vﬁ)wds) + 0B,

where p (B) = p~'¢ (vs (0, ¢, (0))) — 0 as B — 0. By spatial Lipschitz continuity of d(z, x)
we have vg (s, ¢:) = v (s, ¢,) and Vg (s, pe) — V (s, ¢¢) as B — 0. Moreover, since d satisfies
(2.7), uniformly in space, we also have

t
/ |Dyd|Pds < C(T)?,
0

for some constant C(7T') independent of x. Therefore, by the Fubini—Tonelli theorem we can
conclude, since D;d(t, x) is jointly measurable in (z, x), that

/ (|Dsd|p*<ﬂ/3)ds:/ (f |Dsd|f’ds> op(x — y)dy < C(T)?,
0 n 0

and so

t 1/p t 1/p
</0 ¢" (vg) (IDsd|” * @p) ds) + (/0 ¢’ (vg) W,/|”ds> < C(T) < oo,

since by construction |§’ (vﬂ)| <1, and ¥ e C' ([0, T],R"). Thus, letting B tend to zero in
(4.6), we obtain

] t
=& (v, 9. (1)) + L/ ¢ (s, de)) v (s, de)ds
p &P Jo

t (p=1/p
=Cc@ </0 ¢ (v (s, ) v (s, ¢£)ds) .

Both terms on the left hand side are positive and each of the terms are therefore bounded from
above by the right hand side. Hence

« t 1/p

—</ C’(v(s,¢s))v(s,¢>g)dS> <=C(),
Ep \Jo

and, as a consequence,

¢ (1, ¢ (1)) +§/0 ¢ (s, 9)) v (s, pe)ds < K (T)eP™".

We may assume that ¢ > 0 has been chosen small enough such that v (¢, ¢, (7)) < Bp /2, for all
t € [0, T]. Then, by the definition of ¢,

1 t
F(d (1, ¢ )" + ;_”/o (d (s, ¢ (5))Pds < K(T), 4.7

fort € [0, T].
The remainder of the proof follows along the lines of the proof of Lemma 4.5 in [14], but we
give the details for completeness. Relation (4.7) asserts that the sequences {/;},.o and {A,},>o,
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where
1 [
le (1) = gd (. ¢ (1), Ae (1) =~ d (s, ¢: (5))y (5, P () ds,
0

are bounded in L” ([0, T, R) and W'? ([0, T], R") respectively. Thus, we may assume that [,
and A, converge weakly to/ € L” ([0, T],R) and A € W"? ([0, T],R*) c C ([0, T], R"),
respectively, as ¢ — 0. Moreover, from (4.3) we conclude that ¢, converges weakly to
¢ € W' ([0, T],R") and that ¢ (t) = ¥ () + A (¢), ¢ (0) = ¥ (0). This proves (2.9) and,
moreover, (2.10) holds due to (4.7). By construction, A, (1) = I (¢) y (¢, ¢. (¢)) and this implies
that A’ (¢) = [ (t) y (¢, ¢ (t)). Moreover, if we let T = {t € [0, T]: ¢ (¢t) € £2,} and note that
for each fixed r € t, we have [, () = 0 for all sufficiently small ¢ and hence / (r) = 0 on .
Therefore

|A|(t)=/ |A’(s)|ds=/ l(s)|y(s,¢(s))|ds=/ I(s)ds, foralltel0,T],
0 0 0

as |y (s,¢ (s))| = lforalls € [0, T]\ 7. This proves (2.11). In addition,

k(t):/l(s)y(s,¢(s))ds:f y(s,p(s))d|r|(s), forallr e[0,T],
0 0

which proves (2.13). It remains to verify (2.12), but this follows readily from

t

(@) = f L) |y (5.6 (s))|ds = / Lsteronl () ds = / Lswrerond 11 (5).
0 0 0

We have completed the proof that (¢, 1) € WP ([0, T],R") x W'» ([0, T, R") solves the
Skorohod problem for (£2, y, ¥). O

The next step is to prove relative compactness of solutions to the Skorohod problem. The
proof follows the proof of Lemma 4.7 in [14], but a number of changes must be made carefully
to handle the time dependency of the domain.

Lemma 4.4. Let A be a compact subset of C ([0, T], R"). Then

(i) There exists a constant L < oo such that
A (T) < L,

for all solutions (Y + A, A) to the Skorohod problem for (£2,y, V) with € A.
(ii) The set of ¢, such that (¢, L) solves the Skorohod problem for ({2, y, ) with ¢ € A, is
relatively compact.

Proof. By the compactness of {2 and the continuity of y, there exists a constant ¢ > 0 such
that for every t € [0, T] and x € 2,NV, where V is the set defined in connection with (2.3),
there exists a vector v (¢, x) and a set [¢, 7 + c¢] X B (x, ¢) such that (y (s, y), v (¢, x)) > c for
all (s, y) € [t,t 4+ c] x B (x, c). Without lack of generality, we may assume that ¢ < 8, for the
6 introduced in Remark 2.1. Let ¥ € A be given and let (¢, A) be any solution to the Skorohod
problem for ({2, y, ¥). Define T; to be smallest of T, cand inf{t € [0, T]: ¢ (t) & B (¢ (0), ¢)}.
Next define 7, to be the smallest of T , T} + ¢ and inf{r € [T}, T]: ¢ (t) € B (¢ (T1),¢)}.
Continuing in this fashion, we obtain a sequence {7}, },,— ... of time instants. By construction,
forall s € [T,y—1, T,») we have s € [T,,—1, Toi—1 + ] and ¢ (s) € B (¢ (T,i—1), ). Forall m
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such that ¢ (T,,_1) € ﬁqu NV, wehave (y (s, ¢ (s)), v (T—1,¢ (T,,—1))) > c and hence

(@ (T) =& (Tn—1) s v (Tn—1, ¢ (Tin—1)))
— W (D) =¥ (Tn-1) , v (Tin—1, ¢ (Tn-1)))

T
= /T (¥ (5,0 ) v (Tn-1, ¢ (Tn-1))) d |A[ (s) = ¢ (|A| (D) — |A] (Tin—1)) -

Since A is compact, the set {y (t) : t € [0, T], ¥ € A} is bounded. Moreover, since {2 is
compact and ¢ (t) € {2, for all t € [0, T], there exists a constant M < oo such that

A (Tn) — A (Tu—1) < M.

Note also that, for all m such that ¢ (T,,_1) & ﬁTm_l NV, we have, for ¢ sufficiently small, that
AL (T) — M (Ti—1) = 0.

Define the modulus of continuity of a function f € C ([0, T],R") as || f|l;, = SUP; <, <ty <t
|f () — f (1) for 0 < s <t < T. We next prove that there exists a positive constant R such
that, for any ¢ € A and 7,,,_; < t < T, it holds that

Wl e < R+ VIR 4 (= T )®2) 4.8)
where @ is the Holder exponent in Remark 2.2. As we are only interested in the behaviour during
the time interval [Tm_l, Tm], we simplify the notation by setting, without loss of generality,
Twot = 0, ¢ (Tm1) = x, ¥ (Tu—1) = x, A(Ty—1) = 0 and |A|(T,—1) = 0. Let h
be the function in Lemma 3.1 and let x, C be the corresponding positive constants. Define
B, (t) = eh (t,x, —A(t) /&) and E (1) = e~ CHOFDC/x Since h (¢, x,0) = 1, we get

B, (7) E (1)

B, (0) E (0) +/ (E (u)dBgs (u) + B, (u) dE (u))
0

8+/tE(u)dBe(u)—E/TBg(u)E(u)dlkl(u)
0 X Jo

—E/IBS(M)E(u)du,
X Jo

where the first integral can be rewritten as

/T E (uw)dB, (u) = /T E (w)eDh (u, x, —A (u) /&) du
0

0
_ /T E () (Dph (u, x, = () /) , dA (u)).
0

By (3.8) and (3.12), the integral involving D,/ has the upper bound
/ E (u)eD:h (u,x,—A(u) /e)du
0

< Ce / E (u) A (u) /e|*du < %f E (1) B. (1) du.
0 0

Next, we would like to find an upper bound for the integral involving D,h using (3.10) in some
appropriate way, but we have to be somewhat careful due to the temporal variation of the domain.
Assume that ¢ (u) € 942,. If x & 12,, there exists at least one point y, € 2,NB (x, ¢) such
that |[x — y,| = d (u, x). We have chosenc < 8,50 (y, — ¢ (u),y (u, ¢ ())) = —0 |y, — ¢ (u)|
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holds by Remark 2.1 and, due to (3.10), we can conclude
I = —/0 E (u)(Dph (u, ¢ ), (yu — ¢ ) /&),y (u, ¢ (w)))d |A] (u) <0,

since d |A| (u) = 0if ¢ (u) & 302,. If x € 12, the above estimate holds with y, replaced by x.
The integral involving D, can be decomposed into

T
—/ E (u) (Dph (u,x, =7 (u) /&) ,dr (w)) =1, + L + L,
0
for I, as above and

L= /0 E (u) (Dph (u, ¢ (w), =1 () /&) — Dph (u, x, =1 (u) /€) , dA (u)),

I = /(; E (u) (Dph W, ), (yu —¢ W) /e) — Dph (u,d W), —x W) /e),dxr (u)>.

By (3.8) and (3.13), these integrals can be bounded from above by

C T
I < ;/O E @) I ()] |x — ¢ ()] d |2 ()
C T
< ;/O E @) (I G0+ 1x — 9 @] 1)) d [A] ()
2C (7
=</ E@ (I» @)+ |x — ¥ @) d|x )
2C (7 2C (7
<X ["EwB wdp @+ —/ E @) lx — ¢ ) 1] @),
X Jo & Jo
and
C T
I < ;/0 E @) [y — ¢ (0) = (=4 @))] d |2] @)
C T
=—/ E (@) lye — ¥ ()] d ]A] @)
& Jo
C T
< ;/O E@) (lx— v ()] + lya — x)d |2 (@)
C T
s;/o E @) (x — ¥ )] +d (w,x)d A ).

Collecting all the terms, we obtain
C T
B, (D) E(t) <¢+ ;/ E@) (Ix — ¢ @] +2x — ¢ @ +d (u,x))d A] (u),
0
which implies
2C [ 2 @ QIAl(D)+1)C/
B = — | E@ (IWlor+ ¥l +Ke*)dIr ) +¢ | e .
0

where K and « are the constants from Remark 2.2. Now

/ E(u)dmw)ff 2O g o] ) < 25,
0 0 2C

Please cite this article in press as: N.L.P. Lundstrom, T. Onskog, Stochastic and partial differential equations on non-smooth time-dependent domains,
Stochastic Processes and their Applications (2018), https://doi.org/10.1016/j.spa.2018.04.006.




N.L.P. Lundstrom, T. Onskog / Stochastic Processes and their Applications xx (xxxx) Xxx—xxx 21

SO
X ~.
Bs (T) S (; (”w”ol + ”1//”%’.[ 4 K,L,Ot) +£) e(2|M(l’)+‘L’)C/X_

Another application of (3.8) gives

i B
|A(r>|_§< |A(r>|2> ‘4 2;’)

A

e 1 5 e
4 (o W 13 4 KeP) 4 ) e,

Set £ = max IIIﬁIIé/f, "‘/ZJ sothat e < ||1/f||1/2 + 192, 1/e < ||1ﬂ||ol/2 and 1/ < t~%/2. Then

(4.8) follows immediately from the above inequality. By (4.8) and the compactness of A, there
exists a T > 0 such that

max {19y, .5, e Wl e} < €/3,

which implies ||¢||T 42 < 2c¢/3. The definition of {7},} then implies that 7, — T,,_; >
min { } This proves (1) with L =M (T/ min {r c} + 1). Part (ii) follows from (4.8) and the
bound 7,, — T,y—1 > min {%,c}. O

Equipped with the results above, we are now ready to state and prove the existence of solutions
to the Skorohod problem. The proof is very similar to the proof of Theorem 4.8 in [14], so we
only sketch the first half of the proof.

Lemma 4.5. Let y € C ([0, T1, R") with ¥ (0) € £2. Then there exists a solution (¢, \) to the
Skorohod problem for (12, y, V).

Proof. Let ¥, € C' ([0, T],R") form a sequence of functions converging uniformly to .
According to Lemma 4.3, there exists a solution (¢,, A,) to the Skorohod problem for ({2, y, ¥,,).
By Lemma 4.4, we may assume that the sequence {A,}.~, is equibounded and equicontinuous,
that is

sup [A,| (T) < L < o0,
n

lim sup A, (s) — A, ()] = O.
[s—t[—0 5

The Arzela—Ascoli theorem asserts the existence of a function A € C ([0, T], R") such that {A,}
converges uniformly to A. Clearly |A| (T) < L. Defining the function ¢ by ¢ = ¥ + A, we
conclude that (2.9)—(2.11) of Definition 2.5 hold. To show properties (2.12) and (2.13) in the
same definition, we define the measure u,, on 2 x85(0,1)as

n (A) = / Ii(s,60(5),y (5. 0m ) ea}d [Anl (5)
[0,T]

for every Borel set A C 2% 5(0,1). Introducing the notation ﬁ[o,[] = 20N ([0, 1] x R"), we
have, by definition and (2.13),
Ponl @) = pn (2007 x S0, 1)),

and

A (1) = /f vdu, (s,x,¥),
210.11x5(0,1)
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forall 7 € [0, T]. Since |1, (T) < L < oo for all n, the Banach—Alaoglu theorem asserts that
a subsequence of u, converges to some measure p satisfying p (.Q x S (0, 1)) < 0o. By weak
convergence and the continuity of A,

k0)==/; ydu (s, x,y).
2(0.%S(0,1)

Using the fact that (¢,, A,) solves the Skorohod problem for ({2, y, ¥;,,), we can draw several
conclusions regarding the properties of the measure p,, and then use weak convergence of w,
to u to deduce that A satisfies (2.12) and (2.13). This procedure is carried out in the proofs
of Theorem 2.8 in [7], Theorem 4.8 in [14] and Theorem 5.1 in [23], so we omit further
details. [

5. SDEs with oblique reflection

Using the existence of solutions (¢, 1) to the Skorohod problem for ({2, y, ¥), with ¢ €
C ([0, T]1,R") and ¥ (0) € 2, we can now prove existence and uniqueness of solutions to
SDESs with oblique reflection at the boundary of a bounded, time-dependent domain. To this end,
assume that the triple (X, Y, k) satisfies

Y(t):x—i—/ b(s,X(s))ds—i—/ o (s, X (s))dM (s) + k@),
0 0
X@) e, Y@ en,,

Ik () = / Lyoerond Ikl (s) < 00, k(1) = / y (5)dIk| (s).
0,7]

0.1]

where x € ﬁo is fixed, y (s) = y (s, Y (s)) d |k| -a.s. and M is a continuous JF;-martingale
satisfying

d(M;, M;) (1) < Cdt, (5.1

for some C € (0, o0). Let (X Y, k’) be a similar triple, but with x replaced by x’ € 2, and
Y () =y (s. Y (s)) d |K|-as.

We shall prove uniqueness of solutions by a Picard iteration scheme and a crucial ingredient
is then the estimate provided by the following theorem. Note that Lemma 5.1 holds for a general
continuous J;-martingale satisfying (5.1), whereas in Theorem 2.7 we restrict our interest to M
being a standard Wiener process.

Lemma 5.1. There exists a positive constant C < oo such that

E[mm|Y@)—Y%mf]5(?0x—xﬂ4+/ﬂE[mm|X(@-—X%@F]¢Q.
0

0<s<t 0<u<s

Proof. Fix ¢ > 0, let . > 0 be a constant to be specified later, and let w, € C2([0, T] x
R" x R",R) and @ € C'?(£2,R) be the functions defined in Lemmas 3.2-3.3. Define the
stopping time

t=inf{s €[0,T]:|Y (5) = ¥ (s)| = 6},
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where § > 0 is the > constant from Remark 2.1. Let B denote the diameter of the smallest ball
containing |, r,¢2:- Then, assuming without loss of generality that B/$ > 1, we have

/ 4 B N f 4
E|sup |[Y(s)—Y ()| < E) E| sup [Y()=Y ()| [,
0<s=<t 0<s<tAT

so it is sufficient to prove the theorem for ¢ A t. To simplify the notation, however, we write ¢ in
place of t A T and assume that |Y (s)—Y (s)’ < 4 in the proof below.
Define, for all (¢, x, y) such that (¢, x) , (¢, y) € {2, the function v as

v(t, x,y) = e MOEOTCID oy (¢ x ) =u(t, x, y) we (£, X, Y) .

The regularity of v is inherited from that of w, and «. By Ito’s formula we have, suppressing the
s-dependence for X, X', Y and Y’,

v (1, Y (1), Y (1))
= v(O,x,x')+/ DSv(s, Y, Y/)ds
0

t

+f (Dyv (s, Y, Y'), b, X))ds—i—/ (Dyv (s, Y, Y'),b(s. X'))ds

0 0

+/ (Dyv (s, Y, Y’),o(s,X)dM(s))+/ (Dyv (s, Y, YY), 0 (s, X')dM (5))
0 0

+/0 (Dyv (s, 7, Y/),y(s))dlkl(s)—i-/o (Dyv (s, Y, Y'), v ())d |K] (5)

LD SRNe: N (06X
+/O tr((a (&X,)) D*v (s, Y,Y)(U (s X,))d(M) (s)>. (5.2)

We define the martingale N as

t

N (1) =/l (Dev (s, Y, Y'),0 (s, X)dM (s))—i—/ (Dyv (s, Y, Y), 0 (s, X')dM (s)).
0 0

and simplify the remaining terms in (5.2). From (3.15), (3.19) and the regularity of «, we have

‘ ‘ ly -y
/ st(s,Y,Y’)dSEC(A)/ e+ —)ds.
0 0 &

Similarly, following the proof of Theorem 5.1 in [14], we have

/(va(s, Y, Y'), b(s, X))ds+/ (Dyv (s, Y, Y'"),b(s. X'))ds (5.3)
0 0

( vl plx—xf
=Cc® 8+/ —ds—f-/ —ds].
0 & 0 &

A simple extension of Lemma 5.7 in [14] to the time-dependent case shows that there exists a
constant K; (A) < oo such that for all t € [0, T'], x, y € {2, the second order derivatives of v
with respect to the spatial variables satisfy

11 -1 lx —y*\ (1 ©
D%(LL)’)SK(M(;(_I 1>+<8+ e )(O I))
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Moreover, it is an easy consequence of the Lipschitz continuity of o that there exists a constant
K> (1) < oo such that forallr € [0, T], x, y, &, w € 2,

! 1
(Z o 3) D*v (k. x. y) <Z v 3) < K> () (s = (= of + o= y|2)) I

Consequently, the last term in (5.2) may be simplified to
I EITD SRN: NEICS
/0 tr((a (5. X) D*v(s,Y,Y’) (G (s,x/) d (M) (s)
|x-x'|° x| |Y y'|?
<C)|e¢ +/ / ds

Considering now the terms containing |k| and |k’
in [14], that

, we see, following the proof of Theorem 5.1

/O(Dxu(s, Y, Y/),y(s))d|k|(s)+/0 (Dyv (s, X, Y) v/ ())d |K| (5)
_ /|2

§C/ u(s,Y,Y’)|—
0 &
1 [ o) (D 1)y MK )
0

/|2

t N4 )
d|k|(s)+cf u(s,Y,Y)Td]k\(s)
0

t
- A/ v (s, Y, Y') (Da (s, Y') v/ ())d |K'| (s) .
0
Moreover, (3.14) and (3.22) give, since d |k| (s) is zero unless Y (s) € 92,

/ ’ |Y_Y,|2
=2 (s, Y, Y) (Dea(s.Y), ¥ (s)) < —Axu(s, Y, Y)T,

so, by putting A = C/x all integrals with respect to |k| and |k| vanish. Dropping the A-
dependence from the constants, (3.14) and (5.2) give

1ro-vof

. A 5v(t,Y(t),Y/(t))fv(O,x,x/)-l-e—I—N(t)

/I /I -xf

Now applying (3.15) to v (0, X, x’), multiplying by &, squaring, taking supremum and expecta-
tions on both sides, we obtain

E [ sup |¥ (s) — Y’ (s)|4] <C <|x — x’|4 +e* +°E [ sup (N (s))2:|

O0<s<t 0<s<t

+/OtE[}X—X/|4+|Y—Y/|4]ds>.
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Then proceeding as in (5.3), the Doob—Kolmogorov inequality gives

E [ sup (N (s))z] <4E[(N 1))*]

0<s<t
< c/l (82+E|:|Y_Y/|4 + |X_X/|4Dds
— 2 2 9
0 & &

Letting ¢ tend to zero, we obtain

E|:sup ]Y(s)—Y’(s)|4] < C(\x—x’]4+/ E[(}X—X’\“HY—Y’\“)]ds),
0

0<s<t

from which the requested inequality follows by a simple application of Gronwall’s inequality. [J

Proof of Theorem 2.7. Given Lemmas 4.5 and 5.1, the proof of Theorem 2.7 follows exactly
along the lines of the proof of Corollary 5.2 in [14], which in turn follows the same outline as
in [20], Theorem 4.3. Note that the main problem is verifying the adaptedness property of the
solutions to the reflected SDE. This property follows from an approximation of continuous F;
-adapted semimartingales by bounded variation processes, for which one can show existence
of unique bounded variation solutions to the Skorohod problem, and these bounded variation
solutions will be F; -adapted. We omit further details. [

6. Fully nonlinear second-order parabolic PDEs

In this section, we prove the results on partial differential equations. First, we recall the
definition of viscosity solutions. Let E C R"*! be arbitrary. If u : E — R, then the parabolic
superjet Pé’*u (s, z) contains all triplets (a, p, X) € R x R" x §" such that if (s, z) € E then

1
u(t,x) sul(s,)+talt=s)+(p.x -2+ (Xx—-2),x-2)
+ 0(|t—s| +|x—z|2) as E > (t,x) = (s,2).

The parabolic subjet is defined as Pé‘_u (s,2) = —PZJJ“ (—u (s, 2)). The closures 7_3§+u (s, 2)

and 7_32E’7u (s, z) are defined in analogue with (2.6) and (2.7) in [10]. A function u € USC(f)) is
a viscosity subsolution of (2.18) in £2° if, for all (a, p, A) € Pé”Lu (t, x), it holds that

a+ F(t,x,u(t,x),p, A) <0, for (z,x) € 2°.
If, in addition, for (¢, x) € 942 it holds that
min{a + F (t,x,u (t,x), p, A), {p,y @, x))+ f (¢, x,u x)} <0, 6.1)

then u is a viscosity subsolution of (2.18)—(2.19) in Q. Similarly, a function v € LSC(?)) is a
viscosity supersolution of (2.18) in {2° if, for all (a, p, A) € Pé’_v (t, x), it holds that

a+ F(t,x,v(tx),p, A) >0, for (¢,x) e 2°.
If, in addition, for (¢, x) € 942 it holds that
max{a + F (t,x,v(t,x), p, A), (p,y (&, x))+ f(t,x,v(t,x))} >0, (6.2)

then v is a viscosity supersolution of (2.18)—(2.19) in Q2. A function is a viscosity solution if it
is both a viscosity subsolution and a viscosity supersolution. We remark that in the definition
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. . . - =2
of viscosity solutions above, we may replace Pé*u (t,x) and Pé’ v(t,x) by P _F;LM (¢, x) and

73%7 v (¢, x), respectively. In the following, we often skip writing “viscosity”” before subsolutions,
supersolutions and solutions. Note also that, given any set E C R and ¢ € [0, T], we denote,
in the following, the time sections of E as E, = {x : (¢, x) € E}.

Next we give two lemmas. The first clarifies that the maximum principle for semicontinuous
functions [9,10], holds true in time-dependent domains.

Lemma 6.1. Suppose that O = O n (0, T) xR for i = 1,...,k where O are
locally compact subsets of R"*!. Assume that u; € USC(O") and let @ (X1, ., X)) —
o (t,x1,...,x;) be defined on an open neighbourhood of {(t,x) : t € (0,T) and x; €
O! for i = 1,...,k} and such that ¢ is once continuously differentiable in t and twice
continuously differentiable in (x, . .., xi). Suppose that s € (0, T) and z; € O' and

w (X, ., x) =u (X)) - Fu @ x) — et X, e, X)) Sw (S, 20,05 2)

for0 <t < T and x; € OF. Assume, moreover, that there isanr > 0 such that for every M > 0
there is a C such that, fori =1, ...k,

b; < C, whenever (b;, q;, X;) € Pz’fu,- (t,x) with || X;|| < M and

lxi — zil + 1t — 5|+ lu; (¢, x) —w; (5, 2)| + 1gi — Dy (5,21, ..., 2)| <1 (6.3)
Then, for each ¢ > O there exist (b;, X;) such that
—2, .

(b Dy (5,21, -, 20) . Xi) € P ui (5.2), fori=1,....k,

| X, ... 0
_<‘+||All>’s Do [ =area?,

e : :

0 ... Xi

and
bi4 - 4+ by =D@(s,215...12k)
where A = (D2¢) (s, 21, ..., Z)-

Proof. Following ideas from page 1008 in [9] we let K; be compact neighbourhoods of (s, z) in
O' and define the extended functions i1, ..., uy, u; € USC (R") fori = 1,...,k, by

(1 x) = {u (t,x), if (t,.x) € K;,
—00, otherwise.

From the definitions of sub and superjets it follows, fori =1, ..., k, that

Pty (t.x) = Phtui (1), (6.4)
for (¢, x) in the interior of K; relative to (. Excluding the trivial case u; (¢, x) = —oo, then the
function u; (¢, x) cannot approach u; (s, z) unless (¢, x) € K; and it follows that

=2+ ~ =24

P]Rn+lui (t, x) = Poi u; (t, x) . (65)
Setting w (¢, x1,...,x) = Uy (¢, x1) + --- + U (¢, xx) we see that (s, z1,...,2) is also a
maximum of the function (W — ¢) (¢, x1, . . ., xx). Moreover, we note that the proof of Lemma 8

in [9] still works if (27) in [9] is replaced by assumption (6.3). These facts, together with (6.4)
and (6.5), allow us to complete the proof of Lemma 6.1 by using Theorem 7 in [9]. [
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Before proving the next lemma, let us note that standard arguments imply that we can assume
A > 01in (2.21). Indeed, if A < O then for A < A the functions e*u (¢, x) and e*v (¢, x)
are, respectively, sub- and supersolutions of (2.18)—(2.19) with F (¢, x,r, p, X) and f (¢, x,r)
replaced by

— A+ MF (t, X, ef’i\’r, ef;\’p, ef;\tX) and e (t, X, ef’i\tr> . (6.6)

Hence, in the following proof we assume A > 0 in (2.21). Next we prove the following version
of the comparison principle.

Lemma 6.2. Let 2° be a time-dependent domain satisfying (2.2). Assume (2.20)~(2.22). Let
u e USC(Q) be a viscosity subsolution and v € LSC(Q) a viscosity supersolution of (2.18) in
02°. Then supgu — v < sup, o g, @ — v)™.

Proof. We may assume, by replacing 7 > 0 by a smaller number if necessary, that u and —v
are bounded from above on {2. We can also assume that supgu — v is attained by using the well
known fact that if u is a subsolution of (2.18), then so is

p

T—t

for all B > 0. Assume that suppu — v = u(s,z) —v(s,z) > u(t,x) — v (¢, x) for some
(s,z) € £2° and for all (¢, x) € 32 U 2. As in Section 5.B in [10], we use the fact that if u is a
viscosity subsolution, then so is # = u — K for every constant K > 0. Choose K > 0 such that
i (t,x) —v(t,x) <0forall (r, x) € 32U 2 and such that it (s, z) — v (s, z) == 8 > 0. Using
Lemma 6.1 in place of Theorem 8.3 in [10] and by observing that assumptions (2.20)—(2.22)
imply (assuming A > 0 as is possible by (6.6)) the corresponding assumptions in [10], we see
that we can proceed as in the proof of Theorem 8.2 in [10] to complete the proof by deriving a
contradiction. [

ug (t,x) =u(t,x)—

Proof of Theorem 2.8. In the following we may assume, by replacing T > 0 by a smaller
number if necessary, that ¥ and —v in Theorem 2.8 are bounded from above on (2. We will now
produce approximations of # and v which allow us to deal only with the inequalities involving
F and not the boundary conditions. To construct these approximating functions, we note that
Lemma 3.3 applies with y replaced by ¥ as well. Thus, there exists a C"? function o defined on
an open neighbourhood of §2 with the property that @ > 0 on {2 and (D,e (1, x) , ¥ (t,x)) > 1
forx € 942, ,t € [0, T]. For B, > 0, B, > 0 and B; > 0 we define, for (¢, x) € {2,

uﬂ],ﬂz,ﬂ3 (t’ -x) =u (t’ )C) - ﬁla (t’ -x) ﬁZ - ﬂg t

VB8, (t,x) = U(t7x)+ﬁla (t’x)+:32- (67)

Given B3, o > 0 there is B1 = B1 (B2) € (0, By) for which ug, g, s, and vg, g, are sub- and
supersolutions of (2.18)—(2.19), with f (¢, x, r) replaced by f (¢,x,r)+ B and f (t,x,r) — b1,
respectively. Indeed, if (a, p, X) € ’P%*’um,ﬁz, B, (t, x), then

s Py 5P+ D). X+ B D x)) 24 (1, 1) . (6.8)
Hence, if u satisfies (2.19), then (p + B1Da (¢, x), Y (t,x)) + f (¢, x,u (¢,x)) < 0 and since
(Do (t,x),y (t,x)) > 1, ug, g8, < u and by (2.25) we obtain

(p.7 . x) + f(t.x,up, p, )+ B <0. (6.9)

<a + B (2, x) +
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Using (6.8) we also see that if u satisfies (2.18) then

a+ﬁ1a,(t,x)+(Tli—St)z+F(t,x,u,p+/31Da(t,x),X+/31D2a(t,x)) <0.

Using (2.21) and (2.23), assuming also that the support of « lies within U, we have
a+ Pro, (t,x)+ F (t,x,up, g, p;. p. X) + ABa (6.10)
—m (181D (1, )| + |81 D (2, %) ||) < 0.

From (6.9) and (6.10) it follows that, given ,, B3 > 0, there exist 8; € (0, B2) such that ug, g, g,
is a subsolution of (2.18)—(2.19) with f (¢, x, u) replaced by f (¢, x, u) + Bi. The fact that vg, g,
is a supersolution follows by a similar calculation.

To complete the proof of the comparison principle, it is sufficient to prove that

mgx (”ﬁlqﬂzﬁﬂs - UﬂlvﬂZ) =0,
holds for all 8, > 0 and 3 > 0. Assume that
o= mgx (uﬁl’ﬁz,f% - vﬁlﬁz) > 0.

We will derive a contradiction for any B3 if B> (and hence B;) is small enough. To simplify
notation, we write, in the following, u, v in place of ug, g, g;, vg,.5,- By Lemma 6.2, u (0, -) <
v (0, -), upper semicontinuity of # — v and boundedness from above of u — v, we conclude that
forany 3 > 0

oc=wu—v)(s,z), forsomezec df)ands e (0,T). (6.11)
Let B ((s,2),8) = {(t,x) : |(t, x) — (s, 2)| < 8} and define

E:=DB((s,2),8nN%R.
By Remark 2.1, there exists 8 € (0, 1) such that

(x —y, 7, x))=—0|x—y|, forall (r,x) € E\ 2°and (t,y) € E. (6.12)

By decreasing § if necessary, we may assume that (2.23) holds in E. From now on, we restrict our
attention to events in the set £. By Lemma 3.2 we obtain, for any 6 € (0, 1), a family {w,},.o of
functions w, € C'? ([0, T] x R" x R", R) and positive constants x, C (independent of ¢) such
that (3.14), (3.15), (3.19)—(3.21) as well as

N x—y* . -
<wa6(ty-x9y)ay(t1x)>E_CTys lf <x_y7y(t7x)>2_9|x_ylv (613)

- x—y?* . 9
(Dyws(t,xa}’)’)/(f,y»Z—C A 5 lf (y_X,V(taY»Z—Q |X_Y|, (614)
hold. Note that (6.13) and (6.14) are direct analogues to (3.16) and (3.18) but with y replaced

by V.
Let ¢ > 0 be given and define

é(t9xay) ZM(I,x)_U(tv)’)_(P(tvxy)’)a
where

@t x,y) =we (t,x, )+ f(s,2,u(s,2) (y —x, 7 (s,2) + Bilx — 2> + (t — 5)~.
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Let (¢, x¢, y.) be a maximum point of . From (3.14) and (3.15) we have

o —Ce < B(5.2,2) < Bt Xe, o) < U (tor X0) — V (1, Vo) — XM (6.15)
— 52U (5,2) (e = X6, ¥ (5. 2)) = Bulxe — 2” = (1 — 9)°.
From this we first see that
[Xe = y:| =0 as & — 0.
Therefore, using the upper semi-continuity of # — v and (6.15) we also obtain
@—)O, Xey Ve — 2, te — s,
u(te, x) = u(s,z), v (te, ye) > v (s,2), (6.16)

as ¢ — 0. In the following we assume ¢ to be so small that (¢, x,) € E
We introduce the notation

P = Dy (te, Xe, ¥e) = Dywe (e, Xe, ¥e) — f (5,2, u(5,2)) Y (5,2) + 2B (xe — 2),
q = Dy (ts, X, Ye) = Dyw (&, X, ye) + f (5,2, u (s, 2)) Y (s.2),
and observe that
(P, 57(tsa X))+ f (Te, Xg, u (t, X))
=(Dyw; (Te, Xe, Ye) )7(1‘57 Xe), )+ f (te, Xe, u (I, X¢))

— [, z,u(s, ) (Y (5,2), ¥ (tes X)) + 2B1{xe — 2,V (e, Xe)), (6.17)
and
=G> ¥ (tes ye)) + S (Fe, Yes v (te, xe))
= —(Dyw; (te, Xe, Ye) , Ve, ¥e)) + [ (te, Yoo v (fe, Vo))
— s, z,u(s,2) (V(5,2), ¥ (e, ye)) - (6.18)
Using (2.3), (2.24), (2.25) and (6.16)—(6.18) we see that if ¢ is small enough, then
B

(Dywg (e, Xe, ye) , ¥ (Lo, X)) = ——

2
= (p, 37(t87 xXe)) + f (te, Xe, u (te, xe)) + B > 0,
~ B
(Dywg (te, Xe, Ye) » ¥V (e, Ye)) = —?]

= —(q, V (te, Ye)) + f (te, e, v (e, X)) — 1 < 0. (6.19)
Moreover, from (6.12)—(6.14), we also have

2
~ X — )
(Duws (1o, %o, 32) .7 (10, x0)) > —C e = 2el” Sy‘" . ifx € 902,

o lre —yel” .
(Dywg (ts, Xe, Ye) » ¥ (e, Ye)) = _CSTyS, if y. € 942,. (6.20)

Using (6.19) and (6.20), it follows by the definition of viscosity solutions that if ¢ is small enough,
say 0 < ¢ < gp,, then

a—+ F (t!:" Xe, U (teyxs) ) 1_77 X) < 0 =< —b + F (té‘a Ye, U (té‘a }’s) ) _‘jv _Y) ) (621)
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whenever
_ —2.4 _ —2.—
(a, p.X)ePy u(ty,x.) and (=b,—q,—=Y) e Py v(te, ye)-

We next intend to use Lemma 6.1 to show the existence of such matrices X, Y and numbers a, b.
Hence, we have to verify condition (6.3). To do so, we observe that (6.19) holds true with p and
q replaced by any p and ¢ satisfying |p — p| < r and |g — ¢g| < r if we choose r = r (¢) small
enough. It follows that also (6.21) holds with these p and ¢ and we can conclude

a<—F(t,xe,u(te,x:),p,X) <C and b <F (t;, ye, v (te,¥e), —q,—Y) <C,

for some C = C (¢) whenever (a, p, X) and (b, g, Y) are as in (6.3). Hence, condition (6.3)
holds and Lemma 6.1 gives the existence of X, Y € S" and a, b € R such that

| X 0 .
—<;+||A||)15<0 Y>§A+8A,

_ =2, - —
(a, p, X) E’Pf;—u (ta’xs)» (—b, _Qv_Y) Etpfz U(l‘g, ys)»
a+b= D¢ (te, X, ys) = Dywg (1, X, ys) +2(t.— ), (622)
where A = D2 (w; (te, Xe. ye) + Bilxe — z|%). Using (2.21), (3.19) and (6.21) we obtain, by
recalling that we can assume A > 0in (2.21), that
0 = tha (tav Xe,s ys) + 2(t£ - S)
+F (te» Xe, U (ts» XE) ) l_” X) - F (taa Ye, U (tg, ys) ) _67» _Y)

| xe _yelz
= _CT + 2t — )+ A (U (te,xe) — v (te, ye))

+ F (ta» Xe, U (ta» xs) 5 l_’v X) y F (té'v Ve, U (tg, xs) 5 _év _Y) .

Next, assumption (2.23) gives

0> —-Cs4+2(, —s)+A(u(te, xe) — v (te, Ye))
+ F (te, xe u (e, xe) s —q, X — C5I) — F (te, ye, u (t:, xe), —q, —Y + Cs1)
—my (|p + gl + C5) —m, (C5), (6.23)
where we use the notation § = |x, — y.|?/e. Note that since the eigenvalues of £ A are given by

&A2, where A is an eigenvalue to A, and since X is bounded, A + g¢A? < CA. Hence, by (3.21)
we obtain

1

, C
A+cA” < —
e \—1

-1 _
I ) + CSIZna

and since ||A]| < C/e for some large C, we also conclude that (6.22) implies

C X —Csl 0 c(1 -I
@ _IZn = = < — .
I 0 Y —Csl & -1 1

Using the above inequality, assumption (2.22), (6.23), the definition of g and (3.20) we have
0> —-Cs+2(:—s5)+1(u (e, x:) — v (e, ye))
—my (Clxg — yel +2C5) —my (Ip + gl + C5) —m» (Cs) ,
when 0 < & < &g, and u (¢, x) > v (%, y¢). Sending first ¢ and then B, to zero (the latter

implies 8; — 0) and using (3.20) we obtain a contradiction. This completes the proof of the
comparison principle in Theorem 2.8. [
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Using the same methodology as in the proof of Theorem 2.8, we are now able to prove the
comparison principle for mixed boundary conditions stated in Corollary 2.10. This result will be
an important ingredient in the proof of Theorem 2.9.

Proof of Corollary 2.10. If u is a viscosity subsolution, then so is u — K for all K > 0. It
thus suffices to prove that if u < v on (32 \ G) U £, then u < v in Q.1 G = 342, then this
implication and its proof is identical to Theorem 2.8. If G C 942 is arbitrary, then we know by
assumption that # < v on 92 \ G and so the point (s, z) defined in (6.11) must belong to the set
G where the boundary condition is satisfied. Hence, we can follow the proof of Theorem 2.8 and
conclude that u < v in 2.0

Proof of Theorem 2.9. We will prove existence using Perron’s method. In particular, we show
that the supremum of all subsolutions to the initial value problem given by (2.27) is indeed a
solution to the same problem. To ensure that the supremum is taken over a nonempty set, we
need to find at least one subsolution to the problem. We also need to know that the supremum
is finite. This is obtained by producing a supersolution, which, due to the comparison principle,
provides an upper bound for the supremum.

To find the supersolution, let, for some constants A and B to be chosen later,

U= Aa(t,x)+ B, for (t,x) e 2,

where « (¢, x) is the function guaranteed by Lemma 3.3. By (2.24), (2.25) and the boundedness
of £2°, we can find A > 0 such that

(DU (t,x), Y (t,x)) + f(t,x,0(t,x)) > A+ f(t,x,0) >0,

for (¢, x) € 9{2. Moreover, since the support of « lies in U, we have, with A and m, defined in
(2.21) and (2.23),

D (t,x) + F (t,x, 0 (t,x), DV (t, x), D*V (t,x))
> —Asup{|D,a (¢, x)|} + BA + F (¢, x,0,0,0)
U
— supmy (A (|Da (t, )| + | D% (£, x) ]])) -
U

By (2.20), the boundedness of {2° and by recalling that we can assume A > 0, we see that taking
B large enough, 7 is a classical supersolution of (2.27). Hence, using (2.26) and Proposition
7.2 in [10], ¥ is also a viscosity supersolution. Next, we observe that # = —7v is a viscosity
subsolution # to the problem given by (2.27).

We now apply Perron’s method by defining our solution candidate as

w = sup{w (x) : w € USC(T)) is a viscosity subsolution of (2.27)}.

In the following we let u* and u, denote the upper and lower semicontinuous envelopes of a
function u, respectively. By the comparison principle and by construction we obtain

I, < i, <" <7* on . (6.24)

Let us assume for the moment that w* satisfies the initial condition of being a subsolution and
that w, satisfies the initial condition of being a supersolution, that is

W* (0, x) < g(x) <, (0,x), forallx e 0. (6.25)
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We can then proceed as in [10] (see also [2] and [17]) to show that w* is a viscosity subsolution
and W, is a viscosity supersolution of the initial value problem in (2.27). Using the comparison
principle again, we then have w, > w* and so by (6.24) w, = w* is the requested viscosity
solution. To complete the proof of Theorem 2.9, it hence suffices to prove (6.25). This will be
achieved by constructing families of explicit viscosity sub- and supersolutions.

We first show that the subsolution candidate w* satisfies the initial conditions for all x € (2.
To this end, we define, for arbitrary z € (4 and ¢ > 0, the barrier function

Ve (t,x) =g () +e+Blx —z]* +Ct, for (t,x) € [0, T] x R,

where B and C are constants, which may depend on z and ¢, to be chosen later. We first observe
that, by continuity of g and boundedness of (), we can, for any ¢ > 0, choose B so large
that V. (0,x) > g (x), forall x € ﬁo. Moreover, since  is bounded on 2, we conclude, by
increasing B and C if necessary, that we also have

V..(t,x) > w(t,x), for (t,x) € dNU .

A computation shows that, for z, ¢, B given, we can choose the constant C so large that V_ . is
a classical supersolution of (2.18) in [0, co) x R”". Hence, by (2.26), V, . is also a continuous
viscosity supersolution of (2.18) in {2°. By the maximum principle in Lemma 6.2 applied to V, .
and each component in the definition of W, we obtain

V.o (t,x) > W(t,x), for (t,x) € 8. (6.26)
It follows that w* < V;‘jg = V. . in this set and hence the initial condition in {2 follows since for
any x € ()
w*(0,x) <infV,,(0,x) = g(x). (6.27)
&,2

To prove that the supersolution candidate w, satisfies the initial condition in {2, we proceed
similarly by studying a family of subsolutions of the form

U.c(t,x) =g ()= Blx —z|* —& — Ct.

We next prove that w* satisfies the boundary conditions for each x € 3(2. In this case the
barriers above will not work as we cannot ensure that they exceed w* on (2. Instead, we will
construct barriers that are sub- and supersolutions only locally, near the boundary, during a short
time interval. These local barriers are useful due to the maximum principle for mixed boundary
conditions proved in Corollary 2.10. To construct the local barriers, fix 7 € 92 and let z (¢) be
the Holder continuous function

() =2— K7 (0,2) %,

where @ is the Holder exponent from (2.8) and K is a constant depending on the Holder constant
and the shape of the exterior cones in (2.4). It follows that z (¢) stays inside of {2 for a short time
and that z (0) = 7. Consider, for ¢ > 0, the barrier function

Vizlt,x) =g @) + A (t,x) —a(0,2) + €00y (¢t x 7 (1) + B+ CF°,

whenever (7, x) € [0, T] x R”?, where C and x are the constants from Lemma 3.2 and A, B and
C are constants to be chosen later, possibly depending on Z and . We first show that for any
choice of A, we can find B such that

g(x) < V,2(0,x), forallx € 2y and infV.>(0,2) =g@). (6.28)
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Indeed, to prove the left inequality in (6.28), observe that by (3.14) we have x|x —Z|*/e <
w, (0, x,7Z). Moreover, by the continuity of g (-) — A« (0, -) in ﬁo, we can find B, depending on
¢ and A, so that

)
g(X)—g@—A(a(O,x)_a(O’a)§B+X|x 8?] .

This proves the left inequality in (6.28). Finally, it is no restriction to assume that B — 0 as
& — 0, and this implies the right inequality in (6.28).

We next show that Vg,g satisfies the boundary condition in a small neighbourhood of Z in 42.
To do so, let Ez = (0, ) x B (T, p) for some k, p > 0 to be chosen. We intend to find « , p, A
and C such that

(D Vez (1,%), 7 (1, )) + f (1, x, Vez (£,%)) = 0, for (1, x) € EzN 3. (6.29)

First, observe that « is differentiable in time on {2. Therefore, by taking C large enough and by
using (6.28) we ensure that

Vez(t,x)>g(®, for (t,x) € 1.

In general, the choice of C will depend on A, but it is evident from the next inequality that this
will not give rise to circular reasoning. By (2.25) and the boundedness of {2, we can choose A so
that

ftx, Viz(t,0) = f(t,x,8 @) > —A, for (t,x) € 2.
Thus, the boundary condition in (6.29) will follow if we can prove

(D Vo (t,x),7 (1, x)) > A, for (t,x) € EzNdL2. (6.30)
To this end, choose p and k so small that

(x —z(@®),y (,x)) > —0|x —z(t)] wheneverx € B(Z,p) N3N, t€[0,k]. (6.31)

Inequality (6.13) then holds with y = z (¢) for all (¢, x) € Ez N df2. Together with the properties
of «, this gives

(D V.= (t,x), 7 (1, x)) i
= A(Dya (£, %), 7 (t, x)) + e(C/0)a0

'<wa6 (t9x1 < (t)) + W (ts X, Z (t)) ;Dxa (th) ) 57([1 )C)>

2 2 A
~lx—z(t x—z@®|"C
—C| (®)] +XI ()I_:

£ £ X

> A

A, for (t,x) € EzNaf.

This proves (6.30) and hence the boundary condition (6.29) follows.
We now show that for C large enough, V, 7 is a supersolution to (2.18), that is

DVez(t,x) + F (t,x, Vez (t,x), Dy Vez (t,x), D2V, 2 (1, x)) = 0,
for (¢, x) € 2°. (6.32)
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With D, and D, denoting differentiation with respect to the first and third arguments of w,,
respectively, we have

- _ ¢ .\
D, Vo2 (t,x) = ADya (1, x) 4 (/09D Z Dy (1, x) w, (1, x, 7 (1)) + (/0200
X

- (Dswe (1, x, 2 (1)) = 2K@ (Dywe (1, %, 2 (1)), ¥ (0,2} 1)
+car® . (6.33)
Moreover, by (2.21) with A = 0 and by (2.23) we have

F(t,x,Voz (t,x), DiVez (t,x), D2V, 2 (t, %))
> F(t,x,82,0,0) — supm; (| D, Vez (t, )] + [ D2V,z (¢, x) HE (6.34)
2

By (3.19)=(3.21), (6.33) and (6.34), we can find C so that (6.32) is satisfied. Hence, using (2.26)
and Proposition 7.2. in [10], V, . is a viscosity supersolution in {2 which satisfies the boundary
condition (2.19) on Ez N 942 in the viscosity sense.

We now perform the localized comparison. From the construction of w, it is clear that
w (0, x) < g (x),forall x € ﬁo. Combined with the left inequality in (6.28), this yields

V.2(0,x) > (0,x), forx e (. (6.35)
Moreover, for some constant K depending on g, , Z, A, « and p, we have
-z

Vos(t,x) > —K + X—— + B, for (t,x) € (0Ez\02)N ([0,k) x R").

Since w is bounded, we can conclude, by increasing B if necessary, that

Vg,g (t,x) >w(t,x), for (t,x) € QEz\92)N ([0, K) X R”). (6.36)
Now, let k be so small that for some € > 0, it holds that
lx —z ()] >€ >0 whenever (t,x) € (0Ez\92)N ([0, K) X R”) . (6.37)

This choice is possible by the definition of z (#) and by the properties of the domain. Inequality
(6.37) implies that it is no restriction to assume that B — 0 as ¢ — 0, which is necessary. By
means of (6.29), (6.35) and (6.36), we can use Corollary 2.10 to make comparison in Ez N 0 of
the supersolution V,z with each subsolution in the definition of &. Hence

Vez(t,x) > (t,x), for (t,x) € E=N 1,
and, as a consequence, \753 = Vs*? > w* in Eg N 2. Thus, for any x € 92,
* (0, x) <inf Vo2 (0,x) = g (x).
To prove that w, satisfies the initial condition on 82, we proceed similarly by constructing a
family of subsolutions of the form
Uz (t,x) =g @) — A (t,x) —a(0,2)) — e(a/x)"‘("")wg (t,x,z(t)) — B — Ct°.
This completes the proof of Theorem 2.9. [0
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