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Abstract

We consider the heat equation in dimension one with singular drift and inhomogeneous space—
time white noise. In particular, the quadratic variation measure of the white noise is not required
to be absolutely continuous w.r.t. the Lebesgue measure, neither in space nor in time. Under
some assumptions we give statements on strong and weak existence as well as strong and weak
uniqueness of continuous solutions.
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1. Introduction

We consider the following stochastic partial differential equation (SPDE):

2
%u(t,x) = %Au(l,x) + b(t,x,u(t,x)) % (t,x) + a(t,x,u(t,x)) % wé(t,x), 0

u(0,x)=n(x), t =20, xeR,

whose precise meaning will be given in Definition 2.1 below. Here A = ¢?/dx?, a and
b:[0,00) x Rx R— R as well as n: R — R are continuous functions, ¢(d¢dx) and
o(dtdx) are positive Radon measures on [0,00) X R, a(d¢dx)/d¢dx is the Lebesgue
density—possibly only existing as a generalized function (distribution)—of o(d¢dx)
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and w? : [0,00) X R x 2 — R is an inhomogeneous two-parameter Brownian motion
on [0,00) x R based on o(dzdx). The latter object is characterized by the relation

We((t,t'] x (x,x']) =we(t',x") — wo(t',x) — we(t,x") + we(t,x), 2)

where ¢ is a white noise “measure” based on ¢(dzdx), that is a real-valued random
function on the algebra ./ =J,- #([0,n] x [ —n,n]) C #([0,00) x R) satisfying the
following two assertions for any disjoint sets 4,4’ € .<«/:

o We(A4) ~ N(0,0(4)),
o W(A), We(A") are independent and W4 U A")=WeA)+ WeA).

Walsh (1986, p. 260) constructed W?¢ as a Gaussian process on 7. In view of
(2), w? can formally be associated with the “distribution function” and w2(z,x) =
(0%/0tox)w?(t,x) with the “density” of W¢. The latter is usually called white noise
and coincides with W?¢ in distribution sense. If ¢(d¢zdx) = o(dfdx) = dtdx, then
(o(dtdx)/dtdx)(t,x) = 1 and w? is just the homogeneous two-parameter Brownian
motion w on [0,00) x R. In this case, Eq. (1) turns into

62

0 1
au(t,x) = EAu(t,x) + b(t,x,u(t,x)) + a(t,x, u(t,x)) ox w(t,x) 3)

u(0,x) =n(x), t =0, xeR

and has been studied several times w.r.t. existence and uniqueness of solutions (see
Walsh, 1986; Iwata, 1987; Mueller and Perkins, 1992; Shiga, 1994; Mytnik, 1998
among others).

One motivation to study Eq. (3) is the link to population systems. If b = 0
and a(t,x,u) = \/o(t,x)u, Eq. (3) describes the evolution of an infinitesimal system
(high-density/short-lifetime limit) of critical binary branching Brownian particles where
the branching intensity of an infinitesimal particle at position x at time ¢ is given by
o(t,x); (see Konno and Shiga, 1988; Méléard and Roelly-Coppoletta, 1988 or Reimers,
1989). There the medium g(.,.) was assumed to be constant or a regular function. But
media occurring in nature often have a more fractal shape. In particular, they should
be modelled as a singular measure ¢(dz dx). In our example the branching intensity of
a particle is then given by the formal expression (o(dzdx)/d¢dx)(¢,x). Accordingly,
the whole system evolves according to equation (1) with b = 0 and a(¢,x, u)=/u, for-
mally justified by the following fact. If ¢(dzdx) has a continuous dz dx-density o(¢,x),
then we have (0%/0t0x)w?(t,x) = +/0(t,x)(0?/0tdx)w(t,x) in the sense of Definition 2.1
below. Dawson and Fleischmann (1991) characterized the infinitesimal particle system
corresponding to a medium of the form ¢(dfdx) = g,(dx)d¢ as a measure-valued pro-
cess u,(dx), the so-called catalytic super-Brownian motion. On the one hand, if u(#,x)
is a continuous solution to SPDE (1) with & = 0 and a(t,x,u) = \/u, it is also the
dt dx-density of @,(dx)dz. This follows from the characterization of #,(dx) as unique
solution to a certain martingale problem (cf. Zihle, 2004, Proposition 2.5). On the
other hand, if ¢,(dx) = d.(dx) with c€R fixed, #,(dx)ds possesses a dfdx-density
with discontinuities on [0,00) X {c¢} (see Fleischmann and Le Gall, 1995, p. 82). So
we cannot get a continuous solution to SPDE (1) with & = 0 and a(t,x,u) =+/u for all
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measures o(dzdx) = g,(dx)dz. However, there is a large class of non-atomic singular
measures o;(dx)d¢ for which #,(dx)ds has a continuous dzdx-density which solves
the SPDE. In fact, ¢;(dx) only has to satisfy one of the following two equivalent
conditions

e Jduc(0,1] VT > 0 der > 0: sup, .7 Sup, e 0:(B(x,7)) < crr” Vre(0,1];
e Jue (0,11 VT > 0 Jer > 0: sup, 7 Sup,cp fB(X,l) Ix — y|"%0,(dy) < cr

on the concentration of mass (cf. Zdhle, 2004), where B(x,r) := (x — r,x +r).

In the present paper, we worry about continuous solutions to SPDE (1) with more
general coefficients (than b = 0, a(t,x,u) = y/u) under similar conditions on g(dzdx)
and a(drdx). More precisely, o(dzdx) and o(dzdx) will always be assumed to satisfy
condition (A), respectively (B), cf. Definition 1.1. For a metric space E let .#(F)
denote the spaces of positive Radon measures on £ and define #,,;(R)={u€ .4 (R):
Sup,cr U(B(x,1)) < oco}.

Definition 1.1. A measure p(dsrdx) € .Z([0,00) x R) is said to satisfy condition (A)
(respectively (B)) if u(dfdx) = wi(¢,dx)ua(dt), where p; is a kernel from [0,00) to
R with p(t,dx) € Myni(R) Vt = 0 and up(dt) € #(]0,00)), such that: oy, 0, €0, 1]
VT >0 der >0

(a) SUp, < 7 SUPxcr M](I,B()C,I")) < cerr* Vre (0,1];
(b) sup, <7 w2([0,00) N B(£,r)) < crr™ Vre(0,1];
(¢) o1/2 4 0 > 1 (respectively /2 + o > 1).

It is clear that every o(d¢ dx) € .#([0,00)xR), that has a bounded space—time Lebesgue
density, fulfills (A). But ¢(dzdx) does not need to be absolutely continuous w.r.t.
drdx. It just may not be too singular. Note that the Hausdorff dimension of the
closed support supp(v) of a measure w(d¢)e€ #(R) must be at least y if Jdc >0
VEesupp(v): w(B(E r)) < cr’ Vre(0,1]. To give an example, let €, be the “A-Cantor
measure” on [0, 1], that is %,(.) := #7(.N C(4)) where C(A) is the A-Cantor set
(cf. Mattila, 1995, 4.13), #7 is the y-dimensional Hausdorff measure on R and y =
log2/|log 4| is C(4)’s Hausdorff dimension. %, is a finite singular measure with closed
support C(Z) and satisfies: I¢ > 0 Vx € supp(%,): €,(B(x,r)) < cr’ Vr € (0,1]. There-
fore, o(dtdx) = ,,(dx)%,,(dt) satisfies condition (A) whenever i, 4, E(O,%) such
that log2/|2log 41| 4+ log2/|log A2| > 1. The mentioned measures also satisfy condition
(B) since condition (A) is stronger than (B). Measures o(dsdx) satisfying condi-
tion (B) may even have spatial atoms (o; = 0). For instance, o(d¢dx) = do(dx)d¢ or
o(dt dx) = 5o(dx)%),(dt) with o := log2/|log 2| > % fulfill (B).

2. Preliminaries and main results

The formulation of Eq. (1) is rather vague. On the one hand, the Lebesgue density
of o(dt dx) might fail to exists. On the other hand, w? is not differentiable in general.
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The way out is to regard SPDE (1) as a stochastic integral equation. We shall adopt
the notion of Walsh (1986) involving stochastic integrals against martingale measures.
If M is an orthogonal martingale measure, we denote its quadratic variation measure
by (M)(dtdx) and the stochastic integral of an admissible integrand f against M by
J [ f(r,y)M(drdy). Note that the white noise “measure” W¢ from Section 1 induces
an orthogonal martingale measure, denoted by W?¢ either, with (W¢)(d¢tdx)=o(dzdx).
The probability domain of ¢ will be denoted by (2, %,(Z;)>0,P) where (Z,),>0
is a filtration in % satisfying the usual conditions. For an investigation of orthogonal
martingale measures see also El Karoui and Méléard (1990).

Let C(R) denote the space of real-valued continuous functions on R. Subscripts
b, ¢ and superscripts +, oo refer to the subspaces of bounded, with compact sup-
port, non-negative and infinitely often differentiable (resp.) functions. Set Ci,(R) =
{y e C(R): ||—;y < oo YA >0} where |[Y|—;) = [le ()]s and |.||s is the
usual supremum norm. We equip Ciem(R) with the metric diem(¢h, )=, 27%(|¢ —
Yl—1m A1) and set (p,¥) = [, p(x)P(x)dx.

Definition 2.1. A Ci,(R)-valued continuous process (u(t,.): ¢t = 0) is said to be a
strong solution to SPDE (1) with initial condition 5 € Cien(R) if, given the noise
[(We, Q7 ,(F,),P], it is (#,)-adapted and

! 1
) =)+ [ (w0 580 o
4 /0 /R br, yyu(r, Y)W()o(drdy)

+ /0 /R a(r, your, Y)W PE(dr dy) @)

holds for all # > 0 and y € C2°(R), P-almost surely. We say u is a weak solution to
SPDE (1) with initial condition #§ € Cier(R) if one can find any noise [W?, Q, #,(%;), P]
such that u is (%,)-adapted and (4) holds.

Definition 2.2. A solution to SPDE (1) is said to be strongly unique if any two solu-
tions w.r.t. a given noise are indistinguishable. We say a solution is weakly unique if
any two solutions coincide in law.

Let us now turn to our main results. We first assume the coefficients to be Lipschitz
continuous. In this case we can find strongly unique strong solutions. Conditions (A)
and (B) were introduced in Definition 1.1.

Theorem 2.3. Let a and b be continuous. Assume for every T > 0 there exist finite
constants cr,Lr > 0 such that for all t < T and x,u,u’ € R,

la(t,x,u)| + |b(t,x,u)| < er(1 + [u]), (5)

la(t,x,u) — a(t,x,u’)| + |b(t,x,u) — b(t,x,u’)| < Ly|u —u'|. (6)



H. Ziihle | Stochastic Processes and their Applications 112 (2004) 95—-118 99

Let n € Cen(R), o(dtdx) satisfy condition (A) with oy,0, and o(dt dx) satisfy con-
dition (B) with By, ,. Then SPDE (1) with initial condition n has a strongly unique
strong solution. Moreover, the solution is locally jointly Holder-y-continuous for all
7€(0,(2/2) A ) where o :=o01/2+ 0 — 1, B:=B1/2+ B — 5.

Under slightly stronger assumptions we obtain non-negativity of the solution.

Theorem 2.4. Let a and b be continuous and 1k > 0. Suppose p(dtdx) and o(dt dx)
satisfy condition (A) and (B), respectively. Assume for every T > 0 there exist finite
constants cy,Ly > 0 such that for all t < T and x,x',u,u’ € R inequalities (5) and

la(t,x,u) — a(t,x',u")| + |b(t,x,u) — b(t,x",u")| < Ly(|x —x'|* + |u — u'|)

hold. If moreover a(t,x,0)=0, b(t,x,0) = 0 (Vt = 0,x €R) and n e CL,(R), then the
unique solution from Theorem 2.3 is P-almost surely non-negative.

If one is only interested in weak solutions, condition (6) can be dropped.

Theorem 2.5. Let a(t,x,u)=a(u) and b(t,x,u)=>b(u) be continuous and assume there
exists a finite constant ¢ > 0 such that for all ue R

la(u)| + |b(u)] < e(1 + [u]). (7)
Let n € Cen(R), o(dtdx) satisfy condition (A) with oy,0, and o(dt dx) satisfy con-
dition (B) with Py, ,. Then SPDE (1) with initial condition n has a weak solution.
The solution is locally jointly Holder-y-continuous for all y € (0,(a/2) A B) where
o= o1/2+a — 1, B = P1/2+ P — 1)2. If in addition ne CL,(R), a(0) =0 and
b(0) = 0, then the solution is P-almost surely non-negative.

In the Lipschitz case strong uniqueness of solutions can be obtained comparatively
easily. In the non-Lipschitz case, however, the question of uniqueness becomes much
more delicate. While statements on strong uniqueness do not exist so far, weak unique-
ness could be established for Eq. (3) with » =0, a(t,x,u) =u" and y € [%, 1). For the
case y = % see Roelly-Coppoletta (1986), the case ye(%, 1) was studied by Mytnik
(1998). We here give a generalization of the result on y = % As mentioned in Section
1, the interest in this case is due to the relation to the catalytic super-Brownian motion.

Theorem 2.6. Let ne C/,(R) and o(dtdx) satisfy condition (A). Then the (non-
negative) weak solution to SPDE (1) with b = 0, a(t,x,u)=+/|u| and initial condition
n is weakly unique.

We will not prove Theorem 2.6 since a very similar result was proved in the appendix
of Zahle (2004) with help of the method of duality. There ¢,(d¢) was required to be
the Lebesgue measure df and the state space of u=(u(z,.):t = 0) was the space Ciy(R)
of Lebesgue-integrable continuous functions instead of Ci,n(R). However, the adaption
of the proof to our setting is not difficult. In particular, one has to take Lemma 3.6
(stated below) into account and the state space of u’s dual process should be chosen
to be the space Cpp(R) of rapidly decreasing continuous functions instead of Cp(R).
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The remainder of the paper is organized as follows. In the next section, we give a
series of auxiliary lemmas. In Section 4, we shall establish the equivalence of SPDE
(1) in the sense of Definition 2.1 to both a certain martingale problem and a certain
stochastic integral equation. Sections 5-7 are devoted to the proofs of Theorems 2.3—
2.5, respectively. Note that corresponding results on existence of solutions to SPDE
(3) can be found in Iwata (1987), Mueller and Perkins (1992) and Shiga (1994). The
analogue of the non-negativity result was proved by Shiga (1994).

3. Auxiliary lemmas

In this section, we give basic tools for the proofs of our main results. We start with
two lemmas provided by Shiga (1994, Lemma 6.3) and Iwata (1987, Lemma 5.4).
We equip C([0,00), Cien(R)) with the usual metric inducing the topology of compact
uniform convergence. The statements on the Holder-continuity were not explicitly stated
in Shiga (1994) and Iwata (1987) but they are, to some extent, by-products of the
proofs.

Lemma 3.1. Let X=(X(t,x): t = 0, x € R) be a real-valued process such that X(0,.) €
Ciem(R) P-almost surely. Assume there are constants q,& > 0 such that for every
A, T >0 there exists a finite constant c; r > 0 satisfying

E[1X (t,x) = X(£'.x)|] < (|t — ¢ P77 + |x — X' PT)et
for all t,¢' < T and x,x' € R with |x —x'| < 1. Then X has a modification X such that

(X(1,.): t = 0) is Ciem(R)-valued continuous. Moreover, X is locally jointly Holder-y-
continuous for each y € (0,¢/q).

Lemma 3.2. Let X1,X;,... be the coordinate processes of probability measures Py,
Py, ... on C([0,00), Ciem(R)). Assume there are constants ¢,q > 0 such that for every
4, T >0 there is a finite constant c; r > 0 satisfying

sup E, [X,,(6,) — X, (¢, 3|11 < e, (|t = £/ 4 v = 2 Pyl

n=1
Sor all t,t' < T and x,x' € R with |x —x'| < 1. If (P, 0X,(0,.)7") is tight in Cien(R),
then (P,) is tight in C([0,00), Ciem(R)). Also, the coordinate process of any limit
point P is locally jointly Holder-y-continuous for each y € (0,¢&/q).

Lemma 3.3. Let o(dtdx) € #([0,00) x R) be as in Definition 1.1 with oy >0 in-
stead of (c¢). Then the orthogonal martingale measure W@ from Section 2 is a con-
tinuous one. In particular, the stochastic integral [ [ f(r, y)W(drdy) is a continuous
orthogonal martingale measure for every predictable f:[0,00) x R x Q@ — R

with E[ [y [ £2(r, y)e(drdy)] < oo Vit = 0.

Proof. Let B be a bounded Borel set in R and recall W¢(A4) ~ N(0,0(A4)) for A € /.
Then, if W2(B) := W?((0,] x B), we have for t <t < T and m > 1;

E[|[W (B) — WE(B)|*"1 =E[|[We(B x (t,')[*"] < cp 7|t — 1'|"™.



H. Ziihle | Stochastic Processes and their Applications 112 (2004) 95—-118 101

Hence, for m sufficiently large, Kolmogorov’s theorem gives a continuous modification
of (WE(B): t€[0,T]) for every T > 0. [J

Lemma 3.4. Consider ui(dx) € Myni(R), oy € (0,1], y > 0 and

(a) Jde > 0:sup,cp i (B(x,r)) < cr™, re(0,1];

(b) 3¢ > 0:sup, g [ u(dy) < e, re(0,1];

(¢) Jep > 0: sup e [ e~ eyl g (dy) < e 772, 1 e (0, 1];

(d) 3e; > 0:sup, e I [ em T ey (dy) < e, r e (0,1].

Then, (a) < (b) = (¢),(d) for every 4> 0.

Proof. (a) < (b) was proved in Zahle (2004, Lemma 3.1). The proof of (b) = (¢),(d)
is not hard and will be omitted. [

Remark 3.5. If we assume (b) of Lemma 3.4, then we also have

(b) Je > 0:sup,ep [5 e~ O (dy) < e(r2 Vv 2y, r > 0.

The remark is justified by the fact that elements of .#,,;(R) are globally (i.e.
on balls with radius bigger than one) bounded by a multiple of the Lebesgue
measure.

Lemma 3.6. Let uy(de) € 4([0,00)). If there exists an oy € (0,1] such that

YT >0 Jer > 0: sup upo([0,00) N B(t, 7)) < cpr™ Vre(0,1]

t<T

holds, then there is for every T > 0 a finite cy > 0 such that for all 0 <t < T,

(@) [[(t =) 7a(dr) er(t—s) 77 ¥y €[0,], 0<s <1

(b) [ (=) ha(dr) < ep(t = 0)"07) Wy € (a,00), 0 < s S v <

(c) fot POt — 1) T ua(dr) < ept®t 2700 + (1 — 0)277) Yy €[0,0,], 0€[0,1], 6> 0;
(d) Jy 7 p(dr) < ey ¥y > 0,

Proof. (a) By means of a substitution v = u~'” we obtain

t 1 0o 1
/S m#z(dr) = /0 1253 <I’. l[m](r)m > u) du

(t—s)""7 oo 1
< / ([, 1) duu / 0 (r:l[s,,](r)zu)du
0 (1—s)—7 (t=ry
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o0

< (t—s)Ter(t— ) + / 1ot — w7, 1) du
(t—s)=7

t—s
= ep(t— sy + / 0l — v, do
0

—s
Scr(t—s)277+ / o erv™ do < et — s)2 .
0

(b) The proof goes along the lines of the proof of (a) with the obvious changes.
(¢) Elementary estimates and part (a) yield

0t ré t r(i
[ an= [ e+ [

0 t
<0 [ @+ [ e

s 11 |
<0 [ = mn o [ e

< (00 crt™™ + Per((1 — 0))2"

< cTtéwLotz—)’(Hé + (1 _ H)Otz—*/).

(d) With help of a substitution v =1log(1/u) we obtain

T o0 ]
n o 1 1
/ e " pp(dr)= pa(ridpo,ry(r)e™" Zu) du< / = ({0’ T/\; tog }> .
O | 0 1 u

> 1 : o 1 ,
:/ ,uz({O,T/\v})eLdv/ ,u2<{0,T/\v})e”dv
0 Y 0 Y
o0 1 _ o 1\* _
+/ w | [0,TA-v| e ”dvé/ cr [ —-v) e "do
Ty b 0 Y

oo
+cTT“2/ e 'do < ey 4 orTe T Kepyy ™™
T

where the last inequality follows from e~ 77 < cr,,7™% ¥y > 0. O

Define the heat kernel p by p,(x, y) = (2rt)~"2e=¢=9"/2) for > 0 and x, y € R.
Also, set p, =0 for ¢t <O0.

Lemma 3.7. Let o(dt dx) satisfy condition (A) with oy, and o(dtdx) satisfy con-
dition (B) with By, .. Set o .= o1/2 + oy — 1 and p = p1/2 + po — 1/2. Then
Jor every 2= 0 and T > 0 there exists a finite constant c;r > 0 such that for all
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0<t<t <Tand x,x' €R,

/0 /R (Prr5s3) = pu—r('s )P o(dr dy)

< C/I,T(lt _ t/|ot + |x _ xl|2u)ei|x\e)v|x—x/|’ (8)

t/
/ / | prr(6, ) = po o, )" o (dr dy)
0 R
< Ci,T(|t _ t/|/i + |X _x/‘2/£)6}~\x|e/l|x—x'\. (9)

Proof. Inequality (8) was proved in Zédhle (2004, Lemma 3.4) for the case g,(d¢)=d¢
and 42 =0. By means of Lemma 3.4(c) and (d) and Lemma 3.6(a) and (b) the proof
can easily be extended to our general setting. Eq. (9) can be obtained analogously. [

Lemma 3.8. Let k > 1 and p5(dt) € 4([0,00)) (1 <i <k). Assume there exist o €
(0,11 (1 <i < k) such that

VT >0 367 >0: sup h([0,00) N B(L7)) < érr> Vre(0,1], 1<i<k

t<T

Let g, : [0,00) — [0,00) be measurable functions (n > 1) and assume g, is bounded.
If there are constants y' €[0,0) (1 <i<k) and ¢y =0 such that for every T >0
there exists a constant cy > 0 with

k

X} 1 )

gnp1(t) < cr <c0 + Zsup/ T g,,(r)ug(dr)> Vi<T, nx=1, (10)
=1 s<rJo ST

then for every T > 0 there exist constants qr €(0,1) and ¢ > 0 (depending on T,

crs C1y %y Vis ||g1]lco> and being independent of c¢y) such that

sup ga(t) < ér(co +4q7) Vn=1.

t<T

Take note of the following special case. If g, =g Vn > 1, then (10) implies
sup, <7 g(¢) < ércy VT > 0. Lemma 3.8 is hence a sort of Gronwall lemma. Be aware
that the following proof still works (with the obvious changes) if one replaces
sup,, fo 1/(s —7)" by fot 1/(t — r)" in the assumptions of the lemma.

Proof of Lemma 3.8. First of all note that in Lemma 3.6(c) the constant c¢7 > 0 is
independent of ¢ > 0. Set 6 = min{o} — 711 <i <k} > 0. By Lemma 3.6(a) and (c)
we can choose finite constants ¢/, c7 > 0 such that for all t < 7, 1 <i <k, j>1 and
0€(0,1),

S 1 . P <
sup / L idn <t < e, (11)
s<tJo (s—r)
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$ Jo i i
sup / k() < G0 4 (1 - 0)E )
s<tJo (s—r)

< U207 + (1= 0)). (12)

Set ¢r 1= ¢ V (c?]|g1]ls ). By assumption and (11) we obtain for all », € [0, T]

k
S1 1
ga(r2) < cr <Co + Z sup / G gl(h )y(dry ))
i—1 s1<r2J0 -

= 5 = 5
< crl(co + kérry) = cocr + crkerr;.

Using this inequality, the assumption and (12) we obtain for all 73 €[0, 7]

o) < ¢ <Co ¥ Z sup [ gz(rz)uz(dr2)>
k 52 1
< - ké N, i d
T <CO * ; Sfili?} /0 (S2 —n )vl CT(CO - rr )'u2( r2)>

k 5
1
<cr|cot+ercg)  sup / sy L 5(dr)
< ;ném 0 (S ) ?

k 52 ré
kc s —
+er CT;&?:}/O 57— ),uz( r2)

< cr(eo + cTcokc'Tr§5 + chzc'ZTr%‘s(H‘S +(1 - 9)5))
= ¢oler + chcTr3] + chchr_%‘s(H‘S + (1 = 0)°).

Going ahead recursively we obtain for all » > 1 and r, €[0, T]

Sn—1 1 i
gn(ra) < cr | co+ sup / g1 (Tn—1) (1)
< ;én 1<7y (Sn—l - rn—l)/ :

< ¢oler + cszc'Tr‘3 + crk*cr? r20(0 +(1—0)°)

+ k(0% + (1= 0)°)(0° +(1—0)°) + -
+Cr}71kn—2c}n—2r’gn—2)5
X (0 (1= 0)°) O (1= 0))---(0° + (1 - 0)")]

n—1lgn—1-n—1_(n—1)0
+cr kKT

X OV £ (1= 0)) 0" 4 (1= 0))---(0° + (1 - 0)°).
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Setting K7 := crkérT?® yields for every n > 1 and r, €[0,7T]
gu(r) < coler + crKr + erK3(0° + (1 — 0)°) + - -
+erKF O+ (1= 0)")0" 7 + (1= 0)°)---(0° + (1 - 0)°)]

+KFHOUT (1= 0)) O+ (1=0)) - (0° + (1 - 0)).
(13)

Pick ¢€(0,K; ' A2), set 0 =1 — (¢/2)"/° and choose j, > 1 in such a manner that
079 < ¢/2 holds for all j > j,. Thus (0/° + (1 — 0)°) <& holds for all j > j,. Set
M;=sup,_; (07 +(1—0)°)OU= + (1 —0)°)---(0°+ (1 —0))e~" and
define ¢, 7 = &Ky (€(0,1)). Then we obtain by (13)

gu(ra) < creoll + K7 + KEMye? + - + K2 Me" =] + Ki ' M
<cor(eo[l +Kr +Kjed + -+ KF 221+ K5 e
<cor(oll +Kr+ g+ + 471+ 407 <ér(co+4qlr)

for all r,€[0,T] and n > 1. [

4. SPDE (1) reformulated

This section is devoted to the equivalence of SPDE (1) to both a certain martingale
problem and a certain stochastic integral equation (SIE).

Definition 4.1. Let 1 € Ciey(R). The law of an (%, )-adapted Ciep(R)-valued continu-
ous process (u(t,.): t = 0) on any filtered probability space (2, #,(%,)) is said to be
solution to the (a, b, n)-martingale problem if under this law

Mt(lp) = <u(t>')> ‘p> - <7I> W>
t 1 t
— L), =AY ) dr — b(r, y,u(r, drdy), >0
[ (o za0) = [ [ ot worearan, o>
is a square-integrable continuous (.%;)-martingale having
@)= [ [ @t o, 1xo0
0 JR

as its quadratic variation process for all y € C2°(R). We say the solution is unique if
any two solutions coincide (in law).

Let (P;);>0 denote the (heat) semigroup corresponding to the heat kernel p, that
is Pap(x) = fR i, y)W(y)dy for all £ > 0, x € R and € Ciey(R). Note that %A is
the generator of (P;),;>¢ on Co(R) where Cy(R) is the space of real-valued continuous
functions on R vanishing at infinity.
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Definition 4.2. A Cin(R)-valued continuous process (u(t,.):x = 0) is said to be solu-
tion to SIE (14) with initial condition 1 € Cie, (R) if, given the noise [W?, Q, 7 ,(%,),P],
it is (#;)-adapted and

u(t,x) = P(x) + /0 /R Drs (e )b, y.u(r, y))o(dr dy)

4 /0 /R Por (e )a(r, you(r, y))W(dr dy) (14)

holds for all # > 0 and x € R, P-almost surely. We say the solution is unique if any
two solutions w.r.t. a given noise are indistinguishable.

Proposition 4.3. Every weak solution to SPDE (1) with initial condition n in the sense
of Definition 2.1 is a solution to the (a,b,n)-martingale problem and vice versa.

Proof. A solution to the SPDE is easily seen to be a solution to the martingale problem.
For the other direction one can generalize Section 4.2 of Zahle (2004). Note that the
equivalence of an SPDE and a martingale problem has been considered much earlier
(see El Karoui and Méléard, 1990). O

Proposition 4.4. Assume (5) and sup, .y sup,cp W(B(x,1) x B(t,1)) < oo for all T >0
and pe{g,a}. Then every strong solution to SPDE (1) with initial condition n in
the sense of Definition 2.1 is a solution to SIE (14) with initial condition n and vice
versa.

Proof. The proof goes along the lines of the proof of Theorem 2.1 in Shiga (1994)
with the obvious changes. [J

5. Proof of Theorem 2.3

We shall prove that SIE (14) has a unique solution and so, by Proposition 4.4,
the same is true for SPDE (1). Given the continuous orthogonal martingale measure
we=[we, Q% ,(F,),P], let Z be the space of (F;)-predictable functions u : [0, 00) X
Rx Q — R with ||u||;,7,m < oo for all ,7 >0 and m > 1| where

1/(2m)
ullrm = | sup supe*FE[|u(tx)|*"] :
te[0,7]xeR

We identify u,u’ € 2 if u(t,x) = /(t,x) holds P-almost surely for every fixed (¢,x) €
[0,00) X R. Then dp(f, f) =30 ey 27 AN £ = fljk1.m) Provides a metric
on # w.r.t. which 2 is complete. For the sake of a Picard—Lindelof iteration we
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introduce the functional

B(u)(1,x) = Pin(x) + /0 /R Do (e )b y.u(r, y))o(dr dy)

4 /O /R Do (e, y)a(r, you(r, y)W(dr dy)

=1 Pi(x) + Pa(u)(t,x) + P3(u)(2,x).

For u € 2 the stochastic integral is well defined since the integrand is admissible w.r.t.
We. This is guaranteed by the following estimate:

t , i Q
E {/O /szf,ﬁ(x,y)a (7, yyu(r, )W) (dr dy):|

t 2 ¥l o= Il )
S/O /sz_r(x,y)e e VICE[(1 + |u(r, y)|) Jo(drdy)

1
t—r

1o s
<+ ulgs [ 2 [0 o dyentan
0

t
1
< c;/ At elx‘(t _ },,)061/2Q2(dr) < Clt%]/2+dz—le|x‘ < 00 vt > 0
0 —r
for which we used (5), Lemma 3.4(a) = (c¢) and Lemma 3.6(a). In Step 2 below we
will also see that &(2) C 2.
Step 1: We first prove that ®(u) may be assumed to be Cip(R)-valued continu-

ous whenever u € 2. Using Burckholder—Davis—Gundy’s inequality, Holder’s inequality
(m—=1)m+1/m=1), (5) and (8), we get forall 1 >0,0<s<¢ <T and x,x’ €R:
E[|@s(u)(1,x) — @3(u)(t',x")["]

SCE[ ]
¢ m—1 g
., / 2 Ayle=2l
<c</0 /R (Prs( ) — prr(xs 1) Q(drdY)> /0 /R e

x / / (Prr(5s) — po—r(s IPELC(1 + u(r, )" Jo(dr dy)
0 R

/0 /R (Prs(Ea ) — P )P, vou(r, y))o(dr dy)

< CIT(|t _ t/|oc 4 |x _x/|20<)m—1

t/
< / / (Pras @ y) — po—r@s )P+ 2, De(dr dy)
0 R

< CA,T(|t . t/|oc + |x _ xl|23<)me/l|x—x'\el\x|.
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For m sufficiently large, Lemma 3.1 thus provides a Cie,(R)-valued continuous modi-
fication of @;3(u). Proceeding analogously and using (9) instead of (8) we also get the
following estimate for all A >0, 0 <t <¢ <T and x,x’ €R

E[|@5(u)(t,x) — @a(u)(t',x )" < csr(t — £ + [x — PPy el

and so a Ciy(R)-valued continuous modification of &;,(u). By Iwata (1987,
Lemma 3.1) (Pm(.):t = 0) is Ciem(R)-valued continuous, too. Hence @(u) has a
Ciem(R)-valued continuous modification. Also, due to the obtained estimates, ®(u) is
locally Hoélder-y-continuous on (0,00) x R for all y € (0, (/2) A ).

Step 2: As already mentioned, we intend a Picard—Lindelof iteration w.r.t. the func-
tional @. Set up =P n(.) and u,1 = P(u,) for every n = 0. We shall show that u, € 2
for every n > 0 and, in particular, that

sup [|unl|srm < cimm <00 VAL,T >0, m>=1 (15)
n=1
holds whenever # € Cien(R).
To show u, € 2 for every n = 0 it is enough to show @(u) € # whenever u € 2
since up=Pn(.) € 2. By Step 1, @(u) is jointly continuous. Thus u is (#,)-predictable
since it is also (;)-adapted. If we also had

t
m 1 m
||¢(u)|iTm C)T,m {1 + sup / (t_},.)173(1/2||uH%~s’3mQ2(dr)

te[0,771J0
t 1 )
m
+ || Gl e

for all 4,7 >0 and m > 1, then &(u)€ 2 would follow from Lemma 3.6(a). We
prove (16). It is not hard to show ||Py(.)||?%., < c,7m < oo. By Burckholder—Davis
—Gundy’s inequality, Holder’s inequality ((m’ - 1)/m+1/m=1), Lemma 3.4(a) = (c)
and (5) we can estimate ||®;3(u)||?". by

A T,m

t
csupsupe *FIE H / / Pl (x, y)a(r, v,
0 R

t<TxeR

t m
< csupsupe M ( / / P2 (x, v)o(dr dy))
t<T xeR 0 R

x / / 2 (e e MEL(L + ur, 1)) To1 (. dy oa(dr)
0 R

t
<crm {1 + sup sup / ( [ r<x,y)gl<r,dy>) u||%rﬁ,mgz<dr>}
t<T xeER R

SCLT,m{l'f'SEg/ (f )1 “]/2M|Aer2(d}")}.
t

—1
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In the same way we get the analogous estimate for ||®;(u)[%" 7.m- On the whole, we
reach (16) and so @(u) € 2. In particular, u, € 2 for every n > 0. The uniform estimate
(15) is an immediate consequence of (16) and Lemma 3.8.

Step 3: We here intend to show lim,_,c ||ttnsr1 — || 7w = 0 for all 4,7 > 0 and
m = 1. By Lemma 3.8 it suffices to show that for every 4,7 >0 and m > 1 there
exists a constant ¢, 7, > 0 (being independent of n) such that

[ttt — unH/LTm S ChTm {sup/ m”“n Un— lHierz(d”)

t 1 ”
+Sup/ w”“n - u,,1||i,.jm02(dr)} (17)

<o (1

holds for all » > 0. Proceeding as in Step 2 we obtain

t<T

||(p2(un) - (DZ(un I)H/ Tom ~X C/ T,m SUP/ m”un — Up—1 ||%’mr’m()'2(d}"),

||(D3(un) - (‘153(“71 I)H/ T,m < C),T,m SUP/ (l )1 r_ -2 ||Mn Up— 1||Arm\-2(dr)

where we used the Lipschitz condition (6) instead of (5). This proves (17).

Step 4: By Steps 2 and 3, (u,) is a Cauchy sequence in (#,d»). So there exists
Uoo € P such that lim,— oo ||tteo — Unl|;.7.m =0 VA, T > 0,m = 1. Then it is not hard to
show that u := P(us) satisfies ||u — @(u)||,.7.m =0, and so u(t,x) = @(u)(¢,x) holds
for all (¢,x) from a fixed countable dense subset of [0,00) x R, P-almost surely. By
Step 1, u may be assumed to be Cip,(R)-valued continuous and so u(t,x) = ®(u)(¢,x)
even holds for all (¢,x), P-almost surely. Consequently, u is a solution of SIE (14).
Step 1 also gives the desired local Holder-continuity.

Step 5: It remains to show strong uniqueness of solutions. Let u,u’ be two solutions
to SPDE (1) and so to u = @(u). Fix some A > 0 and define for every K > 0 the
stopping time

1 = inf {t > 0: sup [u(t,x)|e"#P > K or sup |u'(t,x)|e” WP > K}
xeR xeR

and ug(t,.) = L<qu(t,.), up(t,.) = l,<, t/(1,.). As in Step 3 we get

llux — ”}(” 41 = H(D(VK) - @(”K)”ul

SATK 1 5
!
<oir {sup / ol — il atan)

s<t

SATK 1
/2
+§i¥;/0 WHW - uK||/1,r,162(dr)}
for all < T and T > 0. Since |ug(t,x) — uf(t,x)* < 4K?e** for all (z,x), Lemma
3.8 gives ||ux — uk|[s.,1 =0 for all £ = 0. In particular, ug(#,x)=uj(z,x) holds for all
(¢,x) from any fixed countable dense subset of [0,00) x R, P-almost surely. But u and
u' are Cipn(R)-valued continuous, in particular 7y — oo as K — oo, P-almost surely.
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Thus, u(t,x) =1u'(t,x) holds for all (z,x), P-almost surely. This completes the proof of
Theorem 2.3.

6. Proof of Theorem 2.4

Shiga (1994, Theorem 2.3) established non-negativity of solutions to SPDE (3). In
order to prove Theorem 2.4 we adapt his arguments. We first prepare the actual proof.
Define

A= '(P, =),

o (t/e)"
PE = e = el = e_’/"z P = e T+ 0,
n=0 ’

0if = [Lait sy i)=Y WO )

for all # > 0 and ¢ > 0. Since P, is a non-negative, conservative and contractive linear
operator on (Co(R), ||.||c0), (P?)si>0 provides a Feller semigroup on (Co(R), ||-||oo) With
generator A,.

Lemma 6.1. There exists a finite constant ¢ > 0 such that ¢™" S (W n)(h /") < ¢
holds for all y€[0,1] and h = 0.

Proof. For 4 €[0,1] the claim is trivial. Suppose 4 > 1. Define [/] to be the unique
integer satisfying [A] < h < [h] + 1. We plainly have (4/n)’ < h/n if h/n =1 (ie.
n<[h] <h)and (h/n) <1 if h/n <1 (i.e. n = [h]+ 1 > h). Therefore,

[h] 00
" pY " h h"
—h wonm —h won "
nln»\e ann+zn!

n=1 n=1 [A]+1

LA] il

h n+l o=
s Z(n+1)! 2
n=1 [A]+1

< (SiEh) e o

Lemma 6.2. Let i € {1,2}. For every 4 >0 and R > 0 there exists a finite constant
c,r > 0 such that for all xe R, t >0 and e < (0,1],

1 X
sup | [ G152 pe ez dp) < eon e g€ L),
r€[0,R] t !
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Proof. We only prove the case i =2 and ¢ =z. The other cases can be shown analo-
gously. Using Lemma 6.1, Holder’s inequality, Lemma 3.4 and Remark 3.5 we obtain
the following estimate:

/ / qi(x,2)? pa(z, y)e'l dzoy(r,dy)
RJR

[ L (5

—t/s n /2
<oty [ [ prtaamnet dntran Sy S 8 00
n=1

n!
o (1/8)" 12
/}Z /(/ans(x,z)l?s(zgy)d2>

12
Cc
x ( /R Pue(x,2) palz, y)e ! d2> o1(r,dy)-s

e x, z)) po(3.2)e dzgu(rdy)

- (t/S)" 1
12 ’/SZ . p,,ers(x,y)l/ZWe“”Ql(r,dy)

1 L (tle) 1 1
< el X Alx|
SCn© Z n R (ne + g)l/4—m/2 ¢ (2mne)l/4

n=1

1/2—0y/2 1/4—0,/2
< g 1 —t/sz (f/g)" (¢fe) " ne ol
t 011/2 n1/2 9{1/2 ne + e

el\x|

<l p——
S CLR{T=a2

for all »€[0,R]. [J
Lemma 6.3. For every 6 >0 and T > 0 we have

lim sup sup />

el0 v yeRri<T

/qf(x,Z)pa(y,Z)dz — pi(x, ¥)| =0.
JR
Lemma 6.4. Let y > 0 and 7 = 0. Then we have for all ¢ € (0,1]

N v ~/.
et dy < i

SUp, / P, )x — y
JR

The technical proofs of Lemmas 6.3 and 6.4 will be omitted.
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Proof of Theorem 2.4. Define time measures gi(d¢) := fR pe(x, y)o(dtdy) and time
white noises WE(dt):= fR pe(x, y)We(dtdy) (formally) for every ¢ > 0. Note that o%(¢)

= fol oé(dr) provides a (deterministic) non-decreasing continuous process and Wi(t)=
fot Wi(dr) = fot J& pe(x, y)W?(drdy) provides a continuous square-integrable martin-
gale with quadratic variation process (WE)(¢) = fot Jg P2(x, y)o(drdy) for all £>0.

Then the strategy is as follows. First (Step 1) we shall prove that for every fixed
& > 0 the following family of SODEs with index x € R:

u,(t,x)=n(x)+ /Ot Agug(r,x)dr

+ /t b(r,x,u,(r,x))ot(dr) + /t a(r,x,u,(r,x))Wi(dr) (18)
0 0

has a unique Ciy(R)-valued continuous solution u,. Then we established that this
solution is non-negative (Step 2). In Step 3 we approximate the unique solution u
of SPDE (1) by u, (¢ | 0) whereby the desired non-negativity of u will follow. The
approximation of u by u, is not surprising since the equation family (18) is equivalent
to the following mollified version of SPDE (1):

<u8(t’.)’ l'0> = <'77 lp> +/0 <us(i’,.)> As‘/’> dr
+/0’/R/Rb(r,z,ug(r,z))x//(z)ps(yjz)dza(drdy)

4 /0 t /R /R ar, 2, w2 )W) Py 2) d2IP2(dr dy) (19)

for every t >0 and Y € C>°(R). The key for the proof of the equivalence is that

(P, ) = (¢, Py (and so (A, ) = (P, Aap)) holds for all ¢ € Ciey(R) and €
C>(R). We omit the details.

Step 1: We here establish a unique solution to (18). The crucial point is that (19),
and so (18), is equivalent to the following mollified version of SIE (14):

t
w(t) =P+ [ [ I bk pus otdrdy)
0o Jr
t
[ [ bz p dzarar)
0o JRJR
t
+/ /ef(tfr)/sa(r,x,ug(r,x))pg(x,y)WQ(drdy)
0 JR
t
[ ] [ @ otz uepine davearan. (20)
0o JrJR
The proof of the equivalence works analogously to the proof of Proposition 4.4 (recall

that A, was the generator of (P?)). Then mimic the proof of Theorem 2.3 to obtain a
unique Cien(R)-valued continuous solution to SIE (20). This time one has to choose
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D*(u) = Pn(.)+ D5 (u) + D5 5 (u) + 5 (u) + D5 ,(u) := r.hs. of (20). Note that the
essential technical tools are Lemmas 3.4 and 3.6 as before, as well as Lemma 6.2 and
an analogue of Lemma 3.7. In particular, one obtains sup,c g iyl|tell1,7.m < oo for all
AT >0and m> 1.

Step 2: Let us turn to the non-negativity of solutions to (18). Choose a sequence
(x,) C (—00,0) in such a manner that xo = —1, x, T 0 and fxxn”ilez dx = n. For
every n > 1 pick a real-valued continuous function g, on R such that supp(g,) C
@no1:Xn), 0 < ga(x) < 2xmand [ gu(x)dx=1. Set fu(x)=J [} gu(z)dzdy for
all x <0 and f,(x) =0 for all x > 0. The functions f, are obviously in C*(R). We
have f}(x)=— [ gu(y)dy and f7(x)=gu(x) for every x < 0 and f(x)= f}/(x)=0
for every x > 0. One should interpret f,, f) and f// as approximations of f(x) :=
—min{0,x}, “f’(x)"=—1(_oc,01(x) and “f”(x)"=0y(x), respectively. In particular, we
have 0 < f(x) — fu(x) < —x,_1 | 0 as n — oo and — 7 (x) €[0,1] for all x € R. Set
i(t,x)=e Pluy(t,x). Then i (t,x)=e Fl[n(x)+4%(¢) + M(t)] := e Pl[r.h.s. of (18)]
is a semimartingale for every x € R and It6’s formula yields

fulii(6,3)) = fule™PIn(x)) + /0 S (r,x))e M dAi(r)

' 1o~ —|x| & 1 ' M~ —2|x| £
+ [ e e + 5 [ apee)

Taking expectation and using f)'=g,, f/(u)=0 for u = 0, —b(r, y,u) < Lr|u| for u € R,
la(r, y,u)| < Lr|u| for ue R, —f7(u)€[0,1] for u€ R, Lemma 3.4 and —u < f(u) for
u € R we obtain

E[ /(11 :(2,x))]

—&| [ e aao] < Je[ [ e o]
=E { /0 t Fuli(r,x)) (Agug(r,x)) e dr}

+E { /0 t /R (i o (r,x))b(r,x, u,(r, %)) po(x, vYe ™ Hla(dr dy)}

SE [ [ [ e e o)

1 t
:EE {/0 .}(,/1(1/78(&)6))/R p,;(x,y)ﬁc(r’y)e(ly\—m)dydr

_/t f;(ag(r,x))ag(r,x)dr}
0
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B [ / t [ ritaron=bin, us<r,x)))e-'xpx(x,yw(drdy)}
38| [ [ 0@ st e ataray|
<18 [ [ o [ pnieneara) e
+E [ / t [ 1N 50 e dy)]
gk [ [ [ 2O o iyt ay)|
< E { / L)) / pz;(x,y)e'y(—ﬁa(r,y))dydr] e
teurk [ / [(—ffq(ﬁs(r,x)))(—ﬁs(rax))ﬁz(dr)}

L [
+— / / p;(x, y)o(drdy)
nJo Jr
t

t -
~ C(}
<cs/ sup E[f (i ,(, y))] dr+ca,T/ sup EL£(i1,(r,x))]oa(dr) + ==

0 yeR Jo xeR n
for all t < T and x€ R, for each T > 0. Letting n — oo we infer by the dominated
convergence theorem and the convergence of f, to f that

IELS (@a(t )]llo < /0 JELS (@a(rs Dl oo dr + cor /0 JELf (s )]l so2(dr)

holds for all ¢+ < T, for each T > 0. Therefore, we deduce by Lemma 3.8 that
sup, < 7||E[f (i1 :(%,.))]||oo=0 holds for each 7' > 0. Since f* > 0, we conclude f(it,(z,x))
=0 P-almost surely, for all (¢,x). Hence, f(ii.(¢,x))=0 holds for all rational couples
(¢,x), P-almost surely. The joint continuity of #, finally implies #.(f,x) > 0 (and so
u,(t,x) = 0) for all (#,x), P-almost surely.

Step 3: We now approximate u by the u,. Plainly,

e ME[Juy(t,x) — u(t,x)PT < e M2 {|Pin(x) — Pn(x)

t
+E / / &b 3,y () pal, ) (dr d )
0

21

+E ’ /0’ // 4 (6, 2)(b(r,2,u(r,2)) — b(rz,u(r,2))) po( 3, 2) dza(dr dy)

21
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.. 2
+E /0//%r(x,Z)(b(V,Z,u(V,Z))—b(V,%u(r,y)))pc(y,z)dza(drdy)1

. :
+E /0 / (/R q;—(x,2) pe(y,z)dz — pzr(x,y)) b(r, y,u(r, y))a(drdy) 1
T

- 2
+E A//qf—r(x,Z)(a(V,Z,ua(r,Z))—a(l",Z,M(V,Z)))pg(yjz)dZWQ(drdy) ]

B t
LE / / e a(r,x, uy(r,x)) pa(x, ) WO(dr dy)
0

.. 2
+E _/0 //q?—r(x,z)(a(r,z,u(r,z))—a(r,y,u(r,y)))ps(y,z)dzwg(drdy) ]

)
= e PRIt x) + - 4 L35, x)).

By Lemmas 3.4, 3.6, 6.2 (i =2, £ =z), 6.4 and Holder’s inequality we obtain for all
t<T;

[5(6x) = E [ /0 t /R e—z“—*)“az(r,x,ug<r,x)>p§<x,y)g(drdy)]

+E

/0/ </[R qg;—r(x,Z)ps(y,Z)dZ—Pt—r(X,y)) a(r, y,u(r, y))Wdrdy)

t
<c / &2 / P2 ) g1 ()L [l Voa(dr)
0 R

t

1 .

SC/ e—z(tfr)/bi/e*(xfy)z/bgl(r,dy)gz’TQz(dr)eMx\
0 2ne R

1 ! ) ,
~ —2(t—r)/e Alx o /240 —1 JAlx
< CA’TW e (t=r)/ Qz(dr)e x| < cLre 1/2+40 e ‘ |’

0

I(x) = E [ /0 t /R ( /R g, (2)

x (a(r,z,uy(r,z)) — a(r,z,u(r,z))) p:(y,z) dz)2 o(dr dy)]

t
< CE [ / / / g (n 2V py(3,2)dz
0 RJR

></ps(y,Z)e‘“Iu.s(r,z)—u(r,z)|2dzg(drdy)]
R
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t
< / / / di 2V pu(32) dzor(r dy) s — w2 y0a(dr)
0 R JR

t
1 )
Scr / Ty~ ull} . 02(dr)e’ !

I(tx) = E [ /0 t / ( [ i)

2
X (a(r,Z,u(V,Z))—a(V,y,u(r,y)))pe(y,Z)dZ> Q(drdy)]

t
<C/ //Q?_r(xaz)zellzlPa(y,Z)dZ
0 JRJR

x / P2 2L3 (12 — yIP* + Ellu(r.2) — u(r, ) PDe " dzo(dr dy)
R

t
<< / / / ¢ (x,z)e p(p,2)dz
0 RJR

X / p(y,2)(|z — y|2" +erlz — y|2“e’1‘zfy|eilz‘)e*i‘z‘ dzo(drdy)
R

t
<dl / / / g (2P po(2)dz
0 R JR

X ( /R po(y,2)|z — y[*dz + /R po(3,2)|z — y[P*et dz) o(drdy)

and

< ci’Te/l\x|(8K/2 _’_80(/2).
For the estimate of /g we used
E[|u(r,z) — u(r, y)[*1 < cr|z — y|2‘“e”z*”e”z| Vir<T and =z yeR

which follows from Step 1 of the proof of Theorem 2.3. Further, using Lemmas 6.3
and 6.2 (i=1, {=y) we can estimate /5(¢,x) by

E

! 2
/0 »/R (/[R qi—(%,2) pe(¥,2)dz — p—p(x, y)> az(l”, Vs u(r,y))Q(drdy)]

<cf t / ( JRECEICOTE p,_r(x,y))z

xe e IE[(1 + u(r, y))*Jo(drdy)
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4 2
¢ / / ( / qfr(x,z)ps(y,z)dz—ptr(x,y>> oy (r, dy)||ull3,. 02(dr)
0JR R

if
< c’r/ /(r — )l
0 JR

1
” (t —r)l/2+o

/R‘If—r(x»Z)Ps(y,Z)dZ - pt—r(xa y)‘

( / gi_(x,2)p(y,z)dz + pt_r<x,y)> eVloy(r,dy)oa(dr)
R

t
1 } ,
< CQ’T/ / hs.1(2) x cr (¢ r)1/2+5+1/27m/2e“lx‘QZ(dr) < ¢, Mhs 7(2)
o Jr -

for any o6 € (0,0/2 4+ op — 1), where hsr(¢) | 0 as ¢ | 0.
Proceeding in the same way we get analogous estimates for /5(z,x), I§(t,x), 1i(¢,x)
and /{(¢,x). On the whole, we obtain

||“s—“H,%,z,1 <or {hT(?)+ sup / m””s ”||); 102(dr)

s€[0,7]

+szu()pt/m”u? ””);162((1”)}

for all t < T, for any A > 0 and some h7(.) satisfying sr(e) | 0 as ¢ | 0. Lemma 3.8
then gives |lu, —u||.7.1 < E.rhr(e) (L 0 as ¢ | 0) for every T > 0. Since u; and u are
jointly continuous and u, is non-negative for every ¢ > 0, u is non-negative, too. We
are done. [

7. Proof of Theorem 2.5

We may and do pick two sequences (a,) and (b,) of Lipschitz continuous functions
approximating a and b, respectively, uniformly on compacts. Also, @, and b, can be
chosen in such a manner that they fulfill (7) with a common constant ¢ for all n > 1.
By Theorem 2.3 there is for every n > 1 a unique strong Ci,n(R)-valued solutions u,
to SPDE (1) with a,b replaced by a,,b,. Let (P,) denote the sequence of probability
measures on C([0,00), Ciem(R)) induced by (u,) and set X, (¢,x)=

/ / Prr (6 2 ba(itn(, ) (dr dy) + / / Drs )t ) O(dr dy)

for every n = 1. As in Step 1 of the proof of Theorem 2.3 one can show that
sup E, [|X,(1,x) — X, (1',x")*"]

n=1

< c/l,T,m(|t _ t/|(ocm)/\(ﬁ2m) + |x _ xl‘Z((otm)/\([Dm)))eMx\

holds for all #,¢/ < T, x,x’ eR:]x — x| <1, A >0 and m > 1. Thus, for m suffi-
ciently large, Lemma 3.2 implies tightness of (P,)n>1. Any weak limit point is locally
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Holder-y-continuous on (0,00) x R for each y € (0,(«/2) A ) which is also a conse-
quence of Lemma 3.2. In order to complete the proof of Theorem 2.5 it remains to
show that any weak limit point u is a weak solution to SPDE (1). By Proposition 4.3 it
suffices to show that any weak limit point u solves the martingale problem in Definition
4.1. However, it is more or less standard to conclude the martingale characterization
(Definition 4.1) of u from the one of u,. We omit the details. Note, however, that
an essential step is to show sup, - ||us||;,7,m < oo (for some 4 >0 and m > 1, and all
T >0).
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