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Abstract

In this paper we consider a continuous-time autoregressive moving average (CARMA) process (Y;);cr
driven by a symmetric a-stable Lévy process with o € (0, 2] sampled at a high-frequency time-grid
{0, Ap,24,,...,n4,}, where the observation grid gets finer and the last observation tends to infinity
as n — oo. We investigate the normalized periodogram 7, ya, (w) = In— 1/ Yoie1 Yia, e~iwk|2,
Under suitable conditions on A; we show the convergence of the finite-dimensional distribution of both
AL, yan @1 A0) - 1y, @ Ap)] for @1, ...,om) € (R\ {0)" and of self-normalized
versions of it to functions of stable distributions. The limit distributions differ depending on whether
1, ..., are linearly dependent or independent over Z. For the proofs we require methods from the
geometry of numbers.
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1. Introduction

Continuous-time ARMA (CARMA) processes are the continuous-time versions of the well
known ARMA processes in discrete time having short memory. The advantage of continuous-
time modeling is that it allows handling of irregularly spaced time series and in particular of high-
frequency data often appearing in turbulence and finance. In this paper we consider a CARMA
process Y = (Y;):er driven by a symmetric «-stable Lévy process (L;);cr. Before we start with
its definition, we recall that a real-valued random variable X is called symmetric c-stable (Sa.S)
with index of stability o € (0, 2], if its characteristic function is of the form

Py (z) =E[exp{izX}] =exp{—0® 2|}, z€eR,

for some o > 0, and a real random vector X = (X1, ..., Xq4)7 is SoS, if all linear combinations
Z?:] a; X;, (ai, ...,a7)T € R? are SaS; see the monograph of Samorodnitsky and Taqqu [33]
for details on stable distributions. Then a symmetric a-stable Lévy process (L;);cR is a stochastic
process with Lo = 0 almost surely, independent and stationary increments which are SoS
distributed with characteristic function

P, (2) =E [exp{izL,}] = exp {—|t|a£‘ |z|°‘} , z,teR,

for some o7 > 0 and almost surely cadlag sample paths (cf. the book of Sato [34] on Lévy
processes). A symmetric «-stable CARMA process is then defined as follows. Let (L;):eRr
be a symmetric «-stable Lévy process. Assume that we have given p,g € N, p > ¢, and
ai,...,ap,Co,...,cq €R,ap, co#0, set

0 1 o ... 0
0 0 1 . :
A= . . . . RPXP
: : S 0 <
0 0 ... 0 1
—ap —ap_l P 22 |

and let (X;);cr be a strictly stationary solution to the stochastic differential equation
dX; = AX,;dt +ep,dL,, teR, (1.1a)

where e, denotes the p-th unit vector in R”. Then the process

Y, =c'X,, teR, (1.1b)

with ¢ = (¢g,¢q—1, ..., cq—p+1)T (where we use the convention ¢; = 0 for j < 0) is said to
be a symmetric a-stable CARMA process of order (p, q). Necessary and sufficient conditions for
the existence of a strictly stationary CARMA process are given in [11]. A CARMA process can
be interpreted as a solution to the formal p-th order stochastic differential equation

a(D)Y; =c(D)DL;, teR,
where D denotes the differential operator with respect to ¢ and
a@) =2 +ai? '+ + ap, and c(z) = coz? + azd V4 cq

are the autoregressive and the moving average polynomial, respectively. Hence, So.S CARMA
processes can be seen as the continuous-time analog of SaS (discrete-time) ARMA processes.
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The representation (1.1) of a CARMA process is the controller canonical state space representa-
tion going back to [7]. Alternatively there exists also the observer canonical form of a CARMA
process (see (2.8) below) as derived in [28] for multivariate CARMA models. For an overview
and a comprehensive list of references on CARMA processes we refer to [8,12]. CARMA pro-
cesses are important for stochastic modeling in many areas of application as, e.g., signal process-
ing and control (cf. [19,27]), econometrics (cf. [3,30]), high-frequency financial econometrics
(cf. [38]) and financial mathematics (cf. [2]). Stable CARMA processes are particularly relevant
in modeling energy markets (cf. [1,18]).

The aim of this paper is to investigate the sampled sequence Y 4 .= (YxA)kez of a causal
(i.e., current values of the process only depend on past values of the driving process) stable
CARMA process, meaning we only observe the underlying CARMA process (¥;);cr at equidis-
tant time points 0, A,2A, ... with A > 0 small as used for modeling high-frequency data
(cf. [10,15]), and to study the asymptotic behavior of the sampled process Y4 in the frequency
domain. In the time domain the autocovariance function

2 00 . 2
o .
vy (h) = —L/ e’h”% dw = T4 yy(O)e, heR, (1.2)
T J-oo la(io)]
with yx(0) = 207 [;° e"'Aepe;e"ATds, gives information about the dependence structure,

whereas in the frequency domain the spectral density

R iho g 0L leGo)?
fri) = [myy(h>e dh= i E

eR, (1.3)

gives information about the periodicities of the CARMA process. Both the spectral density and
the autocovariance function exist only for « = 2. The spectral density of the sampled process
Y4 is

1 & IR  + 2k
fa@) =50 3 M= 3 3 g <T

k=—00

), T <w=m (14

where the second equality follows from [6, p. 206]. It is related to fy by
lim A fa(wA) ]l[ (w) = fr(w), wekR, (1.5)
A—0

% %]
(see Section 4.1 for a proof). Loosely spoken, this means that in the limit A — 0 we can identify
every CARMA process from its equidistantly sampled observations. The question arises whether
this is also true if we study the empirical version of the spectral density, the periodogram. We
investigate normalized and self-normalized versions. The normalized periodogram of Y A at fre-
quency w € [—m, ] is given by

n
n—l/ot Z Yen e—zwk
k=1

Eq. (1.5) suggests that we obtain a non-trivial limit by studying the behavior of the
properly rescaled periodogram [, ya of the sampled CARMA process at point wA.
More precisely, we will show that the finite-dimensional distribution of the periodogram
A2/ ya (@i A), .. I ya (@ A)] for (o1, ..., o) € R\ {0)™ converges weakly to
a function of stable distributions, if simultaneously the grid distance A goes to 0 with a suitable
rate and the number of observations n goes to infinity (see Theorem 2.6). A small grid distance

2

In,YA (Cl)) =
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and a huge number of observations reflect the behavior of high-frequency data. A consequence
of this is the fact that the normalized periodogram is not a consistent estimator of the so-called
power transfer function |c(i-)|?/|a(i-)|?. Moreover, if (L;);cr is a Brownian motion then the
limit distribution has independent components. In contrast, if (L;);cr is a SaS-stable Lévy pro-
cess with @ € (0, 2) then the components are dependent. In both cases the limit distributions
differ depending on whether w1, . .., w,, are linearly dependent or independent over Z. However,
the one-dimensional distributions do not depend on w. Our result is comparable to Brockwell and
Davis [9, Chapter 10.3] for the finite variance and Kliippelberg and Mikosch [23, Theorem 2.4]
for the stable case, respectively, of an ARMA process in discrete time; although the «-stable limit
distributions are different in the discrete-time and the continuous-time model.

Since the normalized periodogram depends on «, which is in general an unknown parameter,
we also analyze different normalizations. So-called self-normalized periodogram versions are
given by

n 12 n 12
Z YkA efta)k Z YkA eflwk
,I:z’yd (w) = k:ln—z and };,YA (w) = k=1 — , —nm<w<m,
2
<Z YkA) 2. Yia
k=1 k=1
(1.6)

having the obvious benefit that they only depend on the data and not on the index of stability
a. Again the finite-dimensional distributions of 7, ya(A-) converge to functions of stable
distributions and do not provide consistent estimators (cf. Theorem 2.10). The limit distribution
has similar properties as for the normalized periodogram. The second version E,Ya has to be
rescaled with A as in (1.5) to derive a limit result (see Theorem 2.11). Our conclusions for the
self-normalized periodogram are in analogy to those for ARMA models in discrete time obtained
by Kliippelberg and Mikosch [24].

The paper is structured in the following way. We start with our main results in Section 2. The
discrete-time sampled CARMA process Y A has a representation as an MA process in discrete
time where the noise sequence is p-dependent. In Section 2.1 we investigate this moving average
structure in detail. Then the asymptotic behavior of the normalized and the self-normalized
periodogram is topic of Sections 2.2 and 2.3. Finally, in Section 3 we derive results for the
characterization of the limit distributions of the normalized and the self-normalized periodogram
versions. These are based on the geometry of numbers and on manifolds. The proofs of the results
are presented in Section 4.

Notation

We use N* and R* for the natural and real numbers, respectively, excluding zero and Z for
the integers. For the minimum of two real numbers a, b € R we write shortly a A b and for the
maximum a V b. The real and imaginary part of a complex number z € C is written as 9i(z) and
J(z), respectively, and its complex conjugate as 7. For two sequences (a;,),eN and (by)pen We
say a, ~ b, asn — oo if lim,_,» a,/b, = 1. The transpose of a matrix M is written as M r
and the m-dimensional identity matrix shall be denoted by 1,,.

For a subset S C N and k € N we set

S
<k> ={BCS: |B|=k}.

The orthogonal complement of § € R™ is denoted by S-.



V. Fasen, F. Fuchs / Stochastic Processes and their Applications 123 (2013) 229-273 233

On K € {R, C} the Euclidean norm is denoted by |-| whereas on K™ it will be usually written
as [|-]]. A scalar product on a linear space is written as (-, -); in R™ and C”, we usually take the
Euclidean one. If X and Y are normed linear spaces, let B(X, Y) be the set of bounded linear
operators from X into Y. On B(X, Y) we will usually use the operator norm which, in the case of
Y being a Banach space, turns B(X, Y) itself into a Banach space. In particular we always equip
BX™, K™) with the corresponding operator norm if not stated otherwise.

g
For two random variables X and Y the notation X Z Y means equality in distribution. If we
consider a sequence of random variables (X,),eN, We denote convergence in probability to some

9
random variable X by X, LN X as n — oo and convergence in distribution by X;, — X as
n — oo.

2. Main results

Before stating the main results, we establish the moving average structure of the sampled
sequence together with two auxiliary lemmata.

2.1. Moving average structure of the sampled process

The aim of this section is to better understand the structure of the discrete-time sampled
process YA Let Ar,..., A p denote the eigenvalues of A. By defining the filter dA(B) =
y 1(1 — eA!AB) where, as usual, B denotes the backward shift operator and applying it to

the sampled sequence YA, we obtain (cf. [11, Lemma 2.1]), for any k € Z,

Zra =B YA = sz LA 2.1
where
kA r—1 )
Zpp= / (=D afelrImDAA kA=A 4L r=1,....p. (220)
*k=1)A =0
and
A (Cpyit. eAXimitin, j=0,1,...,p. (2.2b)
( <{1, s p})
I1yeeey ij .
J
It is easy to see that we can rewrite the filter as P4 (7) = f:] (1 —etid z) = — ] -0 @A 7/
for any z € C. In this paper we will suppose that the eigenvalues A1, ..., A, of A have strlctly

negative real parts (see Assumption 1 below). Under this assumption we observe that 34 (2) #0
for all |z| < 1 and thus deduce, for any |z] < 1,

vA () = (942! ZJ/AZJ with 74 = Y eAXahnin. je N,
j= =0 J1s-Jp€l01,..j}
Y im=i

We can hence rewrite Eq. (2.1) as

A= 02B)Zra kel (2.3)
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showing that the sangpled CARMA process Y Aisa (discrete- tlme) moving average process of
the noise sequence z4 = (Zk Akez. A challenge is that Z 4 is not an i.i.d. sequence; it is
p-dependent. For this reason we define, forany k € Z, w € Rand m € {1, ..., p}, the auxiliary
(random) functions

- P
Zi Alw) = Z Zi A e i 0=D and
r=1

r=1

P r—1
f(m)(w) — Ze—lw(r—l) (_ Z @J_A e(r—l—j)mm> ) 2.4)
Jj=0

In contrast to Z 4 we have now that Z4 (w) = (Zk’A)keZ(a)) is an i.i.d. sequence, and the idea
is to rewrite the periodogram essentially by means of zA (w). Then the next auxiliary lemma
holds.

Lemma 2.1. (i) Under the assumption that the eigenvalues Ay, ..., L, of A are distinct, we
have, forany A > 0,r € {1,..., p},k € Zand s € R,

r—1
CT <_ Z ¢jA e(rlj)AA) e(kAfs)Aep

j=0

V4 r—1
A (r=1—))Ahp | (kA=A
— P e e .
- (5 )

j=0

(i) We have, for any X € C,

1 (4 o
—/ ‘e( ”))‘—1‘ ds =0 asA— 0.
A Jo

(iii) Assume that the eigenvalues A1, ..., p of A possess non-vanishing real parts. We then
have, foranym € {1, ..., p} and any w € R,
1
f(m)(a)A) AP a(iw) P as A — 0.
(iv) Assume that the eigenvalues A1, ..., A, of A are distinct and possess non-vanishing real

parts. Then we have, for any w € R,

@ Ou) iw—hym  alio)

2”: cOum) 1 c(iw)

By virtue of Lemma 2.1(i), Egs. (2.2a) and (2.4) we obtain that

> _ C(km) (m) (k A—$)
(Zk,A)keZ(Cl)) = (/(k A ’()»m)fA (w)e dLg

m=1 keZ

kA
( f g%, dLS) (2.5)
k=DHA keZ

is an i.i.d. sequence of complex S S random variables since g( ) R Cis complex-valued.
Recall that integration of complex-valued deterministic functlons with respect to a SaS Lévy
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process is well defined as a limit in probability for all functions in L*(C) = {f : R - C
measurable, fR |f(x)|*dx < oo} (for further details, see [33, Sections 3.4 and 6.2]). The
characteristic function of the stable integral [ g dL is given by

E[exp{im/m(g(S))dLs-i-izz/S(g(S))dLsH
R R

= exp {—GZ‘ /R |21 R (g(x)) + 22 I(g(x))I” dx} (2.6)

for any z;,z2 € R (cf. [33, Example 6.1.5 and Proposition 6.2.1(i)]) such that
MM (fR g dL) R (fR g dL)) is SaS.
Finally, we require the following conclusions for ( WlA) jeN for the proofs of our results.

Lemma 2.2. Suppose A = A, — 0asn — oo and that the eigenvalues Ly, ..., A, of A
possess strictly negative real parts. Then we have:
(1) There is a constant C(p) > 0 such that

‘WjAn < C(p) A;(P_l) eAn)\maxj V] e N

where Amax = maXxge(l,..., py R(Ak) € (=00, 0).

@ii) If nA,ll+5 e oo for some § > 0, then we have

Z o =20 and —”k_oo(;‘w ) 1%,

.....

j=n+1
(iii) If nAy 2= 00, then AYP n~ lzk - (Z;%Il_k ‘ y-/jAn ) n>o0
(iv) If nAYP=DHI= 1200 en

A . n/\( Y ) n—00

_n Z )!p n 5 0

n

k=2—p—n \j= 1v(2 p—k)
o

V) Ianot(p 1) n>oo "% oo, then AL —lzk L p(Z?:] ‘WJA,,) nooo

2.2. Normalized periodogram

Before we formulate the main limit results for the normalized and the self-normalized
periodogram, we introduce a random vector that will show up in the limits.

Let m € N, w1,...,0, € R* and set 0 = (@1, ..., 0m)T. We define the @m + 1)-
dimensional (stable) random vector ((S Jm (), S j“w‘ (@) je(t,...my> Sm+1(w)) via its joint charac-
teristic function

|:exp { (ZO S?“(cy) +v;j Sf‘(q)) +7 Sm+1(<9)> ”

= exp{—o] - Ky@. v, 1)}, O, ve eR", 7 eR, (2.7a)

yenes
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with Kg, (@, v, T) given as follows:

@) If wy, ..., wy, are linearly independent over Z (i.e. there is no & € Z™, h # 0, such that
(h, w) = 0), then

o

m
ZGJ- cos(2mx;) +v; sinRrx;) + | d(x1,...,xm). (2.7b)

Ky@.v.0) = |

[0,)m | 5=
(i) If wy, ..., wy are linearly dependent over Z, then there isan s € {1, ..., m — 1} such that
| " @
Ky@0,v,7) = =) ) ZQj cos(2mwx;) + v;jsin(2mwx;) + 7
j=l1
x dF" TS (X, s X)), (2.7¢)
where # = M# (wy, ..., wy) is the (m — s)-dimensional linear manifold in [0, 1)™ defined

in Eq. (3.2) below and 7"~ is the (m — s)-dimensional Lebesgue (Hausdorff) measure on
M (w1, ..., wy) (for a definition of manifolds, see, e.g., [29, pp. 200-201]).

We start to investigate the normalized periodogram in analogy to [9,23]. Since we use
Lemmata 2.1 and 2.2 for the proofs of the asymptotic behavior of the normalized periodogram
we require the following.

Assumption 1. The eigenvalues Aq, ..., A, of A are distinct and possess strictly negative real
parts.

Moreover, we establish our limit results for the different periodogram versions in the asymptotic
framework of high-frequency data within a long time interval using Lemma 2.2. Thus we need
Assumption 2.

Assumption 2. There is some § > 0 such that, with § = max{1 43, a(p — 1) + max{0, 1 — «}},
we have A = A,, — 0 whereas nAf — ooasn — o0.

Remark 2.3. (i) Note that in the case of a symmetric a-stable Ornstein—Uhlenbeck process
(i.e. p = 1), Assumption 2 becomes A, — 0 and nA,lﬂ“S — oo asn — oo for some § > 0
and does not depend on «.

(ii) Conversely, if p > 2, the convergence rate of A, depends on «. However, one easily verifies
that 8 < 2p — 1 is always true and thus, if A4, — 0 and nAﬁp_l — 00 as n — oo hold,
Assumption 2 is satisfied as well. [

The following is an analog result to the discrete-time ones [9, Theorem 10.3.1] and [23, Propo-
sition 2.1], respectively.

Proposition 2.4. Let A = A, and Y A = (1, A, kez be the sampled SaS CARMA process.
Under Assumption 1 the periodogram I,, y », satisfies, for any o € [—m, 7],

.2
Lyon (@) = |12 @) 1, 70, @) + Ry 2, @)

with Z4n = (2k,A,1 Jkez as given in Eq. (2.1). If in addition Assumption 2 holds, then we have
for any o € R*

_2
lim P (Ai Ry, A, (@AR)| > 8) =0 foreverye > 0.

n—o0
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This shows that we have to study the limit behavior of the periodogram of ZA in order to
get insight into the asymptotic properties of I, ya,. The next theorem provides the key result

therefore. Note that in terms of the discrete Fourier transform of Z A",
n ~ .
Jn,fAn () = nil/a Z Zk,An e*lwk, —nT <w=m,
k=1
we can write 1, 7, (®) = |J, 54, (@)[*.

Theorem 2.5. If Assumption 1 holds, A = A, — 0 and nA,l,va(p_l) — 00 as n — 09, then
we have, for anym € N* and v = (w1, . . ., o) € ®RH™, asn — oo,

1—p—1 2 . 9 Lo
Al‘l e [Jn,fA" (a)jA")]j:l,...,m - [C(le) ' (S/H(L’(‘)) - lS/" (q'))>]j=1 ..... m
The joint characteristic function of the 2m-dimensional stable random vector (S ;"\ (w),
Sf (cg)) is given in Eq. (2.7) (with T = 0).

Combining now Proposition 2.4 and Theorem 2.5 together with the fact that

jell,m)

. 2 B
)wﬂn @ ~ A7 a(iw)| 2 asn — oo,

where the latter can be easily derived from the definition of ¥4 together with the convergence
of A, to 0, we deduce the following main result for the limit behavior of the normalized
periodogram.

Theorem 2.6. Suppose o € (0, 2] and let Y4 = (Yra, ) kez denote the sampled SaS CARMA
(p, q) process. If Assumptions 1 and 2 hold, then I, ya, satisfies for any m € N* and o =
(1, ...,0m)T € R®™, asn — oo,

2 o) N
Ai ¢ [In,YAn (CUjAn)]le m 2) [M ([S](ﬁ(@)]z + [S]‘S(Cy)]z)] s

~~~~~ jaio;)?

where the stable random vector (S j'\.“ (w), S]?N‘ (69))
given in Eq. (2.7) (with t = 0).

Jell,...,

Remark 2.7. (i) We highlight two important differences of our limit result to the one in [23] for
ARMA models in discrete time. First, in our paper we do not have to distinguish between
rational and irrational multiples of 27 in the frequency vector  as it has been the case
in discrete time (see, e.g., [23, Theorem 2.4]). The reason therefore is our asymptotic
framework A, — 0 as n — oo which yields that in the proof of Proposition 3.4 the
crucial equation (4.33) holds for any h € Z™, h # 0, whereas with 4, := A constant
and one frequency component being a rational multiple of 27, (4.33) could not hold for
all h € Z"™,h # 0. Second, the same equation explains why in our framework the
limit distributions differ depending on whether or not the frequencies wy, ..., w, are
linearly dependent over Z (cf. Eq. (2.7)). In discrete time they depend on whether or not
21, 1, ...,y (With w1, ..., @, being irrational multiples of 27) are linearly dependent
over Z (see again [23, Theorem 2.4]). Note that the latter is also the reason why the manifold
M (w1, ..., wy) in (3.2) is different from the manifold that appears in the discrete-time
result.
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(i) Moreover, for linearly independent w1, . . . , wy, the distribution of (S”t (w), S*N‘(a))) jell,.om)
does not depend on @ anymore. In the dependent case, determlnes the manlfold
and hence, has an influence on the limit distribution. The sequence of random variables
(S;)‘(cg), S] (®)) je{1,..,my is independent in the case @ = 2, whereas for o < 2 it is

dependent; in particular form = 1 and w = w € R*, the random variables Slm(a)) and
S f‘ (w) are dependent.
(iii) Investigating the special case m = 1, Theorem 2.6 gives for any w € R*

2—% Z |C(l(,())|2 ‘/ 2ms
A, n,Y4n (wA,) = |a(la))|2 o) dL;
as n — oo. Hence, the limit distribution factorizes in a parametric factor depending on
w (the so-called power transfer function) and a random factor, which does not depend on
o anymore. The limit distribution coincides with the limit distribution of the normalized
periodogram of ARMA models if w is an irrational multiple of 2.
(iv) Let @ = 2. Then with w € R* as n — o0,

N} N3\ gy
An L, yan (@A) 2, 27 fy (w) <— + 7) =2nfy(w) E,
where N and N, are i.i.d. standard normal random variables and E is a standard exponential
random variable. This limit result is the empirical counterpart to (1.5) with scaling factor A,
and in analogy to the results for ARMA models (cf. [9, Theorem 10.3.2]). It confirms, that
Ay 1, ya, (@A) is not a consistent estimator for the spectral density.

9 X D o9 %
(v) For any h € R*, (S} (hw), S} (ho)) jeq1,...m) =(5]' (@), S (@) jeq1,...m)» such that as

,,,,,

n— oo,

22

A% Ly an (ha).,'An)]jzlwm
9 | le(ihw))|? ( R, 2 Tedy 12
eI (s s} @T)
- |:|a(iha)j)|2 [ J (Ci))] +[ J (C.‘.))] ‘
j=1l,...m

On the other hand, if wi,...,w, are linearly independent over Z, then there exists
an h € R with h + 1, .. ,h + wp linearly dependent over Z such that the limit

distributions (S ”(a)) S“‘(w))JEH m}yand (S "(hl—i—a)) S“(hl—i—a)))]e{l ,,,,, m) are different.
Consequently, there is no general result how a frequency shift influences the limit
distribution. [

Remark 2.8. We conjecture that Assumption 2 is in this formulation not a necessary assumption
for Theorem 2.6. However, it seems to be (close to) necessary for Proposition 2.4, but
Proposition 2.4 is not necessary for Theorem 2.6. [

2.3. Self-normalized periodogram

Next we derive the limit behavior of the self-normalized periodogram ’I‘;l’yAn and Z,l’yAn,
respectively, as given in (1.6), which is comparable to those in [24, Section 3] for ARMA
processes. As in the normalized case they converge to functions of stable distributions as the
following two theorems show.
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First, we have to state some notation. The observer canonical form of a CARMA
process (cf. [28]) is given under Assumption 1 by the stationary and causal multivariate
Ornstein—Uhlenbeck process

t
V, = / e'™4BdLs, teR, (2.82)
—00
where the vector 8 = (81, ..., ﬁp)T € R? is defined recursively by
p-1-j
Boj=— D @iBpj-i+cgj. j=0.1....p—1,

i=1
(with the convention ¢; = 0 for j < 0). Then
Y,=elV,, teR, (2.8b)

where e; = (1,0,...,0)7 € RP. Hence, every SaS CARMA process can also be written as a
Lévy-driven moving average process Y; = | OOOO g(t —s)dLg, t € R, with kernel function

g(t) = el B L10.00) (). 2.9)

The following proposition is crucial for the asymptotic behavior of the different self-
normalized periodogram versions.

Proposition 2.9. Assume a € (0, 2] and let Y An = (YA, kez denote the sampled SaS CARMA
(p, q) process. Moreover, define AL(kAp) = Lia, — Lg—1)a, for k € Z,n € N*. Suppose
Assumption 1, Ay, — 0and nA, — o0 as n — 00 hold. Then

. . _ 1
() Y4y Yea, = X520 8G A - Koy ALKA) +0p (47 (14,7 ) asn — oo,
.. . _ 2
(i) > py YkZAn = Z?OZO g2 An) - D AL(kAL)? +op (An 1(nA,,)or) asmn — oo.
The main limit results are then as follows.

Theorem 2.10. Suppose a € (0, 2] and let YA = (YxA, )kez denote the sampled SaS CARMA
(p, q) process. The self-normalized periodogram I, ya, is as in (1.6). If Assumptions 1 and

2 hold, and in addition c, # 0, then we have for any m € N* and w = (w1, . . ., om)! € R*™,
asn — 09,
[;;l’YAH (ijn)]j:1 ’’’’’ m
R 2 X 2
7 leGio))? [$}' @] +[8] @]
(Jo~ g(s)ds)? - laliw))[? S2. (@) 1 ’
j=1,..., m

where g is the kernel function of the CARMA process as given in Eq. (2.9) and the 2m + 1)-
dimensional stable random vector ((S;.)‘ (w), SJZ“ (cg))je{l ’’’’’ my Sm+1 (cg)) has joint characteristic
function given by Eq. (2.7).

Theorem 2.11. Suppose a € (0, 2] and let YA = LY;{A” )kez denote the sampled SaS CARMA
(p. q) process. The self-normalized periodogram I, ya, is as in (1.6). If Assumptions 1 and
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2 hold, then we have for any m € N* and w = (wy, . .. ,om)T € R®™, asn — oo,
An [In,YAn (ijn)]le ’’’’’ m
R 2 X 2
9 leio))? () @] +[$} )]
Jo7 g2(s)ds - la(iw))|? 52 ’
j=1,.., m

.....

given in Eq. (2.7) (with t = 0) and S2is a positive a /2-stable random variable.

Remark 2.12. (i) Theorems 2.10 and 2.11 show that also the self-normalized periodogram
versions do not yield consistent estimators for the (normalized) power transfer function.
However, based on that paper we will show in [16] that applying a smoothing filter to the
self-normalized periodogram gives such a consistent estimate. Since the model parameters
influence the power transfer function and, causality and invertibility of the CARMA process
preconditioned, the latter uniquely determines those parameters, it is possible to use that
consistent estimator of the normalized power transfer function for statistical inference on
the CARMA parameters.

(ii)) We have not specified explicitly the joint characteristic function of the random vector
that determines the limit in Theorem 2.11. However, it is uniquely identifiable from the
calculated Laplace transform in Eq. (4.31). Note that the limit distributions in Theorems 2.10
and 2.11 are not the same.

(iii)) Moreover, we have to multiply (E’YA,, (jAn))jeq,...,my in Theorem 2.11 by A,, to obtain
an asymptotic limit result. This normalization is not necessary for (1~n,y4n (@;An))jeft,....m)
in Theorem 2.10. Observing (1.5) the rescaling with A, seems to be natural in some way.
The point is that with Proposition 2.9 we have for the different normalizations

n 2 o) 2 n 2
a($ra) (2 Ew0an) (3 ae0a)
k=1 =

n = = - +op(1)
Y Y, Ay Y g(iAD?: Y AL(KA,)?
k=1 j=0 k=1

7 (o swds)” 13
Jo g()?ds  [L, LI

as n — 0o, where ([L, L];)>0 is the quadratic variation process of (L;);>¢. For this reason
A, appears in Theorem 2.11. [

3. Lattices in R and the manifolds .#Z (@1, . . ., ®m)

In this section we recall some basic facts about lattices in R” and use them to construct the
manifolds .# (wy, . .., wy) in Eq. (2.7¢). For more details concerning the theory of lattices we
refer the reader to [14,20].

Definition 3.1 (Lattice). For S € R let spanZ(S) and span® (), respectively, denote the integer
and linear hull of S. For any linearly independent vectors by, ..., by € R™ the additive subgroup
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of R™
L =L, ...,by) = spanZ({bl, N ¥1))

is said to be a lattice and by, ..., by is called a basis of .Z. The dimension of the lattice .Z is
given by

dim(2) = dim(span®(2)) = d.

We call a subset S in R™ discrete if S has no accumulation point in R”. It is a classical result
that discreteness characterizes lattices among additive subgroups in R™.

Theorem 3.2 (Cf. [20, Section 3.2]). A subset S C R™ is a lattice if and only if it is a discrete,
additive subgroup of R™. In either case the dimension of the lattice is equal to the maximal
number of linearly independent vectors in S.

Suppose that we have given wy, ..., w, € R* which are linearly dependent over Z. Let
o = (v1,..., on)T = 2mn. Note that all lattices as well as the manifolds .# (w1, ..., wy)
in this paper depend on the frequency vector w and 7, respectively. We neglect, however, that
dependency for ease of notation. We define

L= {py-nzn.

Then .# constitutes a discrete, additive subgroup of R™ and since the maximal possible
number of linearly independent vectors in %" is m — 1, we apply Theorem 3.2 and obtain an
sef{l,...,m— 1} and abasis by,_s41, ..., by € Z™ of the lattice .£. Now

L= Ftnzm 3.1

is a discrete, additive subgroup in R as well and hence, again due to Theorem 3.2, it is a
lattice generated by a basis by, ..., b,;—s € Z™. That the dimension of % is indeed m — s
(i.e. the maximal possible dimension of the orthogonal complement of .£’) can be seen from the
following fact: let

T
bm7s+1
H = : ez
by,
and note that there has to be an s x s-block with non-vanishing determinant. W.1.0.g. this block
is given by the first s columns of H, denoted by H*1. We can solve, forany j € {s +1,...,m},
the linear systems H!$1x i = —hj where hj is the j-th column of H and obtain, using Cramer’s

rule, solutions x; € Q° with common denominator det(H ls ]) € 7. Hence, the vectors
Xj
vj:=det(H["'])~ : +ej | €Z", jefs+1,....m},
0
with e; being the j-th unit vector in R™, are linearly independent and Hv; = O for all j €
{s+1, ..., m}. This shows that v; € {by—s+1, .. Lbpitnzm = ZLforany j € {s+1,...,m},
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and hence, the dimension of the lattice . has to be m — s as claimed above. Let
Bi=(b1 by -+ bpys) ™"

and

T:(®mod1)"™* - (Rmod 1)",

m-—s
X = (xl,...,xm_s)T > Bxmod1 = (Zxﬂy) mod 1,

j=1

where the mod -operator has to be applied componentwise. We then define
A = T((R mod 1)"™*), 3.2)
the Gram matrix G := BT B and the set of functions on .#
—{fh M—>C: fr=e") 6T oG oTlforanhef} (3.3)

7 is well-defined due to the injectivity of T (see the proof of the upcoming Theorem 3.3(i)).
Moreover, it can be shown that all the functions in .7 are continuous (mod 1) on .#. The
following theorem holds.

Theorem 3.3. (i) .# is an (m — s)-dimensional C'-manifold in [0, 1)".

(ii) Let p € R™™° be the coordinates of 1 in the basis B, i.e. 1 = Bu. Then (z, u) # 0 for all
ze€?2" %, z#0.

(iii) Forany f, € T withh € £, h # 0, we have

mf Jn(x) A" (dx) =0,

where 7" 75 is the (m — s)-dimensional Lebesgue measure on A .

(iv) Forany x,y € M ,x # y, there is an h € £ such that f,(x) # fh(y).

Since (R mod 1) and (R mod 1)~ are compact Hausdorff spaces, one immediately
obtains that also .# is a compact Hausdorff space. Note that the subalgebra span®(.7) of
the algebra C(.#) of all continuous complex-valued functions on .# contains the constant
function 1 (take & = 0). Moreover, span®(.7) is closed under complex conjugation and
separates points (see Theorem 3.3(iv)). Applying the Stone—Weierstral Theorem (cf. [32, p. 122]
or [35, p. 161]), this yields that span(c(ﬂ) is dense in C(.#') with respect to the topology of
uniform convergence.

An application of Theorem 3.3 as given in the next proposition characterizes the limit
distributions of the normalized and the first version of the self-normalized periodogram,
respectively, by random vectors with characteristic functions as given in (2.7).
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Proposition 3.4. Suppose A = A, — 0and nAd,, — oo as n — o00. Moreover, define for
any z1, z2 € R the function Z;, ;, : C — R by =}, ., (x) = z1 R(x) + 22 3(x). Then, for any
meN w,...,0, € R*and §,v e R™,

1 n—p+l| m o
nan;o o Z Z Zb;.v, (e_leAnk C(iwj))
= =

=Ky ((59,-,v,- (C(iwj)))je{l,‘..,m} (Eo00 (C(ia)-/')))je{l,.‘.,m} ’ 0) ’
where K, is given by Egs. (2.7b) and (2.7¢), respectively.

For wy, ..., o, linearly independent over Z a similar result was derived in [25, Corollary 4].

Finally, we shall require Proposition 3.5 from below for the limit result of the second version
of the self-normalized periodogram. The proof of this proposition is based on Theorem 3.3 as
well.

Proposition 3.5. Suppose A = A, — OandnA, — ocoasn — oo. Letm € N*, w, ..., w, €
R* and write o = (w1, . . ., )T = 27 (N1, ..., nm)T = 2mrn. Moreover, suppose that (Ni)ken+
are i.i.d. standard normal random variables.

G) If w1, ...,y are linearly independent over Z, we assume that we have given a random
variable U, uniformly distributed on [0, 1) and independent of (Ny)ien+, and a function
f: (Rmod 1)™ x R — R such that E[ f>(U, N1)] < co and g® (x) == E[f*(x, N1,k =
1, 2, is continuous on (R mod 1)™.

@) If w1, ...,wy are linearly dependent over Z, we assume that we have given a random
variable V, uniformly distributed on [0, 1)~ and independent of (Ny)ren+, and a function
f i xR — Rsuch that E[ f>(U, N1)] < 0o and g® (x) := E[ f*(x, N1, k = 1,2, is
continuous on M, where U := T (V) and T is the parametrization of M.

Then in either case

%Z fkAupmod 1, Ng) > E[f(U, Ny asn — oo. (3.4)
k=1

4. Proofs
4.1. Proofs of Section 1

Proof of Eq. (1.5). Fix an arbitrary w € R and assume that A is sufficiently small such that
wA € [—m, ]. Then

s A koA
Afa@d) = — 37 yrkdye

1 = ;
(12) _ T <A ) Z eklAAe—zkwA) yx (0) c. 4.1

2 =
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For any ¢ > 0, there exist an Ny € N and Ay > 0 such that

[ele] X o0 .
/ e|h|Aeflhw dh— A Z elk\AAefzkwA

—00

k=—00

N
< / He\hlA” dh + [ 0 eltlAg—iho qp A . Z kA4 =ik A
h1=No —No lkI<[No/ A

SO
[k|=No/A]+1

N
< g . / 0 e|h|Ae—iha) dh— A . Z e|k|AAe—ik(uA + g (42)
—No Ikl<No/ A

forall 0 < A < Ag. The second addend on the right-hand side converges to 0 as A — 0
(Riemann sums!), i.e. there is a A; > 0 such that (4.2) is less or equal to ¢ for any A < Aj.
Hence, the right-hand side of Eq. (4.1) converges, as A — 0, to

L 7 * |h|A —ihw 1 < o7 |h|A —ihw
—c ee dh )yx(0)c = — c e"%yx(0)c-e dh
2 21 ) g —m —————

—00
1.2
Dy

Y pw. O

4.2. Proofs of Section 2.1
Proof of Lemma 2.1. (i) By virtue of [4, Proposition 11.2.1] we have, for any ¢ € R,
1
tA -1tz
= — I,—A dz,
€ i \/p(z p ) € Z

where p is a simple closed curve in the complex plane enclosing the spectrum of A. Moreover,
from [13, Lemma 3.1] we immediately obtain

_ c(z)
cT(zI,, —A) 1e,, = Ki)

forany z € C\ {Aq, ..., A,}. Hence,

r—1
CT <_ Z @]A e(rlj)AA) e(kAfx)Aep

j=0
1 ;
- _ Z @jA T <% /(le _ A)—le(f—l—J)Az-i-(kA—S)Z dZ) ep
— o

= — Z @A - —_— @ e(rflfj)AZ‘F(kAfs)z dz
7 2mi P a(z)

—1
_ 2”: cm) [ rX: BA 1= A | ok A=5)i
a' (k) g ’

j=0
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where the last equality follows from the Residue Formula (see, e.g., [26, Chapter VI, Theorem 1.2
and Lemma 1.3] or [17, Theorem II1.6.3 and Remark I11.6.4]) and the fact that the eigenvalues
Al, ..., Ap of A are supposed to be distinct.

(ii) We obviously have

1 (4 o
—/ ‘e(A_s))‘ — 1‘ ds
A Jo

1[4 o
:Z/ e — 1] ds
0
20{

A N [ \ o
=S| e @ eos(s 3G0) = 1]+ [P sin(s 3G) | ds.

0

Due to the Mean Value Theorem there exists an £(A) € [0, A] such that

1 /4

A Jo
Since ¢(A) — 0as A — 0, we immediately obtain that the right-hand side of (4.3) converges
to 0 as A — 0. Likewise we deduce that

1 4
=

and hence, (ii) follows.

&M cos(s 3G) — 1| ds = [P cos(e(4) 3G0) — 1" (4.3)

s N sin(s S(A))‘a ds—>0 asA—0

(iii) By virtue of Eq. (2.2b) we have, forany r € {1, ..., p},

r—1 )
— Z @jA e(r_l_J)A)tm

j=0
— _e(r—l)A)»m @()A _ e(r—2)AAm @]A _ e(r—3)Akm ¢2A .. — érA_]
— (_1)2 . e(r—l)A}»m _ e(r—Z)AAm . (_1)2
x Z eAA.il _ e(r73)A)»m ¢2A L @ﬁl
{i1}€<{1, . ..,p})
1
— (_1)3 . e(r—2)Ak,,1 . Z eA)le _ e(r—3)AAm . (_1)3
I...,
W({ P {m})
« 3 ACHTh) L gh
{i1,12}€<{1’ . '2‘ ’ p}>
— (_1)4 . e(r—3)A)»m . Z eA(A,'l-F)LiZ) .. (_])r

0 i2}€<{1, SIN {m})
’ 2
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X Z ZS 1)"?

{i1,..., i,_|}€<{1, ...,p}>

r—1
= = (=1 Z oA P s
{il,...,,-,,l}e({l, s PY {m})

r—1

and hence, due to Eq. (2.4),

r—1
(m)( A) Ze—lwA(r 1) <_ Z @]A e(r—l—j)A)um)

J=0

4H K, v —iwAr AYI ik
YEIE 2 et s

- {i1,.‘.,i,}e({l’"'7p}\{m}>
r

— li:l(_])r Z Aoy Ais —ior)
r=0

p=1 Aj p=l r J
— 27 (-1 > <Z,\,~S—iwr>
o= ({1,...,p}\{m}> 5=
[yeens ir}e
;
+0(AP7YY as A — 0. (4.5)

Now, since the eigenvalues of A are also the zeros of the autoregressive polynomial a(z), we
observe that in order to show Lemma 2.1(iii) it remains to prove the following

» , j
PX:(—I)r Z (Z)‘l} — ia)r)
r=0 s=1

}E({l,...,p} \ {m})
r

0 ifj=0,1,....,p—2,

P
=1 -DJJGo-1r) ifj=p-1 (4.6)
b
If p = 1, one immediately verifies that (4.6) holds since both sides are equal to 1. Hence, we
assume p > 1 in the following.
For j = 0, due to the Binomial Theorem, the left-hand side of (4.6) is equal to

p—1
Shewr (7)==
r=0
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For j € {1,..., p — 1} we obtain

p—1
2 2
r=0

r J
(2:)%_Y — iwr)
{i1,es ir}e<{1’ co P {m}) s=1
r

p—1 r J
=) > (Z(M - iw))
s=1

r=1
{ilp..,i,}e<{l’ ce, p} \ {m}>
r

_Z( UZ( 1—t>

p—1—(1—1) p—1—(1—2)—k p*lf(tf(tfl))fﬂ;zlkz

DS S S

k1=1 ko=1 ki—1

kt—l uy,.ur€{l,...,p\{m}

U <up<--<ug

t=1 k=1 ky=1 ki—1=1

'
-l
X Z (Auy — l.(,())j_ziml ki l—[()‘us _ ia))kH—l—S

Uy seenstip €L p)\ () s=2
Uy <up<--<ug

= p—1—t
(p—1—
le<_1>( - )
r=
Since (j):OforallneNandj<0, we get
p

-1 . p—1—t
Z(—l)'(”r )-( ' Z( b

r=1

=<—1>’-(1+<—1))” o
_|o ift=1,...,p
(-nP~t ifr=p—1,

where we used again the Binomial Theorem. Consequently, for any j € {1,...
right-hand side of (4.7) vanishes, whereas for j = p — 1 it becomes

(7)) ) -

SFEmM

=1

pl—(t=1) p—1—(-2)—k;  P=2=-Y % kn

(

J

p—1—

r

p
(p—D! [[Go—1y),

@)(

. t
x x| 1T L n Z (M, — jw)l ik H(xus -

)

—2,

which completes the proof of Eq. (4.6) and hence, (iii) is shown.

e

ki

247

4.7

, p — 2}, the
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(iv) It is a simple consequence of Liouville’s Theorem (see, for instance, [26, Chapter 111,

Theorem 7.5]) that any rational function f(z) = 28 with deg(g) < deg(p) can be written as

f@Q=hpz A+ +hp(z; &)

where A1, ..., A, are the distinct zeros of p(z) and & y(z; Ap,) is the principal part of the Laurent
series expansion of f at the point A,.

Again, the eigenvalues of A are also the zeros of the autoregressive polynomial a(z).
Consequently, we can apply the above result to the rational function c(z)/a(z) (note that
deg(a) = p > q = deg(c)) and obtain

c(2)
— =heja(z; A1)+ Fhepa(z; Ap).
a(2) c/a( ) c/a( p)
Since Ap, ..., A, are distinct, every A,,m € {1,..., p}, is a pole of order 1 of the rational

function c/a. In this case, it is well known (see, e.g., [26, p. 174]) that the principal part of the
Laurent series expansion of ¢/a at the point 1, reduces to

c(Am) 1
a’Am) Z—Am ’
Since A1, ..., A, are supposed to have non-vanishing real parts, we have a(iw) # 0 for any

o € R. Hence, Lemma 2.1(iv) holds forany w €e R. O

Proof of Lemma 2.2. (i) This statement follows easily by induction over p from the definition
of the WJA"
(ii) We deduce from (i) that

Z ‘WA” < C(p)A (p—1) Z e Apimaxj _C(p)A (p—=1)
Jj=n+1 j=n+1

e(n+1)A)1)Lmax

1 — eAn)tmax
log(An)-AS

C(p) nA, ()nmax_[’ og( ’|1_)¢_5 n) n—00

- e A ) 12

)\max

, (4.8)

since A, — 0and nA* — coasn — .
If 0 < @ < 1, we have (cf. also [23, Proof of Proposition 2.1])

a nl o
(Z“[’ ><A“Z‘W ,
j=1-k j=n+2

and analogously to (4.8) it can be shown that the right-hand side converges to 0 as n — oo.
Otherwise, if 1 < o < 2, we set EA” = W].A”/ Z?O:,H_z ‘ W].A”

£ (-2 2E(ER)

=n+2
00 a=1
(Z ‘WA"> Aa Z ‘W n—>oo
J
j=n+2 j=n+2
due to Eq. (4.8).

and obtain

IA
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(iii) We use again (i) to derive

1-p
(E71)
k=1—-n \j=1—k
C(P)“ Av & C( )* Ay - .
< Z <Z eAn)\mdxj) < - ( p 5 ZeaAn)\mdxk

n)\max k:l
C(p)* AZ 1 C(p)* 1 0
n (1 - CA")‘"‘@‘X)O[ 1 — e@Anhmax (—Amax)” _a)&max”An
as n — 00, since we suppose nA,; — oo.
(iv) We have, once again due to (i),
n/\( k) «
A
k= 2 p—n \j= ]v(2 p— k)
a [p= ¢ ntp- ” “
n n
= Enr Z’W Z Z ‘ j
=1 =p—1 \j=k+2-p
A% —p+1\¥
s7"[(p—z)-(p—l)“u(ap)-(p—1)-An”+)
n+p-—2
X Z eaAn)tmax(k“sz)}
k=p—1
g p+1 1
Zn _ 1)%P _ - -
=2l p-2- =07+ (- -1 8,7)" l_eaMmax]

where the first summand obviously vanishes as n — 0. The second term is asymptotically
equivalent to

(C(p)-(p—1)* 1

. -0
— 0 Amax nAff(p_z)'H

as n — 0o by assumption.

(v) Itis once more (i) that gives

0 n A
> (Sl
—p \j=1

) <p-nh (Z]%A")
=1

A A7PFE O\
<(p- 1)7" -C(p)"™ <—1 _ZMM

_Cp-p -1 1 S0
(—Amax)* nAg(p_l)
a(p—1)

as n — 00, since we assume that nA,, —ocoasn — oo. [
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4.3. Proofs of Section 2.2

Since the proof of Proposition 2.4 is based on Theorem 2.5, we prove first Theorem 2.5 and
then Proposition 2.4. For the proof of Theorem 2.5 we need the following additional result:

Proposition 4.1. If Assumption 1 holds, A = A, — 0 and nAZ(p D5 s0asn — 00, then,
forany w € R,

1y,
Jn,zAn(a)A)—J( (a)A)+0p<A;7+p 1) asn — oo

with Jf)an (@A) =n"12 30 {’H Zk A, (@A) e @Ak and(Zk A, )kez as givenin Eq. (2.4).
Proof. We first observe that
(21) _
Iy a0 (@A) == sz A, e i0Ank e Z (Z Zi i1, ) —iodnk
k=1

n pA(n+1—k) A
—1/a r —iwAy,(k+r—1)
n Z Zk,A,, e

k=2—p r=1v(2—k)

= I @A) + 12, @A) + IO (@A) (4.9)
with
0 p )
](I)A (@A) _n—l/a Z Z Zz,An e—zwAn(k+r—1)’
k=2—p r=2—k
n—p+1
(2) (a)A ) _n—l/oz Z er e—iwA,,(k+r—l)
k=
24 n—p+1
@4 n 1/ Z e ’“’AkaA (wA,;) and
k=1
n n+1—k

3 - —i _
IO (@A) =nmt Y N 7y, eriodnbrD,

k=n—p+2 r=1

Moreover, we define, for any z1, z> € R, the function =, ., : C — R, 5, ., (x) = z1 R(x)
+ 22 J(x). Then we have, due to Eq. (2.2a) and Lemma 2.1(i),

p
(1) (a)A ) _n—l/oz Z e —iwAyk Z e—iwAn(r—l)

k=2—p r=2—k

kA, r—1 )
% / . (_ Z gsjAn e(r—l—/)AnA> e(kA,,—s)Aep dL,
( =0

k—1)A,
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— e Z e—lwAkZ c(Am) i e—iwAn(r—1)

k=2—p ,(Am) r=2—k
Z‘ﬁ w o(r=1=1) A / & kB dL,
k—=1)A,
0 kA, _ .
=nte ¥ / el e A (5)dLy, (4.10)
k:2—p (k_l)An

where, for any w € R and A > 0,

(k) () = Z c(Am) f(m 20 () e®A=m  4ng

a () A
21—k ¢ iwA A HA
f(m )( ) = Z eiwA(r—1) _Z@j er=1=)A% |
r=2—k j=0

Hence, the joint characteristic function of the complex SaS random variable
iV A (@A) is given by (cf. (2.6))

¢J<1> (21, 22)
n,An

Ly [
=eXp\ =0, —rar /
nAFer=b *k-1)A,

=2—-p

- —i k
5 (e iwAk (: oA, (s ))‘ }

721,22 € R
With the same arguments as in Eqs. (4.4) and (4.5) we further obtain, as n — oo,
FAE P A, = pi] -1 (p N 1) +0(4) (@.11)
r=1—k r

and hence,

£ ">(wA,,)‘ <20V foranym € {1,..., p}andk =2 — p, 3
only n is sufficiently large. Thus,

1 ok Ak ()
= —lw4y,
AlFa(p—D) Z / 21,22 (e SApwa, S )> ds
napy k=2—p (

- p,...,0,1f

k—1)A,

_ (zl+ ) ¢ /M"
(

= T+a(p—1)
ny k=2—

(21l + 122D (Lt < JeGal |
=(p-D——pr—— nAa(p 1) ( Z Ia/(Am)|)

m=1

k o
% 0, )] ds
k=1 A, R
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and the right-hand side converges to 0 as n — o0, since we suppose nAZ(p -

obviously yields ](1)A (wA,) =op (A,ll/a+p_l) asn — oo.

— 00. This

Likewise we obtain J ® (a)A )=op (A,l,/ *tp _1) as n — oo which completes the proof of
Proposition 4.1. [

isf(‘i)))]jﬁ

n—p+1

2 - —iwj k
D @Ay =n1 Y / emiosdik o) A () dLy (4.12)
! (k= 1>An e
forany j € {1, ..., m} and the joint characteristic function of the complex S« S random vector

Al P= l/a[J(z) ( wjA, )] . 18 given by

.....

1
P ) 9,1) = exXp -y —
(~ ~) L nA’!l+(¥(p_1)

‘]n, Ap

n—p+1 o
x (4.13)
1; /(k nA, }

with arbitrary 6, v € R™. Hence, due to Lévy’s Continuity Theorem, we have to show for any
0,veR"

[1]

( _leAnk Ay, “’J (S))

m o

n—ptl kA,
i Y [ [T () 4, 0)
1 —1 =iV n,@jAn g
nAPY = Jaena, o “

n—o0

2% K, ((591.‘”].(c(iw,-)))je{l’___ﬁm},(E,VJ (co)) m},o), (4.14)

,,,,,

where K‘B has been defined in (2.7b) and (2.7c), respectively.

We first claim

o
n—p+1 kA, | om o ()
! > Ai/ = e—iwjdnk SR04 T |
n J
k=1 n I

1
k=04, | AP~

o
n—o0

0. (4.15)

m
> S, (7 i)
=
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To this end, we use |[x|* — |y|¥] < (|x|%/% + |y|*/?) - |x — y|*/? for a € (0, 2] together with the
Cauchy—Schwarz inequality and obtain

k)

n—p+l kA, ¢ s

1 Z / Zue v e’iijnk—gA"’“’fA”()
J

~1
ndn = Jo-na, I AF
m o
Z Zb; v}( "”fA”kc(ia)j)> ds
(k) 7
Ny mo o 8 2,)
< Sy | &7 o
A A p—1
nan o Je-nas\ |73 Ay
o
m . 2
+ 13 5., (e*’wf'ﬂn"c(iwj))
j=1
n N
X 259.,,1;1- e i) Ank —w;) — —clio;) ds
i=1 Ay
ln p+1 N
SR SN N DA
n
k=1 (k— I)An j= 1
5 1
g(k) 2 :
Anxﬂ)'An . L)
X ;71 + |etiw))]|? ds
Ay
_ln—p+1 1 kA,
X p— JE—
no= A /(k—lmn
m g% o4 (5 “ 7
. Apwi Ay .
X 2591»”1 e i) Ank #—c(le) ds
j=1 Ay
=11 x I,

where, due to Assumption 1, Eq. (2.5) and Lemma 2.1(iii), there are constants C(w;) > 0 such
that for all sufficiently large n

(k)

o
1 [k |84,04,®)
—/ | Je(iop)]” ds
Ay Jk-1yA, AP~

m ., ) e
<o 3ol ol (cton 35 S8L) o) <o
I

< 1a/ ()]
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and hence, I; is bounded. Setting

p .
(M) alio) ga
WO ()= Y S O Aok e 1, p),
% o) Za,m) v { p)

we obtain for the second term

(k) o
m 1 —p+l 1 kA, gA Ay (S)
2 < m* 0:| + |v; o _/ el bl —c(za)) ds
S MO oy N = 00
o
m 1" —p+1 1 kA, gA wi A, (s) ’
< em* ) (o] + |vi)* = |:—/ " h(A) ()
(k) . «
+ ‘hAn’wj(s)—c(la)j)‘ ds:|. (4.16)
Then, forany j € {1, ..., m},
(k) o
1 fl ; f N LEE SR S
— — _— = (s N
n k=1 A k—1)A, A,Il’ ! Amwl
2 oconl | P @idn  atwr) |\
< Z : 1 Ay /1 _ j n—00 0 “.17)
= la ol | AP =
by virtue of Lemma 2.1(iii). Moreover,
1n—p+1 1 kA, (k)
— — (s) —cliw; )‘ ds
n = A /(k—l)A An.0) !
+1 a
n— [7 /‘ C()\,l) a(lC()]) (e(kAn—S)A-l _ l) ds
k=14, |15 a(kz) iwj— A\
p 7 . o An
SP“'Z el | latio)) L/ "‘S“l—l‘a ds =50, (4.18)
la’D] liwj — M) An Jo

l

where we used Lemma 2.1(ii) and (iv). Hence, by Eqgs. (4.17) and (4.18) the right-hand side of
(4.16) converges to 0 as n — oo and thus, (4.15) is shown as well.

In order to obtain (4.14) and hence, A,ll_p 1/ a[ (a) ;A )]
iS 3(@))]j_1 38 71 —> 00, it remains to prove that

m o
Z EG.,',V./ (e—leAnk c(ia)j))
Jj=1

1 nfl
no=
—> Ky ((59_,,u,~ (C(iwj)))je{l,...,m} (o0 (C(lw])))je{l ..... m) ’0> :

Since we suppose in particular n A, — 0o as n — o0, this follows from Proposition 3.4.

1

2 [elio)- (S} (@) -
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*P=1 _, 50 asn — oo holds, Proposition 4.1 yields J( (0Ay) +

(3) (@A) =op (A,l,/aﬂ’*l) forany @ € R and hence, AL~ 71/0‘[] 5 An (a)jAn)]jzl EX

n,

Finally, since also n A,

[c(za)j) : (Sj"(cg) — iSj‘N‘(cg))]j:1 ,, asn — oo. This completes the proof. [

,,,,,

Proof of Proposition 2.4. We immediately obtain

n
Jn,YA” (a)) = n—l/Ol ZYkA e—za)k (2. 3) —l/ot Z (Z Q Zk A, ) —iwk
k=1

[e)e] n
j=0 k=1

= U () J, 54, (@) + Wy 4, (),

where

n
Upn,ja, (@) = Z ZkA ek —ZZ;{,A" e ™k and
k=1—j

o
W, A, (@) =n~1/e Z !PjA” e U, ; A, ().

Hence,
Ay (a—io 2
Ly oan (@) = |02 @[ 1, 5, @) + Ry 2, (@),
with

Ry A, (@) = U2 (€7) T, 54, (@) Wy 4, (@)

+ U (@) T, 5, (@) Wy 4, (@) + [W 4, (@))%

For the rest of the proof suppose that Assumption 2 holds and fix an arbitrary w € R*. We

2-2/a

have to show that A;, Ry A, (0A,)] LN Oasn — oo.

1va(p—1)

Since ¥4n (e_""A") ~ AP a(iw)™" as n — oo and since in particular nA,, — oo if

Assumption 2 holds, it follows from Theorem 2.5 that Al, Ve g (e~i®dn) S5 (wA,) z)
c(iw)

(o) (S m (w)—i8; 3 (a))) as n — 00, where the joint characteristic function of (S 191 (w), S f‘ (a))) is

given by Eq. (2.7) (with m = 1 and T = 0). Hence, in order to show A2 2/O‘|R,,,An (wAp)] E) 0

as n — 0o, it is sufficient to prove that

_1
Ay Wy p (@A) >0 asn — . (4.19)
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We shall prove (4.19) by an appropriate decomposition of the sum W, A, (wA,), analogously
to the one in [23, Proof of Proposition 2.1]. We write

Wn,An(wAn)z —l/a Z W —zwA,,j Un‘j,An(wAn)
j=n+1

_i_n—l/aZy'/ n —ta)An]U A, (C()A)

—w (wA,1)+ @ (@A)
and
1 00 A ) . n_oo_ )
W( (wA ) = n—l/ot Z @j n e—lwAnj <_sz»An e—lwA,,k)
j=n+1 k=1
) A n—j
+n_1/a Z Wj n _lwAn] Z ZkA e —iwAyk
Jj=n+l k=1—j
= (11) ( An)+ (12) ( A ).
We have
A:z A T | ZA,,(a)A )‘ AP ‘WA
Jj= n+1

and it is again Theorem 2.5 together with the Continuous Mapping Theorem (see, for instance,

[21, Theorem 13.25]) showing Al P 1/0[| ZAn(COAn)| —> lciw)] - |S"(a)) —lS“(a))} as

n — oo. Since we have 72, ., ‘W "

1-1/a

deduce A, W(l ( A)—)Oasn—>oo

Concerning the term W(1 (a)A ) we write

00 n—j
W(l ( A W) = nfl/ot Z SpJAn e*lwAnj Z Zk,An efta)Ank
j=nt1 k=1—j
.- Ak SN A A
_ =1/ = —iwAyk n a—iwA,j
e 3 G s § g
k=—n j=n+1
—n—1 i
_’_nfl/a Z ZkA e —iwApk Z lp 7la)A,,]
k=—00 j=1-k

= (]21)( An) + W(]22) (CUAn)
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>g)

n—k
Ay —iwA, (k+))
ZZ g, 2 BireTd

k=—n j=n+1

and obtain for arbitrary ¢ > 0

P(A,i
IP) o
1— 1
[p Al

1,l
+PlA4,

IA

&
>_
P
Ay g=iw Ak
k=—n Jj=n+1 P
—iwA,(k+j &
Z Zi 1.4, (Z win e (+f>> >5)] (4.20)

IA

M- 1M

k=—n j=n+1
Since, for any r € {1,..., p} and n € N*, the random variables Z£—r+1 A, k € {—n,—n +
1, ..., —1}, are independent and symmetric we apply [37, Theorem 1.2] and the right-hand side

of (4.20) can be bounded by

4217:1?(41,5 Z ‘y'/ g
r=1

j=n+1

Z Zk r+1,4,

k=—n

2p ) 4.21)

By virtue of (2 2a), (4.4) and Lemma 2.1(i), the characteristic function of Ay "/*n=1/% .
Z] =n+1 ‘ I S f—r41.4, is given by
P(z1, 22)

-4,

A(rf 2n . (k—r+1 A4, _ )4 cOum)
= exXp —Ug . nAn (Z ‘W . /(\ =71,22 Z Cl/()\,m)
= =—n

A, Ai
« Z e ,,; " e(k=r+1) Ap=5)hm ds

{il,.‘.,,-,,l}€<{1’ ph\ {m})

r—1

for any z1, z2 € R (see proof of Proposition 4.1 for the definition of =7, ,,). We then obtain with
Amax ‘= maXxge(1,... p) R(Ak) <0

< A% ( ’W ”))a-(lml—f-lzzl)a
j=n+1

o
X p -1 eAn)Lmax(r_l) i |C()\'m)|
r—1 2410 (k)|

and the right-hand side converges to 0 as n — oo due to Lemma 2.2(ii). Thus, (4.21) converges
w120 (9 A,) 5 0ds shown,

,,,,,

1
—G—alog D(z1, 22)
L

to 0 as well and A,
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In order to get A,l,fl/a W(122)( Ay) LY 0, we prove, forany r € {1, ..., p},

—n—1

n—k
I-l/a —1/a r Ay —iwA,(k+j) P
Ay n E Zkfr+1,A,, E y'/j e — 0.
k=—o00 j=1—k

Therefore it is sufficient (using the same arguments as above via characteristic functions) to show
that
o
Az —n—1 n—k ‘
— w4 -0
IR P

k=—00
. . .. 1-1/a (122) P
as n — oo. This can be found in Lemma 2.2(ii) and hence, 4, w, ( Ay — 0. All

together we have shown that A,ll_l/ *

W(1 A, (wAp) converges to 0 in probablhty

It remains to prove that also A,]fl/ * W;Z)A (wA,) LN 0 as n — oo. To this end, we define

21) (a)A ) = n—l/ot Z W —zwA,,j

j=1
=/ P 0 1k n—j P n ontl—k
J(Z T2z > -3 'y
k=2—p—j r=2—j—k k=2—p r=1 k=n+2—p—j r=n+2—j—k k=n—p r=I1

r —iwAy(k+r—1)
X Zk,An € :|

_. W(zn)( A)+ W (212)(&)41) (213)( A)— W (214)( A)

and write

n
W(Z)An (wA,) =n~1 Z WjA” e i@0Anj
=1

0 )4 n p
r —iwAyk r —iwAyk
(2 T a3 T )
k=1—j r=1 k=n—j+1 r=1
n A A pA(L=k) A
_ —1/a n a—iwAyj r —iwA,(k+r—1)
e upemai( 5 TS g
j=1 k=2—p—j r=1v(Q2—j—k)
n pA(n+1—k)

_ Z Z ZIC,AH e—iwA,,(k+r—l)>

k=n+2—p—j r=1v(n+2—j—k)

21) (a)A )+n71/az LD ﬂwAnj
j=

n—p+1 ~ )
[(2 3 )m}
k=1—j k=n—j+1

= W3 @A) + WD (@A) = W (@Ay).
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259
By virtue of Eq. (2.5) we have

1-p n
1_5 27 1 1 z » A, i .
Ay W (@A) = Ay “nTe Y Zpa, (@A) e Ak N g eiodn

k=1—n

A” = . A iw A, (k+j)
— n o—lwAy J
- (nAn)l/"‘ Z Z wj ©

j=1—k

A
/ C/( m) f(m)( A )e(kA,, —5)Am dL,.
(k- 1>Anm 1 a' ()" 2

Since, due to Lemma 2.1(iii), fzm)(a)A,,) ~ APT - asn — 00 for all m €

{1,..., p}, it is easy to see by calculating the characteristic function of Al 1/e W(zz) (wA,)
that it is enough to show that
o

Aap 1-p n
DN DI

k=1—n \j=1—k

This follows immediately from Lemma 2.2(iii) and hence also Al l/a
n — oo holds.

1a(icu).

W(zz)( Ap) LN 0 as
Since the complex S S random variables (éksﬂn)kez (wA,) arei.id. (cf. Eq. (2.5)), we easily
derive

Alll (23) (a)A ) = —lwA,,n . Al

n
1 . .
n"a § Lp]An e—ta)A,,j
j=1
1-p

X Z Zk_,_n,An(a)An) g iwAnk
k=1

5,

1IN

AV Arll o W(ZZ) (wA,)

and thus AL ~1/¢ erzi) (wAy) L oasn— 00, as well

Finally, we have to prove that Al l/a Wf]A)n (wA,) ﬂ 0. Therefore, observe that

1-

—1
Wi An CiwAnk
A” ( Ap) = (n An)l/oz Z ©
—p—n
nA(—k) ) ) P )
% Z ijn efzwAn] Z efza)A,,(rfl) ZIZ,A,,
J=1v(2—p—k) r=2—j—k
A, —1 nA(=k) PR
n a—lwA,(k+j
(nA )l/a Z Z Wj ¢

2—p-n j=1vQ—p—k)

kA
x / Z cCon) FRRET @A) e® At dL, (4.22)
k=14, =1 d' m )’4 ‘
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(cf. Eq. (4.10)). Using Eq. (4.11) and its upper bound (see proof of Proposition 4.1), the joint
characteristic function of the right-hand side of Eq. (4.22), denoted once more by @, satisfies

» o
-~ |C()\'m)|
< + “ (2!
< (lz1] + 122D ( n;lm/(xm)I)
A - Y A )
XT Z ( Z ‘wj .

k=2—p—n \j=1v(Q2—p—k)

1
‘—glog D(z1,22)

By virtue of Lemma 2.2(iv) we then have

A -1 n/\( k) « oo
_n W 0,
> ) ==

k=2—p—n \j= 1\/(2 p—k)

and hence, Al Ve anA])(a)An) LN Oasn — oo.

Likewise, we get

VAW
A:l (212)( A) = ( Z e—zwAnkZ @ e—i0Anj

nAn)l/“ =
1—
x e

r

>~

—iwA,(r—1) Z7 A
k, Ay

Il
_

o
and, as before, one derives that it is sufficient to show that 22 Zk —2—p (Z?:l ‘ WjA” ) i

0. This has been done in Lemma 2.2(v).

e (213)( A S 0and analogously to

One can show analogously to W(ZM) that also 4,
W(ZIZ) it follows that Al Ve W(214)(a)An) — 0asn — oo. Hence, Al Ve w 21) ( Ap) LN 0

and A,l, Ve W’?)An (wAy) —> 0 as n — oo, as well. This completes the proof. [

4.4. Proofs of Section 2.3

Proof of Proposition 2.9. (i) We first observe that the state vector in Eq. (2.8a) can be written as

o0
Via, =Y e/, VneN kel
=0

where £, = (];Alm e®kAn=9)ABAL . (cf. [15, Proof of Lemma 5.4]). Thus, the

Beveridge—Nelson decomposition (cf. [5]) has the form

o0

Via, = (Z ejA"A) Enk+ Vak—1—Vak VneN' kel,
=0

with Vn,k = Z?’;O(Zfi”] elA"A)En,k_j (see also [15, Proof of Theorem 4.2]). Hence,

n -1 ~ ~
Z VkAn = (IP - eAnA> Zgn,k + Vo — Van,
k=1

k=1
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1 n—o0
—_—>

where ‘7,,,0 — ‘7,,,,, = (Ip - eA"A)_leA"A(VO — Vua,). Since A,,(Ip - eA"A)_ —A-1

and Vp Zz V,a, for any n € N*, we obviously get Vo — Von = op (A (nA)Y*) asn — oo.
By analog calculations via characteristic functions (as used in the proofs of Theorem 2.5 and
Proposition 4.1), we further obtain Y} _; &, = B Y t_; AL(kA,) +op((nA,)/*) asn — oo.
Putting all this together, we have

i Yia, a2 e 2’1: VA,
k=1 k=1
= el (1, —ednd ]<,8 Y AL(KA) +op ((ndy)a )
e (p e ) k; OP(n 0 )

top (A;l(nAn)é)

= Zg(]An) ZAL(kAn)+0P (An (nA,)« ) asn — 00
=0

and (i) is shown.

(ii) Let (0, X7, vr) denote the characteristic triplet of the underlying Lévy process L. As in the
proof of [15, Proposition A.1(c)], we first factorize the Lévy measure vy into two Lévy measures

viy(A) =vp(A\{x eR: |x] <1}) and
vio(A) =v(AN{x eR: |x| <1}), foranyBorelset A C R",
such that vy = vy a) 4+ vy2. We decompose L into two independent Lévy processes L =
LD 4+ L@ where LMY has characteristic triplet (0, 0, vy 1)) and L@ has characteristic triplet
0, X, vi).
Then one can show, as in the proof of [15, Lemma 5.6], that

n o0 n
j 1 1 i T — 2
> v, = 3o (3 (5) ) 0 o (1m0
k=1 =0 =1

as n — oo, where Vj 4, is the state vector in Eq. (2 8a), 5;2112 = fk ha, ekdn=Agqr D jf

a € (0,2) and gn =&k if o =2 where &, 4 = f A, ekAn=9)AB dL . Next we claim that,
also for o € (0, 2)

T n 2
D (.1 2
Zs< L(E) =D busel +op (n1807) (4.23)
=1
as n — oo. Together with lim,_, A, Z?io e/ AnAp e AnAT Jo e B A" ds for all

matrices By, B € RP*P with lim,,_, o, B, = B, this yields

n o0 n

. : T _ 2
N Via, Vi =3 i <§ gn,ks,{k) el AT | op (Anl(nAn)a) (4.24)
=1 =0 =1
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as n — 00. As to (4.23), we observe with 552,3 =&k — Sél,z = (];frll)A e(kA"_S)Aﬂ dL§2) that

Sk ik, = z O (D) + Zs(” (52)" + Zs@ (&)
k=1
i Zé(z) ( (2)>

and thus, by virtue of Holder’s Inequality and taking the norm | M| = ||Vec(M )||, we obtain

S zawffz( i) her)

Note that the second Lévy component L(z) has finite moments of any order (cf. [34, Corol-
lary 25.8]) and hence, we can apply [15, Proposition A.1(a)] and deduce for some C > 0 and all
sufficiently large n

|:(nA )_7 :| = (nAn)_é ZE[
k=1

where the rlght-hand side converges to 0, since we suppose nA, — coand 1 — 2/« € (—o0, 0)

for any @ € (0, 2). We further obtain by combining [15, Proposition A.2(a, ¢)] and [31, Theo-

rem 7.1] that (nA,)™2/* Y, | 5,51,2 H2 converges weakly as n — oo (note that L is a com-

pound Poisson process). This completes the proof of (4.23) and hence also Eq. (4.24) is shown.
Now also

(2) H

2
2l = comani,

N 6wl =8> ALGKAD? BT +op ((M,ﬁ) asn — 0o (4.25)
k=1 k=1

holds. For, the (i, j)-th component of ) "} _, &u.x é{k - B> AL(kA,)? BT can be bounded,
again due to Holder’s Inequality, by

|:Z En,k énT,k - B Z AL(kAn)z ﬁT:|
k=1 k=1

iJ

< (Z [sn,k]f); ~ (Z (l6ns], — 85 AL(kAn))z);

k=1 k=1
+ (Z (B; AL(kAn>)2> : (Z ([&ni), = i AL(/«A,»)Z)
k=1 k=1

with [gn,k]l. and B; being the i-th and the j-th component of &, and B, respectively.
Similar arguments as used above for Y j_, ||§,51,2 ||2 yield that (nA,)~%*Y7_, [Sn,k]iz as

well as (nA,) "2/ 3 1_, (,3 i AL(kAn))2 converge weakly to positive «/2-stable random vari-
ables. In order to obtain Eq. (4.25), it hence remains to prove that, for any i € {1, ..., p},
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the sum (nA,)"%/¢ Zzzl([én,k] — Bi AL(kAn))2 converges to O in probability. This

i
is indeed true, since the random variables [5,1,/(]1. — Bi AL(kAy),k € {1,...,n}, are
1/a
iid. symmetric a-stable with scale parameter o, ( fOA" }eiT(e(A"’S)A —Ip)ﬂ|a ds) and
Al fOA" el (eAn=94 I,,),B|a ds — 0asn — oo (cf. Lemma 2.1(ii)). We thus deduce

n n
2 (2.8b)
v, (z vanvkzn)el
k=1

k=1

o0 n
2 (S (Bt e (3500
k=1

Jj=0

0 n
e (Z /! (ﬂ > ALGA) BT +op ((nAn)§>> efAnAT) o
j k=1

Jj=0

top (A;l(nA,,)%)

= igz(jﬂn) Y CAL(KAL) +op (A;l(nAn)az) asn — 0o

n
j=0 k=1

and (ii) is shown. [

Proof of Theorem 2.10. Assume that ¢, # 0. By virtue of [13, Lemma 3.1], the integrated
kernel function [5° g(s)ds is equal to [ ele’ABds = —el A7IB = ¢ a;l. Due to
Proposition 2.4 we immediately obtain, for any w € R* and n sufficiently large

-~ . 2 I za, (@A)
In,YAn (CUAn) = ‘ wAn (eilwAn)‘ mZ2 .

n
(nl/oz Z YkA,,)

k=1

5 + ﬁn,An (wAn)

with Ry, A, (@A) = Ry a, (@A) - (n712 30, YkAn)_z. Since Ry a, (@A) = 0p (A7)
17,
as n — oo (see again Proposition 2.4) and since (A, mA,) %>}, YkA”)z A
(fooo g(s) ds)2 .57 = cé a;z - 8% as n — oo with § being a SaS random variable with scale
parameter oy, (cf. [15, Theorem 3.1(a)]), we have
Ry, (@A) =o0p(1) asn — oo, (4.26)

Since | 74 (e=1@4n) z . AP a(iw)| 2 and A, Y5208 An) — Jo° g(s)ds asn — oo, we
combine Eq. (4.26), Propositions 4.1 and 2.9(i), and observe that, in order to show Theorem 2.10,
it remains to prove

1—p—1
(An P—q I:J,f?)fAn (a)jAn)]

[

2, ([C(iwj) : (S}H(‘ﬁ)) - "S-/%@))]je{l

asn — oo and to apply the Continuous Mapping Theorem (see, e.g., [21, Theorem 13.25]). How-
ever, this weak convergence result can be shown along the lines of the proof of Theorem 2.5. [

Jeil,...,

" (A7 Y AL(kA,,))

k=1

) s Sm+l ((;{)))

,,,,,
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Proof of Theorem 2.11. Assume w.l.o.g. that fooo g%(s) ds # 0 (otherwise the CARMA process
would be trivial). Furthermore, we obtain as in the proof of Theorem 2.10 for all sufficiently
large n

2 1, o, (@A)

Tymn (@A) = | WA (104 + Ry, (@A)

n

n
—2/a 2
e /;1 YM"

with Ry 2, (@An) = Ry 4, (@A) - (0= Y0, V2, )~". Since R, A (@A) = op (A7)

as n — 00 (see Proposition 2.4) and since A, (nA,)~2/* 37 _, YkA,l 2 Jo~ &*(s)ds - [L, L],
as n — oo with ([L, L],);>0 being the quadratic variation process of (L;);>¢ (cf. [15, Theorem
3.6(a)]), we get

Ay Ry p (@Ay) =o0p(1) asn — oo. 4.27)

Since | @4n (f:_"“)A")|2 ~ A;zﬁ la(iw)|~2 and A, Z?O:o 22 A) — fooo g2%(s)ds as n — oo,
we combine (4.27), Propositions 4.1 and 2.9(ii), and observe that, as n — oo,
An Z’,YAH (a)An)

2-2p—
n - (2) (wAn)

00 -1 A
= la(iw)| %" (/ gz(s)ds) . - (L4 o0p(D)). (4.28)
0 (nA,) @ Z AL(kA,)2

k=1

In the proof of Theorem 2.5 it has been shown that, for any w € R*,

c(iw)

A;Iz - ‘”J( (@A) = — ZAL(kA,,)e_’wAkAO asn — oo
(nAn)"‘ k=
(cf. Egs. (4.12), (4.13) and (4.16)—(4.18)). Hence, (4.28) becomes
n . 2
o > AL(kA,) e~i@Ank
-~ _ le(iw)] k=1
An . pan (@40) = X ¢2(s)ds - latio)? " (I+opD)
o 8 > AL(KA)?
k=1

asn — OoQ.

We introduce an i.i.d. sequence (Zg)gen+ of symmetric «-stable random variables with scale

parameter o7, and observe that (AL(kA”))keN* Z A, (Zi)rens. Consequently, to finish the

proof of Theorem 2.11, it is sufficient to show that, as n — oo,

2
n .
Z Zy e_leA”k 9N 2 X 2
— ; SHw) |+ |57 (w)
k=1 _ 2) [j - ] Sz[ j ~] (4.29)
Z ZI% jefl,...,m}
k=1 jell,....m)
Since n =2/ |} }_| Zy e i@i A 2 2 [S}“(cg)]2 + [Sf‘(cg)]z as n — oo, which follows

implicitly from the proofs of Proposition 3.4 and Theorem 2.5, and since n~2/¢ it Z; 2 —> s?
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as n — oo with S being a positive «/2-stable random variable, which can be easily derived
from, e.g., [31, Theorem 7.1], we will show that also the random vector

(y,,%z, o2 1 (@A), B 7 (o An)) . , (4.30)
jell,.m)

with

n n
yn%z =2 Z Z,%, an,z(wjAy) = n~ e Z Zy cos(wjAyk)  and
k=1 k=1

n
Bu.z(@;jAn) =n""* " 7 sin(w; Ak),
k=1

converges weakly. Note that this implies Eq. (4.29).

We take the same approach as in the proof of [24, Proposition 2.2] (which can be found
in [22]). Let (Ny)ken+, P1, P2, ..., Py, M1, M3, ..., M,, be i.i.d. standard normal random
variables, independent of (Z)xen+. Then, with ¢ > Oand 6, v € [0, c0)™, the Laplace transform
of the random vector in (4.30) is given by

fn,A,, (¢7 Qv E)

¢ 5 Zm i 2 vj 2
J J
=E|:exp{—7yn’z— (?an’z(ijn)“‘?,Bn,z(ijn)>}:|

=1

n m
1
=E (E |:exp {iwn_m D ZiNe+i ) (0 Pjonz(w;An)
k=1

j=1

+v;M; IBn,Z(ijn))} ‘(Zk)keN*:|>

n m
_1 .
:E|:exp {i(pn a E Zi N +1i E (Oj Pjoy z(wjAy)
k=1 j=1

+ v M; ,Bn,Z(ijn))}]

n m
=E |:exp {zntlx Z Z ((p Ne + Z(Gj P; cos(w;jAnk)
j=1

k=1

+v; M; sin(a)jAnk))> H
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n

=E| exp in7521 (Z

k=1
C{)a

m
% Ni + Z(Oj Pj cos(wjAnk) +vj M; sin(w;jAyk))
j=1

m
o Ny + Z(@j P; cos(wjAnk)
j=l1

+v; M; sin(a)j Ank))

INES ]
= E[exp{~0f - Ku.a,(0.0.0)}]

o
with K, 0, (9, 0,v) i= 1/n Xy |9 N+ (6 Py cos(@; Ank) +vj M; sin(w; A,0)| "

o
We define the function A (x, y) = )q)y + Zj’;l(e,- Pj cosRmx;) +vj M; sin(anj))‘ ,X €

R™,y € R. Note that & satisfies the assumptions of Proposition 3.5 for every realization of
=(P,....PTand M = (M, ..., My)T.
Now, if wy, ..., @y, are linearly independent over Z we obtain by virtue of Proposition 3.5

fl’l,An ((ps €9 E)

n—oo

—— Elexp{—o} - E[h(U. N1)| P. M1}]

:E[exp{_am[

m
¢ N1+ (0; Pj cos2mU))

j=1
o
+v; Mj sinQnU;)) ‘ P, M} H
= f(p,0,v). (4.31)
Here Uy, ..., Uy arei.i.d. [0, 1)-uniform random variables independent of Py, ..., Py, M1, ...,
M,, and N.

If wy,...,w, are linearly dependent over Z, then also by virtue of Proposition 3.5
., (@, 0, v) — f(p,0,v) asn — oo but now U = T(Vy,..., Vy—s) with T being
the parametrization of the (m — s)-dimensional mamfold M(w1, ...,0n) (cf. (3.2)) and
Vi,..., Vs are iid. [0, 1)-uniform random variables independent of P, M and N;.

Hence, in both cases the Laplace transform f, A, (¢,0,v) of the random vector
(4.30) converges to a function that is continuous in the origin. This implies that
(VnZZ’ O‘rz; Z(@jAy), ﬂr%,Z(a)j A”))je{l ) converges weakly and completes the proof. [J

.....

4.5. Proofs of Section 3

Proof of Theorem 3.3. For the proof we identify the equivalence classes in (R mod 1)”*~* and
(R mod 1)™, respectively, by their representatives in [0, 1)~ and [0, 1)".
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(i) Define

N = {x=(x1,...,xm_s)Te[o,1)mS: Jjefl,....m—s}ie{l,...,m}

_1}},

where b;’) denotes the i-th component of the vector b;. Clearly 57"~ *(T'(N)) = 0 and
T'|[o,1ym-s\n is continuously differentiable with rank(DT |9 1ym-s\y(x)) = rank(B) = m—s
for all x € [0, 1)~ \ N. Moreover, T is injective. The reason is the following. Suppose
that T(x1, ..., Xm—s) = TV1, ..., Ym—s) for some (x1, ..., Xm—s)' s V1, ..., Yms)! €
[0, 1), Then

m—s m—s m—s
(Z ijj> mod 1 = (Z y,b,-> mod 1 <= Y "(x; — y;)b; € Z".
j=1 j=1

j=1

—1 .
for some k € {O, 1,..., )by)

such that x; =k - ‘b;.i)

Since Z;":_f(xj — ypbj € span®({b1, ..., by_s}) N Z" C gtnzn = ¥ =

spanZ({bl, ..., by—g}), there exist integers z;, j € {1,...,m — s}, such that Z;’-:f(xj —
yj —zj)b; = 0 and hence, (x; — y;) = z; € Zforall j € {1,...,m — s}. Since
xj —y;j € (=1,1) we must have x; = y; forall j € {1,...,m — s}. This shows that T

is indeed injective. Note that 7! is continuous (mod 1) on .# and thus, 7'([0, 1) ™5 \ N)
is an (m — s)-dimensional C!-manifold in [0, 1) (for a definition of manifolds, see,
e.g., [29, pp. 200-201]). Since ™ *(T(N)) = 0, also .# is an (m — s)-dimensional
C!-manifold and integration over .# is the same as integration over 7 ([0, 1)"~5 \
N) = .# \ T(N) (note that T(N) itself is a manifold in [0, 1) from lower dimension
than m — s).

(ii) Suppose there is a z = (21, ..., Zm—s)] € Z" %,z # 0, such that (z, ) = 0. W.Lo.g.
z1 # 0. Then

m-—s m-—s
i i
ny = - E i and n= E Mi‘(——lb1+bi>~

i=2 1 i= 21

The vectors g, = _%bl +b; €Qm", i =2,...,m—s, are obviously linearly independent.
Thus,

~ ~ L
(span]R {b2, ..., bm_s}) C {p*
= (span]R {I;Z, ... ,Zm_s})J— NZ"C{ptnz" = 2,

and since the dimension of 92; is s whereas the dimension of spanR{gz, R l:m_s }J' nzm
is s 4 1 (the latter can be obtained as in the proof of dim(.¥) = m — s in Section 3), we
have a contradiction. Hence, (z, u) # O forallz € Z" =%,z # 0.
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(iii) We have, withh = Bzandz € Z" 5,7 # 0,

1 m-—s
m//// Tn(x) A" (dx)

=/ fh(T(X))dxzf 2T T(GTI0) gy
[0,1)”1—.\‘

[0, 1)m—x

_ e2mi(h BG™\xmod 1) 4, _ o2mifz. BTBG \x) 4
[0 l)m s [0’1)1117,?

m—s 1 )
=1] / e?™%i% dx;. (4.32)
j=1"9

Since z # Othereisa j € {1, ..., m—s} with z; € Z\ {0}, and the right-hand side of (4.32)
has to be zero.

(iv) Let T(x), T(y) € 4, T(x) # T(y). Since T is injective, there is some jy € {1,...,m —s}
such that xj, # yj,. Forh = Bej, = bj, we have

_ S —1,\_ =1,
(T @) - fu(T ()" = e2mitbip TG 0-T(G 1)
e2mi(Bejo. BG™! (x=y)) _ o2 (¥jo=ig) £ |,

since xj, — yj, € (=1, D\ {0}. O

Proof of Proposition 3.4. Letting = (o1, ...,wn)" = 2701, ..., nm)!T = 271, we imme-
diately get

" —p+l| m A a

. Z Z Sy 7 i)

Z cos(2r{n; Ank}) - ;v (C(ia’j))

n—00
~ _E
n p—

o
+ sinQn{n; Ayk}) - 5 S0 (c(zw,))
Let us first consider the case where w1, ..., w, are linearly independent over Z. We claim
that, for any h € Z", h # 0,
1 & .
- Zezm(kﬂm”k — 0 asn — oo. (4.33)

To this end, note that for n sufficiently large

1 n
1 Ze2ni(h,Q)A k
=

and the right-hand side converges to 0 as n — oo since n4, — oo by assumption and since
i, .. ., Wy, are supposed to be linearly independent over Z.

1 |62ni(h,g)Ann _ 1‘ 1 1

= . < ’
no|exmithnAn — 1| T [(h,p)| nA,
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However, (4.33) already implies that

1 <& n—00
=3 f(Ankp) =5 f(x) dx (4.34)
= [0,y

for any continuous function f : R™ — C with period 1 in each component variable (more pre-
cisely, f should be seen as a function, mapping from the compact Hausdorff space (R mod 1)
to the complex numbers). An explanation is the following. If we fix ¢ > 0, we know from the
Weierstrass Approximation Theorem (cf. [36, Theorem 17]) that there exists a trigonometrical
polynomial ¥, i.e. a finite linear combination of functions of the type e?™!{") h e Z™, such
that sup, cpm | f(x) — ¥e(x)| < €. This yields

=

1 n
/ feyde ==Y f(Ank) / (f (¥) = e(x)) dx
[0,1)m n =1 [0,1)m

<&

+ + . (4.35)

1 n
=) Ve(Ank) = f (Ank )
n k=1

1 n
| mma- Y waky
[0,1)m n k=1

<&

Since f[o 1ym e?(hX) dx = 0 for any h € Z™, h # 0, Eq. (4.33) implies that the second term
on the right-hand side of (4.35) converges to 0 as n — oo. This shows that (4.33) already im-
plies (4.34).

We conclude the first part of the proof by applying (4.34) to the function

f(x]5 "'7xln)
m o
=Y cosQ2mxj) - ;0 (clio))) +sinQrx;) - 5oy, 6, (cliw)))]| (4.36)
j=I
In the case where wj, ..., wy, are linearly dependent over Z, we first observe that for any

fn€e T withhe L, h#0,
1 n
— th(Ankn mod1) - 0 asn — oo (4.37)
n k=1 -

(where the mod-operator is defined componentwise; for the definition of .7 and .Z see (3.1) and
(3.3), respectively). Therefore note that A,k mod 1 € .# forany n € N*, k € {1,...,n},
since (cf. Theorem 3.3)

Apknmod 1 = B(A,k ) mod 1
= B(Akpumodl)mod1l =T(Aku mod 1) € A4 (4.38)
L K

€[0,1)m=s
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Then, with h = Bz € £,z € Z"5\ {0},

1< 1 & : P
L Z frAkpmod 1) = — Ze2nz<Bz,BG '7-1(Ayk p mod 1))
= =

n
Z eZﬁi(z,T’l (Apkn mod 1))

k=1

n
@38 1 ZGZni(z,g)Ank
= ’

1
n

and since (z, u) # 0 for all z € Z™~* \ {0} (see Theorem 3.3(ii)), we obtain Eq. (4.37) in the
same way as we have shown (4.33) in the linearly independent case.

Now, in the linearly dependent case (4.37) already implies

] m—s
s () / PR (4.39)

] n

=" f(Ankymod 1) ==

n 1

k=1

for any continuous function f : .# — C. Indeed, span©(.7) is a dense subalgebra in C(.#),
the algebra of all continuous complex-valued functions on the compact Hausdorff space .#, with
respect to the topology of uniform convergence (cf. also comments after Theorem 3.3). Hence,
for any continuous function f : .# — C and any fixed ¢ > 0 there is a finite linear combination
¥, of functions in .7 such that sup,¢ 4 | f(x) — ¥ (x)| < . This yields, analogously to (4.35),

1 m—s _ l .
‘m/j{f@d%ﬂ (dx) n;f(Ankgmodl)

<2e+

3

1 n
Ve (x) A" (dx) = = Y We(Ayk yp mod 1)
=

1
A (M) .///Z

and the second term on the right-hand side converges to 0 as n — oo by virtue of Theorem 3.3(iii)
and Eq. (4.37). This shows (4.39).

We conclude the linearly dependent case by applying Eq. (4.39) to the function f| , with the
same f as in the linearly independent case in (4.36). [

Proof of Proposition 3.5. We have
1 n
=Y kA mod I, Ni) = ELf (U, N1)]
k=1
1 n
=~ (f(kAuy mod I, N) —E[f (kAu mod 1, N)])
k=1

1 n
+~ Y ELf (kA mod 1 NDI = E[f(U, Np)]
k=1

=11+ b.
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We consider first the case where wy, . . ., @, are linearly independent over Z. Then, by virtue
of Eq. (4.34) and the assumption that g(1) is continuous on (R mod 1)™, we have

1 n
L = ;Zg(l)(kﬂng mod 1) —E[f(U, N1)]
k=1

— /[ s & & =ELF WMD)
_ /{01) E[f(x, NDldx — ELf(U. Np)] = 0.

With Chebyshev’s Inequality and the assumption that g® is continuous on (R mod 1), we
further obtain

1 n
PUNI>8) = o > E[(f(kAumod 1, Np) = E[f (kA mod 1, N)D)?
e” - n® b ~
1 1 2
< 5 ];E [ 2k Aup mod 1, V)]
1 n
= o, ,;g@)(mng mod 1)
1
= 2 / gP @ dx - (1 +0(1)
- +n [0,1)m
1
= B2 NI +o(1)
n— o0 O,
where we used once more (4.34). Hence, Eq. (3.4) is shown in the linearly independent case.
Suppose now that wy, .. ., w,, are linearly dependent over Z. As above, now due to Eq. (4.39),
b M) /ﬂg (x) 2" (dx) = E[f(U, N
= / gD (T (x))dx —E[£(T(V), N1)]
[O’l)Vn*S
= [ BUATW. NI BT, M) =0
[ ’1)WL*S
and
1 n
F(h| > ) < 5 ;g‘z)(mnrg mod 1)

_ 1 1
T 2. pm—s (M)

=E[fX(T(V).N1)]

//@(x) A" (dx) (1 + o(1)) 2= 0.

Thus, also in the linearly dependent case (3.4) holds. [
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