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Abstract

The estimation of local characteristics of Itd semimartingales has received a great deal of attention
in both academia and industry over the past decades. In various papers limit theorems were derived
for functionals of increments and ranges in the infill asymptotics setting. In this paper we establish the
asymptotic theory for a wide class of statistics that are built from the incremental process of an It
semimartingale. More specifically, we will show the law of large numbers and the associated stable central
limit theorem for the path dependent functionals in the continuous setting, and discuss the asymptotic theory
for range-based statistics in the discontinuous framework. Some examples from economics and physics
demonstrate the potential applicability of our theoretical results in practice.
© 2015 Published by Elsevier B.V.
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1. Introduction

In the last decade limit theory for high frequency observations of Itd semimartingales has re-
ceived a lot of attention in the scientific literature. Such observation schemes of semimartingales,
also called infill asymptotics, naturally appear in financial, biological and physical applications
among many others. For instance, a seminal work of Delbaen and Schachermayer [8] states that
price processes must follow a semimartingale model under no arbitrage conditions.
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A general Itd semimartingale exhibits a representation of the form

t t
X = Xo +/ s ds +f os dW; + Z;,
0 0

where p represents the drift, o is the volatility, W is a Brownian motion and Z denotes a pure
jump process. Irrespective of the application field, researchers are interested in understanding the
fine structure of the underlying It semimartingale model based on high frequency observations

XO’ XAnv XZA,,,’ ceey XA,,\_[/Aan

where A, — 0, which refers to infill asymptotics. For various testing and estimation problems,
the class of generalised multipower variations turned out to be a very important probabilistic tool.
In their most general form, generalised multipower variations are defined as

Lt/ An]—d+1
flan(Xia, — Xi-nAa,), - s an(Xra—1A, — X(i+d72)An)),
i=1

where f : RY — R is a smooth function and the scaling a,, depends on whether the process X has

jumps or not. In the continuous case the proper scaling is a, = 4, 12 Probabilistic properties
of generalised multipower variations in continuous and discontinuous settings have been studied
in [4,14,17] among many others. We refer to a recent book [15] for a comprehensive study of
high frequency asymptotics for Itd semimartingales. Such probabilistic results found manifold
applications in the statistical analysis of semimartingale models. Estimation of the quadratic
variation (see e.g. [14]), volatility forecasting (see e.g. [2,3]), and tests for the presence of the
jump component (see e.g. [1,5]) are the most prominent applications among many others.

The aim of this paper is to study the asymptotic behaviour of path dependent high frequency
functionals of It6 semimartingales. This framework is motivated by the fact that in some situa-
tions we cannot directly observe the semimartingale X, but only its path dependent functional
over short time windows. Let us give two examples. In various applied sciences integrated diffu-
sions (i.e. integrated Itd semimartingales) appear as a natural class of models for a given random
phenomena. For example in physics, when a medium’s surface (such as the arctic sea ice) is
modelled as a stochastic process, a sonar’s measurement of the reflection of this surface is given
by the local time of the surface’s slope process (see e.g. [19,10]). Since this local time process
is typically an It6 process again (see e.g. [21,18]), limit theorems for local averages are required
in order to make inference on the structure of the original surface process (see e.g. [11] for a
detailed discussion). Because only discrete (high frequency) observations of such integrated dif-
fusions are available, one cannot recover the original path of the underlying Itd6 semimartingales
from it. Another example of path dependent functionals are ranges whose statistical properties
have been studied in [12,20] in the case of low frequency observations of a scaled Brownian mo-
tion. We also refer to an early result by William Feller [9], which characterises the distribution
of the range of the Brownian motion.

In this paper we will consider functionals of the incremental process built from X, i.e.

Lt/ An]
v i =28 3 g({an(Xa-rma, — Xa-na,)is €10, 11}),
i=1

where g is now operating on C([0, 1]) and the scaling a, equals A, 12 when X is a continuous

Itd semimartingale. Obviously, this class of statistics extends the classical concept of power
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variations to path dependent functionals. The function g(x) = sup,[o 17X (#) — infrefo,17x(?)
recovers the case of realised ranges as have been considered in [6,7] in the context of quadratic
variation estimation. In this work we will prove the law of large numbers for the functional
V (X, g)} and show the associated stable central limit theorem in the continuous framework. We
remark that extending the analysis to general path dependent functionals increases the complexity
of the proofs, which is due to the topological structure of the space C([0, 1]). Furthermore, a
general asymptotic statement in the discontinuous case seems to be out of reach (in contrast to
very general results for classical power variations studied in [14]). For this reason, we restrict our
attention to range statistics of discontinuous Itd6 semimartingales where the jump process follows
a compound Poisson process, as they seem to be useful in financial applications (see [7]). Finally,
we present some applications of the probabilistic results, in particular in the context of integrated
diffusions and realised ranges.

The paper is organised as follows. In Section 2 we state the two main theorems for general
functionals of continuous Itd semimartingales, establishing the limits in probability as well as
the associated stable central limit theorem. In Section 3 we apply the limit theory to three most
prominent practical examples including general range statistics and integrated diffusions. Sec-
tion 4 is devoted to the limit theorems for realised ranges of discontinuous It6 semimartingales.
The proofs of the main results are collected in Section 5.

2. Limit theorems for continuous It6 semimartingales

Before we present the main results we start by introducing some notation. We denote by
C ([0, 1]) the space of continuous real valued functions on the interval [0, 1], and by || - || the
supremum norm on C ([0, 1]). A function f : C([0, 1]) — R is said to have polynomial growth
if | f(x)] < C( 4+ [x]5) for some C, p > 0. Forany x, y € C([0,1]) and f : C([0, 1]) — R,
the expression fy/ (x) denotes the Gateaux derivative of f at point x in the direction of y,
ie. fy/ (x) = limp—o(f(x + hy) — f(x))/h whenever this limit exists.

For any processes Y”, Y we denote by Y” “Y Y the uniform convergence in probability,

i.e. sup;epo. 7 1Yy — Vil L 0forall T > 0. Throughout this paper we frequently use the notion

of stable convergence, which is due to Renyi [22]. A sequence of random variables (¥,,),>1 on

. . . . . . dsy
(£2, F, P) with values in a Polish space (E, &) is said to converge stably in law to Y (Y, — Y),

where Y is defined on an extension ({2', 7', ") of the original probability space, if and only if

for any bounded, continuous function f and any bounded F-measurable random variable Z it
holds that

E[f(Y,)Z] — E[f(Y)Z], n— oo. 2.1

Typically, we will deal with spaces E = ([0, T'], R) equipped with the uniform topology

when the process Y is continuous. Notice that stable convergence is a stronger mode of
dy . . ..

convergence than weak convergence. In fact, the statement ¥, — Y is equivalent to the joint

weak convergence (Y, Z) —d> (Y, Z) for any F-measurable random variable Z.
2.1. Law of large numbers

Throughout this section we are considering a stochastic process X defined on a filtered prob-
ability space ({2, F, F = (F;)r>0, P) satistying the usual conditions that follows the distribution
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of a diffusion
t t
X; =X0+/ ,usds—l—/ o, dW;
0 0

for t > 0, where X is a constant, W is a Brownian motion, u is a predictable, locally bounded
process and o is an adapted, cadlag process. Given a function g : C ([0, 1]) — R and a vanishing
sequence (A,),en we define the sequence of processes

Lt/ An] 1
VX =4y Y g(A7 dlNX)), 2.2)
i=1
dln(X) = {X(i—l+S)An - X(i_l)A’l}SGIO,I]' (23)
For any z € R and g € C([0, 1]) we introduce the quantity
p:(g) =E[g({z Wy; s € [0, 1]D], 2.4)

whenever the latter expectation is finite. Our first result is the law of large numbers for the func-
tional V (X, g)7.

Theorem 2.1 (Law of Large Numbers). Let g be a locally uniformly continuous functional,
i.e. for x,y € C([0, 1]),

(i) given K, € > 0 there exists § > 0 such that for ||x|lco, |[Vlloo < K, |X — ¥|loo < 8 it follows
that |g(x) — g(y)| <€,

and have polynomial growth. Then it holds that

t
V(X,0)! = V(X,g) = f Po (g) ds, 2.5)
0
where the quantity p;(g) is defined at (2.4).

Remark 2.1. Our notion of locally uniform continuity is slightly unusual. Instead of requiring
uniform continuity on neighbourhoods or compact sets we demand it on balls B<x (0) = {x €
C([0, 1]D; Ixlloo < K} for K > 0, which are not compact with respect to the uniform topology.
This type of locally uniform continuity is not required in the classical limit theory for functionals
of increments of X (see e.g. [4]) since on finite dimensional spaces continuity on closed balls
implies uniform continuity. We remark that our locally uniform continuity assumption is satisfied

whenever

lg(x) — g < Cllx — yl5,

for all x, y € C[0, 1] and some C, § > 0. This condition is satisfied for all practical examples.

Remark 2.2. The law of large numbers in Theorem 2.1 extends to a multivariate setting in a
straightforward manner. Assume that X is a d-dimensional continuous Itd semimartingale, where
w is R¢-valued predictable, locally bounded process, o is R¢*“-valued adapted, cadldg process
and W is a d-dimensional Brownian motion. For a function g : C([0, 1])? — R, define the
statistic V (X, g); as at (2.2). Furthermore, for any matrix X' € R*4 we set

px(g) =E[g({Z W, s €0, 11D].
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Then, under assumptions of Theorem 2.1, it holds that

t

VX, ) "L VX, g) = /O P, (g) ds.

This convergence is proved exactly in the same manner as in the univariate case.
2.2. Central limit theorem

Having determined the limit in probability we now turn to the associated stable central limit
theorem.

Theorem 2.2 (Central Limit Theorem). Let g satisfy the conditions of Theorem 2.1. Moreover,
we assume that

(i) given K, € > O there exists 8 > 0 such that for ||x||co, | Yllco < K, |Xx—¥|lco <&, [[V]leo < 1
it follows that |g,,(x) — g, ()] <€,
(iii) there exist C, p > 0 such that |g,,(x)| < C(1 + Ix115) for v]leo < 1.

Let o be a continuous Ité6 semimartingale of the form

t 1 t
Gt:UO+f llsds'i‘/ 6dex+/ v d Vs,
0 0 0

where [L, 6 and v are adapted, cddldg processes and V is another Brownian motion independent
of W. Then it follows that

AC(VX 9" —V(X.g) & UK. g) 2.6)

where U(X, g); = f(; u; ds + fot u?dWs + fé u? dW, with

1. 1
ug = pypg) (8) + 50505, () = 55505 (&)
uy = pg)(9),

w

w3 = ooy (82 — p2.(&) — PV (@2,

and, forz € Rand f(x,y) = g;.(x),
PV () = E[g((z Wi 5 € 0. 11)) Wi ],
PO () =E[f(1z Wi s € [0, 11}, {5 s € [0, 11) ],
P () =E[f (12 Wy: s 10,11}, (WE s € [0,11)]

Furthermore, W' is a Brownian motion defined on an extension of (2, F,F,P), which is
independent of F.

Some remarks on the application of this probabilistic result are in order.

Remark 2.3. When g(x) = f(x(1)) for some function f : R — R such that f, f’ have poly-
nomial growth, we recover the stable central limit theorem for functionals of increments of X.
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More precisely, it holds that
PV =Elf@WoWil,  pP ) =Elf' WDl pP(g) =ELf' GWDWTl,

and we obtain the one-dimensional analogue of the asymptotic theory presented in [17].

Remark 2.4. The assumption on the structural form of ¢ in Theorem 2.2 is necessary for the
proof of the central limit theorem. It can be extended to include general discontinuous Itd
semimartingales, without affecting the limit, at the costs of more complicated proof. Such more
general assumption has been used in e.g. [4].

Remark 2.5. In general, Theorem 2.2 cannot be applied for statistical inference, since the
distribution of the limit U (X, g); is unknown. However, when g is an even functional, i.e. g(x) =
g(—x) for all x € C([0, 1]), things become different. In this case it holds that

pV(g) = pP (g = pP(g) =0

forall z € R, since W 4_ W and expectations of odd functionals of W are 0. Hence, the limiting
process U (X, g) has the form

t
U(X, &) =/O 0o, (8%) — p2 () AW,

which is, conditionally on F, a Gaussian martingale with mean 0. For a fixed ¢ > 0, the result of
Theorem 2.2 can be transformed into a standard central limit theorem when g is even. A slight
modification of Theorem 2.1 shows that
Lt/AnJ -1 1 _1 _ L
V=24, Y {gz(An (X)) — g(Ay % d'(X))g(Ay dl.”H(X))}
i=1

ucp

t
=, P, (85 — pa.(8) ds.

(This should be compared with the asymptotic theory for bipower variation established in [4].)
For any fixed ¢+ > 0, we then deduce a standard central limit theorem

_1
A2 (VX 9 — VX, 8))
V,"

4 N, 1)

by properties of stable convergence. The latter can be used to obtain confidence regions for the
quantity V (X, g);.

Remark 2.6. We continue with the multivariate extension as in Remark 2.2. We do not present
the proofs as they follow along the lines of the univariate case. Recalling the notation of the
multivariate setting in Remark 2.2, we will again require a structural assumption on ¢ from
Theorem 2.2, except the process & is now R¢*?*4_yalued (and also the processes /i, ¥ attain the
corresponding dimension). For a function & : C([0, 1])d — R, we set fp(x,y) = h’} (x) and
define

P () = E[h({z Ws: s € [0, 1) W],

P2, = E[ fi((Z Wi 5 € 10,11}, sv: 5 €10, 11)],
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P8 ) :=E|:fh ({2 Wy s €0, 1]}, {/ TWedW,: s € [0, 1]})],
0

withv e R, ¥ e R9%4 T ¢ R9%d%d Then, under assumptions of Theorem 2.2, we obtain the
stable convergence

1 dy; t t t
Anz(v(x,g)n_v(x,g))éfo ugds+[0 ufdwvju/o ul dw/,

where W’ is a k-dimensional Brownian motion defined on an extension of (12, F, IF, IP), which is
independent of F, and the processes ul, u?, u3 are RF R¥*d RAXK_yalued respectively, which
are defined as follows:

= o2, (8) + 0L (8)):

200 _ iy,
wd @) = wy —u?@d?,
w7 = 00,(8)87) — Po, (8P, (817,

where ¢ = (g1,...,g) and | < j,j' <k, 1 <1 < d. When all involved processes are

univariate we readily deduce the result of Theorem 2.2, since the derivative h’y(x) is linear in y
and it holds that 2 fos W, dw, = WS2 — s in the one-dimensional case.

3. Examples and applications
In this section we present some examples that demonstrate the applicability of the limit theory
for path dependent functionals of continuous Itd semimartingales. For comparison reasons we

start with the classical results on power variations.

Example 1. Here we consider the power variation case which corresponds to g(x) = f(x(1))
with f(x) = |x|?, p > 0. Recalling the asymptotic theory from [4] we conclude that

2 Lt/ An] - ¢
Z |Xin, — Xi—na,|” = 2 ’p/ log|? ds
0

where AP = E[|W1|?]. Moreover, the following stable central limit theorem holds

1=5 11/ A,) t 0 t
( § | X; 1A, ”—/ |Us|pds> = Ml’p/ |log|? AW/,
0 0

1.2p 1,py2 . . L. .
where ALP = % Later on we will compare the efficiency of power variation with

other estimators presented in the following examples.

Example 2. Let g : C([0, 1]) — R be defined as g(x) = f(fo1 x(s)ds) for a continuously
differentiable function f : R — R such that f, f’ have polynomial growth. Then condition (i)
of Theorem 2.1 is obviously satisfied. Furthermore, it holds that

1 1
gy = f’ (/0 X(S)dS)fo y(s)ds, Vx,ye C([0, 1],
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and conditions (ii) and (iii) of Theorem 2.2 are fulfilled since f’ is continuous and has polynomial
growth. In particular, for f(x) = |x|? with p > 0 we obtain that

/4 iA, ) ‘
An 2 _l/ Xx ds _X(ifl)A,, — )»Z’pf |O'S|pds
( 0

n
= i-1)A,
where A>P = E[| fol W ds|?]. Furthermore, for p > 1 we deduce the corresponding stable
central limit theorem (cf. Remark 2.5)
t
- / log|? ds )
0

AlE Ly .
02 A / X,ds — Xi_pa
A <)~2” Z’ i-na, (=D

& vAZ’pf 0| P AW,
0

)\2.2[17(}\2,p)2
azry?

with A%?P =

Example 3. Range-based statistics have been recently successfully applied in financial econo-
metrics. Nowadays, not only asset prices are recorded at moderate frequencies (5—10 min),
but also the highs and the lows over the same periods. It turns out that using the observed
ranges instead of the observed returns results in more efficient estimation procedures. The infill
asymptotics of range-based functionals have been originally studied in [6]. Here the functional
g : C([0, 11) — Ris a function of the range, i.e. g(x) = f(sup,c(o, 17 x(?) —infre[o, 1) x (7)) fora
continuously differentiable function f : R — R, such that f, /" have polynomial growth. Then
the law of large numbers in Theorem 2.1 readily applies, but the central limit theorem cannot be
directly deduced from Theorem 2.2, because the range is not Gateaux differentiable in general.

However, we may apply the following result: Let x, y € C([0, 1]) be functions such that the
set M :={te[0,1]: t = argmaxsg[o’l]x(s)} is finite, then it holds that (cf. [6])

l( sup (x(s) + hy(s)) — sup x(s)) = max y(t).
h No<s<1 0<s<1 teM

In the proofs (see again [6]) the function x plays the role of the Brownian motion, which attains
its maximum (resp. minimum) at a unique point almost surely. Let #,,,4,, = arg maxgeo,1] Ws
and f,,;, := arg minge(o,1] W;. Then the assertion of Theorem 2.2 remains valid in the range case
when o is everywhere invertible (cf. [7]) with

pM(g) = E[f(x ( sup W, — inf W)) Wl],

0<t<I 0=s<I

PP (&) =E[f'(x ( sup Wy — inf We))(tmar — tmin) |

0<t<l1

PP () = E[f’(x ( sup Wy — inf W ))(Wzmgx - Wr?nm)]v

0<r<1 0=s=<I

which extends the asymptotic theory presented in [7] to general functions of the range. In partic-
ular, for f(x) = |x|? with p > 0 we obtain that

_p [t/ An] uep !
A, 2 Z sup Xs; — X,)P = )ﬁ’f’/ log|? ds (3.1
=1 sueli—DA,, i) 0
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Fig. 1. The parameters A7 = A%, A3:P and their ratio.

where 137 = E[supy ,¢10.1;(Ws — Wy,)P]. Furthermore, since the function f is even, we deduce
the following central limit theorem

sup (X5 — Xu) _/ los | ds)
ABP e eli=1) A i O] 0

t
4 \/ATP/ jog|” dW]
0

1
A,

3.2p_(33.p\2 . . .
where A37 = % This recovers the analysis presented in [7].

Comparison of Examples 1-3

When comparing different estimators of integrated powers of volatility presented in the
previous examples, we see that A7, i = 1,2, 3 serve as a convenient measure of their efficiency.
We remark however that this comparison is not fair as the sampling schemes of Example 1 and
Examples 2—3 are not comparable.

Since [} Wy ds ~ N(0, 1/3), it follows that

AP — 3p/22p

and A"P coincides with A>7. However, A>? is considerably smaller so as expected, range based
estimation is asymptotically superior. For example in the case p = 2 we find A7, A>? = 2,
whereas 43”7 ~ 0.4. The smaller p is, the more pronounced this relative difference becomes.
Fig. 1 illustrates these relationships.

Example 4. In various applied sciences integrated diffusions appear as a natural model of a
random phenomena. For example in physics, when a medium’s surface (such as the arctic sea
ice) is modelled as a stochastic process, a sonar’s measurement of the reflection of this surface
is given by the local time of the surface’s slope process (see e.g. [19,10]). Since this local time
process is typically an It6 process again (see e.g. [21,18]) and since the observations are given as
local averages, limit theorems for local averages are required in order to make inference on the
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structure of the original surface process (see e.g. [11]). So let us define the local averages of an
Itd process X as
- 1 iA,
n
;= = Xids.
A Jicna,

A natural candidate estimator for the quadratic variation of X is given by
N
(Xi - X,._l) .

We note that this estimator does not directly exhibit a representation as in Example 2. However,
when we use the decomposition

—n 1 iA, (i-DA,
Xi _Xi—l = A_(/ XS_X(i—l)A,,ds_/‘ XS—X(,'_Q)AndS
n (l—l)An ( _Z)An
+Xi-na, — X(i—z)An)),
Theorem 2.1, and the bipower concept of Remark 2.5, we deduce the ucp convergence
Lt/ An] 2 uen 2 t
> (x-xL) s [ ol
3
i=2 0

i=2

This clearly provides a way of estimating the quadratic variation of X from observations of an
integrated diffusion.

4. Limit theorems for It6 semimartingales with jumps

In this section we study the behaviour of certain path-dependent functionals of discontinuous
Itd6 semimartingales. As the general theory is much more difficult to establish compared to the
work of [14], we restrict our attention to ranges of [td semimartingales with jumps. For simplicity
of exposition, we will further restrict ourselves to finite activity jump processes. For more general
jump specifications we refer to a much more complex routine of [14], which might be also
applicable to range statistics after modifications.

4.1. Law of large numbers

Consider now a stochastic process X defined on a filtered probability space ({2, F,F =
(F1)i=0, P) satistying the usual conditions that follows the distribution of a diffusion with a

jump component in the form of a compound Poisson process Z; = Z,N:'1 Ji where N is a Poisson
process with intensity A and i.i.d. jump sizes J;, i.e.

t t
Xt:XO+/ des+f oy dWy + Z;,
0 0

where W is a Brownian motion independent of N, u is a predictable, locally bounded process
and o is an adapted, cadldg process. For a positive exponent p > 0 we define
lt/An)
RX,p)} =) sup X — Xul?
im1 swueli—1)Ay,iAy]

fort > 0, n € N. Our first result is the following law of large numbers.
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Theorem 4.1. We have that

t Ny
x”/o olds+Y JP p=2
i=1

N:
prAk p>2
i=1

where )»3’2 = E[sups,ue[o’ 1] |W§ - Wu|2]-

RX. p)! 5 R(X. p), = @1

For p < 2 we obtain infinity in the limit whenever fé crsz ds > 0. We remark that the
first convergence of Theorem 4.1 has been already proved in [7] in the context of range based
estimation of quadratic variation. Very similar results have been established for the classical
power variations in [14].

4.2. Central limit theorem

Having determined the limit in probability we now turn our attention to the associated stable
central limit theorems. In order to introduce the weak limit theory we require some further
notation. We denote by (7;);>1 the successive jump times of the Poisson process N. Furthermore,
we introduce two Brownian motions (W, );>0, (W;);>0 and a sequence (k;);>1 of i.i.d. U ([0, 1])-
distributed random variables, which are mutually independent, and independent of F. Finally,
we introduce the process

Ni
UX,p)e = p Y ilP™" ] sup (Wi, — Wirs)or,— + (Wivu — Wine)or,) 11s0)

i=1 ot

+ sup (_(Wi+Ki - Wm)O’Ti— — (Wi — VT/HK,-)UTI-) 1(; <0 4.2)
0<s=<k;
Kj<u<l

that is defined on the extension of the original space ({2, F, F, P). The central limit theorem is
as follows.

Theorem 4.2 (Central Limit Theorem). (i) For p > 3 and fixed t > 0 we obtain the stable
convergence

_1
A (R, p)!' = R(X, p)) & U, p). 43)

(1) Let p = 2. Assume that the invertible volatility process o follows the distribution of a
discontinuous It6 semimartingale

t t t
o,:ao—}—/ﬁsds—i—/ 5SdWS+/ vy dVy + Z;,
0 0 0

where 1, 6 and v are adapted, cddldg processes, V is another Brownian motion independent of

W and Z; = Z,N:IO Jiisa compound Poisson processes with N being independent of W ( N and
N are possibly correlated). Then, for any fixed t > 0, we obtain the stable convergence

_1 t
A, (R(X,2)] — R(X,2)) YU, 2), + VA3 = (x3’2)2/ o2dw!.. (4.4)
0
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We remark that Theorem 4.2 is similar in fashion to central limit theorems for classical
power variations; see [14]. We do believe that Theorem 4.2 remains valid for a rather general
Itd semimartingale model (i.e. not only in the finite activity case), but the proofs become
considerably longer.

After local estimation of o and jump sizes J;, the conditional law of U (X, p); given F can
be simulated. However, unlike for the mixed normal case in the classical power variation frame-
work, the knowledge of the conditional law of U (X, p); is not sufficient for statistical inference
(e.g. construction of confidence regions).

5. Proofs

First of all, note that without loss of generality we may assume that the processes u, o, it, 6, U
are bounded. This follows from a standard localisation procedure (see e.g. [4]). Below, all
positive constants are denoted by C or C,, if they depend on an external parameter p, although
they may change from line to line.

Proof of Theorem 2.1. We begin with some preliminary observations. Denoting

1 t
A[ = / Ms dS, Ml‘ = / Oy dWS,
0 0

we find that for p > 0,

A

E [(A; : ||d,-"(X>||oo)p} < Cpay * (B[1a () 1%] + B[ 1 ) 1]

P _r iA, 4
Cp | Ai ”M”go"'Aan[(/ Uszds) i|
(i-H4,

P
C, (4,3 il B + ||cr||é’o> < o0 (5.1

IA

IA

where we used the Burkholder—-Davis—Gundy inequality and the boundedness of 1 and o. Now,
by the assumption of polynomial growth, |g(x)| < C(1 + ||x||5) for p > 0 so

E [g(A;é d;’(xn} =C (1 + A;‘SE[”@(X)”&D < 0. (5:2)

_1 _1
Define B := A, *o(i—1)4, d'(W), an approximation of A, * d!'(X). Asin (5.1), (5.2) we find
that

E IIﬂ{’IIé’o] <C,, p>0, (5.3)

E[[s8n|] = €. (5.4)

B;' will serve as a convenient approximation because of its simple form and

i _1
El B = Ay 2d,”(X)I|§o}

» t t
=A, 2 E[ sup ‘/ s ds +/ (O’S - O‘(,'_l)An) dw;
[(i_l)AnviAn] (i_l)An (i_l)An

i
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» A2 —2 iAn 2\
= C|lnlsdi + An* E[(/ (o5 = 0G-14,) ds) }
(i-DA,
o, (5.5

where we used again the Burkholder—Davis—Gundy inequality and for the last step that o is
cadlag. Returning to the claimed convergence in ucp, let

Lt/ 4]
Ur=24A, Y E[gB) ] Fui-na,]
i=l1
1 Lt/ A
R =24y ) (8B —E[s(B") [ Fi-na,]);
i=1

5 [t/ An] 1
R =8, Y (8047 d'(X) — g(BD)),

i=1

forallz > 0,n € N. Clearly, V(X, )} = U + R,l’” + Rlz’”. In order to prove (2.5), we will
first show that the approximation U" converges to V (X, g) and afterwards that the error terms
R', R? vanish. By definition, E [g(B") | Fi—1)4, | = Poy_1 4, (&). and therefore

L/ 4] t
ucp
Ul =20 Y pogya (@ "L VX, 9 = / Poy (g) ds
i=1 0

due to continuity of the function p(g). Turning to the claimed disappearance of R!" we exploit
its martingale property and apply Doob’s maximal inequality to get that

P| sup
0<t<T

for each € > 0. Regarding R>", Chebyshev’s inequality gives that for € > 0,

Rtl,n

2 LT/Au)

se|=cSE Y E[sB?] s Crae -0

€ ”
i=l1

P[ sup ‘R,z’"
0<t<T

A LT/40] B
>e} == ) E[|g(An2 df(X)>—g(ﬂ?>|].
=1

i

Now we make use of the locally uniform continuity of g. For K, € > 0 choose § > 0 as in
, _1 . .
(i). Defining A" K = {||f" oo + 14x? d" (X))o < K} as well as AMK0 = AlmK 0

_1 _1
{I1B' = Ay * d'(X)|loo < 8} and denoting A’ g := g(A, * d(X)) — g(B!"), we find that

E [|A;1g|] =E [|Alng| (lAi,n.K.s + 1 ginky\ ginks + I_Q\Ai.n‘l()]

< A+C(E[Ilﬂ£’ -4, d,~"<X>||oo] /8 +1/K). (5.6)

Hence, choosing K and n large, and then € small, we see that P [SUPOstT |R[2’"| > e] vanishes
as n — oo and we are done.  [J
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Proof of Theorem 2.2. Thanks to o following a diffusion process the approximation g}’ is now
sharper than in (5.5):

_2 1
Ay ? E[Ilﬂ? — A 2dl-”(X)Hgo]

_ ! ! p
=A, p ]E|: sup ‘/ s ds +/ (O’S — U(i—l)An) dwg ]
teli=1)A,.iA ] =1 Ay (i-1)A,

- £44 2 . \?2
gAnﬁc(||;L||{’.oA,’f+CIE[</( (05 —0i-14,) ds) D

i-HA,

_r
=C(Iulk+A,°E[ s oy —ouona,l’])
sel(i—1)Ay,i Ayl
2 _p 14, 5 \}%
< C(nuné’o + Al + Ar E[(f (G5 = G-1ya,)*ds ) D
(i-DA,
<cC. (5.7)

Again, we used the Burkholder—Davis—Gundy inequality and the cadlag property of 6. In order
1

to prove (2.6) we split up the original term A, ? (V(X o — VX, g),) into an approximation
and several error terms:

_1 _1 Lt/AnJ 1 t
A, (V(X, g)?—V(X, g)t) =A4," (An Z g(Anzd,n(X))_'/(; pos(g)ds)
i=1

= U"+R" +R* + R + R,

where

3 /A iA,
Rt’n =A, 2 ALE [g(,Bln) |.7:(,'_1)An] — / ,ogs(g) ds |,
i=1 (i_l)An
4 - [
Rt’nZAnz/ Po, (g) ds.
Lt/ AnlAn

Obviously, R;"” “Y 0 due to the boundedness of o and the continuity of p. Furthermore, we also
have
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Lemma 5.1. Under conditions of Theorem 2.2 we obtain

. dg;
M Ut % o) dW, + [ 9o () = 0o (812 — () (202 AW,

ucp

G rRM" X o,
2,n Uucp 2 ~ @3 ~ (2
(i) R7" [ sn (@) ds + 1 16,08 (¢ ds — L [ 6508 (¢) ds,

Gv) R & o

1
Proof. (i) Defining £ == AZ(g(B") —Elg(B") | Fy_1a, 1) we have U = Y1/ 2 £n Now
we will verify the conditions of Jacod’s theorem of stable convergence for semimartingales

(see [13]). Introducing the notation AW := W; o, — W(;_1)a, we find that
E[&] | Fi-1)a,1=0,
[t/ An]
Z E[(£")> | Fi—na,]

i=1

Lt/ 4]
=2, > (BleB)?|Fo-na,) - BlgB) | Fia, P)
i=1
Lt/ 4]
= An (IO(T(,',I)A,, (82) - p”(i*l)An (g)2)

Il
—_

1

t
L (pote) = pa(9)?) s,
0

Lt/ 4] 1 L1/4n]
> R AW | Faona,] = A7 Y Elg(B) AW |Fi-na,]
i=1 i=1

Lt/ 4]

= A, Y Elglx W s € [0, IDWillyeg,
i=1
ucp

t
= | () ds.
0

11/ 4]
Z E[(S;’)zlﬂsﬂx} |Fi-na,]
i=1
AZ 1/ An]
<3 > El@B) —BIgB!) [Fia,D* |Fi-na,] < 4uC/e* — 0.

i=1

Finally, let N € M;(W)=, the space of all bounded (P, F)-martingales that have zero
quadratic covariation with W. Define M, := E[g(8]")|F,] for u > (j — 1)A,. By the
martingale representation theorem we deduce the identity

u

M, = M(ifl)A,, +/ ns dWg
i-1)A4,

for a suitable predictable process 1. By the Itd isometry we conclude that
Elg(BA!N|Fi—nya,]l = EIM;a, A NI Fi—1ya,]
=E[AM A N|Fi-1)a,]1 = 0.
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Hence, Jacod’s convergence theorem (see [16, Theorem IX.7.28]) gives

v / Pl (g) AW, + / Vo, (83 = 00,87 — (0 (902 aw,. O

Ay, .
(i) Let o = A7 (g, 2 d'(X)) — g(B1) s0 RM" = S/ 4) G — Bl F_1y 2, ). Since
R is a martingale we may apply Doob’s inequality to obtain

P
t<T

By the same argument as in (5.6), making use of the locally uniform continuity of g, we find
that the last term converges to 0.

\n

A, T N )
> e} < CG—2 Z E[(g(An 2d' (X)) — g(BM) ]

i=1

(iii) By the assumed Gateaux differentiability of g the mean-value theorem gives
g —g(x) = gy (x +1(y — x))
for some ¢ € [0, 1]. Let us again use the notation f(x;y) = g’y (x). We expand R>" =
R>17 4 RZ21 where

| Lt/ A 1
R =AY [f’(ﬁ,”; A2 dNX) — B |f(i_1)A,,],
i=1
Lt/ 4]

22}1 — A’% Z E
1 _1
X [(f’(xin; Ay 2dl?1(X) =B = (B Ap 2dlN(X) — BD)) |f(i—1)A,,] )

_1 _1
with /" = B} —}—tAl."(A,, *d!'(X)—pl') and fl” € [0, 1]. Decompose also A, * d'(X) — BI' =
V(1) + V/"(2) where

_1
Vi), = A4A," (f Ay i—1a,
(i—140)A
+ / A <&(i—l)A,,(Ws - Wi-na,) +0i-na, (Vs — V(i—l)A,,)) dWs)
-4,

3 Gi-1a, (Wa—1ina, — Wai—na,)? — 1t Ay

(=140 A,
+ 5(i71)A,1/ (Vs — V(il)A,,)dWs>,
(ii])An

_1 1
=4, <t Ay ii-na, + 3

L1y pli—14nA,

Vi), = A4,° (/ (s — mi-1a,)ds
(i_l)An

s

n (/ (5 — ﬁ(i_lmn)dvu) dw,
(i_l)An

N N
+ (/ iy du + / Gy — 6i-1A4,) qu>dWs)
-4, i-1HA4,
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for ¢t € [0, 1]. Now, by the linearity of f in the second argument

1 [t/ A
A S E[F@ VIO |[Fioa, ]
i=1
I_Z‘/AnJ
=4, ) (M(il)AnE[f({x Wss € [0, 11); {s; s € [0, ””]

i=1

X=0(i-1)Ap

X=<7(i1>An)
Lt/ An]

1
=4, Z (ua_mn Py ay (1) + 5 8614, (pgf,?,m(f) 5. Mn(f)))

1
+566-1a, B[ £ (0 Wyi s € [0, 113 (W2 = 55 5 € [0, 11)]

2 [wo@nas+s [(andina -3 [(anine
where we used the independence of W and V. Due to linearity we observe the identity
FB V@) = B VIOV DN IV (Do,
whenever || V" (2)|lco > 0 and 0 otherwise. Hence, we deduce that
| L1/4n]

AZZ

i=1

B[l @ vl

L

Lt/ An] 5 3
se( X Ellvell]) o
i=1
by the Cauchy—Schwarz inequality and the polynomial growth of f. So we are only left to
_1
Ay 2 di(X)—p]
1

_1
—r for | A, *d]'(X) — B]'llo > 0 and
1Ay 2d (X) =B} loo

prove that R>2" “o. Defining &' :=

0 otherwise, we get

‘ Rt2.2,n

/A 1
< ZZ [If(xi”; éi”)—f(ﬁ?;é{’)HM;Zd{’(X)—ﬂ{‘HOO|f(i_1mn]
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Therefore,

P[sup}th'z’"| > 6:|

t<T

=<

B[l 70ds & - e enllant oo - gl

\/[f(x,,é) F @)’ =0

| /\

3/
o>
A, T4
s

where again we used Jensen’s and Cauchy-Schwarz inequality and the local Holder
continuity of f (uniformly on the unit circle in the second argument). Putting everything
together, we have thus proven (iii). [

(iv) We want to show that
| L1/ An]

R =A,°2 X:GMHﬁWHﬁHMJ—/

i=1

iA,

po, (8) ds) =o.

n

3, A,
Define u!! == A, (l Ha, (Poi_1ya, (&) = oy (8)) ds s0 R = Zy:/l ! . Thanks to
the differentiability of g and the polynomial growth of g and g’, we find that

Px+h(g) — px(g)

li =Elgy xW)],
hl—I}}) A [gW (xW)]
so the derivative of p,(g) =: ¥ (x) exists. Similarly, using that g’ is continuous, linear

in the second argument and of polynomial growth in the first argument, we see that ¥’ is
continuous. This allows us to expand u} =: u} (1) + uf(2) where

_1 i,
WD) = Ay Y (0G-a) / (04-1)A, — ) ds.
i-1)A4,

1 iAn

uh2) = 4,2 A W' = v (0i—1a)(0i-1)a, — 05)ds

with ’Xs a(, DA, ’ |U,A U(i—l)An‘- Now, decompose —pu? (1) into a martingale
increment ' (1.2) and a remainder term w7 (1.1), i.e. —uf (1) = uf (1.1) + uf (1.2) with

1 iA, s
M:l(ll) =4, 21;[//(O'(i—l)An) (/ Py du) ds,
(i-hH4, \JGi-hH4,

1 iA, s s
wi(1.2) = A, %Y (0i-1)a,) (/ oy, dW, —I—[ Uy qu) ds.
(i_l)An (i_l)An (i_l)An

3
Observing that uf (1.1) < A? SUP|y|<|o| ¥ (%) ||ftllco» its convergence to 0 follows imme-
diately. With the help of Doob’s inequality,
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/4] Uz )
P[tSISl? ,; M;?(u)’ > e] <CJe E[( ,; M?(I.Z)) ]
1t/ A,] )
— /e Z E[(My(l.z)) ]
A% i=1
< ce—”| sup ' @612+ 191%) — 0

so ZlLtz/lA ] wi (1) oo Regarding w7 (2), since ' is uniformly continuous on

[—llo llsos o |loc] choose 6 > O for a given € > 0 such that for all s, + < T we have
loy — o1l <8 = |¥/(05) — ¥/(01)| < €. Now,

_1 iA,
|l (@) < 4,72 6/(‘ o o1, — 05 ds
.

1 iAn
-3 2
+2A4,%/8 sup  |¢'(x)] loi—1na, —os|” ds,
[x|<llolleo (-4,
leading to

L1/ An] 1 T
]P’[sup| Z u?(2)| > é] <A,%*€/é E[/ |<7(i—1)A,, - as| ds]
1=T = 0

1 T
+2A,7 sup |1p’(x)|E[/O |a(,~_1)An—aS|2ds]/(€8)

lxI=<llolleo
1
sCr(e/eraq sw [We]/@).

where we used Fubini’s theorem. So choosing first € small and then n large finishes the
proof of (iv), the last step in the proof of (2.6). O

Proof of Theorems 4.1 and 4.2. As in the previous proof we may assume without loss of
generality that the processes u, o, X, 6, v as well as the jump sizes J, J are uniformly bounded
in (w, t). This is again justified by a standard localisation procedure (see e.g. [4]). Moreover, by
the same localisation procedure, we may assume without loss of generality that the jump sizes J
are bounded from below, i.e.

[Jil >€, 1=<i=<N,

for some € > 0. Now, let I' = [(i — 1)A,,iA,]and £, :={we 2 :#{jeN:T; e J'} <1},
where T); denotes the arrival time of the j’th jump of the Poisson process N. We clearly have

lim P[2,]=P[2]=1.
n—o00

Note that each interval I[" contains at most one jump of X on {2, and each jump is at least of
size €.

Proof of Theorem 4.1. The assertion R(X, p)} £ R(X, p); for p = 2 has been already proved
in [7], so we show the result for p > 2. We write X; = X“+ Z;, where X¢ denotes the continuous
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part X and Z stands for the jump part. We define
K,={i <[t/A,] :3T; € I"}.

Note that the cardinality of K, is finite almost surely as it is bounded by N;. We decompose the
statistic R(X, p)} as

RX.p)f =Y sup |XS— X517+ ) sup [X, — X,|P. (5.8)

. o n h n
ieKS S UEl] ieK, S-UEl]

By Burkholder-Davis—Gundy inequality we conclude that E[sup; ¢/ [ X — X[|P]1 < C)p AR,
and since p > 2, we obtain the convergence

. P
sup |X5 — X:|P — 0.
iek¢ s,uell

Moreover, on §2,,, we have that

Ny
P
sup |Zs — Zy|" — R(X, p); = Z 71" = 0.
i€k, S-uel I=NAy|t/An)

Finally, we obtain by mean value theorem that

E|> sup |Zg— Zu|” — sup [X;— X,|”
ieKy s,uell.” s,uell.”
—1
<pE Y sup max(|Zs — Zu|. |X; — X, )P~ sup |XS — X
ieK, s,ue]i’l s,ue]i’l
P
— 0,

since the set K, is finite. Due to {2, — {2, we thus conclude the assertion of Theorem 4.1. [

Proof of Theorem 4.2. (i) We again use the decomposition (5.8) of R(X, p)}. It holds that

A7PELS sup |X;‘—X;|P] < AP,

icKc S,uel’
ieK S-UEL;

since p > 3. On the other hand we also have

~1/2 P

Al (Z sup |Zy — Zu|” — R(X, p») — 0.
iekK, S-uel!

Now, since all jump sizes |J;| are bounded by € from below and X¢ is continuous, we obtain by

mean value theorem for all i € K,, on {2,:

sup (X5 — X,)P — sup (Zg — Z,)?

s,uel{-” s,uelt."

=plAZ7 1P| sup (X5 — XD Az, -0+ sup (X§ — XAz, <o)
S,uell-" .i,ueli"

s< Ti" <u u< Ti’l <s

+op(AYD),
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where T/ denotes the jump time of N, in the interval I'. Hence, we deduce the decomposition

A7y ( sup (X; — X,)P = sup (Z, — Zu)”> = )@ +5)) +op(D),

A . n . n ;
i€k, \S:UEL] s,uel; iek,

where

—1/2 _
&' = pln / |AZ7n]? "l sup (opn—(Wrn — Wy) + opn(Wy — Wrn)laz, >0
s.uell.’l !

s< Ti’l <u

+ sup (—opi-(Wrn — W) — o (Ws — Wrn )1 az,, <0y
s,uel[.” i

u<Tl."§S

and the quantity E:l is defined via the identity

1/2

G+ = pAy PIAZ P!

x | sup (X, — XD lazus0p + sup (X, — XAz, <0)
A.uelin ! S.LlEI;l t

.t<Tin <u u<Tl.” <s

Obviously the term " serves as the first order approximation while Eln is the error term. Since
N and W are independent, we obtain the stable convergence

~ _ ~1/2
(], W")i=1 = (An UT = ApLTi/ A}, AV Wi—i49n4, — Wi—na, }se[o,u)

i>1

Ay (5.9)

— (Ki, {Wisi4s — Wi—l}se[O,l])

e
i>1

where k; and W were defined in Section 4.2. This result is an immediate consequence of
[15, Lemma 6.2], but it can be easily shown in a straightforward manner. Now, by properties
of stable convergence and continuous mapping theorem, we conclude that

dyy
Y S UK, py
ieK,
for any fixed ¢ > 0. Indeed this can be deduced from the stable convergence in (5.9), by defining
the function f;,: R3 x [0, 1] x C([0, 1]) via

fiy o =pa s (x60) - 26) + 6w - 2())

O<s<y<u<l

and observing that
g = ﬁ((lAZTi"|p_11{AZT,1>0}, orr—, 07n), K[, W,»")

1 ~
+ f,‘<(|AZTl}l|p I{AZTn<0}’ (TTl_ﬂ_, (TTl}l s I{in, —Win>.



1216 M. Duembgen, M. Podolskij / Stochastic Processes and their Applications 125 (2015) 1195-1217

Hence, to complete the proof we need to show that ) K, Eln £ 0. Since the processes w, o and
the jump sizes J; are uniformly bounded, we deduce by Burkholder-Davis—Gundy inequality
that

"

i

iA,
ElIg; 1< At | A2+ /T (04 — o) du +/ (0w — opn)du ) ,

i (i _1)An
where the right side converges to 0, because o is cadladg. This completes the proof since K, is
finite. [OJ

(i1) Now let us consider the case p = 2. According to the previous proof and the limiting

results of [6] for the continuous case, we obtain the following asymptotic decomposition

A7VA(R(X,2)" — R(X,2),) = Z o+ Z ¢ +op(l),

i€k, ieKy

where ¢/ has been defined in the previous step (now with p = 2) and Ei” serves as the first order
approximation in the continuous case, i.e.

~ 71 2 —

s,uEII."

Now, we need to prove joint stable convergence of the vector (Z ek, S D icke ;:i” . This prob-
n n

lem is closely related to [14, Lemma 5.8]. Indeed, following exactly the same proof steps, which
are based on certain conditioning arguments, it is sufficient to prove the stable central limit theo-
rem for each component of the vector (indeed, the two stable limits are independent conditionally
on F). But the stable convergence for the first component follows from the previous step and the
stable convergence for the second component has been shown in [6] under the conditions of
Theorem 4.2. This completes the proof. [
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