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Abstract

A fractionally integrated inverse stable subordinator (FIISS) is the convolution of an inverse stable
subordinator, also known as a Mittag-Leffler process, and a power function. We show that the FIISS is
a scaling limit in the Skorokhod space of a renewal shot noise process with heavy-tailed, infinite mean
‘inter-shot’ distribution and regularly varying response function. We prove local Holder continuity of FIISS
and a law of iterated logarithm for both small and large times.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. A brief survey of inverse stable subordinators

For o € (0, 1), let (Dy(#));>0 be an a-stable subordinator, i.e., an increasing Lévy process,
with! —logEe P« = (1 — a)t* for t > 0, where I'(-) is Euler’s gamma function. Its
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1 We write I'(1 — a)t¥ rather than just 1% to conform with the notation exploited in our previous works.
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generalized inverse W, := (Wy (1)),ecr defined by
We(u) :=inf{t > 0: Dy(t) > u}, u=>0

and Wy (u) = 0 for u < 0, is called an inverse «-stable subordinator. Obviously, W, has
a.s. continuous and nondecreasing sample paths. Further, it is clear that W, is self-similar with
index «, i.e., the finite-dimensional distributions of (Wy (cu)),>o for fixed ¢ > 0 are the same as
those of (c* Wy (1)) u>0.
More specific properties of W, include (local) Holder continuity with arbitrary exponent
y < «a which is a consequence of
We (1) — Wo (v)

M = sup : <00 as. (1)
o<v<u<i/2 (U —v)¥|log(u —v)|'~*

(Lemma 3.4 in [28]), a modulus of continuity result

: Wo (1t +h) — Wo (1) 1
lim sup = a.s.
=0+ o<i<1 h*|log h|1=« ra—aa?= (1 —ayl-«
O<h<$
(formula (6) in [10]), and the law of iterated logarithm
W, 1
lim sup a (W) = a.s. 2)

u(log [logu)'=@ ~ I'(1 —a)a*(l —a)l—«

both as u — 0+ and u — +oo which can be extracted from Theorem 4.1 in [3]. For later needs,
we note that the random variable M defined in (1) satisfies

Ee'M < 3)

forall s > 0 (Lemma 3.4 in [28]).

Denote by DI[0, co) and D(0, co0) the Skorokhod spaces of right-continuous real-valued
functions which are defined on [0, co) and (0, co), respectively, and have finite limits from
the left at each positive point. Elements of these spaces are sometimes called cadlag functions.
Throughout the paper, weak convergence on D[0, co) or D(0, o) endowed with the well-known
J1-topology is denoted by =. See [5,34] for a comprehensive account on the J;-topology.

Let &1, &, ... be a sequence of independent copies of a positive random variable £. Denote
by (Sn)nen,. where Ng := N U {0}, the zero-delayed standard random walk with jumps &, i.e.,
So:=0and S, := & + --- + &, forn € N. The corresponding first-passage time process is
defined by

v(t) =inflk e Ng: S >t}, telR.

Note that v(#) = 0 forr < 0.
Assume that

Pie >t} ~ %@, t— o0 “4)
for some « € (0, 1) and some £ slowly varying at co. Then, according to Corollary 3.4 in [25],

P{& > thv(ut) = Wym), t— o0 5)
on D0, 00).
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In the recent years inverse stable subordinators, also known as Mittag-Leffler processes,” have
become a popular object of research, both from the theoretical and applied viewpoints. Relation
(5) which tells us that the processes W, are scaling limits of the first-passage time processes
with heavy-tailed waiting times underlies the ubiquity of inverse stable subordinators in a heavy-
tailed world. For instance, inverse stable subordinators are often used as a time-change of the
subordinated processes intended to model heavy-tailed phenomena. The most prominent example
of this kind is a scaling limit for continuous-time random walks with heavy-tailed waiting
times [25,26]. In the simplest situation, the scaling limit takes the form S(Wy(-)), where S(-) is
a y-stable process with 0 < y < 2. The special case y = 2 appears in many problems related to
the anomalous (or fractional) diffusion and has attracted considerable attention in both physics
[21,33] and mathematics literature [2,20,27]. More general subordinated processes X (Wy(-)),
with X being a Markov process, can be used to construct solutions to fractional partial differential
equations [23,24]. Also, inverse stable subordinators play an important role in the analysis
of (a) stationary infinitely divisible processes generated by conservative flows [17,28] and (b)
asymptotics of convolutions of certain (explicitly given) functions and rescaled continuous-time
random walks [32]. In (a) and (b), the limit processes are convolutions involving inverse stable
subordinators and, as such, are close relatives of processes Y, g to be introduced below.

1.2. Definition and known properties of fractionally integrated inverse stable subordinators

In this section we define the processes which are in focus in the present paper and review
some of their known properties.
For g € R, set

Yy p(0) =0, Yo p(u) = / (u — y)ﬂdWa(y), u> 0.
[0, u]

Since the integrator W, has nondecreasing paths, the integral exists as a pathwise Lebesgue—
Stieltjes integral. Proposition 2.5 shows that Y, g(u) < 0o a.s. for each fixed u > 0. Following
[11,14], we call Yy, g == (Yo, p(u))ux>0 fractionally integrated inverse a-stable subordinator.

In [11], it was shown that the processes Y, g with 8 > 0 are scaling limits in the Skorokhod
space of renewal shot noise processes (see (8) for the definition) with eventually nondecreasing
regularly varying response functions and heavy-tailed ‘inter-shot’ distributions of infinite mean.
According to Theorem 2.9 in [14], in the case when 8 € [—«, 0] (and the response functions
are eventually nonincreasing) a similar statement holds in the sense of weak convergence of
finite-dimensional distributions. More exotic processes involving Y, g arise as scaling limits
for random processes with immigration which are renewal shot noise processes with random
response functions (see [15] for the precise definition). In Proposition 2.2 of [15], the limit is a
conditionally Gaussian process with conditional variance Y, g.

We shall use the representations

Yo, pu) = B /0 w— P "Wo(ydy, u>0 (6)

2 The terminology stems from the fact that, for any fixed u > 0, the random variable W, (#) has a Mittag-Leffler
distribution with parameter «, see Section 3.
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when 8 > 0 and

Ya,ﬂ(u)

WP W) + 18| /O (Wa () — WGt — )P~ dy

|ﬂ|f0 (Wo () — Wo(u — y)y#~1dy, u>0 7

when —a < B < 0. These show that Y, g is nothing else but the Riemann—Liouville fractional
integral (up to a multiplicative constant) of W, in the first case and the Marchaud fractional
derivative of W, in the second (see p. 33 and p. 111 in [31]).

Here are some known properties of Yy g.

(I) Yy, p(u) < oo a.s. for each fixed u > O (the case B > 0 is trivial; the case 8 € (—a, 0) is
covered by Lemma 2.14 in [13]; for arbitrary 8, see Proposition 2.5).

(I) Y4, g is a.s. continuous whenever B > —a (see p. 1993 in [11] for the case B > 0
and Proposition 2.18 in [13] for the case 8 € (—«,0)). In the case when § < —«
the probability that Y, g is unbounded on a given interval is strictly positive (see the

proof of Proposition 2.7 in [15] for the case § = —«; although an extension to the case
B < —ua is straightforward, it is discussed in the proof of Proposition 2.5 for the sake of
completeness).

(IIT) The increments of Y, g are neither independent nor stationary (see p. 1994 in [11] and
Proposition 2.16 in [13]).

(IV) Yy, g is self-similar with index a + B (even though this can be easily checked, we state this
observation as Proposition 2.4 for ease of reference).

Three realizations of inverse 3/4-stable subordinators together with the corresponding
fractionally integrated inverse 3/4-stable subordinators for different 8 are shown on Fig. 1.

The rest of the paper is structured as follows. Main results are formulated in Section 2.
Theorem 2.1 states that fractionally integrated stable subordinators Y, g for 8 > —a are scaling
limits in the Skorokhod space of certain renewal shot noise processes with heavy-tailed ‘inter-
shot’ distributions. Since the renewal shot noise processes are frequently used in diverse areas
of applied mathematics, the processes Yy, g, as their limits, may be useful for heavy-tailed
modeling. The paths of Y, g for B < —a are ill-behaved (see Proposition 2.5). Hence, the
convergence of finite-dimensional distributions provided by Theorem 2.3 cannot be strengthened
to the classical functional limit theorem in the Skorokhod space. The other main results of the
paper are concerned with sample path properties of Y, g. Theorem 2.6 is a Holder-type result
which generalizes (1). Theorem 2.8 is the law of iterated logarithm for both small and large
times which generalizes (2). In Section 3 we show that Y, g(1) has the same distribution as the
exponential functional of a killed subordinator by exploiting the Lamperti representation [19]
of semi-stable processes. The main results are proved in Sections 4-6. The Appendix collects
several auxiliary results.

2. Main results

2.1. Fractionally integrated inverse stable subordinators as scaling limits of renewal shot noise
processes

Below we shall use the notation introduced in Section 1.1.
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Fig. 1. Inverse stable subordinators (left) and the corresponding FIISS (right).

For a cadlag function A, define

X(t) = hit = S) i< = fo h(t = y)dv(y), 120, (®)

k>0 [0, 7]

The process (X (¢));>¢ is called renewal shot noise process with response function /. There has
been an outbreak of recent activity around weak convergence of renewal shot noise processes
and their generalizations called random processes with immigration, see [1,11,12,14-16,18,22].
Both renewal shot noise processes and random processes with immigration are rather popular
models in applied mathematics. Many relevant references can be traced via the last cited
articles.

Theorem 2.1. Assume that P{& > t} ~ t=%L(¢t) for some a € (0, 1) and some € slowly vary-
ing at 0. Let h : [0,00) — [0, 00) be a right-continuous monotone function that satisfies
h(t) ~ tPL(t) for some B > —a and some € slowly varying at 0. Then, ast — 0o,
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P St = S0 sy = Y p@)
h®) =

on D(0, 00).

Remark 2.2. In the case § > 0, Theorem 2.1 was proved in [11] under weaker assumptions that
h : [0, 00) — Ris cadlag, eventually nondecreasing and regularly varying. In Section 4 we shall
show that, in the case B < 0, Theorem 2.1 holds whenever 4 : [0, oo) — R is cadlag, eventually
nonincreasing and regularly varying.

By Proposition 2.5, the paths of Y, g for 8 < —a do not belong to the space D(0, co).
Although this shows that the classical functional limit theorem cannot hold, we still have the
convergence of finite-dimensional distributions.

Theorem 2.3. Under the same assumptions as in Theorem 2.1 but with arbitrary 8 € R we have,
ast — 0o,

P{& >t}<

") D k@it = S0 Usyzugys -0 Y htnt — Sp) l{skgu,,z})

k>0 k>0
d
*(Ya,ﬂ(ul)» cees Ya,ﬂ(”n))

foranyn e Nandany 0 < uj < --- < u, < oo.

Since t > P{& > ¢}/ h(¢) varies regularly at co with index —a — 8, the following statement
is immediate.

Proposition 2.4. Y, g is self-similar with index o + B.
2.2. Sample path properties of fractionally integrated inverse stable subordinators

Our first result shows that when 8 < —a the sample paths of Y, g are rather irregular.

Proposition 2.5. Assume that 8 < —a. Then the random variable Y, _g(u) is almost surely finite
for each fixed u > 0. However, for every interval I C (0, 00) we have sup,c; Yy, g(u) = +00
with positive probability. Furthermore, with probability one there exist infinitely many (random)
points u > 0 such that Yy g(u) = +o0.

The next theorem is a Holder-type result which generalizes (1).

Theorem 2.6. Suppose o + 8 € (0, 1). Then

Yy - Y,
sup Yo p) ) <00 a.s. )

0<v<u<ij2 (U —v)**HA|log(u — v)|!~

Suppose o + B = 1. Then

Y, —Y
sup . p () @ p V) < o0 a.s. (10)

0<v<u<l/2 (u — v)] log(u - U)|2_a
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In particular, in both cases above Yy _g is a.s. (locally) Hélder continuous with arbitrary exponent
y <o+ B. Suppose o + B > 1. Then

Y, -7
sup . p) = Yo p(v) _

O<v<u<l1/2 u—v

0 a.s. (1)

which means that Yy g is a.s. (locally) Lipschitz continuous.

Remark 2.7. In the case o + 8 > 1 the process Yy, g is actually not only a.s. locally Lipschitz
continuous, but also [« + S]-times continuously differentiable on [0, co) a.s. This follows from
the equality

u
Yo, p(u) =ﬁ/ Yo, p-1(0)dv, u>0
0

which shows that if Y, g_1 is continuous, then Y, g is continuously differentiable.

We proceed with the law of iterated logarithm both for small and large times.

Theorem 2.8. Whenever B > —a we have

Y p(u) B 1
uetB(log |logu)!=¢ — I'(1 — a)(a + B)*(1 — a)!—

lim sup =!Cq,p Q.S (12)

and

Yo, p(ut)

lim inf
u®+P (log | log u|)!—

=0 a.s. (13)
both as u — 0+ and u — +o0.

3. Distributional properties of the fractionally integrated inverse stable subordinators

Consider a family of processes Xé“)(t) = ((u'/® — Do (1))*)o<t<w, (u1/=y indexed by the
initial value # > 0. This family forms a semi-stable Markov process of index 1, i.e.

P{cXW(t/c) € -} =P{X (1) € -}
for all ¢ > 0. Then, according to Theorem 4.1 in [19], with u fixed
!% — D (1)* = uexp(=Zo(z(t/u))) for0 <t <ul as.

for some exponentially killed subordinator Z, := (Zy(t))i>0 = (Zé”)(t))tzo, where
o0
[ = / exp(—Zo(1))dt = uinf{v : D (v) > u/¥} = u= "W, (u'/%) (14)
0

and 7(t) := inf{s : fg exp(—Zy(v))dv > 1} for 0 < ¢ < I (except in one place, we suppress the
dependence of Z,, I and t(¢) on u for notational simplicity). With this at hand

o0
Yo, p'®) = f (@ = Dy ()P 1y, 1y <ty At
0

ul
ufle / exp(—(B/a) Zo (t(t/u)))dt
0

Please cite this article in press as: A. Iksanov, et al., Fractionally integrated inverse stable subordinators, Stochastic
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. 1
= ul TP f exp(—(B/@) Zo (T (1)))d
0

— Bl /OO exp(—(1 + B/a) Zy (1))dr.
0

Replacing u with u® we infer
o0 o
Yo p(u) = u®*? / exp(—cZU(1))dr  as. (15)
0

where ¢ := o~ (@ + ). The latter integral is known as an exponential functional of subordinator.
We shall show that Z, is a drift-free killed subordinator with the unit killing rate and the Lévy
measure

efx/ot

Ve (dx) = (1- efx/oz)oﬁl

1(01 0) (x)dx.
Equivalently, the Laplace exponent of Z, equals

By (s) = —logEe %« =1 +/ (1 — e ")y (dx)
[0,00)

_I'd—-—ao)'(d+as)
T I'(U+a(s—1)
where I'(-) is the gamma function.

It is well known that W, (1) has a Mittag-Leffler distribution with parameter «. This distribu-
tion is uniquely determined by its moments

, §20

n!
E(W,(1)" = , neN.
(W (1)) (I'(1 = a)"I'(1 + na)
Using (14) along with self-similarity of W, we conclude that I has the same Mittag-Leffler
distribution. It follows that the moments of I can be written as

n! n!
T TA=—a)' T +na)  By()-...- Be(n)

which, by Theorem 2 in [4], implies that the Lévy measure of Z, has the form as stated above.
By Lemma A.1, ¥, g(1) has a bounded and nonincreasing density f,, g, say. Since

—scZa(1) _ I'd—ao)l'((a+B)s+1)
'@+ pB)s+1—a)

another application of Lemma A.1 allows us to conclude that

EI" neN

—logEe ' —a)(a+ p)*s*, s— oo,

—10g P{Ya, 5(1) > x} ~ —10g fu, (1) ~ (1 — @) (e + B)* (1 — @)1= x (1=}
= (/eap)™, x> 00 (16)
with cq, g as defined in (12). In particular, for any §; € (0, 1) there exists ¢; = ¢1(1) such that

o p () < crexp(—(1 = 81)(x/ca, )70 7) (17)

for all x > 0.
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4. Proofs of Theorems 2.1 and 2.3, and Remark 2.2

Proof of Theorems 2.1 and 2.3. In the case where § > 0 and / is nondecreasing the result was
proved in Theorem 1.1 of [11]. Therefore, we only investigate the case where 8§ < 0 and £ is
nonincreasing. In what follows, all unspecified limits are assumed to hold as t — oo.

Set a(t) := P{& > t}. First we fix an arbitrary ¢ € (0, 1) and prove that

a(t)

L(u.t) = —=> h(ut — S) s,<eur) = (u — y)PdWa (y)
h(t) =5 [0, eu]
on D(0, oo). Write
h(ut — Si) _
Ie(u.1) = a(r)lg)(W —(u—t ‘Sm) s <eur)
+a(t) Yy w—t"S)P Vs <eur)
k>0

= I&‘, 1(14, t) + IS,Z(M’ t)
‘We shall show that
I y(w,t) = 0 and [l 2(u,t) = (u — y)PdWq (y) (18)
[0, eu]

on D (0, 0o). Throughout the rest of the proof we use arbitrary positive and finite a < b. Observe
that

e, 1(u, )| < sup —= —yPla(t)v(sut)
‘ (1—e)u<y<u h(t)
and thereupon
h(t
sup [lg1(u, )| < sup hity) _ yPla()v(ebr).
a<u<b (1—-e)a<y<b h(t)

As a consequence of the functional limit theorem for (v(¢));>0 (see (5)), a(t)v(ebt) 4 Wq (eb).
This, combined with the uniform convergence theorem for regularly varying functions (Theorem
1.2.1 in [6]), implies that the last expression converges to zero in probability thereby proving the
first relation in (18).

Turning to the second relation in (18) we observe that’

Leou, 1) = / w — y)Pd(@@)vity)).
[0, eu]
Recall from (5) that a(t)v(ty) = Wy (y) weakly on D[0, 00), as t — oo. Using the Skorokhod
representation theorem, we can pass to versions which converge a.s. in the Ji-topology. Since

the limit W, is continuous, the a.s. convergence is even locally uniform on [0, co). Applying
Lemma A.2 from the Appendix, we obtain the second relation in (18).

3 Below dv (ty) and d (a(?)v(ty)) denote the differential over y.

Please cite this article in press as: A. Iksanov, et al., Fractionally integrated inverse stable subordinators, Stochastic
Processes and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.06.001




10 A. Iksanov et al. / Stochastic Processes and their Applications 1 (11l1) II1-111

An appeal to Theorem 3.1 in [5] reveals that the proof of Theorem 2.3 is complete if we can
show that for any 8 < 0 and any fixed u > 0

lim = y)PdWo () = Yo, p(u) = / —y)PdWe(y) as. (19)
e=~>1=J|0, su] [0, u]

and
lim lim sup P{@ D h(ut — S Veur<sp<ur) > 9} =0 (20)
e—~1— 500 h(t) k>0 -

for all & > 0. Analogously, Theorem 2.1 follows once we can show that for 8 € (—«, 0] the
following two statements hold. First, the a.s. convergence in (19) is locally uniform on (0, 00).
Second, a uniform analog of (20) holds, namely,

t
lim limsup P{ﬂ sup Zh(ut = Sk) Neur<Sp<ury > 6} =0 @D
e—~>1—- 500 h(t) u€la, b] >0
forall 6 > 0.

To check that (19) holds pointwise for any 8 < 0, write for fixed u > 0

0< /[0 ](u—y)ﬂdwa(w—/ (U — )P dWa(y)

[0, eu]

- f U = )P 1w ) 5)AWa (7).
[0, u]

By the dominated convergence theorem, the right-hand side converges to 0 a.s. as ¢ — 1-because
f[o’ = y)PdW, (y) < 0o a.s. by Proposition 2.5.
The probability on the left-hand side of (20) is bounded from above by

P{v(ut) — v(sut) > 0} = P{v(ut) — v(eut) > 1} = Plut — Sywn-1 < (1 — &)ut}.
By a well-known Dynkin-Lamperti result (see Theorem 8.6.3 in [6])

=S S
where 7, has a beta distribution with parameters 1 — « and ¢, i.e.,
P{ny € dx} = 7 sin(ra)x 41 — x)*~! 1(0,1)(x)dx.
This entails

lim limsup P{v(ut) — v(eut) >0} = lim P{ny, <1 —¢}=0
e—>1— (1500 e—>1—
thereby proving (20). The proof of Theorem 2.3 is complete.

Now we turn to the proof of Theorem 2.1. In particular, 8 € (—a,0] is the standing
assumption in what follows.

The right-hand side of (19) is a.s. continuous (see point (Il) in Section 1.2). Further, it can
be checked that the left-hand side of (19) is a.s. continuous, too. Since it is also monotone in &
we can invoke Dini’s theorem to conclude that the a.s. convergence in (19) is locally uniform on
(0, 00).

To check (21), we need the following proposition to be proved in the Appendix.
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Proposition4.1. Fix T > O and set A; .= {(u,v) :0<v<u<T,u—v=>1/t}fort >0.If
a(t) = P& > t} ~ t7%(¢) for some o € (0, 1) and some £ slowly varying at oo, then, for any
5 € (0, w),

N a(r)(v(ur) —v(vr))
lim limsupP{ sup 5 >x¢=0.
X0 100 wves, (=)
Fix now A € (0, (@ + B)/2) and note that by Potter’s bound for regularly varying functions
(Theorem 1.5.6 in [6]) there exists ¢ > 1 such that
ht—y) _,
h(t) -
for all #, u and y such that #(u — y) > c and u — y < 1. With this at hand, we have for ¢ large
enough, u € [a, b] and ¢ > O such that (1 —¢)b < 1

u—yPr=2

% Zh(ul — Sk) 1{5”t<5k5ut}
k>0
= % ( ) ]h(t(u — y)dv(ty) + % - ]h(t(u v
eu,u—cft i
< 2a(t) — P Adu(iy) + ?MO)(V(M o)
(eu, u—c/t] O

u—c/t

=28+ 4 / a(®)((tu) = v(y)(u — y)P =47 dy

+2uP A1 — &)f = 2a(t) (v(tu) — v(etu))
a(t)

+ (mh(()) — 2c/3—At_f3+Aa(l‘)) (w(tu) — v(tu — ¢)).

Since t — a(t)/h(t) and t =P34 (t) are regularly varying of negative indices —«o — 8 and
—a — B+ A, respectively, we have

t
(Qh(m —2c34‘t5+4a(r)) sup (W(tu) — v(tu —¢)) 5> 0
h(t) u€la, b]

by Lemma A.3. Further,

sup uP=A(1 = )P~ Aa)(v(tu) — v(etu))
u€la,b]

<d? 21 =) Ra@) sup (v(tu) — v(stu))
uela, b]

and

a(t) sup (v(tu) — v(etu)) —d> sup (W (u) — Wy (eu))

u€la, b] u€la, b

in view of (5) and the continuous mapping theorem. Therefore,

lim limsupP{ sup u?~2(1 — &)’ ~2a)(v(tu) — v(ctu)) > 0

e=>1- 1—00 uela,b]
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< lim ]P’{aﬂ_A(l —&)f=2 sup (Wy(u) — Wy(ue)) > 9}

e—>1- uela,b]
= lim Plaf 21— )2 2b)* sup (Wo(u) — Wo(ue)) > 6% =0
e—>1— u€la/2b,1/2]

for all & > 0, where the penultimate equality is a consequence of self-similarity of W, and the
last equality is implied by (1) and the choice of A.
Hence, (21) follows if we can show that

u—c/t
lim limsup P{ sup f a@)(w(tu) —vity)u — P2 ldy=ot =0 (22)
e=>1- 100 uel0,T]Jeu

forall® > Oandall 7 > 0. With 0 < § < o + B8 — A the following inequality holds:

uel0,T] Jeu

u—c/t
IE”{ sup / a(@®)(w(tu) —v(ty))(u — y)ﬁfA*ldy > 9}

a(t)(v(ut) — v(vt))
=P!... , sup > X
(U, v)€A; (u — v)*=?
+Plo . sup a(t)(v(ut) — v(vt))
(u,0)€A (u —v)*=?
<P up a(t)(v(ut) — v(vt)) _
(u,v)€A (u —v)2=s

uel0,T]Jeu

— (1—e)T
—p! sup a(t)(v(ut) — v(vt)) olap / yatB-A==lqy o 5y
(u,v)eA; 0

u
~HP’{ sup (u — y)*tF=4-=1qy > S/x}

(u —v)e—3s

for x > 0. Sending t+ — oo and then ¢ — 1- and x — o0 and using Proposition 4.1 for the
first summand on the right-hand side finishes the proof of (22). The proof of Theorem 2.1 is
complete. [

Proof of Remark 2.2. Let 4 : [0,00) — R be a cadlag function which is nonincreasing on
[d 00) for some d > 0 and satisfies h(t) ~ tﬂE(t) for some B8 € (—a, 0] as t — oo. Further, let
: [0, 00) — [0, c0) be any right-continuous nonincreasing function such that 2*(¢r) = h(t)
fort >d.
Then, for any positive and finite a < b,

sup Zh(’ﬂ Si) 1is<ur) — Z/’l (ut — Sp) 1s, <ur)
u€la, b] k>0 >0
= sup ZV‘(W Si) = h*(ut — S| Lur—a<sp<ur)
ue[a b] k>0
< sup |h(y) —h*(y)| sup (v(ut) —v(ut —d)).
yel0,d] u€la, b]
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The normalization P{§ > t}/h(¢) used in Theorem 2.1 is regularly varying of index —«a — 8
which is negative in the present situation. This implies that, as ¢ — o0, the right-hand side
of the last centered formula multiplied by P{é > t}/h(t) converges to zero in probability by
Lemma A.3 which justifies Remark 2.2. [

5. Proofs of Proposition 2.5 and Theorem 2.6

Proof of Proposition 2.5. Let R be the range of subordinator D, defined by
R := {t > 0 : there exists y > 0 such that D, (y) = t}.
Ifu & R, then

Yo, p(u) = f =AW (y) = f (= ) dWa(y)
[0, u] [0, Do (We (1) —)]

because W, takes a constant value on (Dy (Wy (1)—), u] and Dy (W, ()—) < u. This shows that
Yy, p(u) < oo for all u ¢ R. For each fixed u > 0 we have P{u € R} = 0 (see Proposition 1.9
in [3]) whence Y, g(u) < oo a.s.

The proof of unboundedness goes along the same lines as that of Proposition 2.7 in [15].
Recall that 8 < —a < 0 and that [ is a fixed interval [c, d], say. Pick arbitrary positive a < b
and note that

P{[Dy(a), Dy(b)] C [c,d]} = P{c < Dy(a) < Dy(b) < d} > 0.
Let us now check that

sup Yo, p(u) =00 as, 23)
u€[Dq(a), Da(b)]

thereby showing that sup, .; Yy, g(#) = 400 with positive probability.
According to Theorem 2 in [8], there exists an event 2 with P{£2’} = 1 such that for any
we

(24)

li Da(s»a))_DOt(yva))
1m sup 1 <r
y—>85— (S - y) [

for some deterministic constant » € (0, c0) and some s := s(w) € [a, b]. Fix any w € (2’. There
exists 51 := s1(w) such that s; < s and

(Da(s’ w) — Dy (y, a)))ﬁ > (s — y)ﬁ/arﬁ/z

whenever y € (s1, s). Set u := u(w) = Dy(s, ) and write

Yo p(u) = f (@) — )P dW,u(y, w) = / (Do (s, @) — y)P AW, (y, 0)
[0, u(w)] [0, Dy (s, )]
N

- /O (Du(s. @) — Daly, ) dy zf (Da(s. @) — Da(y. )" dy

51
N
> 271r‘9/ (s — P dy = 4o0.
S1
Since u(w) € [Dy(a), Dy (b)] for all w € 2, we obtain (23).

Clearly, there are infinitely many positive s such that (24) holds. Hence, Y, (1) = +oo for
infinitely many u# > 0 a.s. The proof of Proposition 2.5 is complete. [
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Our proof of Theorem 2.6 will be pathwise, hence deterministic, in the following sense. In
view of (1), there exists an event (21 with P{f2;} = 1 such that M = M (w) < oo for all w € 2;.
Below we shall work with fixed but arbitrary w € (2;.

From the very beginning we want to stress that local Holder continuity follows immediately
from Theorem 3.1 on p. 53 and Lemma 13.1 on p. 239 in [31] when 8 > Oand —a < 8 < O,
respectively. However, proving (9) and (10) requires additional efforts.

Proof of Theorem 2.6. Observe that
We (x) — Wo (y) < M(x — y)*|log(x — y)|' ™ (25)

whenever —co < y < x < 1/2. This is trivial when x < 0 and is a consequence of (1) when
y > 0. Assume that y < 0 < x. Then Wy (x) — Wo(y) = Wo(x —y +y) < Wo(x —y) <
M(x — y)*|log(x — y)|'~%, where the penultimate inequality is implied by monotonicity, and
the last follows from (1).

When g = 0, inequality (9) reduces to (1). We shall treat the other cases separately.

CASE —a < 8 < 0.Let1/2 > u > v > 0. Using (7) we have
1817 |Ye p ) — Yo, p (V)]

N ‘/0 (Wor () = Werltt = ) = War(0) + Wer(v - y))yﬁ—ldy‘
= /O (W) = Wale — y)yPdy +/0  (Waw) = Wav — »)yP~dy

+ / (W (1) — Wa(0))y?~dy + / (Wit — ¥) — War(w — y))yP~dy

—v u—v

u—uv o0
§2M</ Yy B log y|'=%dy + (u — v)*|log(u — v)|'~ / yﬂ_‘dy>
0 u—v

u—v
=2M<f y“+ﬁ1|1ogy|‘“dy+|ﬁ|‘(u—v)”+ﬁ|log<u—v>|‘°‘)
0

having utilized (25) for the last inequality. Further,

u—v 1
/ ytHB-llog y|'"%dy = (u — v)“‘+’3/ 1“1 log(u — v) + logr|'~%dr
0 0

IA

1
(u —v)* P log(u — v)|' / rotB=lgy
0

1
+(u—v)°‘+ﬁ/ 12T 1og |~ dr
0

B ( 1 I t“+ﬂ_1|logt|1_“dt)
“\a+p (log2)!—=
x (u —v)**P|log(u — v)|'
= Ko, p(u — v)*P|log(u — v)|' 7. (26)
Thus, we have proved that
Yo, p () = Yo, p)] < 2M(|Blicap + 1) — 0)* P log(u — v)]'~ @7

whenever 1/2 > u > v > 0.
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The proof for the case 1/2 > u > v = 0 proceeds similarly but simpler and starts with the
equality

u
Va0 = Yo 0) = Yo 1) = " Wow) + 151 [ OWa) = Wato = 305"y,
The resulting estimate is

Yo, p() < M(|Blkap + Du®P|logu|' = (28)

whenever 1/2 > u > 0. Combining (27) and (28) proves (9).
CASEfB > 0.Let1/2 > u > v > 0. Then Yy g(u) > Yy, g(v). Setting

I, v) = /[O (= = =W

we obtain
Y p(u) — Yo p(v) = f[o (= = = AW + /( (= aw0)
< T(u,v) + (U — )P (We(u) — We(v))
< I(u,v) + M@u —v)* | logu — v)|' ™ (29)

where the last inequality is a consequence of (25).
SUBCASE 8 > 1. We have (u — y)? — (v — y)# < B(u — y)’~1(u — v) < B(u — v) by the mean
value theorem for differentiable functions. Hence I (1, v) < BW,(1/2)(u — v). This, together
with (29) and the inequality

x“+’3|logx|l_°‘ <cx (30)

which holds for x € (0, 1/2] and some ¢ > 0, proves (11).

SUBCASEa + 8 > 1 AND O < 8 < 1. An appeal to the case —a < B < 0 that we have already
settled allows us to conclude that Y, g_1 is a.s. continuous on [0, 1/2] which implies

sup Yy p-1(v) <00 as.
vel0, 1/2]

Another application of the mean value theorem yields (u — W— (=) < Bw—y)P N u—v)
and thereupon

I(u,v) < Bu—v) W — P AW, (») < B —v) sup Yy p-1(v).
[0,v] vel0, 1/2]

Recalling (29) and (30), we arrive at (11).

SUBCASE @ + 8 < 1 AND 8 > 0. We use (6) together with a decomposition given on p. 54
in [31]:

Yo (1) — Y5 (v) = Wer(0) (0P — 0F) — ﬂ/o (e () = Walu — y))yP~dy

+5/0 (Wa (W) = Wa( — y)OP ™ = (v +u— v)PHdy
<hLh+D
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where
I = Wo) @ —vP) and I = ﬂ/o (Wa () = W — )P = (v +u —v)P~Hdy.

We first obtain a preliminary estimate for I>. Using (25), changing the variable and then using
the subadditivity of x — x!~% we obtain

v
L < ﬂMf Y log '™ — (v +u — v)Phdy
0
v/ (u—v)
= BM(u — v)‘“ﬂ/ 1 log(u — v) +log |~ (t# =" — (t + P~ Hdr
0
v/(u—v)
< BM(u — v)**P| log(u — v)|1_”‘f P~ + D Har
0

v/(u—v)
+BM@u — v)“+ﬂ/ | logt)' (P~ — (r + D Nydr.
0

Further we distinguish two cases.
Letv < u — v. Then

1
L < BM@u — v)**P|log(u — v)|1*“f 2P 1dr
0

1
+BM@u —v)*+P / 1P logt|'"%dr < BMiy, p(u — v)* P |log(u — v)|' ™
0

with «y, g defined in (26). As for I;, we infer
I} < Wo(u —v)(u —v)# < M@ —v)**P|log(u —v)|'™

having utilized monotonicity of W, and subadditivity of x — x? (observe that B € (0, 1)) for
the first inequality and (25) for the second.
Let v > u — v. Using the inequality T (x+ 1P < (1-B)xP~2 x > 0, we conclude that

1 o0
I < BM(u — v)**P|log(u — v)|' ™ (/ P+ (1 = ﬁ)/ t"‘*ﬂzdz>
0 1

1 o
+ﬂM(M — U)C'H'ﬂ (/ toH—ﬂ—l' lOgt|1_adl + (1 _ ’3)/ tCH—ﬂ—Z(logt)l—(xdt)
0 1

< Cap (u—v)*P|log(u — v)|'

provided that o + 8 < 1. Here and in the next centered formula ¢, g denotes an a.s. finite random
variable whose value is of no importance. If « + 8 = 1, we have

v/(u—v)
L < BM(u — v)|log(u — u)|1—“<1 +(1— ,3)/ t_ldt>
1
1 v/(u—v)
+BM(u —v) (/ |log¢|'~%dr + (1 — ﬂ)/ t_l(logt)l_“dt)
0 1
< BM(u —v)|log(u — v)|" (1 + (1 — B)|log(u — v)|)
1
+BM (u — v)(/ [logt|'~¥ds + (1 — B)2 — &)~ log(u — v>|2—“>
0

< Lo, p (u—v)|log(u — v)[*7°.
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Finally we use (25) and (1 + )c)fj — 1 < Bx, x > 0to obtain
I < Mv**Pllog|""*((1 + (u — v)/v)P — 1) < BMv* P~ Togv|'*(u — v)
< BM(u — v)**P|log(u — v)|' ™%,

The proof of Theorem 2.6 is complete. [J
6. Proof of Theorem 2.8

Since Yy, g is self-similar with index o + B (see Proposition 2.4) we conclude that

Ya,ﬂ(”) P
—
ue*tf (log | log u|)! =«

as u — 04 or u — +-o00. Taking an appropriate sequence we arrive at (13).
Turning to the upper limit we first prove that

. Yot, B (u)
lim sup
u—+oo Ut (loglogu)l—2

< Cq,p as. 3D

Set f(u) == u*TP(loglogu)'~* for u > e and f(u) := +o0 foru < e.
CASE B > 0. Fix any ¢ > ¢, g and then pick > 1 such that ¢ > retPe, g- The following is a
basic observation for the subsequent proof:

—logP{¥y, g(r") > cf ("1} = —log P{¥y, (1) > cr @A f (1))

c -y
~ (m> logn, n— o0 (32)

where the equality is a consequence of self-similarity of Yy, g, and the asymptotic relation follows
from (16). Since the factor in front of log n is greater than 1, we infer

D P p(r") > cf ("1} < oo

n>1

The Borel-Cantelli lemma ensures that Yy, g(r") < cf ("1 for all n large enough a.s. Since
Yo, g is nondecreasing a.s. and f is nonnegative and increasing on [e, co0) we have for all large
enough n

Yo pu) < Yo p(r") < cf (") <cf(u) as.

whenever u € [r"~1, r]. Hence lim SUp, s 4o Yo, p()/f (u) < c a.s. which proves (31).

CASE B € (—a, 0). In this case Y, g is not monotone which makes the proof more involved.
Fix any ¢ > 0 and then pick » > 1 such that ¢y g + ¢ > r@tPe, g- Suppose we can prove
that

I:= Z]P’ sup Yo p(u) > (ca.p +28) Fr" DT < 00 (33)
n>1 ue[rn=1,rn)
Then, using the Borel-Cantelli lemma we infer

sup Yy p(v) < (cop +26)f0"7H

velrn=1, 1]
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for all n large enough a.s. Since f is nonnegative and increasing on [e, 00), we have for all large
enough n

Yo p) < sup Yo p(v) < (Ca,p+26) (") < (carp +26) f(u) as.

vel[rn—1 rn]

whenever u € [r"~!, r"]. Hence, lim SUP, s 100 Yo, pw)/f () < cq, g + 2¢ a.s. which entails
(31).
Let A > 0 and set n, := [log_1 r] + 1. Passing to the proof of (33) we have*

I = Pl sup Yo p) > (cap+28)2r) " (log((n — 1) logr))'~}

n>n,  u€[l/(2r),1/2]

n*—1

Z Z P{ sup Yo, g(u)

n>n, k=1 kn=*/2<u<(k+1)n=*/2
> (ca, g +28)(2r) TP (log((n — 1) logr))' ~*}

n*—1

> P sup Yo, p() — Yo, g(kn"/2)]
n>n, k=1 kn=*/2<u<(k+1)n=*/2

> e(2r)" @) (log((n — 1) logr))' 7}

IA

IA

n*—1
+ D0 Y P{Yapkn/2) > (o + )@ log((n — 1) logr))' |

n=ny k=1

=L+ 5.
Using (27), we infer

sup Yo, p(u) — Yo, g(kn"/2)| < CYM(n~ " 2)@+P)/2
kn=*/2<u<(k+1)n=*/2

for1 <k <n* — 1, where C; = 2|Blka, g SUP,(0,1/2] (x(“+’3)/2| 10gx|1_°‘). Hence,

h= Y B{M > (e/C@N = @nh) P 2 log((n — Dlogr))! ] < oo

n>n,

for all A > 0, where the finiteness is justified by (3) and Markov’s inequality. Further,

n*—1
L= Z Z P {(knik/z)a+ﬁya,ﬁ(l) = (Ca,ﬁ + 8)(27)7(a+ﬂ)(10g((n —1) logr))]fa}
n=n, k=1
= Z P {Ya’ﬂ(l) > (Cap + 8)r_(°‘+ﬁ)(10g((n _ 1)10g’,))1—a} < 00

for all
(1—a)™!
e
ra+ﬁca7ﬁ

4 For notational simplicity, we shall write n* and n~* instead of [n*] and [n)‘]_1

respectively.
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which is positive by the choice of r. Here, the equality follows by self-similarity of Y, g (see
Proposition 2.4) and the finiteness is a consequence of (32) (with ¢4, g + & replacing c). Thus,
(33) holds, and the proof of (31) is complete.

Now we pass to the proof of the limit relation

lim su Yo, p(u) >y 5 A4S (34)
u—>+o§ u?th(loglogu)t—o« — “p S

To this end, we define 5(1 = (5a (3)y=0 by
Do(y) = Do(We (1) + y) — Da(We (1)), y = 0.

~

By the strong Markov property of Dy, the process Dy is a copy of Dy which is further
independent of (Dy(¥))o<y<w, (1)- This particularly implies that Yy g := (Yy, g(u))u>0 defined
by

o0
Yo, p(u) = / (u — Da(y))ﬁ 1{5a(y)<u} dy, u>0
0 <

is a copy of Yy, g which is independent of (D (Wy (1)), [¢~ (v — Da(»))? 1(p, (y)<1y dy) for each
v > 1. We shall use the following decomposition

o0

o0
Yo, p(u) = / ( — Da ()P 1y (yy<uy dy = / ( — Da ()P 1{pyyy<1y dy
0 0
+ Yo p(tt — Do(Wer(1))) 1D, (Wi (1) <u) (35)
which holds for # > 1 and can be justified as follows:
o0
/ (u — Do (1))P 1(1 <Dy (y)<uy dy
0

o0
= / (u — Do (y + We(1)))? LDy (y+ Wy (1)) <u) Ay
0

o0
- /0 (= DaWar (1)) = BaDP 155 3yt 9 LDa Wiyl

= Yo p(tt — Du(Wer(1))) 1D, (W (1)<} -

Our proof of (34) will be based on the following extension of the Borel-Cantelli lemma due
to Erdos and Rényi (Lemma C in [7]).

Lemma 6.1. Let (Ay)ren be a sequence of random events such that Zkzl P{Ay} = o0. If

M=

n
P{A; N Aj}
=1 j=1

lim inf —7

n—>oo n 2
(Z H”{Ak})
k=1

then P{limsup,_, o, Ax} = 1.

— 4

Fix any ¢ € (0, ¢4, ) and some r > 1 to be specified later. Putting Ay := {Yq, ﬂ(rk) > cf(rk)}
for k € N and using (16), we obtain

—logP{A,}  ~  (c/ca p) VO logn =: cologn, n— oo
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which entails Zk>1 P{A} = oo because ¢y < 1. Also, for any § > 0 there exists ng € N such
that -

n=07% < P{A,} < n—0F? (36)

for all n > ng. Now we have to find an appropriate upper bound for
P(A; N Ajin} = P{Ya, p(1) = cloglilogr)! ™%, Y, g(r") = er" P (log((n + i)logr))l—“}
1 o0
= IED{Yag,,s(l) > c(log(i logr)) 7“,/0 (" = Da )P 1 (D, (y)<1) dy

+ Y, g™ — Do (Wo (D)) 1Dy (W, (1)y<rny = e P Qlog((n + i) 1ogr))1—“}

o0
IED{Yoz,,e(l) > c(log(i 10gr))1_“{,/O (" = Da )P 1Dy (y)<1) dy

+ (" = Da(Wa NPT, (1) = er"@HP log((n + i) logr))l‘“}

IA

0
IED{Ya,,s(l) = c(log(i 10gr))17°’,r7°‘”/0 (= r"Da(3)? 1p, (<1} dy

+ Yy, g(1) = c(log((n + i) log r))l_"‘}

IA

P{Ya, p(1) = c(log(ilogr)' ™%, Ay + Yy, p(1) = c(log((n + i)logr))l—“}

fori > [log~'rland n € N, where A, = y,r "W, (1) and y, :== (1 — r~"# v 1. For the
first equality we have used self-similarity of Yy, g (see Proposition 2.4); the second equality is
equivalent to (35); the third equality is a consequence of self-similarity of Y, g together with
independence of Y, g and all the other random variables which appear in that equality; the last
inequality follows from

o0
/ (1= r " D) Lipy ety dy < 75 Wa(1).
0

Further,
P{A; N Ajpn} — P{AP{Ai 44}

< P{C(log((n +i)logr) ™ — Ay < Y p(1) < clog((n + i) logr))' ™,

A, < c(log((n + i) logr»l—“} +P{A, > c(log((n + i) logr))'~*}
= Ji(n, i)+ h(n, i) = J(n,i)

fori > [log_1 rlandn € N.

Suppose we can prove that

¢i=Y J(n.i)=0G"%), i—>o0 (37)

n>1
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for § in (36), which further satisfies ¢y + 36 < 1. Then

n n n n—i
Z P{AiﬂA]‘} 22 ZP{AiﬂAi+j}
.. i=lj=1 .. i=1j=1
lim inf > = lim inf 5
n—oo n n— o0 n
(Z P{Ak}) (Z P{Ak})
k=1 k=1
n n—i n n
2> > PlAP{Aij} +2 ) i > i
< liminf ——2= = 4 2liminf— =,
n— 00 n 2 n—> 00 n 2
(Z IP’{Ak}) <Z IP’{Ak}>
k=1 k=1

thereby proving that P{lim sup;_, ., Ax} = 1 by Lemma 6.1. Thus,

p Yo, p(ut) . Yo ﬁ(rk)
lim sup - > lim sup , >
uotoo UTB(loglogu)l— = ;0 rk@+B)(loglogrk)l—«

which shows that (37) entails (34).
Proof of (37). Pick both §; in (17) and some & > 0 so small that
-a)' _ (-
co(I =) — &) = (1 =é8(c/cq, p)1 — &) >co— 9. (38)
Using now (17) and recalling that the density fy, g of )70[, g is nonincreasing we infer

N1, i) < B (Anfa,ﬁ (C(log((n +i)logr))! 7 — An)) LA, <cog((n+i) logr))1—2)

_ o
cE <An exp <_(1 — SI)C;%—&) 1 <<c(10g((n +1i) ]Ogr))l—(x _ An)(l ) )))

X (1{ A, <ec(log((n+i) log )=o) T 1{ A, >ec(log((nti) log r))1—o))
J11(n, i) + Jio(n, i).

IA

An application of (38) yields

. ) c1 EA,
Jii(n, i) < c1E(Ay exp(—(co — 8) log((n + i) logr))) < Togr)o o

In view of (16) with 8 = 0, for any &, € (0, 1) there exists ¢c; > 0 such that

P{W, (1) > x} < c2exp(—(1 — 82)(x/ca. p) ™) (39)

for all x > 0. Let r > 1 satisfy er® > 1 with ¢ as in (38). With this choice of r, we can pick
872 > 0 sosmall and ¢ > 1 so close to 1 that

_ 1 _ 1
co(1/@)(1 = 8)(eyrr™) =" = (1/g)(1 = &) (eys (c/ca, p)r) 1™ = co = 6.
Then, using Holder’s inequality with g as above and p > 1 satisfying 1/p + 1/g = 1 gives
Jio, i) < lBAn LA < eeog((4i) Tog )1 =2}

e EAD P (BIWa(1) > eyrer™ Qog(n + 1 logry' 1) '

IA
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IA

crey/ 1 EADYP exp(=(1/q)(1 = 82)(eyr (c/cq, )r“™ 1= Tog((n + i) log )

clcé/q (EAD/P
~ (logr)co=d (n +iyc0=8"

Put c3 := cl(c;/q + 1)(log r)~“%3_ Since ¢4 := anl (EA,’;)UP < 00, we infer

EA,’; c3¢4

Zjl(n,i) C3Z(n+z)¢0 § = jeo—8

n>1 n>1

for each i € N. It remains to treat J,(n, i). Increasing r if needed, we can assume that

(1 = 8) (v (c/ca, p)r) 170" > 2.
Then, in view of (39),
D(n, i) < crexp(—(1 = 82) (v (c/ca, p)r*) 1= Tog((n + i) log r))

- ) 1
= (logr)? (n+ i)’

whence
> hni) < 5 Z =0G " = 0G0t
n>1 (logr) l’l>l+1

Thus, relation (37) has been checked, and the proof of the law of iterated logarithm for large
times is complete.

A perusal of the proof above reveals that the proof for small times can be done along similar
lines. When defining sequences (r") just take r € (0, 1) rather than r > 1. Self-similarity of
Yy, p does the rest. We omit further details.
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Appendix

Lemma A.1 is a consequence of Proposition 2 in [30] and Corollary 2.2 in [29].

Lemma A.1. For R := (R(t));>0 a subordinator with positive killing rate, the random variable
fooo exp(—R(t))dt has bounded and nonincreasing density f. If the Laplace exponent ¥ of R is
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regularly varying at oo of index y € (0, 1), then
00
—log]P’{/ exp(—R(t))dt > x} ~ —logf(x) ~ (A—-y)P(x), x— oo,
0

where ®(t) is generalized inverse of t/ ¥(t).

The following result is an important ingredient for the proofs of Theorems 2.1 and 2.3.

Lemma A.2. Assume that f, are right-continuous and nondecreasing for each n € Ny and that
lim,,—, oo fn = fo locally uniformly on [0, 0o). Then, for any ¢ € (0, 1) and any B € R,

im [ = pPdfy(y) = /[0 =gy

n—=>00 J10, eu]

locally uniformly on (0, 00).

Proof. Fix positive a < b. Integrating by parts, we obtain
eu
/[0 (O WAL ) = A=)l fu(eu) —uP £,0) + B /0 (@ = )P fu(y)dy
L, EU

for n € Ny. The claim follows from the relations

sup [uf fu(eu) — uP fo(ew)| < @ v bP) sup |fu(u) — fow)| — 0;
b]

u€la, b] uelo,
swp |uf £,(0) — uP fo(0)] < @ v bP) | £,(0) — fo(0)] — 0O
and
sup / W — P fu(ndy — / W — P fo(dy
uea
< sup / =P ) — fo)ldy
u€la, b] J0
< sup |fu(u) — fou)| sup / u —y)P~'dy
u€l0, b] u€la, b] J0O
= s[%pb]|fn<u>—fo<u>|<aﬁvbf’>|ﬁr‘|1—(1—e>ﬁ|eo

asn — oo. O

Recall that (v(¢));>0 is the first-passage time process defined by v(¢t) = inf{k € N : Sy > ¢}
for t > 0, where (Si)ken, is a zero-delayed standard random walk with jumps distributed as a
positive random variable £. Lemma A.3 is Lemma A.1 in [11].

Lemma A.3. For any finited > ¢ > 0, any T > 0 and anyr > 0

1™ sup (v(ut —c¢) —v(ut — d)) £ 0, t— oo.
uel0, T

The two results given next are needed for the proof of Proposition 4.1.

Lemma A.4. Assume that P{é >t} ~ t~%L(t) for some o € (0, 1) and some € slowly varying
at infinity. Then sup;-.o Ee* PiE=tv(®) < o0 for every 1 > 0.
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Proof. As before, we shall use the notation a(¢) = P{§€ > t}. Fix any A > 0. Since v(¢) has finite
exponential moments of all orders for all # > 0, it suffices to show that

lim sup Eere V()

—>0o0

< Q.

We have

Eerev®) — ra@t) _ ra(t)k _ ra(t)k
——————M0 = Y " MOP) = k) =D MRS < 1)

A —
e a(t) 1 kZl kZl
_ Ze)ha([)k]P){e—SSk,I > e—st} < esl Ze)»a(l)k((b(s))k—l
=1 k>1
este)»u(t)

T 1= g (s)
for any s > 0 such that e**@ ¢ (s) < 1. Pick an arbitrary ¢ > (A/I'(1 — &))"/ and note that
1 — 2 ra(t) AcT®

~ —> <1
1—¢(c/t) TI'(1—a)al(t/c) I'il—aw

as t — 00, where the asymptotics 1 — ¢(z) ~ I'(1 — @)a(l/z) as z — 04 follows from
Karamata’s Tauberian theorem (Theorem 1.7.1 in [6]). From (40) we infer ¢**® ¢ (c/t) < 1 for
all r > 0 large enough. Therefore,

(40)

eha) _
Eeka(t)v(t) —1<eé )
T 1—erOgp(c/t)
Since, by (40), the right-hand side converges to W ast — 00, the proof of Lemma A.4
is complete. [
The following slightly strengthened version of Potter’s bound (Theorem 1.5.6 in [6]) takes
advantage of additional monotonicity.

Lemma A.5. Let f : [0, 00) — (0, 00) be a nonincreasing function which is regularly varying
at oo of index —p < 0. Then, for any chosen y € (0, p) and xo > 0, there exist ty > 0 and ¢ > 0
such that

T/ fx) = clx/y»)PTY (41)
forall x >ty and all y € [xg, x].
Proof. Fix y € (0, p), xo > 0 and c; > 0. By Potter’s bound, there exists #y > xo such that
FO/f@) = erx/y)°™7
for all x > y > #y. On the other hand, monotonicity of f entails
T/ = fto)/f(x) = c1(x/10)"7" = e1(xo/t0) ™7 (x /)"
for x > tg and y € [xg, t9), and (41) follows upon setting ¢ := c{(xo/t0)?~7. O

Proof of Proposition 4.1. Since a(t) = P{§ > t} is regularly varying, we can assume that
T = 1. We start by noting that (see Fig. 2)
a®)(ut) —vh) _ a(t)(v(ut) —v((u — h)t))
sup

— < sup —
(u,v)€A; (u —v)*—d 1/t<h<10<u<l ha=3
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h

12

1/4

O s e e

1/4 172 3/4 1 u

Fig. 2. Square division in the proof of Proposition 4.1.

a@®)(wur) —v((u —h)n)

ha—S

< sup sup sup sup
Jj=1,...[logy 11 2= <h <2+ k=1,...,2/ =1 (k—1)2~/H <u<k2-J+!
a()(w(ek2 =) —v(r((k —2)2771))

< sup sup D)

Jj=1,...[logy 11 k=1,...,2/~1

having utilized a.s. monotonicity of (v(¢)),>0 for the last inequality. Here, [-] denotes the ceiling
function.
An application of Boole’s inequality yields

a(t)(v(ut) — v(vt))
P up > x
(1, v)eA; (u —v)*=?

Mogy 112/ ~1 —j+1y Ay —j+l1
< Z ZIP’{Q(I)(U(IM I =t ((k —2)2777))) >x}.
J=1 k=1

2@

By distributional subadditivity (see formula (5.7) on p. 58 in [9]) of (v(¢));>0 (for k > 3) and by
monotonicity of (v(¢));>o (fork =1, 2)

DWEk27ITYy — vt ((k —2)2~7 ] , ‘
P a0 ) .V( « ) V) > x} < Pla()v(r27/+?) > x27/ @9y
2—j(a=9d)
whence
B llogy 1l , ,
P a(t)(v(ut) _va(vt)) ~xl< Z 2= Pla(t)yv(r2 72 > x2~ i@ D)
(u,v) €A, (u — )~ =
[log, 1] ' ) . . .
= Z 21 Plexp(a(r27 /v (2771?)) > exp(x2 /@D a (127742 Ja(1)))
j=1
< Z 2 exp(—x27 7@ D q(127742) Ja(r)) Eexp(a (2~ 2)v(r27712))
j=1
Mogy 1l ‘ ‘
<C Y 27 exp(—x27/“ Va2 ) ja(1)),
j=1

where the penultimate line is a consequence of Markov’s inequality, and the boundedness of
E exp(a(t2~/T2)v(t277%2)) follows from Lemma A.4. Applying Lemma A.5 to the function a
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we obtain
a(tZ_j+2)/a(t) > 2U=2@=8/2)

for some ¢ > 0, all # > 0 large enough and all j =2, ..., [log, ¢]. Hence,

limsupP{ sup 2O ) - va(vt)) >x¢ < C(exp(—xZ‘S_“) + Z 2/-1 exp(—c1x25j/2))’
t—oo  |wuves  (@—v)*T =

where ¢; = ¢2%72 > 0. The last series converges uniformly in x € [, c0). Sending x — oo
finishes the proof. [
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