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Abstract

In this work, we provide sharp bounds on the rate of growth of maximal moments for stationary
symmetric stable random fields when the underlying nonsingular group action (or its restriction to a
suitable lower rank subgroup) has a nontrivial dissipative component. We also investigate the relationship
between this rate of growth and the path regularity properties of self-similar stable random fields with
stationary increments, and establish uniform modulus of continuity of such fields. In the process, a new
notion of weak effective dimension is introduced for stable random fields and is connected to maximal
moments and path properties.
© 2021 Elsevier B.V. Allrights reserved.

Keywords: Random field; Stable process; Uniform modulus of continuity; Extreme value theory; Nonsingular group
actions

1. Introduction

A real-valued stochastic process {X (1) : t € T¢} (T = Z or [0, 1] or R) is called a symmetric
a-stable (SaS) random field if each of its finite linear combination follows an S« S distribution.
In general, the parameter o satisfies 0 < « < 2, although in this paper, we assume our
random fields to be non-Gaussian and therefore 0 < o < 2. See, for example, [38] for detailed
discussions on non-Gaussian stable distributions and processes.

Sample path continuity and Holder regularity of stochastic processes and random fields have
been studied for many years. The main tool behind such investigation has been a powerful
chaining argument that is mainly applicable to Gaussian and other light-tailed processes;
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see [2,14,21,42]. Recently, there has been a significant interest in establishing uniform modulus
of continuity of sample paths for stable and other non-Gaussian infinitely divisible processes;
see, for instance, [4,0,7,45].

Motivated by [15,45] modified the existing chaining argument and made it amenable to
heavy-tailed random fields. This technique uses estimates of the lower order moments of the
maximum increments over the two consecutive steps of the chain to obtain a uniform modulus
of continuity for stable and other heavy-tailed random fields.

In this context, it was stated in [45] (see Page 173 therein) that for a stationary «-stable
sequence {& : k > 1}, it is an open problem to give sharp upper and lower bounds for
the maximal moment sequence ]E(maxlgks,, IékP’) for y € (0, ). [45] also presented two
approaches of partial solution to this open problem: one using results of [42] in this setup
and another one based on his own improvement of Talagrand’s results (more specifically,
Lemma 3.5 of [45]). However both of these methods lead to weaker path continuity results
and we have been able to improve them significantly in this paper as described below.

The dependence structure of a stationary SoS random field is determined, to a large
extent, by the underlying nonsingular (also known as quasi-invariant) group action discovered
by [28]. As a result, various probabilistic facets (e.g., mixing features (see [30,31,37,44]), large
deviations issues (see [11,23]), growth of maxima (see [3,24,34,35]), extremal point processes
(see [27,32,39]), functional central limit theorem (see [13,24]), statistical aspects (see [5]), etc.)
of a stationary SaS random field have been connected to ergodic theoretic properties of the
underlying nonsingular action.

We have been able to extend the connection mentioned in the above paragraph to the
investigation of maximal moments and path properties for stable random fields when the group
action (or its restriction to a lower rank subgroup F'; see Section 2.2) has a nontrivial dissipative
component. In particular, we have partially solved the open problem mentioned above and
derived sharp bounds on the moments of the maximal process for stationary S«S discrete-
parameter random fields generated by dissipative actions; see Theorem 3.1. Our machineries
include structure theorem for finitely generated abelian groups, ergodic theory of quasi-invariant
actions on o-finite standard measure spaces, and a new notion of weak effective dimension
introduced in this paper. This work easily extends to the continuous parameter case (see
Theorem A.1 and Remark A.2) provided the random field is measurable and stationary.

Partial solution to the open problem in the discrete-parameter case allows us to prove results
on uniform modulus of continuity for a class of self-similar SaS random fields with stationary
increments; see Section 4. To this end, we have introduced a novel notion, namely that of weak
effective dimension, for stable random fields; see Definition 3.3. This notion encompasses the
concept of effective dimension (defined by [34]) as a special case and connects naturally to
maximal moments (see Theorem 3.4) and path properties (see Corollary 4.4) of stable random
fields. In some sense, our new notion is better than the effective dimension, which is always
an integer (and hence more restrictive) whereas weak effective dimension need not be so.

We would like to mention that our bounds (on both growth-rate of maximal moments as
well as uniform modulus of continuity) are significantly better than the existing ones for stable
random fields that are not full-dimensional (see Definition 3.3) to the extent that we improve the
leading (polynomial) term of these bounds. For full-dimensional fields generated by dissipative
actions (i.e., for mixed moving average fields), however, the improvement is in the logarithmic
term. On the other hand, stationary S« S random fields generated by conservative actions have
much more complex structures and hence cannot be put into a unified framework. Instead, it
is better go with a case-by-case approach.
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This paper is organized as follows. In Section 2, we recall a result of [45], explain how it
naturally leads to a problem on rate of growth of the maximal moment sequences and describe
the ergodic theoretic and group theoretic connections to this extreme value theoretic problem.
Section 2.3 contains a brief summary of the contributions of our work. In Section 3, we state
the results on the asymptotic behavior of the maximal moments of stationary S«S random
fields as the index parameter runs over d-dimensional hypercubes of increasing edge-length
even though the proofs are deferred to Section 6 to increase the readability of this paper. In
Section 4, we establish results on uniform modulus of continuity for self-similar S« S random
fields whose first order increments are stationary. A few important examples are discussed in
Section 5. Finally in the Appendix, we present a result on the growth-rate of maximal moments
in the continuous parameter case.

Throughout this paper, we will use K to denote a positive and finite constant which
may differ in each occurrence, even in two consecutive ones. Some specific constants will

be denoted by c,cy,c2, ..., Ki, Ka, ..., etc. For two sequences of nonzero real numbers
{@n}nen and {b,}nen the notation a, ~ b, means a,/b, — 1 as n — oo. For u,v € RY,
u = (uy,uz,...,ug) < v = (v,v,...,vg) means u; < v; foralli = 1,2,...,d. The
vectors 0 = (0,0,...,0), 1 = (1,1,...,1) are elements of Z?. We shall abuse the notation

and use [u, v] to denote the set {t € Z¢ : u <t < vjortheset {t e R : u <t < v}
depending on the context (the former notation is used throughout the main body of the paper
while latter one is used only in the Appendix). For o € (0, 2) and a o-finite standard measure
space (S, S, u), we define the space L¥(S, u) := {f : S — R measurable : || ||, < oo}, where
I flle == (fs1f (I ,u(ds))l/a. Note that || - ||, is a norm if and only if @ € [1, 2) making the
corresponding L*(S, n) a Banach space but not a Hilbert space. For two random variables
Y, Z, we write Y £ Z if Y and Z are identically distributed. For two stochastic processes
. c . L
{Y(Dhier and {Z()}ier, the notation {Y()}ler = {Z(0)}ier (or simply Y(r) = Z(t), t € T)
means that they have the same finite-dimensional distributions.

2. Preliminaries

2.1. A chaining argument for path properties

We start with an important special case of the main result of [45]. This result was proved us-
ing a modification of the chaining arguments used in the proofs of Kolmogorov’s continuity the-
orem, Dudley’s entropy theorem and other results on path regularity properties in the light-tailed
situations; see [2,14,21,42]. To this end, Let {X(#)};,cr be a random field indexed by 7.

We start by introducing some notation. Let 7 = [0, 11 be endowed with the metric
p(s, 1) = max<;<q Is; — t;|. Define, for all n > 1, D, = {27"u : u € [0, 2" — 1)1] N Z*}. For
every u € D,,

Op—1(u) = {u' € Dy_y : p(u,u’) <27"}.

The following particular case of Theorem 2.1 of [45] will play a significant role in this paper.

Proposition 2.1. Let X = {X(¢)}ier be a real-valued random field indexed by T = [0, 1]%.
Suppose o : Ry — R, is a nondecreasing continuous function which is regularly varying at
the origin with index § > 0 (i.e., limy_. o0y o(ch)/o(h) = c? for all ¢ > 0). If there are constants
y >0, and K > 0 such that

E(max max | X(,) — X(r,;l)V) <K (e2™)" 2.1)

Tw€Dn T,;,leon—l(fn)
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for all integers n > 1, then for all € > 0,

su su - | X(@) — X(s
li 22Prer otz XO —XOI_, 22)
h0+ o (h)(og 1/ h)A+)/y

almost surely.

In this paper, we will focus on studying the maximal moments of SoS random fields indexed
by Z or R? so that we can apply Proposition 2.1 to self-similar SaS random fields with
stationary increments. Recall that a random field {X(#)},cgre is called H-self-similar (H > 0)
if {X(ct)};cpa £ {c"X(#)},cpa for all ¢ > 0. {X(#)},cpa is said to have stationary increments
i {X(t 4 1) — XW)},epa = {X(t) — X(0)},pa, for each u € RY.

We shall now apply Proposition 2.1 to a self-similar SS random field {X(#)},.gs With
stationary increments. Using the self-similarity of {X(¢)},cra, it follows (see the proof of
Theorem 4.1) that for all y € (0, A 1) and for all n > 1,

€Dy ‘E’iileon,l(‘[n)

52”’”21@,( max |Y(“)(t)|y),

n d
veV te[1,2"1]NZ

E (max max  |X(t,) — X(T,il)|y>
2.3)

where YV = {Y)(#)},za is the discrete-parameter increment field defined by
YO = Xt +v)— X(t), teZ?

in the direction v € V := {—1,0, 1}¢\ {0}.

The crucial observation is that due to the stationarity of the increments, each discrete-
parameter field Y is stationary. Therefore, in order to estimate the quantity in (2.3), it suffices
to establish sharp upper bounds on

E( max |Y(t)|y), (2.4)

t[0,(2" —1INZ4

where Y = {Y(¢)},cz¢ 1s a stationary SaS random field, n > 1 and y € (0, A 1). This
translates an investigation of sample path regularity properties into an extreme value theoretic
question. Along this direction, some partial results were obtained in [45] which are applicable
to stable random fields with certain specific dependence structures.

2.2. Related work on partial maxima of stable fields

In this work, we have improved upon the results in [45] and computed the exact rate of
growth of the maximal moment sequence (2.4) for a large class of stationary S«.S random fields.
We have thus partially solved the problem of characterizing path properties of such random
fields as posed in [45] (see pages 173—174 therein). The main tools used in our solution are
ergodic theoretic and algebraic in nature as described below. We provide an overview of these
techniques and related work below.

It was established by [28,29] that every stationary SoS random field Y = {Y(#)},cz« has an
integral representation of the form

d <dM0¢z )‘/“ J
Y(r) £ / ¢i(s) () fog(s)Mds), teZd, 2.5)
s dp
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where M is a SaS random measure on some standard Borel space (S,S) with o-finite
control measure , f € L¥(S, ), {¢;},cz¢ is a nonsingular Z-action on (S, S, u) (i.e., each
¢, : S — S is a measurable map, ¢, is the identity map on S, ¢,y = ¢, 0 ¢, for all u, v € Z¢
and each po¢y; is equivalent to w), and {c;},.z« is a measurable cocycle for {¢,} (i.e., each ¢, is
a +1-valued measurable map defined on S satisfying c,4,(s) = c,(¢y(s))c,(s) for all u, v € Z4
and for all s € §). See, for example, [1,16,43] and [46] for discussions on nonsingular (also
known as quasi-invariant) group actions.

We say that a stationary S random field {Y (t)},.za is generated by a nonsingular Z?-action
{¢:} on (S, w) if it has an integral representation of the form (2.5) satisfying the full support
condition | J,.z« Support(f o ¢;) = S, which will be assumed without loss of generality. As
mentioned in Section 1, the Rosifiski Representation (2.5) is very useful in determining various
probabilistic properties of Y. In this work, we shall use this representation to estimate the
maximal moment (2.4) and uniform modulus of continuity of SaS random fields.

A measurable set W C S is called a wandering set for the nonsingular Z¢-action {¢,},cza
if {¢,(W) : t e Z%} is a pairwise disjoint collection. The set S can be decomposed into
two disjoint and invariant parts as follows: S = C U D, where D = UreZ" ¢, (W*) for
some wandering set W* C S, and C has no wandering subset of positive p-measure; see [1]
and [16]. This decomposition is called the Hopf decomposition, and the sets C and D are called
conservative and dissipative parts (of {¢,},cc), respectively. The action is called conservative
if § =C and dissipative if S =D.

Denote by f; (t € Z%) the functions on S in the representation (2.5):

dp oy

du
The Hopf decomposition of {¢;},.z« induces the following unique (in law) decomposition of
the random field Y

Y < / fi(s)M(ds) + / fiMds) =YS(t)+ YD), 1t €74, (2.6)
C D

1/a
fils) = Ct(S)< (S)> fogs), teZf

where the two random fields Y and Y? are independent and are generated by conservative and
dissipative Z?-actions, respectively; see [28,29], and [34]. This decomposition reduces the study
of stationary So S random fields to that of the ones generated by conservative and dissipative
actions.

It was argued by [35] (see also [34]) that stationary SaS random fields generated by
conservative actions have longer memory than those generated by dissipative actions and
therefore, the following dichotomy were observed:

n~ % max |Y(1)| =

ltlloo<n

{CYZQ, if Y is generated by a dissipative action, @7

0, if Y is generated by a conservative action

as n — oo. In the limit above, Z, is a standard Fréchet type extreme value random variable
with distribution

P(Z,<x)=e¢ " ", x>0, (2.8)

and cy is a positive constant depending on the random field Y. In fact, this limiting behavior
of the maximal process is closely tied with the limit of the deterministic sequence

1/
{bn},@l:{(/s s ] , 29)

n>1
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which has been proved by [34,35] to satisfy

TN {CY if action is dissipative, (2.10)

0 if action is conservative,

where Cy is a positive constant.

For conservative actions, the actual rate of growth of the partial maxima sequence M,
depends on further properties of the action as investigated in [34].

The work mentioned above hinges on some group theoretic preliminaries, as discussed
briefly below. Let

A={¢: t €2}

be a subgroup of the group of invertible nonsingular transformations on (S, i) and define a
group homomorphism, @ : Z¢ — A by &(t) = ¢, for all t € Z¢. Let

K =Ker(®) = {t € Z : ¢, = 15},

where 1g denotes the identity map on S. Then K is a free abelian group and by the first
isomorphism theorem of groups, we have

A=74K.

Now, by the structure theorem of finitely generated abelian groups (see, for example,
Theorem 8.5 in Chapter I of [18]), we get,

A=F®N,
where Fisa free abelian group and N is a finite group. Assume rank(F) = p > 1 and
IN| = 1. Since, F is free abelian, there exists an injective group homomorphism,

v:F— 79

such that o ¥ = 1z. Then F = W(F) is a free subgroup of Z? of rank p. The subgroup
F can be regarded as an effective index set and its rank p is an upper bound on effective
dimension of the random field giving more precise information on the rate of growth of the
partial maximum than the actual dimension d. Depending on the nature of the action restricted
to F, the deterministic sequence b, controlling the rate of partial maxima shows the following
asymptotic behavior:

¢ if action restricted to F is not conservative,

. . . . . 2.11
0 if action restricted to F is conservative, ( )

nPle b, — {
where c is a positive and finite constant.

We will call p the effective dimension of the field as long as the restricted action {¢,};cr
is not conservative. Otherwise, p should be regarded as an upper bound on the effective
dimension. By Corollary 4.4.6 of [38], the sequence b, is completely determined by the field
and it does not depend on the choice of the integral representation. Therefore, thanks to (2.11),
the same comment applies to the effective dimension p. However, explicit computation of p
will need the integral representation to be of the Rosinski form (2.5).

More specifically, Theorem 5.4 in [34] (which is summarized below) sharpens the descrip-
tion of the asymptotic behavior of the partial maxima of a random field when the action is
conservative by observing the behavior of the action when restricted to the free subgroup F of
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Z4, leading to the conclusion that max . <, |Y ()| = O(n?/*) when the effective F-action is
not conservative, and is o(n”/%) in the conservative case. That is,

n~P® max |Y(r)| =

Illoo<n

cyZy, if {¢:}eF 1s not conservative,
0 if {¢;};er is conservative.

Similar rates of growth are computed for continuous-parameter random fields in [8] improving
upon the works of [36] and [33].

2.3. Our contributions

This work provides the rates of growth of the Sth moment of the partial maxima sequence

denoted as

M,= max |Y()| (2.12)

0<r<(n—1)1

whenever 0 < B < o for a stationary SaS process Y = {Y(#)},cz« when the underlying
group action (or its restriction to the subgroup F) has a nontrivial dissipative component. This
partially solves an open problem mentioned in [45]. Theorem 3.1 in Section 3 shows that the
Bth moment of maxima of such discrete random fields are O(n?/*) for a nonconservative
action and o(n®/*) for a conservative one. In the case of a conservative action we look at
properties of the underlying action restricted to the free subgroup F with effective dimension
p and obtain a better estimate for the maximal moments; see Theorem 3.6. We also introduce
the concept of weak effective dimension generalizing the notion of effective dimension (see
Section 5 of [34] and also Section 2.2) and relate it to maximal moments (see Theorem 3.4) of
stable random fields. We also provide easy extensions of our results to the continuous parameter
case in the Appendix.

Finally, we use the rates of growth of the partial maxima sequence for stationary random
fields Y to derive path properties of a real valued H-self-similar SaeS random field X with
stationary increments. Our main result is Theorem 4.1 which establishes uniform modulus of
continuity for a large class of such random fields. As a consequence (see Corollary 4.3), we
prove that the paths of X are uniformly Holder continuous of all orders < H — £ when the
corresponding increment processes Y are generated by actions with effective dimension p.
Corollary 4.4 connects path properties with weak effective dimension in a natural fashion. The
short memory case (i.e., when the effective dimension p = d), on the other hand, is considered
in Corollary 4.2. These results show that in presence of stronger dependence, the sample paths
of X become smoother because stronger dependence prevents erratic jumps.

3. Maximal moments of stationary SoS random fields

In this section, we give sharp upper and lower bounds on maximal moments of stationary
Sa S random fields when the maximum is taken over hypercubes of increasing size. Our results
significantly improve the existing bounds given in Lemma 3.5 of [45] and hence the ones
in [42]. This is achieved through exploitation of underlying nonsingular actions, and their
ergodic theory and group theory. We also introduce the notion of weak effective dimension
of stationary So.S random fields in this section and apply it to estimate maximal moments.

The following is our main result on the asymptotic behavior of the maximal moments of
stationary SaS random fields indexed by Z¢. The proof is deferred to Section 6 in order to
increase the readability of our paper.
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Theorem 3.1. Let Y = {Y(t)},cz¢ be a stationary SaS random field with 0 < a < 2 and
having integral representation (2.5).

1. If Y is generated by a dissipative action then, for all B € (0, «), there exists C € (0, 00)
such that

n~#lE[MP] > C asn— oo, 3.1

2. If Y is generated by a conservative action, then for all B € (0, ),
nrE[MP] - 0 asn — oo. (3.2)
Remark 3.2. When Y is generated by a dissipative action, then by Theorem 3.3 of [34], Y

has a mixed moving average representation (see also [40] and [29]) given by

d

Y = {/ f(v,t—l—s)M(dv,ds)} ,
W xzd rezd

where the function f € L*(W x Z¢, v ®1), 1 is the counting measure on 72, v is a o-finite
measure on a standard Borel space W, and M has control measure v ®[. The limiting constant
in (3.1) is

C = CPR (28] = &CPUE [ Zays], 3.3)
where Z, is an «-Fréchet random variable defined in (2.8),

l—«o

if o # 1,
¢, = | TC— @ eos(rar) oz (3.4)

— ifo=1,
T

and Cy is the constant in (2.10) (see Proposition 4.1 of [34]) given by

1/a
Cy = / sup | f (v, $)|*v(dv) € (0, 00).
W sezd
In order to compare the convergence of moments in (3.1) with the weak convergence in (2.7),
. . ~ 1/a
we would like to mention that cy = ¢y C,' .

Theorem 3.1 partially solves an open problem mentioned in [45] (see pages 173—174 therein)
when the underlying group action (or its restriction to a lower rank subgroup) is dissipative.
Note that as long as the action is not conservative, the same asymptotics will hold for the
maximal moment sequence. In the next result, we present a solution to the problem in a
more general situation. Before we describe the next theorem, we introduce the notion of
weak effective dimension of a stationary S« S random field. This notion should be considered
significantly better than the effective dimension (defined by [34]), which is always an integer
whereas weak effective dimension need not be an integer. As we will see in Corollary 4.4
below, the following rougher estimate on b, suffices for our purpose.

Definition 3.3. We say that a stationary SaS random field has weak effective dimension
bounded by 6, € (0, d] if there exist constants ¢; > 0, ¢c; > 0 and 6; € (0, 6,] such that the
sequence b, defined by (2.9) satisfies

cn? < by < con™” 3.5)
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for all sufficiently large n. If (3.5) is satisfied with 6, = 6}, then we call 6, the weak effective
dimension of the random field. If further weak effective dimension 6, = d, then we say that
the stationary SoS random field is full-dimensional.

Clearly, Proposition 4.1 in [34] ensures that any stationary S«oS random field with a non-
trivial dissipative (equivalently, mixed moving average) part is full-dimensional. The rationale
behind this nomenclature (and also behind restricting the value of 6, in the interval (0, d]) can
be explained by the following calculation:

1/a
bn=< max |f,(x)|“u<dx)>

g 0<r=<(n—1)1

- otd/“l“ ° ¢t /e
B (/s 052(3)51)1 |:|f ° ¢i(x)l m (X)] ,u(dx)) .

Bounding the maximum by the sum and using Fubini’s Theorem, we get

< Y /[If B 2 ¢’< )}M(dX)

0<r<(n—1)1

= > / |f 0 ¢ (0)|*dp o ¢y (x)

0<t<(n—11

= /If(X)I“dM(X) =n’|If1I5.
0<t<(n 151

If a stable random field has effective dimension (as described in Section 2) p, then thanks
to Proposition 5.1 in [34], we can take 6 = 6, = p in Definition 3.3 making this notion
coincide with its weaker version introduced in Definition 3.3. The connection of weak effective
dimension to asymptotics of maximal moments is given in the following result, which is also
applicable to Y generated by conservative actions although the computation of 6, has to be
carried out on a case-by-case basis.

Theorem 3.4. Consider a stationary SoS random field with 0 < o < 2, Y = {Y(¢)},cp¢ With
integral representation as (2.5). If the field has weak effective dimension bounded by 6,, then
foralln > 1,

n~2PE[MP] < K/, (3.6)

where K' is a finite constant.

Remark 3.5. By Theorem 2.1 of [20] (see also Equation (3.4) in [35]), as long as « € (0, 1),
E(M?) < Kyb?

always holds for some K, € (0, c0), for all 8 € (0, «) and for all n > 1. Therefore, the lower
bound in (3.5) is not required when 0 < o < 1.

Now we consider the case when the underlying group action is conservative and establish
refined results on maximal moments in terms of the effective dimension p of Y. This is the
place where algebra (more specifically, structure theorem for finitely generated abelian groups)
plays a significant role in the asymptotic properties of maximal moments.
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Theorem 3.6. Let Y = {Y(t)},cz¢ be a stationary SaS random field with 0 < a < 2, with
integral representation written in terms of functions { f;} as in (2.5).

1. If the underlying action {¢;}:cr is dissipative when restricted to free subgroup F with
rank p, then

n_”ﬂ/“IE[Mf] — C asn— o0, 3.7

where C = cﬂC(f/aE [Zg] € (0, 00), with Z, denoting an a-Fréchet random variable
defined in (2.8), ¢ = lim,_oc 1 P/b,, and Cq as defined in (3.4).

2. If the underlying action {¢;}:cr is conservative when restricted to free subgroup F with
rank p, then

n PPRE[MI]— 0 asn— oo. (3.8)

Remark 3.7. The asymptotic properties of maximal moments can easily be extended to
stationary measurable symmetric a-stable random fields indexed by R¢. This can be done based
on the works of [33,36] and [8]. Since the results (and the proofs) are similar to those presented
in this section, we have included them (only d = 1 case for simplicity of presentation) in the
Theorem A.l1 in Appendix.

4. Uniform modulus of continuity

This section combines the maximal moment estimates in Section 3 with Proposition 2.1
to establish uniform modulus of continuity of self-similar SaS random fields with stationary
increments. We would like to mention once again that this is mainly carried out through the
following theorem, which has three corollaries (see Corollaries 4.2, 4.3 and 4.4).

Theorem 4.1. Let X = {X(t)}te]Rd be a real-valued H-self-similar SaS random field with
stationary increments and with the following integral representation

X(z)i/f,(s)M(ds), teRY, 4.1
E

where M is a SaS random measure on a measurable space (E,E) with a o-finite control
measure m, while f, € L*(m, &) for all t € RY.

Let V.={v=(vy,...,v9):v; € {—1,0, I}}\{(0, ..., 0)} be the set of vertices of unit cubes
in [—1, 11%, excluding the origin 0. Define for each v € V, the random field Y = {(YV(1),t €
R} by YV (1) = X (t + v) — X (), with the integral representation given by

YO = / £V 0OMx),
E

where ) = f, — f; for all t € RY. If either

1. 0 < o < 1 and there exist constants 0 < 6, < o H and K > 0 such that for all v € V,
o 1/a
bV = < max | V()] m(dx)> < K n%/®
£ 0<t<(n—1)1

for all sufficiently large n, or
2. 1 < a < 2 and there exists 6, € (0,aH) such that for all v € V the increment field
{(Y® (£)} has weak effective dimension bounded by 05,
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then for any 0 <y < «,

lim su SUPrer SUPjs 1, < X (D) — X()|
h—>0+p hH=62/0)(og 1/ h)1/y

a.s., “4.2)
where T =1[0,1]¢ and |s —t|y, = max<j<q |s; — t;| is the £ metric on R,

Proof. We first give the proof under condition (2) (i.e., when 1 < o < 2). Recall that
{Dy,n > 0} as,

ki k k
D,={(=.2,....2):0<k;<2"—1,1<j<d}.
onnt o

Observe that for any 0 < y < «,

E(max max | X (z,) — X(T,il)|y)

€D 1) €0,_1(t)
k] kd v
N(C
(zn 2 +2")

<Z (0<k<2n 1v11 d
ki ka\ |
X =—,.... = (4.3)
3)

vey N /0T e
27HNTE YO (koo k) Y
> <0<k o d| (Ckis oo k) |

vey N /0T

=2 S E[(My) ],

veV

where M is the partial maxima sequence of the stationary SaS random field Y*’, and where
the first equality follows from the self-similarity of X.

Under the assumption of Theorem 4.1 we have that for some positive constants 6y, 8,, c|
and ¢,

con®/e < bfl") < /e,

It follows from Theorem 3.4 that the sequence E[ (b~ M()" ] is bounded above by a constant
K’ > 0. Hence

E[(M")] < K'(B)")" < K"/
for a finite constant K > 0. Noting that the cardinality of V is |V| = 3% — 1, we have
E(max max | X(t,) — X(r;1)|y> < @34 — 1)K 2 H-/w)
€Dy T 160,1 1(tn)
It follows immediately from Proposition 2.1 that for any € > 0 and y € (0, @),
I SUP; 7 SUP|s ) < | X () — X(s)|
R T (log 1 o 4

Since € > 0 and y are arbitrary, (4.2) follows.

Under condition (1), the same proof will go through because when 0 < o < 1, the lower
bound on b is not needed for establishing E [(M,(,”))y] < K n%7/* for some K > 0 (see
Remark 3.5). This completes the proof of Theorem 4.1. [
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The above theorem has three important consequences (see below) that describe how the
uniform modulus of continuity changes for self-similar stable random fields with stationary
increments as we pass from a dissipative action to a conservative one in the integral represen-
tation of the increment fields. The more the strength of conservativity of the action, the lower
the value of the (weak) effective dimension of the increment fields and the smoother the paths
of the original field due to longer memory will be.

Corollary 4.2. Let X = { X (t)} repa e a real-valued H-self-similar SaS random field with
stationary increments and with the integral representation (4.1). If, for every vertex v € V,
the increment process Y defined as in Theorem 4.1 is generated by a dissipative action and

a>ﬁ, then for any 0 <y < «,

su sup._. <, | X(@#)— X(s
Prer SO X Z X _ (4.4

i
o AH=dI0(log 1/ )17

Proof. Considering the same chaining sequence as in the proof of Theorem 4.1 with the £*°
metric, we may proceed similarly as in (4.3) to derive that for any 0 < y < «,

E(max max | X(z,) — X(T,;_l)ly) <27mH ZE [(Méz)—l)y] .

€Dy ¢/
n=n T,,_|€0nfl(fn) veV

where M® is the partial maxima sequence of the stationary SaS random field Y. From
Theorem 3.1 in Section 3, when Y is generated by a dissipative action, we have
lim ]E[(Z” — 1y rdle (M;zg)y] —c (4.5)
n—0oQ

where ¢ > 0 is a finite constant. Hence, there exists a finite constant K such that

E(max max  |X(7,) — X(r’il)|1’> < K2 nvH=djo)

W€Dy Ir/z—l €0y—1(t)

for all sufficiently large n. It is now clear that (4.4) follows from Proposition 2.1. [

Corollary 4.3. Let X = {X(t)}teRd be a real-valued H-self-similar random field with
stationary increments as in Theorem 4.1. If, for every vertex v € V, the increment process

Y™ has effective dimension p < d and o > 'L then for any 0 < y < «,

tim sup oo PreT SUPls—rloo <h |X() — X(s)|
ior RTE(og /T

a.s.

Proof. The proof follows similarly along the lines of Corollary 4.2 by using the bound on
moments in terms of the effective dimension in Theorem 3.6. O

Corollary 44. Let X = {X(t)}teRd be a real-valued H-self-similar random field with
stationary increments as in Theorem 4.1. If for every vertex v € V, the increment field Y
has weak effective dimension bounded by 6, € (0, « H), then for any 0 < y < «,

SUPser SUP|s—t| o <h | X(1) — X(s)] _

lim sup =0 a.s. 4.6)

hs 04 hH=62/2)(1og 1/ h)\ /Y
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Proof. The proof follows immediately by using the same arguments as the second part of
Theorem 4.1. O

Remark 4.5. (i) If the (weak) effective dimension of the increment fields in Corollaries 4.3
and 4.4 is strictly less than d (i.e., when we are not in the full-dimensional case), our uniform
modulus of continuity results improves the leading (polynomial) term of the existing ones (see,
for example, [45] and the references therein). On the other hand, in the full-dimensional case
(i.e., in Corollary 4.2), we better the logarithmic term in the modulus of continuity.

(i) From the proof of Corollary 4.4, it transpires that even when the weak effective
dimension of Y is bounded by 6,(v) (that may depend on v € V), (4.6) holds with 6, replaced
by max,cy 6>(v) as long as this maximum is strictly less than ¢ H. A similar comment applies
to Corollary 4.3.

5. Examples

The theorems in Section 4 can be applied to various classes of self-similar random fields
with stationary increments. In the following, we give three examples of them: linear fractional
stable motion, linear fractional stable field indexed R?, and harmonizable fractional stable fields
indexed by R¢ for any d > 1. For further examples of self-similar processes with stationary
increments, see [25,26,38].

5.1. Linear fractional stable motion

For any given constants 0 < o < 2 and H € (0, 1), we define a SaS process Z# =
{Z"(1)}yer, with values in R by

711 = « /l;{(t — g (—s)f‘”‘”} M (ds), (5.1)

where x > 0 is a normalizing constant, 7y = max{¢, 0} and M, is a S«S random measure with
Lebesgue control measure.

Using (5.1) one can verify that the stable process Z is H-self-similar and has stationary
increments. It is a stable analogue of fractional Brownian motion, and is called a linear
fractional stable motion (LFSM). Many sample path properties of Z# are different from those
of fractional Brownian motion. For example, [19] showed that, if Ho < 1, then Z H has a.s.
unbounded sample functions on all intervals. [41] showed that, if Ho > 1, then the index of
uniform Holder continuity of Z7 is H — é

In order to apply the results in Section 5, we consider for every v € {—1, 1} the increment
process

YO) = / {(r +o—) V- s)f*”“} M,(ds). (5.2)
R
Then for any n > 1,
o 1/a
W = ( max ‘(k +v— s)ffl/a —(k— s)ffl/a ds) .
ROSkSVl—]
For simplicity, we only consider the case of v = 1 and write b\’ as b,. The case of v = —1
can be treated the same way. For integers k € {0, 1,...,n — 1}, let gx(s) = (k+ 1 — s)ilil/“
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—(k— s)ffl/ . It is easy to see that for each fixed s < k, the sequence gi(s) is non-negative
and non-increasing in k. We write b% as

£+1

0
b =/ max gk(s) ds—i—Z/ max gk(S) ds

0<k<n 0<k<n—

(5.3)
+1

0 o
= / go<s>“ds+2 / max{gz(s),geﬂ(s)} ds,
o0 =07t

where g, = 0. Now it is elementary to verify that each of the (n + 1) integrals on the right
hand side of (5.3) is a positive and finite constant depending only on « and H. Except the
first and the last integral, all the other integrals are equal. Consequently, there is a positive and
finite constant K such that

lim n="*p, = K.

n—00

Hence, for v € {1, —1}, the weak effective dimension of the stationary SaS process
{Y®m)},_, is 1. It can be verified that

Z |gk()| <00 forae. s eR.

keZ
It follows from Corollary 4.2 of Rosifiski (1995) that { Y (”)(n)}nGZ is generated by a dissipative
flow. Moreover, Condition (2) of Theorem 4.1 is satisfied with 6; = 6, = 1. It follows from
(4.6) that if « € (1,2) and H > 1/«, then for any 0 < y < «,

. SUP; (0,17 SUP|s—r|<h |ZH (1) — ZH (s)]
lim sup

=0 a.s. 5.4
m s W17 (log 1/ )77 “ 64

This result improves Theorem 2 in [15] for linear fractional stable motion Z¥ with H >
1/. In this case, [41] established a stronger result on uniform modulus of continuity by using
more delicate analysis.

5.2. A linear fractional stable field indexed by R>

In this subsection, we give a new example of a linear fractional stable field for which our
results perform better than the existing ones. This happens because the increment fields have
effective dimension 1. We would like to mention that this example can easily be extended
to an R?-indexed field but for simplicity of presentation, we only consider the d = 2 case.
Throughout this subsection v and ¢ will denote the vectors (vi, v2) € R? and (11, 1n) € R?,
respectively.

For 0 < o <2 and H € (0, 1), we define an SaS random field {W# (z,, )}, nery bY

Wi = [ {6 - = o7 - 7 )
R

where M, is a SaS random measure with Lebesgue control measure. It is easy to check that
this random field is H -self-similar with stationary increments. For each direction v = (v, vy),
the stationary So S field
YO, ) = W + v, o+ o) - WL ), (nn) € RY
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has integral representation (2.5) with ¢¢, 1) = 1,

) =@ —v = (T s eR,
and

ba,.)8) =5+t —1t, seR

Applying an argument used in Example 3.5 of [8], it follows that each increment field
{(Y®1%)(4) 1,)} has effective dimension 1. Therefore, Corollary 4.3 of our paper yields that
forx € (1,2), H € (1/a, 1) and for all y € (0, @),

i sup SPreto 1 SUPLs 1oz W) — WHGs)
h*()*p hH=1/)(log 1/ h)V/Y

Note that (5.5) cannot be obtained using the existing results (e.g., Corollary 3.7 of [45]) on
uniform modulus of continuity for self-similar stable random fields with stationary increments.

=0 a.s. 5.5)

5.3. Harmonizable fractional stable fields

For any given « € (0,2) and H € (0, 1), let Z# = {Z# (1)}, g« be the real-valued harmo-
nizable fractional SoS field (HFoSF or HFSF, for brevity) with Hurst index H, defined by:

i{t,x) __ 1 ~

Z"(1) =R Re fRd e Ma(d). (5.6)

where Re denotes the real-part, (¢, x) the usual inner product of ¢ and x, Ma a complex-valued
rotationally invariant «-stable random measure with Lebesgue control measure, and ¥ is the
positive normalizing constant given by

a2

~n( [ (1=cosié ) )‘/“
K=2 (/;W MEE dx , 5.7

where £ is an arbitrary element of the unit sphere S'. When d = 1, Z¥ is called a
harmonizable fractional stable motion (cf. e.g., [38]).
For every v € {—1, 0, 1}4\{0} consider the increment process

Y®(t) = ¥ Re /

Rd |x

ei<t+v,x> i(t,x)

—e

T M (dx). (5.8)

Then for any integer n > 1,

b =% (/ max
Rd 0<k<(n—1)1
1/
_x ([ jeto - &
RI et )

which is independent of n. This implies that the weak effective dimension of the stationary Sa.S
process {Y(”)(t)}tezd is 0. Applying Corollary 3.2 of [34], one can verify that {?(“)(t)}
generated by a conservative flow.

We remark that the results in Section 3 are not applicable for determining the precise
magnitude of the maximal moments E[maxofkf(n,l)l |Y (”)(k)|y] for y € (0, ®). Some partial
results are known. It follows from Theorem 2.1 of [20] that if 0 < « < 1 then for any

€i<k+u,x) _ ei(k,x)

o dx 1/a
|x|o¢H+d)

rezd 18
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0 <y < a,one has K < ]E[maxogkfn_l |Y(“)(k)|y] < K’, where K and K’ are positive

and finite constants. When 1 < o < 2, by appealing to the fact that Y(U)(t) is conditionally
Gaussian, see [6,7], or [15], we can modify the proof of Proposition 4.3 in [45] to derive the
following upper and lower bounds
K < ]E[ max |17(“)(k)|y] < K'(logn)”" (5.9
0<k<(n—1)1

for some positive and finite constants K and K'. We omit a detailed verification of (5.9) here
because it is lengthy and does not produce the optimal bounds. In the case of @ = 2, it can be
proved by applying the Sudakov minoration (see Lemma 2.1.2 in [42]) that the upper bound
in (5.9) is optimal. For 1 < & < 2, a lower bound for E[maxo<x<u—1y1 |?(”)(k)|] in terms of
logn and g = a/(a¢ — 1) can be derived from Theorem 2.2 of [20].

It follows from (5.9), (4.3) and Proposition 2.1 with o(h) = hH} log l/hyl/2 that for any
€ >0,

SUP;e(o,11¢ SUP|s—g<p |27 (1) — ZH () _

lim sup 0 a.s. (5.10)

0t hH (log 1/ h)2+a+e
This improves Theorem 4.5 in [45] and extends Theorem 1 in [15] to the random field setting.
However, it is an open problem to determine the exact uniform modulus of continuity for
HFSM Z".
We remark that, even though LFSM Z# and HFSM Z# are H-self-similar with stationary
increments, their properties are very different. By the exact modulus of continuity in [41] and
(5.10), it is clear that the laws of Z and ZH are singular with respect to each other.

5.4. The Mittag-Leffler fractional SaS motions

We provide another application of Theorem 4.1 to the Mittag-Leffler fractional SaS motions
introduced by [24] (see also [9,10] for related results). These processes form an important
class of self-similar stable processes with stationary increments whose regularity properties are
different from linear fractional stable motions and harmonizable fractional stable motions.

For a constant 8 € (0, 1), let S = {Sg(?)};>0 be a B-stable subordinator defined on a
probability space (£2', F', P’). Define its inverse process Mg = {Mg(x)},>0 by

Mg(x) =inf{r > 0: Sg(t) > x}, x> 0. (5.11)

For each fixed x > 0, Mg(x) is a stopping time and its distribution is the Mittag-Leffler
distribution with the Laplace transform

o0
B () = 3 _@y 6 eR.
2 T(1+np)’

It is known from [22] that the process My is B-self-similar and has a continuous and
nondecreasing version. In the terminology of [24], My is called the Mittag-Leffler process.
The B-Mittag-Leffler (or 8-ML) fractional SaS motion Y, g = {Y4 g(f)};>0 is defined by

Yo p(t) :/ Mg((t = x)4, @) dZy (o', x), >0, (5.12)
2" x[0,00)

where Z, g is a SeS random measure on {2’ x [0, co) with control measure P’ x v, with v a
measure on [0, co) given by v(dx) = (1 — B)xPdx, x > 0.
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[24] proved that the B-ML fractional stable motion Y, g is H-self-similar with stationary
increments, where
1-p
H=p8+ T, (5.13)
and is the scaling limit of partial sums of certain symmetric stationary infinitely divisible
processes with regularly varying Lévy measures. Among many interesting results, they also

established the following results on uniform modulus of continuity for ¥, 4 in their Theorem
33:.If 0 < a < 1, then

|Ya,ﬂ(t)Ya,ﬁ(s)|

S a.s. (5.14)
0=s<t<1/2 (t — 8)P|log(t — s)!=F
and if o < 2, then
Yy 5(1)Y,
sup Yo p(0)¥ap () <00, a.s. (5.15)

0ss<t=1/2 (f — 5)8| log(r — 5)>~#
Since B < H, (5.14) and (5.15) show that the sample path of Y, g is rougher than that of HFSM
ZH . This indicates that, even though both Y, g and Z ZH are conservative, the dependence (or
memory) in Z ZH is stronger than in Y, g.

The method for proving (5.14) and (5.15) in [24] is based on a random series representation
for Y, g and a uniform modulus of continuity for the Mittag-Leffler process Mg. We provide
an alternative approach for studying the uniform modulus of continuity of Y, g.

For every v € {—1, 1}, we consider the increment process

Y0 = f [Ma(t +v =001, 0) = My((t = )1 @) [ dZep@. ). (5.16)
2 x[0,00)

By Theorem 3.5 of [24], the stationary sequence {Y")(n)},=¢ is generated by a conservative
null flow and is mixing.

For simplicity, we only consider v = 1 and write the corresponding b{") as b,. Then for any
integer n > 1,

b = / max [M,g ((k+1=x)40) — My((k — x),., w’)]aP’(dw')v(dx)
2/ x[0,00) 0=k=n—1
o\ dx
— (- ,3)/ (0<r]£1<ax Mp((k+1—x),) — Mg((k — x)+)] )x_ﬂ

dx

n—1 41 N
=1 —ﬂ)Z/ f<€<r£g§_l[Mﬂ(k+ 1—x) —Mﬂ((k—x)+)] )x_ﬁ
(5.17)

In the following, we obtain a lower bound of b, and a slightly worse upper bound. To this
end, we will make use of the following facts, where (i) follows from Lemma 1 of [12] and (ii)
is from p. 246 in [24] or Exercise 5.6 in [17].

(i). There exist positive constants c3 < c4, depending on B such that the small tail probability
of Sg(1) satisfies

exp<—C49*ﬁ/<1*ﬂ>) <P(Sp(1) < 0) < exp<—C39*ﬁ/<1*ﬂ>), 6 € (0,1). (5.18)
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(ii). For a constant r > 0, let §, = Sg(Mg(r)) — r be the overshoot of the level r by the
B-stable subordinator {Sg(¢)};>0. The law of §, is given by

sin 87

P, € dn) = rPr+m'nPdn, n>o. (5.19)

(iii). By the strong Markov property of Sg, we have that for any r > 0 the process
{Sp(Mp(r)+u) — Sp(My(r))} -, is independent of the o-algebra Fiyy (i.e., the history
up to the stopping time Mg(r)) and has the same law as {Sg(u)},>0. In particular,
{S,g (M,g(r) + u) — S (M/g(l"))}u>0 is independent of §,.

To get a lower bound for b,, we fix £ € {0,1,...,n— 1} and x € [£, £ 4 1] first and write
the expectation in the last line of (5.17) as

E’( max [M,S (k+1—x) — Mg((k — x)+)]“>

l<k<n-—1

. /00 ua—l]}w< max [Mﬂ (k+1—x) — My((k — x)+)] > u) du (5.20)
0

e<k<n—1
> oz/oo u“il]P”(Mﬁ(ﬁ +3—x)—Mg(t+2—x)> u) du.
By the de(;inition of Mg, the aforementioned facts (ii) and (iii), we have
P’(Mﬂ(ﬂ +3—x)—Mg(t+2—x)> u)
= ]P/(S,g(Mﬁ(e 42— x)tu)— Sp(Mpt +2—x)) <1 — 5”2,,5)

: 1
_ sin7p +2—x)F P(S(u) < 1 = n) dn (5.21)
B Jo U+2—x+mn’
_sinmB [0 (0+2—x)f
Bl €+r2—x+mnf
Plugging (5.21) into (5.20), we derive

E’( max I[Mﬂ ((k+1-x),) — My((k — x)+)]a)

]P”(Mﬁ(l —-n) > u) dn.

(<k<n—

. [} 1 14 2 _x)8
2ocsmnﬁ/ [ e 2 ) p(My(1 =) > u)dd
0 0

B L+2—x+nnt
sinf (! , (5.22)
E'(Mg(1 —n)*)d
B Jo €+2—x+mnf (Mp(1 =)} dn
sin 7B 1 (1 —n)f

ZTE(Mﬁ(l)) 0o L+2—x4+nnf

>K >0,
where K > 0 is a constant. In the above we have used the fact that 1 < £ +2 — x < 2 and
E’(Mﬁ(l - r;)“) =(- n)“ﬁ]E’(Mﬁ(l)“).
It follows from (5.17) and (5.22) that

n—1 +1 dx
bE=KY. — —K'n'"F. (5.23)
n Z=0 e xﬂ

This gives a lower bound for b,,.
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In order to derive an upper bound for b,, we consider the increasing function

d(x) = exp(%x’/> -1,

where c3 is the constant in (5.18) and y = a(l;_ﬁ) Then &(x) is strictly increasing, ¢(0) = 0,
and convex over the interval (a, o) for some constant @ > 0 (¢ = 0 if y > 1 and @ is
an Orlicz function). The inverse function of @ is given by #~'(y) = (In(1 + y))l/y. Itis a
decreasing function and is concave on (9(a), 00).

To consider the maximum moment in the last line of (5.17), we denote & = Mg (k +1-—
x) — Mg ((k — x)+) for k > €. Then similar to (5.21), we apply the aforementioned facts (ii)

and (iii) to obtain that for any k > £+ 1 and u > 1,

P (6 > u) = P'(Sp(Mpk — x + ) = Sp(Mptk =) <18
sinep ' (k—x)P
T B Sy =x+mnp
- sin T8 ! (k — x)?
} i ’ R * —kx ! nﬂ) " 1/(1-B)
SIn T — X u -
=75 : ) = +7)7)n'3 eXp<_c3(<1 ) >d"
K(k = )7 exp(—cqu'/17P).

P'(Sp(u) < 1 —n)dn

P'(Sp(1) < (1 —n)/u'’?)dn (5.24)

IA

For the case of k = £, we have & = My (E +1-— x), hence
P'(& > u) =P (Spu) <€+ 1—x) < exp(—cwl/(l’ﬁ)),

Let @’ > a be a constant. Then (£ +a’) > @(a). It follows from (5.24) that for k > £+1,
o0
E’(@(g,f‘ + a’)) - / Q/(u)[P”(E,f‘ ta > u) du
0

o0
< K(k— E)‘1+’3<1 +f qﬁ’(u)exp(—c3(u _ a’)l/“—f‘))du) (525)

a'+1

<K'(k—o ",

where K, K’ are finite constants. For k = £, the expectation is finite. Hence, by Jensen’s
inequality and (5.25), the maximum moment in the last line of (5.17) can be bounded by

B max &) < 07 (2/(0( max 1 )

n—1
< qﬁ—l(ZE’(@@f +a’>))
= (5.26)
n—1
< ¢! (K’(l + > k- z>-‘+f‘))
k=0+1
< K(In(1 +n)""".
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Combining (5.17) and (5.26) yields
—1
o 1 1y 1— 1y
b < Kze—ﬂ(lnn) < Kn'"P(In(1 +n)) """ (5.27)

Therefore we have proven that for all n > 1
K'n'F < b2 < Kn'"P(In(1 +n))""", (5.28)

where y = ;55 1 5 We remark that the upper bound (5.28) may not be sharp, but we are not
able to improve.
Following the proof of Theorem 3.4 (see Section 6.2), we get that (5.28) yields for all

€0 ),
E(MS,) < KibS < Kon =P (In(1 + n)) /7, (5.29)

where M, , is the partial maxima sequence (2.12) for {Y(v)(n)}n>0 (When 0 < a < 1, (5.29)
follows directly from Remark 3.5.) Then it follows from the proof of Theorem 4.1 that for any
e >0,

su —_fl< Ya, t) — Yol, s
lim sup Psreto.s—r1zn Yo p 1) s =0 as., (5.30)

s 0 hB(log 1/ hyr+a+e

where y = a(l;_ﬁ)

To compare (5.30) with the results (5.14) and (5.15) of [24], we notice that the power of the
logarithmic factor in (5.30) is —=— (1 5) + ¢ which is bigger than 1 - if 0 < o < 1 Thus for the
case 0 < o < 1, (5.14) is stronger than (5.30). When 1 < o < 2, we have a(l /3) — B if
B > 0is small and « is close to 2. In such a case, (5.30) is stronger than (5.14). However as in
the case of the harmonizable fractional stable motion Z#, it is an open problem to determine
the exact uniform modulus of continuity of Y, g.

6. Proofs of theorems in Section 3

In this section, we prove Theorems 3.1, 3.4 and 3.6. The key idea is to encash the series
representation given in [35] (and follow the proof of Theorem 4.1 therein) to obtain sharp tail
bounds for the lower powers of maxima of stationary S«S random fields and then invoke the
dominated convergence theorem.

6.1. Proof of Theorem 3.1

In the following, {I';};> denotes the arrival times of a unit rate Poisson process on (0, 00),
{£;1j>1 is a sequence of i.i.d. Rademacher random variables, and for each fixed n € N,
{U](A”)}j>l is a sequence of i.i.d. S-valued random variables with common law 1, whose density
is given by

dny
du

=bh % max 1|f,(s)|"‘, s eS.

" 0<t<(n—1)
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All three of the above sequences are independent. For each fixed n € N, we will make use of
the following series representation for the random vector (Yk, 0<k<(n- 1)1):

00 (n)
d » o fiU:™)
Yie = b, C* Y &I : ==
o maxme(o,;—y1) | fn(U; )]
See Section 3.10 in [38].
We first consider the case (1) when Y is generated by a dissipative action. It follows from
(2.10) that the deterministic sequence {b,},>1 satisfies

lim n~Y%b, = ¢y, (6.2)

n—oo

0<k<(@m-DIL 6.1

where ¢y > 0 is a constant. This implies that b, satisfies condition (4.6) in [35], namely
@rB): b, > cn® for some constant ¢ > 0
with 6 = d/«. Additionally, condition (4.8) in [35] also holds, i.e., for all € > 0,
fulU™)
maxycio.o- o | fn (U] g

as n — 00; see Remark 4.2 in [35] (or Remark 4.4 in [34]). Further, (6.2) implies that for any
p > «, there is a finite constant A such that

(UB) : nib P < nib® < A.

(LL): P |:f0r some k € [0, (n — 1], €, j=1, 2:| — 0

Note that (LB) is a lower bound on b, that is essential in carrying out our arguments and
(UB) yields (LB) when the underlying group action is dissipative. The condition (LL) ensures
that only the first term of the series representation (6.1) contributes to the asymptotics of the
maximal moments.

Let K =d, € and § be chosen such that

)
0<e< —.

Then we obtain from (4.21) in [35] the following upper bound on the tail distribution of b, ! M,
under (LB) and (LL):

P(b; M, > 1) < P(CYAITV > (1 = 8)) + ¢ule, 2) + Ynle, 8, 1), 6.3)
where
Y fu@i™) €A

Wy o Al
maxme[O,(n—l)l]'fm(Uj )| Co

Pu(e, A) = IP’(EIk e [0, (n — 1)1],

for at least 2 different j/s>

and

S VX o

= maxuero.o-vn | fn UM Ca 1S o

b,A(1 -6 s by A

¥and I 1/ SW—E)
Ca’* 11 f o

max
kel0,(n—1)1]

Yu(e,8,1) = ]P’(

Fl—l/a <
— 1
C Nl f lla
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Note that

“a bpel
b€, 1) < nd]P<Fj Ve o Ua—é
o [ flle
In deriving the last inequality, we have applied the fact that for every k € [0, (n — 1)1], the
points

for at least 2 different j’ s). (6.4)

(n)
bt I feU;") =12
maxg<s<u—ny | f5(U; )l
have the same joint distribution as the points
Eillfll T =12,
which represent a symmetric Poisson random measure on R with mean measure
Al(x,00)) =x7"*| fll5/2, forx > 0. (6.5)

In the above, the function f is given in (2.5) and || f|ly = (fs |f(s)|°’,u(ds))1/a. Similarly, we
have

buh polfe - byA(1 — 8)
’ 1 —_ ’
Co NI f lla Co NI f lla
—1/a bn)\é
and I, /¥ < —"—— ).

N N
(6.6)

>

[0.9]
Vale,8,2) < ndP(\ e
j=1

For any 0 < 8 < «, by using the tail bound in (6.3) we have
o0
E[b,”MF] =/ P(b,'M, > '/F)d<
0
o0
< | PcYerV s 0 - 8))de 67
0 o0 o0 ’
+ | ue. VPt 4+ | (e, 8,7V )de
0 0
= T1(8) + T\ (e) + T (e, ).
It is shown in [35] that for every t > 0,
o (e, rl/ﬁ), and ¥, (e, §, tl/ﬁ) converge to 0,

as n — oo for choices of € adequately smaller in comparison to §.

Next we present non-trivial integrable bounds on (1, c0) for integrands ¢, (e, t'/#) and
Y, (e, 8, T'/P) in T;")(e) and T;")(e, 8) in (6.7) respectively, and use the trivial bound of 1
on (0, 1). Finally, we apply the dominated convergence theorem to show that the terms
Tz(")(e) and T;")(e, 8) converge to 0 as n — oo.

We begin by providing an integrable upper bound for ¢, (e, 7'/#) on (1, c0). It follows from
(6.4) that

o0
¢u(e. 7)< n'P (Z 1&,~||f||ar;”“ { (=00, =C.*bre!’?)
j=1

6.8)
U (C; " *buet'?, o0) }2 2)

= n/P(Poi(A(B,)) > 2),
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where
B, = (=00, —=C;*b,er'P) U (C, /" byet'/P | 00)

and we have used the fact that
o0
Z - Ffl/a{B } ~ Poi(A(By)).
i=1

Thus, the Markov inequality and definition (6.5) of the mean measure A imply
4 E(Poi(A(By))

¢n(6, 'L'l/ﬁ) <n ) dA(Bn)/Z
o Cae ™ I fly Cle Il fIIg
_ o dp—a o o o
=n bn P 2 <A 7l . (6.9)

The last inequality in (6.9) follows using (UB) and yields an integrable upper bound in t on
(1, 00). We apply the dominated convergence theorem to Tz(")(e) as

1 oo
T," () = f $ule, T'/P)dT + f pule, T/P)dx
0 1
by using the trivial bound of 1 on (0, 1) and the bound derived in (6.9) on (1, co) to conclude
TZ(")(E) — 0 as n — oo.

We next derive an upper bound for v, (e, §, 71/8). 1t follows from (6.6) that Y (e, 6, /8y is
bounded from above by

( l/ot Z%-/ —l/a

_ b, TP
and C)/* T a o 20T € por all = 2)

Vo p=1/e _ bn":l/ﬁ(l —6)
||f||a « - IS Ml

3

T S lle
1B (s — _
Sndp< cle Z &1 ~1/a bnf (6 —e(K 1)))
Pt I lle
b /B¢
]/ —l/a n
( ’ Z 15 171 )
j=K+1 o
1/a 0 (3
Il Veye gl
<nd
- ” Tp/ﬂep
l/a %_ —l/oz
< Al f||” k1§ using (UB) (6.10)
- TP/Bep ’ ’

For any p such that o < p < a(K + 1),

E‘C'/“ Z g

Jj=K+1

< 0

(see p.1451 of [35]). Therefore (6.10) gives an integrable upper bound for (e, §, /8y on
(1, 00). By a similar argument using the dominated convergence theorem, we have

T;n)(e) — 0asn — o0.
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Using (6.7), we complete the proof by noting

lim sup E[b,# M?] 5/ Py > eV B(1 — 8))de
0

n—oo
oo
:/ (1 —exp(—Cor™*P(1 — 8)™%)) dr.
0
By letting § — 0%, and applying the dominated convergence theorem again and using (6.2),
we have

limsup E[n~/*M#] < EéCf/“]E[Za//g].

n— 00

The argument for establishing a corresponding lower bound is similar. We start with the
following lower bound for the tail distribution of b, 'M, from [35],

P(b,' M, > 2) = B(CY T > A1+ 8)) — dule, 1) — Yn(e, 8, ), 6.11)
where ¢, (e, A) is the same as in (6.4) and Izn(G, 8, A) is defined by
= &I KU

j=1 maX,,e[0,(n—1)1] |fm(Uj(‘n))|

A
l 9
CN flla

Un(e, 8,0) =P <

max >
kel0,(n—1)1] ’

e b1 +8 a by
Fll/f%,andle/fw—e)
o Ifla o IIflla
o0
“1/a b, A e buA(1 4+ 6)
Snd]P<‘Z§ijl/ > e ry Enl/a—,
s Co I flla Co 1 flle
_ b, A
anszl/afl/a—E).
Co I flla

By a similar argument leading to (6.7), we obtain

o0
E[b;*MF] = / P(CYeTy ™ > VA1 1 8))dr
0

—/ ¢n(e,r”ﬂ)dr—/ Uale, 8, 7VP)dr (6.12)
0 0

=Ti(6) — T,"(€) — T{"(e, §).
By applying the dominated convergence theorem with the integrable bounds derived in (6.8)

and (6.10), we derive

liminf E[n =%/ MP] > 64 CELIB [ Zyys].

n—o0o

Combining the above inequalities, we prove (3.1), that is
n~#IE[MF] — C as n — oo.

In the case of a conservative action, let W be a stationary S«S random field independent
of Y, having a similar integral representation with SaS measure M’ on space S’ with control
measure u’, independent of M in the integral representation of Y. That is,

"o d! 1/«
W, = / c;(s)(d“ fb‘(s)) g o ¢/ (s)M'(ds), 17
s dp
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Denoting the above integrand by g,(s), further let W be such that the sequence

1/a
bY = <[ max , |g,(s)|°‘u/(ds)) , n>1,
s

1 0<t<(n—1

satisfies (LB) for some 6 > 0.

Define Z = W + Y. Then Z inherits its natural integral representation on S U S’ and
the naturally defined action on that space is a stationary SaS random field generated by a
conservative Z?-action. The deterministic maximal sequence bZ corresponding to conservative
Z satisfies (LB) as
b% > b)Y for all n.

n

Using symmetry, we have
z 1
IP’(Mn > x) > EP M, > x) (6.13)
and

E[n~%/*MF] :/ P(n~*M, > '/P)dr
0

1
< 2/ P(b)H'M! > ct'P)dr
0
+2/ P (b)) 'M! > ct'P)dr
1
=50 4 §@
n n

with the second step following from (6.13) and that n=4/*bZ converges to 0 and hence is
bounded by a constant 1/C say. We use the fact from [35] that

n~ M, = 0asn — oo,
and conclude (3.2) via a dominated convergence argument by using the trivial bound
P(b))'M; > ct'P) <1

for T € (0, 1) and obtaining a non-trivial integrable bound for the same on (1, c0). Again with
a similar choice of € as in the dissipative case, we have

P(MZ? > CbZc'P) < P(I7'* > Ct'/Pe)

+P(M} > CbZt'P, Fl_l/“ < Ct'Pe),

where M7 is the maxima, and b7 is the corresponding deterministic maximal sequence for
Z. Let Z have a series representation in terms of arrival times of a unit Poisson process, I';
and Rademacher variables &;. Now choose K large enough so that (K + 1) > d/6. For p
satisfying

d

) <p<alK+1),

116



S. Panigrahi, P. Roy and Y. Xiao Stochastic Processes and their Applications 136 (2021) 92—124

using a technique similar to (6.10) by an application of Markov’s inequality, we derive an
integrable upper bound for T € (1, c0) as

IP’(M,,Z > CbZ7'P, Fl_]/a < Ctl/ﬁe)

o0
_ Cbzfl/ﬁ _ CbZTl/ﬂG
< ndP( C;/QZ%F,‘ Ve| o Z7n Ve p=tfe o Z7n )
=1

ot A e i
If e ™ (vl P

o0
_ CbZrl/p
d 1/a ) 1/a n
=" P( Gl | =
j=1 “
_ CbZt/P¢
clep Ve < Zon = forall j e N>
J I £ %]l (6.14)
o0
SndIP<CO‘/°‘ Z g,r}.—l/“ > C| fZ1; b (1 —Ke))
j=K+1
1/a 00 —1/a|P
12 IEE|C 5 e I

= nd(bf)ipcp '[P/,BGP

1/a [es] —1/a
Co Zj:K-H ;1

p
E

< ACP|f712 —TRer

Observing that
o0
/ P17 > ex'P)dr = € PE[Zyy5] = € PT(1 — BJa) < o0,
0
and using integrable bound for
IP(MZ > tV/Bp?, Fl_l/a < et]/ﬂ)

as derived in (6.14), we obtain a nontrivial bound for S». Applying the dominated convergence
theorem with the trivial bound 1 for SV and an integrable bound for S®, we conclude (3.2).
This completes the proof.

6.2. Proof of Theorem 3.4

The proof again follows by noting that

oo
E[b,? M!] =/ P(b,'M, > t'/P)dx
0

o0
S/ {P(Fl_l/a>r1/ﬂe)
0

+P(M, > VB, ITI/“ < rl/ﬂe) } dt

1
=PI - B/a) +/ P(M, > t'b,, 17V <<Pe)dr
0

+/ P(M, > t'b,, IV <<'Pe)dr.
1
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The integral over [0, 1] is bounded by 1. To bound the integral over (1, co), we choose K large
ad

enough so that (K + 1) > o Fix € satisfying 0 < € < % and p satisfying
ad
o <p<alK+1).
1

The same argument as in (6.14), together with the lower bound in (3.5), gives

_ B
P(M, > t'/’b,, I Ve < t'/fe) < TBep
T €

where

o0 p
-1
B = A|fIZE|CY* Y eI

j=K+1

It follows from above that

o0
B
—B AP —B _ -
E[b,"MP] <ePI(1 ,3/01)-|—1—i—/1 -L—P/ﬂepdt
= Kl < Q.
Hence
E[MF] < K| -bf < Kjcy - nP?/*

for all sufficiently large n, say n > ng. Taking K’ = max{c,K; E[Mf], k < np} yields (3.6).
6.3. Proof of Theorem 3.6

(1) When the action {¢;};cF restricted to the free group F is dissipative, then by Proposi-
tion 5.1 of [34], the sequence {b,},>0 satisfies
lim n~?/%b, = ¢, a constant,
n—oo
which implies that b, satisfies (LB) with 0 = p/«. Also, (4.17) of [34] holds; see the proof
of Theorem 5.4 in [34].
Now we choose K such that «(K + 1) > da/p, use the same tail bound as in (6.3) and
apply the dominated convergence theorem using integrable bounds on

-1, -«

C, e
dule, TPy < nlb = < KaCyle e,

/ 1 -1
IFIEE|Ca™ Yy 6T

-L'P//ﬁgp/

Ve, 8,7) <n'b,”
< Kse P P/B,
for p’ satisfying
da

— <p <aK+1).
4
Then as in the proof of (3.1), (3.7) follows.
(2) When the action {¢,},. is conservative, we can obtain a stationary SaS random field
Z generated by a conservative Z?-action such that b7 satisfies (LB) for some 6 > 0 and

nPp% — 0 as n — oo.
Again by the exact argument used to prove (3.2), we obtain (3.8).
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Appendix. Maximal moments for continuous parameter case

Here we present the theorem on the rate of growth of moments of maximum of Sa.S process
indexed by continuous time in R, which can be easily extended to the class of fields indexed
by R? (see Remark A.2).

Theorem A.1. Let Y = {Y(¢t)},er be a stationary measurable SaS process with 0 < a < 2
and having integral representation as

du o ’ 1/a
Y(t)éffz(s)M(ds)=/ct(s)( l; ¢ (s)) fogi(s)M(ds), t €R,
N S n

where f € L*(S, ), {¢: }ier is a nonsingular flow, {c,},cr is a £1-valued cocycle with respect
to {¢;}ier and M is an SaS measure with control measure w,; see [28].
1. If Y is generated by a dissipative flow, then for 0 < 8 < «,
E[T‘ﬁ/“Mﬁ] —Cas T — o0, (A.1)

where C is a positive constant with an expression analogous to (3.3).
2. If Y is generated by a conservative flow, then

E[TPML] — 0 as T — . (A.2)

Proof. Stationarity and measurability together imply continuity in probability for stable
processes (see Proposition 3.1 of [33]). Therefore following [36], we shall approximate the
stable process (and all of its functionals) by its dyadic skeletons even without writing it
explicitly at times. This will ensure, in particular, that every quantity considered in this proof
is measurable.

As in the proof of Theorem 3.1, we consider cases (1) and (2) separately. When Y is
generated by a dissipative flow,

1/a
{brir=0 = {(f sup Iﬁ(S)I“M(dS)) }
S 0<t<T

satisfies limy_, oo T~'/*b; = ¢, a constant. The above implies that by satisfies conditions (2.9)
with & = 1/« and (2.12) in [36], analogous to (LB) and (LL) in Theorem 3.1 for fields indexed

119

T=0



S. Panigrahi, P. Roy and Y. Xiao Stochastic Processes and their Applications 136 (2021) 92—124

by Z¢. For a choices of € > 0 and 0 < § < 1 such that € is chosen small enough as compared
to § and for K =0, 1, 2, ... satisfying

K< ——,
eCol/a

we bound the tail distribution of b;lMT as
P(by' My > 1) < P(CYAT* > a(1 = 8)) + dr(e, 1) + Yr(e, 8, ), (A3)
taken from [36]. The quantities ¢y and {7 in (A.3) are defined and bounded as follows:
i
o > €
Supse[O,T] |fs(Uj )|

for at least 2 different j's )

dr(e, \) =P (for some t € [0, T],

(A4)

. | £U)|
<|TJP < I sup — @
0<t<l1 Sllpse[o,'r] |f¥(Uj )l

for at least 2 different j's ),

where | T | denotes the smallest integer > 7" and the inequality follows from the same argument
as in (2.26) of [36]. Furthermore, the random points

. ;"
byl Sl j=12...

sup,cio.7 15U )N
have the same distribution as
| f:(V))]
supejo.1y 1S5Vl

where {V;} is identically distributed as {Ujm} and independent of {I;}. This and (A.4) imply
that

Zj(ty="b ;" =1,2,...,

pric.2) < TP ( b sy — Dy

0<r<1 SUPsero17 | fs(V))I
for at least 2 different j's >

[o.¢]
= TP Z 1{Supte[0,1] \Zj(t)\}(bTE)‘s 00) > 2
j=1
For set of interest
B(T) = {(z(t); 1 €0, 1]+ sup |z(r)] > brek},
1€[0,1]
{Z;(t), j = 1} are points of a Poisson random measure with mean measure

A(B(T)) = <bzk>_ .
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Using the fact that [T]b7% < K4 a constant, we have

or(e, A) < Kubfe 2177, (A5)
Similarly as above, we have for 0 < € < §/K,
00 )
- Lfi (U
WT(G,&)»):IP (bT sup Z%-]FJ lja I\~ 5 - C(x—l/(be)L;
rel0.711 52 SUPef0.7] IfX(Uj )

bl < bya(1 —8) and by Iy /% < ;,TM)
(A.6)

o0

L/ (VI

—_— | > C;l/"‘bT/\;
SUPse(o,1] |fs(Vj)|‘

< |T]|P (bl sup
tel0,1]

—1/a
Sjpj
j=1

by IV < bra(1—68) and by I % < bﬂe) .

Using the same argument as in (2.29)—(2.33) of [36], leveraging on the observation that
e AW
i T)

SUPse0,7] |fs(Uj )]

are identically distributed as Z;(t) and applying an exponential Markov inequality in the
penultimate step, we derive

brI’

Z Ejpi—l/a _ | (VI

Vr(e, 8,A) < LTJIP’( sup m‘
se[0,1] 1/ s\ V)

te0,1]

J=K+1

> br(1 —eCY*)by'C )

00 xK (1- eCOI/a))»logZ
<4l7) [ e e | - 1 -
0 : (y +2x=1%br)b Cq

1 K
<4|T| <C1 exp(—c(MT?) + / % exp(—x — czxx'/aTe)dx),
O .

where ¢(A) is an increasing function of A.
For any 0 < 8 < «, using the tail bound in (A.3) we have

o0
E[b;” M}] =/ P(b;' My > ©'/)dt
0
o0
< / P(CYer V> V81— §))dr
0

o0 o0

+f W@H%M+f Yr(e, 8, t'/P)dt
0 0
=Ti(8) + T, (e) + T (e, §).

Again from [36], we know that, as T — 0o, ¢7(€, T) and ¥ (e, 8, T'/#) converge to 0 point-
wise for all T € [0, 0o). Hence using the integrable bounds derived in (A.4) and (A.6) on (1, c0)
and the trivial bound 1 on (0, 1), we apply the dominated convergence theorem to conclude that

TZ(T)(e), T;T)(e, 8) > 0as T — oo,
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which gives

o0
lim sup E[b,” M} ] 5/ PV s Ve P (1 — ))de

T—o0 0
o0
= / (1 —exp(—Cot™*P(1 — 8)7)) d.
0
By letting § — 07, and applying the dominated convergence theorem again gives

limsupE[T’ﬂ/o‘Mﬁ] < c‘ng/"‘E [Za/ﬁ] .

T—o00

On the other hand, we can use a similar lower tail bound
E[b;" M) = Ti3) — T{"(e) — T{"(e, 8).

and applying the dominated convergence theorem with the integrable bounds derived in (A.4)
and (A.6), we have

liminfE[T~#“M}] > P CH"E [Z,5].
T—00
This concludes the proof of (A.1).

(2) Consider a stationary SaS random field W independent of Y, also given by the integral
representation of the form

w =/ g()M'ds), teR,
S/

where M’ is a SaS random measure with control measure u’, independent of M in the integral
representation of Y and generated by a conservative flow and also satisfying
by > cT? for sufficiently large T (A7)

for some 6 > 0. Define Z = Y + W, a stationary SaoS random process generated by a
conservative R-action with the natural integral representation on SUS’ corresponding to the nat-
urally defined action on that space. Let b% be the corresponding deterministic maximal quantity
defined for the process Z. As b% > b¥ for all T > 0, the conservative process Z satisfies (A.7).

oo
E[T~/*M}] :/ P(T~"*My > '/F)dt
0

1
< 2[ P(f) 'Mf > Ct'/F)dr
0

o0
+2/ P(b5)"'M7 > Ct'/F)dt
1
=5 + 57

with the second step following from symmetry and the fact T~'/*bZ is bounded by C~!, a
constant. Using the bounding technique in (A.6), we have a similar integrable bound for

IP’(M% > ‘rl/ﬁb%, Fl_l/a < rl/ﬁe).
This leads to (A.2) by a similar dominated convergence argument using the fact that
]P’(T’”“MT > tl/’g) -0
as T — oo; see Theorem 2.2 of [36]. [
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Remark A.2. The results presented in this section can easily be extended to stationary
measurable symmetric a-stable random fields indexed by R“. For simplicity of presentation,
we only dealt with the d = 1 case here. This extension to higher dimension can be done using
the techniques of [33] and [8]. More specifically, the idea is to approximate the continuous
parameter random field {X,},.ga by its discrete parameter skeletons {X;},cy-iza, i =0, 1,2, ....

In [8], the notion of effective dimension was extended to the continuous parameter case
based on the following observation: the effective dimensions of {X;},;cp-ize, i = 0,1,2,...
are equal and hence can be defined as the group theoretic dimension of {X;},cga. With this
definition, Theorem A.l can be extended to the higher-dimensional case connecting the rate
of growth of maximal moments to the group theoretic dimension p. We can also define a
continuous parameter analogue of weak effective dimension and relate it to the asymptotic
properties of the maximal moments. In summary, all the results presented in Section 3 can be
rewritten for stationary measurable SaS random fields indexed by R¢.
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