Available online at www.sciencedirect.com

. . stochastic
— ScienceDirect processes
: and their
SPVIER applications
ELSEVIER Stochastic Processes and their Applications 124 (2014) 4266-4282 —_—

www.elsevier.com/locate/spa

On the eigenvalue process of a matrix fractional
Brownian motion

David Nualart?, Victor Pérez-Abreu®*

8 Department of Mathematics, University of Kansas, 405 Snow Hall, Lawrence, KS 66045-2142, USA
b Department of Probability and Statistics, Center for Research in Mathematics CIMAT, Apdo. Postal 402, Guanajuato,
Gto. 36000, Mexico

Received 5 March 2014; received in revised form 20 July 2014; accepted 20 July 2014
Auvailable online 1 August 2014

Abstract

We investigate the process of eigenvalues of a symmetric matrix-valued process which upper diagonal
entries are independent one-dimensional Holder continuous Gaussian processes of order y € (1/2, 1). Us-
ing the stochastic calculus with respect to the Young integral we show that these eigenvalues do not collide
at any time with probability one. When the matrix process has entries that are fractional Brownian motions
with Hurst parameter H € (1/2, 1), we find a stochastic differential equation in a Malliavin calculus sense
for the eigenvalues of the corresponding matrix fractional Brownian motion. A new generalized version of
the It6 formula for the multidimensional fractional Brownian motion is first established.
© 2014 Elsevier B.V. All rights reserved.

MSC: primary 60H0S; 60H07; secondary 47A45

Keywords: Young integral; Noncolliding process; Dyson process; Holder continuous Gaussian process

1. Introduction

In a pioneering work in 1962, the nuclear physicist Freeman Dyson [11] studied the stochastic
process of eigenvalues of a Hermitian matrix Brownian motion. The case of the (real) symmetric
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matrix Brownian motion was first considered by McKean [22] in 1969. In both cases the
corresponding processes of eigenvalues are called Dyson Brownian motion and are governed by
a noncolliding system of Itd Stochastic Differential Equations (SDEs) with non-smooth diffusion
coefficients; see the modern treatments, for example, in the books by Anderson, Guionnet and
Zeitouni [1] and Tao [30].

More specifically, for the symmetric case, let {B(#)};>¢ = {(bjk(t))};>0 be ad x d symmetric
matrix Brownian motion. That is, (b;; (t))?zl, (bjk (1)) j<k, is a set of d(d + 1)/2 independent
one-dimensional Brownian motions with parameter (1 + §;¢)¢. For each t > 0, B(¢) is a
Gaussian Orthogonal (GO) random matrix with parameter ¢ [1,23]. Let A1(z) > Ap(¢) > --- >
Aq(t), t > 0, be the d-dimensional stochastic process of eigenvalues of B. If the eigenvalues
start at different positions A1(0) > X2(0) > --- > X4(0), then they never meet at any time
X1(t) > da(t) > --- > Aq(¢) almost surely V¢ > 0) and furthermore they form a diffusion
process satisfying the 1t6 SDE

o ; ! ds - -
Ai (1) = V2W] +§/O HERwaL 1<i<d, t>0, (1.1)
where W,l, e, W,d are independent one-dimensional standard Brownian motions.

Thus, Dyson Brownian motion can be thought as a model for the evolution of d Brownian
motions A1(f), ..., Ag(¢) that are restricted to never intersect and having a repulsion force
which is inversely proportional to the distance between any two eigenvalues. For that reason
A(t) = (A1(2), ..., Lq(2)) is also called a Dyson non-colliding Brownian motion.

Different aspects of the Dyson Brownian motion have been considered by several authors
[2,6,7,12,14,20,18,27,29]. The corresponding eigenvalues processes of other matrix stochastic
processes and their associated It6 SDEs have been studied in [4,5,10,9,19,21,28], among others.

In the literature, sometimes a Dyson process means a d X d matrix process in which the
entries undergo diffusion, see [31]. The evolution of the singular values of a matrix process is
often called Laguerre process, being an important example the Wishart case [4,5,10,21,28].

The purpose of this paper is to study the eigenvalue process of a symmetric matrix Gaussian
process {G(1)};>( which entries in the upper diagonal part are independent one-dimensional zero
mean Gaussian processes with Holder continuous paths of order y € (1/2, 1). In this case G (¢)
is still a GO random matrix of parameter ¢, for each ¢t > 0, and therefore the eigenvalues of
G (t) are distinct for each t > 0 a.s. However {G(#)},>( is not a matrix process with independent
increments nor a matrix diffusion. We prove that the corresponding eigenvalues do not collide
at any time with probability one. The proof of this fact is based on the stochastic calculus with
respect to the Young integral [32]. Our noncolliding method of proof is different from the case
of the Brownian matrix and other matrix diffusions, for which one first has to find a diffusion
process governing the eigenvalue process as done, for example, in [1] for the Hermitian Brownian
motion. Our result does not include the latter as a special case.

We study in detail the case when the matrix process has entries that are fractional Brown-
ian motions with Hurst parameter H € (1/2, 1). For this matrix process we find a stochastic
differential equation for the eigenvalue process, similar to Eq. (1.1), where instead of \/EWI’
we obtain processes ¥, which are expressed as Skorohod indefinite integrals. This equation is
derived applying a generalized version of the It6 formula in the Skorohod sense for the multidi-
mensional fractional Brownian motion, which has its own interest. Each process Y’ has the same
H-self-similarity and 1/H-variation properties as a one-dimensional fractional Brownian mo-
tion, although there is no reason for them to be fractional Brownian motions. This phenomenon
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is related to the representation of fractional Bessel processes, established by Guerra and Nualart
in [13]. In the case of the fractional Bessel process, the fact that the indefinite Skorohod integral
appearing in the representation is not a one-dimensional standard Brownian motion was proved
by Hu and Nualart in [16]. In our case we conjecture that each Y’ is not a one-dimensional
fractional Brownian motion, but at this moment we are not able to give a proof of this fact.

The paper is organized as follows. Section 2 contains preliminaries on Malliavin calculus for
the fractional Brownian motion. Section 3 establishes a generalized version of the It6 formula for
the multidimensional fractional Brownian motion, in the case of functions that are smooth only
on a dense subset of the Euclidean space, as needed to describe the evolution of the eigenvalues,
a result does not covered in the literature. It also recalls a property on the 1/H-variation of
a divergence integral and establishes a result that allows to compute the 1/H-variation of a
Skorohod integral wrt a multidimensional Brownian motion. In Section 4 we prove that if the
matrix process {G(#)};>( has entries that are Holder continuous Gaussian processes of order
y € (1/2,1), then the corresponding eigenvalues processes do not collide at any time with
probability one. Finally, Section 5 considers the SDE of the eigenvalues of a matrix fractional
Brownian notion similar to (1.1) but in the Malliavin calculus sense.

2. Malliavin calculus for the fBm

In this section we present some basic facts on the Malliavin calculus, or stochastic calculus
of variations, with respect to the fractional Brownian motion. We refer the reader to [26] for a
detailed account of this topic.

Suppose that B = {B;,t > 0} is a fractional Brownian motion with Hurst parameter
H € (1/2,1). Thatis, B is a zero mean Gaussian process with covariance

1
R(t.s) = E(BiB,) = 5 (ﬂ” - s|2H).

The process B is H-self-similar, that is, for any a > 0, {By, t > 0} and {aHB,, t > 0} have the
same law. On the other hand, it possesses a finite 1/H -variation on any time interval of length ¢
(see Definition 3.2) equal to tE(|Z|'/#), where Z is a N(0, 1) random variable.

Fix a time interval [0, T'] and let H be the Hilbert space defined as the closure of the set of
step functions with respect to the scalar product

(Xo,11> 1jo,s1)1 = R(s, 7).
Given two step functions ¢, ¥ on [0, T'], its inner product can be expressed as
T T i
(9, ¥)n =0tH/ / @islt — s 2drds,
0 0

where oy = H(2H — 1). We denote by |H| the space of measurable functions ¢ on [0, T'] such
that

T T
oIy = o /0 fo orllsllt — s 2deds < oo.

This space is a Banach space, which is isometric to a subspace of H and it will be identified with
this subspace. Moreover, we have the following continuous embeddings (see [24]).

LYH (0, T)) C |H| C H. 2.1
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The mapping 1j0,,j — B; can be extended to a linear isometry between H and the Gaussian
space generated by B. We denote this isometry by & — B(h).
Let S be the set of smooth and cylindrical random variables of the form

F=f(Bh),...,Bhy)),

where n > 1, f € C;° (R") (f and all its partial derivatives are bounded) and h; € H. The
derivative operator is defined in S as the H-valued random variable

LI
DF = Z % (B(hy), ..., B(hy)) hi.

i=1 t

The derivative operator is a closable operator from L” ({2) into L? ({2; H) for any p > 1. We
denote by D* the iteration of D. For any p > 1, we define the Sobolev space D*? as the closure
of S with respect to the norm

k
IFI , =E[IFIP]+E [Z \\DJF\\z(@j} '
j=1

In a similar way, given a Hilbert space V, we can define the Sobolev space of V-valued random
variables, denoted by Dk-P (V).

The divergence operator § is the adjoint of the derivative operator, defined by means of the
duality relationship

E[F8u)] =E[(DF,u)y], 2.2)

where u is a random variable in L2 (£2; H). The domain Dom (8) is the set of random variables
u € L? (2; H) such that

[E{DF, u)r)l < cllFll2

for all F € D"2. We have the inclusion D2(H) ¢ Dom (8), and for any u € D2(H), the
variance of the divergence of # can be computed as follows

E[8@?] =[] + B [(Du, (Dn)*)yq9,] = 113120 -

where (Du)* is the adjoint of Du in the Hilbert space H ® H.
By Meyer’s inequalities, for all p > 1, the divergence operator can be extended to the space
D7 (H) and the mapping

8 :DYP(H) — L7 (12)
is a continuous operator, that is,
186G, < Cp Nullptr - (2.3)

Denote by |H| ® |H| the space of measurable functions ¢ defined on [0, T1? such that
“90”|2H|®|H| = 01%1 /[‘0 - |§0r,9| |<Pu,n| Ir —ul?=2 6 — 77|2H_2 drdudfdn < oo.

As in the case of functions of one variable, this space is a Banach space, which is isometric to
a subspace of H ® H and it will be identified with this subspace. For any p > 1, we denote by
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D7 (H|) the subspace of the Sobolev space D7 (H) whose elements u are such that u € |H|
a.s., Du € |H| ® |'H| a.s. and

E [l ] + B [ 1Dl g | < oo

Then, using the embedding (2.1) one can show that for any p > 1, we have the continuous
embedding L};p c DLP(|H|), where ]L}_}p is the set of processes u € D7 (|H|) such that

e,y o= B[ 1 g0,y ] + DWMMWWTH}<M' 2.4
H

As a consequence, Meyer’s inequalities (2.3) imply

I8all, < C, ”u”]LZP (2.5)

ifueLy’ and p > 1.
LetN e N,d > 2, H € (1/2, 1) and consider the N-dimensional fractional Brownian motion

— (Bt >0} = |B§”,...,B§N’, t [0, T]},

with Hurst parameter H, defined on the probability space ({2, F, P), where F is generated by
B. That is, the components B®O i =1,...,d,are independent fractional Brownian motions
with Hurst parameter H. We can define the derivative and divergence operators, D and 8§,
with respect to each component B, as before. Denote by ;" (H) the associated Sobolev
spaces. We assume that these spaces include functionals of all the components of B and not only
of component i. Similarly, we introduce the spaces ]L}i'; That is, ]L}i'; is the set of processes

ue ]D)l-l’p(I’HI) such that

po_ P )
lll = E[”””L'/H(lo,ﬂ)] +E [HD ”Lw [0, T]Z)} =

N

The processes u € ]L are in general, functionals of all the components of the process B.

If a process u = {ut, t € [0, T} belongs to the domain of 8("), we call 8 (u) the Skorohod
integral of u with respect to the fractional Brownian motion B® and we will make use of the
notation

T
8D ) = f ug8BY.
0

3. Stochastic calculus for the fBm

There exist a huge literature on the stochastic calculus for the fBm. There are essentially two
types of stochastic integrals: path-wise integrals defined using the Young integral in the case
H > 1/2, and the Skorohod integral which is the adjoint of the divergence operator introduced
in the previous section. We refer the reader to the monographs by Biagini, Hu, @ksendal and
Zhang [3] and Mishura [25] and the references therein.

In order to describe the evolution of the eigenvalues of a matrix fractional Brownian motion
we need a multidimensional version of the 1t6 formula for the Skorohod integral, in the case of
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functions that are smooth only on a dense open subset of the Euclidean space and satisfy some
growth requirements. This type of formula is not covered by the existing literature on the subject
and we provide below a proof based on a duality argument, following the approach developed in
the paper [8].

Theorem 3.1. Suppose that B is an N-dimensional fractional Brownian motion with Hurst
parameter H > 1/2. Consider a function F : RN — R such that:

(1) There exists an open set G C RN such that G¢ has zero Lebesgue measure and F is twice
continuously differentiable in G.

Q) |F(x)| + \g_;(x)\ < C( + [x|M), for some constants C > 0 and M > 0 and for all x € G

andi=1,...,N.
(3) Foreachi =1,...,N and foreachs > Q0and p > 1,

9 p

E a_F < CS_pH
8xi2

for some constant C > 0.

Then, for each i = 1, ,N and t € [0,T], the process {g—z(Bs)l[o,,](s), s € [0, T]}
1, 1/
and

(Bs)

belongs to the space LLy;
N t N t 92
oF : 0°F
F(B :FO—i—E:/—B 8B’,+H§:/—BSZH_1ds. 3.1
(B:) 0) 2 J, 8x,~( )8 By 2 J, ax,?( 5) (3.1

Proof. Notice first that the processes F (Bt), e (B,) and (Bt) are well defined because the

probability that B; belongs to G€ is zero. On the other hand, F (0) is also well defined as the limit
in L1 (£2) of F(B,) as t tends to zero. This limit exists because for any s < ¢ we can write

|F(B)) — F(By)| = / Z—<B +0(B, — B))(B — B)do

1
< c(1+ 1|Bt—19s|M>.

Conditions (2) and (3) imply that for eachi = 1,..., N, the process u;(s) = %(Bs)l[o,,](s)

belongs to the space L}L}}i/ " In fact,

T T
E/ |u,»<s>|1/Hds]sc”H1E[/ <1+|BS|M>1/”ds}<oo,
0 0

- T T . T
E / / |D£l)u,~(s)|Hdrds] =K / s
LJo Jo 0

On the other hand, taking p = 1 in condition (3), we also have foreachi =1,..., N,

|/

and

1
H

ds | <CT.

2F(B )
8xi2 :

82
82(3)

s2H- 1ds] < 00.
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As a consequence, all terms in Eq. (3.1) are well defined. Then, to prove the equality it suffices
to show that for any random variable of the form

G =g(By, ..., By),

where 0 < f] < -+ <t; <t < tig] < -+-ty, forsomei = 0, 1,...,n, where g is C* with
compact support, we have

N "OF .
E[GF(B;) — GF(0)] = ZE[G/O E(BS)(SB;}

2
HS K or 2H-1 2
+ Z [ / oy (B) ds:| (3.2)

1

Denote by p; . (y, x) the joint density of the vector (By,, ..., By, By), where © = (#1,..., ;).
By the duality between the Skorohod integral and the derivative operator (see (2.2)), we can
write

t
E[G / a—F<Bs>aB£} =E[<D"G,3—F(B.)1[o,a> ]
0 Bx,- i H

IF
= ]E (Btl, v By Lo.41, ——(B)1jo.n
axi H

= 8
_/0 ;E[ayij(Btl,...,Btn) - (By )] (s.1j)ds

t n
= f > / 8y )—(x) (s 1)) ps.c(x, y)dxdyds.
0 = RN@+1) ayu
We can integrate by parts in the above expression, for each fixed s & {0, 7, ..., t,}. We know

that is only differentiable in G, but using condition (2), and a regularlzatlon procedure, we
can proof rigorously this integration by parts argument. In that way we obtain

— (x, y)dxdyds.

E[G/t”(B)aB’} /th £ F@ S G5 Dt
- = — _— X S,
o dxi 0 4= JrNesn By,] Y 17 Bx;

On the other hand,

E[GF(B;) — GF(0)] = / Fx)gy) pic(x, y)dxdy —E(G)F(0)
RN@m+1)

t
I,
=f / F@)g(0) 25 (x, y)dxdyds.
0 JRNG+D as

The second term in (3.2) follows by regularizing F with an approximation of the identity. Also,
integrating by parts,

L 9’F _ t 9%F
E[G/O W(Bs)s”’ lds:| =/ g(y) (x)p”(x ys*H - dxdyds
i

Ps °(x, y)s2H 1d)cdyds.

t
/ g F(x)

l
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Finally, the result follows from

ps,c Y& oR 82Ps T al 2H—1 82Ps T
2 = E E — (s, tj)) —— + E Hs —F—. O
s == as 179y 0x; = Bxiz

In the rest of this section we will recall a property on the 1/H-variation of the divergence
integral established in [13]. Fix T > 0 and set f' := % where n is a positive integer and

i =0,1,...,n.Given a stochastic process X = {X,, t € [0, T']} we define for each p > 1,

p

n—1
V0 =Y Xy, — Xy
i=0

Definition 3.2. The p-variation, p > 1, of a stochastic process X is defined as the limit, in
L' (), if it exists, of V.V (X) as n — o0.

Then, following result (see Theorem 4.8 in [13]), allows one to compute the 1/ H -variation of
a Skorohod integral with respect to a multidimensional fractional Brownian motion.
Theorem 3.3. Let % < H < land ' € L};li/H for eachi = 1,...,N. Set X; =
ZZN=1 fot usBY for each t € [0, T]. Then
VH o L'D) T
o= [ [/ s, €)1/ ds] v (d8).
R 0

n—oo

where v is the standard normal distribution on RV .
4. No colliding of eigenvalues of a matrix Gaussian Holder continuous

In this section we will show that for the random symmetric matrix corresponding to a general
Gaussian process with Holder continuous trajectories of order larger than 1/2, the eigenvalues
do not collide almost surely.

Suppose that x = {x(¢), ¢ > 0} is a zero mean Gaussian process satisfying

E(jx(r) — x(s)[*) < Crlt — s|*, (4.1)

for any s, ¢ € [0, T'], where y € (1/2, 1). Suppose also that x(0) = 0 and the variance of x(¢) is
positive for any ¢ > 0. We know that, by Kolmogorov continuity theorem, the trajectories of x
are Holder continuous of order § for any § < y.

Consider a symmetric random matrix of the form

X(t) = X(O0) + X(@),

where X (0) is a fixed deterministic symmetric matrix and )?i @) = x;j@®)if i < j and
Xii(t) = «/Ex,‘,i(t), where {x;;, i < j} are independent copies of the process x. For any ¢ > 0
the matrix X (¢) has full rank a.s. The following is the main result of this section.

Theorem 4.1. Denote by A;(t) the eigenvalues of the random matrix X (t), i = 1,...,n. We
can assume that L1(t) > --- > Aq(t). Then,

POU@) > -+ > dg(t), ¥t > 0) = 1. 4.2)
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Proof. The proof will be done in several steps. Fix 7o > 0. From the well-known results for the
Gaussian Orthogonal random matrix we know that A1 (#g) > --- > Xg(fp) almost surely.
Applying the Hoffman—Wielandt inequality (see [15]), we deduce

Z(x (1) — hi()? < = Z (Xij (1) = Xij(5))* = Z (Xij (1) — Xij(5))?

1] 1 11 1
for any s, t > 0. This implies that for each i and each real p > 1,
E(Ai () = 2:()|P) < Clt — |77, 4.3)

and choosing p such that py > 1 we deduce that the trajectories of A;(¢) are Holder continuous
of order 8 forany 8 < y.
Consider the stopping time

T =inf{t > 19 : X;(t) = 1 () for some i # j}.

Notice that T > #o almost surely. On the random interval [#o, T) the function log(A; () — A ;(¢)),
where i # j, is well defined and we can use the stochastic calculus with respect to the Young
integral to write for any #p <t < T,

! 1
log(Ai (1) — A (1)) = log(A;(t0) — A (t0)) +/lo ) =) (dri(s) —drj(s)). (4.4)
The Riemann—Stieltjes integral

. t 1
Ii,j(t) .2/;() mdki(s)y

can be expressed in terms of fractional derivative operators, following the approach by

Zidble [33]. Choosing o such that | — y <« < %, we obtain

. t
I ;@) = f D (hi — A ()D} =% ki~ ($)ds + (Ai (1) — A;(80)) ™" (Ai (1) — A (10)) ,
)

where

() = S LY o ! _ !
10360 1= Digy O = 290 (s)_ml—a)(s <x,-(s>—x~<s> )»i(to)—?xj(to)>

S (hi(s) — Aj ()~ — (x-(y)—x,(y))—ld)
vy

( )0l+1

and

1 Ai (s) —?»i(t) Ai (s) = Ai (y)
Jj(s) = D/ "% 1~ (5) = / ——=d )
(s) = —(s) T (@) ( - S)l_a a) ) S)2 a B

We claim that
t

P (/ [1;, j($)IJj(s)|ds < oo, forallt > 1y, i # j) =1. 4.5)
fo

This claim implies that for all i # j, ftg [1;, ()| Jj(s)|lds < oo almost surely on the
set {t < o00}. Therefore P(t = oo) = 1, otherwise we would get a contradiction with
log(2i(t) — Aj(1)) = —00



D. Nualart, V. Pérez-Abreu / Stochastic Processes and their Applications 124 (2014) 42664282 4275

In order to prove the claim (4.5) we are going to show that for all # > 7y, and for all i # j,

t
E(/ |I,-,j(s)||Jj(s)|> ds < oo. 4.6)
fo

In order to show (4.6), we first apply Holder’s inequality with exponents p,q > 1 such that

1,1 _
;+3_1andweget

E(L ()17 < LEL )PP LE(T;(5)[9)].

By the estimate (4.3) for any fixed 8 such that | —a < B < y there exists a random variable G
with moments of all orders such that for all i

[Ai(s) = % ()| < CGls — y|P, @.7
for all s, y € [#g, t], which leads to the estimate
E(1Jj(5)]|7) < C4E(GY), (4.8)

for all ¢ > 1 and for some constant C > 0. In order to estimate E(|I; j(s)|”) we consider first
the second summand in the definition of I; ; (s) denoted by

S i(s) = AN = u () = A7
Ky @:= fto j (s — y)**! ] -

This term can be expressed as
! i (y) = Aj(y) = 2i(s) + A (s))
Ki‘j(s) = a+1
o (s =Y T LG() = A (NI () — 2 (y)]
Then, if a + b = 1, using the estimate (4.7), we obtain

Ko i)l < / |Al-(y>—A,-(y)—Ai(ls>+x,-<s>|“|xi<y)—x,-<y>—x,-<s)+x,~(s>|”d
| f (s =G (8) = A DI () = A ()
- (QG)Q/S M () = 2 () = Ais) + 4 ()1
- o (i (9) = 2 GDNRi () = 2 ()
< <2G)“f (i) = PG = 2l
[{

0

dy.

(s —y)¥~"lay

12 ) = 201G () = AP s = Py

Therefore

1K j()lp =< 2"IIG“IIpI/ (IIIki(y)—)»j(y)lb_lllpzlll)»i(S)—/\j(S)I_lllm
1

0

+ (114 (y) — )\j()’)|_l ||p3|||)\.i(s) - )\j(s)|b_1 ||p2)(s _ }’)aﬁ_a_ldy,

where % = % + % + %, with p; > 1 fori = 1,2, 3. We choose a, p1, p2 and p3 such that

28
a> —, p3 < 2, P2 < —,
o

™| R
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which is possible by taking p and p; close to 1 and using the inequality o < % < B. Finally, to
complete the proof we need to estimate the expectation

E( (i (s) = A;(sNI™D) 4.9)
when g < 2. The joint density of the eigenvalues A1 (s) > --- > Ag4(s) is given by
d(d+1)/2 LN
cdkllmk — )l o ()" 2 exp (‘;%) (4.10)

where ¢4 is a constant depending only on d and az(s) is the variance of x(s); see [1, Thm. 2.5.2].
Then, the expectation E(|(A; (s) — A;(s))|™9) can be estimated up to a constant by

d 2
A3
d(d+1)/2
/ | |(Ak — A —Aj1 o (s)” exp (— El 402’(s)> dxr

k<h

Making the change of variable A; = o (s)u; we get
E(I(hi(s) = 2j(sNI™1) < Co(s)™9.

Our hypothesis of positivity of the variance, together with its continuity, imply that o (s) is
bounded away from zero in the interval [fg, ¢]. Therefore, E(|(A;(s) — A;(s))|™9) is uniformly
bounded on [#, ¢]. This allows us to complete the proof of (4.6). So, the claim (4.5) holds, and
this implies that P(t = oo) = 1. Finally, letting £y tend to zero we obtain the desired result. [J

Remark 4.2. Theorem 4.1 also holds in the case of a random Hermitian matrix corresponding
to a general Gaussian process with Holder continuous trajectories of order y. Namely, consider
a Hermitian random matrix

X(1) = X(0) + X(0),

where X (0) is a fixed deterministic Hermitian matrix and

1 . . .
20173 [Rewij (1) + v=Tim(xijan)] ifi # .
-xii(t) ifi = j,

where {Re(x;; (1)), Im(x;;(t)), i < j,x;;(t)} are independent copies of a zero mean Gaussian
process x = {x(t), t > 0} satisfying (4.1) for any s, € [0, T], where y € (1/2, 1). Since for
each t > 0 X (¢) is a Gaussian unitary ensemble, then the matrix X (¢) has full rank and distinct
eigenvalues a.s. In this case the joint density of the eigenvalues A1(s) > --- > A4(s) is given by
(see [1, Thm. 2.5.2])

~ d 32
Cd l_[ e — a2 o ()% exp (— ZI: 202’(s)> , (4.11)

k<h

where ¢y is a constant depending only on d and o2(s) is the variance of x(s), which is assumed
to be positive. Then, proceeding as in the proof of Theorem 4.1 one can prove that if A; (¢) denote
the eigenvalues of the random matrix X (¢),i = 1,...,n and A;(t) > --- > A4(¢), then (4.2)
also holds.
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5. Stochastic differential equation for the eigenvalues of a matrix fBm

We first consider several needed facts about eigenvalues as functions of entries of a symmetric
matrix. We denote by H, the collection of symmetric d-dimensional matrices. For a matrix
X = (x;j) € Hg we use the coordinates x;;,i < j, and in this way we identify Hy with
RA@+D/2 We denote by H,;* the set of matrices X € H, such that there is a factorization

X =UDU",

where D is a diagonal matrix with entries A; = D;; such that A > Ay > -+ > Ay4, U is an
orthogonal matrix, with U;; > 0 for all i, U;; # O for all i, j and all minors of U have non zero
determinants. The matrices in the set ’H;g are called very good matrices, and we can identify
H;g as an open subset of R?“@+1D/2 Tt is known that the complement of HZg has zero Lebesgue
measure.

Denote by U;g the set of all orthogonal matrices U, with U;; > O for all i, U;; # O for all 7, j
and all minors of U have non zero determinants. Let S; be the open simplex

Si={0,.... 2 ) €ERY A1 >0 > -+ > Ag). (5.1)
For any A = (A1, ..., Aq) € Sy, let D, be the diagonal matrix such that D;; = X;. On the other
hand, consider the mapping T : U, — RY@~=1/2 defined by
U U U,
T(W) = (__dA)
Ui Ui Ui—1,4-1

It is known that T is bijective and smooth. Then, the mapping T:8; x T(L{;g) — H;g given
by T(k, 2) = T~ 12D, T~ (2)* is a smooth bijection. Denote by ¥ the inverse of 7. Then,
(X) = (2(X), T(U)).

As a consequence of these results, A(X) = @(X) is a smooth function of X € Hflg
Suppose that X is a smooth function of a parameter 6 € R. Then, we know that

dgri = (U 0 XU);i
and
[(U*3g X U);j|*

24 *02 B
fri = U GXU)i +2) iy

J#
In particular if 8 = xi;, with k < h, then

ar;
m = 2UiUinigzny + UA L gz
and
*ri 2y UikUjn + UnUpl? | 2y Wbl ViUl | .
2 . _ =h}-
8xkh VES Ai )\/ JF#i Ai )L

Consider now a family of independent fractional Brownian motions with Hurst parameter
H e (1/2,1),b={{bjj(t), t =0}, 1 <i < j < d}. We define the symmetric matrix fractional
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Brownian motion (with parameter H) B(t) by B; j(t) = b;;j(t) if i < j and B;; (¢) = \/zbi,i(t)-
We identify B(t) as an element in RY@+1D/2,
As a consequence of the previous discussion, we have the following result.

Lemma 5.1. Foranyi = 1,...,d, there exists a function ®; : RI@D/2 s R which is C*® in
an open subset G C RAE@HD/Z \ith |GC| = 0, such that 1;(t) = &;(b(t)). Moreover; for any
k<h

0P;
—L = Ui UinXgzny + «/EU,%{I{;;M, 5.2)
obp
and
9% 9; \UinUjn + UinUj|* \UinUji |
=2 — /x. Al. L +4) Al jA L=t
abkh J#L LT J#i -

On the other hand, the joint density of the eigenvalues A1(¢) > --- > A4(¢) of B(¢) can be
obtained from [1, Thm. 2.5.2] as follows

d 2
B ¥

k<h i=1

where ¢y is a constant depending only on d.

Then we can prove the following analogous of (1.1) for the evolving of the eigenvalues
processes of a matrix fractional Brownian motion. It is given in terms of the Skorohod integral
of the functions %, i=1,...,d.

Theorem 5.2. Let H € (1/2,1) and {B(t), t > 0} be a matrix fractional Brownian motion of
parameter H as above. Let X (0) be an arbitrary deterministic symmetric matrix and B(0) =
X (0). Foreacht > 0, let L1 (t), ..., Lq(t) be the eigenvalues of B(t). Then, for any t > 0 and
i=1,...,d,

H-1

Ai(t) =2 (0) + Y] +2HZ

— s, 5.4
=i Jo Ais) —2;(s)

where

/ L (b(5))8bgn (s). (5.5)
i=hJo 9bkn

Proof. Without loss of generality we can consider X(0) = 0. Consider the function @ :
R4@+D/2 _ R4 introduced in Lemma 5.1, which is C* in an open subset G C R4(@+1D/2 whose
complement has zero Lebesgue measure. We claim that this function satisfies the assumptions of
Theorem 3.1. First notice that

;43, _de + de,,,

i<j

and
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On the other hand, taking into account that A;(t) = &;(b(¢)) and using the density of the
eigenvalues (5.3), we can write

P
92 @, _
E[ a2, ) }scpZEmi(s)—xj(sn "]
b i
_ Hd@+1) d )»1.2
—cpZ/ [J0w = amiri —a;177s™ 72 exp | = 3 57 | di
JF#i Sd k<h i=1
< Cps M, (5.6)

where we have made the change of variable A; = sH ;.
Therefore, conditions (1), (2) and (3) if Theorem 3.1 hold for &. Notice also that

GRS 1
Zab2l:22)\4_k4'
k<h ®“kh j#i M J
Then, Theorem 3.1 yields

A —Yl 2H s,
=t ;/m) o

where Y,i is given by (5.5). We remark that by Theorem 4.1 (A1(¢), ..., A4(¢)) belongs to the
open simplex S, for each ¢ > 0 with probability one. [

Remark 5.3. (a) Notice that Eq. (5.4) is similar to the Itd SDE (1.1) satisfied for the eigenvalues
of the matrix Brownian motion, in the case H = 1/2. A natural question is to ask whether
the processes Y’ are one-dimensional independent fractional Brownian motions in the general
case H > 1/2. In the case H = 1/2 this is obtained applying Lévy’s characterization theorem.
Unfortunately, although there is a version of this theorem for the fractional Brownian motion
(see [17]), it cannot be used here due to the lack of martingale properties.

(b) We will show below that for eachi = 1, ..., d, the process Y’ has the same self-similar
and variation properties as the fractional Brownian motion. However, from these properties we
cannot conclude that Y’ is a fractional Brownian motion because we do not know if these
processes are Gaussian. We conjecture that these processes are not Gaussian (see [16] for a
related problem concerning the fractional Bessel process, where again this type of non Gaussian
process appears).

Proposition 5.4. Assuming B(0) = 0, the process Y = (Y', ..., Y%) is H-self-similar.

Proof. Let a > 0. By the self-similarity of the fractional Brownian motion it follows that
{A(at), t > 0} has the same law as {a"'A(¢), t > 0}. Then, the result follows from the equation

g2H-1
Y =1 —2H s,
® Z/ Xi(s) — Aj(s) Aj (S)
J#L
fori=1,...,d. O
Finally, as an application of Theorem 3.3, we show that foreachi =1, ..., d, the process Y i

has the same 1/H variation as a fBm with variance 21>/ .

Proposition 5.5. For each i = 1,...,d, the process Y' has a 1/H variation equal to
V2iE [|Z|1/H], where Z is N (0, 1) random variable.
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Proof. By Theorem 5.2, we have that for each k, & the process {%(b(s)), s € [0, T]} belongs

to the space ]LIF}II./H foreachi = 1,...,N = @. Therefore, by Theorem 3.3 the 1/H-
variation of Y/ in the time interval [0, ¢] is given by

E® ft
0

where 6 is an N-dimensional standard normal random variable. Let us denote by S” the unitary
N-dimensional sphere and let oy be the uniform probability measure defined on S¥~!. Notice

that the vector —= ( 20 (b(s))) , denoted by R‘i, takes values in SV ~! because from (5.2) we

1/H
Z—(b(s))okh ds |,

k<h ab

dbgp

obtain

Z =2.

& abk
Therefore,

r t
1 1
2E® fo| ())|/H |9|/ [/| /Hds]oN(dn).

Moreover, if e € S9!, the integral fSN*I l(e, n)|\/H

Therefore, choosing e = (1,0, ..., 0), yields

2E® f | l/H :21E[|(~)|]/N 1 |m|1/H on (dy) = 21K [|Z|1/H],
V-

on (dn) does not depend on the vector e.

where Z is a one-dimensional N (0, 1) random variable. This completes the proof of the
proposition. [

Remark 5.6. Consider the Hermitian matrix fractional Brownian motion B(f) = (B;;(t)) where
1
—Re(b;i (1)) + vV —1Im(b;; (¢ if i B
By =2 (bij (1)) (bij (1)) #J
bi (1), ifi =,
where {Re(bi (@), Im(b;; (1)), i < j, bi,i(t)} is a family of independent fractional Brownian

motions with Hurst parameter H € (1/2, 1). We identify B(¢) as an element in R4

(a) In this case one can prove that if X (0) is an arbitrary deterministic Hermitian matrix and
B(0) = X(0) and for each t > 0, A{(?), ..., Ag(t) denote the eigenvalues of B(t), then, for any
t>0andi=1,...,d,

1

Ai(t) =2 (0)+ Y +2H ———ds, 5.7
(1) = 2(0) + Y] + fomus) 57
J#i
where
/ —(b(S))f?bkh(S) (5.8)
k<h
The process ¥/ given by (5.8) is such that for each i = 1,...,d, 7; is a smooth function of

X e H(Z)Ug the set of very good Hermitian matrices consisting of matrices with a decomposition
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X = UDU*, where D is a diagonal matrix with entries A; = D;; such that A} > A > -+ >
Ag, U is an unitary matrix, with U;; > 0 for all i, U;; # 0 for all i, j and all minors of U have
non zero determinants (U € Z/{{](IZ) "8). This follows from Lemma 2.5.6 in [1] which gives that the
mapping T : U (EZ)vg — R4@=D defined by

U Ui U U Uy—
TOW) = (£ 1d Uz 2d d—1.d )

Uy Uit Un U Ui—1,d-1

is bijective and smooth and the complement of Hfiz)”g has Lebesgue measure zero. Therefore the

mapping T . 8SyxT®@ (ULEZ)vg) — H‘(lz)ug given by TOM, 2) = (T(Z))71 (z) Dy, (T(z))71 (2)*

is a smooth bijection. As a consequence, A(X) = 7(X) is a smooth function of X € 'Hfiz)vg.

(b) The proof of (5.7), analogous to that of Theorem 5.2, requires to consider estimates like
(5.6) but now using the joint density of the eigenvalues (A1 (¢), ..., Az(¢)) in the Hermitian case
(from (4.11)) given by

~ 2 —Hd?
[ ] —mle exp _ZW :
k<h i=1

where ¢y is a constant that depends only on d.
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