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Abstract

The aim of this paper is to establish a global asymptotic equivalence between the experiments generated
by the discrete (high frequency) or continuous observation of a path of a Lévy process and a Gaussian
white noise experiment observed up to a time 7', with 7 tending to co. These approximations are given in
the sense of the Le Cam distance, under some smoothness conditions on the unknown Lévy density. All
the asymptotic equivalences are established by constructing explicit Markov kernels that can be used to
reproduce one experiment from the other.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Lévy processes are a fundamental tool in modeling situations, like the dynamics of asset
prices and weather measurements, where sudden changes in values may happen. For that reason
they are widely employed, among many other fields, in mathematical finance. To name a simple
example, the price of a commodity at time ¢ is commonly given as an exponential function of
a Lévy process. In general, exponential Lévy models are proposed for their ability to take into
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account several empirical features observed in the returns of assets such as heavy tails, high-
kurtosis and asymmetry (see [15] for an introduction to financial applications).

From a mathematical point of view, Lévy processes are a natural extension of the Brownian
motion which preserves the tractable statistical properties of its increments, while relaxing the
continuity of paths. The jump dynamics of a Lévy process is dictated by its Lévy density, say f.
If f is continuous, its value at a point xo determines how frequent jumps of size close to xg are
to occur per unit time. Concretely, if X is a pure jump Lévy process with Lévy density f, then
the function f is such that

1
fA fydx = ;E[Z MAXS)]

s<t

for any Borel set A and ¢ > 0. Here, AX; = Xy — X - denotes the magnitude of the jump of X
at time s and [4 is the characteristic function. Thus, the Lévy measure

V(A) == / f(x)dx,
A

is the average number of jumps (per unit time) whose magnitudes fall in the set A. Understanding
the jumps behavior, therefore requires to estimate the Lévy measure. Several recent works have
treated this problem, see e.g. [2] for an overview.

When the available data consists of the whole trajectory of the process during a time interval
[0, T'], the problem of estimating f may be reduced to estimating the intensity function of an in-
homogeneous Poisson process (see, e.g. [23,42]). However, a continuous-time sampling is never
available in practice and thus the relevant problem is that of estimating f based on discrete sam-
ple data X;, ..., X;, during a time interval [0, 7, ]. In that case, the jumps are latent (unobserv-
able) variables and that clearly adds to the difficulty of the problem. From now on we will place
ourselves in a high-frequency setting, that is we assume that the sampling interval A, = ¢; —#;_;
tends to zero as n goes to infinity. Such a high-frequency based statistical approach has played
a central role in the recent literature on nonparametric estimation for Lévy processes (see e.g.
[22,13,14,1,19]). Moreover, in order to make consistent estimation possible, we will also ask the
observation time 7, to tend to infinity in order to allow the identification of the jump part in the
limit.

Our aim is to prove that, under suitable hypotheses, estimating the Lévy density f is equiv-
alent to estimating the drift of an adequate Gaussian white noise model. In general, asymp-
totic equivalence results for statistical experiments provide a deeper understanding of statistical
problems and allow to single out their main features. The idea is to pass via asymptotic
equivalence to another experiment which is easier to analyze. By definition, two sequences of
experiments & , and & ,,, defined on possibly different sample spaces, but with the same pa-
rameter set, are asymptotically equivalent if the Le Cam distance A(S; ,, £2.,) tends to zero.
For &; = (%;, <, (P,-,g 10 € 9)), i = 1,2, A(L), ,) is the symmetrization of the defi-
ciency §(Z, &%) where

85(Py, Ph) = i[r}fesélg ||KP1,9 - PZ,QHTV-

Here the infimum is taken over all randomizations from (27, %) to (2>, @) and || - ||7v de-
notes the total variation distance. Roughly speaking, the Le Cam distance quantifies how much
one fails to reconstruct (with the help of a randomization) a model from the other one and vice
versa. Therefore, we say that A(Z1, %) = 0 can be interpreted as “the models &?; and &2,
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contain the same amount of information about the parameter 6. The general definition of ran-
domization is quite involved but, in the most frequent examples (namely when the sample spaces
are Polish and the experiments dominated), it reduces to that of a Markov kernel. One of the
most important features of the Le Cam distance is that it can be also interpreted in terms of
statistical decision theory (see [32,33]; a short review is presented in the Appendix). As a con-
sequence, saying that two statistical models are equivalent means that any statistical inference
procedure can be transferred from one model to the other in such a way that the asymptotic risk
remains the same, at least for bounded loss functions. Also, as soon as two models, #; , and
P> ., that share the same parameter space © are proved to be asymptotically equivalent, the
same result automatically holds for the restrictions of both & , and #, , to a smaller subclass
of 6.

Historically, the first results of asymptotic equivalence in a nonparametric context date from
1996 and are due to [5,39]. The first two authors have shown the asymptotic equivalence of non-
parametric regression and a Gaussian white noise model while the third one those of density esti-
mation and white noise. Over the years many generalizations of these results have been proposed
such as [3,28,43,9,11,41,12,37,46] for nonparametric regression or [10,31,4] for nonparametric
density estimation models. Another very active field of study is that of diffusion experiments.
The first result of equivalence between diffusion models and Euler scheme was established in
1998, see [38]. In later papers generalizations of this result have been considered (see [24,35]).
Among others we can also cite equivalence results for generalized linear models [27], time series
[29,38], diffusion models [18,25,17,16], GARCH model [7], functional linear regression [36],
spectral density estimation [26] and volatility estimation [40]. Negative results are somewhat
harder to come by; the most notable among them are [20,6,48]. There is however a lack of equiv-
alence results concerning processes with jumps. A first result in this sense is [34] in which global
asymptotic equivalences between the experiments generated by the discrete or continuous obser-
vation of a path of a Lévy process and a Gaussian white noise experiment are established. More
precisely, in that paper, we have shown that estimating the drift function 4 from a continuously
or discretely (high frequency) time inhomogeneous jump—diffusion process:

t t N:
X, = / h(s)ds -l-/ o(s)dW, + ZYi’ t €10, T,1, (1
0 0

i=1
is asymptotically equivalent to estimate % in the Gaussian model:

dy; = h(@t)dt +o(@®)dW;, t€]0,T,].

Here we try to push the analysis further and we focus on the case in which the considered
parameter is the Lévy density and X = (X;) is a pure jump Lévy process (see [8] for the
interest of such a class of processes when modeling asset returns). More in detail, we consider
the problem of estimating the Lévy density (with respect to a fixed, possibly infinite, Lévy
measure vy concentrated on I € R) f = jTU : I — R from a continuously or discretely
observed pure jump Lévy process X with possibly infinite Lévy measure. Here I C R denotes a
possibly infinite interval and vy is supposed to be absolutely continuous with respect to Lebesgue
with a strictly positive density g = d‘g’e‘)b. In the case where v is of finite variation one may
write:

Xi= ) AXq 6)

O<s<t
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or, equivalently, X has a characteristic function given by:

E[eiux’] = exp<—l</(1 - eiuy)v(dy)>>.
I

We suppose that the function f belongs to some a priori set .%, nonparametric in general. The
discrete observations are of the form X;,, where t; = T":T" i=0,...,nwith T, = n4, - oo
and A, — 0 as n goes to infinity. We will denote by 22, the statistical model associated with
the continuous observation of a trajectory of X until time 7,, (which is supposed to go to infinity
as n goes to infinity) and by 2,° the one associated with the observation of the discrete data
(X1,)!_,- The aim of this paper is to prove that, under adequate hypotheses on .% (for example,
f must be bounded away from zero and infinity; see Section 2.1 for a complete definition), the
models 22,° and 2, are both asymptotically equivalent to a sequence of Gaussian white noise
models of the form:

1 daw;
2T, Ve
As a corollary, we then get the asymptotic equivalence between 22,° and 2,°. The main results

are precisely stated as Theorems 2.5 and 2.6. A particular case of special interest arises when X is
a compound Poisson process, vy = Leb([0, 1]) and & C ﬁ(ly K.x.M) where, for fixed y € (0, 1]

dy, = f(0)

and K, k, M strictly positive constants, /(y K.x.M) is a class of continuously differentiable
functions on / defined as follows:

ok =[x s T@ =M If @ FOI <K=y, Ve yell @)

In this case, the statistical models £, and .2,° are both equivalent to the Gaussian white noise
model:

dy, = /f(Odt + \/_

See Example 3.1 for more details. By a theorem of Brown and Low in [5], we obtain, a posteriori,
an asymptotic equivalence with the regression model

——=dW;, tel0,1].

i 1
R + [
Tn> 2T,

Note that a similar form of a Gaussian shift was found to be asymptotically equivalent to a
nonparametric density estimation experiment, see [39]. Let us mention that we also treat some
explicit examples where vy is neither finite nor compactly-supported (see Examples 3.2 and 3.3).

Without entering into any detail, we remark here that the methods are very different from
those in [34]. In particular, since f belongs to the discontinuous part of a Lévy process, rather
than its continuous part, the Girsanov-type changes of measure are irrelevant here. We thus need
new instruments, like the Esscher changes of measure.

Our proof is based on the construction, for any given Lévy measure v, of two adequate
approximations b, and b, of v: the idea of discretizing the Lévy density already appeared
in an earlier work with P. Etoré and S. Louhichi, [21]. The present work is also inspired by
the papers [10] (for a multinomial approximation), [4] (for passing from independent Poisson
variables to independent normal random variables) and [34] (for a Bernoulli approximation).

vi=/r( & &~ NN, i=1,...[T]
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This method allows us to construct explicit Markov kernels that lead from one model to the
other; these may be applied in practice to transfer minimax estimators.

The paper is organized as follows: Sections 2.1 and 2.2 are devoted to make the parameter
space and the considered statistical experiments precise. The main results are given in
Section 2.3, followed by Section 3 in which some examples can be found. The proofs are
postponed to Section 4. The paper includes Appendix recalling the definition and some useful
properties of the Le Cam distance as well as of Lévy processes.

2. Assumptions and main results
2.1. The parameter space

Consider a (possibly infinite) Lévy measure vy concentrated on a possibly infinite interval
I C R, admitting a density g > 0 with respect to Lebesgue. The parameter space of the
experiments we are concerned with is a class of functions .# = .# "/ defined on I that form a
class of Lévy densities with respect to vo: for each f € ZF, let v (resp. vm) be the Lévy measure
having f (resp. fm) as a density with respect to vy where, for every f € % fm (x) is defined as
follows.

Suppose first x > 0. Given a positive integer depending on n, m = my, let J; := (v;_1, vj]
where v = ¢, > 0 and v; are chosen in such a way that

vo((Z\[0, em]) NIRY)
m—1

In the sequel, for the sake of brevity, we will only write m without making explicit the dependence

fj, xvg(dx)

on n. Define x* 7= M— and introduce a sequence of functions 0 < V; < ML j =
m

i1 ]H] if j = 3,....m — 1, on [g,,x3]if j = 2 and on
D NRy if j = m. The V;’s are defined recursively in the following way.

Mm = vo(Jj) = , Vj=2,...,m. 4)

2,...,m supported on [x*¥
¢ \[0 x*

m—1
e V, is equal to ML on the interval (g, x5] and on the interval (x3, x3] it is chosen so that it is

continuous (in particular, Vg(xz) = —) f Vao(y)vo(dy) = M and Vz(x3) =0.

e For j = 3,...,m — 1 define V; as the functlon ﬂl — Vj_1 on the interval [x¥

x%].
and

j-r*
VO((x ;1)

On [x%,x%,,] choose V; continuous and such that f;;“ Viyvo(dy) = =

J 7+l
Vi (xH]) =0.

e Finally, let V;, be the function supported on (/\[0, x; ;1) N Ry such that

1
Vin(x) = — = Vi1 (x),  forx € [x;_;, x;],
m

Vi (x) = L (I\[0, x5 NR,.

m

(It is immediate to check that such a choice is always possible.) Observe that, by construction,

m
Vi@ =1 Vx € (\O.ep) Ry and [ Vi(vo(dy) = 1.
i I\[0,e, DNR 4
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_ vo | (I\[—&m, 0DNR— _
Analogously, define u,, = % and J_, ..., J_5 such that vo(J_;) = u,, for
all j. Then, for x < 0, x* . is defined as x}'.‘ by using J_; and u,, instead of J; and w, and
the V_;’s are defined with the same procedure as the V;’s, starting from V_; and proceeding by
induction.

Define

fmm:H[_sm,gm]<x)+z(vj<x) /J FOoy) + V_j(x) f] f(y)VO(dy))- ®)
j=2 j -j

The definitions of the V;’s above are modeled on the following example:

Example 2.1. Let vy be the Lebesgue measure on [0, 1] and ¢, = 0. Then v; = ,{1;_11 and
x;‘ = % J = 2,...,m. The standard choice for V; (based on the construction by [10]) is

given by the piecewise linear functions interpolating the values in the points x}f specified above:

m—1 Va m—1 Vi m—1 Vi
0 x5 =3 1 0z q2; x5, 1 0 Ty Tyl

Remark 2.2. The function fm has been defined in such a way that the rate of convergence
of the Ly norm between the restriction of f and fm on I\[—¢&y,, &,] is compatible with the
rate of convergence of the other quantities appearing in the statements of Theorems 2.5 and
2.6. For that reason, as in [10], we have not chosen a piecewise constant approximation of f
but an approximation that is, at least in the simplest cases, a piecewise linear approximation
of f. Such a choice allows us to gam an order of magnitude on the convergence rate of
I f— fm |5 (vl 1\[—&m,em]) At least when F is a class of sufficiently smooth functions.

We now explain the assumptions we will need to make on the parameter f € .# = .Z"!,
The superscripts vg and I will be suppressed whenever this can lead to no confusion. We require
that:

(H1) There exist constants k, M > O such that k < f(y) < M,forally € [ and f € .

For every integer m = m,, we can consider /f > the approximation of 4/f constructed as
fin above, i.e. f (x) =g, .6,1(x) + Z,:m ..... ” V (x)fj ' FOvo(dy), and introduce the
quantities:

A = /I\[ ](f 0 —VTD) @y,
2
By(f) = Z (JJ%U (dy)—,/v(f,-)>,

C2(f) / (\/f(t)—l)ZVO(dt).
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The conditions defining the parameter space .% are expressed by asking that the quantities
introduced above converge quickly enough to zero. To state the assumptions of Theorem 2.5
precisely, we will assume the existence of sequences of discretizations m = m, — oo, of
positive numbers &, = &, — 0 and of functions V;, j = 42, ..., &m, such that:

~ 2
(C) 1m0 140 SUD pe 7 [ ey ey (/) = @) () = 0.
(C2) limy o0 n Ay 5Up e 7 (A7, () + B (f) + Co () = 0.
Remark in particular that Condition (C2) implies the following:

(H2) sup ez [;(VFO) — D*o(dy) < L,

where L = sup rc 5 [ (/) — 1)?vo(dx) + (v'M + 1)?vo(I\(—&pm, €m)), for any choice of
m such that the quantity in the limit appearing in Condition (C2) is finite.

Theorem 2.6 has slightly stronger hypotheses, defining possibly smaller parameter spaces: we
will assume the existence of sequences my, &, and V;, j = £2,...,Lm (possibly different
from the ones above) such that Condition (C1) is verified and the following stronger version of
Condition (C2) holds:

(C2') limy 0o n Ay sup pe 7 (A2, (f) + Ba (f) +nCa(f)) = 0.

Finally, some of our results have a more explicit statement under the hypothesis of finite
variation which we state as:

(FV) [;(Ix] A Dvo(dx) < oo.

Remark 2.3. The Condition (C1) and those involving the quantities A, (f) and B, (f) all
concern similar but slightly different approximations of f. In concrete examples, they may all be
expected to have the same rate of convergence but to keep the greatest generality we preferred
to state them separately. On the other hand, conditions on the quantity C,,(f) are purely local
around zero, requiring, for each f € .#, that f(x) tends to 1 quickly enough as x tends to 0.

Examples 2.4. To get a grasp on Conditions (C1), (C2) we analyze here three different examples
according to the different behavior of vy near 0 € I. In all of these cases the parameter space
F -1 will be a subclass of 9(1% K.«.y) defined as in (3). Recall that the conditions (C1), (C2)
and (C2') depend on the choice of sequences m,, €, and functions V;. For the first two of the
three examples, where I = [0, 1], we will make the standard choice for V; of triangular and

trapezoidal functions, similarly to those in Example 2.1. Namely, for j = 3, ..., m — 1 we have
— X1 x ]
1 +1
V() =T m(x)—* — + Ir, e ]<x>—’ : 6)
-1 ./ x] 1 M Ji+l ]+1 — x Mm

the two extremal functions V; and V,, are chosen so that V, = ML on (gy, x;]and V,, = l% on
(x5, 1]. In the second example, where vy is infinite, one is forced to take &,, > 0 and to keep in
mlnd that the x* are not uniformly distributed on [g,,, 1]. Proofs of all the statements here can be
found in Section 5.2.

1. The finite case: vy = Leb([0, 1]).

In this case we are free to choose .#Leb:[0.1] — f (0. }(] M) Indeed, as vy is finite, there is no
need to single out the first interval J; = [0, &,,], so that C m(f) does not enter in the proofs and

the definitions of A,,(f) and B,,(f) involve integrals on the whole of [0, 1]. Also, the choice of
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the V;’s as in (6) guarantees that fol Vi(x)dx = 1. Then, the quantities || f — fm 20,175 Am (f)
and By, (f) all have the same rate of convergence, which is given by:

/ﬁwf“*<ﬁwﬁadwﬂ+mﬂﬂ+wmu>=0@f”*+m%)

uniformly on f. See Section 5.2 for a proof.
2. The finite variation case: %(x) = x " jo.1)(x).

In this case, the parameter space %1011 is a proper subset of ﬁ([}?:}(]) M- Indeed, as we

are obliged to choose ¢,, > 0, we also need to impose that C,,(f) = 0(#
constants with respect to f, that is, that all f € % converge to 1 quickly enough as x — 0.
In(e;;") =t

LV = &gy and x7 =

), with uniform

(vj—vj-1)

Choosing ¢, = m~17% o > 0 we have that Um = m

In particular, max; [vj—1 — vj| = vy — Up—1] = 0(%") Also in this case one can prove
that the standard choice of V; described above leads to f elm V; (x)”i—x = 1. Again, the quantities
IIf— fm 125 (ol 1\[0,67)» Am (f) and By, (f) have the same rate of convergence given by:

1 N 2 1 v+l
\/ [ (760 = ) o) + A1) + Bl ) = 0((%) \/1n(em1>), )

uniformly on f. The condition on Cp,(f) depends on the behavior of f near 0. For example, it
is ensured if one considers a parametric family of the form f(x) = e~** with a bounded A > 0.
See Section 5.2 for a proof.

3. The infinite variation, non-compactly supported case: ddL”gb (x) = x 2y L ().

This example involves significantly more computations than the preceding ones, since the
classical triangular choice for the functions V; would not have integral equal to 1 (with respect
to vp), and the support is not compact. The parameter space .% "0[%-%) can still be chosen as a
proper subclass of 9\([3:?),(’ My again by imposing that C,, (f) converges to zero quickly enough
(more details about this condition are discussed in Example 3.3). We divide the interval [0, co)
inm intervals J; = [vj_1, v;) with:

em(m — 1) 1
vo = 0; VL = Em; Vj=———3 U = 00; M =

m—j emm — 1)’

To deal with the non-compactness problem, we choose some “horizon™ H (m) that goes to infinity

slowly enough as m goes to infinity and we bound the L, distance between f and f, for
“ ()2

x > H(m) by 2sup,> g (m) % We have:

H(m)>*4 f(x)z)

F o2 2 2
— + A + B =0 ——— S
I = Fulinioeny + 4500+ B = 0 E0r s £

In the general case where the best estimate for sup,- g () f (x)? is simply given by M2, an
optimal choice for H (m) is \/e,,m, that gives a rate of convergence:

A 1
1f = Fl L pini0.c0m + An () + Bo(f) = 0(«/emm)’

independently of y. See Section 5.2 for a proof.
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2.2. Definition of the experiments

Let (x;);>0 be the canonical process on the Skorokhod space (D, &) and denote by p©.0.v)
the law induced on (D, &) by a Lévy process with characteristic triplet (b, 0, v). We will write
Pt(b’o’v) for the restriction of P®-0") to the o-algebra &, generated by {x; : 0 < s < t} (see
Appendix A.2 for the precise definitions). Let Q;b’o")) be the marginal law at time ¢ of a Lévy

process with characteristic triplet (b, 0, v). In the case where f‘y|< 1 [yIv(dy) < oo we introduce

the notation y" = yl<1 yv(dy); then, Condition (H2) guarantees the finiteness of y"~"0 (see
Remark 33.3 in [44] for more details).

Recall that we introduced the discretization ¢; = T,,,% of [0, T,,] and denote by Q,(ly -0 the
laws of the n 4 1 marginals of (x;);>¢ at times #;, i = 0, ..., n. We will consider the following
statistical models, depending on a fixed, possibly infinite, Lévy measure vy concentrated on /
(clearly, the models with the subscript F'V are meaningful only under the assumption (FV)):

’,0, dv
Py = (D, 1, [P},,V Vof= e € &““0"}),

v d
QZOFV — (R}’H-l’ %(Rn—‘rl)’ { 2}’ ,0,v) . f — d_v c jv()y[})’
) o
V=V d
P = (D, I1,, HP;V 0.0 f= d—v € 9”0’1}>,
n VO

v dv
QZO — <Rn+l’ %(RH-H), { SIJ/ 0,0,v) . f — E e 9‘\10,1})'
Finally, let us introduce the Gaussian white noise model that will appear in the statement of our
main results. For that, let us denote by (C (1), ¥) the space of continuous mappings from / into R
endowed with its standard filtration, by g the density of vy with respect to the Lebesgue measure.
We will require g > 0 and let an be the law induced on (C (1), %) by the stochastic process
satisfying:

. dw;
dy, =/ f()dt + ST tel, 3

where (W;);cr denotes a Brownian motion on R with Wy = 0. Then we set:
v = (cay, e (Wi f e 7).

Observe that when vy is a finite Lévy measure, then %, is equivalent to the statistical model
associated with the continuous observation of a process (¥;);<; defined by:

. dw,
dy, = f(t)g(t)dt+—2m, rel.

2.3. Main results

Using the notation introduced in ASection 2.1, we now state our main results. For brevity of
notation, we will denote by H(f, fin) (resp. Lo(f, fm)) the Hellinger distance (resp. the L,



512 E. Mariucci / Stochastic Processes and their Applications 126 (2016) 503-541

distance) between the Lévy measures v and Dy, restricted to I\[—&,, &n], i.€.:

~ ~ 2
B [ (V= o) i
L= [ (0= ),

Observe that Condition (H1) implies (see Lemma 5.1)

L Lo < B ) < LS )
aM Ime = T = A me

Theorem 2.5. Let vy be a known Lévy measure concentrated on a (possibly infinite) interval
I C R and having strictly positive density with respect to the Lebesgue measure. Let us choose a
parameter space F -1 such that there exist a sequence m = m,, of integers, functions V;, j =
+2,...,+m and a sequence g, — 0 as m — o0 such that Conditions (H1), (C1), (C2) are
satisfied for F = F'1. Then, for n big enough we have:

AP0 A = 0 (wmn sup (An(f) + Bu(f) + cm<f)))
feF

+0<\/1E sup Lo(f, fm)"'\/ = <L+L>) ®
nA, Hm

fesF Mm

Theorem 2.6. Let vy be a known Lévy measure concentrated on a (possibly infinite) interval
I C R and having strictly positive density with respect to the Lebesgue measure. Let us choose
a parameter space F"! such that there exist a sequence m = m, of integers, functions
Vi, j = %£2,...,+m and a sequence ¢, — 0 as m — 00 such that Conditions (H1), (Cl),
(C2') are satisfied for F = F'L. Then, for n big enough we have:

Ji
+0 (x/nAn sup (A (f) + Bu(f) + H(J. fm>)). (10)

feF

AP, W) = O(vo(l\[—em,sml) noz 4 minm \/n\/An sup Con f)>
feF

Corollary 2.7. Let v be as above and let us choose a parameter space 7! so that there exist
sequences m,, &, VJ{ and m), &, VJ/»/ such that:

e Conditions (H1), (C1) and (C2) hold for m/,, &/ ij, and %(L + ML_) tends to zero.

n m’ Mo
e Conditions (H1), (C1) and (C2') hold for m), e, ij’, and V()(I\[—em//, 8m//]) nAz +
m” Inm”

Jn tends to zero.

Then the statistical models 2,° and 2,° are asymptotically equivalent:

lim A(Z), 21) = 0.
n—oo

If, in addition, the Lévy measures have finite variation, i.e. if we assume (FV), then the same
results hold replacing 2, and 2,° by 2, and 2,°p, respectively (see Lemma A.14).
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3. Examples

We will now analyze three different examples, underlining the different behaviors of the Lévy
measure Vg (respectively, finite, infinite with finite variation and infinite with infinite variation).
The three chosen Lévy measures are Ijo, 1](x)dx, I[lo,ll(x)‘i—x and IR, (x)‘i—)zc. In all three cases we
assume the parameter f to be uniformly bounded and with uniformly y-Hélder derivatives: we
will describe adequate subclasses .70/ < .#/ K. defined as in (3). It seems very likely
that the same results that are highlighted in these examples hold true for more general Lévy
measures; however, we limit ourselves to these examples in order to be able to explicitly compute
the quantities involved (v;, x;’.‘, etc.) and hence estimate the distance between f and fm as in
Examples 2.4.

In the first of the three examples, where vy is the Lebesgue measure on I = [0, 1], we are
considering the statistical models associated with the discrete and continuous observation of a
compound Poisson process with Lévy density f. Observe that %Leb reduces to the statistical
model associated with the continuous observation of a trajectory from:

1
dy, =/ ft)dt + ﬁdW,, telo,1].

In this case we have:

Example 3.1 (Finite Lévy Measure). Let vy be the Lebesgue measure on I = [0, 1] and let
F = FLebl0.1 pe any subclass of f([;)}(] «. ) for some strictly positive constants K, «, M and
y € (0, 1]. Then:
- Leb +/Leb : Leb Leb
Tim AGZER, /) =0 and  Tim AGLR, 7)o,

More precisely,

v N . 1
A(«@,I;e})v, %Leb) _ 0((71An) 4+VZV> ify € 1(0, E]’
0((”An)7%) ify e (E’ 1:|'

In the case where A, = n~#, % < B < 1, an upper bound for the rate of convergence of

Leb Leby :
A(Qnﬂ,, W, ) is

o(n F5nn) ity e (0.5)ana T <p <
reha) ™, = ’
1 1 242
b Leb 0<n%_ﬂlnn> ifye<0,§>and§<,3<312y,
A(C’@n,eFV’ % ¢ ) = 2541 1 3 Y
O(n_ 1 1nn) ifye[z, 1] and 3 < <1,
l_ﬂ . 1 1 3
O<n2 1nn> 1fye[—,1]and—<ﬁ<—.
2 2 4

See Section 5.3 for a proof.

Example 3.2 (Infinite Lévy Measure with Finite Variation). Let X be a truncated Gamma process
with (infinite) Lévy measure of the form:

e—kx
v(A) =/ dx, A e A(0,1)).
A

X
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Here .7"-! is a 1-dimensional parametric family in A, assuming that there exists a known
constant g such that 0 < A < A9 < oo, f(¥) = e ™ and dvy(x) = )lcdx. In particular,

f is Lipschitz, i.e. #0011 9(3 11 k.. The discrete or continuous observations (up to

time T},) of X are asymptotically equivalent to %", the statistical model associated with the
observation of a trajectory of the process (y;):

dy, = \/f(tdt—i—wjyt, t €10, 1].

More precisely, in the case where A, = n~#, % < B < 1, an upper bound for the rate of
convergence of A(Qn oy #,0) is

1 9
O(n%fﬂlnn> if-—<B<—
A(QVOFV,WUO) _ 2
O(rfﬂlnn) if2</3<1
10 '

Concerning the continuous setting we have:

APy 30 = 0(n'F (m)F) = 0(7, 2 (n7,)?).
See Section 5.4 for a proof.

Example 3.3 (Infinite Lévy Measure, Infinite Variation). Let X be a pure jump Lévy process with
infinite Lévy measure of the form:

2 e—)rx*
v(A) = / ———dx, AeBR").
A X

Again, we are considering a parametric family in A > 0, assuming that the parameter stays
bounded below a known constant Ag. Here f@ =2-— e‘“S, hence 1 < f(r) < 2, for all
t >0, and f is Lipschitz, i.e. .Z"0R+ ¢ ﬁ( Z1 Kk M) The discrete or continuous observations
(up to time T},) of X are asymptotically equlvalent to the statistical model associated with the
observation of a trajectory of the process (y;):

t > 0.
\/_

More precisely, in the case where A, = n P 0 < B < 1, an upper bound for the rate of
convergence of A(2,°, #,°) is

dy: =/ f(@)

AP W) =

In the continuous setting, we have
38-3 7 3 ;
A@R A0 = 0(n5 (nmys) = 0T, *(nT)7).

See Section 5.5 for a proof.
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4. Proofs of the main results

In order to simplify notations, the proofs will be presented in the case I € R*. Nevertheless,
this allows us to present all the main difficulties, since they can only appear near 0. To prove
Theorems 2.5 and 2.6 we need to introduce several intermediate statistical models. In that regard,

let us denote by Q{ the law of a Poisson random variable with mean T,,v(J;) (see (4) for
the definition of J;). We will denote by .7, the statistical model associated with the family

of probabilities { &X' Q{ feF)
L = (NWI,P(NW), {(X) of: feﬁ})- (11
j=2

By N ]f we mean the law of a Gaussian random variable .4 (2,/T,v(J;), 1) and by .4, the
statistical model associated with the family of probabilities {®r;':2 N ]f feF }:

Ny = (Rm—l,,@(Rm—l), {(X)N]f L fe fi}) (12)

j=2

For each f € 7, let v, be the measure having fm as a density with respect to vy where, for
every f € %, fn is defined as follows.

1 ifx € ]1,
fin (x) = Jj 13
I =AYUD e = m, (13
vo(J;)
Furthermore, define
— Vm =V D dD
v = (D 7r, [P0 S e 7). 14
n ( T, T dV() ( )

4.1. Proof of Theorem 2.5

We begin by a series of lemmas that will be needed in the proof. Before doing so, let us un-
derline the scheme of the proof. We recall that the goal is to prove that estimating f = jT”O from
the continuous observation of a Lévy process (X;);c[o,7,] Without Gaussian part and having Lévy

measure v is asymptotically equivalent to estimating f from the Gaussian white noise model:

1
dy, = J/fO)dt + ———dW,, g tel

2V T,g(t)

Also, recall the definition of 7, given in (5) and read &, é} Py as &) is asymptotically
equivalent to &7,. Then, we can outline the proof in the following way.

" dLeb’

e Step 1: P;:v_vo’o"’) é P;}:vm_vo’o’a’");
e Step 2: P}: "0.0,0m) <:>A ®';':2 P (T,v(J;)) (Poisson approximation).

Here ®;'7=2 P (T,v(J})) represents a statistical model associated with the observation of
m — 1 independent Poisson r.v. of parameters 7, v(J;);
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e Step 3: ®;.":2 P(Twv(J;)) é ®;.":2 N (2,/T,v(J}), 1) (Gaussian approximation);
A
e Step 4: ®T=2 N Q2YTov(Jj), 1) = O)rer-
Lemmas 4.1-4.3 are the key ingredients of Step 2.

Lemma 4.1. Let 9,';0 and %, be the statistical models defined in (14) and (11), respectively.
Under the Assumption (H2) we have:
A(@,‘jo, %) =0, forallm.

Proof. Denote by N = N U {oo} and consider the statistics S : (D, Dr,) — (N’”’l, P(Nm’l))
defined by

S(x) = (N;f, ...,N;n;m) with N3 = 3" 1, (Ax). (15)
r<Tp
An application of Theorem A.12 to P;:Um_vo’o"j’”) and P;S’O’VO), yields

d ](wyﬂm*"o,o,\:’m) m ])(J]) )
B — xXj - _
47 (x) = exp(;(ln(—vo(lj)))NTn T, fl(fm(y) l)vo(dy)).

Hence, by means of the Fisher factorization theorem, we conclude that S is a sufficient statis-

. — ‘7'"7”0,0,_
tics for £2,°. Furthermore, under P}: vm)

tributions Q]f.' with means 7,,v(J;). Then, by means of Property A.7, we get AP, L) =
0, forallm. O

, the random variables N;y;] have Poisson dis-

Let us denote by Q Jf the law of a Poisson random variable with mean T, f Jj fm (»)vo(dy) and

let jm be the statistical model associated with the family of probabilities {®;'~1:2 Q{ c feF).

Lemma 4.2.

. T, .
A(Ln, L) < sup \/7 fl\[o ](f(y) - fm(y))zvo(dy).

feF

Proof. By means of Facts A.2-A.4, we get:

AL, L) < sup H(é of, ® Q{)

feF j=2 =2

m
< sup | Y 2H(Q]. 0)
feZ\| j=2

m Tn R 2
;ng/_ E (1 eXP( > [\//J] Tm(Mvo(dy) \//Jj S Ovo( y)] ))

j=2

By making use of the fact that 1 — e™ <
a—b

Ja+vb

x for all x > 0 and the equality \/a — v/b =
combined with the lower bound f > « (that also implies f,, > «) and finally the
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Cauchy—-Schwarz inequality, we obtain:

T, . 2
1—exp<—7[\/ / fm(y)vo(dy)—\/ / f(y)vo(dy)})
Jj Jj
T, . 2
7[\/ | Futrmian - \/ [ roma]

Jj Jj

2
(fjj (fO) = fm (y))VO(dy))

IA

7,
<

-2 kvo(J;)

< T 200(d
<3 fl (- Fu ) vo(dy).

Hence,

H(®Q{,®Q{ \/ [ (0 = Fal) wy).
j=2 j= I\[0,&,]

Lemma 4.3. Let Uy, and vy, the Lévy measures defined as in (5) and (13), respectively. For every
f € F, there exists a Markov kernel K such that

" 0,0,0m) _ p(r"mTY0,0,5,)
K Py =P )

Proof. By construction, v, and b, coincide on [0, &,]. Let us denote by v* and D)*° the

S —vg ,0,pres
restriction on I\[0, &,,] of v, and Dy, respectively, then it is enough to prove: K P(V )

(y”m —v0,0,pres

T, ) . First of all, let us observe that the kernel M:

M ) =31, 00 [ viom@n. s e no.e A€ FNO.00
j=2

is defined in such a way that MV[> = Df%. Indeed, for all A € B(I\[0, &,,]),

MES(A) = / Mo an =) | ( / V<y>vo(dy>) 15 (dx)
j=2 Jj j=2 Jj

= Z( fA vj<y>vo(dy)>v(f,-) = /A Fnvo(dy) = D3(A). (16)
j=2

Observe that (y"n %0, v7e%) and (y'n =¥, 0, vres) are Lévy triplets associated with
compound Poisson processes since vy.* and D* are finite Lévy measures. The Markov kernel K
interchanging the laws of the Lévy processes is constructed explicitly in the case of compound
Poisson processes Indeed if X is the compound Poisson process having Lévy measure Vs,
then X, = Ziz’l Y;, where N, is a Poisson process of intensity t, = v °(I\[0, &,]) and

the ¥; are i.i.d. random variables with probability law J VI Moreover, given a trajectory of
X, both the trajectory (n;)sef0,7,] of the Poisson process (N;):c[0,7,] and the realizations y;
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of Yi, i = 1,...,n7, are uniquely determined. This allows us to construct ny, i.i.d. random

variables l?i as follows: for every realization y; of Y;, we define the realization y; of I?i by
throwing it according to the probability law M (y;, -). Hence, thanks to (16), (I?i)i are i.i.d.
random variables with probability law iﬁ,r,fs. The desired Markov kernel K (defined on the
Skorokhod space) is then given by:

Ny
K (X)iepo.1,) — (xt =) Yi) :
i=1 1€[0,T,]

Finally, observe that, since

o = / FuOv0(dy) = / FOIo(dy) = f FuGv0(dy),
I\[0,&1 I\[0,&,,]

I\[0,&m]

(X1)tef0.7,] is @ compound Poisson process with Lévy measure dJc°. [

Let us now state two lemmas needed to understand Step 4.

Lemma 4.4. Denote by W;} the statistical model associated with the continuous observation of
a trajectory from the Gaussian white noise:

1
dy, = ,/f(t)dt —+ mdwt, t e I\[O, Em]-

Then, according with the notation introduced in Section 2.1 and at the beginning of Section 4,
we have

A, W) < 23Ty sup (A (f) + Bu ().
fesF

Proof. As a preliminary remark observe that 7/,,? is equivalent to the model that observes a
trajectory from:

45, = JFOe)di + zvj%)dw,, t € I\[0, en].

Let us denote by l?j the increments of the process (y;) over the intervals J;, j =2,...,m,i.e.

— J
Yji= Yo, = Yoy ™~ JV(/J vV F)voldy), UZ(TJ))

and denote by L/Ifﬂ the statistical model associated with the distributions of these increments. As
an intermediate result, we will prove that

ANy, Np) < 24/T,, sup By (f), forall m. (17)
feF

To that aim, remark that the experiment .4;, is equivalent to observing m — 1 independent
Gaussian random variables of means 2V, Wi vo(dy), j = 2,...,m and variances
m f Jj SOvo(dy), j

identically 1, name this last experiment Jﬁ . Hence, using also Property A.1, Facts A.2 and A.5
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we get:

m

Y #
Ay M) < A s N < (m/ JTOo(dy) - 2/Tav ))

j=2

Since it is clear that 8(7/”? , ) = 0, in order to bound A(A;,, er ) it is enough to bound
8( N, ”//,f ). Using similar ideas as in [10, Section 8.2], we define a new stochastic process as:

m _ t 1 m
=ZYj/ Vivody) + =—= > \/v(J)Bj(t), t € I\[0,en],
j=2 2\/Tn j=2

Em

where the (B;(z)) are independent centered Gaussian processes independent of (W;) and with
variances

2

t t
Var(B; (1)) = / V() vo(dy) — ( / Vj(y)uo<dy)> .

These processes can be constructed from a standard Brownian bridge {B(s),s € [0, 1]},
independent of (W;), via

t
Bi(1) = B(/ Vi(y)vo(dy)>-

By construction, (¥;*) is a Gaussian process with mean and variance given by, respectively:

t
E[Y;] = ZE / Viyvo(dy) = </J.\/f(y)VO(dy))f Vi(yvo(dy),

Em

Var[Y*] = ZVar[Y ](/ V; (y)vo(dy)> + —Zvo(J )Var(B; (1))
1 ! vo([&m, 1])
= = vo(dy) = ——.

AT )\ S 4T, J,,, 4T,

One can compute in the same way the covariance of (¥;*) finding that

VO([Em ’ S])

Cov(Y]., Y = T
n

, Vs <t
We can then deduce that

-
Yt*=f T (y)VO(dy)+/ Vg(

where (W}*) is a standard Brownian motion and

) = Z( f, \/f(y)VO(dy)) V0.
= \JY;

t € 1\[0, &,],

Applying Fact A.6, we get that the total variation distance between the process (¥;")rer\[0.e,,]
constructed from the random variables Y;, j =2, ..., m and the Gaussian process (¥1)re/\[0,¢,1
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is bounded by

\/4Tn /, ” ](\/A?m T we(dy),

which gives the term in A,,(f). O

Lemma 4.5. In accordance with the notation of Lemma 4.4, we have:

AWHE W) = o<sup \/Tn/% (Vf @) - 1)2u0(dr)>. (18)
0

feF

Proof. Clearly §(#;,°, #;#) = 0. To show that §(#;F, #,/°) — 0, let us consider a Markov
kernel K¥* from C(I\[0, &,]) to C(I) defined as follows: introduce a Gaussian process,
(B")tef0,¢,,1 With mean equal to ¢ and covariance

Em

0,s1n[0,1(2)dz.

Cov(B", B") =f — 1
ST Jo ATg(s) |

In particular,

! 1
Var(B;") :/ ds.
o 4T.g(s)

Consider it as a process on the whole of / by defining B/" = B! Vt > ¢5,. Let w, be a trajectory
in C(1\[O0, &,]), which again we constantly extend to a trajectory on the whole of /. Then, we
define K* by sending the trajectory @, to the trajectory w, + B!™. If we define W, as the law
induced on C(I) by

ﬂ tel h(t)—{l t €[0, &nl
2JTg()’ ’ W@ e N0, gy,

then K#W,{II\[(),g,,,] = W, where W; is defined as in (8). By means of Fact A.6 we deduce
(18). 0O

d5, = h(t)dt +

Proof of Theorem 2.5. The proof of the theorem follows by combining the previous lemmas
together:

e Step 1: Let us denote by @,‘fom the statistical model associated with the family of probabilities

(P}:vmivo’o’ﬁ’") : ;Tvo € %). Thanks to Property A.l, Fact A.2 and Theorem A.13 we have
that

Ao, Iy < I sup HE f.
' 2 feF

e Step 2: On the one hand, thanks to Lemma 4.1, one has that the statistical model associated

with the family of probability (P O™ 4
means of Iiernma 4.2 we can bound A(Z,, jm). On the other hand it is easy to see that
8(2, L) = 0. Indeed, it is enough to consider the statistics

S:x <Z I, (Ax,), ..., Z HJm(Ax,)>

r<T, r<T,

€ Z) is equivalent to .%,. By
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since the law of the random variable ern Ij;(Ax;) under P }rvmivo'o’ﬁ'") is Poisson of
parameter 7, fJ fm (y)vo(dy) for all j = 2,...,m. Finally, Lemmas 4.1 and 4.3 allow us

to conclude that § (%, 3”,1 'm) = 0. Collecting all the pieces together, we get

T, .
AP, L) < sup \/ = / () = Fu ) vo(dy).
fez \ K JIN\0.e,]

e Step 3: Applying Theorem A.9 and Fact A.3 we can pass from the Poisson approximation
given by .%, to a Gaussian one obtaining

LIS mo g —1)2
AL, H) = Csup | Y <c |} —c (m =~ D2
feF N 7= TnvlJp) = Tavo(J}) Tattm

e Step 4: Finally, Lemmas 4.4 and 4.5 allow us to conclude that:

A0, W) = 0 (ﬁ sup (Aw(f) + Bu(f) + cm))

fes

0 (VT s /[ (FO) = Fu ) v0(dy) + [ ). O
I\[0,8] nm

feF

4.2. Proof of Theorem 2.6

Again, before stating some technical lemmas, let us highlight the main ideas of the proof. We
recall that the goal is to prove that estimating f = dTUO from the discrete observations (X;,)!_
of a Lévy process without Gaussian component and having Lévy measure v is asymptotically
equivalent to estimating f from the Gaussian white noise model

dl)()
dy, =+ f@)dt + ———=dW;, g=-—,1€l.
T \/Tn O e

Reading & {é} P as &1 is asymptotically equivalent to %?,, we have:
e Step 1. Clearly (X,l.)?zo é}(X,i — Xt,-_1)?=1 . Moreover, (X;; — X, )i é(ei Y;) where (¢;)
are i.i.d. Bernoulli r.v. with parameter « = (,, 4, e~mBn = f]\[o enl f()vo(dy) and (Y;);

are 1.i.d. r.v. 1ndependent of (e,)” | and of density - i with respect to YO/ 10

e Step 2. (¢;Y;); <:> M(n; (y])m 1)> where M(n; (y; )’” 1) is a multinomial distribution with
yl_l—aandyl._av(J,)t_2 m;

e Step 3. Gaussian approximation: /\/l(n; (yl, e VYm)) <=> ®'}1=2 N2 Tav(J)), 1);
A
e Step 4. ®';':2 N 2yTv(Jj), D) <= Oier-

Lemma 4.6. Let v;, i = 1,2, be Lévy measures such that vi < vy and by — by = f‘y|<1 y(v; —
v2)(dy) < o0. Then, for all 0 < t < oo, we have: -

¢
<. -H .
- \/; (v1,v2)

b1,0, by,0,
”Qt( 1,0,11) _ Q§ 2,0,142)
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Proof. For all given ¢, let K; be the Markov kernel defined as K;(w, A) = [a(w;), V A €
BR), Y w € D. Then we have:

H Qt(bl,(),w) _ ngz,(),l&) H — ” KtPt(bhO,vl) K, P[(bz,()»vz) ”
vV TV
< ” Pt(bl»(),vl) _ P[(bzgogvz) ”TV

t
_H ) 3
\/; (v, 12)

where we have used that Markov kernels reduce the total variation distance and Theo-
rem A.13. O

IA

Lemma 4.7. Let (P;)!_,, (Y;)!_, and (&;)]_, be samples of, respectively, Poisson random
variables &2 (\;), random variables with common distribution and Bernoulli random variables
of parameters Lie i, which are all independent. Let us denote by Qy, p,) (resp. Q(y; e)) the

law of Zfizl Yj (resp., €;Y;). Then:

n n
H® Qu,.p) — ® Qe
i=1 i=1

n
<2 A2, 19
‘TV - ; ! (19

The proof of this lemma can be found in [34, Section 2.1].

Lemma 4.8. Ler [ be the truncated function defined as follows:

tr _ 1 if x €0, 5]
m () = {f(x) otherwise

and let vl (resp. Vi) be the Lévy measure having fy (resp. flio,e,1) as a density with
tr, Vg
n

respect to vy. Denote by 2
n (VV}'r’fvosOyV,[,rl) L dvy P res, vy . . .
X, (O =n e F) and by 2, the model associated with the family of

the statistical model associated with the family of probabilities

d\lo
. "fr?s’”O,(), res res
probabilities <®?=1 QE[V_IH CR % € ﬁ) Then:
tr, res, _
A2, gy — ),
Proof. Let us start by proving that §(2y"°, 2,°>") = 0. For that, let us consider two

independent Lévy processes, X" and X°, of Lévy triplets given by (y”r‘ﬁ’”(), 0, v,t,ﬁfvo) and
(O, 0, v0|[0,€m]), respectively. Then it is clear (using the Lévy—Khintchine formula) that the
random variable X" — X9 is a randomization of X' (since the law of X does not depend on
v) having law Qﬁyvm _VO’O’V'ISS), for all 7 > 0. Similarly, one can prove that §(25>"0, 20"0)
=0. O

Proof of Theorem 2.6. As a preliminary remark, observe that the model .2,° is equivalent to the
V= ~
one that observes the increments of ((x;), P}i’ 0’0"))), that is, the model 2,° associated with

the family of probabilities (®7:1 Qt(iy_”;i(i,o,u) : 57”0 eF )
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e Step 1: Facts A.2—A.3 and Lemma 4.6 allow us to write

n (0,0 n (Vum—vo 0,vir) ﬁ .
H(§QA” i:l 0% = m S
An Em 2
n\/T\//O (Vf(y) = 1) vo(dy).

Using this bound together with Lemma 4.8 and the notation therein, we get A(2,°

2,7 < \/n,/ﬂsupfeg H(f, f). Observe that v is a finite Lévy measure,

A

vm 0, res 3 . . . .
hence ((x,) P(V o) ) is a compound Poisson process with intensity equal to ¢, =

f,\ 0.6,,1 f (vo(dy) and jumps size density f(x)g(x) , for all x € I\[0, &,,] (recall that we
are assummg that vy has a density g with respect o Lebesgue) In particular, this means that

vpes L0, vres
(Ay ") can be seen as the law of the random variable Z j=1 ¥j where P is a Poisson
0 =

variable of mean tm Ay, independent from (Y;);>0, a sequence of i.i.d. random variables
with dens1ty HI\[O ¢n] With respect to Lebesgue. Remark also that ¢, is confined between
/cvo(l\ 0, 8m]) and MvO(I\[O, Em )

Let (¢)i>0 be a sequence of i.i.d. Bernoulli variables, independent of (Y;);>0, with mean

tmAge~mAn Fori = 1,...,n, denote by Qf’f the law of the variable ¢;¥; and by 25 the
statistical model associated with the observations of the vector (1Y, ..., €,Y,), i.e.

n
2¢ = (1”,%(1"), {@ 0¢' e y})
i=1
Furthermore, denote by Qlf the law of Zf’: 1 ¥;. Then an application of Lemma 4.7 yields:

H® of - @i 05|, = 2umy/n A7 = 2Muo(1\I0, en) Vi 27,
i=1 i=

Hence, we get:

A(@eW, 9 — 0(\;0(1\[0, em]),/nﬂ,%). (20)

Here the O depends only on M.

e Step 2: Let us introduce the following random variables:

n n
Z]:ZH{Q}(EJ'Y]'); Zi:Z]I/i(Gij)’ i=2,...,m.
j=1 j=1

Observe that the law of the vector (Zy, ..., Z,;) is multinomial M (n; y1, ..., ¥n) Where
y=1-— LmAne_"”A”, Y = Ane_‘mA”v(J,-), i=2,....,m
Let us denote by M, the statistical model associated with the observation of (Z1, ..., Z;).

Clearly 6(25, M,) = 0. Indeed, M, is the image experiment by the random variable
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S:I"— {1,...,n}" defined as
St o) = (# 1xy = 01 #{j 1xj € s #{j 3 € ),

where #A denotes the cardinal of the set A.
We shall now prove that §(M,,, 25) < SUp e 7 4/ nA, H2(f, fm). We start by defining a

discrete random variable X* concentrated at the points 0, x*, i =2,...,m:
; ify=xF, i=1,...,m
]P; X* — — Vz . I ) ) )
( Y) {0 otherwise,

with the convention xj = 0. It is easy to see that M,, is equivalent to the statistical model
associated with n independent copies of X*. Let us introduce the Markov kernel

T4 (0) ifi =1,

* —
K(xj, A) = /Vi(x)VO(dx) otherwise.
A

Denote by P* the law of the random variable X* and by Qf’f the law of a random variable

A

€ l?i where €; is Bernoulli independent of ?i, with mean ¢, A,,e”"»“» and )?i has a density

Img

tm

K P* = Qf’f . Hence, thanks to Remark A.8, we get the equivalence between M, and the

statistical model associated with the observations of n independent copies of ¢; Y;. In order to
bound §(M,,, Z5) it is enough to bound the total variation distance between the probabilities

I\[0,e,,1 With respect to Lebesgue. The same computations as in Lemma 4.3 prove that

X', Qf’f and ®7_, Qf’f . Alternatively, we can bound the Hellinger distance between each

of the Qf’f and Qf’f, thanks to Facts A.2 and A.3, which is:

n n A n N
Qo -@o| = |y o)
i=1 i=1

i=1 v \

n 1_ ~ ~
= 2w ) < rdes .

\ i=1

It follows that
8(My, 25) < /nA, sup H(f, fn).
fe7

Step 3: Let us denote by N} the statistical model associated with the observation of m
independent Gaussian variables .4 (ny;, ny;), i = 1,...,m. Very similar computations to
those in [10] yield

mlnm )
yn l

In order to prove the asymptotic equivalence between M, and N, defined as in (12) we

need to introduce some auxiliary statistical models. Let us denote by .A,, the experiment

obtained from N} by disregarding the first component. Furthermore, let us denote by J\/’,ﬁ

the experiment associated with the observation of m — 1 independent Gaussian variables

N (J1Vi, JT), i = 2,...,m. First of all, let us prove that A" and A, are asymptotically

AM,, N = 0(
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equivalent. One direction is trivial. In the other direction, the Markov kernel is given by
K(-x27~"9-xYn7A)ZE[HA(XaxZa"'axm)]a ACR’”a

where X is a Gaussian random variable with mean and variance both equal to n. The image
experiment of A4, through K is the statistical model associated with the observation of m
independent Gaussian random variables of the form N (n, n) ® ®;~":2 N (ny;, ny;). The total
variation distance can then be computed explicitly: it equals the distance between the first
components, for which the general formula of Fact A.5 can be used. We get the bound:

AW Aw) < sup \/(2 +2) =2 = 01\ [0, 1) Asi/n).

Moreover, using a result contained in [10], Section 7.2, one has that

A(Ap, N = 0(%).

Finally, using Facts A.2 and A.5 we can write

ANE N = [230 (VI - ﬂnv(mexp(—cmA,»)2
i=2

< 2T, 225, < \J20 83 M3 (v (1 \ 10, 1))’

To sum up,

mlinm

NG

with the O depending only on « and M.
e Step 4: An application of Lemmas 4.4 and 4.5 yields

AW, #,0) < 28Ty sup (A (f) + B (f) + Cu(f)). O
feF

AWM N = (5= +/n 83w (1 \ 10 801))” + vo(I \ [0, 1) 4, V).

5. Proofs of the examples

The purpose of this section is to give detailed proofs of Examples 2.4 and Examples 3.1-3.3.
As in Section 4 we suppose / € R... We start by giving some bounds for the quantities A, (f),
B, (f) and Lo (f, fm), the Ly-distance between the restriction of f and f;, on I\[0, &;,].

5.1. Bounds for A, (f), Bn(f), La2(f, fm) when fm is piecewise linear

In this section we suppose f to be in ﬁ(ly Kok M) defined as in (3). We are going to assume
that the V; are given by triangular/trapezoidal functions as in (6). In particular, in this case fm is
piecewise linear.

Lemma 5.1. Let 0 < k < M be two constants and let f;, i = 1,2 be functions defined on an
interval J and such that k < f; < M, i = 1,2. Then, for any measure vy, we have:

1
iy fj (fi(x) = f(x) vo(dx) < fl (V) — V2 (0)) vo(dx)
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< (f1 (x) — fo(x)) vo(dx).

Proof. This simply comes from the following inequalities:

|f1<x>—fz<x)|s%+ﬁ% VA — VA

flfl(X) L)) O

Recall that x}* is chosen so that f I (x — x)vo(dx) = 0. Consider the following Taylor
expansions for x € J;:

FO) = faH+ £ aHE —x)+Ri(x); fu) = fux)) + fL)(x = x),

1
2vM

I /\

where fm (xl.* )= IX)((JJ)) and fm (x*) is the left or right derivative in x depending whether x < x

or x > x; (as fm is piecewise linear, no rest is involved in its Taylor expansion).
Lemma 5.2. The following estimates hold:

IR ()| < K& —x/V[x — x[[;

£ = fn D] < IRillLayy fori=2,....m—1;

7 2[RillLoevy) + Klx; =il lx = x| ifxe i, i=3,...,m—1;
|[f@) = fu@)] < {C|x—t,~| ifx i, iel2m)

for some constant C and points &§; € Ji, ni € Ji—_1UJiUJix1, 10 € LHhUJzand v, € Jyu—1U Jy.
Proof. By definition of R;, we have
IR0l = (/&) = £/6D)C

for some point &; € J;. For the second inequality,

< K& — x[1"|x — x{1,

|f () = fn ()

wo(J7) | /,,_ (P = Fa)wd)|

R (x)vo(dx)| < IRl Loo(ve)»
Ji

where in the first inequality we have used the defining property of x. For the third inequality,
let us start by proving that forall2 < i < m — 1, f,;l (x) = f'(xi) for some x; € J; U Ji11
(here, we are considering right derivatives; for left ones, this would be J;_; U J;). To see that,
take x € J; N [x], x;’;]] and introduce the function 4 (x) := f(x) — [(x) where

*

X X N
l(x) = —(fm(xH_]) S ) + fn ().

z+1 X

Then, using the fact that fJ,- (x —x})vo(dx) = 0 joint with ff[+1 (r=xP)vo(dx) = (X7, =X ims
we get

/ h(x)vg(dx) =0 = / h(x)vg(dx).
Ji

Jit1
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In particular, by means of the mean theorem, one can conclude that there exist two points p; € J;
and p;4+1 € Ji41 such that

[ h@)vo(dx) f,+l h(x)vo(dx)
vo(Ji) vo(Ji+1)

As a consequence, we can deduce thgt there exists x; € [pi, pi+1] € Ji U Ji41 such that
h'(xi) = 0,hence f'(x;) =1'(x;) = f,,(x}). When 2 < i < m — 1, the two Taylor expansions
together with the fact that f,,’1 (x}) = f'(x;) for some x; € J; U Jiy1, give

h(pi) =

= h(pi+1)-

1F ) = Fn ] < 1F ) = Fn D]+ 1R ()] 4 K xf — xil” |x — x}|
< 20RillLowy + KX — xil” 1x — x}|

whenever x € J; and x > x (the case x < x}* is handled similarly using the left derivative of fm

and &; € J;_1 U J;). For the remaining cases, consider for exaAmple i = 2. Then fm (x) is bounded
by the minimum and the maximum of f on J> U J3, hencg fm(x) = f(r) for some 7 € Jo U J3.
Since f’ is bounded by C = 2M + K, one has | f(x) — fn(x)| < Clx — z|. O

Lemma 5.3. With the same notations as in Lemma 5.2, the estimates for A,Zn f), B,%l (f) and
Lo(f, fin)? are as follows:

La(f. fu)? = —(Z/ 2R Loty + Kl = il | = 271) vo(dx>)

+C2</ Ix — 1o vo(dx) +/ X — 1| vo(dx)>.
J

Im

RN = (T VF,) = 0(La: )
By (f) = (Z —w(J)2VM + 1) IlRlleo))

Proof. The L;-bound is now a stralghtforward apphcatlon of Lemmas 5.1 and 5.2. The one on
A (f) follows, since if f € J(y Kok M)? then \/f € .F (y £ R, Vi In order to bound B,%l(f)

write it as:

vf(y)vO(dy) [v(J))
2 2
B, (f) = E vo(Jj )( 0 () ) E vo(J; )E

By the triangular inequality, let us bound E; by F; + G ; where:

v(J; f,l VI vo(dy)
‘Vv(f, AL a“dG_’Vf( T wd) ‘

Using the same trick as in the proof of Lemma 5.1, we can bound:

f, (f(x) — fxF))vo(dx)
vo(J;)

Fj<2vM S 2VMIIR; I Lo (vp)-
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On the other hand,
1 *
6= o /Jj(m—\/f(y))vo(dy)‘
1 AEH) o= _
= ) / < (xr —x3) + RJ(Y))VO(dY) SR L oo (vo)»
UCRIACNITED)

which has the same magnitude as %HR]- Loy O

Remark 5.4. Observe that when vy is finite, there is no need for a special definition of fm near
0, and all the estimates in Lemma 5.2 hold true replacing every occurrence of i =2 by i = 1.

Remark 5.5. The same computations as in Lemmas 5.2 and 5.3 can be adapted to the general
case where the V;’s (and hence f,) are not piecewise linear. In the general case, the Taylor

expansion of f, in xi* involves a rest as well, say R;, and one needs to bound this, as well.

5.2. Proofs of Examples 2.4

In the following, we collect the details of the proofs of Examples 2.4.

1. The finite case: vy = Leb([0, 1]).

Remark that in the case where vy if finite there are no convergence problems near zero and so
we can consider the easier approximation of f:

mé if x € [0, x{],
Fn(x) = m2[9j+1(x_x7)+9j(x;‘+l —x)] ifx eGf iyl j=1,...,m—1,
MmOy, if x € (x), 1]
where
2j -1 -1
X = ]2 , ,:(J_,i], ej:/ fodx, j=1,....m
m m m Jj

In this case we take &, = 0 and Conditions (C2) and (C2’) coincide:

lim nA, sup (A,zn(f) + B,i(f)) —0.

n—o0 feff

Applying Lemma 5.3, we get
n _ -3 —1-y\.
sup (La(f, f) + An(f) + Bu(£) = O(m™3 4+ m™'77);

fe7

(actually, each of the three terms on the left hand side has the same rate of convergence).

2. The finite variation case: %(x) = x" .17 (x).

To prove that the standard choice of V; described at the beginning of Examples 2.4 leads to
/ glm V; (x)‘i—x = 1, it is enough to prove that this integral is independent of j, since in general

fglm Z;lzz Vj(x)d% = m — 1. To that aim observe that, for j =3,...,m — 1,

1 x;ox—x¥_, 4 X Xt —x
J —1 dx Jj+l1 +1 dx
um/ vj(x>vo(dx>=/* *_—’—+/ e
Em x i x

HIES Bk S s X Ty X
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Let us show that the first addendum does not depend on j. We have

* % * *
Y dx Xi-1 X dx Xi-1 Xioi
———— =1 and - —— — = In
£ X;—xg Xt —xt X x5 —x¥ x* )
Xj—1 7 -1 J Vi J Jj—1 J

nj
. Vj—Vj—
Since x7 = ju—jl and v; =&, ', the quantities —

m

* x*

=l

and, hence, —i do not depend on ;.

1— X1
The second addendum and the trapezoidal functions V; and V,, are handled similarly. Thus, fm
can be chosen of the form

1 if x € [0, &,
J
v(J2) if x € (em, x5,
Mm
2 1 v(Jj41) v(J;) .
Sn(x) = e _X%I: J+ (x —x}‘-‘) + —](x]_H —x)] ifx € (XT,X;+1]
j+1 Mm m
j=2,....m—1,
J;
V() ifx e (x), 1.
Hm

A straightforward application of Lemmas 5.2 and 5.3 gives

1 A 2 1 Y+l
\/ [ (760 = ) o) + A1) + Bl ) = 0((%) \/1n<em‘>>,

as announced.
3. The infinite variation, non-compactly supported case: d (x) = x 2y , (x). Recall
that we want to prove that

) 2 2 — w f(X)2>
Lo(f, fm)" + Am(f) + Bm(f) - 0( (Emm)zy +xzslgl()m) H(m) ’

for any given sequence H (m) going to infinity as m — oo.
Let us start by addressing the problem that the triangular/trapezoidal choice for V; is not

A A
doable. Introduce the following notation: V; = V; + A;, j = 2,...,m, where the V;’s are
triangular/trapezoidal function similar to those in (6). The difference is that here, since x;, is

not defined, Vm 1 is a trapezoid, linear between x* , and x* _, and constantly equal to ML on

[x;’;l_l, Um—1] and Vm is supported on [v,,—1, 00), where it is constantly equal to # Each A; is

chosen so that:

%
1. It is supported on [x* 1 j+l]
support is [x3, X3 *1, in the second one it is [x*

(unless j = 2, j = m — 1 or j = m; in the first case the
X1, and A, = 0);

i 1,x.], j = 3,...,m — 1 (sothat ) V; = #) and its
first derivative is bounded (in absolute value) by
bounded by L)'

3. A; vanishes, along with its first derivatives, on x

2. A; coincides with —A;_j on [x7%

1 s _ .
TG (so that V; is non-negative and

x;‘ and x*

-1’ Jj+1
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We claim that these conditions are sufficient to assure that fm converges to f quickly enough.

First of all, by Remark 5.5, we observe that, to have a good bound on L>(f, fu), the crucial

property of f;, is that its first right (resp. left) derivative has to be equal to ! e (resp.
J

Hm (Xj+ 1
W) and its second derivative has to be small enough (for example, so that the rest R j1s
m ] ]71
as small as the rest R; of f already appearing in Lemma 5.2).

The (say) left derivatives in x;f of fm are given by

~ A ~
Fuo@®) = (V@D + A@D) 0D —vli—): o) = Al () — v(JTj-1).

Then, in order to bound | f,;{ (x;.‘)| it is enough to bound |A/j’ (x;f)| because:

A d d
| fm@D| < 1A ‘/, f(x)x—); —/J_l f(x)x—;c
< [ATGDISUp LF/ (I + €Dk,
xXe

where £ is the Lebesgue measure of J;.
We are thus left to show that we can choose the A;’s satisfying points 1-3, with a small

enough second derivative, and such that f 1 Vi) i—;‘ = 1. To make computations easier, we will
make the following explicit choice:

Aj(x) =Dbj(x — x;’f)z(x — x;71)2 Vx € [x;ll,x;’f),

for some b; depending only on j and m (the definitions on [x;‘, xj 1) are uniquely determined
by the condition A; + A ;11 = O there).
Define jyax as the index such that H (m) € Jj,,.; it is straightforward to check that

max

em(m —1) 1
— mH(m_) ; x;_kzsm(m—l)log(ljtz), k=1,...,m—2.

Jmax ™

One may compute the following Taylor expansions:

X:nfk A 1 1 5 1
/x* Vin-k(x)vo(dx) = 5 = n o( );

. TR YTE k3
/x:;k+l‘% ) (d)—l—i-l—l— 1 +0<1)
P TR T i3

A
In particular, form > 0 and m—k < jnax, so thatalso £ >> 0, all the integrals f;f +11 V j(x)vo(dx)
g

A
are bigger than 1 (it is immediate to see that the same is true for V», as well). From now on we

will fix a k > 1?1(1;?) andlet j =m — k.

Summing together the conditions f ; Vilkx)vp(dx) = 1Vi > j and noticing that the function
L j Vi is constantly equal to lﬁ on [x’,‘f, 00) we have:

* x*

Xj 1 J
/* Aj(x)vodx) =m—j+1— M—vo([x;f, 0)) — /*

j=1 j=1

A
Vj(x)vo(dx)
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—k+1 : 1+1+0(1)—1+0(1)
log (1+%) 27" 6k K2/~ 4k K2

Our choice of A allows us to compute this integral explicitly:

*

X . o dx 21 1
/X* b.,'(x—xj_l)z(x—xj)zx—z:b.,-(em(m—l)) (gﬁ—i-O(ks))

Jj=1

In particular one gets that asymptotically

1 34l k\?

(sm(m —1))32 4k gmm )
This immediately allows us to bound the first order derivative of A; as asked in point 2:
indeed, it is bounded above by 2b~€3 _, where £;_1 is again the length of J;_;, namely

e = % fnrt It follows that for m big enough:
) 1 1 k\?
sup |[A;(0)| = =5 < — :

xel Mm(xj - xj—l) Emm

The second order derivative of A;(x) can be easily computed to be bounded by 4b./€§. Also

remark that the conditions that | f| is bounded by M and that f” is Holder, say | f'(x) — f/(y)| <
K|x — y|”, together give a uniform L, bound of | f'| by 2M + K. Summing up, we obtain:

1

(here and in the following we use the symbol < to stress that we work up to constants and to

higher order terms). The leading term of the rest R of the Taylor expansion of fm near x* 7 is

Fn@Nlx = X2~ | fn |63 ~

Using Lemmas 5.2 and 5.3 (taking into consideration Remark 5.5) we obtain

/ |f () = fm ()P0 (dx)

]max [ee]
/ | £ () = fn (0)[Pv0(dx) + fH( : | £ () = fn () [Pv0(dx)
S (emm)> ™27 (eum)? 1
5 k;m ,bLm< k4+4y + k14 ) + H( )x>s;111()m) f(.X)
H(m)
< (H(m)3+4)/ H(m)l3> 1 . o
(emm)2H2 (gum)10 H(m)

It is easy to see that, since 0 < y < 1, as soon as the first term converges, it does so more slowly
than the second one. Thus, an optimal choice for H (m) is given by ./¢;,m, that gives a rate of
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convergence:

A 1
Lo(f, fw)* S .

JEmm
This diregtly gives a bound on H(f, fm). Also, the bound on the term A, (f), which is
Ly(VF, N/ F )2, follows as well, since f € %};KW‘M) implies /f € .#! Finally,

. e VKN M)
the term Bi( f) contributes with the same rates as those in (21): using Lemma 5.3,

’Vm7 5)111}'("’11—)1) —‘

Ba(NS D wUPIR,IZ, + vo(H(m), 00))

j=2
m
emmN 2+2y 1
< - -
Su () T+
" E;_l) k2 H (m)
k="tom
H(m)3+4y 1

~ (emm)* T H(m)

5.3. Proof of Example 3.1

In this case, since ¢, = 0, the proofs of Theorems 2.5 and 2.6 simplify and give better
estimates near zero, namely:

R 2
NPy V™) < € (ﬁ sup (An (/) + Bu(f) + La(f, f)) + ”i>

feF T,

A2Py . W)

< C2< n "0 T sup (An(h) + Bu(h) + HIF, fm))), (22)

\/ﬁ fesF

where Cy, C, depend only on x, M and

1, — m 2
)=\ [(VEu) VIO e Buth =Y (Vin [ VF0)y =5
0 i=1 Jj

As a consequence we get:
AP A = (VT (7™ ) i, )

To get the bounds in the statement of Example 3.1 the optimal choices are m, = Tnm when

2
y < % and m, = T,’ otherwise. Concerning the discrete model, we have:

1
A(Q’I:ei?v’ ) < 0( nA; + M}m ++/n4, (m_% + m_l—y))
’ n
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There are four possible scenarios: if y > % and A, = n~# with % <B < % (resp. B > %), then

the optimal choice is m,, = n'=# (resp.m, =n"35 ).

Ify > % and A, = n=# with % < B < % (resp. B > gigy) then the optimal choice is
2-B
my = n*2 (resp. m, = nl=#P).
5.4. Proof of Example 3.2
-«

As in Examples 2.4, we let ¢,, = m™ and consider the standard triangular/trapezoidal
V;’s. In particular, fm will be piecewise linear. Condition (C2') is satisfied and we have
Cn(f) = O(ey). This bound, combined with the one obtained in (7), allows us to conclude
that an upper bound for the rate of convergence of A(,@Z?FV, #,°) is given by:

—1y.2
Ay 9 = (VN + (D) P ),
m n

where C is a constant only depending on the bound on A > 0.
The sequences ¢, and m can be chosen arbitrarily to optimize the rate of convergence. It is
clear from the expression above that, if we take €,, = m~!~% with & > 0, bigger values of o

reduce the first term y//n%A,e,,, while changing the other terms only by constants. It can be
seen that taking o« > 15 is enough to make the first term negligible with respect to the others.

In that case, and under the assumption A, = n~#, the optimal choice for m is m = n® with

6= w . In that case, the global rate of convergence is

1
O(n%fﬂlnn) if—<,3<2
A(QVOFV,WVO) — 2

In the same way one can find

Inm\2 m2
vy -1 /
A(gzn pvs W) = 0(\/”An< - ) In(e;, ) + P RTINS + nAnem)

As above, we can freely choose ¢, and m (in a possibly different way from above). Again, as

soon as &, = m 1% with o > 1 the third term plays no role, so that we can choose ¢, = m~—2

Letting A, =n#,0 < 8 < 1,and m = n%, an optimal choice is § = #, giving

APy #,0) = O (n "T(lnn)s) - O(T,:é(ln Tn)%).

5.5. Proof of Example 3.3
Using the computations in (21), combined with (f(y) — fm(y))2 < 4dexp(—2xr0y>) <

4exp(—2r0H (m)3) for all y > H (m), we obtain:

H(m)’

(emm)*

/ £ () = fun)[Pvo(dx) < +fH( )|f(x)_fm(x)|2‘)0(dx)
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H(m)7 672)»0H(m)3
+
™ (emm)* H(m)
As in Examples 2.4, this bounds directly HZ2(f, fm) and A,Zn( f). Again, the first part

of the integral appearing in B,%l( f) is asymptotically smaller than the one appearing
above:

B2(f) = ( / JFwo— | / f(x)vo(dX))2
=1 \Vim 7

emm

Hm)? 1= ( 1 / >2
— 4 — - d
(Smm)4 ]; N Hm T, \/?vo Im—k f(X)VO( X)

H(m)7 e—;on(m)3
+
~ (emm)* H (m)

As above, for the last inequality we have bounded f in each J,_;, k < g’?%, with

exp(—koH(m)3). Thus the global rate of convergence of Lo (f, fm)2 + Afn(f) + B,i(f) is
H(m)7 e’)‘OH(’")S
(gum)* H (m)

Concerning Cy,(f), we have C;, 2(f) = f em (VJX)=1)” (x —? dx < 8 . To write the global rate
of convergence of the Le Cam dlstance in the dlscrete setting we make the choice H(m) =

3/ % In m, for some constant 7, and obtain:

N

JnA 1 (Inm)# %

n minm nm m

A QVO,WVO = 0 1 + + nAn —_— —_— zAn 5
( n n ) ( A \/— vV ((8 )2 + 3,_ n Em

Letting A, =n~*, ¢, =n~* and m = n®, optimal choices give o = ’3 and § = % + ﬁg We can
also take n = 2 to get a final rate of convergence:

12

O(n%7%ﬂ> 1f§ <B<—=

A(QZO,%VO) — ﬂ ‘11-2 13
0( % T(lnn)ﬁ) S <p<l.

In the continuous setting, we have

n

6 2 2
AP, W) = 0<@<M+ m=3 +8m>+ e )

(emm)?  JInm nA,
Using T, = nA,, &, = T, % and m = Trf, optimal choices are given by o = %, 5 = %;

choosing any 1 > 3 we get the rate of convergence

_3 7
APV, W0y = O(Tn  (In Tn)E).
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Appendix. Background
A.l. Le Cam theory of statistical experiments

A statistical model or experiment is a triplet &; = (2, <,{Pj9;0 € O}) where
{Pj ;0 € O} is a family of probability distributions all defined on the same o-field <7; over
the sample space Z; and O is the parameter space. The deficiency §(21, &) of 1 with
respect to &7, quantifies “how much information we lose” by using &; instead of &7, and it is
defined as §(Z, &,) = infg supycg I|K P1,9 — P2gll7v, where TV stands for “total variation”
and the infimum is taken over all “transitions” K (see [32, page 18]). The general definition of
transition is quite involved but, for our purposes, it is enough to know that Markov kernels are
special cases of transitions. By K P; g9 we mean the image measure of P; g via the Markov kernel
K, that is

KP1,9<A)=/ K(x, AYPyo(dx), VA € oh.
24

The experiment K &) = (23, 94, {KP19;0 € O)) is called a randomization of &) by the
Markov kernel K. When the kernel K is deterministic, that is K(x, A) = [4S(x) for some
random variable S : (27, ) — (23, 9%), the experiment K &2 is called the image experiment
by the random variable S. The Le Cam distance is defined as the symmetrization of § and
it defines a pseudometric. When A(Z?;, &2;) = 0 the two statistical models are said to be
equivalent. Two sequences of statistical models (] ) en and (25 ) nen are called asymptotically
equivalent if A(Z], P7) tends to zero as n goes to infinity. A very interesting feature of the
Le Cam distance is that it can be also translated in terms of statistical decision theory. Let &
be any (measurable) decision space and let L : © x Z +— [0, 00) denote a loss function.
Let ||L] = SUP(9,1)eOx 7 L, 7). Let ; denote a (randomized) decision procedure in the ith
experiment. Denote by R; (7;, L, 0) the risk from using procedure 7z; when L is the loss function
and 6 is the true value of the parameter. Then, an equivalent definition of the deficiency is:

8(P1, H,) = infsup sup sup |R1(n1, L,0) — Ry(m, L, 9)|.
Tl m 9eO L:|L|=1

Thus A(S, &%) < & means that for every procedure 77; in problem i there is a procedure 7;
in problem j, {i, j} = {1, 2}, with risks differing by at most &, uniformly over all bounded L
and 6 € 6. In particular, when minimax rates of convergence in a nonparametric estimation
problem are obtained in one experiment, the same rates automatically hold in any asymptotically
equivalent experiment. There is more: When explicit transformations from one experiment to
another are obtained, statistical procedures can be carried over from one experiment to the other
one.

There are various techniques to bound the Le Cam distance. We report below only the
properties that are useful for our purposes. For the proofs see, e.g., [32,47].

Property A.l. Let &?; = (X, 4,{Pj9;0 € 0O)), j = 1,2, be two statistical models
having the same sample space and define Ao(P1, 2) = Supgeg P10 — P2ollrv. Then,
APy, P2) < Ao(P1, D).
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In particular, Property A.1 allows us to bound the Le Cam distance between statistical models
sharing the same sample space by means of classical bounds for the total variation distance. To
that aim, we collect below some useful results.

Fact A.2. Let P and P be two probability measures on Z ', dominated by a common measure
&, with densities gi = %, i =1, 2. Define

Lip Py = [ a0 = scole)
) 1/2
Iﬂﬂiw=(ﬂ(wmm—¢&aﬁswm>.

Then,

1
P — Pllzy = le(Pl, P)) < H(P1, P). (A.1)

Fact A.3. Let P and Q be two product measures defined on the same sample space: P =
PP, Q=0 Qi Then

H*(P, Q) <Y H(P;, Q). (A2)

i=1
Fact Ad4. Let P;, i = 1,2, be the law of a Poisson random variable with mean A;. Then
1 2
H2(P,, Py) =1 — exp(—z(,//\l - sz) )

Fact A.5. Let Q1 ~ A (1, 0}) and Qy ~ N (142, 03). Then

2\ 2 2
O" —
191 — Q2llrv < 2<1——12> +M.

o5 202

Fact A.6. Fori = 1,2, let Q;, i = 1,2, be the law on (C, %) of two Gaussian processes of the
form

. ! 4
X;:/O h,-(s)ds—i—fo o(s)dWs, te€l0,T]

where h; € Ly(R) and o € R~ . Then:

(h1(y) — hz(y))
(01 02) \// O

Property A.7. Let &; = (Zi, %,{Pip,0 € O}), i = 1,2, be two statistical models. Let
S 21 — > be a sufficient statistics such that the distribution of S under P\ g is equal to P, g.
Then A(Zy, P5) = 0.
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Remark A.8. Let P; be a probability measure on (E;, &) and K; a Markov kernel on (G, G;).
One can then define a Markov kernel K on (]_[l’-’z 1 Ei, ®?:1 G;) in the following way:

n
K(risooo s Arx oo x A) = [ [ KiGu, A, Vi € Eiu YA € G,

i=1
Clearly K ®7_, Pi = ®"_, K; P;.

Finally, we recall the following result that allows us to bound the Le Cam distance between
Poisson and Gaussian variables.

Theorem A.9 (See [4, Theorem 4]). Let f’x be the law of a Poisson random variable X 1 with
mean A. Furthermore, let Pf be the law of a random variable Zi‘ with Gaussian distribution

N 2Nx, 1), and let U be a uniform variable on [—%, %) independent of X;. Define

Z, =2sgn(X, + U)\/| X1 + U|. (A3)

Then, denoting by P;. the law of Z,
H*(Py, P}) =007,

Remark A.10. Thanks to Theorem A.9, denoting by A a subset of R-¢, by P (resp. &%) the
statistical model associated with the family of probabilities {P; : A € A} (resp. {P; : A € A)),
we have

~ C
A(P, P*) < sup —,
re/ A
for some constant C. Indeed, the correspondence associating Zk to X 5. defines a Markov kernel;
conversely, associating to Z, the closest integer to its square, defines a Markov kernel going in
the other direction.

A.2. Lévy processes

Definition A.11. A stochastic process {X; : ¢+ > 0} on R defined on a probability space
(12, o7, P) is called a Lévy process if the following conditions are satisfied.

1. Xo =0 P-a.s.

2. For any choice of n > 1 and 0 < 1y < #; < --- < t,, random variables X, X; —
Xy, .- » Xy, — Xy, are independent.

3. The distribution of X;4; — X does not depend on s.

4. There is {2y € &7 with P({29) = 1 such that, for every w € (2, X;(w) is right-continuous in
t > 0 and has left limits in ¢ > 0.
5. It is stochastically continuous.

Thanks to the Lévy—Khintchine formula, the characteristic function of any Lévy process {X,}
can be expressed, for all # in R, as:

2.2
E[emxf] = exp(—t(iub _re / (I—e"+ iuyH|y|<1)V(dY))>’
2 R B
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where b, 0 € R and v is a measure on R satisfying
v({0}) =0 and /(|y|2 A Dv(dy) < oo.
R

In the sequel we shall refer to (b, 02, v) as the characteristic triplet of the process {X;} and v will
be called the Lévy measure. This data characterizes uniquely the law of the process {X;}.

Let D = D([0, 00),R) be the space of mappings w from [0, co) into R that are right-
continuous with left limits. Define the canonical process x : D — D by

Yo e D, x/(w)=uw;, Vt>0.

Let Z; and Z be the o-algebras generated by {x; : 0 < s < t}and {x; : 0 < s < 00},
respectively (here, we use the same notations as in [44]).

By the condition (4) above, any Lévy process on R induces a probability measure P on
(D, 2). Thus {X,} on the probability space (D, &, P) is identical in law with the original Lévy
process. By saying that ({x;}, P) is a Lévy process, we mean that {x; : ¢ > 0} is a Lévy process
under the probability measure P on (D, ). For all t > 0 we will denote P, for the restriction
of P to Z;. In the case where f <1 Iylv(dy) < oo, we set y” fl <1 Yv(dy). Note that, if v
is a finite Lévy measure, then the process having characteristic trlplet (y",0,v) is a compound
Poisson process.

Here and in the sequel we will denote by Ax, the jump of process {x;} at the time r:

Ax, = x, — lim x;.
str

For the proof of Theorems 2.5 and 2.6 we also need some results on the equivalence of measures
for Lévy processes. By the notation <« we will mean “is absolutely continuous with respect to”.

Theorem A.12 (See [44, Theorems 33.1-33.2], [45, Corollary 3.18, Remark 3.19]). Let P!
(resp. P2) be the law induced on (D, 2) by a Lévy process of characteristic triplet (1,0, v1)
(resp. (0,0, v2)), where

n= /I ly(Vl —)(dy) (A.4)

is supposed to be finite. Then P1 < szor allt > 0 if and only if vi < v, and the density d‘”
satisfies

dl)] 2
/( —(y) ) v2(dy) < o0. (A.5)

Remark that the finiteness in (A.5) implies that in (A.4). When P,1 & P?, the density is

B/ (6) = exp(Us (x)
gpz ) T R,

U (x) = lim E 111 (Ax )H —/ dVI( ) V (d V)
t e — , r |Ax,\>£ |y|>8 l]) y 2 ’

pOOv) g (A.6)
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The convergence in (A.6) is uniform in t on any bounded interval, P ©0.0.v2)_g 5. Besides, {U;(x)}
defined by (A.6) is a Lévy process satisfying I p©,0.v) [V @] =1,vr > 0.

Finally, let us consider the following result giving an explicit bound for the L; and
the Hellinger distances between two Lévy processes of characteristic triplets of the form
(bi, 0,vy), i =1,2withby —by = [, y(v1 — 12)(dy).

Theorem A.13 (See [30]). For any 0 < T < oo, let P; be the probability measure induced
on (D, 91) by a Lévy process of characteristic triplet (b;,0,v;), i = 1,2 and suppose that
v L V).

2
If H*(v1, ») = f(,/%(y) — 1) va(dy) < 00, then
T
H?(Py. P}) < 2 H?(v1, va).

We conclude Appendix with a technical statement about the Le Cam distance for finite
variation models.

Lemma A.14.
A2, 9:%‘,) =0.

Proof. Consider the Markov kernels 7, 72 defined as follows
mx, A) =Ix(x),  mx, A)=I1(x—y"), VxeD AeZ,

where we have denoted by x? the discontinuous part of the trajectory x, i.e. Ax, = x, —
limg, xs, xt‘l = ngz Ax, and by x — -y" the trajectory x; — ty™, t € [0, T,,]. On the one
hand we have:

a PO (4) = / w1(x, A)PYO0Y (dx) = f Ta(x) P 0 (dx)
D D

= PUO(A),

where in the last equality we have used the fact that, under P00 {x;i } is a Lévy process
with characteristic triplet (y", 0, v) (see [44, Theorem 19.3]). On the other hand:

m PUOM(A) = / ma(x, AP0V (dx) = / Ta(x —-y*) PO (dx)
D D

= poT00m (4,

since, by definition, y¥ — y*0 is equal to y”~"0. The conclusion follows by the definition of the
Le Cam distance. [J
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