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Abstract

In this paper, we extend recent work on the class of Bernstein—gamma functions to the class of
bivariate Bernstein-gamma functions. In the more general bivariate setting, we determine Stirling-
type asymptotic bounds which generalise, improve upon, and streamline those found for univariate
Bernstein—gamma functions. Then, we demonstrate the importance and power of these results through
an application to exponential functionals of Lévy processes. For a subordinator (a non-decreasing Lévy
process) (Xs)s>0, we study its exponential functional, fot e Xsds, evaluated at a finite, deterministic
time ¢ > 0. Our main result here is an explicit infinite convolution formula for the Mellin transform
(complex moments) of the exponential functional up to time ¢ which is shown to be equivalent to an
infinite series under very minor restrictions. Since exponential functionals of subordinators are part of
a universal factorisation concerning all exponential functionals of Lévy processes we believe that this
work may turn out to be a step towards a more in-depth study of general exponential functionals of
Lévy processes on a finite time horizon.
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1. Introduction, background and meotivation

Each Bernstein function, ¢, has been shown to have a unique associated Bernstein—gamma
function, Wy, defined by the recurrent equation

Ws(z + 1) = ¢(2)Wy(2), Re(z) > 0; We(1) =1,

see [33, Section 6] or [32]. In this work we study a suitable generalisation of the class
of Bernstein—gamma functions. Each bivariate Bernstein function, « (the Lévy —Khintchine
exponent of a possibly-killed bivariate subordinator), is shown to have a unique bivariate
Bernstein—gamma function, W,., defined by the recurrent equation

We (€ z+1) =« (. 2) We (£, 2), Re(§) = 0,Re(z) > 0; W@ D=1

Our main analytical result on bivariate Bernstein—gamma functions, Theorem 2.9, provides a
general Stirling asymptotic representation for W,. It is an improvement upon [32, Theorem
3.3], which only gives a Stirling representation for the absolute value in the univariate case.
Also, building upon [33, Theorem 6.1], Theorem 2.8 gives a Weierstrass product representation
for W,. The univariate Bernstein—gamma functions are intimately linked to Markovian self-
similarity and other important quantities in probability and spectral theory, see [1,21,32-34]
and the discussion below. In this work we will demonstrate that bivariate Bernstein—gamma
functions also play a role in probability theory via the study of exponential functionals of
Lévy processes up to a deterministic time, although we expect further applications to appear.
In particular, we apply our results on bivariate Bernstein~gamma functions to exponential
functionals of Lévy processes, as follows. For a subordinator (X;)s>0, we study its exponential
functional, defined as I4(¢) := fot e Xsds, t € [0, 0o). Our main results concern information on
the Mellin transform of Iy(¢), that is M1¢(,)(z + 1) := E[I4(¢)*], for Re(z) > 0. Here we only
highlight the following representation:

I'z+1) _i]‘[f.‘:l[qb(z—l—i)—wk)] e 0 Pz + 1)
Woz+ D TIZH0G) — )] k) Wy (z+ 1)

which holds under a minor regularity condition and where ¢y (w) = d(w + k) — ¢(k)
is a Bernstein function and Wy, is its corresponding univariate Bernstein-gamma function,

see Definitions 2.1, 2.2. We emphasise that %, k > 1, are the Mellin transforms of
(k)

exponential functionals of subordinators up to an infinite horizon.

The question of finding precise information on the distribution of the exponential functional
of a Lévy process up to a finite, deterministic time was posed in the 1990s, see e.g. [11, Remark
3.2], yet very few works have since been able to cover this case. For the Brownian motion
case an extensive study of the law of the exponential functional has been carried out in [22].
Recently, interesting results concerning moments of exponential functionals of processes with
independent increments have been discussed in [35], where in particular E [Ig(t)] ,n > 1,
have been computed when ¢(0) = 0, see Theorem 2.17. In this work we provide an expression
for any complex moments with positive real part. This work may turn out to be a first step
for a more in-depth study of exponential functionals of more general Lévy processes up to a
deterministic horizon, and the reason why the Mellin transform is a suitable starting point in
such an endeavour can be explained as follows. Consider a Lévy process & which is killed
at independent exponentially distributed random time e,,q > 0. Then, in a sequence of
papers [23,30-32], it has been shown gradually that in general

4 ¢ I'z+1)
&s — - 7 — —
E[(/O e ds) ] = kq4,—(0) i GT D W, (=2), Re(z) € (—1,0],
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where «, 1 are bivariate Bernstein functions corresponding to the Wiener—Hopf factors of &,
see for example [4, Chapter VI] for an introduction to Wiener—Hopf factorisation. On the other

" ([ v [ eee]( o) o

and one can try to understand E[( fot e‘SSds)Z] through standard Laplace inversion. The
I+

Weg 1 G+D)

an exponential functional of a killed subordinator. Therefore, it seems likely that our results,

such as (1.1), may have implications well beyond the class of subordinators.

The study of exponential functionals of Lévy processes has received much attention in recent
years. Advancements in the general theory can be found in [2,3,6,8,23,26,27,30-32,35,37].
These quantities have been used in various areas of probability theory, such as branching
processes and processes in random environments, see [20,25,28], spectral theory of non-
self-adjoint semigroups, see [33,34], positive self-similar Markov processes, see [7,19], and
financial mathematics, see [15] and [9, Section 6.3]. Exponential functionals up to a random
exponential horizon have also appeared in the study of Asian options, see [14,17,29]. For
Asian options, which are valued according to an integral of the form fot e Xudu, where X,
denotes an asset price at time u, one needs to consider exponential functionals up to a
deterministic horizon, but the latter have proved to be extremely hard to deal with, and that is
why researchers have focused on their Laplace transform. From this perspective, our studies,
which deal with obtaining knowledge of the exponential functional up to a finite, deterministic
time, are relevant to pricing of Asian options. We refer to [9,12,38] for further details on
applications of exponential functionals of Lévy processes.

The remainder of the paper is structured as follows: Section 2.1 introduces notation and
key quantities; Section 2.2 provides the statements of the main results on Bernstein—gamma
functions and bivariate Bernstein—gamma functions; Section 2.3 contains the statements of the
main results on exponential functionals, including the formula (1.1) for the Mellin transform;
Sections 3 and 4 contain the proofs of the main results; Section 5 collects proofs of functional
properties and results on bivariate Bernstein functions, which can be of independent interest,
and are stated in Proposition 3.3; Section 6 contains proofs of the remaining lemmas. Due to the
convoluted nature of some of the proofs we have adopted a non-linear style for the exposition
of some of the proofs. We enlist preliminary results, prove the main ones and supply the proofs
for the preliminary ones at the end. For example we prove Lemmas 4.1, 4.3, 4.4 and 4.5 in
Section 6, whereas due to its higher importance Lemma 4.2 is proved in Section 4 but after
the respective theorem towards which Lemma 4.2 contributes.

point where subordinators always appear is the expression which corresponds to

2. Main results

2.1. Preliminary definitions and notation

We start by defining some complex-analytical quantities. We use C to denote the complex
plane. For any z € C, we write z = Re(z) + iIm(z) and we set 7 = |z|e!*8? with the branch
of the argument function defined via the convention arg : C — (—m, w]. We put log, : C\
(—00, 0] > C for the main branch of the complex logarithm whereby log,(z) = In |z|+i arg z.
For any —oo <a < b < oo, we denote by C, ) ={z € C: a <Re(z) < b} and for any a €
(—o0, 00) we set C, = {z € C: Re(z) = a}. The notation C, ) = {z € C: a < Re(z) < b}
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and all possible variations thereof denote strips whose boundary lines are included or not in
the respective subset of the complex plane. We use A, ;) for the set of holomorphic functions
on C, ), whereas if —oo < a then A, ;) stands for the holomorphic functions on Cy, ;) that
can be extended continuously to C,. Similarly, we have the spaces A, 5; and A(, ;). We employ
C? for the two dimensional complex numbers with (C%a’ py standing for C, p) X C(4 ) and A%a’ b)
standing for the class of bivariate holomorphic functions on (Cfa! by

Now, let us state key definitions for Bernstein—gamma functions, Lévy processes and
exponential functionals.

Definition 2.1. A function ¢ is a Bernstein function, that is ¢ € B, if for all z € Cjg ),
o0
d(2) = ¢(0) +dz + / (1—e @) II(dy) 2.1
0

=¢0)+dz +z f e I (y)dy, (2.2)
0

where ¢(0), d € [0, 0o), II denotes a non-negative measure on [0, co) satisfying the restriction
S min{y, 1} II(dy) < oo, and II(x) := [ °II(dy), for x > 0. Note that in any case
@ € Ajo,00). For further background on Bernstein functions, we refer to the excellent book [36]
or to the paper [32, Section 3].

With each ¢ € B there is an associated, possibly-killed subordinator (non-decreasing Lévy
process) X = (X,);>0, whose Lévy —Khintchine exponent is defined by the relation

E[e "] = ¢ @ for z € Cjg ) and ¢ > 0. (2.3)

For a subordinator with Lévy —Khintchine exponent ¢ as in (2.1), d > 0 is the linear drift, and
II is the Lévy measure, which determines the size and intensity of its jumps. If ¢(0) > 0, then
we say that the subordinator X is killed at rate ¢(0), and it follows that for an independent
exponential random variable ey with rate parameter ¢(0),
X, = X, 1 < ey
oo, = ep0)-

If our original, unkilled subordinator X has Laplace exponent ¢, then the process X killed at
rate ¢ > 0 has Laplace exponent ¢, (1) = g + ¢(X).

We recall that if Y is an almost surely positive random variable then My(z) := E [Y Z’l] is
by definition its Mellin transform which is always well-defined at least for z € C; = 1 4+ iR.
Now we define Bernstein—gamma functions.

Definition 2.2. For each ¢ € B, its associated Bernstein—gamma function W, is defined, for
7 € C(o,00), as the solution in the space of Mellin transforms of positive random variables of
the recurrent equation

We(z + 1) = ¢p(2)Wy(z), for z € C(g00) With Wy(1) = 1. 2.4)

The existence of W, for any ¢ € B is proven in [32, Section 4], where an extensive study
of its complex-analytical properties has been carried out. Finally, we define the exponential
functional of a subordinator:
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Definition 2.3. For a subordinator with Laplace exponent ¢ € B, its exponential functional
is defined via

t min{t,e¢(0)}
1y(t) :=f e*Xsds=/ e Xsds, t € [0, ool,
0 0

where the terminal value, for t = oo, can also be denoted by I = Iy(c0) = lim,_, o Iy(?).
Note that if ¢(0) = O then eg) = oo almost surely.

2.2. Bivariate Bernstein—gamma functions and their stirling type approximation

To extend the theory of Bernstein—gamma functions to the bivariate setting, we first define
B2, the class of bivariate Bernstein functions, which generalises the class B to the bivariate
case.

Definition 2.4. We say that a function « is a bivariate Bernstein function if for all ¢, z € Cyp ),

K (£, 2) = «(0,0) 4+ di¢ + daz +/ / (1 — 74752 p(dxy, dx), (2.5)
0 0

where either «(0, 0), d;, d, € [0, co) and w is a non-negative measure on (0, co) x (0, o) such
that

o0 o0
/ / min {x;, 1} min {x;, 1} u(dx;, dx;) < oo
o Jo

or k(0,0),d;, d € [0, o0) and p is a non-negative measure on {0} x (0, co) with u (dx;, dx,) =
So(dx1)2(dx,) and fooo min {x, 1} u»(dx) < oo with §, being the Dirac mass at {0}.

Note that according to Lemma 3.2 we have that « € A[20,oo) and throughout this work we
discard the trivial case when «(0,0) = d; = d, = 0 and u is the zero measure.

Observe that k¥ € B2 if and only if « is the bivariate Laplace exponent of a possibly-killed
bivariate subordinator, see [13, p. 27] for further details. For some important properties of the
class B2, see Proposition 3.3, which collects key results on the class B2. These are natural
extensions of known properties of the univariate class B but seem not to have appeared in the
literature. Now, let us define the class of bivariate Bernstein—gamma functions.

Definition 2.5. We say that W, is a bivariate Bernstein—gamma function if
WK (Cv Z + 1) =K (gv Z) WK (gv Z) ’ Z € (C(O,Oo)s C € C[O,OO)» (26)

for each ¢ € Cip.o0), Wi (¢, 1) =1; W, € A%O,oc) and for any ¢g € [0, oo) the function W, (g, -)
is the Mellin transform of a positive random variable.

Remark 2.6. Taking ¢ = g € [0, 00) in the formula in (2.5), we can write « (g, z) as

k(q,2) =k (q,0) +doz + / (1 —e™2) (/ e M (dxy, dx2)>
9 0 Q.7

= ¢4(0) + drz + /0 (1= ™) py(dx) = ¢,(2),

where, crucially, ¢, € B. Then, using (2.4), note that W, (g, z) = W¢q (z). This gives a starting
point from which we can begin to understand bivariate Bernstein—gamma functions through
known univariate results, then we can extend results from W, (¢, z), g € [0, 00), to W, (¢, 2),
¢ e (C[(),OQ).
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Remark 2.7. Note the reduction from the bivariate to the univariate case is simply done by
taking «(q, z) = q + ¢(z), ¢ € B. This directly corresponds to the killing of a one-dimensional
subordinator and to the second case in Definition 2.4.

It is proven in [33, Section 6] that each univariate Bernstein-gamma function W, admits
an absolutely convergent Weierstrass product representation. In the following Theorem 2.8, we
extend this infinite product representation to the class of bivariate Bernstein—gamma functions
W,.

Theorem 2.8. Ifk € 3%, then W, as in Definition 2.5 exists and is unique, and the following
product representation, defined for (¢, z) € Cip,o0) X C(0,00) DY

e vz X2 (€, k) K@K
1_[ exCh (2.8)
(. 2) e @k +2)
Y SO
ve(©) = lim (; o low (K(;,n»), 2.9)

satisfies (2.6). In particular, it follows that for (£, 2) € Cjp,00) X C(0,00)
—ve(Q)z k2 (¢, k
e Kk (¢, k) . ng))z’ 2.10)
k(& 2), k(@ k+z)

so that the product in (2.8) is indeed a product representation of W,. Moreover, y, € Ao ),
and for (¢, z7) € C[o,oo) x C0.00), we can express W, (¢, z) as the limit

WK(§1 7)=

W, 2) =

k)
lim ¢#lozoren TT <& 211
(C 7)o’ HK(( k+z) @D

The proof of this theorem is provided in Section 3. We proceed with the derivation of the
Stirling type approximation for W,. For this purpose we need some more notation. Firstly,
we introduce the function L,, which contains the main asymptotic contribution in W,, and is
defined, for (¢, z) € C.o0) X C(0,00), as

LK(C,Z):=/H log ( (£, X)) dx, (2.12)
=14z

where the integral denotes the path integral along a contour starting from 1 and ending at 14z
which lies in the domain of analyticity of log, (« (¢, -)). If Re(z) > —1 then there is a straight
line connecting 1 to 1 4 z in the domain of analyticity of log, (x (¢, -)) and we have

1
L.(,z2)= / log, (k (¢, x))dx = z/ log, (« (¢, 1 + zv)) dv. (2.13)
1—>1+z 0

Now, for (¢, 2) € Cjp,00) X C(0,00)» We have that Re (« (¢, 2)) > 0 by (3.10), so L, is well-defined
on Cjp,00) X C,00). We denote the floor function [#] := max{n € N: n <u} for u > 0, and
define

Plu) = (u—|u))d—@—1{u])), u=0

The function E, corresponds to the error term in our Stirling approximation, and is defined,
for (¢,z2) € (C[O,oo) X (C(O,oo), as

E (,7) = %/ P(u) <log0 (%)) du, (2.14)
1 s
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where the two derivatives in the integral are taken with respect to u. Now we are ready to state
Theorem 2.9 which furnishes the Stirling asymptotic representation for W,.. For the absolute

value of the univariate case a similar, but less wieldy, asymptotic representation has been
derived in [32, Theorem 4.2].

Theorem 2.9. Let k € B2 Then, for (¢, z) € Cio,00) X C(0,00), we have that

1
W, (£, 2) = udll D o ko, (2.15)
k(& 2DKk2 (¢, 14+2)

sup sup |E, (¢, 2)] <2, (2.16)
keB2 (£,2)€C0,00) XC(0,00)

. 1 [ Kk (Cow)\ K, )

1 E = - P < - = =T, (). 2.1
Jlim B =3 (u)((K@’u)) K(g,u)>d“ ©. e

and for each fixed z € C( o0y, we have that limger)—»o0 Ex (Re ($),2) = 0.

The proof of this theorem is provided in Section 3. Now we state two key lemmas.
Lemma 2.10, is a complex generalisation of the result [32, Prop. 3.1 (8)], that for all ¢ € B,
a € R, and u € (0, 00), uniformly among a in compact intervals in R,

. ¢pu+a)
lim — =

2.18

Lemma 2.10. For each ¢ € B, z € C, uniformly among z in compact subsets of the complex
plane C,

. plu+z)

lim ——— =1
u—oco  P(u)

The next lemma is a generalisation, from the standard gamma function to the class of
Bernstein—gamma functions, of the following result. For each z € C,
I(u+ )(u+ 1)

im ————— =1

u—oco  ['u+1+2)

(2.19)

Lemma 2.11. For each ¢ € B, z € Cg ), uniformly among z in compact subsets of the
complex half-plane Cpp, o),

. Weu+ Do*(u + 1)
lim =1
U— 00 W¢(u + 14+ Z)

The proof of Lemma 2.11 builds upon Lemma 2.10. Both proofs are contained in Section 6.

(2.20)

2.3. Applications to exponential functionals up to a finite time

The first of our key results on exponential functionals up to a finite time is an infinite
convolution formula for the Mellin transform.
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Theorem 2.12.  For each possibly killed subordinator with Laplace exponent ¢ € B, for
t € (0,00), and for z € C(y,c0), the Mellin transform, My, (z + 1) = E[Ij,‘(t)], satisfies

z—1 o0 o (m)(__ 1) — m m—1
EL5(0)] = 1% ar % [So(dt) + Z @ (=lgk + 1) — p(K)D)™ mt
m=1

e = 7 (m!)? ekt

@ (=[pk + 1) — k)™ 1™ ]

(m!)? et

+ [+ k) — Py

m=0

2.21)

where the symbol * denotes convolution (f x g)(t) := fot f(s)g(t —s)ds, the symbol >l< means
infinite convolution, 8y(dt) is the Dirac measure at the point 0, and ()™ =z(z +1)---(z +
m — 1) is the rising factorial function.

While this result is interesting on its own, it makes the computations of the moments hard,
and for this purpose we shall express our formula as an infinite sum rather than an infinite
convolution. This requires a slight regularity condition on the underlying Bernstein function:

Definition 2.13 (Regularity Condition). We impose that the derivative of our subordinator’s
Laplace exponent satisfies 8(¢’) > —1, where B(¢') denotes the lower Matuszewska index of
¢’', defined as the infimum of 8 € R for which there exists C > 0 such that for each A4 > 1,
¢'(x)/¢'(x) = (1 + o(1)CAP, uniformly in A € [1, A], as x — oo. See [10, p68] for more
details but we highlight that cases like ¢ € B with d > 0 and/or Ox)~x%x—0,a€e(0,1)
satisfy this condition but are a very small sample of cases that fall under this definition.

Theorem 2.14. For each subordinator whose Laplace exponent ¢ satisfies the condition in
Definition 2.13, for all t € (0, oo], and for all z € Cy o),

o' k .
I'z+1 oz + ) — ¢l e 90 Pz 41
My(z+1) = E[I5(0)] = (2 + )_Z [Tj=iloz+ ) — ¢kl e +1)
k=1

Wo(z+ 1) T2 00) — p)] k) Wy @+ 1)
(2.22)

where ¢g(w) = ¢(w + k) — ¢(k) is a Bernstein function, and Weq, is its corresponding
Bernstein—gamma function.

Remark 2.15. Our constraint excludes cases in which ¢ is slowly varying (see [10, p6]), but
it should be noted that even for e.g. ¢(x) = In(l + x), Theorem 2.14 still holds in a region
of the form Re(z) > ¢; ¢, with the region depending on ¢ and ¢. We are unable to obtain any
partial results in only the most pathological cases, e.g. ¢(x) = In(In(e + x)), for which the rate
of growth of ¢(x) to 0o, as x — o0, is too slow. We emphasise that the Matuszewska indices
of the derivatives of the Bernstein functions in this remark are of value precisely —1.

Remark 2.16. Note that since foe 1 ¢=Xsdys has negative moments of order between (—1, 0),
see [Theorem 2.4][32], then clearly /,(¢) has the same moments for any # > 0. Their evaluation
is excluded in the statement of this theorem as there is a technical difficulty to obtain a similar
expression. However, from (4.2), one can attack the problem from the fact that

'+l  z I'()
W(pq(z +D B <Pq(Z) W(pq(z)’
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where ¢,(z) = ¢(z)+¢ and therefore E[1;()] is the convolution in ¢ of IE[I(;_I (¢)] with ze=¢®@"
or

t
E[;(1)] = ze™ / E[1;~"(s)]e? " ds.
0

This equation can be analysed by pre-multiplication both sides with e?@", subsequent differ-
entiation in ¢ and rearrangement.

One can quite easily obtain, using elementary methods, an explicit formula for the positive
integer moments of the exponential functional of a subordinator, as it appears in the recent
work [35, Corollary 1].

Theorem 2.17 (Salminen, Vostrikova 2018). For all ¢ € B with ¢(0) =0, and for all n € N,
! —pU) _ p—g(m)t
e e
E[1"(1)] = n! . '
o) ; [Toj<n: j2l@0) — (k)]

Using our methodology, based on Laplace inversion, we can deduce the following for-
mula for integer moments, which extends [35, Corollary 1] to integer moments of killed
subordinators.

(2.23)

Corollary 2.18. For each subordinator with Laplace exponent ¢ € B, for t € (0, 00) and
neN,
ol —¢* U0 _ p—¢* ()
e e
E[I;0)]=n) " — T
(2.24)
" PR Al
= n'

.kZ:; [o<jn jurld*() — o*(k)]’
where ¢"(j) = ¢()), j = 1, and ¢"(0) = 0, so that §" = ¢ when $(0) = 0.

Remark 2.19. Note that as t+ — oo the second relation of (2.24) yields the well known

formula
n!
E|lll|= =———
[5] [Tj=i ¢()

but it also offers a full asymptotic expansion of the speed of convergence in ¢, the first term
of which is exponential of value e=¢(",

We proceed with the proofs of our results.

3. Proofs for bivariate Bernstein—-gamma functions

Before providing the proofs for Section 2.2, we state some key results on the class of
Bernstein functions 5, which can be found in [33, Section 4].
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Proposition 3.1.
1. For all ¢ € B and z € C ), we can express the derivative of ¢ as
oo
¢'(z) = d+f ye II(dy)
0

N o 3.1
=d +f e VI (y)dy — z/ e~y Il (y)dy.
0 0

2. Each ¢ € B is non-decreasing on [0, 00), and ¢' is completely monotone, positive,
and non-increasing on [0, 00). Hence, ¢ is strictly log-concave on [0, 00), so for all
u € [0, 00),

0 < ud'(u) = p(u) — $(0) — u* /O e yIl(y)dy < ¢(u). (3.2)

Following (2.7), for each ¢ € Cjg o) We can write

Kk (¢,2) =k (£,0)+dpz +/ (1—e2) (f e My (dxy, dxz))
0 0
= ¢:(0) + daz + / (1 — ™) pe(dx) (3.3)
0

— $:(0)+ dyz + 2 / e i (0)dx = $¢(2). 2 € Clooy,
0

where [i.(y) = f;’o te(dx), y > 0. We then have the following elementary claim which we
provide without proof.

Lemma 3.2. Let k € B2 Then k € A%O,oo)' Moreover, for any ¢ € Cjg.o) we have that
Kk (¢,2) = ¢ (z) and ¢y € Ajo,o0), see (3.3). The measure p; is a complex measure on (0, 00).
If ¢ € R then ¢, € B if and only iffooo min {1, x} u.(dx) < oo, which is always the case if
¢=0.

The next proposition collects results which may be regarded as simple extensions of results
available for ¢ € B and which can be found in [33, Section 4] or [32, Section 3]. It is proved
later in Section 5.

Proposition 3.3. Let « € 32. Then each of the following items holds:
1. Forall (¢,2) € C%O,oo)’

D) =gl =do + / xe g (dx)
0

=d, +/ e g (x)dx — z/ e “xfie(x)dx (3.4)
0 0
_ %@ —¢:0) _

Z

o
b4 / e Y xfi(x)dx.
0

2. For each ¢ € [0, 00), ¢; is non-decreasing on [0, 00), and qﬁg is completely monotone,
positive, and non-increasing on [0, 00). In particular, ¢, is strictly log-concave on
[0, 00).
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3. Forall (¢,z2) € C%O,oo) \ {(0, 0)}, we have that

K (Re (£) . Re (2)) Prer)(Re(2) | _
Kk (&, 2) ¢¢(2) -

and moreover, the inequality (3.5) is valid for ¢ = z = 0 whenever k (0, 0) > 0.
4. For all (¢,z) € Cp,00) X C(o.00), We have

1, (3.5)

@D _[#@) 1 () [ec0) 12l reoy(Re (2))
K (£, 2) ¢ ()|~ Izl o )| )  Re?(2) o ()]
1 |9:0)] 2]
— |1 3.6
S|z|< +¢Rem<ae<z»>+Re2(z> GO

A

1 |¢:(0)] 2|
— 11
=Tl ( " bree <0>) TR

k.2l _ |9/ << 2 20 >¢Re@><Re<z>) __2 2k
k@ 2l |p:()] ~ \Re’(2)  Re*@)/) ¢ (2)] T Re*(2) Rei(z)
3.7

In particular, taking z = Re(z) = u € (0, 00) and ¢ € Cig ), we have the inequalities

and

Kl (¢, u) _ ¢ () - 1 |bc () — D (0)]  Preie)(w) < z’ (3.8)
K (L u) ¢ ()| ~ u b (w)] b ()| u
k@l _ 9] _ 4 dreo@) _ 4 (3.9
k@l Jpe)] ~ u? [pew)] ~ u?

5. Forall (¢,2) € C%O,oo) \ {(0, 0)}, we have that
Re (k (£,2)) > 0, (3.10)

and if in addition Re(¢) > 0 denoting B; as a ball centred at ¢ with B_; C Co,00), we
have that inf, .5 Re (k (x. 2)) > 0.

6. For all (£,z2) € Cjp.o0) X Cio.00) and for all n > 1

[ (6. 2)] < [ (Re (¢) . Re (2))] (3-11)
7. For all (¢, 2) € Cio,00) X Ci0,00), Wwe have that
Kk, (£, 2) - 2 7 (3.12)
k(¢ 2) |~ Re(2)
k@ ol Wl 4 5.13)
k(@ 2l @) — Re (z)
8. For ¢ € Cjo,00) and any A > 0 we have that
lim sup |“EXTVI_ (3.14)
X=X 0<p<A k(&, x)

We are ready to start with the proof of the main results.
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Proof of Theorem 2.8. For ¢ = g > 0 from Lemma 3.2 it holds true that «(gq,-) =
¢4(-) € B and therefore we have that W, (¢, z) = W, (z) with y,(g) computed as in (2.9),
see Remark 2.6. Henceforth,

Wy (Q9Z) =

e_yK(q)Z e} K(q’ k) o (q k)z
eun = W, € Co, 3.15

We extend analytically We (-, 2) to Cio.00)- First, we extend yK() Fix ¢ € C,00) and an
open ball B; centred at ¢ with the closed ball B, satisfying B, C Cg.~). From item5 of
Proposition 3.3, that is 1an By Re(k(x,k)) > O for all k > 1, and from « € A(O,oo)’ see
Lemma 3.2, we deduce that for any n € N* := {1, 2, ...}

n ’ , k
AGEDY K; ((f k)) — logy (€ (£, 1)) € Ag,00)- (3.16)
k=1 ’

Moreover, we observe that

(R [ K (€, %)
) .
k; @ ) g BTkl ))‘

! <K£ (¢, k) 3 k. (&, x +k)
k(@& k) k(& x+k)

n
=3 s
k=1 yel0,1]

_Z + [logy (k (5, 1)

[fu(O] =

)dx — log, (k (¢, 1))’

k! (¢, y +k)
k(& y+k)

2
(3.17)
PTREY )+|logo<x (¢, 1)

KL(C, x+k)

where in the first inequality we have used first order Taylor’s expansion of - about x =0
and immediate bounds, in the second we have applied (3.8) and (3.9), and the third follows
from the well-known Y ;- k=% = 7?/6. Henceforth,

A
sup sup | f, (x)| < T + sup [log, (x (x, 1))| < oo.
nzl yeBy x€B;

Therefore, f, are uniformly bounded holomorphic functions on B_g and from the dominated
convergence theorem which is applicable thanks to (3.17) we deduce that

o0 1 : ,k ’ , +k
lim (X)ZZ/O <x~ k) Kk (OGx )>dx—log0 (G 1) = £O0.
k=1

k(x, k) k(x,x +k)

From classical result of complex analysis we conclude that [ € Ap, and since ¢ € Cy o) We
get that f € A¢g,o). Since by the very definition of y,, see (2.9), y, = lim, o fn = f we
conclude that f = y, € A@,0). The claim that ¥, € Ajp o is then affirmed by the fact that
Kk (¢, k), /cz’ &, x+k), k>1,x € [0, 1], extend continuously to ¢ € iR and that the uniform
bound (3.17) is valid for ¢ € iR since (3.8) and (3.9) apply respectively for each z =k > 1. In
view of y, € Apo,o0) to analytically extend in the variable ¢ the right-hand side of the infinite
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product in (3.15), it suffices from Hartog’s theorem, see [18, Section 2.4], to fix z € Cg,o0) and
show using Montel’s theorem that the infinite product, which we record in (3.18), converges
absolutely

o0

k(L k) Heb X
2., 2) = —_— e «@h A . 3.18
¢, 2) EK(C,HZ)e L[l § (2) (3.18)

For any k£ > 1, we get using the Taylor’s expansion
K(C,k+z)) K, (8 k) 2Kk + a)
log (— =log, 1+ z-2 + == , (3.19)
ok @h ’ ()
where a; € [0, 1]. Thus,

) @0 2 K (Chtagz
Ay =e 0" w1+t ) (3.20)
From (3.8) we have that on any ball B, C C . centred at ¢ and any k > 1
k
sup | 2P| o121 (321)
Xegj K (X5 k) k

From (3.11), (3.5), (3.9) and the fact that |x/(Re (¢), )| =
on [0, oo) we also observe that for any k > 1

i) (X, k +v2)

= —@pe(r)() decreases

ch;’ (Re(x), k + vRe(2))

sup sup |z < sup sup
2B vel0.1] k(X k) B velo 1] k(X k)
«!' (Re(x), k) k! (Re(x), k) k (Re (x) , k)
<sup |z —L 2| =
x<Be (x5 k) x<Be kK (x, k) «kRe(x), k) (3.22)
K” (Re (x), k)
< sup gt
xeB; | K (Re(X), k)
Iz
<4

Therefore, using log, (1 +w) =w + O (wz), as |w| ~ 0, we get for all k large enough

2

1 K.i.(x,k) 2 Kg({,kJrakz) 2 Kg((,k#»akz)
sup [Ax (x)] < sup e§<z oD T T R@h R (3] < e%(|z|2+\z|4+0< ))
x€Br x€B;

1 (kb éxg(:,kwkz) 2l (skaz)
inf |Ax ()| = inf ez(z D T TTR@h 7 T kGH > e—%’(lz\z-&-lz\“-&-o(%))
xe€B; x€B;

and hence from (3.18)

sup |Z(x, 2)| = sup 1"[|Ak (0! < oo.
XEB{ XGB{k 1

This shows that W, is analytic in ¢ for any z € C(0,00) and it equates the infinite product in
(2.8) on Cjp,00) X C(p,00) (or equivalently (3.15) with ¢ — ¢). To deduce that W, = W, and
therefore W, is represented as in (2.8) we proceed to demonstrate first that (2.11) holds. For
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this it suffices to use that the infinite product in (2.8) is absolutely convergent and the form of
the limit that defines y,, see (2.9). Indeed, we simply write

n

ez 1_[ Kk (Z, k) K55k

1 eK({k)Z
@l Lokt

We (£, 2)

= lim e
Kk (&, 7) nooe

’ n
logg k(e.m) 7 iy Sy~ )2 logo (e 1—[ K (&, k)
i K@ k+2)

1 o )
— 1 logg k (¢,n)
K({,z)nggoe HK@ k+2)

Then
n+l1

Kk (¢, n) T K (£, k)
kK(@n+1) k@ k+2)
=k (£, 2) W, (£, 2)

K(.n+l) _
Kk(¢,n)

We@Gz+1) = nli)lgo g2 logok(Em)

provided lim,,_, oo = 1. This is an elementary consequence of

n+1
k(& n+1) =K(§,n)+/ K, (¢, x)dx,

inequality (3.12) and item 8 of Proposition 3.3. Clearly, We (¢, 1) = 1. Next, for fixed
¢ € Cio,00), using (2.11) we can show that W, is analytic in z for any such ¢. This is attained
by writing

k+z
zlogg k (¢,m) =34 10%0(K,(f([_}f) : )
b

! lim e
K (g, z) o
invoking (3.19) and (3.20) to represent the logarithm and subsequently estimate the remainder
using (3.21) and (3.22) (with x = ¢ fixed) and employ the computations leading up to (3. 17) to
yield the absolute convergence. Now, from Hartog’s theorem, see [18, Section 2.4], W,. € A(o 00)
and it satisfies all conditions of Definition 2.5 and therefore as it coincides Wlth W, for
¢ = q € [0,00) we deduce that they coincide on Cjp o) X C(o,00). The uniqueness of W,
follows from the fact that the positive random variable associated with the Mellin transform
W, (q, z) is unique, for each ¢ > 0, see e.g. [32, Section 4] and the discussion in [33, Section
6]. This concludes the proof of the theorem. [

We (¢, 2) =

Next, we prove the Stirling asymptotic representation for a bivariate Bernstein—-gamma
function.

Proof of Theorem 2.9. Let us denote f(x) := log,(k (¢, x +2z)/k (¢, x)) and S, =
ZZ=1 f (k). Then applying (2.11), for each (¢, z) € Cio,00) X C(0,00), We can express W, (¢, z)
as

1 K (¢, k)

We(C, 2) = lim ¢?'00x @M 3.23
«2 Kk (¢, z) n—>oe 1_[K({ k+2z) (3.23)
=L i oS en (V) (3.24)

K (;" Z) n— 00
__! lim e? 080K (&M =5 (3.25)

Kk (£, 2) n—oo
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Then applying [24, Section 8.2, (2.01),(2.03)] with m = 1 in their notation, we can write
S, as

n 1 n 1 n i
= 210 =3 )+ fo + [ oo+ 5 [ paor o, (326)
where recalling that P(u) = (u — [u]) (1 — (u — u])), we set
L[ " L Ju+2)\
Ec (8, z,n) = 5/1 P(u) f"(u)du = 5/1 P(u) (logo %) du. (3.27)

Let us first show that
12& E (&, z,n)=E (£, 2) (3.28)

and estimate uniformly |E,|. For this purpose we estimate using (3.12) and (3.13) that

‘(10 x(;,u+z>)” K'Cut)| kG ut D) |k w [ G u)
8w kCut2) | | kCuta| k@G| k@ u)
8 8 16
<< _ _<_,
T (u+Re(z)? w2 u?
(3.29)

where in the last inequality we have invoked the fact that Re (z) > 0. Therefore with the help
of the last inequality and

sull) P(u) = sull) (u—|ul)d—@w—|u])=- (3.30)
we obtain that

sup sup sup |E, (¢, z,n)| < —sup/ —du <2

keB? (£,2)€C0,00) XC(0,00) n>1 n>1

and hence (3.28). The bound (2.16) also follows from (3.29). The limit (2.17) is easily deduced
from (3.29) wherein the first two terms in the upper bound vanish as Re (z) — oo. Let us
show that for any fixed z, limge(r)— oo Ex (Re(¢), z) = 0. From (2.5) we easily get that for any
Z € (C((),oo)

Re(lglm Kk (Re(£), 2) = «(0, 0) + drz + 00l =0y + 1 ((0, 00) , (0, 00)) = «(00, 2), (3.31)

whereas from (3.4) we get since liMge(r)— 00 Ure(r)(dY) = 0dy and

o0
/ Yl
0

that for any z € C(g )

sup
Re(£)=1

o0
S/ yui(dy) < oo
0

lim «!(¢,2) = (3.32)

Re(¢)— 00
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By the same reasoning limg(;)— o k' (Re(¢), ) = 0. This together with (3.31), (3.32) and the
dominated convergence theorem (applicable due to (3.29)) yield that

lim E, (£, 2)
Re(¢)— 00
1 oo
= — lim P(u)

2 Re({)—00 1

5 (K;(Re@),u+z>_(x;<Re(<;>,u+z>)2 K/ (Re(2), u) (x;<Re(;>,u>)2)

k(Re(Z), u +2) k2(Re(¢), u +2) k(Re(Z), u) k>(Re($), u)

o0 ’ 2 / 2
_ 1/ PG lim  (KiRe(§),u+2) N (kl(Re (£),u)) ”
! k2(Re (), u+2z) k2(Re (£), u)

1 [ d? d?
[ P _ 2 2 d
2 /1 @) ( oo ut2) | koo, u)) "

Therefore, since |k (00, z)| = oo whenever d» > 0 it follows that limpe(s)—oo Ex (Re(¢), 2) = 0.
Next, we investigate the term f (n) in (3.26). We write

k(&,n+z)—«k(,n)
1 1
o%0 ( T e
Clearly, from (3.11), Proposition 3.1 2 and Re (z) > 0

Re(¢{)— o0

Lf(m)] =

(3.33)

lk (¢.n+2) =k (. n)| < |z| sup |k, (Z,n+vz)| <|z| sup k., (Re({).n + vRe (2))
vel0,1] vel0,1]
= [z] SUP o) (1 + VRe (2) < [2lpar) ().
vel0,1]

Thus, from (3.5) and (3.8) we arrive at

K@+ —k@m| _ bheo® _ Izl

<@ = e =
Thus, if |z] = o (n)
17001 = fogy (14 EESEDZLED ) |2 (334)

and, as n — 00,z = o(n), we get that

lim | f(n)] = lim |log, (1 + K (L,n+z2) —K(é',n))‘
n—o00 n—00 K (é" n)
(3.35)
. |k n+2)—Kk (. n)
= lim -0
n—00 K (é-’ n)
Henceforth, we obtain from (3.26) that
n l l
ik (S" _/ f(x)dx) = 2/ lim (Ek(c,z, n) + 5f(n)>
o 1 " (3.36)

1
= Ef(1)+ E (£, 2).

Next, we estimate [, = fln f(x)dx, as n — oo. From (3.10) and since (£, z,x) € Cpp,o0) X

Ci0,00) X [1,00) both Re (k (¢, x)) > O0,Re(k (¢,z+x)) > 0. Therefore, arg (%) €
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(—m, ) and thus
K (5, x +2)

fm:log"( K (C.x)

Thus, fixing the parallelogram in C with vertices 1, 1 + z, z + n, n, we see from the Cauchy
integral theorem applied to the function log, (« (¢, -)) which is holomorphic in an open
neighbourhood of the parallelogram that

) =log, (x (¢, x 4+ 2)) —log, (k (¢, x)) . (3.37)

I, = /1 (logg (k (¢, x +2)) —logy (k (&, x))) dx

(3.38)
= / log, (k (¢, x)) dx —/ log, (x (&, x)) dx.
n—n+z 1—>1+4z
From the latter and (3.36) we get that
Sy = f log (k (¢, x)) dx —/ log, (k (&, x))dx
n—n+z 1—->1+4+z
3.39
+ Ltogy (CELF DY L g 40 o
2%\ @ K5
and hence (3.25) can be re-expressed as follows
WK 7)) = lim ezlogok(g,n)—sn
(;- ) K (é‘, Z) n—>00
IR ST ( 71080 K(Em) = s 2 1080 (VX + ], 1 4 o8 (€. ) X (3.40)
K (¢, z) n—oe
o o 2lomo( ) ~Eewo ) .
However, as (3.37) holds true we get using (3.34) when |z| = o (n) that
1
k (§,n+vz)
oy (e~ [ ogy (e . x))dx‘ — el | [ 1og (—) dv‘
0 n—n+z 0 0 0 K(C’ n)
2
< 2@
~n
and hence
lim |e?'020c@m=fipse logO(K(§~X))dX‘ =1. (3.41)
n—0oQ

Finally, combining together the results (3.28), (3.34), (3.40) and (3.41), we deduce, as required
for (2.15), that

Wit 2) = — it 00— loso (S ) ~Evteo

K ’ - .
Kk (&, 2)

This completes the proof of Theorem 2.9. [

4. Proofs for Exponential Functionals of Lévy Processes

Our starting point in determining the Mellin transform of the exponential functional up to
a finite time is the following equation, proven in [33, Proposition 6.1.2]. For all ¢ € B and
72 € C_i00)
I'z+1)
E|l;(c0)| = ———. 4.1
[15609)] Wy(z + 1) @D
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This allows us to understand I4(¢), t < 0o, in terms of the exponential functionals I, (00)
of the subordinators with Lévy —Khintchine exponent ¢, (w) := ¢(w) + g, for g > 0, through
the following argument:

I'z+1) . B . G .
m = E[Itpq(oo)] = E[l¢(€q)] —/0 E[1¢(t)] I[D(eq edt)

= /0 ]E[I;(t)]qefqtdt =gq E’q {E[I(;(')]} .
4.2)

The formula in Theorem 2.12 comes from inverting this Laplace transform. First, we will
express the Bernstein—-gamma function Wy, (z + 1) as a product of simple Laplace transforms
in the variable g, which facilitates our proof of Theorem 2.12.

Lemma 4.1.  For each subordinator with Laplace exponent ¢,, for all z € C(_ o),

LI B0 =

et _rG+hry [¢q<z+k) <1 L gak+ D) —goq(k)>‘1]
aWe, G+ D~ qei() 1 k) 0, (k)

4.3)

We prove this lemma in Section 6. Next, let us state some important facts about convolutions

and Laplace transforms. We define these as (f * g)(¢) = for f(s)g(t — s)ds, and [,|q{f} =

Jo7 €74 f(s)ds, respectively. Then we have

L{f =g} = L{f} x L{g} (4.4)
Liaf () + Bg()} = al{f} + BL{g}, a,peC. (4.5)
Moreover, for f(t) :=t*"!, g(t) := mt™!,
— I'@Im) z+m—1 _ m! +m—1
(f #8)0) = m g St = S, (4.6)

where we recall that (z)™ = z(z 4+ 1) ---(z+m — 1) is the rising factorial function. Similarly,
with f(t) =271, g(t) ==¢",

From= " m [ @.7)
S _(Z)(’”)Z-i-m_(z)(’")/os ; |

Also, we can expand brackets for convolutions of exponentials, in the sense that
(f xe)x(g x e)t) = e (f *g)). (4.8)

Now we are ready to prove Theorem 2.12.

Proof of Theorem 2.12. First, observe that since %/; is non-increasing, applying (3.2), we have
that

0k + 1) — @ (k) fkk“ @, (x)dx - @, (k) G2 1 -
@q(k) k) Ty Tk
Then using the generalised binomial series expansion for |w| < 1

R (m) (_qpyn
a1+ UJ)_Z = Z —(Z) I’I’(l’ ®) s
m=0 ’
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we can rewrite the product in (4.3) as

T+ | ga(z+k) = <(z)(’”) (-[(pq(k+1)—¢q(k)]>m)
43) = . 4.9
= M ,H,[ outr 2= "G @9

Now, we can write each individual term in (4.9) as a well-known Laplace transform, which
will then allow us to invert the Laplace transform to yield the expression in (2.21) as an infinite
convolution. One easily verifies that the terms in (4.9) are the following Laplace transforms:

l=£\ 1 (4.10)
q q
1 1 121
= =L\ \ s 4.11
()~ @) +qr ‘q F(z)e¢(1)’} @10
WErD | etH_ 00 s a2
ogk) o0 +q ‘q dodt) + —— G (4.12)
Wq(k—f—1)—</Jq(k)]m_|:¢(k+1)—¢(k)]m_ . mL
[ ®q (k) B o) +q _E‘q [ok+ 1) — o] T(m)edtt sm =1,
(4.13)

and when m = 0, the term in (4.13) is simply the Laplace transform of the unit point mass
8o(dt). Substituting (4.10),(4.11), (4.12), and (4.13) into Eq. (4.9), we arrive at the following
formula:

. ! o [p(k + 2) — p(k)]
L|q {E[1;0]} =T+ 1)£‘q{1 * T * k>§ [ (ao(dt) + BT >
(4.14)

o (@)™ (—[pk + 1) — p(k)]y" e~}
% (&)(dl) + 2_; il T o9 ) “

Now, by (4.5) and (4.8), noting I'(m) = (m — 1)! and 8¢(-) * f = f for any function f, we
have:

4 z—1 o0 o (m)(_ _ - 1
(4~14)(4§)L’q{1*% *EE[W’HZ(Z) (g (k + 1) = SO mt

— (m!)? etk
Bk +2) — ()] [Pk +2) — p(k)] = @M (—[d(k + 1) — p(k)]" mt™ !
+ b + ek > 2 chr

m=1

@8 a3 E\ (@™ (=g + 1) — p))" mi"!
= E’q{l * *Ii<l|:30(dt) + Z g 5

m=1

[tk +2) — p(k)] >
e (LRI OID

m=1

a3 o @™ (gt + D) — pR))" mi™ !
= ﬁ‘q{l * 5w ¥ k>l<l[50(df) + ; (m)? ed k1

@M (~[pk + 1) — O™ ™ ”

(m!)? ed by

o (m)[_
ok 4+ — g Y D

m=0

(plk + 1) — p(kPI™ 1™ ]}

(m!)? ettor

and then the desired result (2.21) follows immediately by a simple Laplace inversion. [
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Lemma 4.2, which we prove further below in Section 4, builds upon Theorem 2.12 by
evaluating the first n terms in the infinite convolution. In the proof of Theorem 2.14, we will
take limits as n — oo.

Lemma 4.2. Forall ¢ € B, z € Cp,o0), and n € N, the following truncated convolution
satisfies

m—1

z—1 n
Fo *[aoumzm,)z( [0k -+ 1) = $RD" o

(Z)(m ” M
(g COE D = 6®D" }

zt*” g Z [Ti<j<nld@+ )= ¢(k)] vz, [p(n + 1) — ¢p(k)]t)
edlr iz jmn @) — )] [d(n+ 1) — p()]F PP

where y(z,u) = fo e_xxz_ldx denotes the lower incomplete gamma function.

+p(z + k) — (k)] Z

(4.15)

The proof of Theorem 2.14 also requires the following lemmas, which are also proven later
in Section 6.

Lemma 4.3. For each ¢ € B and ¢ > 0, there exists a constant Cy . > 0 such that for all
n>1,

M f C¢,C.
¢'(n+c)

Lemma 4.4. For ¢ € B satisfying the condition in Definition 2.13 and for each z € C ),

i [Tii<klb(z + i) — ¢(k)] e~k
T [0 — $(0] Weg + 1)
and moreover there exist ¢, p > 0 such that for all k > 1,

(k) > ck”. 4.17)

00, (4.16)

Lemma 4.5. For all ¢ € B and z € Cy ), there is a constant cy, > 0 such that for all
k>1,

b + J) — d(K)|
Il =w=s5) =o=

The structure of the proof of Theorem 2.14 is as follows: First, we will find the termwise
limit, as n — oo, of each summand in (4.15). This gives a formula for the infinite convolution
in (2.21), without the convolution with 1, which means this limit is an expression for %E[[;(t)].
To show that the termwise limits correspond to the limit of the whole expression in (4.15), we
employ a dominated convergence argument. We finish the proof of Theorem 2.14 by integrating
each term in our expression for %E[I;(t)], which requires a second dominated convergence
argument.

1<j=<k-1

Proof of Theorem 2.14. Denoting ¢q)(w) = ¢p(w +k) — ¢p(k), we first verify that ¢, is itself
a Bernstein function, with unchanged drift and rescaled Lévy measure of the from e ** IT(dx).
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Indeed, this follows by noting that (2.1) gives

Py (w) = d(0) + (k + w)d + / (1 — e * Y [T (dx) — ¢p(0) — kd
0
- / (1 — e ™) (dx)
0

o0
= wd + / (1 — e e ™ II(dx).
0
Now, rewriting in terms of ¢, the convolution in (4.15) satisfies

o Z [T/20¢G + /) = o] [Tj b + ) — ¢k)]

Pt o H’;;i[(p(j) — k)] i lo() — o]
L Y@+ D)~ d®l)
[p(n+1) — ¢<k>1z et

2151 . 2”: l_[ [Pp(z + j) — (k)] H;;IS bz + J)
= ot ir —~ 0 [p(j) — p(k)] H;f;’; dw ()
v(z, [¢(n + 1) — ¢(k)]r)
: 1 — &) e
¢(k)(” +1—-k)e
For the termwise limit as n — oo, first observe that under the conditions of Definition 2.13,
relation (4.17) implies that ¢(c0) = oo and hence lim,_, o, z¢%~! e+ D" = 0, and second that

lim, o0 ¥ (2, [p(n+ 1) — @(k)]t) = I'(z). Repeatedly using that Wy, (w+1) = ¢ (w) Wy, (w)
from (2.4), noting Wy, (1) = 1, and applying Lemma 2.11, it follows that as n — oo,

4.15) =

[T,2 ¢w( + J) 1 @ W tn+1—k) |
H;l;lf b)) P t+1—k  Wg (z+ DWy (n+1—k) ¢gy(n+1—k)

(4.18)
211 $pi) [Pz +k) — k)]
WoG+ 1) Wepz+1)
This gives us the limit, as n — o0, of each summand in (4.15). Using the dominated

convergence theorem, we will now show that we can exchange the order of limits and
summation, which yields the following relation

d oy : [p(z + ) — k)] ot
ar @] = lim (4.15) = F(Z“)Z M. 4.19)

= TIZie0) — o] Wa G+ 1)

In order to apply the dominated convergence theorem, we must show that the sum in (4.15)
is dominated by an absolutely convergent sum. From (4.18), we can rewrite the sum in (4.15)
as

i L , Gz + ) —d(k)] Wy (z+n+1—k) y(z, (¢ + 1) — k)]t
ST ) — g0 W (@ + DWe (0 + 1= K0 (n + 1 = k)ed®r
=Y Fi(n). (4.20)

k=1
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Then if we can show that there exist np > 0 and C > 0 such that for all n > ng, and for all
k>1,

, ) — d(k —p(k)t
|Fe(n)] < C x ‘H,;E?(Z N0 e , 421)
[TZil6() — ¢ Wo(z+ D)
and moreover if
> | T4 ) — Pk —p(kx
Z HJ:;:E?(Z + J) — ¢k)] e < o, 422)
o 2o — okl Wee(z+ 1D

then the dominated convergence theorem applies, so

o0 o0
lim Y F(n) =Y lim Fi(n),
n—oo n—o0

k=1 k=1

as required for (4.19). The absolute convergence of the sum in (4.22) follows by Lemma 4.4,
so now let us prove (4.21). Firstly, one can easily verify that for all n, k € N, with z = a +ib,

[p(n+1)—p(k)]t 00
Y [b(n + 1) — 1N < / e du < / W du = I'(a).
0 0
(4.23)

The remaining term in the expression for Fi(n) from (4.20) which depends on n is
Wiz +n 41— k)
Wo (n + 1 — k) (n + 1 — k)
Applying Theorem 2.9, we can rewrite (4.24) as

(4.24)

1
Boo(n+ 1 — k)qﬁ(i)(n Y2k Lo @I Egyy (nt1=h)= Ly (n+1—k)+ By, (1)

1
duy(z+n+1—k)pg(z+n+2—kej(n+1—k)

(4.25)

We will bound the absolute value of the terms in (4.25) separately. Firstly, using the result

[32, Prop. 3.1.9] that |¢p(a +ib)| > ¢(a) and the fact that ¢ is non-decreasing on R, it
follows that

dp(n+1—k) qb(%()(n +2—k) - dwn+1—k) ¢(%c)(n +2—-k)
G +n+1-Bl 16 +n+2-B]  dula+n+1—Kd@+n+2-k
(4.26)
To bound the E¢(k) terms in (4.25), observe that by (2.16),
4, VB (E kL =01 <2, and sp s |Eg, o+ 1= <2
so it follows immediately that for all £ < n,
o~ B GHnHI—kr+Eg (et 1=b) | 4 “27)
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Next, consider the L¢(k) terms in (4.25), which are defined in (2.12). Part of the integrals
cancel, so

L%(z +n+1—k)— L¢<k>(” +1—k) = f log (¢ (w))dw
1> 1+(z+n+1—k)

- / logg (¢ (w))dw
1= 14+(n+1-k)

logy(dwy(w))dw = / logy (¢ (w))dw,

/;+(n+1k)»—>1+(z+n+1k) N—ki>N—k+z
where we substitute N := n+-2. Using the fact that log,(w) = In(Jw|)+i arg(w), it follows that

L@ +n+1—K) = Loy (1+1—k) = / (I () e
N—k—N—k+z

+i [ arg(¢go(w))dw. (4.28)
N—k+—>N—k+z

We consider the integrals in (4.28) along the contours yj, y», which are straight lines
connecting N —kto N—k+aand N —k +a to N —k + a + ib, respectively. Observe
that along y;, arg(¢)(x)) = 0, and note |y»| = b. Then for all 1 < k < n, the second integral
in (4.28) satisfies

/ afg(d’(k)(w))dw' = < b sup |arg(¢w(x))| < brm.
N—k—>N—k+z

xey

/ arg(¢du (w))dw
2
(4.29)

Next, we consider the first integral in (4.28) over y;. Recalling N = n + 2, this can be
written for k < n as

N—k+a a
/ In(le, (w))dw = / In(@u()dx = /0 In((x + N — k)dx
71

N—k
- / In(p(x + N) — ¢p(k))dx = / In(@(x + 1+ 2) — ¢p(k))dx.
0 0

Comparing this with the 1/¢{, (n + 1 — k) = e @0 H1=0) term from (4.25), we get that
/ In(¢p(x +n +2) — ¢p(k))dx — aln(py)(n + 1 — k))
0

¢ ¢(x +n+2)— k)
= 1 d .
/o ! ( dapn+1—k) ) * (4.30)

/“ <¢(X+n+2)—¢(k))
= In dx.
0 d(n+ 1) — ¢(k)

Observe that (¢(x +n+2) — y)/(¢(n + 1) — y) and ¢(y) are non-decreasing in y since in the
first expression ¢(x +n +2) > ¢(n + 1). So for all k < n,

(4,3o)</aln <¢(x+n+2)_¢(n))dx<aln <¢(a+n+2)—¢(n)>
= < _

¢(n+1) — ¢(n) ¢(n+1) — ¢(n)

Now, since ¢’ is non-increasing on R, applying Lemma 4.3, it follows that

b ¢/(y>dy> . <(a + 2)¢/(n)>

tant. 4.31
fnn+1 & Ody S+ 1) < constan (4.31)

(4.30) < aln(
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Finally, consider the first integral in (4.28) over the contour y». To bound (4.25), we compare
it to 1/¢u)(n + 1 — k)™®. Then since a real number raised to an imaginary power has absolute
value 1, we arrive at

er2 In(|p) ()N x

pipn+1—k)|

o Jo Ml (N—k-+a+iv)Ddv

Pl +1—k)

e.fN—k+a>—>N—k+a+ib ln(|¢(k)(x)|)dx

ib =1
Pl +1—k)

(4.32)

Combining together the bounds (4.26), (4.27), (4.31), and (4.32), we conclude that there
exists a constant C(z, ¢) such that uniformly among n € Nand 1 <k <n, [(4.25)] < C(z, ¢),
from which (4.21) follows, and therefore since Lemma 4.4 is valid we have shown that (4.19)
holds. Now, applying (4.19), and recalling from (4.1) that

o0
[ SeEtzes = sirjeon = 1 EE L
o ds We(z + 1)

we can express E[I;(t)] as

—E[I _— —IE I;
fo [1,(s)]ds = Wt 1) /t [1;(s)]ds

— k —o(k)s
_Te+b o +1>/ ,kl[tfﬁ(erJ) p0)] e i

Wolz+1) o= T1Sie0) — o] Wey(+ 1)
(4.33)

Now, we wish to exchange the order of integration and summation in identity (4.33). If we
can show that

E[L5(1)]

i( /"" | $(k)] oo
S\ | T2 — o1 Way @+ 1D

then by Fubini’s theorem, we can exchange the order of integration and summation, yielding
the result

/‘” o [T (9 +i) — )] e~¢®ds Z / [T [pG +i) — gl e~?®4ds
FpG) — okl Wor G+ & " Z() — (k)] Wor+ 1D

i 1[¢(z+l)—¢(k) e o
o TTZieG) — ] $RWe @+ 1)

ds) < 00, (4.34)

(4.35)

Substituting this into (4.33), we conclude, as required, that
I'z+1 Z I—[, Uz +i) — dpk)] e O Tz +1)
Wo(z+1) [TiZle() — ¢tk)] k) Wy (z + 1)

or relation (2.22) holds true. To see that (4.34) is finite, following the same argument as in
(4.35), noting that ¢ is non-decreasing,

G+ i) — ok et
H’}‘%[as(j) — 6] 9 Way, G+ D)
Z [T [0z +i) — k)] e ¢®r

)= | TIZG) — ¢ We @+ D[
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and then it follows by Lemma 4.4 that (4.34) is a finite quantity and so the proof of
Theorem 2.14 is complete. [

Before we prove Corollary 2.18, we state the following fact about Vandermonde matrices,

see e.g. [16, p37]. For ay, ..., a, € C, the determinant of the n x n Vandermonde matrix has
the form
1 a al2 e a’l’_i
1 a o - a—
det| . 2 7 =[] @-an. (4.36)
. : . t- . 1<h<l<n
1 a, a - a'!

We derive some elementary consequence of this representation, which is certainly located
somewhere in the literature.

Proposition 4.6. For any n + 1 different complex numbers ay, ai, . . ., a, it holds that
- 1
=0. (4.37)
; 1_[051'5": j#k[aj — ]

Proof of Proposition 4.6. To derive (4.37) we multiply through by H0§h<l§n [ar, — a;], and
we see that (4.37) holds if and only if

n

Sl [T tan—al| =o. (4.38)

k=0 0<h<l<n;
hl#k
Applying the formula (4.36) for Vandermonde determinants, one can verify that the sum in
(4.38) equals the following determinant, evaluated using the cofactor expansion along its first
column:

1 1 ag aé a(')’_1
1 1 a a ar!
|l 1@ @
1 1 a a> - a'!
This determinant is 0 as the first two columns are identical, so (4.38) = 0. This proves
4.37). O

Proof of Corollary 2.18. We specialise (4.2) for the case z = n and use the recurrent relation
(2.4) to get

o 1 n!
L {E| ;) :/ e "E[@®)|dt = —=——"—.
L AELEON = | [150] q T (g + ()
From here we immediately get that for any ¢ > 0

E[15(0)] = n! (1 sk >'i<e—¢<k>f> .

k=1

(4.39)
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Clearly, for n =1,

1 — =t p=¢* O _ p=¢*(

_ ' —p()s _ _
E[1¢(t)]_/o s = T T e =)

which gives the first identity of (2.24) for n = 1. We proceed by induction assuming that the
first identity of (2.24) holds for n = N and all + > 0. We consider E [Iq];] +1(z‘)]. From above
and the inductive hypothesis we have that

N+1 t

E[L"'(1)] =WV + 1) (1 * *e¢(k)’> = (N + 1)/0 E [1)(s)] e ¢V D)y
N—1 1

=(N+1) : —¢*(k)s _ e*¢*(N)s) o~ NHD—=5) g
kXZ(; n()gjgN; #k[df"(J) — ¢*(k)]
N-—1 —p*(N+1

=(N+1) Z em /l (e(¢*<N+1>—¢*<k>)s _ e(¢*(N+1)—¢*(N))s)
k=0 1_[05,-51\/; j#k[¢*(j) - ¢*(k)]

X ds
N-l —¢* (k) _ ¢ (N+1)t
e — e

= (N + 1) :

; HogjgN-H; j;&k[¢*(]) — ¢*(k)]
—*(N) _ " (NI N1 1
—(N+1)

0" (N + 1) = ¢* NI = Tloejon: ;2l8°() — 9° 1

Now, since ¢*(j), 0 < j < N, are different numbers, from (4.37) we conclude that

N—-1

1 1
- , = , . (4.40)
k=0 HOSjEN; j#k [¢*(]) - ¢*(k)] HOS]SN; j#N[d)*(J) - ¢*(N)]
Hence, substituting above
—¢*()t _ ,—¢*(N+1)t —¢*(N)t _ p—¢*(N+D)t
E [N+ N4 1) e e n e e
[ (t)] ( ! (Z [To<jenti: jzkl@* (D —*®1  Tlo<jan+1; jzn[@*() — ¢*(N)]

e R _ " (N+ Dt

,; [osjznsr: jrl®*() = =0

=(N+1)

which verifies the inductive hypothesis and thus the first identity of (2.24) is proven. For the
second we use again that (4.40) holds true to deduce that for any n
n-! 1 e~

¥ —
‘ = Tlo<jzn jul@*G) = * @] Tlozj<n: jal@*() — @*()]

and upon substitution, the second identity in (2.24) follows. [

The proof of Lemma 4.2 relies upon the following lemma, which we shall prove in Section 6.
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Lemma 4.7. For each ¢ € B, and for all n > 1,

S [T e — e (— [ [¢(z+i)—¢(k)]>= [T 0—¢mn.
k=1

1<h<l<n; 1<i<n-—1 1<h<l<n
h,l#k

(4.41)

Proof of Lemma 4.2. We use a proof by induction. For the base case, n = 1, we need to
verify that

z—1 (m) m—1
ZT*[ o(dt)+Zl(Z),)2( (62— o)D"
(™ o 4.42)
+ [¢(z+1)—¢(1>12 s (1@ o)
! y(z. [$2) — $(DI1)

e FAPGEH D=0 o Dl e
Applying the properties of convolutions (4.6), (4.7), and (4.8), we can write

(m) z—1 m—1
(442) = S e Z(Z) (~1p@) — gy L)

(m!)? 2P (Dt
" z—1 m
+ g+ D =¢] Z (Z)|)2 (= (2) — (D™ %
7% 1 z oo .
= o T W; % (—[$2) — (D" 1+

zlpz+ 1) — g(1)] o
H—TT Zﬂ [$(2) — $(1)])" / el g

m=0
L At |
= Y — (—[¢Q2) — p(DD" "

. ZO — (=62 = ¢())
Z[¢>(z + 1) — ¢(1)]

I / ( p} (=[p(2) — (D™ sm) ds

Using the fact that e =) o <7 then applying a change of variables, it follows that
z—l
oo AL@HD =M1 [T .y 0)-gans
(442) = ¢<1) el e ds

_ ! y(z [92) — p(D]1)

soan Tele+ 1 —o)] [6(2) — p(1)J e?Dr”

as required for the base case. For the inductive step, assume that the formula in (4.15) holds
for the (n — 1)th convolution. Noting that

v(@. (o) — p)lt) _ / B9l =1 g
[p(n) — p(k)]* 0
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this means that
mfl

(m)
s *[30(””) +Z(Z) m (—[pk + 1) — gD~

(Z)(m) m i|

g + k) — (k)]Z iz 190+ D = 90D" o

(4.43)

_ ! [Ti<j<cnilo@+ ) — @]
+z
(n)t Z l_[lsjfnfl;j#k[(p(]) — ¢(k)]

We are going to evaluate the convolution of (4.43) with the next term in (4.15), that is, the
expression

1
< ;Z(n)t +z Z 1_[]<]<n 1@z + j) — 9(b)] e /’ e_[¢(n)—¢(k)]ssz_1ds>
0

t
e~ / e lem—gls =1 4 ¢
0

H1<j<n 1; Hek[(p(]) - ¢(k)]

(Z)(m) m—l
[ So(d1) + Z e ([P 1) = g(n "
00 (Z)(m) N m
+ ¢z +n) — p(n)] ZO o (Lo + D —emD” Zom |
For brevity, we label the above convolution as
n—1
((IA) + Z(lk)) * (8o(dt) + (HG1) + (HG?2)). (4.44)
k=1

First, observe that

n—1 n—1
((IA) + Z(lk)) x80(dr) = (14) + ) _(1k).

k=1 k=1

We will see that this contribution cancels with some of the other terms arising from (4.44),
which we evaluate individually.

Evaluating the (1A) x (HG1) term Applying the properties (4.8) and (4.6), we can write

(m) m—1
@ g+ 1) — g ™

(1A)x (HG1) = z1* 1e*¢<">f*z

’)2 ed(n)t

“8) (z)m X T weme Y
= z;(m—,)z (~[p(n + 1) = g
4.6 > 1 z+m—1

A | B
= 2 — (=[p(n + D) =m0

th—] th—l
T et gl (4.45)
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Evaluating the (1A)* (HG2) term Applying the properties (4.8) and (4.7), we can write

(m)
(14) % (HG2) = zt*'e ™" x[¢(z +n) — $(n )]Z (Z)')z( [p(n+ 1) = ¢mD™
tm
X e
/ (m) 1 "
Y dp 4 m) - i >]Z(),)z( -+ 1) g €
/ I z+m ld
= 2z +m) — ¢(n>]Z—( [¢<n+1)—¢<n>l>’”%
m=0
_ z[¢(z+:(’>m ¢()] / - 12 L (190 + 1) = g(m)ls)" ds
Z[p(z +n) — p(n)] a1 ,~[g(n nls
_ sn / 1—leetD—gmls 7 (4.46)

Evaluating each (1k)+(HG1) term To evaluate (1k)* (HG1), we first consider the quantity

t o0 (m) m—1
<e—¢<k>f /0 e_[‘p(”)_“’(k)]‘vsz_lds)*22;)!)2( [+ 1) — g s (@A)

Observe that

t
o~ / e Lm—pWls =1 g ¢ — =K pi1 =)
0
Then by (4.8) and (4.6),

o ()(m) m—1
@47) = (W e o) 3 O g 1) = g

m=1 (m ‘)2 e¢(”)t

- ) z—1 m—1
48 gt 3 EZ_'V (—[p(n + 1) — p(m)]" %
m=1 ’

p © o
et Y (g + 1) — g

m=1

e?n)t ’

Using the fact that e — 1= we can evaluate this convolution as follows

m= lm"

o0

z—1 1
(@47) = W L ST g+ 1) = $001”

m=1

121
(9] —[p(n+1)—pm)]t __
= e * s (e 1)

t271 tZ*l
— oty LA
et gglnn
t t
— / o[+ —gK)ls 21 4 —br / o 19m—9(K)ls =1 7o (4.48)
0 0
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Now, multiplying (4.47) by suitable constants as in (4.44), we can express the quantity
(1k) * (HG1) as

l_[1<j<n oz +j) — ¢(k)]
1_[1<]<n l];ﬁk[(ﬁ(]) d’(k)]
_. ngjgn—l [p(z + j) — ¢(k)]

[Ticjcnor:jul@(i) — @]

t
(1k)* (HG1) = —¢k)t f e [P+ D=p®)]s gz—1 y ¢
0

(4.49)

t
e—¢(k)t/ e [B—oWls gz—1 g0
0

Evaluating each (1k)«(HG2) term To evaluate (1k)* (H G2), we first consider the quantity

t e (m) m
<e¢<k>f | el¢<n>¢<kﬂsszlds>*2@ (—lg(n + 1) = p)" . (450)
0 - e

12 p(n)t
— (m)

Recall that e~ ¢® fot e 0m—eWls gz=lgg — p=¢M 4 12=1o=¢M) Then by (4.8) and (4.7),

e (m) m
@50) = (0w e 0w 3 DT g4 1) — g

— (m!)? et
4 mtn i Efn)(,)z) (—Ipn + 1) — g L2 l(f)fm)
C) e M1 Z _— ( [p(n + 1) — p(m)])" W
m=0 "
Changing the order of summation and integration, since e =) > <5, it follows that

(4.50) = e Wr 4 <e—¢(”>f / vt Z i‘ (—[p(n + 1) — p(m)]v)" dv)
0 0 m!

t
— b <e—¢(n>t / vz—le—[¢<n+1>—¢<n>]vdv>
0

t v
_ / o~ PRNI—v) <e—¢(n)v / sz—le—[¢(n+1>—¢(">]sds) dv.
0 0

Exchanging the order of integration, then evaluating the inner integral,

t t
(4.50) = e—¢(k)t/ Sz—le—[¢(n+1)—¢>(n)]s/ e—[¢(ﬂ)—¢(k)lvdvds
0 s

e~ i

- 5371 B0 (80— _ p—9m-¢(00N) g
[¢(n) — o] Jo
o9k '

= — s p—lpntD=(K)ls 7 ¢
[¢(n) — ¢(k)]
e~ 9

_—/ =1 =+ D—gmls 4
[p(n) — ¢(k)]

483



A. Barker and M. Savov Stochastic Processes and their Applications 131 (2021) 454-497

Now, multiplying (4.50) by suitable constants as in (4.44), we can express the quantity
(1k) * (HG2) as

(1K) * (HG2) =

l_[1<J<n 18+ 1) = ¢K) [Pz +n) = p(n)] /’ i[9t D=6 (h)s g
0

Tz o290 — 6] oo @sh
l—I1<J<n 1o+ ) = d®)] [¢p(z +n) — p(m)] (! 2=1 = [e(+D—gm)ls 4 )
T Tz om0 — 0] P o’ ¢ >

Combining (4.45), (4.46), (4.49), and (4. 51) gives an unwieldly formula for (4.44). Observe
that [(1A)~|—ZZ {(lk)] *8o(dt) = (1A)+Zk 1(lk) cancels respectively with the second terms
from (4.45) and (4.49). Then

z—1 _ t
eifmm zlo(z +e :(Z)t p(n)] /0 o1 19D =g ()ls g
n—1 .
[Ti<cjcnmilo@+ ) — o]
+ == -
: ,; Mie)err 2l9G) — K]

g S [licj<ni[0@ + ) = @K [p(z +n) — p(n)] /’ i1 o+ D=l g
0

(4.44) =

(4.52)

t
e—¢(k)tf e—[¢(ﬂ+1)—¢(k)]ssz—1ds (4.53)
0

=1 Hlfjgn;j;ék[(p(j) - ¢(k)] edbr
(4.54)
o [icjmnil9G + ) = W) [z +n) — p()] / Y
-z - s e ds.
= [izjan i) = $(0)] e 0
(4.55)

Multiplying (4.53) by 1 = ;EZ; %;, we can combine the terms (4.53) and (4.54), then recalling

the definition y(z, u) = fo x“~le=*dx, we apply a simple change of variables to get

1 .
— [lLicj<loG@+)—0®] ro .
4.53) + (4.54) = E: n ¢(k>r/ o1 —lpn+D—pk)ls g
D TR 77 o) R g

— [l + D =o®] y@ o+ 1) — ¢k
Tyl @) — O] [B(n+ 1) — p(R)F e#®F

=2

Therefore we see that the terms in (4.53) + (4.54) correspond to the desired sum in the range
between 1 and n— 1 as in equation (4.15), and now all that remains for the proof of Lemma 4.2
is to verify that

_ 217! [licjcaloG@+ ) = ¢ y(z, [p(n + 1) — p(n)]t)
(4.52)+ (359 = Z5gy +2 ey — ¢ (¢ + 1) — ()] 9?0
(4.56)

The first term in (4.52) cancels with the first term to the right-hand side of (4.56). Therefore,
to show identity (4.56) observe that integral which appears in (4.52) and (4.55) can be written
as follows

/f 1 gt g, _ V(@ @0+ D — gD
0 [p(n + 1) — p()I
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from which upon cancellation of this expression on both sides of the remaining relation, it
follows that (4.56) holds if and only if

— izjmniloG+ ) — o0

et m =gl = ,; Moz 60 — S0

[licj<uld(z+ ) — ¢m)]
" Tz jen el ®(G) — 9]
Then rearranging and dividing through by [¢(z +n) — ¢(n)] the last identity, we see that (4.56)
holds if and only if
A iz [6G + ) — ¢k Mizjo 8 + 1) — ¢
[ i<jzn k() — K] [Ticjcni1l@() — ¢m)]
5 [licjenilo@ + ) — (0]

T T e 90 — )]

Multiplying both sides by H1§h<l§n [¢(1)—@(h)], one can verify that (4.56) holds if and only if

[¢(z+n) — ¢(n)]

1

S0 [T e —emn | | = [ 8@+ i) — ¢l
k=1 1<h<l<n; 1<j<n—1
hl#k
= [] @ —oml
1<h<l<n

But this equation holds by Lemma 4.7, and so the proof of Lemma 4.2 is complete. [J
5. Auxiliary results on bivariate bernstein functions: Proof of Proposition 3.3

Proof of Proposition 3.3. Item | follows immediately by a simple rearrangement using (3.3),
and item 2 follows from the fact that ¢, € B for ¢ € [0, o0), which comes from item?2 of
Proposition 3.1. Now, let us prove item 3. Let ((§;, n;)),~o denote the (possibly killed) bivariate
subordinator associated to «. Then for an independent exponential random variable e, with
parameter g > 0, we have that

9 = |E [e %50 || < B [ Rk @y | = 9 ,
g+« 2) g +k (Re (£) , Re(2))
so that
1 - ‘ 1
g+« )| [q+Kk®Re ), Re(2)]|’

for all g > 0, from which it follows, taking limits as ¢ — 0, that (3.5) holds, and similarly
(3.5) is verified, for Re () =Re (z) =0, if ¥ (0, 0) > 0. Let us prove item 4. We estimate the

last term in (3.4) to get that
o0 o0 o0
<z / e Ry / f e u(dxy, dxa)| dxs
0 y 0

o0
z / e Uy (y)dy
0
o0
_ - ¢Re({)(Re (2))
<lz e ey Wdy < |zl ———
| |/0 Yireo)(Y)dy < |z T
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where the last inequality follows from the fact that ¢gre) € B, q‘)}"e(;) > 0 on [0, c0) and
the left-hand side of inequality (3.2). Relation (5.1) together with (3.4) show the very first
inequality in (3.6) whereas the second follows from an application of (3.5) and the third from
the monotonicity of ¢ge(r) on [0, 00). We proceed to establish relation (3.7). For this purpose
we note from (3.4) that

o0

|67 (2)| < 2‘/ Zyym(y)dy'

e‘”yzﬂ;(y)dy‘

o0
<2 / e ROy fipeey (Y + |z / e Dy frey(M)dy
0

2¢Re(;)(Re (Z))

Re?(z)
where for first term in the last inequality we have invoked (5.1). It remains to bound the very
last integral. However, if ¢ € 5 then ¢’ is completely monotone, see item 2 of Proposition 3.1,

and hence ¢” < 0 on [0, co). Differentiating the last expression of (3.1) and utilising once
again (5.1) we thus arrive at

I f R0 (D,

M/O ey (y)dy < —¢"(u) +u/0 ey (y)dy = 2/ e "y (y)dy < 2m
and hence
OO —Re(2)y.,2 - | |
|z] A e Yy lrery(Y)dy < Rel(2 )¢Re(§) (Re (2)) .

Therefore, collecting the terms we obtain that
¢Re(;)(Re (Z)) 2|Z|

|9/ (2)] < — S P (e (@)

and employing (3.5) we get that
¢, (2) - o Pre)(Re (2)) 2lz] ¢re)(Re (@) _ 2 2|z|
¢c(2) Re’(2) p:(z)]  Re’(x) |#(2)] T Re’(2) Re()

This ends the proof of (3.7). Relation (3.9) follows by a simple substitution z = u in (3.7),
whereas (3.8) is derived in the following manner. The first inequality is deduced by not splitting
the term M in the last identity of (3.4) and substituting in the first inequality of (3.6)
with z = Re(z) = u. To obtain the second inequality we observe from (3.5) that for any
(¢, u) € Cp,00) % (0, 00)

K@ w| _ g —e O] 1
(w7 () u’
Next, we note from (3.3) that

b ) — $e(0)] = le(c, ) — (. )|
< dou + fo (1= ™) tpace) (@) < roe)(1).

(5.2)

Therefore, (5.2) is further estimated from as (3.5)

K;(C, u) d’Re(C)(u) + <,
k(G u)| |¢§(u)| wou
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which proves (3.8). We proceed with item 5. Let (§, n) == ((&, n:)),>( be the possibly killed
bivariate subordinator associated to «. Then, for all (¢, z) € (C%Q 0 \ {(0, 0},

1>E [efRe(f)ﬁ*Re(Z)ﬂl] > |E [8*55171771:” _ e*Re(K(I,z))

and (3.10) follows. The last claim follows from the inequality above, the fact that inf, B Re (¢)
> 0 since the closed ball B_; C Cpo) and P(§ >0) > 0. Next we prove item 6.
Differentiating (3.3) n > 1 times with respect to z, then taking absolute values, it follows
that

o0
K;Il)(gaZ)| = dzﬂ{n=1}+(—l)”71/ y'e e (dy)
0

o0
< dplljy=yy +/ ¥"'e ROV o) (dy)
0

)

= |9 (Re(@)] = € (Re (£) , Re (2)

which establishes (3.11) and item 6. For item 7, we apply first (3.11) with n = 1, 2, and then
(3.5) to yield

«™ (Re (¢) ,Re (2))
K (Re ({),Re(2)) |’
(5.3)

k™ (Re (¢) , Re (2))
Kk (Re (¢),Re (2))

k™ (£, 2)
K (£, 2)

Kk (Re(§),Re ()| _
k (£, 2)

<

Applying (3.8) when n = 1 in (5.3), we deduce that (3.12) holds. Similarly, applying (3.9)
when n = 2 in (5.3), it follows that (3.13) holds, as required for item 7, and the proof is
complete. It remains to consider item 8. We observe that

. k(, x +v) . k(&, x +v) — (g, x)
lim sup |[————| = lim sup |1+
X0 0<y<A k(g, x) X=0 p<p<a k(g, x)
xX+v
k! (C, w)dw
= lim sup |l+ fxz(—g) .
X090 )<y<A k(g, x)
However,
x+v ’
k¢, w)dw Kk (C,v
X0 0<p<A k(g x) X0 y<v<x+A4 |K(§7 x)|

<A lim sup M
X=00 \ yyt A |k (¢, x)
A i R0
X—00 |K(§, x)l
Re @), x)
x—oo [k(Re (), x)|

’

where in the second inequality we have used (3.11) with n = 1, in the first identity we have
used that «(Re (¢), -) is non-increasing, see item 2 of Proposition 3.1, for the last inequality
we have invoked (3.5) and the evaluation of the last limit follows from (3.8). [
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6. Proofs of auxiliary lemmas

Proof of Lemma 2.10. Consider the fact, see [36, Prop 3.6], that each Bernstein function
¢ € B preserves angular sectors, i.e. for each w € Cjp ), larg(¢(w))| < |arg(w)|, where we
use the convention that arg(w) € (—m, ]. Then, write z = a+ib and without loss of generality
assume that a € [¢,d],b € [c1,d;], where —00 < ¢ <d < oo and —00 < ¢ <d; < 0. It
follows that for all u large enough that u > —a,

u—+z b
arg (M) = |arg(¢(u + 2))| < |arg(u + z)| = |arctan < )‘ :
d(u) u-+a
Observe that lim,_, » |arctan (b/(u 4+ a))| = 0, uniformly for the specified compact range of

a, b. Therefore, for each ¢ € B, as u — oo, and uniformly for ¢ < Re(z) < d
$u+2) ¢+ Re(@(u +2)
o(u) d(u) o(u)
where the very last asymptotic relation follows from the fact that
(Im(¢(u + z))) ‘ Im(p(u + 2))
arctan | ——= || = lim |———=|.
Re(p(u +2)) u—o0 |Re(P(u + 2))

Writing ¢ as in (2.2), since b is bounded, we have |u 4+ z| ~ u +a, as u — 0o, and by (2.18),
as u — 00,

lp(u + 2)| 22) 19(0) + (u + 2)d + (u + 2) [o~ e TN (y)dy]
pw) $(0) + ud + u [;° e~ T (y)dy
- GO0) + lu+ zld + [u +z| [5° le= T2 [T (y)dy
$(0) +ud +u [;° e I (y)dy
B(0) + |u +zld + |u + z| [5~ e “ T T (y)dy
@(0) + ud +u f;° eI (y)dy '
L PO+ @tadt@ra) T Iy gwta) e

, (6.1)

0 = lim |arg(¢(u + 2))| = lim
u— 00 u—00

$(0) + ud + u [° e~ T (y)dy )
(6.2)
Now, observe that — cos(—by) > —1 for all b, y € R. Then by (2.18), as u — oo,
Re(p(u +2)) _ ¢(0) +Re((u +2)d) + [, Re(l — e “tIM)[1(dy)
pw) ¢(0) + ud + [°(1 — e=w) 1 (dy)

PO+ (u+a)d+ f0°°(1 — e~ WraY cos(—by) I (dy)

B @(0) + ud + [;°(1 — e=)II(dy)

- #0) + (u+a)d + [;°(1 — e~ T [I(dy) _$uta) ey L 63)

@(0) + ud + [;°(1 — e~ I (dy) du) ' '

Combining (6.1), (6.2), and (6.3), the proof of Lemma 2.10 is henceforth complete.
Proof of Lemma 2.11. Write z = a + ib and without loss of generality assume that

a € [c,d],b € [c1,d], where 0 < ¢ <d < o0 and —00 < ¢ < d; < o0. Foru > —a
(so that Wy (u+z+1) is well-defined), applying Lemma 2.10 alongside (2.15) and (2.17) from
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Theorem 2.9, it follows that as u — oo,

Wyl + D + 1) 15 Plu+1+2p (1 +2+7) eloltDEsurD

= ¢*(ut1)
W¢(u +z+ 1) ¢(u + 1)(/5%(11 + 1) eL¢(14+1+Z)7E¢(u+1+Z)

2.19) o+ 1) Lot D=Eg(ut D)=L (ut1+20)+Ep(ut1+2)

(2,‘\1’7) ¢Z(u + ]) eL¢(ll+l)—L¢(ll+l+Z)’ (6.4)

Now, recalling the definition of the Ly terms in (2.12), part of the integrals cancel, yielding

L¢(M-I—1)—L¢(u~|—1+z)=/

I—u+2

log,(¢(w))dw — / logy(¢(w))dw

I—>u+2+z

=_ f log,(¢p(w))dw. (6.5)
u+2—->u+2+z

Writing N = u + 2 for brevity, and noting that log,(¢(w)) = In(|¢(w)|) +i arg(¢(w)), we have
the following identity

6.5) = — / In(jp(w)dw — i / arg(p(w))dw. (6.6)
N> N+z N—>N+z

We will integrate along the contours y; and y,, which are straight lines connecting N to N +a,
and N +ato N+a+ib= N + z, respectively. Note that along y,, arg(¢(w)) = arg(w) = 0,
so we need only consider y, for the second integral in (6.6). Now, |y»| = b, so

< b sup |arg(¢(w))| < b sup | arg(w)|.

XEY wey

/ arg(¢(w))dw
v2

since ¢ preserves angular sectors [36, Prop 3.6]. Now, sup,,c,, | arg(w)| = arctan(b/(N + a)),
which converges to 0 as N = u+2 — oo and b belongs to a compact interval, and we therefore
conclude that

lim arg(¢p(w))dw = 0. 6.7)
=00 JN+>N+a+ib

Now let us consider the first integral in (6.6) over | and y, separately. We will compare the
y) contribution with a In(¢(u# + 1)), and the y» part with ibIn(¢(u + 1)). For the y; part,

/lmwwmww—am@w+4»=/lmwu+2+mwx—wmwu+n)
Y1 0
du+2 +x)>
—— " ) dx.
¢(u+1)

By Lemma 2.10, lim,,— oo ¢(u+2+x)/¢p(u+1) = 1, uniformly in x € [0, a], so lim,_, » (6.8) =
0, and therefore

— f (In((u + 2 + x)) — In(p(u + 1)))dx = / In ( (6.8)
0 0

Mllzlgo (¢a(u + 1) e_fy] 1n(|¢(x)\)dx) — 1. (69)
For the contour y,, one can verify by applying the same argument as for y,, that
) . . rb du+2+a+iv)
lim (d)’b(u +1)e I 1“('¢‘w)')dw) = lim (e' Jy m( e )d”) -1, (6.10)
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Finally, substituting the individual limits (6.7), (6.9), and (6.10) into (6.4), we conclude that
uniformly on z-compact domains of Cyg
. Weu + Do*(u + 1)
lim
u—co Wy(u+z+1)

and this concludes the lemma.

=1 0

Proof of Lemma 4.1. Firstly, by ¢,(w) = g + ¢(w) € B and Lemma 2.11, we can rewrite
W, (n 4+ Dgi(n + W, (z + 1)
Wy,(n +z+1)
Recalling the relations Wy, (w + 1) = @,(w)W,, (w) and W, (1) = 1 from (2.4), it follows that
6.11) = lim (TTi=1 24 (k) Wy, (D@l + HWy, (z + 1)

oo (M= %(z + ) Wy, (z 4+ 1)

= lim ((pq(n+ I)H (!(Jz(—i-)k))
®q

Now, observing that we can rewrite ¢,(n + 1) in the form

— ((Pak + 1) : @q(k + 1) — @, (k)
Pq(n+ 1) = ¢,(1) <— = @q(1) 1+ ,
! ! ﬂ g (k) ! ﬂ g (k)
we conclude, as required for Lemma 4.1, that

@q (k) <1+ <Pq(k+1)—</?q(k)>z:|. 0
04(z + k) goq(k)

W, (2 + 1) =1 x W,z + 1) = lim 6.11)

W, (z+ 1) = %(1)1‘[ [

Proof of Lemma 4.3. Fix y > 1 such that foy xII(dx) > 0. Applying simple inequalities, we

get

d [y xe™(dx) S5 xem 1 (dx)

+ Jo xe=OxII(dx) ) xe=+x [I(dx)
f;’o nxe " I1(dx)

nfoy xe~ X [T(dx)

p'(n) d—}—foooxe””H(dx) -

P'(n+c)  d+ [ xe NI (dx) T d

<l+e”+

Observe that when nx > y > 1, the quantity nxe™" is decreasing in x, and thus

' - [ [T(d
YW e, A
P(n+c) n [ xe= (O [1(dx)
ye ™ [ I (dx)
e~(nto)y fony(dx)
y [ H(dx)

e~ [ xI(dx)’

<1+ +

=1+e” +

which is a finite constant, independent of n, as required. [
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Proof of Lemma 4.4. To show that the sum in (4.16) is absolutely convergent, we con-
sider terms separately. First, consider the 1/ W, (z) term. Applying (2.15) and (2.16) from
Theorem 2.9,

1
2
< |¢)(k)(Z + 1)¢(k)(Z + 2)| )67L¢(k)(z+l)) 82.

‘ ! 6.12)

W¢(k)(z +D| (b(k)(l)
First we bound |e "0 “""|. Recalling logy(w) = In(jw|) + i arg(w), by (2.12), with
z=a+1ib,
Ly, (z+1) = / log, (¢ (w))dw
124z
=/ In(|¢pg (w)Ddw + / In(|pg(w)Ddw
1>2+a 24+ar>2+a+ib

+ l/ arg(d)(k)(w))dw + l/ arg(d)(k)(w))dw.
I—=2+a 24-ar—2+a+ib

But [5, . iurip (b (w)dw is pure imaginary, and [)_, . arg(¢u(w))dw = 0, so

)e*Lm)(ZH)) - ‘e_ T (g (o)dx—i Srtars24ativ MEGER W)Hdw |

As ¢, preserves angular sectors [36, Prop 3.6], it holds true that

| f2+a|—>2+a+ib
arg(Pu(w))dw| < br/2, and so

’e—L,p(k)(Z'i‘l)’ < eth eff12+"1n(¢(k)(x))dx _ e”T”efff” In(g (¥)dx

Now, ¢ is non-decreasing, and d)(’k) is non-increasing, so applying Lemma 4.3, we get
o= T M@ dx (140 In( (1)

<
b (1) - b (1)

= ¢(7(§2+tl)(1) = [¢)(k + 1) _ ¢(k)]_(2+a)

k+1 —(2+a)
= [ ¢>’(x>dx} < @' (k+ 1)~
k

43
< C£+a ¢/(k)_(2+a),
where C, depends only on ¢. Hence there is a constant K > 0 so that for all kK > 1,
e*L¢(k)(z+1)
b (D)

from which it follows that, with a slightly different constant K, for all £k > 1,

< K¢/(k)_<2+‘”,

6.12) < K’

1
Pw(z+1) ¢ + 2)‘ @' (k).

Now, since (3.11) of Proposition 3.3 6 implies that |¢'(¢)| < ¢'(Re (¢)), ¢ € C(o.00) and ¢’ is
non-increasing on (0, 0o0), observe that
z+1+k
/ ¢ (w)dw
k
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1
and similarly |¢>(i)(z +2)| <|z+ 2|%¢>’(k)%. Then, substituting above, we have that

6.12) < Ky |2+ 1] [z +2]2 ¢'(k)" 27,

and plugging this into (4.16), it follows for another constant K, > 0, depending on z, that

o0
<K Z
k=1

[T 16 + i) — (k)] | e=?r
[T2i60) — ¢01 | gryi+e’
(6.13)

2T [+ i) — k)] e o
= TT26G) — o] W@+ 1)

Now, applying the bounds in Lemma 4.5, we see that for another constants K3, K4 not
depending on &,

o o0
(6.13) < K3 Y e M g+ k) — )| ¢/ (K) 24 < Ky Y e PPy (6.14)
k=1 k=1
Now, recall that in Definition 2.13, we have imposed that 8(¢’) > —1, where B(-) denotes
the lower Matuszewska index, see [10, p68] for the formal definition. One can verify that if
B(¢") > —1, then the function f(x) := x¢'(x) has lower Matuszewska index S(f) > 0. Then
applying [10, Prop 2.6.1(b)] to the function f, it follows that there exists a constant ¢; > 0
such that for all k > 1,

, K fx) ko
k¢'(k) = f(k) > | i —dx=c [O ¢'(x)dx = c1((k) — $(0)). (6.15)

Now, consider the lower index of the function f, defined by ind(f) := liminf,_ . In(f(x))/
In(x), or equivalently, ind(f) := sup{p > 0 : lim,_, o x ™ f(x) = oo}, see e.g. [5, p39]. From
the result [10, Prop 2.2.5], ind(f) > B(f), and hence ind(f) > B(f) > 0. Moreover, by (3.2),

one can deduce that ind(¢) > ind(f) > 0, and in particular, there exist c, p > 0 such that for
all k > 1,

p(k) = k¢'(k) = ck”. (6.16)

Now, if @ > 1/2, then since ¢ is non-decreasing, by (6.15) and (6.16), for another constant
Ks,

9 d*% _ 1_, . 1 00 1
(6.14) < K5 Ze—czkp (o] [¢(k)] ¢(0)]2 < K5€7_7[¢(1)—¢(0)]7_a Ze_”kpka_f,

5—a
k=1 k2 k=1

and then one can easily verify that this sum is finite, as required. On the other hand, if a < 1/2,
then since ¢’ is non-increasing,

o o
(6.14) < K5 3 e M /(k)2 ™ < K5/ ()24 Y ™

k=1 k=1

and again one can easily verify that this sum is finite, and the proof of Lemma 4.4 is therefore
complete. [

Proof of Lemma 4.5. Writing z = a + ib, a,b € R, we first consider the product for
1 <j<k-—C, where C; > a is to be determined later. We are going to change variables in
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the numerator so that the new variable ranges between 0 and k — j. The change of variables
is motivated by the observation that

k—j

k
() — BUj) = / #wds = [0+
J

so that after this change of variables, we can simply compare terms within each integral.
Consider first u € [0, 1] chosen so that w = (z + j)(1 — u) + ku. Then (z 4 j)(1 —u) + ku
ranges between z + j and k, as desired. Now, t is simply defined as 7 := (k — j)u, so that the
ranges of integration match.
Now, changing variables to 7 chosen such that w = z+ j + (1 —z/(k — j))T, we can rewrite

lp(k) — d(z + j)| as
k=J b4 Z
/ d(w)dw‘:‘/ (1——.)45/ <z+j+(1— .)r)dr
2t jrk 0 k—j k—j
k—j z
5/ ¢’(z+j+(1— .)r)
0 k—j
k—j
S\/\
0

where we have used for the last inequality relation (3.11) of Proposition 3.36. We can

dt

- —=

k—j

S Y - d
k_j'¢<a+]+( —k_j)r) T,

1—

now compare terms. Since T < k — j, observe that a — at/(k — j) > 0, and hence
a+j+ A —a/tk — j)t > j+ 7, from which it follows, since ¢’ is non-increasing on
(0, 00), that

a
¢/<a+j+(1 - k_j)r) <G+
Now we want to show that |1 — z/(k — j)| < 1. We consider its square for convenience:
'1 z 2_(k—j—a)2+ v 2ak—)  @+b
k—j (k — j)* (k — j)? (k—j»  (k—=j?

This does not exceed 1 if and only if

2a(k — j) a®>+b?

- : — <0
k—j?  (k—j)>
2 2
< a"+b”" <2k —j) <k—j
- a2+b2_ |Z|2
/= 2a 2Re(z)

So let us choose C, > Z}Lﬂ(zz). Then it follows that for all 1 < j <k — C,,

9+ /) —o®)I _
¢tk) —o(j)

’
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and hence the product simplifies substantially:

1Pz + j) — Pkl ¢z + j) — ¢(b)
[[ Berp oWl [ werhosb

ey PR—0() T e eR—60)
< 11 lp(z + j) — p(k)| - 10 | fz+ij/¢’(w)dw|
k—=Cr=j<k—1 ¢tk — ¢tk — 1) k—C:<j<k—1 ¢'(k)
I |2+ j — kI (MaxXe—c, <j<k—1 SUPyepzsj i 19/ (W) V ¢/ (k)
- k—Cyp<j<k—1 @’'(k)
< l—[ lz+Jj — k| (man—sz/jgk—l d'(a+ )V e'k)
k—=C;<j<k—1 ¢ (k)
T lz4j —kl ¢'(k+a—C,) Vv ¢'k)
eciziziet ¢'(k)

where Vv stands for the maximum function, we have used |¢'(w)| < ¢'(Re(w)), see (3.11), and
the monotonicity of ¢’. Now, |z 4+ j — k| < |z| + k — j < |z] + C,, because j > k — C;, so
this is
oz + j) — ¢(k)]
[T &2 22 <z +00% ]
d(k) — ¢(j)

1<j<k—1 k—C;<j<k—1

@'k +a—C)V k)
¢'(k) '
Finally, observe that if ¢'(k + a — C;) < ¢'(k) then the remaining product is < 1, and on the

other hand, if ¢'(k +a — C;) > ¢'(k), then uniformly among all k large enough, we have from
Lemma 4.3

Pk+a—Cove'k) _¢lita-C) _
20 v

where C > 0 is independent of &, and the proof of Lemma 4.5 is complete. [

Proof of Lemma 4.7. Applying the Vandermonde identity (4.36), then using elementary row
and column operations, we get

Lo - oy ¢y

(4.36) PQ2) - Q" P!
[T e®—¢m1 " ="det [. ~.° . : 6.17)
1<h<l<n . . . . .
1 o) - ¢m)y2 ¢y
1 0 0 0 0
0 1 ¢) --- ()2 $(1)!
— det]0 1 9@ - @2 @
0 1 ¢ - G2 Gy
1 0 0 0 1
0 1 ¢) --- ()2 $(1)!
_det]0 1 0@ - @2 !
0 1 ¢ - G2 Py
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Next, we add a scalar multiple of the first row to each of the other rows, yielding

n—1

i=1
n—1
(6.17) = det

i=1

n—1

i=1

1 0 0 ... 0
“[Tle —ec+i1 1 o) P12
~Ts@ -6+l 1 6@ $(2)" 2
~Tiemy—g+in 1 ¢m Py

1

n—1

(! = [ Tlo() — pz + )]
i=1
n—1

¢ = [[I6@) — ¢z + ]

i=l1

n—1

¢y = [ Jlo) — bz + )]

i=1

Evaluating this using the first row’s cofactor expansion, we get two terms, the first of which

is
1 o)
det I ¢
I ¢

n—1

()2 () = Jlo() — ¢z + )]

i=1

n—1
P2y 2y - 1_[[¢(2) — ¢(z +1i)]

i=1

n—1

P2 gy~ — [ [Ip(n) — d(z + )]
i=1

since the last column is a linear combination of the other columns, and the remaining term is

(6.17) = (=1)" det

n—1

~TTiem —g+in 1 ¢

i=1

n—1
—[]o@—-0c+i0 1 6©

i=l1

n—1

—[Tiem —g+1 1 @@

i=1

p(1)" >

P22

P(n)" 2

We evaluate this using the first column’s cofactor expansion. Each minor matrix is itself
a Vandermonde matrix with determinant [],_, ., ;[6() — #(h)], so we conclude, as

required,

(6.17) = (=1)" Y (=D

k=1

= (~1)
k=1

[T 8@ — ¢

1<h<l<n;
h,l#k

l1<i<n—1
Ik
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I<i<n—1
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