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Abstract

We consider a one-dimensional dynamical system driven by a vector field —U’, where U is a multi-well
potential satisfying some regularity conditions. We perturb this dynamical system by a stable symmetric
non-Gaussian Lévy process whose scale decreases as a power function of time. It turns out that the limiting
behaviour of the perturbed dynamical system is different for slow and fast decrease rates of the noise
intensity. As opposed to the well-studied Gaussian case, the support of the limiting law is not located in the
set of global minima of U.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Classical simulated annealing is a stochastic algorithm for determining the global minimum
of an unknown function U.. Let U be a real-valued function on R¢ with a unique global minimum.
The idea of the method consists in running a time-nonhomogeneous Gaussian-diffusion

dZ(t) = —VU(Z@))dt + o (t)dW (1) (1.1)

with some dispersion matrix that satisfies o (f) — 0 as r — +-o00. Physically, the process Z
describes an evolution of an overdamped Brownian particle in a potential energy landscape,
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o () being the temperature. For small values of o (-) the process spends most of the time in
the neighbourhoods of the potential’s local minima, occasionally making transitions between
adjacent wells. The goal of the simulated annealing consists in an appropriate choice of the
cooling rate o (-) so that for large values of ¢ the diffusion VA () settles down in a neighbourhood
of the global minimum of U.

More precisely, the main result concerning the simulated annealing of the process Z is as
follows. To guarantee convergence, one should choose o2 (f) & ln(;;ﬂ) with a positive cooling
rate 6, and some A > 1 to parameterise the initial temperature o (0). Then, there is a critical
value > 0 such that if & > & then Z (t) converges (in probability) to the coordinate of the
global minimum of U, and the convergence fails otherwise. Moreover, the critical constant 0 is
the logarithmic rate —lim, _, oo 2 In |)»},| of the principal nonzero eigenvalue )»(1, of the generator
of the time-homogeneous small-noise diffusion

dX(t) = —VUX@®))dt + odW (¢). (1.2)

Heuristic justification of this convergence is based on the observation that for small values of
o (t) the process Z(t) behaves roughly like a time-homogeneous process X with a constant noise
intensity o & o (¢). The principal nonzero eigenvalue )»(], determines the convergence rate of X
to its invariant measure which is proportional to exp(—2U /o). The weak limit of this invariant
measure as 0 — 0 is a Dirac mass at the potential’s global minimum. Thus, if o (¢) is such that
t|k(17 (t)| — oo ast — oo, then Z(¢) has enough time to settle down in the deepest potential well.

The asymptotic properties of the annealed process Z have been studied mathematically by
many authors. We mention here the papers by Chiang, Hwang and Sheu [1] and Hwang and
Sheu [2,3] who developed a small-noise analysis of the corresponding forward Kolmogorov
equation and applied the Freidlin—-Wentzell theory of randomly perturbed dynamical systems
(see [4]). On the other hand, Holley and Stroock in [5], and Holley, Kusuoka and Stroock [6]
proposed a Dirichlet form approach. We also refer the reader to the review paper [7] and further
references therein.

Simulated annealing has proved to be an effective optimisation tool with a solid theoretical
justification. However, its practical implementation has several negative features. First, it is
usually difficult to determine the cooling schedule 6 —or equivalently the logarithmic order of the
first eigenvalue A (1, — without a detailed information on the potential function U. In practice, the
cooling schedule is set by the method of trials and errors so that the optimisation procedure yields
satisfactory results. The second problem is the convergence rate. The logarithmic convergence of
o (1) to zero leads to time-consuming optimisation procedures. Finally, due to the continuity of
the trajectories of Z, the search for the global minimum becomes slow if U has many wells and
the initial value Z (0) is chosen ‘far’ from the domain of attraction of the global minimum. We
refer the reader to the papers by Sorkin [8], Ingber [9] and Locatelli [10] for the discussion on
the restrictions of simulated annealing.

There is a number of papers devoted to various modifications of the classical algorithm. For
example, Szu and Hartley in their physical paper [11] introduced the so-called fast simulated
annealing which allows to perform a non-local search of the deepest well. A fast simulated
annealing process in the sense of [11] is a discrete time Markov chain where the next state is
obtained from the Euler approximation of (1.1) driven not by Gaussian noise but by Cauchy
noise. The new state is accepted according to the Metropolis algorithm introduced in [12]. The
acceptance probability is 1 if the potential value in the new state is smaller, i.e. the new position
is ‘lower’ in the potential landscape. If the new position is ‘higher’, it is accepted with the
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probability ~ exp(—AU /o), where AU is the difference of the potential values in the new and
the old states, and o is a decreasing temperature parameter. The advantage of this method consists
in faster transitions between the potential wells due to the heavy tails of the Cauchy distribution.
Moreover, the authors claim that the optimal cooling rate is algebraic, i.e. o () & t~! which also
accelerates convergence. There are several practical implementations of this algorithm, e.g. by
Szu [13] and Nascimento et al. [14]. However, to our knowledge it is not proved whether it really
converges to the global minimum of U.

In this paper we consider a continuous-time annealed jump-diffusion driven by a symmetric
stable Lévy process with heavy tails. Our goal is to determine a cooling schedule o () so that
the jump-diffusion converges to some nontrivial limit. We alert the reader that this limit (when it
exists) will not be a Dirac mass at the global minimum of U.

This paper can be seen as a sequel of [15-17] where the small-noise dynamics of heavy-
tailed Lévy-driven jump-diffusions were studied. We emphasize that our methods are purely
probabilistic.

2. Object of study and main result

Let (2, F, (F)i>0, P) be a filtered probability space. We assume that the filtration satisfies
the usual hypothesis in the sense of Protter [18], i.e. Fo contains all the P-null sets of F and is
right continuous. We consider a time-nonhomogeneous process Z* = (Z?" . (1))r=5 satisfying the
following one-dimensional stochastic differential equation

' dL(u)
s (A+ M)G '

where L is a Lévy process and U is a potential function. We make the following assumptions.
Assumptions on L:

t
zZl () =z —/ U'(Z} . (u—))du + 0<s<t zeR A,0>0, (2.3)
N

L The process L is a symmetric a-stable process, o € (0, 2), whose marginals have the Lévy-
Hinchin representation

dy

In Ee* @) — z/(ei” —1—inyI{ly| < mw = —tc(a)|A|%,
y
cla) =2 )cos (%) F(—a)‘ . (2.4)

Assumptions on U:

Ul U e C'(R)NC3([—K, K]) for some K > 0 large enough.
U2 U has exactly n local minima m;, 1 <i < n,and n — 1 local maxima s;, 1 <i <n —1,
enumerated in increasing order
—00 =S50 <M <SS <My <+ <81 <My <8, =—+00. 2.5)
All extrema of U are nondegenerate, i.e. U”(m;) > 0,1 < i < n,and U"(s;) < O,
1<i<n-—1.
U3 |U'(x)| > |x|'*¢ as x — o0 for some ¢ > 0.

As a time-homogeneous counterpart of Z*, we consider the process X¢ = (X£(t)),>0 satisfying
the following stochastic differential equation

t
Xe(t) =x — / U'(XEu=))du +¢L(t), t>0, x €R, (2.6)
0
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where ¢ is a positive parameter. For small values of &, the behaviour of X* was studied in
our previous papers [15-17]. We also refer the reader to the works by Godovanchuk [19] and
Wentzell [20] for results on the large deviations due to large jumps.

Both processes X and Z* can be seen as a perturbation of the deterministic dynamical system

t
X%1) =x —f U'(X%u))du, t>0, x eR, 2.7
0

by eL(t) and fot (ii(;’))(, respectively. Under the above assumptions on U, the underlying
deterministic equation (2.7) has a unique solution for any initial value x € R and all t > 0.
The local minima of U are stable attractors for the dynamical system X 0 je ifx e (Si—1,5i),
1 <i <n,then X ?(x) — mj as t — oo. It is clear that the deterministic solution X° does not
leave the domain of attraction in which it started.

From the physical point of view, Egs. (2.3) and (2.6) describe the motion of an overdamped
Lévy particle in a potential energy landscape. The jump magnitude is parameterised by the
‘instant temperature’ (A + 1)~% and e respectively. In Eq. (2.3), the initial temperature (t = s)
equals (A + 5)~?. A positive cooling rate 6 determines the speed of temperature decrease.

Since the Lévy process L is a semimartingale, the stochastic differential equations (2.3) and
(2.6) are well defined, see [18] for the general theory. However, since the drift term U’ is not
globally Lipschitz, we need to show the existence and uniqueness of the strong solution of (2.3),
which can be done analogously to the time-homogeneous case considered in [17]. The processes
X¢ and Z* are also strong Markov and Feller.

It is necessary to notice that the evolution of the process starting at time s > 0 is the same as
that of the process starting at time zero with a different initial temperature, namely

(ZF (s + D)iz0 £ (Zh (1)i0, (2.8)

»Z

and thus the particular values of s or A do not influence asymptotic properties of the jump-
diffusion in the limit # — oo. However, since our theory will work for low temperatures, it is
often convenient to study the jump-diffusion not for large values of s and ¢ but for large values
of A, and we do not omit A in our notation.

As we have seen in the Gaussian case, a good candidate for the limiting distribution of Z*(¢) as
t — oo can be found among the limiting distributions of the time-homogeneous jump-diffusion
X¢ as ¢ — 0. Although no closed-form formula for the invariant distribution of X¢ is known,
one can use the metastability results for X¢, which state that for small values of ¢ the jump-
diffusion reminds of a continuous-time Markov chain on the set of stable attractors of U. Indeed,
the following theorem holds true.

Theorem 2.1 (metastability, [17]). Let X¢ be a solution of (2.6). If x € (si—1,si), 1 <i <n,
then fort > 0

X (™) = Y (1), €10, (2.9)
in the sense of finite-dimensional distributions, where Y = (Y (t));>0 is a Markov process on a

state space {my, ..., m,} with the infinitesimal generator Q = (q,-/-)?jzl,

|*0[

—lsj—mi 7%, i #],

—qii =qi =Y _qij =0 " (sic1 —mi| "+ |si —mi| ).
J#

gij = o Mlsj—1 —m;
(2.10)
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It is easy to see from the form of Q that the limiting Markov chain Y is irreducible and positive-
recurrent. Denote by 7%(dy) = Z;l'=1 n?Smj (dy) its unique stationary measure, Sy (dy) being
a Dirac 8-function. This measure 7 is the candidate for the limiting distribution of Z*@),
t — +o00. However, as in the Gaussian case, the convergence depends on the cooling rate 6.
Our main result is formulated in the following theorems. For a measurable bounded function

fdenote 70 f = [ f(x)%(dx) = Y f(mj)nj@.

Theorem 2.2 (slow cooling). Let Z* be a solution of (2.3). Let a0 < 1. Then for any A > 0,
z € R and any continuous and bounded function f

Eo.f(Z*1) — 7n°f, t > oo. (2.11)

If the cooling rate @ is above the threshold 1/a, the solution Z* gets trapped in one of the wells
and thus the convergence fails. Consider the first exit time from the ith well 6] (A) = inf{r > 0 :
Zé . & (si—1, si)}. Then the following trapping result holds.

Theorem 2.3 (fast cooling). Let Z* be a solution of (2.3). Let af > 1. There is A > 0 such that
foranyi=1,...,n,

Po:(6' (1) < 00) = ORI, & — o0, (2.12)
uniformly for |z — m;| < A.

As we see, the annealing procedure does not locate the global minimum of U, but reveals some
information on the spatial structure of the potential. For instance, if the coordinates of the local
minima are known or can be estimated, then with help of the invariant measure 79 one can
estimate the coordinates of the saddle points and thus the sizes of the domains of attraction. This
information can be useful for the global optimisation, since often the spatially biggest well is the
deepest at the same time, see [10,21].

To make calculations simpler, we consider only jump-diffusions driven by symmetric «-stable
non-Gaussian Lévy processes in this paper. In fact, our results are also expect to hold for jump-
diffusions driven by more general Lévy processes with generating triplet (G, v, i), where G > 0
is the Gaussian variance, ¢ € R is the drift, and the Lévy measure v has regularly varying tails
of the same index and is not necessarily symmetric. In [17], Theorem 2.1 is proven in such a
setting.

The paper is organised as follows. In a preparatory Section 3 we decompose the driving
process L into small- and big-jump parts and study a one-well dynamics of the process Z* for
large values of A. Here we use results from our paper [17]. Then we study the slow cooling case
af < 1. Section 4 is devoted to the study of the mean first exit time from a single well. This is
technically the most complex part of the proof. In Section 5 we determine mean transition times
between the neighbourhoods of the wells’ minima and the corresponding transition probabilities.
In Section 6 we construct an embedded nonhomogeneous discrete-time Markov chain whose
distribution is asymptotically close to 7. In Section 7 we prove Theorem 2.2. The case of fast
cooling is short and is considered in Section 8. Finally, some calculations of Laplace integrals
are collected in the Appendix.

We use the notation I{A} for the indicator function of the set A and I{A, B} = [{A}I{B}.
The complement of a set A is denoted by A€. In our estimates, we shall use ¢y, ¢3, etc. to denote
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positive constants without calculating their explicit values. On the other hand, ¢ will denote the
constant from the estimate (3.25). As usual, AX () = X () — X (t—).

Finally, we direct the reader’s attention to our paper [16], where we explain the results of
Theorems 2.2 and 2.3 on the physical level of rigour in the spirit of our previous work [22] and
illustrate them with some simulations.

Of course, the most intriguing question remains, namely whether one can construct a time-
nonhomogeneous jump-diffusion which settles down near the global minimum of the potential?
The answer to this question is affirmative and the numerical algorithm can be found in [23]. The
rigorous mathematical proof of its convergence will be presented in a forthcoming paper.

3. One-well dynamics of the annealed process with small jumps
3.1. Small and big jumps of L

For A > 0, consider the decomposition L = &* 4 n*, where the Lévy processes £* and n*
have generating triplets (0, vé‘, 0) and (0, v,)]‘, 0) with Lévy measures ve(-) = v(- N |y| < A0/2)
and v, (-) = v(-N|y| > A/ 2). The process & * has a Lévy measure with compact support, and
the Lévy measure of n* is finite. Denote

B =B =v[R) = / & _ 25w

(3.13)
R\[—02,02] [Y[1TY «

Then, n* is a compound Poisson process with intensity 85 and jumps distributed according to
the law ,B;lv%C). Denote by ()0 the arrival times of n* with 79 = 0. Let Ty = 7% — %1
denote the successive inter-jump periods, and Wy = 77%1( — n;\k_ the jump sizes of n*. Then, the
three processes (Tx)k>1, (Wi)k>1 and (5)‘):30 are independent. Moreover,

0 1
P(Ty > u) = / Be Pds=e P 4u>0, and ET} = 5 (3.14)
u
vi(—oo,w) 1 d
P(W, A e I PLlC R. 3.15
(Wi < w) v%(R) ﬁ (—oo,w) {|y| - }|y|l+(x we ( .

Of course, all random variables introduced above depend on A. We shall usually suppress A for
brevity.

Due to the strong Markov property, for any stopping time t the process é,);rr —g?, t > 0,is also
a Lévy process with the same law as £*. For A > 0 and A > 0, consider a small jump-diffusion
M= (z?{z)‘l ®))i>s. s = 0, z € R, satisfying the following equation

G =z- / U - )du + f U (3.16)
5,2 s 4 p (k+)»1 +u)9
For j > 1, consider the processes ";“,A’j = 5,)‘“].71 - E'?},l and
X ' L t d%‘,ﬁ"j
Zj(t, ) =2z— /T . U (zj(u—,z))du + /;1 m, t>1j . (3.17)

j—1 J
The processes £/ are independent copies of the £ and the strong Markov property implies that

(z;? t+7Tj—1, 20 4 (zg’zj’l (t))¢>0- In this notation, for z € R and k > 1, the solution of (2.3)
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has the following representation:

Z§ (t+ 1) =25t + ety Z5 (1)) + =T, tel0,Tc. (3.18)

*+ )"
The random path Z* can be represented as a sum of a Poisson process with big time-dependent
jump sizes and small jump-diffusions living on the exponentially distributed independent inter-
arrival time intervals. Since the jump sizes |A§u o |/ (r] 1+ Ar+u)f - 0as A — oo for all
j = 0and u > 0, we can consider the processes z* f and z*1 as small random perturbations

of the deterministic system X° defined by (2.7). We are going to estimate the distance between
z%* and X in terms of the small-jump process £*.

3.2. Exponential estimate on £

Lemma 3.1. Let 0 > 0. Then there exist constants yo > 0, qo > «6/2 and w > 0 such that for
any 0 <y <yyand 0 < q < qo there is Ay > O such that the inequality

P ( sup (A + Al)_eéﬁ >+ Al)_y) <exp(—( + A1) < exp(=A") 3.19)
re[0,A4]

holds for all A > Lo and A1 > 0.

Proof. The statement is obtained with help of the reflection principle for symmetric Lévy
processes and Chebyshev’s inequality analogously to Lemma 2.1 in [17]. O

3.3. Random perturbations by £*

In this section we study the one-well dynamics of the small-jump process z*'*! defined in
(3.16) in the limit of large values of A. We are going to use the estimates from [17] for the time-
homogeneous counterpart of z**1. Inspecting the argument of Section 3 in [17], one notes that
path-wise estimates obtained there depend only on the size of random perturbations on finite time
intervals. In the present time-dependent case, we can also estimate the perturbation in terms of a
Lévy process & * Indeed, fix T > 0. Then for any0 <t <T,A > 0and x| > 0, integration by
parts yields

/f d&} L2
o A+A+w?f |~ A

= sup |&r]. (3.20)
uel0,T]

u

Thus, we are in the setting of the paper [17] and can borrow the following results. For
definiteness, we assume that the well’s minimum is located at the origin and thus the
corresponding domain of attraction for Xg(-) is a finite interval I = (a,b), —c0 <a <0 < b <
400, if the well is inner, and I = (—o0, b) if it is peripheral. In the first case, we also assume
that @ and b are nondegenerate local maxima of U. In the second case, b is a nondegenerate local
maximum of U, and |U’(x)| increases to infinity faster than linearly as x — —oo according to
assumption U3.

Let y > 0. For A > 0 sufficiently large, we define subintervals I := [a + A7, b — A7 ] and
Li=[a+27+1"2 b—1" =1 %]ifa > —oco (inner well), and I} = (=00, b — A~¥] and
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I = (=00, b — A7V — A7 ]if a = —oo (peripheral well). For # > 0 we introduce events
EMM(t) = :a) cosup A+ A PE <0+ Al)—“y} . &) =0, @21
s€[0,1]

Obviously, if 0 <4y <6,A > 1and 0 < A1 < Ay, then

Xy c &M@y cEM ), 1> 0. (3.22)

In the case of a finite interval (a, b), we consider an event

(3.23)

EMM(r)y = sup |25 (s) = XO(o)| < ———— 1.
: seton 0 X 200+ M)

In case of a peripheral well (—oo, b), we consider the dynamics of zg’? ! separately for initial

values in (—oo, —A] and [—A, b] for some A big enough. For z < b, consider the first entrance

time to [A, b], namely rz’)" (z) =inf{t > 0 : ZS’?I (t) > —A}. Then there exists a constant 74

such that rj{’)‘l(z) < Ty4 as. on EMH (Ty) for all z < b [17, Lemma 2.3]. Then we define an
A

event E7°"' (¢) by

EZ“‘(t)z{ sup 752" (s) < —A+1and

s€[0,ToA1]

1

A < ——m8—— 3.24
WA 5o (3.24)

A 0
sup |Z (S) -X A (S —
se[tant,t] 0.z 24" ()

Now as Section 2 in [17] we obtain the following result.

Lemma 3.2. For any y > 0, there is Ao > 0 such that the inclusion E+1(t) C E?’M (t) holds
almost surely for .. > Ao and A1 > O uniformly fort > Oand z € [a+(A+A1)7Y, b—(A+Ar1)7Y]
if the well is inner or 7 € (—00, b — (A + A1) 7 V] if the well is peripheral.

Lemma 3.2 compares the trajectories of the small jump-diffusion zZ M with the underlying
deterministic trajectory X 9 in terms of the driving process £*, particularly on the event £*1(z),
when 5)\ does not essentlally deviate from zero. Indeed, if the well is inner, then the random
path Zo * is contained in a 1 /(A + 2)2)- -neighbourhood of the deterministic trajectory X . 0
If the Well is peripheral, we have to take 1nt0 account initial values z which are close to —oo, see
definition (3.24). If z < —A, the process Zo, . enters the compact [—A, b] in a.s. finite time first

and then follows the deterministic trajectory starting at the entrance point of zé’i‘l. Ifz > —A,
the dynamics is the same as in the inner-well case.

3.4. One-well behaviour of MM

In this section we exploit the properties of the deterministic trajectory X to show that on
appropriate time intervals the small jump-process z***! does not leave the well and settles near
its local minimum with high probability.
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From the nondegeneracy assumptions U2 and U3 on the potential we can easily see that for
any y > 0, any p > 0 and some ¢ > 0 the estimates

X0 <2772, =P, zel, 325

X0 e@+AV 27 b2V —27H), t>cd, zel, '

hold for A sufficiently large.
For j > 1, define events

Jj Tj—1 Tj-1 W'
cl = ZO} (s)ell,se[OT)ZO) (THW €lip,

)»le

c§"={ TN e s €10, T,z (T + (3.26)

—W" el }

G+)f

T+ ——— id & 1}
A +1))f

)L‘[JI

Arjl

5§'={z3;f '"(s) € I, s €10, T)), 2,

Recalling definitions (3.23) and (3.24) denote also E - (T)),j=1

Lemma 3.3. 1. Forany y > 0, p > 0 and ) sufficiently large, the inclusions

P W Wi
CIEL (T >aPycl—L _ec1tn{r,>aycl——¢e1l, 3.27
yEr il z }—{(Hrk)@e} 7z }—{(Hrk)@e} G20

~ W
CYEy N{Ti = A7) € {(H m} N{Tk 227} < {m ¢12}, (3.28)

hold uniformly fory e Iy and 1 < j <k, k > 1.
2. For any y > 0 and X sufficiently large the inclusion
o |W;| 1 c ; [W;| 1 c
Jgi , J J .
CYEY“{ <o Mz 280 5 = 5m 0 {2 5] 62
holds uniformly for y € Iy and j > 1.

Proof. The statement follows directly from Lemma 3.2, estimates (3.25) and a.s. monotonicity
of the arrival times 74, k > 0. [

Finally, the exponential estimate of Lemma 3.1, inclusion (3.22) and Lemma 3.2 imply that
the probability of the event £ )j is exponentially close to 1, if the interval 7} is not too long. For
g >0,let&; = {w:sup;po 9 |A‘65§§“J| <A}

Lemma 3.4. There are constants yg > 0, qo > a8/2 and w > 0 such that for any 0 < y < yp
and 0 < q < qo, there is Ay > 0 such that for all . > Ao we have the inclusion
(E])C N{T; <A} C 5‘ Consequently, the estimate P((E])C T, <A) < P(E‘) < exp(—A")
holds uniformly for y € 11 and j > 1.

4. Exit from a single well, «f < 1

'For i =1,...,n, consider the wells of the potential U with local minima at m; and denote
' = (si—1,s8;). For y > 0 and A > 0, consider the A-dependent inner neighbourhoods of
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the wells Q){ = [si—1 + 2177, s; — 217Y], where by convention 2} = (=00, 51 —2177] and
2 = [sp—1 + 2177, 400). We assume that A is big enough so that Q)’; c 2.
Consider the following life times of the process Z* in the potential wells £2':

=inf{t >5:Z} () Elsici +A77, s =277, s>0, 1<i<n. (4.30)

In this section we prove the following proposition.

Proposition 4.1. Let a6 < 1. Then there is yo > 0 such that for any 0 < y < yg there is § > 0
such that foralli, j =1,...,n,i # ],

E .0t —s =g A+ 91+ 007,

. . 4.31)
P (Z*o'™) € ) = qijq7 (1 + 007, & — +oo,

uniformly for s > 0 and z € Q)l\

Note that o-* is the exit time from a well, which is at A~ ‘bigger’ than .Qi to obtain uniform
estimates over z € Q)i for life times and transition probabilities we have to separate the initial
points z from the well’s boundary.

It follows from (2.8) that it suffices to prove Proposition 4.1 for s = 0. For simplicity, we
consider a well I = (a, b) with a local minimum at zero as defined in Section 3.3. Thus, in what
follows we study the exit time oy . (1) = inf{r > 0: Z§ . & I1}.

4.1. Mean exit time — Estimate from above

Proposition 4.2. Let a8 < 1. Then there exists yo > 0 such that for any 0 < y < yy there is
8 > 0 such that for A sufficiently large

o —
EO,zO’()x) = Wkag(l + A 8) (432)

uniformly for z € b.

4.1.1. Notation and technicalities

ForO < p <gq,y >0,A>1and 1 <i < kintroduce events Ay = {A? < T} < A9},
By = (A~ vs < Ty < AP}, Dy = (kAP < 7 < kA%}, and H;; = MKW < 537 ). Consider
also events

Gy =AU (B,' N Hi,k) and Gl K= = (A, UuB)‘u(B; N Hic,k)’ (4.33)

where “LI” emphasizes that we take a union of disjoint sets. Representation (4.33) follows from
the disjointness of A; and B;. In what follows we shall need the estimates

Ap+2ay

—abf/2—y/2 _
ri=P((A; UB)) < ¢,A %2772 and  P(B)P(H)) < & T

(4.34)

which hold for some ¢, > 0.
Fork>1land1 <i <k,let F;; = G, or Gf’ &+ Then the total probability formula leads to

the following inequality:
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EO, 0(X)

< Y Eo ul{Dl{o () = uh + Y Eo [n{Di){o () € (w1, w)}l + Y ElnI{Df}]
k=1 k=1 k=1

D Eolnlio () = w{Gik, ..., Grxll
k=1

Eo  [n{Di}{o (M) = w}l{Fik, ..., Fi—1k, Gk i}l

+
2

=~
Il

L(F1 koo Fi—1,0#(G 1 k-, Gi—1,k)

+
2

Z Eo  [a{De}M{o A =7} + o (M) € (te—1, TN F1 ks - - - s Fie—1.6, Gf 1}

Figse Fr—1k

~
I
-

+
2

> Eo [ul{Di{o () € (i1, T Fi s - -, Fio1x, Gl
Fri,...Fe—1.k

~
Il

E[nI{Di}] = M(z, ) + Ri(z, A) + Ra(z, 1) + R3(z, &) + Ra(R). (4.35)

]2

J’_

~
Il
-

We show that the main contribution to the mean value of o (1) is made by the main term M,
whereas the remainder terms R;, i = 1, .. .4, are negligible as A — oo.

To estimate the summands in (4.35) for z € I; and k > 1, the following chain of inequalities
is deduced, which results in a factorisation formula
Eo [ul{Di}l{o = w}{Fi ks - - - Frill
=Eo. [al{DJI{Z (s) € I, s € [0, ), Z"(w) € I Fik, ..., Feil]

=E |wI{D }ﬁE *(s) eli, s €[0, T;) A(T»)+L el F;
=E|n ijI 0.z(r;_pk 127 (8) €11, 5 €[0, Tj), 25(T; Gy oy S Fi
E I{z}(s) e I 0, To), (T, Wi I, F
X Oyzl(fk—l) {Zk(s) € 11,S e[ 5 k)s Zk( k)+ m ¢ 1 ],k}
k—1 , ~
<E | nl{Di} [ | sup E{CY, Fjx. Di} x sup EI{C}, Fix, Di} |, (4.36)
j=1 yel yely
with events CJ, C{, j > 1, defined in (3.26).
Analogously,
Eo  [%{Di}{o € (to—1, t){F1 ks - - -, Fri}l
k—1
< Enl{Dy} 1_[ sup Ey]I{C§, Fjk, Di} x sup Ey]I{C;‘,, Fi ks Di} |, 4.37)
j=1veh yeli
with
~k A Th—1
Cy = {ZO,y (s) & I for some s € (0, Ty)}. (4.38)

The statement of the Proposition 4.2 will follow from the forthcoming lemmas where we estimate
the main and the remainder terms.
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4.1.2. Main term M(z, )\)

Lemma 4.3. Let a6 < 1. Then there exist yy > 0 and qo > a6 /2 such that for any 0 < y < yy,
any 0 < p < ab/2 < q < qo there is § > 0 such that for X sufficiently large

o -
M(Z, )\,) < W}\,ae + )\,ae 8 (439)

uniformly for z € 1.
Proof. For the main term M, the estimate (4.36) takes the form:

Eo  [tI{Di {0 = ) {G1k, ..., G}l

k—1
<E|n]]suw EI{CJ, G, Dy} x sup EI{CY, i, D} |- (4.40)
j= 1Yeh yel

Let Lemma 3.4 hold for 0 < g < ¢1,0 <y < y; and w > O for some y; > 0, g1 > «f/2
and A sufficiently large. Then for any j > 1, (E;)C N(A;jUBj) C 5]‘.' and P(Sj‘f) < exp(—A%).
Moreover, the events Sj‘.', j > 1, are mutually independent and independent from the jump sizes
(W;)j>1 and arrival times (7;) ;>0. Recall the definition of the sets H; ; form (4.33).

Step MA-1. Let £ > 1. With help of (3.27) from Lemma 3.3, we obtain for 1 < j <k — 1 and
y € I that

CY. Gjx. Di} = H(CY. Ay, Dy} +T(CY. B, Di)I{Hi )
= ]I{Cy, Aj, Dk}H{Hck}H{EJ} +I{C], Aj, DidI{Hi }
+H{CJv,AjaDk}H{H,'Ck} {(Ey) }+H{CJijka}H{Hi,k}
W;
< I{Aj, Dy}l {ﬁ € 1} {H] ) + {A;, Di}I{H )
+I{A;, (E})* H{H] ) + {B;, Di}I{Hi k}
W;
<1-1I & I} +{H] }]I{é"} (4.41)
{(x )’ ¢
Step MA-2. With help of (3.28) from Lemma 3.3 for k > 1 and y € I, we estimate

H{CY. Gk Di} < HCHHAMHES) + H{CHBI{ER ) (= 0) + H{CE{G i I{(E)°)

Wi
< H{()\Jr—9 glz} +1{Ag U BYI{(EY)) < {

Consequently, using the independence of 7, W; and Sf Al < Jj <k, we get

Wk
Gt ¢ 12} +I{&}. (4.42)
Eo:[tI{Di} {0 = w}{G1k, - .., Gk}l

k—1 W
<E |:rkH{Dk} [ <1 —1 {m ¢ 1} +11{H,.fk}1[{5;})

j=1

Wk
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ka4 B (,Bt)k Wl ‘ ‘ 1
— Bt . c .
= [ o r (G #) e enare)

Wi
P I P(&Y) | dr. 4.43
x[<(k+t)9¢2)+(1):| (4.43)
Then for any §; < y the following estimates hold for A being sufficiently big:
w A 1 B
P S ) [ — withA=|a|—+,
(A +1)¢ B (A +1)2? o
Wi 45 = la+ A7V + A7) (b — 1TV — AT ]
G+0f ") T op O+ 1)20
A1+
=< e oA
T B+

2 exp(—A") AZre
af (A + kap)e?
2exp(—A%) <x + krd )“9 AN2re

P (H) P& <

= T 4A At kP ) BO-+ kra)ed
AL
=< W, IS [k}\p, k}\.q] (444)

Finally, with help of Lemma A.1, we obtain the estimate for the main term:

M(z,2) =Y Eo. [al{Di)l{o =t} G, ..., Gi}]

k=1

[ee) kad B ( t)k A 1_)\_51 k—1 A 1+A_81 N
N = e B et G
< / Trew [—L(l—r%] [A—”M +/3exp()»_w)] at

0 (A + 1) (A + )%
= AT (4.45)

for any 0 < § < 41 and X sufficiently big. [

4.1.3. Remainder terms R1(z, \), Ry(z, A) and R3(z, 1)

Lemma 4.4. Let 6 < 1. Then there exist y9 > 0 and 0 < py < «a8/2 such that for any
0 <y <y, there is g0 = qo(y) > a6/2 such that forany 0 < y <y, @0/2 < q < qo(y) and
any 0 < p < po, there is & > 0 such that for A sufficiently large

Ri(z,A), Ra(z, 1), R3(z, 1) < 2%07° (4.46)

uniformly for z € I.

Estimate of R;(z, A). First, let y9 and go be such that Lemma 3.4 holds for 0 < y < o,
af/2 < q < go and some w > 0. Let k > 1. To estimate the expectation Eo [t [{Di}I{o = 7}
HFi k.- Fk—1.k, Grk}], we note that kA? < 1 I{Dy} < kA4. Further, we apply (4.36) and
consider the following cases.
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Step R1-1. Let 1 < j <k—1, Fjy = Gjrand y € I;. Similarly to the step MA-1 of the
previous section, we obtain
{CJ, Gx, Di} = {C], A}, Dy} +T{C}, B}, Di}I{H; i)
={C], Aj, Di){H k}I[{EJ} +I{C], Aj, D)I{H; 4}
+1(C, A, Dk}H{H?k}H{(E§) }+1{C{, B;, Di}I{H, 1}

< I{A;, D)l {% c 1} I{HS )+ {A, DI{H; i)
+I{A;, Dy} I{H k}ﬂ{(E]) }+1{B;, Di}I{Hj 1}

< I{A; U B} [1 ~1 } + ]I{H‘k}H{S‘}] (4.47)

J
— ]
{ (A + kra)? #
Denote ¢y, i == A%0/2 () +kr9)~%? Then, using the independence of T;, W; and ]1{8]‘.'}, we obtain
for A sufficiently large, uniformly for all £ > 1

EH{C)/;, Gjx, D} <P(AjUBj) |:1 —-P % g I) +P(H‘k)P(E‘)]

((A + k)d

6‘26_)‘ )LZyot

A‘“Q/Z(A + k}\p)ot@

<{-r) [1 —C1¢k + } <1 =r)(1 —c3¢ k).

(4.48)

Here we took into account that i‘iﬁz <2A Pforall0 < p <gqg,k>0and A > 1.

StepR1-2.Letl < j<k—1,F;; = Gji!k and y € I;. Here we obtain directly from (4.34) that
cp AP T2y
(A + kap)ed

<r+ 6_4)\—a0/2+p+2ay+a0(q—p) Ok (4.49)

IA

EI(C]. G, Di} < P(GS ) <7+

We note that the exponent in the latter summand is strictly negative for y, p and ¢ — o6 /2 small
enough. Indeed,

af af af
—— +p+2ay +ab(g —p) = —7(1—059)4-019 9= + (1 —ab)p +2ay

2
< —O;—Q(l —af) =—p <0, (4.50)
if we demand additionally to previous assumptions that yy < %9(1 —ab), po < %a@ and
q0 — ﬁ <71 (1 — «f). This yields the estimate
EI{C]. G . Di} < r + 2" g4 (4.51)

for A sufficiently big.
Step R1-3. As in MA-2, for y € I} and k > 1, we have for A sufficiently big that

~ Wi
EI{C}. Gix. Dy} <P oy # 12) +PE) < esa 2, (4.52)

(@+k
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Now we combine Steps R1-1, R1-2 and R1-3 and make summation over all
(Fiks- s Fr—14) # (G1k, ..., Gk—1k) to obtain the estimate:

Z Eo; [awl{Di}l{o = w}{Fik, ..., Fio1k, Gii}]
(F1seees Fr— lk)?é(le Gr—1k)

< kat Z ( ) (1 — 30 )™ (1= )™ (r + APy )17 - esa @072

m=0
= cskA T 2[(1 = (e3(1 — 1) = A7) ) T = (1 — e300 001 (1 = )F1]

_ k=1
_ k—1 r+ A"k
= cska 172 (1 = copi ) [1 - (1 T cems

< eska I (1 = cor i) T T = (1 = epa—@02mon /21y
< cgh(k — DA™ PRI (1 — cep )F !, (4.53)
where we used an elementary inequality 1 — (1 — x)""1 <k—-Dx,xel0,1],k > 1.
Demand now that gy < 1 — «6/2 to satisfy the assumptions of Lemma A.2, and g9 —a0/2 <

o A (y/2). With help of the estimate (A.5), we finish the proof with 6 such that 0 < § <
pPAWID—(g—ab/2). O

Estimate of R,(z, A). Let yg and pg and go(y) be as in the estimate of R{(z, ), and0 < y < yp,
0< p<poandaf/2 < g < qo(y). We estimate the factors in the factorisation formulae (4.36)
and (4.37).

Step R2-1. For k > 1, y € I, we use the estimates from (4.48) and (4.51) from Steps R1-1 and
R1-2 for the factors EI{C?, G j.k» Dy} and EI{C/, G D)1= j<k—1.

Step R2-2. For k > 1 and y € I, we use again the estlmate (4.51) of Step R1-2 to obtain

EI{C}. G{ 1. Di} + El{C* G 1o Di} < P(GY ) < A2/, (4.54)

e
with p defined in (4.50) and X being sufficiently big. Then, with help of Lemma A.2, we estimate

Rz )= > Eo.Aulioc =xu)

k=1 F1 g,ee.Fi—1.k
+ o € (-1, wWDUD{F1k, - - -, Fi—1.6, Gy 1 }]

00 k—1
_ _ k—1 — k—1—m
<A\ af/2—pA(y/2) k < ) (1 —ciox k)m(l _ r)m (r +A p‘ﬂk k)

o0
< M99 S UL — (e (1= 1) + 2Py !
k=1

o
< Aq—a@/Z—pA(y/D Zk(l — 203 k)k—l < C3)\’Dt9)\‘q—(19/2—pA()//2) < )\’(19—5’ (455)
k=1
for0 <8 < p A(y/2) — (g — af/2) and A sufficiently big. [J

Estimate of R3(z, A). Let yg and pg and go(y) be as in the estimate of R{(z, A),and0 < y < yp,
0 < p < po.and af/2 < g < qo(y). Fork > 2 and y € I, denote 2(y) = zéj;’”(Tk_]) +

Wi

T’ and consider a factorisation



1086 1. Pavlyukevich / Stochastic Processes and their Applications 118 (2008) 1071-1105
Eo [tI{Di}l{o € (tk—1, t)X{F1 ks - -, Fk—1,ks G}l

k=2
<E |:TkH{Dk} [ | sup EI(C3. Fjx. Di} x sup EI{C} ™", Fi_1.4. C(y). Gk Dk}i| :
j=1Y€h yvel

(4.56)

Step R3-1. For k > 3 and y € I;, we use the estimat_es from (4.48) and (4.51) from Steps R1-1
and R1-2 for the factors EI{C?, Gk, Dy} and EI{C!, Gj’k, Dy}, 1<j<k-2
Let us estimate the last factor in (4.56). Indeed, for y € I} we have

HCY™, Fii C§<y), Gri D} <I{CY!, Fioip DYIE() € I\ o)
+I{CE, Fioy i, DOTE(Y) € D} sup I{CY, G

el

<{CE", Fecip, DiJI{EQY) € I\ I} + sup I{CK, Gy (4.57)
yeh
The last supremum in the previous formula can be estimated easily for y € I, as H{f’y‘, Grx) <

11{6", Gk, E;‘,} —HI{(E;‘,)C} < I{&;}. To estimate the first summand in the final estimate in (4.57)
we consider two cases.
Step R3-2. Fiy_1 4 = Gr—1,. For y € I, analogously to Step MA-2, we obtain
HCY™, Grorx DA € T\ L} < T{Cy ™!, Axy, ENTNIE() € I\ I}
+IHCY Bior, EY T DY H 1 IE () € I\ Bad(=0) + I{EF_}
Wi—1 — - -2 }
<I{———— —a—-17e[-A7V, 2077
I O A L [ ]
{ Wi—1
A+ w1
Wi—1
20

+1 —b—27V e[0T, rzy]} +I{EF_ )

<I —a—A"7 e[=177, 2,\—2V]}

Wi .

+11{ K"@ L_b—r7 e[-27%, x“]} +IE ). (4.58)

Under conditions Bj_1, E'y"l and Hi_, the event {Z(y) € I; \ Lo} is empty due to (3.25)

because X?,(t) €la+ 177+ %)»’27’, b— 17— %)»’2”] forall y € Iy andt > ¢cA™7, and
|X8 () — Z();:yrk_2 | < %)L_%’ (in case of the inner well).

Taking the expectation yields,

k—1 ~k

EH{Cy ) Gk—l,ka C%(y)1

Step R3-3. Fy_1x = Gi—l,k' For y € I, we use the estimate (4.54) from R2-2:

Gri) < 1A =02=2r, (4.59)

ENC !, GS_, J{2(y) € [T\ b} < P(GS_, ) < A~0/2=pA/2), (4.60)
y k—1,k k—1,k

Combining the estimates (4.59) and (4.60) we obtain for y € 1 and Fy_1 x = Gi—1 or Gifl’k
that

EH{CIJ_I, Fr—1k, 6[‘

Sy Gr) < A70RPn 072, (4.61)



L. Pavlyukevich / Stochastic Processes and their Applications 118 (2008) 1071-1105 1087
Finally, as in (4.55), with help of Lemma A.2, we obtain for z € I; that
R3(X, 2) = Eo [1il{D1}{o € (0, t)}{G11}]

o0
+Y . > Eo:[uliDilio € (w1, tH{Fih ..., Fioik, G}
k=2 Fy,..., Fr_q

o0
< W4 QITOORTPATID N k(1 — cagp p)* T < 24070, (4.62)
k=2

with (as in Lemma4.4) 0 < § < g —af/2 — p A (y/2) and for A sufficiently big. [
4.1.4. Remainder term R4())

Lemma 4.5. Let a6 < 1. Then for any p and q such that 0 < p < % <q,any0 < < ab/2,
the estimate

Ry() = ) Eln(M{ne < kAP}+ Iz > kAT)] < 22070 (4.63)
k=1

holds for A sufficiently large.
Proof. 1.Let0 < p < @f/2 and 0 < § < a8 /2. With help of Stirling’s formula, we estimate

kP k
E[tl{t < kAP}] = / e_ﬂtﬂdt <u = L)
0

k — 1! k)P
k! ekeIIW
[Burle Pk~ jardu </ [BurPe—Purl 1k kAP du
/ P = 1) P *k— D! Vank
< c1APK? f [BurPe! P kdy < i APk[BAPel . (4.64)
0

Hence, for A sufficiently big so that SAPe = %A“"G/ 2+P < 1/2, we have
o0 (0.0] X
> Elnd{n < kAP}] < aih? Y "k [Brre]
k=1 k=1

— e P a0z _ ja0-s (4.65)
(1— prre)?

2.Letq > af/2 and § > 0. We estimate
* Hk ka4
E[tI{t; > kr?}] = / epi B (u = —)

kad (k — 1)' t
1 1 ! Bkr\ (Bkad)k+! 1 1 _pkaa gkt
=i exp<_ u > WS gy PR 660

where the latter inequality follows from the monotonicity of the integrand on u € (0, 1] for
B4 > 2, which holds for A being big enough. Let also A be such that e #*'ef1? < 1. Applying
Stirling’s formula yields
o0
q o Pk g k+1
ZE[rkH{rk > ka9}] < Z 1), (BkAT)

k=1 1
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s
- 2k

k=1

(e PH eBrd)ke T < ¢3220-09/2=BM < ja6=5 [ (4.67)

Proof of Proposition 4.2. The statement of the proposition follows directly from Lemmas 4.3—
4.5 with yp being the minimal value for which these lemmas hold. [

4.2. Mean exit time — Estimate from below

Proposition 4.6. Let v < 1. There exists yg > 0 such that for any 0 < y < yy, thereis § > 0
such that for all A sufficiently large

Eo.00) > ——— 21 — 27%) (4.68)
»Z = lal= + b« '
uniformly for 7 € I,. Moreover, for any 0 < § < a6

Po (0 (1) = 22970 — 1, (4.69)
uniformly for z € I as ». — oo.

Proof. 1. To obtain an estimate from below for the mean value, it is enough to consider the
exit at the arrival times of the compound Poisson process n*, i.e. to use a simple inequality
Eo.0(A) = Y72 Eo [wl{o = w%}l.

Lety > 0. For z € I, and k > 1, consider the chain of inequalities analogous to (4.36), which
leads to the following factorisation formula:

Eo [wl{o = 7}l = Eo [0I{Z"(s) € I1, s € [0, 7o), Z"(w) & I1}]

k—1
>E [rk ]‘[EO,ZA(,I__I)H{ (s) € 1,5 € [0, T)), 5 (T)) +
j=1

' I}
EO ]IZ)LS el,s el0,T Z)“Tk-l——il
X ’Z)L(-[k 1) k() 1, [ s k), k( ) ()L k)g 1

>E kle ) el 0,7T; (T)LI
Tk Hln 0,y {Zsel,se[ ), 2 +(A r/)9€ 2}

. Wi
% ylgz Eo 1 {z,)(‘(s) eh,sel0,Tp), 24 (Tp) + ——— G ra)? ¢ 1”
k=1 ) _
—E inf EI{C{""} x inf EI{C* 4.70
[fkj]:[l;g]z (Cy™) x inf EIY y}} (4.70)

with events Cf,’_ and Ely‘, k > 1, defined in Eq. (3.26).

Let Lemma 3.1 hold for 0 < y < yp and a8/2 < g < qo for sufficiently big A. Fix y
and ¢ satisfying the above inequalities and let 0 < p < «8/2. Then there is w > 0 such that
P(E7) < exp(—AY) and P(T; > A9) < exp(—A") for A big enough. Let us estimate the factors
in the last expression in (4.70).

Step MB-1.Letk > 2,1 < j <k —1andy € I. Let the estimate (3.25) hold with a constant

Wil < L} Then

¢ > 0 for 2 being big enough. Denote H; := Hjo = {57 =< AZV

{C) 7} = {C) ™, EY}
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> {C) ™ EL H; }H{— <7 <M}+H{C1* EJ, HOI(AP < Tj < 39)

W,
> I{E], H; }H[Ai T, < )ﬂ} +]1{ﬁ c IQ}H{E],HC}]I{)J’ < T; <29}
> I{H; }]1{ xi] +I {% c 12} I{HT; < 29) — 2H{(E) YT} < A7)

W.
> H{Hj}+]1{k—gj c 12}]1{H;} —]I[Tj < /\iy] — (T} > A9} — 2(£°)

W.
:1—11{70’ ¢12}—H{Tj<Aiy}—H{Tj>,\q}—211{5;}. 4.71)

Hence, taking the expectation yields

la+A17Y + 1| (b—ATV —A7H)* |

EI{C] 7} > 1- - W
C1l w
— W -3 exp(—)\ )
Al ATV 4 p
1.4 + ’ A= la|™* + >0, (4.72)
B 20 o

for X sufficiently big.
Step MB-2. Let k > 1 and y € I;. Then we estimate

H{CY} > HCAIES I < T < 49}
Wk ¢
H{(H ok 1} {Te¢11}H{Tksﬂ}—ﬂmzxq}—ﬂ{sk},
A 1 —c3A7Y
=8 Grn@
for X sufficiently big.

Finally, with help of equality (A.3) in Lemma A.1, we obtain the statement of the Proposition
with § < y A 81, A being big and §; being a constant from Lemma A.1:

o [ 0k AL+ 7T TAL =7
Eo,o0(A) > E / e B! (B1) |:1 _ _L} [_ ‘3 _C4A—a9+pi| d
k=10

v

v

E[I{C}}t = — cyh 0P, (4.73)

k —1)! B b B (A4 1)
oo tA+eA )T 1 —e3n7 o
= t —A A — caBATHOFP | dy
/0 o [ 2 oo P
Aa@ )\0{9 s
> (I—esa )= 21—, 4.74
2z — (I —csA™V) = 1 ( ) 4.74)

2. Analogously, we estimate the probability (4.69) for any 0 < § < «f. Indeed, doing some
algebra yields

oo
Py (0 (1) = 2% > > Ky I{o = 2% 7}l{o = 1)
k=1

X roo (Bl Al+or 7T TAL — e -
Bt e s S ab+p
ZZ/ P [1 B a0 ] [/3 Grom ]dt
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o t(1 A7V 1—c3A27Y
zf exp | —ald TP 1mah T gt | g > 1 a0 475
(038 )“Dte ()\, + t)Ot9

forbig A and 0 < §; < y A (@8/2 — p) A § subject to the condition0 <y <1 —wf. O

4.3. Transition probability

Let @’ < b’ be such that I N [a’,b'] = @. For y > 0, consider the interval I| =
1
[@ +A17Y, 0 —177].

Proposition 4.7. Let a6 < 1. There exists yy > 0 such that for any 0 < y < yy, thereis § > 0
such that for A sufficiently large

lla" |7 — 1" |7 |

e (1—27%) (4.76)

Py (Z* o) e I)) =

uniformly for z € b.

Proof. Assume for definiteness that b < a’ < b’ < +00. As in the previous section, we use the
following simple estimate:

Po.(Z (@) € 1) = 3 Eo I{Z*(w) € I)}I{o = w). 4.77)
k=1

Let y > 0. For z € I, similarly to the estimate (4.70) we have

k=1 _
Eo.I{Z*(%) € I}I{o = 7} = [] inf EI(C} 7} x inf EI{F¥}, (4.78)
jzlyelz yebh
with CJ'~ defined in (3.26) and
Fk = s €0, To), 2% (Ty) + — 2k 1 479
y =120y ) elsel0,Ti),zy." (Tk) me 1 (4.79)

Choose 0 < ¥ <,0 < p < af/2 < g < qo as in Proposition 4.6. Then the estimate (4.72)
holds with some constant c¢; for A sufficiently big. Let k > 1 and y € I,. As in (4.73), we
estimate

I{F}} > FOENIAY < Tr <29}
Wi Wi .
Al —cnr N 1" |7% —la" ||
El[{FX)|lp =1]> ———— — abtp, A=t 4.80
(I{Fy ]_IB(A_H)QQ 3 ” (4.80)

for A sufficiently big. Combining these estimates we obtain

Po . (Z* (o (M) € I})
00 oo k—1 —y k-1 rq -y
22/ ﬁe_mﬁo []_élJrcM } [11 2k _Csk_agﬂ,]dt
k=1 0

(k —1)! g A B (L + )%
Y tA+c A, 1 —cn™8 bt Al s
_/o exp |:—A YD :| |:A T —c3BA p] dr > X(l )

(4.81)
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forO0 <éd <yand A - oco. [

Proof of Proposition 4.1. The first statement of Proposition 4.1 follows immediately from
Propositions 4.2 and 4.6. The estimate from below for the transition probability from the potential
well Qi to the well Q){, i # j, follows from Proposition 4.7. Further, it follows from the
conditions Y ;_; Po.:(Z*(@'(M) € /) < 1 and ¥, = 1 that Py, (ZH(0' (1) € o) <

% (1 + min;’;[_ q;;)‘ia)‘ Hence, the estimate from above holds for any 0 < & < § and A
sufficiently big. Finally, we note that all estimates are uniformover 1 <i <n. O

5. Transition times

Let Ag = %minlgsn(lmi —si—1|A|m; —si|). For0 < A < Ay, consider A-neighbourhoods
of the potential’s local minima B; = {y : |y —m;| < A},i = 1, ..., n and the stopping times
tsijé‘ = influ > s : Ziz(u) € Ujx Bj}. If z € B;, then tsijé‘ denotes the transition time from
the A-neighbourhood of m; to a A-neighbourhood of some other potential’s minimum. For all
j # i, we also consider the corresponding transition probabilities Py, . (Z*(t'*) € B}). The goal
of this section is the following theorem.

Theorem 5.1. Forany 0 < A < Ay, there is § > 0 such that

Eo.t"* =¢ 21 +00"%) and
0.2 ) lzl ( ( 3 ) y 5.82)
Py (Z2"(z"") € Bj) = qijq; (1 +OR™°)),

as A — +oo uniformly forz € Bi,i,j=1,...,n,i # j.

Remark 5.2. Under the conditions of Theorem 5.1, we easily obtain from (2.8) that uniformly
fors >0

E; v =5+ Eo 0 =54 s+ 0 (14+00.7%),
P, (Z* (") € B)) = qijq; ' (1 +O07%), 1 — +o0.

1

(5.83)

To prove Theorem 5.1, we consider some auxiliary stopping times. Let y > 0. For i =
I,...,n—1,denote U; = {y : |y —s;| < 2177} the small neighbourhood of the saddle

point s;, and Uj = Ul’.:ll Ui. Consider the following stopping times

i =influzs:Z weVm ) i=1n

St =influ>s:Z; ) ¢U}, i=1,....n—1, (5.84)
Sy, =influ>s:2Z} () & Uy}

Lemma 5.3. Let a6 < 1. There is yg > 0 such that for any 0 < y < yy, there is § > 0 such that
the estimate

E S < (s + 27+ 0D +007°%)) (5.85)
holds uniformly for z € Uy and s > 0 for A sufficiently large.
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Proof. 1.Let0 <y < yy < 6 and 0 < § < ay. First, we estimate the mean exit time E_, S"*
for 1 <i < n. We note that for z € U!,

(5.86)

[AL(u)| 4 s
A+s+uw)? = ar) 7

Sﬁg—sginf{uz():—>—

i.e. the process leaves the neighbourhood U)’; if the absolute value of a jump exceeds the size
of the neighbourhood. Denote for brevity u = A + s, ¥, (k) = (u + kAaef=8y=ad and
Jf = ((k — 1))»"‘9"3, kk"‘e"s]. For k > 1, introduce events

|AL()| 4 4
A= g sup = < o b 4 sup Y (0 UAL@] < b =t By,
uel)’f (I‘L + u) uel)’f
: AL 4 4 .
AS = 1 sup % > — ¢ C{sup Yuatk— DY¥AL@w)| > — § = Br. (5.87)
ueJk (M + Lt) AY ueJk AY
A A

Hence we can estimate

o0
max sup E,.S$"* —5 < Zkk‘w—’SP(Al o Ap_1A9)

Isizn-1 zeU; k=1

< 2% N kP(BY) - P(Bi_)P(By), (5.88)
k=1

where the factorisation in the latter formula is due to the independence of increments of L.
Further, recalling that the number of jumps on the interval (0, ¢], ¢+ > 0, with the absolute value
bigger than a positive a is a Poisson random variable with mean ¢ fl v(dy), we calculate the
probabilities

y|>a

s [~ dy -
P(Bk) = exXp (-2)\‘“0 3 ﬁwu )L(k)l/a W) = exp (_Clwu’x(k))\‘ﬂl)/"r(x@ 8) ,

Y

~ B oo dy ~
P(By) =1 —exp (—2)»“9 8 /M W) =1—exp (_Cll/fu,k(k — yperted 6)

AV
(5.89)
with ¢; = ﬁ. Thus, with help of Lemma A.3, we obtain the uniform estimate
max  sup B, .S"* <5+ cp(h +5)%0A7 (5.90)
1<i<n—1 Ui

for A sufficiently large.

2. Leaving U!, the process Z* either enters U, Q)’;, or jumps to some U J , J # i. Consider the
probability Py . (Z*(S™*) € U UJ). If a;j = s; — si, 1 <i,j <n—1,j # i, then the jump
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of Z* at the exit time must be of the order a; j.Leta = % minj <; < j<p—1 a;j, and define events

AL(u)
JueJk, =/ ¢ a"—l,a~+l}, a;; >0
i { e A AR
e g € laij + 557> aij — 551, aij < (5.91)
C sup DAL )| > ary i (k — 1)1/“} =: By.
ue((k—1)r20—3 jprab-4]

Analogously to (5.89), we get for c3 = a —=—, that P(Bk) =1—exp(— 3\ 20— SI/IM »(k—1)). Then
with help of Lemma A.3, we obtain for all s > 0 and A sufficiently big that

max sup P (Z’\ sty e u ')< max PA,...,A_,AU
l<ien— 12651 8,2 ( ) JF#i \<ien— 12}; ( 1 k—1 k)

o0
<(m=2)) P(By..... By, By) < cad™0H07, (5.92)
k=1
3. Before exiting U;,, the process Z* may jump several times between different neighbourhoods
U] . Denote these times S*(0) < S*(1) < ... < S*(j) < ---.If z € Ui, then it is clear
that Eg ., $*(0) < ES,ZS’I')‘. For a nonnegative random variable o, the elementary inequality
x4+ <x+y'<x+14+y4x,y>0,0<a <1,yields that E(c + 1)* <Eo + 1 4 1°.
For j > 1, we apply the strong Markov property to obtain with help of (5.90) that

E;:S*(j) < Es:sup Egu(j 1) 8" (0) < By [S*( — 1) + A7 (S*(j — 1) + 0]

ZE)V

< (I + ™) 57 — 1) + eah ™7 (14279, (5.93)

and thus for j > 1, we obtain for z € U, that

E; . S*(j) < (1 + 2279/ | max sup E, S™* 4+ 2277 (1 +12%) | . (5.94)

<i<
llneU’

The probability that Z* jumps j times between neighbourhoods Ui' before it leaves U,
is estimated by (c4A~%0+9=2Y)J_ Finally, for A sufficiently big such that c42~*+0—2v (1 4
c217%) < 1/2 we get in the limit of large A that

E,.S* < max sup E, S"* max sup E, .S + oA 7% (1 + 1%9)

1<i< 1<i<
i<n GU)L i<n eU’

o0
X Z[C4k70l9+570()/(] _|_ Cz)\’fl)(@)]j
j=1
<5+ AT (s + ) 4+ esATITIT (5 4 T (5 4+ )0+ AT (1 + 4%Y))
<G+ 06+ +007%). O (5.95)
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Lemma 5.4. Let a8 < 1. There is yy > 0 such that for any 0 < y < y, there is § > 0 such that

E, T = (s a7 0+ s)“‘)) (1+007%)),
(5.96)

Py (ZH(T) € @)) = qija; 1+ 00, % — +oo,
holds uniformly for z € 2!, s > 0and 1 <i,j <n,i # j.

Proof. 1. Let yy satisfy conditions of Proposition 4.1 and Lemma 5.3, s > 0 and z € Qi.

Obviously, TS’Z)‘ > asijg a.s. Then for A big enough and some é; > 0 such that Proposition 4.1
holds, we have

P (T = o) = Y P (ZM 0™ € 2)) 21— a0 (5.97)
J#
Consequently,
P (ZNT) € 0)) = Py (2M0™) € 9] T = ™)
+P(ZHT) € @) T > ol
> Py (Z(0) € 2)) = P(T™ > 0"*) > giiq7" — 1270, (5.98)

The converse inequality follows easily from the identity ¢;" ! > ji 4ij = 1 (see also the proof of
Proposition 4.1). A
2. Before entering U;; Q){, the process Z* may repeatedly visit U; and Qi There are two
possibilities, namely

Qi—) Uy — - — Qi—> U, — _(2)’;—>Uj¢l~9){.
We estimate the length of the second longer transition. Denote o (j) the jth hitting time of U in
this cycle, and p(j) the first hitting time of -Q)l\ after o (j), where by convention p(0) = s, and
T (j) be the transition time from .Q)’L to U .Q){ on the event {Z* visits U, J times}.

Let Proposition 4.1 and Lemma 5.3 hold for some §; and X sufficiently large. Due to
Proposition 4.1, the probability to jump into a set U, from (Z)i is bounded by ¢;A 7%, and the
strong Markov property implies that the probability of making the cycle Q){ S U, exactly
j times is bounded by (c1A7%1)7. There is a constant ¢ > 0 such that for all s > 0 and A
sufficiently large sup, . oi E, 0" <54 q(s + 1)%. Due to Lemma 5.3, we have the estimate

sup.cy, Es,:S* < 2(s + (s + 1)*”). Then the strong Markov property yields
ES,ZT(j) =< Es,z sup E,O(j),z’o'i’)\
el
< Ei:[p() +q(p() + 21 < (1 + @Es.p(j) + q(1 + 1),
Es,za(j) = Es,z Sl.lp.]Ep(]~,1)’210'i’)L < Es,z[p(j —D+g(p(G-1 _i_)\)ozG]

’ 1
el

(1+)Es.p( — 1)+ q(1 +2%%),
E;.p(j) < Eyz sup Eq(j)#S* < 2B [0 () + (0()) + M)’

7/'elU,

< 3E,.0(j) +2(1 +1%%). (5.100)

A

IA

A
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Thus for j > 1, the previous recursive estimates give

Es.p(j) <301+ @)Esp(j — 1)+ Bq +2)(1 + 1%%) < 2B . p(j — 1) + 207,
j—1
. ¢ -1 .
E;.p(j) < SE, .p(0) + czi—lxaa < oy(s + 32,
-

E.T(j) < (1 +q)c)s + 31+ @)hr% + q(1 +2%%) < cae (s + 127). (5.101)

Finally, we obtain the statement of the lemma

B T' < Byo™ o+ cg(s + 4% Y e1cad ™ = (5 4+ 476 + 1)1+ 06
j=1
(5.102)
with 0 < § < §; and A sufficiently big. [

Proof of the Theorem 5. 1 1. Let Lemma 5.4 holdfor0 < y < ppand sy > 0. It is clear that for
Z € B; the 1nequaht1es (’o < T’ b < To * hold a.s. The main contribution to To is made by the

switching time T ,’ for if the tra_]ectory enters QJ for some j # i, it follows the deterministic
trajectory with hlgh probability and thus reaches the set B; in a short time due to (3.25). Namely
for0 < p < af,

Py (t"* < T 4 0P) — 1 (5.103)

as A — oo. Indeed, on the event Ay = {w : sup,co.0 1 o %| < A7%}, the trajectory

(t + T*) follows the deterministic trajectory x° (¢) in the sense of (3.23) or (3.24)

Z§ (T
and (5.103) follows from the estimate Py ;(A§) < A~ 82 for some positive §,. Further,
Py (Z*(1"*) € Bj) = Py (Z*(x"*) € B}, ZM(T™) € 2], Ay)
> P(ZM(T™) € 2) — P(AS) > qijq (1 — 270 — 7% (5.104)

The converse estimate is obtained analogously to Proposition 4.1.

2. Before entering U +; B;, the process Z * may repeatedly make cycles Q)’L S Ujg .Q){ . Taking
into account (5.103) and that p < a6, we obtain the estimate for the mean transition time Eq_,7/*

analogously to that of Eg 7%, [
6. Embedded Markov chain
Let0 < A < Apand B := U!_, B;. Fors > 0 and z € B, consider the stopping times and
indices 7,' L(0) =s,m§ *(0)=>" i -I{z € B;}, and
o, (k) = inf{t >l (k= 1) ZE (1) € U iy B,-} :

n (6.105)
mi (k)= iUz} (t} (k) € B}, k=1

i=1

Consider a Markov chain (U (k)) x>0 With the state space B such that

Uy (k) = Zg (x}, (k). (6.106)
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Since for all k > 0 and s > 0, E; ,t*(k) < 0o, the Markov chain U” (k) is well-defined. Note
that U* is not stationary since its one-step transition probabilities depend on the position of Z*.

The goal of this section is to compare the distribution of U* (k) for k — 400 with the invariant
distribution 77 of the limiting Markov chain from Theorem 2.1. Denote ps(kz) (j) =Ps (U Mk e
Bj) and p; . (j) =P (U*(1) € B)).

Lemma 6.1. Forany 0 < A < Ay and ¢ > 0, there are Ao > 0 and ko > 0 such that for A > rg
and k > ko the estimate maxj<j<p |p§kz) () — nj-)l < & holds uniformly for z € B and s > 0.

Proof. To prove Lemma 6.1, we compare the time-nonhomogeneous Markov chain U with
0

a time-homogeneous irreducible Markov chain which has the stationary distribution 7° =
Z?:o rr?&m ;- We adapt the argument by Kartashov [24], which was developed for more general
continuous-time Markov processes.

1. Denote p;j = gij/q; if i # j and p;; = 0. Then (Pij)?,j=1 is a stochastic matrix. Let
(V:(k))k>0 be a time-homogeneous Markov chain on B with the transition kernel Q(z, A) =

> []I{z € B;} Z;f:l PijOm; (A)]. Then V is an irreducible recurrent Markov chain with the

invariant measure 0. Denote 0 (4) = 0%)(4) .= P, .(V(k) € A) and Q,.(A) = 0" (A).
The Markov chain V is geometrically ergodic, and we denote

o
p=sup max Y |Q¥(B)) — =Y. (6.107)

ceBl<j=nf{=}

Let0 < A < Agand 0 < ¢ < 1. According to Theorem 5.1, we choose A9 > 0 such that for
A > A9

: )

sup [Py o (Z*(z"*) € B)) = pijl < 15— (6.108)
ZEB; 4n P

uniformly for s > O and 1 < i,j < n. For k > 0 consider the distance d(k) :=

SUp,cp MaX|<j<p PO(kZ)(Bj) — ng)(Bj)’. Fixk > land 1 < j < n. For z € B, consider a

decomposition

k
k k k—i k—i+1
P B = 08B =Y [Eo. 0% (B ~Eo 0% 1 BD]. (6109

i=1

Fori =1, ..., k, we transform the summands in the latter formula
(k—i) (k—i+1)
EO’ZQr(i),U(i)(Bj) - EO,ZQr(ifl),U(ifl)(Bj)
k—i k—i
= EO,zEr(ifl),U(ifl)QE]([I))(Bj) - EO,zEr(ifl),U(ifl)Q%/(I;)(Bj)

n

[Eo,z; Prii—n,ui—1)(B) — EozQci—1),ui-1)(B)] QE,Z_") (B;)
=1

n

= Z[EO,zPr(i—l),U(i—l)(Bl) —Eo.: Qi-1.0G-1(BDIQY " (B)) — 7]
=1
n

[Eo,z Pri—1),ui—-1)(Br) — Eoz Pri—1),vi-1)(B1))
=1
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— (Bo,: Qc(i-1).0-1)(B) — Bo: Qr(i—1).vi—1) (BO)ILQY " (B)) — 7 %

+ Z[EO,zPr(i—l),V(i—l)(Bl) —Eo,; Qr(i—l),V(i—l)(Bl)][fof,_i)(Bj) - ﬂ?]
=1

= 3 A6 (B) — 70+ B, DIO% T (B)) — 7], 6.110)
=1 I=1

Forz € B;,1 <i <kand1 < j < n, we estimate

A, D] = EozPri—1),ui-1)(B1) —Eo; Pri—1),vi-1)(Br)
—Eo:Oci-1),ui-1)(B1) —Eo ;OQci—1),vi-1)(B)]

Z /B (P duy — F - (du)) Pei—1).u(Br)

f (P70 () — 087V () Qe i—1),u (BD)

< ZIQ(’ V(Bw) — 05V (Bw)l x max  sup [Py (B) — Qu(B))|
m=1 l=m=n 3>0,ueB,
di—1) —— =di—1). =% 6.111)
< na( — e = 1 — - —. .
4np 4np

Analogously,

|B;(i, )| = |Eo;Pri-1),vi-1)(B) —Eo;Oci-1),vi-1)(B1)]

< max sup |Ps,(B)— Qu(B)| <

l<m<ns>0 ueB, 4n

(6.112)

Taking into account estimates (6.110) and (6.112), we obtain from (6.109) that

d(k)<—Zd<z—1>Z|Q ~D(Bj) - °|+—ZZ|Q GHEE

lll

< f( max d(i)—i—l). (6.113)
4 \0<i<k—1

Finally, d(0) = 0 implies that d(k) < ¢/2 for all k > 1. The time-homogeneous Markov chain
V (k) converges to its stationary distribution geometrically fast, and hence there is kg > 1 such
that for k > ko

max max [Q®(B)) — 70| < =. (6.114)
z€B 1<j<n 2

The statement of the lemma follows from the triangle inequality. [
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7. Slow cooling, €@ < 1. Proof of Theorem 2.2

Lemma 7.1. Let a8 < 1. There is yo > 0 such that forany 0 < y < 1, 0 < § < b and
0< A< A

max sup Py .(Z*(t) & B; for somet € [A\°,2).°]) > 0, A — +o0. (7.115)
: p Po. 4

1<i<n i
= =" zel

Proof. Choose yy > 0 such that Proposition 4.1 holds andlet0 < A < Ay. Thenfor0 < y <

JraL | o 1
0 (Au)f | — 2%

Theorem 5.1. Fix i = 1, ..., n. Due to (3.25), the inequality |Z(’}Z(A1’) —m;| < A/2 holds on
A as. forall z € .Q)’L For any & > 0, one has the probability P(AY) < &/2 for A sufficiently
large (see estimates Eqs. (5.87) and (5.89)). Then

and some 0 < p < § consider an event A, = {supoqqp

} as in the proof of

sup Po ; (Z)‘(u) ¢ B; for some u € [A’, 2)»‘3])

ze82;
< sup  Pu(Z*u) ¢ B; for some u € [A”, 24°]) + P(AS)
lz—m;|<A/2
< sup Py (Z"*(u) ¢ B; for some u € [0, 22° — AP]) + P(AS)
lz—mi|<A/2
< sup Py (o <228 —aP) + P(AD), (7.116)
lz—m;|<A/2

where UiA’)‘ is the first exit time from B; of the process Zé‘ .- Due to the estimate (4.69) in
Proposition 4.6, we obtain for A sufficiently large that

i i €
sup Py (o™ <228 —aP)y < sup Po (i < i+ A < 2,
l—m;|<A/2 lz—m;|<A)2 2

(7.117)

for § < 8; < @ and A sufficiently large so that (21% — A?) /(A 4+ AP)®! < 1. Since the number
of wells is finite, the statement of the lemma holds uniformly for all 1 < i < n for A large
enough. [

Lemma 7.2. Let a6 < 1. Forany A > 0and 0 < A < Ay, we have

Po.(Z"(t) ¢ B) > 0, t— 400, (7.118)
uniformly for all z € R.
Proof. Let ¢ > 0. The Markov property implies that

Py (Z4(t) ¢ B) = Bo . [Py 20 (Z"° (1 —5) & B)] (7.119)

forany 0 <s <t.Fixy > 0and 0 < § < a6 such that Lemmas 5.3 and 7.1 hold for A > A, A
being sufficiently big. In particular, sup, ¢, Eo.S* < A%=%for\ > A;.Fort > 0and A > 0,
let s; be a solution of the equation t —s; = 2(A + 5:)%9=8/2 Tt is clear that s, exists and is positive
for large values of ¢, and s, — oo ast — oo. Let ¢ be big enough such that u := A +s;, > A for
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t > t1. Denote i := /L"‘Q"S/ 2, Then due to the Chebyshev inequality, there is #; > 1 such that

sup Py, (S“ 1a ) <P <le 10 (7.120)

zelUy,

Moreover, due to Lemma 7.1, there is t3 > f, such that the right-hand side of the Eq. (7.119)
with s = s, and z € U!_, (251, is estimated as

sup  Po (Z"™(t —s;) ¢ B) = sup Po,z(zmma.fB)

ZEU?— Q?\+Yr ZGU?—
< 1max sup Py ; (Z”(u) ¢ B; for some u € [[1, Z/L]) —8, t> 1. (7.121)
st=n 282,

Finally, consider the right-hand side of the Eq. (7.119) for s = s; and z € Uj 4,:
Poo(Z(t = 5) & B) < Po (24 i) & B, S" = §it) +Po (5" > L)
< Eo; [ [ % ] s, znsmy(ZHQ2R) & B)] +5 le

<Eo, ]I{S” %,1} max sup Po(Z*T5" (2 — §") ¢ By) | + Le

1<i<n EQ’

< max sup Py (Z*5" () & Bi, u € [(u+ §)7%2, 2(pu + $)*0 707

I=i=n 282,
+1e <e, (7.122)

where we used the inequality (u + s)* < 2u® —s < 2(u+s)*for0 <s < u%/2, u > 0,
0 <a <1, and applied Lemma 7.1. [J

Proof of the Theorem 2.2. Let ¢ > 0, f be a bounded continuous real function, and | f(x)| <
Cy for all x € R. We show that for any z € R and A > O there is #p > 0 large enough such that

oo f(Z) (1) = i 7 f(m )] < & fort > 1.
Choose 0 < A < Ap such that max| <<, supyep, [f(y) — f(mj)| < . Choose 1 > 0

such that according to Lemma 7.2 the estimate Py, (Z*1t) € B) < % holds for ¢t > ¢, and

according to Lemma 6.1 the estimate sup, . p max<j<y |P(U)‘+t (k) € Bj) —

fort > t1, k > kg and all s > 0. Denote A1 := A 4 #; and apply the Markov property to obtain
fort >0

Eo. f(Z"(t + 1)) = Eo Eg 714, f(ZM (1) < sup Eo. f(ZM (1))
S

+C Py, (ZM(11) & B), (7.123)

with the last summand bounded by ¢/8. Let (t(;‘ ‘Z(k)) k>0 be transition times defined in (6.105).
For z € B, consider a (non-Markovian) jump process (23 ‘Z (t))s>0 defined by

Zyh (1) = Z Ut (0Tt € [T (k), 71 (k + D). (7.124)
k=
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For z € B and t > 0, we estimate

[Eo. f(Z"1(1) =7’ fI < Y Bl f(ZM(0) = f(m){ZM (1) € By)
i=1

+ Y 1fmi)| - [P (ZM (1) € B;) — Po (24 (t) € B))|

i=1
n ~
+ ) 1 fm)] - [Po(ZM () € Bi) — 7| + CyPo (24 (¢) & B). (7.125)
i=1
The first summand in (7.125) does not exceed /8 due to the definition of A. To estimate the

second summand in (7.125), we apply the total probability formula to obtain forany 1 <i <n
that

|Po,.(Z* (1) € B;) — Py .(ZM (1) € By)|
= [Po . (Z"(t) € B, ZM(t) € B;) + Py .(Z" (1) € Bi, ZM (1) & B))[= 0]
— Py (Z" (1) € B;, Z*(t) € B;) — Py, (ZM(;) € Bi, ZM(t) € Uj Bi) [= 0]

— P (2" (1) € B;, Z"'(t) & B)| <P (Z"' (1) € B;, Z"' (1) ¢ B) (7.126)
and thus
n ~

S 1FmdIPo(Z4 (1) € By) — o (ZM1(1) € By)| < CyPo(ZM (1) € B).  (1.127)

i=1
According to Lemma 7.2 we choose #, > 0 such that Py . (Z*1(¢) ¢ B) < A%f fort > t,. Finally,
to estimate the third summand in (7.125) consider for 1 <i <n '

[Po-(Z" (1) € Bi) — 7| < |Po(Z* (1) € Bi,t > T (ko)) — ]| + Po.-(t < T (ko))

sup Py, (U™ (k) € Bi) — 0| + Py, (t < T (ko). (7.128)
>k

IA

IA

Since Eq .71 (ko) < 0o, we apply Chebyshev’s inequality to get

sup Po_ (t*1 (ko) > 1) < —— (7.129)
z€B 8l’le

for t > t3 > tp. Thus, we obtain the statement of the theorem for all t > ¢ +¢;3. [
8. Fast cooling, a6 > 1

Proof of the Theorem 2.3. Consider a well £ and assume for definiteness that m; = 0. We
prove the statement of the theorem for the stopping time o (A) = {t > 0 : |Zéyz(t)| > a} for
some 0 < a < |s;_1| A s;. Since the properties of Z*(¢) for t € [0, o())] are determined by the
jump process L and the values of the potential U (x) for x € [—a, a], we assume that U’'(-) is
globally Lipschitz with constant K > 0.

It is clear that

oo
Py (o (L) < 00) = ZPQZ ( sup |25 (D <a, sup |Z§ ()] > a) . (8.130)
=1 te(0,k—1] te(k—1,k]
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Let X?(t) be the deterministic trajectory of the underlying dynamical system. Denote § =
%min{a — X(a)(l),a - |X9a(l)|} and A = a — §. Then for any |z| < a, Gronwall’s lemma

yields
/t dL(s)
0o (A +s)?

For A > Ag, A¢ being sufficiently large, and |z| < A, we estimate

sup |L(s)|

<ekrloll (8.131)

sup |Zé,z(f) - X?(l‘)l <ek sup —

tel0,1] 1€[0,1]

Po,z< sup |Z*(t)| > a) < Po,z< sup |Z*(1) — X2()| > 6)

te(0,1] te(0,1]
% 4 0 8 —af
<P| sup [L(s)| = A 5 | <4P(L(D) = A" — | <ar™. (8.132)
t€[0,1] 2e 2e

For k > 2, we apply (2.8) and (8.132) to obtain

Po . sup 1Z*0)<a, sup |Z2*1) >a
te(0,k—1] te(k—1,k]

< sup Po, | sup [Z*T*2(0)| <a, sup |Z*P72(0)| > a
|z|<a te(0,1] te(1,2]

< sup Py, | sup |Z’\+k_2(t) —X?(t)| >8] +sup Po,| sup |Zx+k_1(t)| >a
|z|<a 1e(0,1] |z]l<A te(0,1]

<ciO4+k=2"" +c;h+k—1)", (8.133)

Finally, estimating the sum by an integral we find that

© 2 1
Py (0(1) <o0) <21 ) < O (8.134)
k=0

A+~ af —1 (- o-1"
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Appendix. Asymptotic estimates of sums and integrals

The arguments of Sections 4 and 5 involve asymptotic estimates of sums and integrals
which can be reduced to the so-called Laplace type integrals of the form I(A) =
fah q(u) exp(—Aip(u))du, where A — 400 is a big parameter. For the general theory, we refer
the reader to the book by Olver [25, Chapter 3, Sections 7-9]. Roughly speaking, the evaluation
method of 7(A) is based on the observation, that in the limit of big A the main contribution to
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I (1) comes from the neighbourhood of the global minimum of p(u) over [a, b]. For example, if
p(u) attains its minimum at a, and p’(a) > 0 and g(a) # 0, then we can approximate

A > Ap’ A q(a)

I ~e ”(“)f g(@)e P @D gy = @ ) 5 foo. (A.1)
a Ap'(a)

The precise results and estimates of the error terms can be found in [25], Theorems 7.1 and 8.1

and Section 9.4 in Chapter 3. Below we formulate the estimates that we use in our proofs.

LemmaA.l. Letraf <1, A > 0,8 > 0and A, = A(1 + OL™%)). Then there is 8; > 0 such

that
© At At Pl
—exp(———— ) dr = =1+ 0L %)), A2
./0 (+ ) p( <A+z)a9) A roey (A2
/OO _Ar M) g 22 oahy), Ao+ (A3)
ex _— = — s d 0. .
o Gt TP\ el A
Proof. First, we note that condition ¢ < 1 guarantees convergence of the integrals for all
positive A, 6 and A. To prove (A.2), we introduce a new variable u = )% to obtain an integral
of Laplace type:
At Ayt ®u—-1 -1
/ —————exp - )dr = Akz_“ef ! exp ! A 170 ) du,
0o (A4 t)oze O+ t)ae | u®t uet

(A4)

The big parameter here is equal to A3A'~*?. Applying the Laplace method, we obtain the
equality (A.2) for some §; > 0. The second equality is proved analogously. [

Recall the notation @ j = %072 () 4 ka?)~*? introduced in the Step R1-1 of Lemma 4.4. It
is clear that ) y — Oas A, k — oo.

Lemma A.2. Letaf < 1,¢c>0and0 < g < 1 —ab/2. Then there are C > 0 and Ly > 0 such
that for A > Ao

o

S ktk— 1) (1-cgup) " < €230, (A.5)
k=2

= k—1 = k—2 )

Zk (1—cop) < Zk (1—cprp) ~<Car, (A.6)
pany =

Proof. First we prove (A.5). Using the elementary inequality In(1 —x) < —x,x < 1, we estimate
uniformly for all kK > 2 and A such that cA~%%/2 < 1:

(1 = cga )" = ek DInl=con) < emetk=Derk < ¢ e=ckvns, (A7)

We also note, that due to the condition «f < 1, the sum (A.5) converges. Further, for A
sufficiently large, we can estimate the sum by an integral, which can be transformed to an integral
of Laplace type. Indeed,

o0 X (e.¢]
S k=1 (1—cpup) T <o Y Kremckens
k=2 k=1
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© cx A+ xrd
<c x“exp | — —a8/2 s dx U=
0 A (A + xA9) A

0 -1
= A3 / (u—1)>exp (—cxl—“"ﬂ—q ”W) du < CA3%0/2, (A.8)
1 u

Here we used Theorem 7.1 in [25] to evaluate the latter Laplace integral with the big parameter
A 1—ab/2—q )

The estimate (A.6) is obtained analogously by reducing the second sum to a Laplace integral

o0 -1
PR / (u —1)exp (—cxl—‘w/z—q %) du <Cr?, A — 400. O (A.9)
1 u

Recall the notation v, 3 (k) = (1 + k)af—8y—ab u,A > 0, k > 0, from the proof of
Lemma 5.3.

Lemma A.3. Let v < 1. Foranyc >0,y > 0,0 < § < af, there are C > 0 and Ay > O such
that for all © > A > Ag

0 k—1
070 Y “kexp (—cx‘“”““ > w,m) ROy = 1) = Cuefae,
k=1 j=1

(A.10)

00 k—1
D exp (—ck“”"‘” > wm(j)) Yk — 1) < CAma0+o=ar, (A.11)
k=1

j=1

Proof. We prove the estimate (A.10). For 4 > A big enough and £ > 1, we can consider an
integral instead of a sum, namely

k-1 k—1
Yt zer [ puatode =i o (= paet el ],
j=1

(A.12)

This leads to the following inequality:

00 k—1

Aa@—é ZkeXp <_C)\ay+a9—8 Z 1//%)\(]-)> AQY+a9_8wﬂ,k(k —1)

k=1 j=1
o0

< Ay +2a0-25 exp[c3)\ayulfa9]z(k + DY (k) exp [—C3kay(u + kkaﬂfé)lfaGiI .
k=0

(A.13)

The latter sum can be again approximated by an integral with a big parameter and evaluated with
help of Laplace’s method. Indeed,

- k+1 ay af—5\1—ab
Z (it koo =5)yad exp[—c3A™Y (u + kA %) 7]
k=0

© 1
< 64/ S o exp[—c3n®Y (u + x2%07%) =20 4x (u
0

B M+X)‘-a0_8
(u _’_x)L(XG—S)a@ -

n
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IA

00

- - u—1 —af, 1—

csh 2a0+28'u2 a9/ — exp[—cﬁf”’ul a@ul on]du
u

C6A72a0+251u27o¢9 exp[—cﬂ""’,u

IA

170(9]

X / (u — 1) exp[—c3(1 — a®)A?” 1! =% (u — 1)]du
1

—2(ay+ab—3) M(xé)

IA

c7h exp[—c3r®? u!' 9. (A.14)

Combining (A.13) and (A.14) yields that the sum under consideration is less than c7u®?2 =% .
The estimate (A.11) is obtained analogously.
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