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Abstract

We consider the stochastic volatility model
dY; t = Ot dB[,

with B a Brownian motion and o of the form
t

o= ( / a(t, w)dwi + f(t)éo),
0

where W# is a fractional Brownian motion, independent of the driving Brownian motion B, with Hurst
parameter H > 1/2. This model allows for persistence in the volatility o. The parameter of interest is H.
The functions &, a and f are treated as nuisance parameters and &g is a random initial condition. For a
fixed objective time 7', we construct from discrete data Y; Jns i = 0,...,nT, a wavelet based estimator of
H, inspired by adaptive estimation of quadratic functionals. We show that the accuracy of our estimator is
n~1/GH+2) 4nd that this rate is optimal in a minimax sense.
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1. Introduction
1.1. Stochastic volatility and volatility persistence

Since the celebrated model of Black and Scholes, the behavior of financial assets is often
modelled by processes of type

dS[ = Ut dr + oy dBt,

where S is the price (or the log-price) of the asset, B a Brownian motion and p a drift
process. The volatility coefficient o represents the fluctuations of S and plays a crucial role
in trading, option pricing and hedging. It is well known that stochastic volatility models,
where the volatility is a random process, provide a way to deal with the endemic time-varying
volatility and to reproduce various stylized facts observed on the markets; see Shephard [34],
Barndorff-Nielsen, Nicolato and Shephard [3]. Among these stylized facts, there are many
arguments about volatility persistence. This presence of memory in the volatility has in particular
consequences for option pricing; see Ohanissian, Russel and Tsay [32], Taylor [35], Comte,
Coutin and Renault [11]. Hence, continuous time dynamics have been introduced to capture
this phenomenon; see Comte and Renault [12], Comte, Coutin and Renault [11] or Barndorff-
Nielsen and Shephard [4]. However, in statistical finance, the question of the volatility persistence
has been mostly treated with discrete time models; see among others Breidt, Crato and De
Lima [6], Harvey [18], Andersen and Bollerslev [1], Robinson [33], Hurvich and Soulier [22],
Teyssiere [36]. Concurrently, statistical methods for detecting this volatility persistence have
been specifically developed for these models; see Hurvich, Moulines and Soulier [20], Deo,
Hurvich and Lu [14], Hurvich and Ray [21], Lee [26], Jensen [24]. In this paper, our objective
is to build, for continuous time models, a statistical program allowing us to recover information
about the volatility persistence.

1.2. A diffusion model with fractional stochastic volatility

We consider a class of diffusion models whose volatility is a non-linear transformation of a
stochastic integral with respect to fractional Brownian motion. Recall that a fractional Brownian
motion (W,H ,t € R), with Hurst parameter H € (0, 1], is a self-similar centered Gaussian
process with covariance function

1
E(wAwH] = 5<|s|2H + 27— e — s,

If H > 1/2, the use of fractional Brownian motion (fbm for short) is a way to allow for
persistence. Indeed, its increments are then stationary, positively correlated and the value of the
Hurst parameter quantifies the presence of so-called long memory between them; see Mandelbrot
and Van Ness [27], Tagqu [15]. We define on a rich enough probability space ({2, A, P) a
Brownian motion B, a fractional Brownian motion W# independent of B, with unknown Hurst
parameter H € (1/2, 1), and a random variable &y, measurable with respect to the sigma algebra
generated by (WZH ,t < 0). We fix an objective time T > 0 and we consider the one-dimensional
stochastic process Y defined by

t
Y,:yo+/ osdBs;, yo€R, te€][0,T], (D
0
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where yg is deterministic and o is another one-dimensional stochastic process of the form

t
o= (/ a(t,u)dWH + f(t)E()). 2
0

The functions @, a and f are deterministic and unknown. Since we only consider
continuously differentiable integrands, the stochastic integral with respect to the fractional
Brownian motion W# with H e (1/2, 1) is simply defined as a pathwise Riemann—Stieltjes
integral. In particular, this definition gives that for a continuously differentiable real function g,

t t
/O gydwh = —/0 gwyWHdu 4+ gnywh.

This framework is an extension of the long memory stochastic volatility model introduced in
mathematical finance by Comte and Renault [12]. We retrieve the volatility function used by
Comte and Renault in [12] taking

P(x) = exp(x), a(t,u) =y exp(—k[t —u]), § =0,

where k and y are positive constant parameters. Its stationary version, that is the exponential of
a long memory fractional Ornstein—Uhlenbeck process, is obtained taking the same specification
for ¢ and a and

0
f@O) =yexp(=k), &= / exp(ku)dW,";
—0o0
see Cheridito et al. [7] for details. For the preceding specification of the volatility process, Comte
and Renault have shown in [12] that Cov[oy4p, o/] is of order |h|_(1_2d) as h tends to infinity,
with d = H — 1/2. Hence, not only the logarithm of the volatility but also the volatility process
itself entails long memory with long memory parameter d = H — 1/2.!
Remark also that in the limit case H = 1/2, under smoothness assumptions on @, letting

a=1, f=0, g=(®)od '  and h=(d)"o0d7!,
we equivalently have
do? = h(o?)dr + g(a})dW,.

Thus, we (partially) retrieve the standard stochastic volatility diffusion framework; see for
example Hull and White [19], Melino and Turnbull [28] or Musiela and Rutkowski [29] for a
more exhaustive study.

For I € R, we denote by Ck(I ) the set of all deterministic k-times-differentiable functions
from I to R. The assumptions on a, @, f and &y in model (1) and (2) are the following.

Assumption A. (i) Forallr € [0,T], u — a(t,u) € Cz([O, T1), with bounded derivative
uniformly in 7.
(ii) Forallu € [0, T1,t — a(t,u) € C*([0, T]), with bounded derivatives uniformly in u.

1 Note that if {X;,t € Z} is a stationary long memory Gaussian process, the statement that ¢(X;) is also a long
memory process with the same memory parameter is not always true. This is the case provided the linear term in the
Hermite expansion of ©(X;) does not vanish. In every instance, a non-linear transform @(X;) cannot “increase” the
memory of X;.
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(iii) t — f(r) € C3([0, T)).
(iv) For p > 0, E[e?0]] < 0.
(v) There exist 0 < B < B2 < T such that inf,c[g, g, az(u, u) > 0.

Assumption B. (i) x — &(x) € C*(R).
(ii) For some ¢; > 0, ¢z > 0and y > 0, [($%)'(x)| > c1]x]" Lixjefo.1] + 2l jx|=1-
(iii) For some ¢3 > 0, [($2)"(x)| < czel*l.

1.3. Statistical model and results

We consider model (1) and (2). For technical convenience (see Section 2.1.2), we take T > 3.
We observe the diffusion at the sampling frequency n. This means that we observe

Y" ={Yi/n, i =0,...,nT}.

For simplicity, we assume throughout the paper n = 2. We study the problem of the inference
of H based on Y.

A rate v, — 0 is said to be achievable over H C (1/2, 1) if there exists an estimator
ﬁn = ﬁn (Y™) such that the normalized error

;' (Hy = H)}ps 3)

is bounded in probability, uniformly over H. The rate v, is moreover a lower rate of convergence
on H if there exists C > 0 such that

liminfinf sup P[v, '|F — H| > C] > 0, 4)
n—-oo F HeH
where the infimum is taken over all estimators F = F(Y"). We prove in this paper that the
rate v,(H) = n~Y/@H+2) js optimal in a minimax sense. This means that (3) and (4) agree
with v, = v,(H). We also exhibit an optimal estimator based on the behavior of the wavelet
coefficients of the process o 2.

Theorem 1. Under Assumptions A and B, the rate v,(H) = n~V@HED) s qchievable over
every compact set H C (1/2, 1). Moreover, the estimator H,, explicitly constructed in Section 2.2
achieves the rate v, (H).

Our next result shows that, under an additional restriction on the non-degeneracy of the model
and on the initial condition, this result is indeed optimal.

Assumption C. The variable & is deterministic. Moreover, for some ¢4 > 0, ¢5 > 0, c4 # ¢5
and cg > 0, we have ¢4 < |P(x)| < c5and | D' (x)| < cs.

Theorem 2. Under Assumptions A—C, the rate v,(H) = n~ V@D js q lower rate of
convergence over every compact set H C (1/2, 1) with non-empty interior.

1.4. Discussion
e Contrary to other works, ours does not consider intrinsically discrete data, but considers

discretely observed data from an underlying continuous time process. Thus, as the objective time
T is fixed, the dynamic between two data depends on the sampling frequency. This approach
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substantially differs from those based on ergodic properties. In our context, the available
information quantity does not increase because of a longer observation period but because
of a higher sampling frequency. The estimation rates are naturally different according to the
approaches. Compare our accuracy with the rate n~ (/3% obtained by Hurvich, Moulines and
Soulier in an ergodic context; see [20].

e Through this model, we aim at showing that we can recover the smoothness of the volatility
from historical data. The following proposition, whose proof is given in Appendix, shows that
the Hurst parameter can be interpreted as a regularity parameter thanks to Besov smoothness
spaces (see the Appendix).

Proposition 1 (Smoothness of the Volatility Process). For large enough T, under Assumptions A

and B, in model (1) and (2),

(i) Almost surely, the trajectory of t — otz belongs to the Besov space Bf oo ([0, T]) but, for all
q < 090, a.s. it does not belong to qu([o, T).

(ii) For all s < H, almost surely, the trajectory of t — 0,2 belongs to the Besov space
Bf)o’oo([O, T1) but, if moreover there exists ¢ > 0 such that |(@2)’(x)| > ¢, then a.s. it

does not belong to Bgm([o, T).

o With the point of view of the estimation of the local Holder index of a process (in our case, this
is equal to the parameter H), Theorem 1 remains true in a slightly more general setting. Consider
the model

t
Yt=y0+/ o dB;, yo R, te0,T], )
0

with oy = @(Z;). Here @ verifies Assumption B and (Z;,t € [0, T]) is a continuous time
process such that for all (s, ¢) € [0, 1]2, s <t,

Zi—Zs=a()(Z; — Z) + (t — ) f(s) + h(t,s) + [v(t) — v(s)]éo
where

—a € CY([0, T]) and there exist 0 < B; < B» < T such that inf, e, 8,1 a*(u) > 0 and
P[Vu € [B1, B2], Zz = 0] = 0.

- (Z;,t € [0, T)) is a centered Gaussian process, independent of B, such that Z(/) = 0 and for
allt >0and h > O,

El(Z],;, — Z)*1 = E[Z;}1 and E[Z}7] = h*7 (1 + g(h)h'/?),

with H € (1/2, 1) and g € C*([0, T]).
— f:10,T] — Ris arandom function such that for p > 0,

sup E[| f(s)]”] < oo.
5€l0,T]

— h: [0, T]* = R is a random function such that for p > 0and (¢, s) € [0, T1?,
E[|A(t, )|’]1 < cp(t —$)°P/* and E| sup PO < oo,
1€[0,T]

- v eC%([0,T]).
— &p is arandom variable, independent of B, such that for p > 0, E[eP5l] < 0.
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This general setting includes various Gaussian processes with stationary increments and local
Holder index equal to H; see for example Istas and Lang [23]. The following proposition enables
us to work in the general setting of model (5) for the proof Theorem 1.

Theorem 3 (General Formalism for Theorem 1).

(i) The formalism of model (5) includes model (1) and (2).
(i1) In model (5), Theorem 1 holds for the estimation of the parameter H.

Hence, we only prove Theorems 2 and 3.
e The accuracy v, (H) is slower by a polynomial order than the usual n of regular parametric
models. This rate of convergence seems to be characteristic of high frequency parametric
inference from noisy data in the presence of fractional Brownian motion. Indeed, this rate is also
found by Gloter and Hoffmann [16] in the high frequency inference of the finite dimensional
parameter 6 in the model

-1/2

dY; =o0;dB;, o; = P(0, WtH) ©)

and in the high frequency estimation of the Hurst parameter in the model
Y = oW/l +aW/ e, (7)

where a is an unknown function and Ei” a centered white noise; see [17]. In a sense, our approach
is a generalization of both (6) and (7) for the estimation of the parameter H.

e In practice, a usual way to estimate the regularity, or the long memory parameter, of the
volatility of an asset is to build a volatility proxy> from the prices, and then to use classical
method for regularity estimation or long memory detection. Although linked with the preceding
practice, the method we give in this paper is mathematically rigorous, and in some sense optimal.
The optimal rates of convergence are quite slow, but not catastrophic. Hence, our result shows that
getting accurate enough information about the smoothness of the volatility process is possible,
but compulsorily requires a large amount of data. This is not surprising. Indeed, the volatility is
not observed and any pointwise approximation of it is very noisy. For an illustration of this, see
the numerical results in the Appendix.

1.5. Organization of the paper

In Section 2, we present our estimation method for the volatility Hurst parameter. Section 3
states the main propositions which lead to Theorems 3 and 2. The proof of Theorem 3(i) is given
in Section 4. We prove in Sections 5-7 the results stated in Section 3 concerning the upper bound
whereas Theorem 3(ii) is proved in Section 8. We end with the proof of Theorem 2 in Section 9.
The proof of Proposition 1 and one numerical illustration are given in the Appendix.

2. Estimation strategy
2.1. Estimation of the Hurst parameter: Preliminaries

2.1.1. Estimation of H from direct observation of a fractional Brownian motion
Imagine that we observe high frequency data

oW/, i=0,....n},

2 Such proxies are often based on the absolute or quadratic variation of the log prices, with sampling period higher
than 10 min to avoid microstructure noise effects.
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where o is an unknown constant and WtH a fractional Brownian motion. Then, we can recover
the Hurst parameter at the parametric rate n~'/2. Indeed, we can use as follows local properties
of the trajectory of the fractional Brownian motion; see Istas and Lang [23], and see also Berzin
and Leon [5], Lang and Roueff [25]. Let s = (so, ..., 5p) € RP*! be such that

p p
fork:O,...,p—l:Zs,'ikzo and Zsiip;éo.
i=0 i=0

The integer p = m(s) is called the order of the difference. For instance, the usual difference

s = (—1,1) is of order 1 and s = (1,—2,1) is of order 2. For such a sequence s and
i=0,...,n—m(s) — 1, we define for a function f : [0, 1] — R, the generalized difference
m(s) . .
1+
Ainf = Zs;f( )
=0 "
Consider

n—m(s)—1
Va(H) = )" (A, WH)2
i=0

Istas and Lang [23] show that for m(s) > 1, there exists a constant L, g > 0 such that?

1
ﬁgnv

with &, bounded in probability. Then, an estimator achieving the rate n~!/2 is for example*

VLn/ZJ(H)>
Vo(H) )’

A=Y (H) = Loy +

~ 1
H=—-(1+1
2<+0g2

Note that beyond fractional Brownian motion, the problem of estimating the local Holder index
of a process has been heavily studied in the Gaussian context; see in particular Istas and Lang [23]
and Lang and Roueff [25].

2.1.2. Estimation of H from noisy observation of a fractional Brownian motion

Consider now model (7). Recovering the Hurst parameter in this context of noisy data is more
difficult. Indeed, Gloter and Hoffmann show in [17] that the statistical structure of model (7) is
significantly modified by the noise. They prove that the rate n~!/##+2) s optimal for estimating
H in the minimax sense of (3) and (4). Their estimation strategy is based on the behavior of
the energy levels of the fractional Brownian motion that reflects the Besov properties of the
trajectories. Pick a mother wavelet 1 with 2 vanishing moments. Hence, the wavelet support has
a minimal length of 3; see Daubechies [13]. For j and k positive integers, let

Yir(x) = 202927 x — k), dji =/1ﬁjkWSHds and Q; =dek.
k

3 The condition m(s) > 1 is necessary for H > %; if H < g one can take m(s) = 1.

4 Note that if o is known, an estimator with accuracy n~1/2 (log n)~! can be built; see Cceeurjolly [9].



M. Rosenbaum / Stochastic Processes and their Applications 118 (2008) 1434—1462 1441
The sequence of energy levels (Q;, j > 0) has the following scaling property>:

il _9=2H {51y as j — oo, ®)
Qj
Gloter and Hoffmann [17] construct estimators djz.k of the djzk up to a maximal resolution level

Jn = |4 logy(n)]. Setting

Qj =) d3, ©)
k
one obtains a sequence of estimators:
- 1 §j+l n .
Hi,=—-1 — =1,...,Jy. 10
j.n ) 0g-> Qj,n J n (10)

The final estimator is H. 7x.n Where the optimal resolution level J); is defined following the rules
of adaptive estimation of quadratic functionals,

J,f:max{jzl,...,Jn,Q,,nz%j}. (11
We adapt the preceding strategy in this paper.
2.2. Construction of an estimator
We build in this section our estimator in the general setting of model (5).

2.2.1. An Euler scheme-type transformation

By an Euler scheme-type transformation, we boil the problem down to a regression model.
Indeed, we have

2t =n¥(it1y/n — i) = l_z/n +&, (12)
with

i+l i+l 2 i+l
%-i}’l =n f (o‘tz _ O’lz/n)dt + (/; Ot dB[) —_ /: Utzdt

Conditional on the fbm W# and up to negligible terms, the &/ are martingale increments with
variance of order 1.

2.2.2. Estimation of the energy levels
Let ¢ be a mother wavelet with two vanishing moments and support [0, T']. Let
kT

d,-szk” oXyundt and Q= d¥.

2 k

5 For the moment, we do not specify the meaning of o(-).
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By proving a scaling-type property on the energy levels analogous to (8), we can follow the
strategy of Section 2.1.2. The main difficulty lies here in the non-linearity introduced by the
function $2. We now present the estimation of the energy levels. To get rid of boundary effects,
without any loss of generality in our asymptotic framework, we do not take into account the
wavelets ¥ jr whose support is not totally included in [0, 7']. We have

ToN=i_1 .k I+l

2.[ N 2
L, O Yk (t)de.
1=0 7o TaN

djt =

A first natural estimator of d j; is

TN z% o
Gi= Y o, / 7 g,
1=0 it
Let
2

t t
My = /k . o,dB, —fk ] Uuzdu.

27 2
From (12), we have the following decomposition:

~

djk —djk = bji + eji + fjk,
with

T2N—J -1 k414l

277N 2 2
b= ), f D OOy — oD,
=0 Tyt

ToN-j—1 Lk i+l

2j " 2N
ejk=n E Vik(O)dt My & 151,
LA 2 2N
=0 27 ToON

TON=i_1 .k 1+l &yl
2/ TN 2 "aN 5 2
fjk =n i / ij(f)df ‘ . (Ut - Ukz—_j+12—N)dt'
=0 37N taw

. ~2 ..
In order to estimate dzk accurately enough, we cannot use d ;" because the remaining term e? f

has to be compensated. The other terms are negligible.

Conditional on W#, (Mgt > 0) is a continuous local martingale. Let [E denote the
expectation conditional on the path of the volatility. Then, by the independence of the Brownian
increments,

TN o1 (kg ldl 2
=2 2 2 T)
E[e'k]:” § wjk(t)dt E[M k 1411
J k1 k2425
1=0 taw ¥

Let

Nk,l,l B /k o0u,dBy.

2] TN
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By Ito’s formula,

Let

2
2 g2 = 2
aj ki = E[Mk,,’ziJru] =2 (E [(Yk27f+(1+1)2*N = Yia-iyin-n) D :

J TN

We need to compensate ajz. &[> SO We estimate it by

2
5 V2 ' & 2
et =\ hmy Y Vairariepe = Yeivaep2 )|
p=0

where hi(n) = [n'/?]. Let

TN-i1 kbl 2
2 DREL 2
Vik =n E P 'ﬂjk([)dt aj k1>

=0 57 TN
N—j_ EENES 2
e e o
Dix=n Z O wde ) a3y
1=0 R
Finally we define

6;12.\,( = ci,\-’kz —Vjr and Qi = Z‘EJZ\k
k
We thus obtain our estimator H 7.0 of H with the same specifications as in (10) and (11).
3. The behavior of the energy levels
We present here the steps that enable us to prove Theorem 3(ii) and Theorem 2.
3.1. Upper bound
We work in the general setting of model (5). Let
djx = f ofYj(t)dt and Qj =) dj.
k
We write ¢ for a constant depending on @, a, f, v, H, ¥ and continuous in its arguments.

Proposition 2 (Limit of the Energy Levels). In model (5), there exists a constant c(y) > 0,
depending on W and H, continuous in its arguments, and where ¢ > 0 such that

E|: i| §c27j/2.

More precisely, Proposition 2 enables us to obtain the following result.

T
2510 — c(y) /O a@)* (9% (Z,))du
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Proposition 3 (Scaling Property). In model (5), we have

(i) for all € > 0, there exist jo and r > 0 such that for all j > jo,
PRY7Q; =121 -,

(ii) for all ¢ > 0, there exist jo and M > 0 such that for all j > jo,

P|2//? sup
2]

41 -
Q_+_2 2H
1

2M:|§e.

Finally, we have the following result for the estimator.

Proposition 4 (Deviation of the Estimator). Let j,(H) = |(2H + 1)~} log,(n)] and H be a
compact set included in (1/2, 1). In model (5), for all H € 'H, J, > j,(H) and for any L > 0,
the sequence

n2h 2 sup 27110, - 0l
Jn=j=jn(H)~L ‘ '
is bounded in probability, uniformly over 'H.

We then prove in Section 8 that Propositions 3 and 4 together imply Theorem 3(i).
3.2. Lower bound

For the lower bound, we work in model (1) and (2). Let ]P”} denote the law of the data

Y" = {Y;/u,i = 0,...,nT} conditional on wH = f. The key point of the lower bound is
the following.

Proposition 5 (Distance in Total Variation). Under Assumptions A—C, there exists ¢ > 0 such
that

P — Pgli7y < cnllf — gll3.

where | - ||7v denotes the distance in total variation and || - ||» the usual L* norm of functions on
[0, T'] with respect to the Lebesgue measure.

Proposition 5 together with Proposition 5 of Gloter and Hoffmann [17] implies the lower
bound.
4. Proof of Theorem 3(i)

We show here than we can prove Theorem 1 under the general formalism of model (5).

4.1. Notation

In all the proofs, we repeatedly use the notation ¢ for constants depending on H, ¢ and the
functions defined in model (1) and (2) or model (5), continuous in their arguments, and that may
vary from line to line. We write the symbol = also for almost sure equality and for a function g,
we set [|gllococ = sup, |g(¢)|. Finally, 81/ f(u, t) denotes the j-th derivative of f with respect its
i-th variable.
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4.2. Proof of Theorem 3(i)

Fors <t
t N
f a(t, u)dwh —/ a(s, u)dwt
0 0
is equal to a(s, s)(WlH — Wf’) + (t — ) f(s) + h(z, s) with
s
76 = [ dnatwaw,
0
and
t—3?° [* H
ht,s) = — dya(thlt, s], w)dW,” + R(t, s),
0
where

t t
R(z,s) :/[a(l,u)—a(s,u)]quH—i-/ [a(s, u) —a(s, s)]dW!

' t
= (t— s)/ d1a(6r[t, s], u)quH +[ (u — s)ora(s, O3lu, s])dWMH.

Here 61, 6, and 63 are deterministic functions with values in [0, T]. Using Assumption A, we
get that all the preceding integrands are deterministic, continuously differentiable with respect
to the variable u# and uniformly bounded with respect to all variables. Hence, in our case, the
Riemann-Stieltjes integral with respect to the fbm coincides almost surely with the Wiener
integral with respect to the fbm. Consequently, for f € C ([0, T1) and g € C'([0, T]),

T T T T
EU Fdwh / g(u)de}zH@H—l) / / F)g®ls — tPH2dsdr; (13)
0 0 0 0

see for example Norros et al. [30]. Hence, using the fact that the preceding stochastic integrals
are Gaussian variables together with Assumption A, we easily get that for (¢, s) € [0, T]z, s <t
and p > 0

y

For p > 0andt > 0, let

(t —s)?

S
/ dtailz, s, w)dWH + R(t, )
0

p
} < Cp(t — S)p(1+H).

t
Vt:/ la(t,u) —a(0,0)]dWH, V= sup |pV,|andv = sup E[(pV))*].
0 te[0,T] tel0,T]

We now prove that E[e"] < oo. The process (pV;,t > 0) is a Gaussian process starting from
0 with continuous trajectories, so we can use Dudley’s entropy bound. There exists a universal
constant ¢ such that

_ d(0,T)
E[V] < c/ V9og N(T,d, ¢)de,
0

where d%(s, 1) = pZIE[IV, — Vs|2] and N(T,d, ¢) is the minimal number of balls of radius &
needed to recover [0, T']. Since
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E[|V; — Vs21 < clt —s)*H,

we easily obtain that N(7', d, 8)~iS less than ¢cTe~Y#  Hence, we get E[V] < 00. We now use
Borell’s inequality: For A > E[V],

P[V > A] < 2~ 2 —EIVD*/v,

- —+00 -
E[e] :/ Ple¥ > A]dx,
0

we get

5 oo 012 T 2
E[eV] §C+2/ e—z(log)\—E[V]) /Vd)\. §C+2/ eE[V]+M—u /Zl)du'

eELV) 0

Finally, suppose that on [81, S2],
t
t — / a(t,w)dWH + £ ()&
0

is equal to zero with positive probability. This implies that r — fé a(t, u)quH belongs to
C!([B1. B2]) with positive probability. This is absurd; see the proof of Proposition 1 in the
Appendix.

5. Proof of Proposition 2
From now, and until the end of the proof of Theorem 3(ii), we work in model (5).
5.1. Technical lemmas

We establish here several useful lemmas. We apply here ideas of Gloter and Hoffmann [16],
initially developed for generalized differences. We first prove two lemmas on the expectation and
covariance of the wavelet coefficients for the stochastic integral. Let

T T !
Bk = /0 Zopje(de, By = /0 Zipinde,  F(t) = /0 ¥ (u)du.
We have the following lemma.

Lemma 1. For all positive integers j, k,
Bk = a(k2 B + 272 Ry,
and

B3] =270 ey + 2772 R), ),

T 2
c(y)=E [(/ F(t)dw,”) } >0,
0

where (WH |t > 0) is a fractional Brownian motion and E[|Rx|? + |R;-k|p] <cpforp>0.

with
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Proof. The coefficient By is equal to

T
il /O VW) Z sy dv.

The two vanishing moments of the wavelet easily give the first assertion of the lemma.

Using that

27’ 7 =772 + 72

(k+u)2=7 “ (k+v)2—J (k+u)2=J (k+v)2—J (Z

)2
(k+u)2—J (k+v)2 J

together with the vanishing moments of the wavelet, we get that E[ﬁ; 2] is equal to

—2=U+D / [ Y @)y ()27 | — v* dudv
0 0

T T
_27(1+1>/ / W) (0)2~ T CHFUD )y 2HH26 1y — 27,
o Jo

Hence,

T T
E[Bji] = —2‘““)/ / Y)Y )22y — v dudy + 271G/ RE

with |R’, k| < c. Then we easily show that

— / / Y @Y )u — v*" dudv
0 0

T T
=2HQ2H — 1)/ / F(u)F()|u — v/*~2dudv.
0 0

We conclude using (13). O

1447

(14)

Lemma 2 (Decorrelation of the Wavelet Coefficients). There exists ¢ such that, for all j, k, k’,

IBIB 871l < 277U e(l 4 [k — K>,
Proof. Fork > k' + T + 1, let my yr .y = 277 (k — k' +u — v). We have
BB Bl =27 / ' / Tw(uw(v)E[zgkw,,-zgk,w,,-]dudv
=-2" <J+‘>/ / V@Y OEIZG - 1dudy
= —27U+D fo fo Y @Y ) lmp g o

T T
_Z_W)/o /o YOV )Mk ) Mk ko2 T2 dudv.

For the first term, we make a fourth-order Taylor expansion of x — (x 4+ u — v)># around point
k —k’. Thanks to the two vanishing moments of the wavelet, we get that the first term is less than
271 +H2H) (\k—k'|—T)?H =4, For the second term, we first make a fourth-order Taylor expansion

of g around point (k —k’)27/. The result follows thanks to expansions of x — (x +u —

uptoorder4,3,2and 1. [

v)2H+1/2
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Lemma 3. Ler & : [0, T] — R be a deterministic bounded function. Define

i) =2 Y Y —c@2atk2 ) Y- (15)

k=0
Then,

E[Z;(€)%] < cllg 1227

Proof. We have

T2/ -1)
i) =20 3 2Mak2 I (BR — EIBFDEL-
k=0
‘T(ijl) ‘ . o '
+2) Y 2H @Ry 4272 WD RL 4 9mIGR2RY e
k=0

with E[|R k[P + IR}klp + IR}’k|p] < ¢, for p > 0. Hence E[E,(gﬁ] is less than

T2/ 1)
2 |ENS + 2YE | Y 2 BR —RIBRIMNBY — EIB 3 Nera-i€rar-s
k,k'=0

Let Yy = ﬂﬁ / ]E[,Bﬁ] — 1. The preceding inequality can be written as
‘ o T-D ) )
ELZj(§)%] < 27§15, + 272/ Y~ BV Yo IEIBZIELB i 1Eka-iEva-i -
k,k'=0

We now apply Mehler’s formula and we get

T2/ -1)
ELZj(§)] < 27115, + 2727 €112 Y Cov(Bly, Bjun)’
k,k'=0
< &3, + c2M 27 g5, Y 2RIk — K HED
k,k'=0
_ T2/ —1) 400 _
< 15 +elEll, Y Y A+ <c2ljgl,. O
k=0 i=0

Lemma 4. A;sume that & : [0,T] — R is bounded and vanishes outside the interval
[k2770 k27701 C [0, T] for some k, k', jo > 1, k # k. Then, there exists c > 0 such that

for j = jo,
E[Z}(§)?] < cllg |2k — k|27 .
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Proof. As & ,-; is different from zero only if k2—Jo < 7277 < k/27Jo there are less than
|k — k'|277J0 + 1 admissible values for z. Hence we easily get that E[ X (£)?] is less than

T/ 1)
clk' = k|27 R — k27PN NS + e Y [6aillEniI(1+ |2 — 2/ DHH,

2,7

By similar computations on the series as in the proof of Lemma 3, we get

ELZj(€)%] < clk' — K12/ YE13, + cllE oo D €04

The result follows. [

We now decompose the function r — ({®*V)2(Z,) in a wavelet basis with support [0, T'].
Thus, we use the same wavelet as before but in another context. We have the following lemma.

Lemma 5 (Decomposition in a Wavelet Basis). Let I' = ({$%})2. Let ¢ be the scaling function
associated with . We write ¢or(t) = ¢ (t — k),

o= [ raigmnd ad e = [ r@oa.

Then,
r +o0 T(2/—1)
F(Z) =) @ +Y . Y. e,
k=0 j=0 k=0

where r is a constant value depending on T and with

Elco+---+c¢] <c, E[C?k] < (2 (+2H)
Proof. We have

. T
T fo VT (Zys gy
. T
= 271/2/0 VO (Z-i (k) — L' (Zy-j3)1du

T
= 2_1/2/0. V@I Zo sy = Zo-is M (),

with 7 a random value between Z,-j; and Z,-j ;). By the continuity of the sample path of

t — Z;, we know there exists a random point 6 between k2~/ and (k +u)2~/ such that n = Zj.
Thus, we have

T
e <27 / V2 Zy-s gy — Zo-n AT (r[OD Y du,
0
with
r(0) = a(0)Zy + 6 (0) + A (6, 0) + [v(8) — v(0)]é.
As Z’ is a Gaussian process, we easily get

El(Zy-) (kguy — Zy- i)t < 27
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Using Assumption B, we have
. T
E[c}] < c27 /0420 / ¥ () (e N 2du.
0

Let p > Oand Z = sup,c(o.7] |PZ;|. By the same arguments as in the proof of Theorem 3(i),

we prove that E[e?] < oo. Hence, using the hypothesis of model (5) and Cauchy—Schwarz
inequality, we getE[c?k] < ¢27/(+2H) By a Taylor expansion, we get E[co+- - -+¢,] <c. O

] a

Lemma 6. Let I' be as in Lemma 5. We have

|

Proof. We know from Lemma 5 that

2/ Z{zﬂ” — ()27 ak2 )V (Zyy-)

oo T(2/—1)

F(zf)—Zcmk(rHZ D (o).

j=0 k=0
Let

S;(I) =2/ Z{zﬂ” —c()2 a2V (Z)).
We can write
r +00
Sy =Y e Zj(po) + Y Sjjis
k=0 Ji=

with
T/ -1)

Sin = Z Cik i (Yjk)-
k=0

Fork =0tor, E[lc; Xj(¢oi)l] < €272, by Lemma 3. Now we prove that

—+00 )

J1=0
If j; < j,byLemma4,

T(2/1-1)
ElS; N <c Y 27 O2DRE; ;0" ? < 212720/,
k=0

Because H > 1/2, we have

j ‘
> EIIS ] < 20,

Jj1=0

Ifj < J], ¥k has support [k27 Itk + T)2791], so X; i(¥j;k) = 0 unless there exists
i €[0, T/ —1)]suchthati2~/ € [k2 I (k+T)2—, thatls

K2 < i < (k4 T)2/ 7,
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Thus, there are less than ¢2/ possible values for i and moreover, for such i, the sum defining
X (¥ k) is reduced to one single term, so, combining this result with Lemma 1, we get

ELZ; (V0] < cllrjiellz, < 2!

and
T -1)
E[IS; 11 < ¢ Z 9—i1(142H) /24 j1 /2 < c2io—ihH
k=0
Finally
400 J 400 )
D OENS; =Y BUS; i1+ Y ElS; ;1 <c2/? O
J1=0 J1=0 J1=j+1

Lemma 7 (Riemann’s Approximation). Let H(x, t) = a(x)*I'(Z,). We have

T 2iT
E / H(t,t)dt — 27/ Z HK27, k27H| | < 27772
0 k=1

Proof. We easily get that

T ' 2iT ‘ '
E / H(t,t)dt — 27/ Z HK277, k277)
0 k=1

is smaller than

2T g2 |
/(k " _a(t)zE[I(Z; = Zio- DT Zgy s + ak2=7)? — a2 BT (Zyy)I1d1,
k=1 (k—=1)27J

with 6[t, k2771 a random value between 7 and k27J. The same arguments as in the proof of
Lemma 5 give that it is less than c(27/ +27/H), O

5.2. Proof of Proposition 2

Let
i = [ v Bz
Using the first vanishing moment of ¥/, we have
Bk = (%) (Zyp-»)Bji + 2712 f V(O Zgyuyr-i — Zir-) (P (Zgpa-i g 1y2-1)-
with 0[k277, (k 4+ 1)277] a random value between k2~7 and (k + 1)27/. So, ,éjzk is equal to

I(Ziy-))Bii + 277274 H X 27/ W2 Dp=i 202y )
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with E[|X jx|” + |Yk|”] < cp, for p > 0. Hence
D By — @2 atk2 Y I (Zip-)}
k
=) 2B — cW)2a(k2TNN(Zjg-) + 27 P Wi,
k
with E[|W|P] < ¢p, for p > 0. We finally get Proposition 2 by Lemmas 6 and 7.

6. Proof of Proposition 3

We begin by the proof of (i). With the notation of model (5), there exists n > 0 such that

T B2
) fo (B (Z)Pdu = 1 /ﬁ (87 (Z,))du.
1
Let

B2
{=n ] (8% (Z,))du.
1

Suppose there exists ¢ > 0 such that for all r > 0, P[¢ < r] > ¢. Since ¢ > 0, P[¢ = 0] > .
By Assumption B, this implies Z,, = 0 on [8;, B2] with positive probability, which is absurd by
the assumptions on model (5). Then, for ¢ > 0, there exists r > 0 such that

Pl >=2r]>1—e¢.

By Markov’s inequality, we have

. ) 2—i/2
PRYHQ; ¢t —r ¢+ =P2%HQ; —¢|>rl<c —
Thus,
Y o supPRY7Q; ¢ [0 —r ¢ 4 1r1] < +oo.
j=0 H

Then, by the Borel-Cantelli lemma, for large enough j a.s.
2 =¢—r.

We now prove (ii). Let € > 0, r and jj be associated by Proposition 3(i) and j > jo. We have

Pl 202 sup| 2 02| > ar | = B | sup |y — 2727 01 = M2
=il Qi 1>
<e+P [sup Q141 =272 Q)] = Mz—f/zz‘z”’r]
I>j
<e+ ) ElQu —272 0222y~

1=j=jo

Let

T
L=c) / a?(u, w){(9*)'[Z,1)*du.
0
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The quantity E[|Q;41 — 272 0[] is equal to
E[|Qpyq — 27 2WHDH | o720 DH _ 5=2H () |] < (p7ICHF1/2),

Eventually,

P |27/ sup | ==
1>j

41 Ao
Qiv1 _,-2H
I

> M} <etc Y 27120y

1=j>jo

For large enough M, this can be made arbitrarily small.
7. Proof of Proposition 4

With the notation of Section 2.2.2, we have

Qi — Q=Y b+ Y i+ biufi+ Y dibjx+ Y dixfi
k k k k k

1453

+ Z(é’?k — Vi) + Zejkfjk + ijkejk + Zdjkgjk + Zvjk —Vjk
3 X X X 3

Following Gloter and Hoffmann [17], it is enough to prove

sup sup - 27PE[|Q)n — Qjll s en”!
Jnzjzjn(H)—L He[H_,H ]
Now we bound the 10 terms one by one.
. — 2 2
e Term 1: Let Vy = of — Oy jsinN- We have

N—j_ N—j_ I+1 ko U+l
T2 HTQR2 1) +2J?v k U+

2
E[b k] k 1 k 14
1=0 r=0  Jyrtan Yoitaw

1+1

D n Y

Moreover, fort € [k27/ + 127N k277 + (1 + 1)2~V],

LI i
2J oN

172
2 2
. (EIVAIELVE])  dedr'

2

IA

Vit = (Zi = Zio-i410-8) O A Zjo- i 02N }

OV (Y ELVy Vi dede’

with v € [0, 1]. By Assumption B and the same arguments as previously, E[Vt%] < (272NH

Hence E[b?k] <2 /p!
e Term 2 and term 3 follow easily with the same order.

e Term 4: As in Lemma 5, we easily prove that E[djzk] < ¢27JU42H) and then, because

J = g1 loga(n), EBlldjabjil] < c277/2n~!
e Term 5 follows as term 4 with the same order.

e Term 6: We argue first conditionally on the path of the volatility. We write E for the expectation
conditional on the path of the volatility. Because of the independence of the Brownian increments

and because the variables are centered, we have

2
<Z e?k — vjk> = ZH:Z[(e?k - vjk)z] < chE[eik + ufk].
k k k
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Let
1+1

k I+ 2 k
Lo o
2/ " 2N YR
Ml = ( Oy dBl) - / Gtzdt.
koL k4 1
2j " oN
Because the variables M;,[ = 0, ..., T(2N -J— 1), are centered and independent, we get that

]E[e?k] is equal to
U+1 2

TN/ -1y T@N--1) LENEa| LWES]

2/ 2N 2j " oN -

E n (/k l quk(t)d;/k , wjk(z)dt) E[M? M.
e £ 4

1=0 =0 R TR

Indeed the products of terms of power 3 with terms of power 1 are equal to zero. But, we have
the following equality in law:

SR ?
L 2 2
Mﬁ:( . o,zdt) (Z22 - 1?2,
BT

with Z a standard Gaussian variable. Hence,

SR 2 *
2J 2
E(M =c ( o,zdt> .
k !
2 Taw

Now, we have

ki 4 1/4
B ( [ o,zdt) < [[[[ (Biodiodimobizeg) " andudad

ko4 1
2j+2N

Moreover, there exists 8 € [0, T] such that

0l = O*(Z)) = D*(0) + 9% (Zy)Z;.

This leads to E[atg] < c. Hence ]E[e?k] < cn—2. We have
2

TN -1 TENI-1) [+1

2

2J

2 4
1=0 I'=0 YR
s 2/ kU4 2
2/ Jr2N 2 2J + oN 2
x E o/ dt o/dt
L.J,-L L_ﬁ.L
2f TN 2/ ' 2N

In the same way as for E[e‘}k], we get ]E[vjz.k] <cn2.

e Term 7: In the preceding proof, we have shown E[e?k] <ecn!

c27i2p =1,
e Term 8 follows exactly as term 7.

k k
Sty o
2J N 2/ ' 2N
( / Y ()dr / ,
k I LI,
2N

U+1

lﬁjk(l‘)dl)

and so we obtain E[| fjre x|l <
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e Term 9: We argue first conditionally on the path of the volatility. Because of the independence
of the Brownian increments and because the variables are centered, we have

2

k k

Again because of the independence of the Brownian increments and because the variables are
centered, we have

k+T

k+T
d7Ble] = Cf Y lﬁjk(tl)a,ldtlf Yjk()osdn

2J

bt IS S
2J 2 2] 2:
X an /k 1 wjk(t3)dt3 /k , O‘édn

! 2w y TN

So, we get
1+1 2
Eld%e3] = cn Z( f Vjk(t3)drs
!
Lj LN A+T

k1 k+T
/ Iﬁ/k(ll)at] dn / w/k(t2)0120t3014dt2 drzdiy.

2J

l+1

Because of the vanishing moment of the wavelet, we have
/k Ip]k(l‘l)o}ldtl / wjk(t2)0-12613014d12

I\‘FT k+T

=E / 1/fjk(ll)/ ik (22) Viyo Vinoo, 07 diadty
2 /4 j i2H

< 2127 (E[V LY, 20]) < c2mip=i2H.

_ !
Consequently, E[d]zkeik] <cn™1273 but,as j > °g2" E[d]kejk] <cn72,

L4l 2 kL] 2
e Term 10: Let X = ( ZJF% cr,dBt> and X; = ( i’+£ a,dB,) . Then,

2J TaN 2f T oN
N-j_q IES) 2 Lyl 2
2 2j " 2N 2J o2
vie=2 Y at| [T T nds 2du |,
1=0 DR *+
IN—-j_q k. M 2 2
- 2 2/ T 2N 1
=2y | [ ¥k (1)dt ZZXi :
=0 YRS i=0

where h = h(n) = I_nl/zj. The term vj; — vj is equal to
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1456
V=i LAESE 2 kgl h
2 ToN 2T ) 1
2 n? ik (H)dt osdu + — X;
2 PR L O +hZ '
[=0 2o 2 ToN i=0
kL4
LA 1 h
2J 2 2
X osdu — — Xi).
(/k+l u h Z ’)
27 TN i=0

We argue first conditionally on the path of the volatility. We have

ko4 Ll

& (/ 2du——ZX)

Sty
) | 3 2 3 1
<ckE (E;{xi—mxi]}) +cE (Z;

with the following equality in law:

r k- +I+IA1I~1

~ 2J 2

X; — E[X;]= oldt | (2% - 1),
LJ,-’%

with Z a standard Gaussian variable. Now,

& 4Ll 2
2J 2 —
E ( 0,2d1> <c2 N

ko It
zj+2N

Then, by independence of the Brownian increments and because the variables are centered.

h
Y E[(x; - Ex)? < 272V,
i=0 h

1< - ? 1
(,;Z(;{Xi—E[Xi]}> =3

For the other term, IE[(% Z?:o EX; — EX)?] is equal to

FWESES] S 2
oV 2/ N
dr — o/ dt
1+: kgL
oy

2J
k o I+1 k o 1+1
h YRy ey R s
—o;)]dudv

1 2] ToN 2
=m22/k+z /m B2 v = )
N

i=0g=0"5%7 "N 2/
h eS| ]

h
S [T [T gt i auay < o vasingan,

h2
i=0g=0Y57t8 Yortow

Eventually,
E ( ooz cruzdu—z X,-) <c——.
Lt i v
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We easily check that the term

£+l 1< :
2J 2 2 )

. </k e U“duJFEZX’)
27 TN i=0

is less than ¢cn—2 and finally E[|vjx — vjx|] < en~1274/2, because j < IOgTZ".

8. Proof of Theorem 3(ii)

We now prove that Propositions 3 and 4 together imply Theorem 3(ii). Following Lemma 1
of Gloter and Hoffmann [17], we easily obtain that for all positive &, there exist ngp and M > 0,
such that for all n > ny,

P/ @D\ 0, — H| > M] < e. (16)

\yith no loss of generality, we may demand H < C, with C > 2 a constant value, by considering
H = H1 ¢ Lete > 0, n9, M be associated by (16). For n > no, if (C — Hn'/@H+2 > M,
we have

P(H, > C] < P[n"/“*H2|H, — H| > (C — Dn"/@H ] <&,
Let né > ng be such that (C — l)ng > M.Foralln < né,
n]/(4H+2)|ﬁn _H|<(C+ 1)(’13)1/(41#2).
Let M; = max{M, (C + 1)(n})/“H+2)} For all n,

P/ 1D\ H, — H| > Mi] <.

9. Proof of Theorem 2
9.1. Proof of Proposition 5

We observe

i/n s
{Y,-/n = yo+/ (ﬁ(/ a(s, u)ydwl +f(s)£o) dBy,i = 1,...,nT}.
0 0

Without loss of generality, we set here £y = 0. Consider the equivalent sample
{Zijn =Yiin —Yi—ym,i =1,...,nT}.

Conditional on WH = f> Zisn is a centered Gaussian variable with variance y; where

i/n s
Vi = / @? (/ a(s, u)dfu> ds.
(i—-1)/n 0

Moreover, conditional on W#, the observations are independent. We define by K (i, v) =
f (log g—’:)du < +oo the Kullback-Leibler divergence between two probability measures
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n and v. We recall the classical Pinsker’s inequality || — v||7y < V2K (u, v)V/2. Let IP"} be

the law of the sample conditional on wH = f;let

i/n s
,8,~=/ ®? (f a(s,u)dgu) ds.
(i—1)/n 0

We have

P — Pyllry < V2K (), Py)'/2.
By classical computations, we get

K (P, P") = lni‘ <—1ogﬁ 1+ ﬁ)

24 Bi Bi)

By Assumption C, we have (C4/C5)2 <vyi/Bi < (C5/C4)2. Leta = (64/6‘5)2, b= (C5/C4)2 and
¢ > 1/2. Consider

z(x) =logx — 1+ 1/x —c(x — 1)®,  x € [a, b].

loga—1+1/a

We have z(a) =loga — 1+ 1/a — c(a — D2, s0, if ¢ > @12

, we have z(a) < 0. Take

N 1 loga—1+1/a
c=c"=max| -, ———————
(a—1)?

2
Hence z is non-positive on [a, b]; consequently, K (P, ]P’Z) is less than

nT Bi 2
K@}, Py < cZ (-l — 1)
i=1 \Yi
5 nT i/n K K} 2
<cn P / a(s, u)dfu> - (/ a(s, u)dgu> ds)
; </;i—1)/)1 < 0 0
T s s 2
< cn/ / a(s,u)dfy, —/ a(s,u)dg,| ds
0o 1Jo 0
T K 2
<en fo a(s, )1 (5) — ()] + /0 dra(s, wlg(w) — £)ldu| ds
< cnllf — gl
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Appendix
A.1. Proof of Proposition 1

The link between Besov spaces and Gaussian processes has been heavily studied; see in
particular Ciesielski, Kerkyacharian and Roynette [8] and Nualart and Ouknine [31]. We give
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here some simple proofs for our case. Let (¢, 1) be a well chosen wavelet basis. For f a real
function on R, we set

o0k =/f(X)¢0k(X)dx, Bijk Z/f(x)‘/”fk(x)dx‘

Recall that in terms of wavelet coefficients, the Besov space BZQ q (R), withs € [0,1],1 < p,q <
00, is the space of all functions f such that the following norm is finite:

1/q
Flo q
1118, = lleo I, + {2 (2761, ) } ,
J

where

1/p
1B;. 1, = (me”) :
k

If p or g is equal to oo, then the corresponding norm in p or ¢q is replaced by the sup norm. For
details, we refer the reader to Cohen [10]. Here we say that an f € B;, q([O, T1]) if there exists g
such that g € B;",, q (R) and the restriction of g to [0, T'] is equal to f.

First, we show that the trajectory of t — 0,2 belongs a.s. to Bg 0ol

that sup 2210 j < 0o. We know that for all positive ¢, there exist jo and M > 0 such that

[0, T]). It is enough to prove

P|2//? sup

I=j=jo

Qrv1 )—2H
]

ZM:|§£.

This implies that

P|3jo, 3IM, 2//% sup Qi _ y-om §Mi|=1_

I=j=jo !

Letu; = 22" Q;. For such jo, for all j > jo, [uji1/ujl < 1+ M27//2 Thus, logu;1 —
logu; < log(1 + M27i/2y < M27/? and logu, < c. Hence the trajectory belongs a.s. to
Bfoo([o, T1). Nevertheless, it does not belong to qu([O, T1), q < oo. As a matter of fact, for
all ¢ positive, there exist jo and r > 0 such that for all j > jj, P[szHQj >r]>1-c¢. So,
almost surely,

+00 )
Z(zzf”Qj)q = +o0.
j=0

The fact that for s < H, the trajectory belongs almost surely to By, ([0, T]) is clear by
Kolmogorov’s criterion and preceding calculations on the expectations. We now prove that it
does not belong to B _ ([0, T]). Suppose that almost surely, there exists ¢ such that for all

(s, 1) € [B1. B2,

t s
®? (/0 a(t,u)quH) — & (/0 a(s,u)dwj’> +[f@) — f()E| <clt —s|H.

ool
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Because there exists ¢ > 0 such that for all x, |($2)'(x)| > ¢, this implies

t s
‘/ a(t, u)quH — / a(s, u)dW;[ +[f @) — f()]Eo| <clt —s|7.
0 0

Ito’s formula gives
\WHaG, 1) = Wla(s,s) + R(t, 5)| < clt — 517,

with
t s
Rt s) = LA (D) — f(s)IE0 — / daalt, )W du — / Dalalt, u) — as, )] du.
s 0

For fixed ¢ > 0 and |t — s| small enough,

R(t,s)

(t _s)]fH
r—s

<e¢

and consequently,

W —wha@.n)  Wllai.s) —a@.nl] _

@~ C— ) sere

Eventually, we get for |# — s| small enough,

wh —wH - c+2e

t—s)2 |~ inf a(x,x)’
x€[p1,82]

which is absurd as a.s. the fbm is H Holderian on no interval; see Arcones [2].

A.2. One numerical illustration

As explained in Section 1.4, getting accurate estimations with a small number of data is
hopeless. Nevertheless, the estimation rates remain polynomial and so estimation procedures are
conceivable as soon as we get a “reasonably big” number of data. For example, financial data are
available in large amounts. Moreover, the number of data can be increased using aggregation
techniques, between assets. Note that the fact that 7 is fixed and that we consider a “high
frequency” asymptotic does not mean we can only consider 7 = 1 day. The value of T might
be in the order of magnitude of years. Nevertheless, the sampling period has to be such that the
discretized process lives at the “diffusive scale” (that is in general a sampling period bigger than
10 min), in order to avoid microstructure noise effects. We present here some numerical results
in the model where o; = eWrH. For H = 0.6,0.7,0.8,0.9, 10000 simulations are done with
a frequency n = 2!%. We compute the estimator for each simulated sample path. We set the
estimator to 0.5 if the estimated value is smaller than 0.5 and to 1 if it is bigger than 1. We obtain
the following histograms.
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Histogram of the estimated values, true value=0.6 Histogram of the estimated values, true value=0.7
w - —
. N
-
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z 7 z
2 2
a & ™
o~ -
o - o -
I T T T T 1 I T T T T 1
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Histogram of the estimated values, true value=0.8 Histogram of the estimated values, true value=0.9
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r T T T T 1 r T T T T 1
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We see that the distributions are shifted to the right when going from 0.6 to 0.9.
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