Available online at www.sciencedirect.com

. . stochastic
ScienceDirect processes
andtheir
applications

ELSEVIER Stochastic Processes and their Applications 120 (2010) 1159-1177 —_———
www.elsevier.com/locate/spa

Asymptotic results for the two-parameter
Poisson—Dirichlet distribution

Shui Feng®*, Fuging Gao®

& Department of Mathematics and Statistics, McMaster University, Hamilton, Ontario, Canada L8S 4K1
b School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China

Received 15 June 2009; received in revised form 12 March 2010; accepted 15 March 2010
Available online 27 March 2010

Abstract

The two-parameter Poisson—Dirichlet distribution is the law of a sequence of decreasing nonnegative
random variables with total sum one. It can be constructed from stable and gamma subordinators with the
two parameters, o and 6, corresponding to the stable component and the gamma component respectively.
The moderate deviation principle is established for the distribution when 6 approaches infinity, and the large
deviation principle is established when both « and 6 approach zero.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

For ¢ in (0,1) and 0 > —a, let Uy, k = 1,2,..., be a sequence of independent random
variables such that Uy has Beta(l — «, 8 + ko) distribution. Set

xp'=v;,  XP'=A-U)- (A =Up)Up nz2 (.1
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Then with probability one
o0
0
k=1

and the law of (X ‘11’0, X 3,07 ...) is called the two-parameter GEM distribution. The law of the
descending order statistic P(«, ) = (P1(e, 0), P2(c, 0), ...) of (X‘f’g, Xg’g, ...) is called the
two-parameter Poisson—Dirichlet distribution and is denoted by I, g.

The two-parameter Poisson—Dirichlet distribution is a natural generalization to Kingman’s
one-parameter Poisson—Dirichlet distribution which corresponds to « = 0. Many properties of
the one-parameter Poisson—Dirichlet distribution have generalizations in the two-parameter
setting including but not limited to the sampling formula (cf. [8,17]), the Markov—Krein identity
(cf. [7,20]), and subordinator representation (cf. [13,18]), and large deviations (cf. [3,9]). A
comprehensive study of the two-parameter Poisson—Dirichlet distribution is found in Pitman and
Yor [18] including relations to subordinators, Markov chains, Brownian motion and Brownian
bridges. The detailed calculations of moments and parameter estimations were carried out in
Carlton [2]. In [6] and the references therein one can find connections between two-parameter
Poisson—Dirichlet distribution and models in physics including mean-field spin glasses, random
map models, fragmentation, and returns of a random walk to origin. The two-parameter
Poisson—Dirichlet distribution has also been used in macroeconomics and finance [1].

The objective of this article is to obtain the two-parameter generalizations to results in
[11,10] including the moderate deviation principle and large deviation principle (henceforth,
MDP and LDP). The methods used here are similar to that used in [11,10]. The main differences
and complications are in the structure of the density function and the subordinator representation
where the independency is replaced by exchangeability. Thus the exponential moment is obtained
through a combination of Campbell’s theorem and the de Finetti type representation obtained
in [17].

The paper is organized as follows. Section 2 includes several preliminary distributional results.
Two MDPs are obtained in Section 3 when 6 goes to infinity. The LDP is established in Section 4
when both « and 6 go to zero. Concepts such as local LDP and partial LDP are used as defined in
Definition 2.1 in [11] and Definition 2.2 in [3]. The reference [5] is our main source for general
theory and techniques on large deviations.

2. Preliminaries

This section begins with the definitions of LDP and MDP. Afterwards we collect several
existing results, slightly reformulated to our setting, on the relationship between subordinators
and the two-parameter Poisson—Dirichlet distribution. These are then used in deriving the
marginal distributions of the two-parameter Poisson—Dirichlet distribution.

Definition 2.1. Let E be a Polish space, and {Xyp : 0 > 0} be a family of E-valued random
variables. The law of Xy is denoted by Py. The family of probability measures {Py : 6 > 0} (or
the family {Xp : 6 > 0}) is said to satisfy a LDP with speed A(6) and rate function I (-), if for
any closed set F and open set G in E
limsup A(0) log Py (F) < — in£ I(x),
xXe

60— 00

liminf A(0) log Py (G) > — inf I(x),
60— 00 xeG

forany ¢ > 0, {x : I(x) <c} iscompact.
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Remark. The speed defined here is reciprocal of the one in [5].

Definition 2.2. Let {Xy : 8 > 0} be a family of random variables satisfying that there are
functions b(0) > 0, ¢(#), and a finite non-deterministic random variable X such that

lim b(0) = oo,
6— 00
and b(0)[Xg — c(9)] converges to Z in distribution as € tends to infinity. Let a(0) satisfy
0
lim a@) =oo,  tim & g
6—00 6—o00 b(0)

The family {Py : 6 > 0} or equivalently the family {Xy : 6 > 0} is said to satisfy a MDP with
speed A(6) (depending on a(f)) and rate function I (-) if the family {a(8)[Xg — c(8)] : 6 > 0}
satisfies a LDP with speed A(6) and rate function /(-). Thus the MDP for {Xy : 6 > 0} is the
LDP for {a(60)[Xg — c(0)] : 6 > 0}.

A subordinator {ps, s > 0} is an increasing stochastic process with stationary independent
increment. If the drift component is zero, then the Laplace transform of p; is given by

E (exp(—Xps)) = exp {s /Oo(eka — 1)/1(dx)} , A>0, 2.1
0

where A is the Lévy measure on (0, +00) describing the distribution of the jump sizes. All
subordinators considered in this paper have zero drift component.

For any ¢ > 0, let le (t) > Vzp (t) > --- denote the jump sizes of {p;, s > 0} over the interval
[0, ¢] in decreasing order. Clearly,

pe= Vi 2.2)
i=1

If
A(dx) = cex "1y,

for some ¢, > 0, then the subordinator is called a stable subordinator with index « and is denoted
by {75, s > 0}. Without loss of generality, we choose ¢, = %_a) in this paper, where I'(-) is
the gamma-function. The gamma subordinator, denoted by {y; : s > 0}, has Lévy measure

Adx) = x" e ™ dx, x> 0.

For 6 > 0, set
$(, 0) = Vojas 2.3)
T =T(a,0) = T (a,6) 2.4)
and
Vi(T) =V (¢(a,0)), i=>1 (2.5)

Forn > 1, set

: (2.6)



1162 S. Feng, F. Gao / Stochastic Processes and their Applications 120 (2010) 1159-1177

re+nr+n)a!

: 2.7
I'@+na)l (2+1)0(1—ay 27

Cot,@,n =

Theorem 2.1. Assume that {ts, s > 0} and {y;, s > 0} are independent.
(1) The law of the random sequence

<Vf(1) VI(D) )

s

71 71

is Ha,(),‘
(2) The random sequence

Vi(T) Vo(T)
— T
has the two-parameter Poisson—Dirichlet distribution Iy g as the law, and is independent of T,

which has a Gamma (6, 1) distribution.
(3) For any nonnegative measurable function f on the product space [0, 1]°°,

Eb[ f(Py, Py, ...)] = CqoE |:1:1_0f <Vl—(1) VZ—(I), . )] . (2.8)

T] 71

Proof. Part (1) is obtained in [16]. Part (2) is proposition 21 in [18]. The result in part (3) is
essentially Corollary 3.15in [16]. O

The next result appears as Theorem 5.4 in [12] and we give a different proof here.

Theorem 2.2. For each 8 > 0 and any p, define
Gap(p) = P (Pi(a, B) < p). (2.9)
Then for any n > 1, the joint density function of (P1(«, 0), ..., P,(«, 0)) is given by

n O0+na—1
(1 -2 Pi)

i=1

(fi) "

where 0 < p, < -+ < p1,> i pi <1l

Pn

L , (2.10)
1=3 pi
i=1

gaﬁ,n(pl’ ey Dn) = Cotﬁ,n G(x,0+na

Proof. It follows from Perman’s formula (cf. [15]) that for any n > 1, the joint density function
of (rl, V‘—(l), el %f“) is given by

T
G (. p1a o pn) = ()" Py (o1 pa )T O (tpy pu/Ba)  (211)
where
ﬁnzl—Pl—“'—Pn—l, (2.12)
and ¢ (¢, u) satisfies

Tl
é1(t, u) =ca;—“u—“+“)/l é1(r(1 — u), v)dv. (2.13)
0



S. Feng, F. Gao / Stochastic Processes and their Applications 120 (2010) 1159-1177 1163

Putting together (2.8), (2.11) and (2.13), and integrating out the ¢ coordinate, it follows that
ga,@,n (p17 ctt pl’l)

00
= Caﬂ(ca)n_lﬁ;l (p1--- Pnfl)_(l-’_a) f t—(0+(n—l)a)¢] (tlan’ Pn/ﬁn) dr
0

o
= Ca(c)" ™ Pyt (py - ~'Pn—1)*(]+“)/ s~ OO0, (s, pu/pa) ds
0

= Cyolca)” ﬁZJrnail ﬁ’l')‘r:'l & d * —(0+na) ( (1 — D ) ) d
= Cq,0(Cq — RETS) X s o1 (s DPn/Dn),x)ds
(Pt Pn—1Pn) 0 0

(Png1)0 et fﬁi’i
(p1-+ pn_1pn) 19 Jo

. Al [e’e)
= Cuplca)" dx / u” Oy (u, x)du
0

_ Caplca)”  (Pag)?tm! G
- o,0+na
Ca04na (p1 -+ pu—ipn) T

pn

n
1=> pi
i=1

: (2.14)

which leads to (2.10). [

Theorem 2.3. For any s > 0,

Fao(s) = P(Vi(T) <)

[e'e] —0/a
= <1 —i—ca/ z_(1+a)e_zdz>
)

oo —0/a
= (1 —{—cas*“/ z(1+°’)e”’dz> . (2.15)
1

Proof. For each s > 0, it follows from Theorem 2.1 and the property of the Poisson random
measure that

Fag(s) = E(P(VI(T) = s[f(a, 0)))

o0
=K (exp {—cag“(oz, 0) / x_("‘+1)e_"dx})
’ o0
=E (exp {—cayg/as“ / Z(O‘H)e“dz})
1

from which (2.15) follows. [

3. MDPs for large 6

Assume 6 > 0 in this section and let

B(a,0) =1log6 — (e + 1)loglogh —log I'(1 — ). 3.1)
Let &1 > & > ... denote the points of a Poisson random measure with intensity measure
given by

e *dx, xeR.
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It is known (cf. [12]) that, as 6 tends to infinity, 6P(«, 0) — B(w, 6)(1, 1,...) converges in
distribution to (£, &, ...), and form > 2

m—1 _
Nz [me(P(a, 0)) — 1] = Zam,
I'im—a)

where
o0
Hy(P(a, 6)) = Y Pile, )"
i=1

is the homozygosity of order m and Z,,, is a normal random variable with mean zero and
variance
2 Irem—-a)I'(l —w) 2

Oym = T —a)? +o—m”~.

In this section we establish the MDPs associated with these limiting results.
3.1. MDP for the two-parameter Poisson—Dirichlet distribution

Let a(0) satisty

0
im YD 0. tim a@) = . (3.2)
6—o00

f—oc0 6

It is clear that

Bla,0)
0

elim a(9) (P(oc, 0) — 1,1,.. .)) — (0,0,...). (3.3)

The LDP (cf. definition 2.1 in [11]) associated with (3.3) is called the MDP for P(«, ) and
will be established in this subsection. We start with the MDP for Pj(«, 6).

Lemma 3.1. The family {a(0) (P1 (a, 0) — @) : 0 > 0} satisfies a LDP on R as 0 converges

to infinity with speed ”gﬁ and rate function
X x>0
1 =1 -
1) {oo otherwise.

Proof. By Theorem 2.1, P;(«, 6) has the same distribution as V1(T)/T. Thus we only need to
establish the MDP for V1(T')/T. By direct calculation,

) <V1(T) ﬁ(ozﬁ)) — a(0) (VI(T) — B, 0) +B(x.0) Bl 0))
0 a T )
ﬂa(e) <V1(T) B ﬂ(aﬂ)) n a@)B(a, 0) (g B 1)
T 0 0 0 T '

It follows from Lemma 2.1 and Corollary 3.1 in [11] that for any § > O,

lim sup %lo P ( )] ‘ VI(T) VI(T) ) = —00.

60— 00
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This shows that a(@)(@ - @) and a(9)(w) are exponentially equivalent.
Therefore it suffices to establish the MDP for Vi (T)/6. First consider x satisfying

[%x + B, 9)} = too. (3.4)

Clearly (3.4) holds for all nonnegative x. It may also hold for negative x depending on the growth
rates of 6 /a(0) and B(«, 0). For any s > 0, set

00 -1
M(s) = <f Z—(1+a)e—zdz> , N(s) = gltaes
s

Then it is clear that

N
lim MG) _ 3.5)
§—> 00 M(S)
Choosing ¢ large enough so that - (e)x + B(a, 8) > 0, then it follows from (2.15) that
Vi(T) — ,0 0
pla@ (N —B@OY N _ (6
0 " \a@)x + B(a, 0)
M (Gl x+B(@.0)) 6/ (ht (Gxtp@0)))
1+ Ca : (3.6)
M (%x + B(«, 0))
which, combined with (3.5), implies that
Vi(T) — ,0
lim ()1 <(9)<1() B(a )>§x>
60— o0 0
M (G5 x+B(e,0))
0
= lim %10;; 1+ . Co
=00 M(mx"r‘ﬁ(a,e))
. a9 0
— lim 7 .
=00 0 4N (mx + B, 9))
— i 2O 0Qog®) I (1 — )
- — I+o o
=00 0 g (%x—kﬂ(a, 9)) ea®>
0, x>0
B {—oo, x < 0. (3.7)

If (3.4) fails, then x must be strictly negative. If there exists a subsequence 6’ such that the
limgr_wo(af#x + B(a, 8")) = oo, then the above argument shows that

lim (9/)10 P( (9)(%}3(“’9'))50:_0&

0'—

It remains to consider the case of

. 0
hg)sol;p [mx + B(a, 0)] < 0
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Since, by Theorem 2.3, V| (T') converges to infinity as 6 converges to infinity, it follows that

Jlim ‘l(e—e)logp <a(9) (M) < x) = —o0. (3.8)

Putting all these together, we obtain that
0 Vi(T) — , 0
im “9 10 p <a(9) (M) < x) =0, x>0, (3.9)
f—o0 0 0
and

lim sup a(eﬁlogP <a(9) <M> < x) =-00, x<0. (3.10)

6— 00 o0

For x > 0, it follows from (2.15) that

tim “@ 10g P <a(9) <—V1(T) _ﬁ(a’9)> > x)

f—o0 6 0 -
—0/a
0
= lim %mg -1+ Co
§—>00 M (%x + B(«, 9))
0/a
[%
= lim %log 1+ Co 1
oo M (o5 + B(@.0))
.ad) cat 4 6
=1 —1 —N — 0
P °g< o <a<9)x+ﬁ(“’ )))
) log 0 1+a
6
= lim a—log QL e a®" | = —x. (3.11)
6—co 0 z@X T Bla.6)

Putting (3.11) and (3.10) together, we obtain that for any M > 0 one can find a compact set
Ky = [—M, M] such that

lim sup “;ﬁ log P <a(9) (M) ¢ KM> <_M. (3.12)

66— o0 0

Hence, the family {a(6) (%’W) 10 > 0,a € (0, 1)} is exponentially tight.
For any s > 0, the density function of V{(T) is given by

R oc, . o —(146/a)
S) = .
@0 aN(s) M(s)

By arguments similar to those used in (3.7) and (3.11), we obtain that for x > 0

6 6
im 49 10g Ca = —x, (3.13)

o0 6 aN (Ll(@—g)x + B(e, 9))




S. Feng, F. Gao / Stochastic Processes and their Applications 120 (2010) 1159-1177 1167

and
—(140/a)
_a(®) Ca .
lim o log| 1+ =0. (3.14)
000 M (%x + B(«, 0))

Choosing § > 0 so that x — § > 0. Since for any y in [x — §, x + 6],

F’ <iy + B(a, 9))

®)
—(140/a)
< Oca 1+ Co (3.15)
aN (@ = 8) + B(@.0)) M (G250 +9) + B@. 0))
and
F, ( 0 + B(a, 9))
a®)’
—(140/a)
> ca 1+ Co . (.16)
N (G +8) + B(@.0)) M (G5 e = 8) + B(a.0))
it follows that
—x—8< lgminf%e) log P (a(e) <w> €(x—38,x +5))
< timsup 29 1og P < ©) <M> clx—8, x +3]>
6— 00 0 0
< —x +6. (3.17)
The equality (3.9) combined with (3.10) implies that
lim hmmfﬂlo P ( 0) <M> € (-4, 8))
§—0 6—o00 6 6
. a®) Vi(T) — B(a, 0) _
(Slg%)hgrr_l)solip 2 log P ( @) (—9 ) el 8,8])
=0. (3.18)

This combined with (3.10) and (3.17) implies that the family

Bla, 9))
0

{a(@)(Pl(a,G)— :0+a>0,ae(0,1)}

satisfies a local LDP. By Theorem (P) in Pukhalskii [19], the exponential tightness (3.12) leads
to a partial LDP for the family. The local LDP combined with the partial LDP implies the
result. [

Theorem 3.2. For each n > 1, the family
, 0 ,0
{a(e) (Pl(a,é’)— ’3(0; ),...,Pn(oe,é))—%,..) -6 >o}
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satisfies a LDP on R* with speed C@ and rate function

o0
D oxin x =20
o, ) =4

00, otherwise.

(3.19)

Proof. Since R*° can be identified with the projective limit of R*, n = 1, ..., by Theorem 3.3
in [4], it suffices to verify that for each n > 2, the family

{a(e) (P1(a,9) _ ﬂ@;’@) e Py, 0) — ﬂ(o;ﬁ)) 0> 0}

satisfies a LDP on R” with speed @ and rate function

n
Y xi. if0<x, <o <xp
i=1

In(xla "'7xl’l) = (320)

+o00, otherwise.

Forany x; > xp--- > xp, %xn + B(a, 0) > 0, we can choose 6 large enough so that

. .6
K P@O) o

a(0) )

< X B(e, 0)
Z(@ﬁ' P ) < 1.

i=1

and

Then it follows from the linear transformation and Theorem 2.2 that the density function

ha,@,n(xl, ce Xp)
of
0 (R0 PED ey P0)
0 0
is given by

a®) " ga0.n ( a pe.f) L P, 9)>

a(®) 0 7 a®) 0

a+1
1\ L 0
=\ /4 Ca,0,n o 5, <
(a(@)) . 11 (%xi + Bl 9))

0 n O+no—1
x (1 - (@ ;xi + nB(a, 9)) /9)

iy n + B, 0)

0 — (af—g) ,; xi +nB(a, 9))

X Gg,6+na (3.21)
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Since B(a, 6)/6 is a decreasing function of 9, it follows from direct calculation that for x,, > 0

atmyn + Bla, 0)

n
0 — (% ;xi +np(a, 0)
i=

Ga,0+na

xn | Bla,0)
) > Ga,9+na (% + T)

X a(@ + na o, 0 +na
. Ga,9+na( n ( ) B( )>

al@ +na) a(d) 0 + na
,8(a,9+not)> a(® + na) )
< Xn |-
0+ na a(9)

=P <a(9 + na) (Pl(a, 0+ na) —

Since
a(@ + na) Xn
a() 2

for 6 large enough, applying the MDP result in Theorem 2.3 to Pj («, 6 4+ na), we obtain that for
X, >0

0
a®) —¥n + Ba,0)
T log Goz,6+not a®) n — 0.
0 — (% 3 xi + nf(a, 9))
i=1
For x,, < 0, set
zz(o;G)x” + B(e, 0) B, 0 + na)

P ;9’ = 9
¥ (x1 Xpn; 0, 0) = a(d) 0+ na

6 — (% El xi +nB(a, 9))

Then
atayn + B, 0)
Ga,0+no¢ n
0 — (% .lei + np(a, 9))
1=
,0
—P <a(9) <P1(oe,9 +na) — M) <KLy X 9,oe)>
0 + na
and
lim ¥(x1,...,x;0,0) =x, <0
60— 00
which implies that
0
0 2@ Xn T B, 0)
lim Qlog Gy .6+na a®”" = —00.
f—o00 6

6 — (% i; x; +nf(a, 9))
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Therefore
a(d) 1
Tloghae,,m,...,xnw—ij,», Xy > 0, (3.22)
0
%loghagn(xl,...,xn)% —00, x5 <O. (3.23)
For x; > xp -+ > x,, let B((xy, ..., x,),8) denote the closed ball centered at (xi, ..., x;)
with radius 8, and B°((x1, ..., x,), §) be the corresponding open ball. Let Py g , denote the law

of a(9) (P] (a, 0)— M -, Py(a, 0)— M). By controlling the density function from below

and above using the boundary values of the balls in ways similar to that of (3.15) and (3.16), we
obtain that for x, > 0,

lim hmsup%log Pyon (B((x1,...,%,),0))

-0 g0

a(0)
= lim 11m1nfT log Py.0.n (B ((CTP R 8))

§—0 6—>00

=— in, (3.24)
i=1

and for any x,, < O,

0
lim lim sup % log Pyo.n (B((x1, ..., x,),98))

=0 pso00

0
= lim liminf% log Pa.o.n (B°((x1, ..., Xp), 8))

§—0 6—>o00

= —00. (3.25)
If x,—1 > 0,x, = 0 for some 1 < r < n, then the upper estimate is obtained from that of

a(@)(Pl (a,0) — w coe, P (o, 0) — M). The lower estimates when x, = 0 for some

1 < r < n are obtained by approximating the boundary with open subsets away from the
boundary. These combined with (3.24) and (3.25) imply the local LDP.

Noting that U;’:l{a(e)(P,-(a, 9)—@) S~ L) = {a(9)<P1 (@, 6)— B 9>) > L}, it follows
that

lim hrnsup% log P {U {a(&) (Pi (o, 0) — @) > L” = —00. (3.26)

L—o0 60— 00 i=1

On the other hand,
hgrlsolip —10 P IL:J {a(@) <Pi((x, 0) — ﬂ(o;, 9)) < —L}}
< lim sup % log P {a(@) (Pn(a, 0) — 'B(O;’ 9)> < —L} = —00, (3.27)
60— 00

which combined with (3.26) implies the exponential tightness. The theorem then follows from
the local LDP and the exponential tightness. [
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3.2. MDP for the homozygosity

Let m > 2 be a fixed integer in this subsection. The scale factor
a®) =6"

for some constant 7 in ((m — 1)/(2m — 1), 1/2). One can choose positive constant / and integer
[ > 3 so that
2
| > ,
“C2m—-Dr—-m-1)
r -2

m—1 1

For any set A, x4 denotes the indicator function of A. For any n > 1, set

1-2r<h<

o0

o0
)
Gavn =2 VIDxwmy=om,  Gup = VD),

izl i=1
and define
1 1
Gasn = (Gih — EGL) ). G, — EGLY))
Gao = (T —6.GU) — EGU)).

For any s, ¢ in R, define

1, 2Im—a)(m+1) r@m-—a) rm—a\*\ ,
A(s,t)—i(s + Tenl( —a) st+( Td—a) +a<—F(1—a)) )t)

It follows by direct calculation that the Fenchel-Legendre transform of A(s, #) is given by
A*(x,y) = sup{sx + 1y — A(s, 1)}
st
. I'dld—oa)
T2 —a)2m — ) + (@ — mA) 2 (m — a))

I'’(m — a)
a—
I'dld—aw

X ((F(2m —a)+ )x2 —2mI'(m — a)xy + (1 — ot)y2> . (3.28)

for x, y in R.

2
Lemma 3.3. The family {@Ga,g, n 1 0 > 0} satisfies a LDP on space R? with speed * 9(9) and
rate function A*(-, -).

Proof. For any s, ¢ € R, let

8(X) X (x<ohy

g(x) = sx +tx", on(x) = )

It follows by direct calculation that

gh oh
(@) _ )y~ (H+oe=rqy — f 8(X) —(tm)g—xgy

0 o a®)



1172 S. Feng, F. Gao / Stochastic Processes and their Applications 120 (2010) 1159-1177

n 1 / 8 ()C) —(1+a) e *dx Xl: 1 1 Gh( +1 m)k —(14a) |
— _——— SX X X € X
2 @) 20 a5 ®) Jo

1
+0<Z o k(@)(|s|+|r|9”<'” DYEr e — a))

k=I+1
Qh
zf 8 ey 4 1[ W) g rg 4 : (3.29)
o a(®) 2Jo a*®) a(0)
which implies that for 6 large enough,
9/1
™ — x~F0e=xqx| < c(;l.
0

It follows from Proposition 21 in [18] and Campbell’s theorem (cf. page 28 in [14]) that
E ! sG +1G™ —E 5 gn (Vi(T
exp (0)< ont1 aah) = exp izZIGDh( i(T))

=E (E (exp {men)} ‘ £(a, 9)))
i=1
o\ [
=E <exp {cay (—) / (e — 1)x(1+"‘)exdx})
a/ Jo
9 9/1
= exp {—— log (1 — Cy (e ™) — 1)x—<1+“>e—xc1x> } ) (3.30)
o 0

Putting (3.29) and (3.30) together, we get that
1 ) M (m) (m
E (e p{ 0 (s (a0, - EGS, ) +1 (64, - EGY h)))})
Oca * —(14a) ,—x 2
= exp 30a? (@) Co (fo g(x)x e dx)
o - o —X 1
_I_/O g2(x)x (I+a) o dx+0< 2(9)))}
0 1
- exp( 2(6) (A(s e <a2(9)>>) ’

which leads to

a*(0)
0

p (1) 1) (m) (m
Jim_ log E <CXP{ ® [S(Ga o — EGyp ) +1(Goly, — E(Gy h»:l})

= A(s, t). (3.3D

The lemma now follows from (3.28) and the Gértner—Ellis theorem (cf. page 44 in [5]). O



S. Feng, F. Gao / Stochastic Processes and their Applications 120 (2010) 1159-1177 1173

Next we prove the main result of this subsection.

Theorem 3.4. The family {a(0) (%—ﬁ{;f‘) Hy (P(a, 0)) — 1) . 0 > 0} satisfies a LDP with

a’®) I
speed == and rate function 37

a,m

Proof. By an argument similar to that used in [11], one can show that G4 ¢ and G ¢ have the
same LDP. On the other hand, by direct calculation,

6" 'I(1 — )

m k m a0 G(m) —E G(m)
:@(G—T)Z<g) +<9> 20 Cup — 2 Cas))
0 = T T 0I'm —a)/I'(1 — @)

Since for any fixed integer i > 1 and any § > 0

G 0\’
lima()logP <—)—128 = —00,
0 T

6— 00
it follows from an argument similar to that used in the proof of Lemma 2.1 in [11] that

m k m (9 G(m) —E G(m)
W 15 (2) e (L) NG EGD
0 o \T T 0r'm—a)/I'(1 —a)

are exponentially equivalent to

a(0)(G") — E(G))
0 (m —a)/T(1 —a)’

ma(eﬁ(e —T) and

respectively. Hence,
©) <w}1 (P(a, 0)) 1)
“ I'm—a) " “u) =
and
ma@)©@ —T) a@ Gy — EG))
0 0r'm—a)/I'(1 — o)

are exponentially equivalent, and thus have the same LDP.
The fact that

2

. Z
inf A*(x,y) = 5
VFIE;]:S)) —mx=z zaa,m

combined with Lemma 3.3 and the contraction principle, implies the result. [
4. LDP for small parameters

Set
a(a,0) =a V|6, b(a, 0) = (—log(a(a, 0)) !,
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and let
o0
={P=(P1,P2,-.~)2P121922'“20,2171'51

be equipped with the subspace topology of [0, 1]°°, and M| (V) be the space of all probability
measures on V equipped with the weak topology. Then II, ¢ belongs to M (V).
For any § > 0, it follows from the GEM representation (1.1) that

P(X‘f"e > 1 —5) <P(Pi(a,6)>1—0).
By direct calculation, we have

lim P(X"@ - 1—3)_1
a(a,0)—0

Therefore, Il ¢ converges in M1(V) to §(1,0,...) as a(a, @) converges to zero. In this section, we
establish the LDP associated with this limit. This is a two-parameter generalization to the result
in [10].

For any n > 1, set

n
={(p],...,pn,(),(),...)GV:Zp,-:l},
i=1

Lemma 4.1. The family {P1(«,0) : @« +60 > 0,0 < a < 1} satisfies a LDP on [0, 1] as a(«, 6)
goes to zero with speed b(a, 0) and rate function

0, p=1
S1(p) = 1k, pe[;,l), k=1,2,... “4.n
k+1 k
oo, p=0.

Proof. Let {X?’g :i=1,2,...} be defined in (1.1). For any n > 1, set
P, 6) = max{X*? : 1 < i <n).
Then it follows from direct calculation that for any § > 0

P{1=U1)--- (1 =Uy,) =6}

0 + ix
5!
1_[9+1a+1—a

P{Pi(a,0) — P'(a,6) > 8}

IA

| /\

which leads to

limsup b(a, 6) log P{P;(a, ) — PI'(a, 0) > 8} < —n.
a(a,0)—0
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Thus the families {f’l” (a,0): 0 < < 1,04a > 0},=12,... are exponential good approxima-
tions to the family {P;(«,0) : 0 < o < 1,6 4+ o« > 0}. By the contraction principle, the family
{131" (o,0) : 0 < < 1,0 + o > 0} satisfies a LDP on [0, 1] as a(«, 8) goes to zero with speed
b(a, 0) and rate function

0, p=1

1 1

1 =k, e|l—.,-), k=12,...,n—1

w(p) p [k+1 k) n
n, else.

The lemma now follows from the fact that

S1(p) = supliminf inf [I,(g). O
§>0 "0 |g—p|<é

Theorem 4.1. The family {Ily9 : ¢« +6 > 0,0 < o < 1} satisfies a LDP on V as a(, 0) goes
to zero with speed b(a, 0) and rate function

n—1, € V,, >0,n>1
S(p) = P T P 42)
00, P ¥4 Vo

Proof. It suffices to establish the LDP for finite dimensional marginal distributions since the
infinite dimensional LDP can be derived from the finite dimensional LDP through approximation.

It follows from the theorem in section 2 of [21] and Theorem 2.2 that for any n > 2, (P;(0,
a+6), PLO0,a+0),..., P,0,a+0)) and (P («, 0), P2(a,0), ..., P,(a, 0)) have respective

joint density functions
n O+a—1
<1 - Pi>
i=1 Pn
n
I

P|Pi0,a+6) < —" ],
pi 1= pi
i=1

gO,a+9,n(Plv ey pn) = (‘X + 0)”

and

n O+na—1
<1 -2 Pi)

i=1

P| Pi(x,na+6) < pz ,

(f1) " h

i=1

8a,0n(P1s ..., Pn) = Cqon

where p1 > py > -+ > p, >0, pi < 1.
For any n > 2, set

n
An={(m,...,pn>:p1zpzz---zpnzo,Zpisl}, 4.3)
i=1
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and

0, (p1, p2,...,pn) =(1,0,...,0)
l

-1, 2§l§n,2pk=1,p1>0
k=1

Su(P1s s Pu) = n 4.4
n+ S PZ AL, Zpk<l,pn>0
1= pi k=1
i=1
00, else.

It follows from Lemma 2.4 in [10] that for any n > 2, the family
{(PI0O,x+60), O, x+6),..., P,0,a+0)):04+a>0,0<a <1}

satisfies a LDP on space A, with speed b(«, 0) and rate function S, as a(«, 0) tends to zero. The
main idea in the proof is to establish the local LDP since A,, is compact. This follows from the
establishment of the equality

a(ahem b(a, 0)log go.a+6.n(P1, .., Pu) = —Su(P1, ..., Pn) 4.5)

in five different cases.
In our current setting, everything is the same except the density function. By Lemma 4.1,

the LDP estimations for P (P1 (a,na +0) < Z ) is the same as the LDP estimations for
P (P1 0,a+0) < T Z”n" ) By direct calculatlon we have
lim b(a,0)logle+6)" = lim b(a,0)logCyg,n = —n,
)—0 a(w,0)—0

a(a,0)—
n O+a—1
(-£7)
i=1
n
I1

lim b(«, 0)log
a(a,0)—0

= lim b(a,6)log d
a(w,0)—0 n
(,1—1 pi
1

Therefore,
lim b(Ot 9)10g8a9n(191,~-,17n) = lim b(Ol Q)IOgg0a+0 n(P1, ...y Pn)
a(o,0)— a(w,0)—
= _Sn(plv <oy Dn)

and the family {(P)(«, 0), P2(«, 0), ..., Py(,0)) : 0 +a > 0,0 < o < 1} satisfies a LDP as
a(w, 0) goes to zero with speed b(w, 6) and rate function §,,. O
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