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Abstract

We study the diffusive scaling limit for a chain of N coupled oscillators. In order to provide the system
with good ergodic properties, we perturb the Hamiltonian dynamics with random flips of velocities, so that
the energy is locally conserved. We derive the hydrodynamic equations by estimating the relative entropy
with respect to the local equilibrium state, modified by a correction term.
© 2013 Elsevier B.V. All rights reserved.
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0. Introduction

This paper aims at proving the hydrodynamic limit for a Hamiltonian system of N coupled
oscillators. The ergodic properties of Hamiltonian dynamics are poorly understood, especially
when the size of the system goes to infinity. That is why we perturb it by an additional
conservative mixing noise, as it has been proposed for the first time by Olla, Varadhan and
Yau [16] in the context of gas dynamics, and then in [11] in the context of Hamiltonian lattice
dynamics (see e.g. [1,2,7,3,4,6,10,15] for more recent related works).

We are interested in the macroscopic behavior of this system as N goes to infinity, after
rescaling space and time with the diffusive scaling. The system is considered under periodic
boundary conditions—more precisely we work on the one-dimensional discrete torus Ty :=
{0, ..., N—1}. The configuration space is denoted by 2y := (R x R)TV. A typical configuration
is given by @ = (py, ry)xeTy Where p, stands for the velocity of the oscillator at site x, and r,
represents the distance between oscillator x and oscillator x + 1. The deterministic dynamics is
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described by the harmonic Hamiltonian

[
HN—§[2+2] ©.1)
The stochastic perturbation is added only to the velocities, in such a way that the energy
of particles is still conserved. Nevertheless, the momentum conservation is no longer valid.
The added noise can be easily described: each particle independently waits an exponentially
distributed time interval and then flips the sign of velocity. The strength of the noise is regulated
by the parameter y > 0. The total deformation ) ry and the total energy > ( p)% + rf) /2 are
the only two conserved quantities. Thus, the Gibbs states are parametrized by two potentials,
temperature and tension: for § > 0 and A € R, the equilibrium Gibbs measures ,ug{ , on the

configuration space 2V := (R x R)T¥ are given by the product measures

N e_lgex_)»rx
dug, = l_[ mdrxdpx, 0.2)

XGTN

where e, = ( pf + r%)/ 2 is the energy of the particle at site x, and Z(8, 1) is the normalization
constant. The temperature is equal to 8~! and the tension is given by A/B.

The goal is to prove that the two empirical profiles associated to the conserved quantities
converge in the thermodynamic limit N — oo to the macroscopic profiles r(z, -) and e(z, -) which
satisfy an autonomous system of coupled parabolic equations. Letrg : T — Rand ey : T — R
be respectively the initial macroscopic deformation profile and the initial macroscopic energy
profile defined on the one-dimensional torus T = [0, 1]. We want to show that the functions
r(¢, q) and e(t, g) defined on Ry x T are solutions of

1
or = —8§r,
14

5 I, r’
e = Zaq (e+ 3>,
with the initial conditions r(0, -) = ro(:) and e(0, -) = eg(-).

We approach this problem by using the relative entropy method, introduced for the first time
by H. T. Yau [19] for a gradient! diffusive Ginzburg—Landau dynamics. For non-gradient models,
Varadhan [18] has proposed an effective approach. Funaki et al. followed his ideas in [12] to
extend the relative entropy method to some non-gradient processes and introduced the concept
of local equilibrium state of second order approximation.

The usual relative entropy method works with two time-dependent probability measures. Let
us denote by ,uév the Gibbs local equilibrium associated to a deformation profile rp and an energy
profile ey (see (1.8) for the explicit formula). As we work in the diffusive scaling, we look at the
state of the process at time r N2. We denote it by ,ufv and we suppose that it starts from ,uév . Let

qeT, telR, 0.3)

,u%‘,)‘r([’,) be the Gibbs local equilibrium associated to the profiles r(z, -) and e(z, -) which satisfy

(0.3).2 If we denote by ftN and ¢,N , respectively, the densities® of ;Lfv and [,Lé\ét ) with respect

Jx(t,

L A conservative system is called gradient if the currents corresponding to the conserved quantities are gradients.

2 For the sake of readability, in the following sections we will denote it by "’*,13\/,(‘),)‘,(‘)’ where S;(-) and X;(-) are the
two potential profiles associated to r(z, -) and e(z, -) (see (1.5) and (1.8)).

3 The existence of these two densities is justified in Section 2.1.
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to a reference equilibrium measure p? = u{v o» We guess that ¢! is a good approximation of

the unknown density f,¥. We measure the distance between these two densities by their relative
entropy

ftN () N
0= [ £ log 25 dul ) 04)
an ! A C)
Then, the strategy consists in proving that
Hy(t
lim 28O _ (0.5)
N—o00

and deducing that the hydrodynamic limit holds (for this last step, see [13,16] or [5]). In the
context of diffusive systems, the relative entropy method works if the following conditions are
satisfied.

e First, the dynamics has to be ergodic: the only time and space invariant measures for the
infinite system, with finite local entropy, are given by mixtures of the Gibbs measures in
infinite volume g ;. (see (1.15)). From [11], we know that the velocity-flip model is ergodic
in the sense above (see Theorem 1.3 for a precise statement).

e Next, we need to establish the so-called fluctuation—dissipation equations in the mathematics
literature. Such equations express the microscopic current of energy (which here is not a
discrete gradient) as the sum of a discrete gradient and a fluctuating term. More precisely, the
microscopic current of energy, denoted by jr x+1, is defined by the local energy conservation
law

Ley = vjx—l,x (0.6)

where L is the generator of the infinite dynamics. The standard approach consists in proving
that there exist functions fy and &, such that the following decomposition holds

jx,x+l = fo + Ehx- (0-7)

Eq. (0.7) is called a microscopic fluctuation—dissipation equation. The term Lh,, when
integrated in time, is a martingale. Roughly speaking, Lh, represents rapid fluctuation,
whereas V f, represents dissipation. Gradient models are systems for which 4, = 0 with
the previous notations. In general, these equations are not explicit but we are able to compute
them in our model (see (A.16) and (A.17)).

e Finally, since we observe the system on a diffusive scale and the system is non-gradient,
we need second order approximations. If we want to obtain the entropy estimate (0.5) of
order o(N), we cannot work with the measure Mé\ét,-),r(t,-): we have to correct the Gibbs
local equilibrium state with a small term. This idea was first introduced in [12] and then
used in [17] for interacting Ornstein—Uhlenbeck processes, and in [14] for the asymmetric
exclusion process in the diffusive scaling. However, as far as we know, it is the first time that
this is applied for a system with several conservation laws.

Recently, Even et al. [10] used the relative entropy method for a stochastically perturbed
Hamiltonian dynamics which is quite close to the dynamics of this paper: the time evolution is
governed by the same Hamiltonian of anharmonic oscillators but the process is perturbed by a
different noise—velocities are exchanged and not flipped. Besides, the boundary conditions are
mechanical instead of periodic. Contrary to this paper, the model is studied in the hyperbolic
scale, so that the authors do not need to modify the local equilibrium state.
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Up to present, the derivation of hydrodynamic equations for the harmonic oscillators perturbed
by the velocity-flip noise is not rigorously achieved (see e.g. [3]), mainly because the control of
large energies has not been considered so far. Indeed, to perform the relative entropy method, we
need to control the moments

1
/ [ﬁ ) |px|k} dul, 08)

XETN

for all k > 1, uniformly in time and with respect to N. In fact, the only first several moments are
necessary to cut-off large energies (as it is explained in Section 2.2) and we need all the others
to obtain the Taylor expansion which appears in the relative entropy method (see Proposition 2.1
and Lemma A.2). Usually, the entropy inequality (2.24) reduces the control of (0.8) to the
estimate of the following equilibrium exponential moments

/ exp(8| px ") dpf

with § > 0 small. Unfortunately, in our model, these integrals are infinite for all k¥ > 3 and all
6> 0.

To avoid this problem, we could cut-off large velocities by taking a relativistic kinetic energy
(as done in [16]). Nevertheless, we should change the physics of the problem by modifying the
Liouville operator, and consequently the fluctuation—dissipation equations would not be available
any more. Similar difficulties have already appeared in other models: in [8], Bertini et al. do not
have these precious exponential moments to derive rigorously their results. In an other context,
Bonetto et al. [9] study the heat conduction in anharmonic crystals with self-consistent reservoirs,
and need energy bounds to complete their results. Bernardin [2] deals with a harmonic chain
perturbed by stochastic noise which is different from ours but has the same motivation: energy
is conserved, momentum is not. He derives the hydrodynamic limit for a particular value of the
intensity of the noise. In this case the hydrodynamic equations are simply given by two decoupled
heat equations. The author highlights that good energy bounds are necessary to extend his work
to other values of the noise intensity. In fact, only the following weak form is proved in his paper:

1
Jlim [NEE:qu“7=0- (0.9)
xeTy

In this work, we get uniform control of (0.8) (Theorem 1.2), thanks to a remarkable property of
our model: the set of convex combinations of Gaussian measures is preserved by the dynamics.
This is one of the main technical novelties in our work.

The next section contains a more precise description of the results outlined here, along with
the plan of the paper.

1. The model and the main results
1.1. Velocity-flip model

We consider the unpinned harmonic chain perturbed by the momentum—flip noise. Each
particle has the same mass that we set equal to 1. The configuration space is denoted by
oV =R x R)Tv.

A typical configuration is w = (r, p) € 0N, wherer = (rx)xeTy and p = (Px)xeTy -
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The generator of the dynamics is given by Ly := Ay + y Sy, where, for any continuously
differentiable function f : 2V — R,

ANCE) =Y [Pt = pa) O f + (re — 1) Bp, f] (1.1)
XETN
and
1
SN(H@P) =5 D L") = f(rp)l. (12)
XETN

Here p* is the configuration obtained from p by the flip of p, into —p,. The parameter y > 0
regulates the strength of the random flip of momenta.

The operator Ay is the Liouville operator of a chain of interacting harmonic oscillators,
and Sy is the generator of the stochastic part of the dynamics that flips at random time the
velocity of one particle. The dynamics conserves two quantities: the total deformation of the
lattice R = ZXETN ry and the total energy £ = > ey, where e, = ( p)% + rf) /2. Observe
that the total momentum is no longer conserved.

The deformation and the energy define a family of invariant measures depending on two
parameters. For 5 > 0 and & € R, we denote by ug , the Gaussian product measure on 0N
given by

XETN

—Bex—Ary

e
wha(dr.dp) = []

 drdpy. (1.3)
rety 2B

An easy computation gives that the partition function satisfies

2By =2 ()‘2) (14
AN =—exp|l—]). .
B 28

In the following, we shall denote by w[-] the expectation with respect to the measure ©. We
introduce Lz(ugl), the space of functions f defined on 2"V such that Mgk[fz] < 4o0. This is
a Hilbert space, on which Ay is antisymmetric and Sy is symmetric.

The thermodynamic relations between the averages of the conserved quantities r € R and
e € (0, +00), and the potentials 8 € (0, +00) and A € R are given by

88,1 = i ylen] = L 4 2
TR T (1.5)
BB, ) =y, lrd = —=.
B
Let us notice that
_ (B, 1)
VB e +00), VAeR, e(B,A)> 7 (1.6)

We assume that the system is initially close to a local equilibrium (defined as the following).

Definition 1. A sequence (1¥)y of probability measures on 2V is a local equilibrium
associated to a deformation profile ro : T — R and an energy profile g : T — (0, +00) if
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for every continuous function G : T — R and for every § > 0, we have

1 X
lim H— G (LX) - / G(@Iro@)dg >6} o,
N—o00 N er’]TN (N) T an
_ 1
nggwu’v HNXEETNG(%) ex —[TG(q)eo(q)dq > 5] =0.

Example 1.1. For any integer N we define the probability measures

N d ,d — exp(_ﬂO(x/N)ex —)\,()(X/N)Vx)
M Bo(). () (AT dP) xl;I[N Z(Bo(), 2o(+))

where Bo(-) and Ag(-) are related to eg(-) and ro(-) by (1.5)

{eo(-) =e(Bo(-), Ao("),
ro(-) =1(Bo(-), ro()).

Then, the sequence (,ug) 0 )\o(-))  1s a local equilibrium, and it is called the Gibbs local equi-
librium state associated to the macroscopic profiles ey and ry. Both profiles are assumed to be
continuous.

drydpy, (1.8)

To establish the hydrodynamic limit corresponding to the two conservation laws, we look at the
process with generator N2£y, namely in the diffusive scale. The configuration at time tN? is
denoted by w¥, and the law of the process (w! ),> is denoted by u2.

1.2. The thermodynamic entropy

The function

S(e,r) = ﬁ>i()r}£€R {Ar + Be +log Z(B, M)} (1.9)

is called the thermodynamic entropy. An easy computation, coming from the explicit expression
of the partition function, gives

2 2
S(e,r) =1+ log(2m) + log (e — 7) , whene— % > 0. (1.10)

The relations (1.5) can be inverted according to

Ae, 1) = 35;‘: D gl = asg: D (1.11)

Remark. These two equalities, together with (1.5), show that there exists a bijection between
the two sets {(B, 1) € R?; B > 0} and {(e, ) € R?; e > r?/2}. From the equations above, the
inverted relations can be written as

r

Ale,r) = —m,

1
Ble,r) = m- (1.12)
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We denote by ¥ the function

v {(e,r) cR%e> rz/Z} N {(,B,A) cR%B > o}

1 r
e 1) w <e—r2/2’ _e—r2/2>'

If n = (e,r) and x = (B, A) satisfy the relations (1.5), then n and yx are said in duality and we
have

— S(e,r) +logZ(B,A) =—n-x. (1.13)

Here, the notation a - b stands for the usual scalar product between a and b.
1.3. Hydrodynamic equations

Let u and v be two probability measures on the same measurable space (X, F). We define the
relative entropy H (u|v) of the probability measure p with respect to the probability measure v

by
H(mv):sup{/ fdp —log (/ el dv)}, (1.14)
f X X

where the supremum is carried over all bounded measurable functions f on X.
The Gibbs states in infinite volume are the probability measures g3 on 2 = (R x R)Z given
by

—Bex—Ary

e
upa(dr,dp) =[] drdp;. (1.15)

k2B

We denote by 7, ¢ the shift of ¢: (t,¢)(w) = ¢(ty®) = @(w(x +-)). In this article the following
theorem is proved.

Theorem 1.1. Let (,uév )N be a sequence of probability measures on 2V which is a local
equilibrium associated to a deformation profile ro and an energy profile ey such that ey > r(z) /2
(see (1.8)). We denote by By and A the potential profiles associated to ry and ey:

(Bo, o) == ¥(ep, rop).

We assume that

H (31150 2000 ) = 0N (1.16)

and that the initial profiles are continuous.
We also assume that the energy moments are bounded: let us suppose that there exists a
positive constant C which does not depend on N and t, such that

V=1, uV [ > e§:| < (CKF N. (1.17)

xETN

Let G be a continuous function on the torus T and ¢ be a local function which satisfies the
following property: there exists a finite subset A C Z and a constant C > 0 such that, for all
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we 2V, o) < C(1+ Y, ¢ (). Then,

1
N
/J/t|:ﬁ

where § is the grand-canonical expectation of ¢: in other words, for any (e, r) € R? such that
e >r2/2 let (B,A) = VU(e,r) then

>0 (3) e = [ 600 ot xt g

j| = 0 (1.18)

ple,r) = ug,lel = / () dug s (w). (1.19)
(RxR)Z

Besides, e and r are defined on R x T and are solutions of

[
8;1‘: —aqr,

yl r2 q € ’]I" t e R’ (120)
de=—0o> —
e 2y q(e+ 2)

with the initial conditions r(-,0) = ro(-) and e(-, 0) = eg(-).

Remarks. 1. Inorder to prove the theorem, we shall show afterwards that H (/LZN |vz (‘)) =o(N).
Here vfx %) is a probability measure which is close to the Gibbs local equilibrium
/’L}I_‘iv(z YA (1.8). The functions (B(t, -), A(t, -)) are still related to e(z, -) and r(¢, -) by (1.5).

This fact allows to establish the hydrodynamic limit in the sense given in the theorem. For
a proof, we refer the reader to [16, Corollary 2.2], [13] or [5].

2. Let us notice that the functions e, r, 8 and A are smooth when ¢ > 0, since the system of
partial differential equations is parabolic. Moreover, the function 87! = e — r?/2 satisfies

9 (l> _ 92 (l) + ! ENAES ia2 (l> (1.21)
"\B) 2y i\p) Ty T Ty i\B) '

The supersolutions of the heat equation follow the minimum principle. Consequently, since
there exists ¢ > 0 such that the initial profile By has the following property

VgeTn, Polq)=c>0,
then we know that the function g satisfies:
VgeTy, Vte[0,T], Bi(g)=>c>0. (1.22)
3. After some integrations by parts, a simple computation shows that

{ / S(r(t, @), e(t, q) dq} - / [ ;’f:tqf)} 1 26(t.q) [dyr(t. P dg

>0 (1.23)

when r and e are the solutions of the hydrodynamic equations (1.20). This fact is in agreement
with the second thermodynamic principle.

In Section 3, we will show that the hypothesis on moments bounds (1.17) holds for a wide class
of initial local equilibrium states. Before stating the theorem, let us give some definitions.
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We denote by Gy (R) the set of real symmetric matrices of size N. The correlation matrix
C € Gyn(R) of a probability measure v on 2V is the symmetric matrix C = (C; j)1<i, j<2N
defined by

v[rirj] i,jG{l,...,N},
vlrip;] ief{l,...,N}, je{N+1,...,2N},

Cij= vipirjl i €{N+1,....,2N}, je{l,....N}, (1.24)
vipip;l i,j€{N+1,...,2N}.
Let us denote by Xy the subset of RN x &,y (R) defined by the following condition:
mr =0 forallk=N+1...2N,
Ci,j=0 foralli # j,
(m,C) € 2n <1 ¢/ 50 foralli = 1...2N, (1.25)
C,',,' — ml2 = Ci+N,i+N foralli =1...N.
Precisely, it means that m is of the form m = (my,...,my,0,...,0), and C is a diagonal
matrix whose diagonal components can be written as (m% +ap, ..., m%v +oN, a1, ..., O0N),

where o; > Oforalli =1...N.
For (m, C) € Xy, we denote by G,,,c(-) the Gaussian measure with mean m and correlations
given by the matrix C. The covariance matrix of G, ¢ (-) is thus C — m'm.

Lemma 1.1. Let A(-) and B(-) be two functions of class C' defined on T, and [,Lg(.) A0) be the
Gibbs local equilibrium defined by (1.8). If we denote by mg.) ) and Cg. () respectively the
mean vector and the correlation matrix of ug’“ ) then we have

N
(mp)ae), Cporne) € N and gy 5y = Gmpgoy i), Cporner

Proof. This result comes from the explicit formula of /Lg(') A0) given in (1.8). First, notice that

each momentum p, is centered under Mg(i) 0) and

A
A e (i) : (1.26)
s ﬁ N
Second, we easily obtain the following expressions:
A<0) A(N—l) 0 0 (1.27)
mgoyro=-——={(=}),....——={———).0,...,0], .
BCLAC) g\ N B N
N
1 A (x/N

D 0 D:diag(..., z(x/ ),...>,
Cﬁ(.),k(.) = ]\i where ﬂ(x/N) '3 (X/N) (1.28)

Oy D , . 1

D’ =diag|---, e
B(x/N)

Now we state our second main theorem, which will be proved in Section 3.

Theorem 1.2. We assume that the initial probability measure M(l)\/ is a convex combination of
Gibbs local equilibrium states. More precisely, let o be a probability measure whose support is



3632 M. Simon / Stochastic Processes and their Applications 123 (2013) 3623-3662

included in Xy. We assume that o satisfies:

forallk > 1, /[K(m, ONF do(m, C) < oo, (1.29)
where K (m, C) :=sup,_; _n {C,-,,- } We define the initial probability measure M(I)v by

1o () = / Gm.c()do(m,C). (1.30)

Then, (1.17) holds, and the conclusions of Theorem 1.1 are valid.

Remark. As in [3], we could consider a more general model, with a pinning potential. Instead
of the deformation r,, we now introduce the position g, of the particle x. The new pinning
Hamiltonian is given by

2 2 2
P _ Px 2 qx (C]x - ‘Iy)
xeTy xeTy Ix—y\T:I.
x,yeln

The strength of the pinning potential is regulated by the parameter v > 0. The energy of site x is
now given by

P2 2512 1 2
_ Px X B
ex = 7 +v 7 + Z y.‘x_gy‘ZI(CIx qy)”. (1.32)

The stochastic operator S 1’\’, remains equal to Sy, and the Liouville operator Ax can be written
as follows:

AK, = Z {Px 0g, — [(V2 — Mgl apx} , (1.33)

X G’H‘N
where A is the discrete Laplacian: (Au)y = tyq1 + tx—1 — 2uy.
Because of the presence of the pinning, the bulk dynamics conserves only one quantity: the total
energy » . ey. It follows that the Gibbs equilibrium measures ,ug are fully characterized by the
temperature 8! Under Mg , the variables p, are independent of the g, and are independent

identically Gaussian variables of variance 8~!. The ¢, are distributed according to a centered
Gaussian process with covariances given by

1
# (@eay) = T =), suchthat |07 = 2)| 1) = Z1mo. (1.34)

Observe that there exists C := C(v) independent of N such that ‘Mg (qqu)’ < C~le=Cl=yl for
any N > 1.

These correlations make computations more technical, but the hydrodynamic limit can be
established by following the proof here (in [3, Section 3.2], a heuristic argument is given).
Assume that the system is initially distributed according to a Gibbs local equilibrium associated
to the energy profile eq(-), and define e(z, -) as the evolved profile in the diffusive scale. Then, if
the energy moments are bounded like (1.17), e is the solution of the following heat equation

{ﬁte = 9,(D(e)dze),

o0, = ea(o, geT, 1eR, (1.35)
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where D(e) is the diffusivity given by

D = D(e) = Ly . (1.36)

2402+ 22+ 4)

In our model, where the state space is not compact, what matters is the existence of moments
bounds. We will see in Section 3 that this existence can be easily justified by following the same
ideas which work for the unpinned model.

For the sake of simplicity, we will denote by e;(-), r;(-), A;(-) and B;(-), respectively, the
functions ¢ — e(t, ¢),q — r(t,q),q — A(t,q),and g — B(t, g) defined on T.

1.4. Ergodicity of the infinite velocity-flip model

We conclude this part by giving the theorem of ergodicity, which is proved in [5, Sections 2.2
and 2.4.2], by following the ideas of [11]. Let us define, for all finite subsets A C Z, and for two
probability measures v and 1 on 2 := (R x R)Z, the restricted relative entropy

Ho|p) == H@AlpA) (1.37)

where v, and u 4 are the marginal distributions of v and u on (2.
The Gibbs states in infinite volume are the probability measures g3 on {2 given by

e_ﬂex_)trx
dugs =] mdrxdpx. (1.38)

X€Z

The formal generator of the infinite dynamics is denoted by L.

Theorem 1.3. Let v be a probability measure on the configuration space {2 such that

1. v has finite density entropy: there exists C > 0, such that for all finite subsets A C Z,
Hp(lps) < ClA], (1.39)

with [y == 1.0 a reference Gibbs measure on (R x R)Z,
2. v is translation invariant,
3. v is stationary, i.e. for any compactly supported and differentiable function F (r, p),

/ A(F) dv =0, (1.40)

4. the conditional probability distribution of p given the probability distribution of r, denoted
by v(p|r), is invariant by any flip p — p*, with x € Z.

Then, v is a mixture of infinite Gibbs states.

Corollary 1.1. If v is a probability measure on {2 satisfying 1, 2 and if v is stationary in the
sense that: for any compactly supported and differentiable function F (r, p),

/L(F) dv =0, (1.41)

then v is a mixture of infinite Gibbs states.
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The outline of the rest of the paper is as follows. In the next section we expose the strategy
of the proof. We introduce the relative entropy Hy (¢) of /LZN with respect to a corrected local
equilibrium, and we prove a Gronwall estimate of the entropy production of the form

3 Hy () < C Hy(t) + o(N), (1.42)

where C > 0 does not depend on N. In Section 3 we prove Theorem 1.2.

We suppose that ¢ belongs to a compact set [0, 7], T fixed. All estimates are uniform in
tel0,T].

2. Entropy production
2.1. Introduction to the method

For the sake of simplicity, we denote all couples of the form (8(-), A(-)) by x(-).
The corrected Gibbs local equilibrium state v)l(\: %) is defined by

V)Z(.) = mxle_[ < ,Bz< )ex—)»t<;)rx

1
+- F( N) rh(r, p))drxdpx .1)

where Z(x;(-)) is the partition function and F, h are functions which will be precised later on.
The notation a - b still stands for the usual scalar product between a and b. An estimate of the
partition function Z(x;(-)) is performed in Appendix A.

We are going to use the relative entropy method, with the corrected local Gibbs state v)]g 0

instead of the usual one u% O We define

(@)
Hy(t) == (M, |vX() / N (w) log (J;f o )d 1y o(@), (2.2)

where £V is the density of u with respect to the reference measure /LIIV o- This is a solution, in
the sense of the distributions, of the Fokker—Planck equation

o fi=N>Lifi (2.3)

where L, = — Ay + y Sy is the adjoint of Ly in Lz(ui\fo). In the same way, q),N is the density
of v)l(\: 0 with respect to ,uf/ o (which here is easily computable).
Thus, our purpose is now to prove (1.42). We begin with the following lemma.

Lemma 2.1.

1
0 Hy (1) g/(p[ (NZ»C ¢z _3t¢t )ftNdMl,O

1 *
=ul [W (N2£N¢>,N — 8z¢,’v)]. (2.4)
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Proof. The case where ftN is smooth is proved in [13, Chapter 6, Lemma 1.4]. Here, we do not
know that ftN is smooth, so that we refer the reader to the proof in [6, Section 3.2], which can
be easily followed. [

Now, we choose the correction term. We consider

F03) = (G ().

T, h(r, p) = Zr—;‘/ (pr t et %G) ’ Dx+1 2.5)
Thus,
¢ (r.p) = % x];r[N exp <ex (—ﬁz (%) + 1) "y (%) e
+ %F (r, %) - Teh(r, p)) . 2.6)

We define &, := (ex,ry) and n(z, q) = (e(z, q), r(¢, q)). If f is a vectorial function, we denote
its differential by Df.
In Appendix A, the following technical result is proved.

Proposition 2.1. The term (d),N y~! (N zﬁj‘\,d)lN - 8,¢tN ) is given by the sum of five terms in which
a microscopic expansion up to the first order appears. In other words,

5
e s —a) =5 X () [ (0 )
om0 ) n e )] o e

where

ko Jk Hi(e,r) v (t, q)
2

L pitrre1+2ypxrs1 ety 3 9B 9)

2 retyps r — 93 (t, q)

30 P2 et reen)? Ce—1) (e+3r%) LB P

4 pi (4o r(2e—r?) 0B, q) DA (t, q)
2

5 p? e— 5% S0, 1

A priori the first term on the right-hand side of (2.7) is of order N, but we want to take advantage
of these microscopic Taylor expansions. First, we need to cut-off large energies in order to work
with bounded variables only. Second, the strategy consists in performing a one-block estimate:
we replace the empirical truncated current, which is averaged over a microscopic box centered
at x, by its mean with respect to a Gibbs measure with the parameters corresponding to the
microscopic averaged profiles.
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A one-block estimate will be performed for each term of the form

x;;}v Uk (f’ %) [Jf — Hy (n (t, %)) — (DHy) (n (t, %)) : (Sx =1 (t, %))] . (28)

In the following the index k is omitted, whenever this does not cause confusion. We follow the
lines of the proof given in [5, Section 3.3], and inspired from [16]. A sketch of the proof for the
one-block estimate is given in Appendix B.

2.2. Cut-off of large energies
Forx € Ty, wedefine Ay = {ex+ex—1 < MY, Jy = Jx La, . and &,y =& Lo o<

Then, Jy p and &, are bounded by C(M) > 0.
We use twice the Cauchy—Schwartz inequality to write

p [ > () s 1}

x€Ty
172 12
(g (g
My (xgéi v ( IV> x xg%i Al m
12 172
< (Mﬁv [ > (t, %) 13]) (u,N [Z lei“MD : 2.9)
xeTy xeTy

First, v2 (¢, x/N) is bounded by a constant which does not depend on N. Second, the term sz
can be bounded above by the squared energy e)%. The hypothesis (1.17) shows that there exists
Co which does not depend on N such that

1/2
(M{V [ 32 (z, %) sz:|> < Co N2 (2.10)

XETN

Moreover, the Markov inequality proves that

4
ul [ > :H-A;.M:| < o [Tesmp] + ] [Lemmp] < o2 3 ulled]

xeTy x€Ty x€Ty
Ci

< =L N. 2.11
i (2.11)

Finally, we obtain a constant C independent of N such that

puy [ Yoo (r, %) A ]lA;M} < CN e(M). (2.12)

)CETN

Observe that this estimate is in agreement with the Gronwall inequality we want to prove, since
we are going to divide by N. Thus, the error term is of order 1/M that goes to 0 as M — oo.
Consequently, J, can be replaced by Jx u in (2.8), and similarly, &, can be replaced by &, .
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2.3. One-block estimate
Now we prove that

Ll [Z v () e = H (0 (2 5))

xeT

— (DH) (n (r, %)) . (gx,M _ (;, ﬁ))]] <C H’]\(](t) +&(N, M) (2.13)

N

with e(N, M) ——— > 0.
M—o00,N—o00

We denote by A,(y) the box of length ¢ centered around y. We introduce the microscopic

average profiles
1
new =3 Y, Em (2.14)
JjeA ()

We split Ty into p = N /£ boxes A¢(x;) centered at x;. Here ¢ is assumed to divide N for
simplicity. We will first let N — oo, then £ — oo and then M — oo.

First of all, we want to replace

1

> ZT v (t ) Jum (2.15)
by

éXZ: ( xk) : Z Jiv|. (2.16)

ieAg(x;)

The error term produced during this step can be written as

|Ry| = % Xp: > [v (r, %) v (r, %)] Tim| < C (M)%. 2.17)

j=lieAy(x))

The last inequality comes from the smoothness of v, more precisely

o(ny)-v(n )| < ooy

< Co—. (2.18)
Similarly, we perform the same estimates for the other terms and it remains to prove that

N
i =3 X dw et (n(n D)
“Ip "N/ ¢ " "N

j=1 i€do(x))

—o) (1(1.2)) - (e =0 (.31)) 2.19)

vanishes as M, N, { — oo, the limit in N taken first, then the limit in £ and finally the limit in
M. The additive term which appears after performing this replacement can be bounded above by
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aterm ey pr.¢ Which depends on N, M and £, but which is independent of the particular splitting
of Ty into p boxes. This term is of order o(N) in the Gronwall inequality we want to prove, in
the sense that

lim lim lim N— /Lt [sN mel=0. (2.20)

M— 00 £—00 N—00
Now we want to perform a one-block estimate. The main idea consists in replacing
¢! Zie Ag(x)) Ji,m by H(ne p(xj)). This is achieved thanks to the ergodicity of the dynam-
ics (see Theorem 1.3). In order to use this ergodicity property, we have to work with a space
translation invariant measure. To obtain such a probability measure, we introduce a second aver-

ageoverthe xj, 1 < j < p.Foreachk € {0,..., £ — 1}, we can split Ty into p disjoint boxes
of length ¢ by writing
P
Vik=0.....t—1, Ty=|JA;+h. (2.21)

Jj=1
Then, we average the different splittings mentioned above. More precisely, in Appendix B we
recall how to prove

=
lim sup lim sup lim sup — 7 Z u,

M—oo {—00 N—>00 k=0

1 & Ck
pt Z v (t’ [XJAJ,F ]) Z Jim — Hmem(x; +k))| | =0. (2.22)
j=1

iE/lg(x/'-H()

2.4. Large deviations

The previous estimates are valid for any splitting of T into p boxes of length ¢. Thus, it
would be sufficient to prove (2.19) with every x; replaced by x; +k for arbitrary k € {1, ..., £—1}.
Consequently, it is sufficient to prove (2.19) in an averaged form. Then, from the one-block
estimate, we have to deal with

le p 4k 4k
ZZ fv[ Y v <z, [x’; ]>Q(77£,M(Xj+k),7]<t, [x’; ]>>} (2.23)

j=1

where 2(w,u) .= H(w) — H(u) — DH(u) - (w —u).
By definition of the entropy, for any & > 0 and any positive measurable function f we have

[f dp < {1og </ et dv) + H(,ulv)} . (2.24)

This inequality, known as the entropy inequality, allows to show that: for any o > 0, (2.23) is
less than or equal to

HN(t) ‘Z tog 2, [ [ wt 1 o(1 ) 2 (e (1, m))}, (2.25)

Notice that the last integral converges because all quantities are bounded.



M. Simon / Stochastic Processes and their Applications 123 (2013) 3623-3662 3639

The first term is in agreement with the Gronwall inequality we want to obtain. We look at the
second term. Since we have arranged the sum over p disjoint blocks which are independently
distributed by v )'X o the second term is equal to

1 & L ZP:IOg V)ZX(-) |:ea2v(t, [x’;k])ﬁ(w,/w(xﬁk),n(t, [Xj;k])):| ) (2.26)

We are going to show that this expression vanishes as M, N,{ — oo by using the large
deviation properties of the measure v)l(\: ) that locally is almost homogeneous. In fact, by using
the smoothness for the various involved functions, we can substitute the inhomogeneous product
measure v ) restricted to A¢(x; + k) with the homogeneous product measure 2o ([ +k1/N)> 10

each expectation of the previous expression. More precisely, we have the following lemma.

Lemma 2.2.

[xj- +k] [Xj +k]

Mi(N. €.k, M) :=$ijlogug(_) [J‘“(” =) 2wt ton(n = ))q (2.27)
j=1

can be replaced by

&
Mo(N, €k, M) = —= % 108 1y (1)
=1

o [ ol )] 22

The difference between these two terms is less than or equal to a small term which depends on
£ (but not on k) and vanishes in the N limit: there exists a constant C(£, M, N) which does not
depend on k such that

My(N. €.k M) = My(N. £.k. M) < C(. M.N) and C(£,M.N) —— 0. (229)
—00

Remark. In the following, we will prove that

lim sup lim sup lim sup M>(N, £, k, M) = 0. (2.30)
M—o0 [L—>00 N—>x

In addition to this lemma, this implies that
lim sup lim sup limsup M (N, £, k, M) =0, (2.31)
M—oo0 [L—>00 N—>x

since M| (N, £, k, M) is always nonnegative, and we know that, for all sequences a, and b,

limsupa, < limsup(a, — b,) + limsup b,,. (2.32)
Proof. For each j € {1, ..., p}, the function
i+ k P+ k
Fj = exp {ae v (r, [x’N—+1> 0 (ne,M(xj +h).n (t, %))'} (2.33)

is bounded above by ¢€¢, C > 0 (since n¢,m 1s bounded and ¢ belongs to a compact set), and
depends on the configuration only through the coordinates in A, (x; 4+ k). Thus, each expectation



3640 M. Simon / Stochastic Processes and their Applications 123 (2013) 3623-3662

appearing in the sum can be taken w.r.t the restriction to A, (x; + k) of v)l(\; 0 These restrictions

are inhomogeneous product measures but with slowly varying parameters and hence, each term
log v)’(\;(_)[Fj] can be replaced by log /“Lg,([x,+k]/N)[Fj] with a small error.

Indeed, the difference between these two terms is equal to

Fi (hj—1) }

N
IOg MX:‘([/U'H(]/N) |:1 + MN([ k]/N)[F]]
Xe([xj+

N

Wy oty [Fj (h;j — D]

=log<l+ SLALL Pf (2.34)
W (e +k1/3) L ]

i xj+k
hj = exp{ > & [Xr (ﬁ) — Xt ( jN )}
i€ Ap(xj+h)

() oo (5) e (5]

The inequality log(1 + x) < |x| (true for any real x) and the fact that u%([ijrk]/N)[Fj] > 1
reduce us to estimate

oyt +xym L Ej G = DIL. (2.36)

with

By using the smoothness of x; and the inequality |e* — 1| < |x|e!*!, one easily shows that there
exist positive constants Cq, C(£), and 8 which do not depend on j such that

c)e
[Fithj — D] < ~ Z [eim +eivim +1]
iEA((Xj+k)
Col
*eXpY Z [eim +eirim+1]¢, and (2.37)
iEA((Xj'Q‘k)
N
ARy x40/ N) <cw
du®y = ’
p.0 Ag(xj+k)

Hence, the total error performing by these replacements is bounded above:

1
M (N, £, k, M) — My(N, £, k, M) < —C1 (¢, M) ¥
aN 8.0
Co
X [eXpq— Z lei,mr + eiv1,m + 1]
P10

for some positive constant C1 (£, M).
It trivially goes to 0 as N goes to infinity for each given fixed ¢£. [
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Finally, we have to show that the limit

1 =1 )4
lim sup lim sup lim sup — — log u o
M—oo ft—o0o N—ooo L =0 aN ; xi(Lxj+kI/N)
[x ;+k] [x ;+k]
e ol 5] .

vanishes. Here, 1y := ¢, p(0) = £~ ZiEAg(O) &M

The limit in p results in an integral over T because we have a Riemann sum. Moreover, the
integral does not depend on k so that the averaging over k disappears in the p limit. Hence, the
point is to estimate

1
limsuplimsup — [ log Y. [ea@vw Q(nz,M»na,q))] dq. (2.39)
M—oo t—oo oL JT !

According to the Laplace—Varadhan theorem applied to these product measures ,u% @) and
according to the dominated convergence theorem, the previous limit is equal to

. 1
lim sup —/ sup {av(t, q) 2(z, n(t, q)) — Iy (z, n(t, q))} dq, (2.40)
M—oo @ JT 4cR2

where 1y;(z, n(t, q)) is the rate function of the sequence ik‘l Zle Ei’M}k as (rx, Px)xeTy are

distributed according to the homogeneous product measure ,u% @)
The function Iy is the Legendre transform of the cumulant-generating function of &y as:

In@, 0@, q) = sup fy-z—log ul¥ ("]} (2.41)
yeR?
Hence
liminf Ly 2, 0(t, @) > sup {y-z—log ul¥ ) ["1} = 12 n(t. 9)), (2.42)
M—o00 yeR2 Xt\q

where I (z, n(t, q)) is the rate function of {k‘l Zle & }k as (ry, py)y are distributed according

to the homogeneous product measure M;Vt @)
It follows, by Fatou’s lemma, that (2.40) is smaller than or equal to

1
E/TSllp{av(t,q) 2(z,n(t,q)) — 1(z,n(t, q))}dgq. (2.43)

From now on we omit the dependence in (¢, g) of the involved functions v and 7. Recall that x
and n are in duality (see (1.13)). An easy computation gives that

I(z,n) = sup {y -z— log (/ ey-sex-é—logzmdrdp>}
y R2
= sup{y -z —log Z(x +y) +log Z(x)}
y

=logZ(x)+z x — S(2), (2.44)

where the last equality follows from the equality between the Fenchel-Legendre transform of
log Z and the function —S. We observe that I (n, n) = 0 and D,I(z, n) = 0. Furthermore, I is
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strictly convex in z:

(D;D) (2, n) = (D;{=SH(@) > 0. (2.45)
Since 2(n, n) = 0 and (D,$2)(z,n) = (DH)(z) — DH (n), we also get: (Dz£2)(n, n) = 0.
Lemma 2.3. For « > 0 sufficiently small,

Vze Rz, VqgeT, av(t,g)2znt,q)) <1z, q)). (2.46)

Proof. An easy computation provides an explicit expression for the rate function: if z = (z1, z2)
and n = (e, r) with e — r2/2 > 0 then

1 r2 z1 — Z%/2
I(z,n)= ———=\|—=—— 1) —1 — ] -1 247
(z,n) e—r2/2<2 Z2r+21> 0g<e_r2/2 (2.47)
From the inequality —logx > —x 4 1 (satisfied for any x > 0), we get
1
1z) > ———( — ) 2.48
@) > 3o = ) (2.48)

Thus, for a given 7, the rate function z — I(z, n) is such that I(z, n) > c¢y|z — n|2, where ¢, is
a positive constant. Moreover, according to (1.22),

Vtel0,T],VgeT, cyrqg=2c>0 (2.49)

Let us fix z € R?. From the Taylor-Lagrange theorem, there exists a positive constant C such
that

Q2 n(t,9) < Clz—n(t, 9 <1, q). (2.50)

More precisely, C is equal to

sup  |ID*H(n(t, ))II>. 2.51)
(t,9)€[0,T1xT

Since v is uniformly bounded, the result is proved. [J

Consequently, for o small enough,

sup {Olv(t, 4) Q(Za n(ta Q)) - I(Zv W(t» ‘]))} = 09 (252)
z
and we have finally proved that
O Hy(@) < C Hy() + Rne,m () (2.53)
with
1 t
lim lim lim —/ Ry em(s)ds =0. (2.54)
M—ool—o0 N—oo N Jg ”

By the Gronwall inequality we obtain: Hy (¢)/N N—> 0 and Theorem 1.1 is proved.
— 00

3. Proof of Theorem 1.2: moments bounds

In the following, we prove the two conditions on the moments bounds for a class of local
equilibrium states. First, we assume that the initial law /L(’)V is exactly the Gibbs local equilibrium
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measure ,ug) Oho()" Second, we extend the proof to the case where M(I)V is a convex combination
of Gibbs local equilibrium measures.

We need to control the moments u¥ [, %] for all k > 1. The first two bounds (k = 1, 2)
would be sufficient to justify the cut-off of the currents, but here we need more because of
Lemma A.2 (which is necessary to prove Proposition 2.1). Since the chain is harmonic, Gibbs
states are Gaussian. We recall that all Gaussian moments can be expressed in terms of variances
and covariances. In the following, we first give an other representation of the dynamics of the
process, and then we prove the bounds and precise their dependence on k.

Let us highlight that, from now on, we consider the process with generator Ly: it is not
accelerated any more. The law of this new process (@y);>0 is denoted by [L,N . At the end of
this part, Theorem 1.2 will be easily deduced since all estimates will not depend on ¢, and the
following equality still holds:

my = gy G0

Remarks. 1. In the following, we always respect the decomposition of the space 2V =
RY x RV. Let us recall that the first N components stand for r and the last N components
stand for p. All vectors and matrices are written according to this decomposition. Let v be a
measure on 2V . We denote by m € R?" its mean vector and by C € My (R) its correlation
matrix (see (1.24)). We can write m and C as

m=(p,n)eR*¥™ and C= <ZZ] ZV) € Gov(R), (3.2)

where p = v[r] € RN 7= v[p] € RN and U, V, Z € My (R).
2. Thanks to the convexity inequality (a + b)Yk < 2k=1 (gk 4+ ), fora, b > 0, we can write

1
k
ek <3 (p2+r2). (3.3)
Thus, instead of proving (1.17) we will show
ny [ > piki| <(CHFN and wl [ > rfkj| < (CRHEN. (3.4)
XETN XGTN

3.1. Poisson process and Gaussian measures

We are going to use a graphical representation of the process (®;);>0.
Let us define

0 -« .. 0 -1 1 (0)
| ,
0 1
a=| o O 00 e, (3.5)
—1 0
0
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We now consider (m;, C;);>0, a Markov process on R2N x G,y (R) whose generator is denoted
by G and defined as follows.

Take m = (p, ) € R2N and C = (g ZV*) € Gon(R), where p, m are two vectors in

RN, U, V are two symmetric matrices in Gy (R) and Z is a matrix in My (R). Hereafter, we
denote by Z* the transpose of the matrix Z.
The generator Gy is given by

(Gnv)(m, C) == (Kyv)(m, C) +y (Hyv)(m, C), (3.6)
where

Kyi= Y (—AC+CA)ijic,;+ ) {1 —7)dy + (oi — pi- D)}, B

i,jeTy ieTy

and

(Hyv)(m, C) = %kz [v(m*, C*) — v(m, O)1. (3.8)

GTN
Here,
kx
m* = (p, 7%) and c":z,j-c.zk:(gk f/k) (3.9)

In these last two formulas, ¥ is the vector obtained from 7 by the flip of 7y into —my, and X
is defined as

_ I, 0
S = <0n I 2Ek,k> : (3.10)

More precisely,
2= (=12 and V= (DO, G.11)

We denote by P, ¢, the law of the process (m;, C;);>0 starting from (mg, Cp), and by E,,;, c,[‘]
the expectation with respect to Py, c,-

For ¢t > 0 fixed, let Grtno,Co (-, -) be the law of the random variable (m;, C;) € RN x S,y (R),
knowing that the process starts from (m¢, Cp).

Recall that we denote by G, c(:) the Gaussian measure on 2V with mean m € R?N and
correlation matrix C € Gyn (R).

Lemma 3.1. Let M(I)v = Mg)(‘) o() be the Gibbs equilibrium state defined by (1.8), where Ag(+)
and By(-) are the two macroscopic potential profiles.

Then,
w=/GmOW%®%Q (3.12)
where
20 /0 ro (N —1
mo = ——0(—>,...,——°(—),0,...,0 (3.13)
Bo \ N Bo N —_—

N
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and
. 1 2(x/N)
D =diag|..., 0 e
Co = (0?\/ (;JN,> with : ﬁo(xl/N) B3 (x/N) ) (3.14)
D’=diag(...,—,...>.
Bo(x/N)

Proof. We begin with the graphical representation of the process (@r);>0, which is based on the
Harris description. Let (N;);cT, be a sequence of independent standard Poisson processes of
intensity . In other words, we put on each site i € Ty an exponential clock of mean 1/y. At
time O the process has an initial state wg. Let T1 = inf;>9{3i € Ty, N;(¢t) = 1} and i the site
where the infimum is achieved.

During the interval [0, T7), the process follows the deterministic evolution given by the
generator Ay. More precisely, let F : (r,p) € T3, — A - (r,p) € T% where A is given by
(3.5). Then, for any continuously differentiable function f : N S R,

Ay f(@) = A- Df(w), (3.15)

and during the time interval [0, T7), @; follows the evolution given by the system: dy/dt = F(y).
At time T, the momentum p;, is flipped, and gives a new configuration. Then, the system
starts again with the deterministic evolution up to the time of the next flip, and so on. Let
& = (1, T),..., >k Ty), ... be the sequence of sites and ordered times for which we have
a flip, and let us denote its law by IP. Conditionally to &, the evolution is deterministic, and the

state of the process cb,g is given by

VitelTk, Tit1), Lf)f =" TA Fy o T Te-DA Fyy jo---0 eTlAa)(), (3.16)

where F; is the map w = (r, p) — (r, p’).
If initially the process starts from wo which is distributed according to a Gaussian measure
uév , then J)f is distributed according to a Gaussian measure ,&f. Then, the density iV is given

by

WO=/ﬁMW@. (3.17)
More precisely, the mean vector m,s and the correlation matrix Cf of [Lf can be related to the
mean vector mq and the correlation matrix Cq of u(’;/ :

m? — e(t—Tk)A . Eik ,e(Tk—Tk—l)A LY ThA

i1 € - mo, (318)
and

th = TA 5 T TiDA oy A g o7 TIA
—(Ti—Tr—1)A —(t—=T)A
-E;‘; e i—TieA Z‘i’;e (=T A (3.19)

Eqgs. (3.18) and (3.19) also give a graphical representation of the process (m;, C;);>0: during the
interval [0, T7), m; follows the evolution given by the (vectorial) system

dy_

T F(y) (3.20)
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(where F has been previously introduced for the process @;). At time 77, the component m;, 4§
(which corresponds to the mean of p;,) is flipped, and gives a new mean vector. Then, the
deterministic evolution goes on up to the time of the next flip, and so on.

In the same way, during the interval [0, 77), C; follows the evolution given by the (matrix)
system:

dM

dt
(where A has been previously defined). At time 71, all the components C;, ; and C;;; when
j # i1 and i # i are flipped and the matrix C7, becomes Y, - Cr, - 2;';. The generator of this
Markov process (m;, C;);>0 is exactly the one defined by (3.6). Consequently, for ¢ > 0, the law
of the random variable (m;, C;) is ano’ Co’ where

M [0 M (N -1
mo=|-=-(=),....-=2(——),0,...,0 (3.22)
Bo \N Bo N ‘7\7—“

— —AM + MA (3.21)

and

D = diag| - -- : A%(x/N)
C0=<D oN) where ’ﬁo(x]/m ByCx/N)

oy D (3.23)
D’ = diag ( :

T Bo(x/N)’ )

as it can be deduced from Lemma 1.1. Recall that in this section, ,u(])V is given by

N (dr, dp) = exp (—Bo (x/N) ex _’\O(X/N)rX)d dpy. 3.24
1o (dr, dp) XQN Z(Bo(), 70()) e o

It follows that the density /1{\’ is equal to

Al = f A5 () dPE) = / Gm.c() dbly ¢ (m,C). O (3.25)

Remark. Observe that

(V1) = [ Goclp) dh, 0. C) = [ 708}, ¢,0n.€) = By ma(0). 326)

il = f G, (ry) dbly. c (m, C) = f px d6ly ¢, (m, C) = By colox (1. (3.27)

Lemma 3.2. Let (m;, C;);>0 be the Markov process defined above. As previously done, we
introduce p(t), w(t) € RN and U(t), V(t), Z(t) € Mn (R) such that

me = (p(t). 7(6) and C,= (gg; ZV((I’))) (3.28)
Then,
(1) < Vy (),
Py, co-a.s. , ¥Vt =0, {,o%(t) U@, (3.29)
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Proof. First of all, let us notice that the quantities Vy ,(¢) — ny2(t) and Uy ,(t) — ,o}z,(t) are the
diagonal components of the symmetric matrix S; := m; -'m; — C;. From Lemma 3.1, we have

S, = / SE dP(£). (3.30)

For any sequence of sites and ordered times & = (i1, 71), ..., (ix, Tk), . . ., the symmetric matrix
Sf is positive because this is the matrix of covariances of c?)f It follows that S; is positive, and
its diagonal components are all positive. [

Remark. In the case of the pinned chain, the matrix A is slightly different, but all the notations
and conclusions are still valid. The initial correlation matrix for the pinned model is not more

diagonal, but has non-trivial values on the upper and lower diagonals. The initial mean vector is
equal to Opan.

3.2. The evolution of (m;, Ct);>0

Thanks to the regularity of Sy and Ag, we know that there exists a constant K which does not
depend on N such that

1
5 2[00 + i PO + 22, PO < K,
L]

N
5 2 Ui + Vi 0] < K, (3.31)

1
N IZ [(Ui,i)k(o) + (Vi,i)k(())] < KK, forallk > 1.

Moreover, one can easily show that

g (Z(Ui, D+ Vi) +2z; j>2) =0 and G (Z Uii + w,i) =0. (3.32)

i,j

It results that the two first inequalities of (3.31) are actually uniform in ¢, in the sense that

1
7 Emo.Co [Z [0 + (Vi) + 2z, ,-(r)ﬂ] <K
ij (3.33)

1

1
v Bmo.Co [Z [Uii (1) + Vi,i(f)]:| < K.

We are going to see how this last inequality can be used in order to show (1.17). We denote by
u(¢) and v (¢) the two quantities

up(t) = Emgc [Z U,»’f,-(t)} :
ieTy (3.34)
V() = Epg [Z V/fi(t)} :

ieTy
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Let us make the link with (1.17). In view of (3.25), we can write

Y [ =me,c [72] a6, c,m. O, (3.35)
il [ Zk] / G [rgk] ey (m C). (3.36)

We use the convexity inequality (a + by < 2%k—1 42k 4 p2ky _ which is true for all a, b € R —
to get

i [12] = [ G [0y =7y 1% ] dly,  m.©)
<2 [ Goe [0y = 1] B . )
+2% / K doy, c,(m, C). (3.37)

We deal with the two terms of the sum, separately. First, observe that Gaussian centered moments
are easily computable:

Gm.c [(py — 7Ty)2k] = (Vy,y . nyz)k % (3.38)

Then,

k (2k)!
Z/ oy — Ty Wd@,ﬁm’co(m,C)

yeTN

2k
](d z)k (vk(t) + Emg.Co [Z nyz"(t)D : (3.39)

yeTN
In the same way,

k (2k)!
Uy y - y k! 2k dem() Co (m’ C)
yETN ’

2k)!
< % (ukm + Emo.co [ > pi’%r)}) : (3.40)

yeTy

Lemma 3.2 shows that

Emy,Co [ > n,&"m} < Emg.co [Z vyk,ym} = v (1),

yeTy yeTN

Emy,Co [ > pﬁkm} < Emg.cy [Z o ym} = w(1).

yeTn yeTn

(3.41)
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As aresult,
3 (2k)! 4\
Xy:ufv [pik] < w0 ~2 <Z) K v (n), (3.42)
v [a] o 2R A
2 2] <=5 uk(t)““z(;> K ). (3.43)

In a few words, to get (1.17), we need to estimate the two quantities uy(¢) and v (), which are
related to C;. That is what we do in the next section.

Remark. In the case of the pinned model, the p, and g, remain centered during the evolution:
for all + > 0, m; = Opan. This simplifies the study since we do not need to center the variables.
The result is the same: we need to estimate 1 (¢) and v ().

3.3. The correlation matrix

Lemma 3.3. For any integer k not equal to 0, there exists a positive constant K which does not
depend on N and t such that

v () < KX N,
44
{uk(t) < KK N. (344
Proof. First of all, (3.33) shows that, uniformly in ,
ui(t) < KN vi(t) < KN
{uz(t) <kny d {vz(t) <KN. (3.45)
‘We observe that
ur (1) + v (1) = By [Z C{fi(t):| :/ Y (€ k) dPe). (3.46)
ieTy ieTy

Thanks to the dynamics description, we know the expression of the correlation matrix:
conditionally to &, for all t € [T, Tx+1),

cé () = eU=TA i e Te=Ti-DA || i DA Co - e A
. E[f’; oo Te=Te-DA | Ei:e_(t_Tk)A. (3.47)
Consequently, since Co and C € (¢) are similar, we have:
VkeN, Tr(C5(n)]") =Tr(C) = O(N). (3.48)

More precisely,

1 1 26/M\
Te(CE) = Y USO0) + VEO) = > 0 . (349
M= 2 SO O i +<ﬂo(i/zv) +,B§(i/N)) G4

From (3.31) we get Tr(Cé‘) < NKF, where K does not depend on N, & and ¢:

K = su ! +k(2)(u) (3.50)
._ue[Olf)l] Bow) — Biw) | .
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Now we show that the same inequality holds for Zi[Ci i]k(t). The matrix C%(¢) is symmetric,

hence diagonalizable, and after denoting its eigenvalues by A1, ..., Aoy, We can write
2N
Te([C5 ()] = ) AL (3.51)

i=1

We have now to compare 212271 kf with 212211 [C f l.]k(t). But, if we denote by P the orthogonal
matrix of the eigenvectors of C5 (1), then we get CE() = (Pf)* -D- Pf, where D is the diagonal
matrix with the eigenvalues A1, ..., Azy. For the sake of simplicity, we denote by (P; ;); ; the
components of Pf. Then,

k k k
o= (Sroun) = (Sapn) =(Seeen) - o)
gl J J

But, ) j Pl.’f ; P;; = 1, since D is an orthogonal matrix. Consequently, we can use the convexity
inequality, and we obtain

Z[Cfi]k(t) < Z Z PPk < ZA’; = Tr([C% ()]F) < NK*. (3.53)

i l J J

Hence,

ur(t) + v () < /NKk dPE) < NKF. O (3.54)

Remark. We notice that the same proof works for the pinned case. The only difference is
about the initial matrix Co, but the smoothness of the profile fy is still true, and the estimate
Tr(CY) = O(N) is valid.

3.4. When ,u(l)v is a convex combination of Gibbs measures

As in Theorem 1.2, we now suppose that the initial probability measure u(’)\' is a convex
combination of Gibbs states defined by

W) = / Gy, () do (mo, Co). (3.55)

If initially the process starts from wy which is distributed according to a Gaussian measure
Gy, co>» We know from Lemma 3.1 that @, is distributed according to a convex combination
of Gaussian measures written as

/ Gm,c(-) dby, c,(m, C). (3.56)

Consequently, in the case where /,Lév is given by (3.55), the law of the process @ is given by

o= | { [ Gt de,’no,co(m,C)} do mo, Co). (3.57)
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Let us recall that we want to control, for k > 1, /15\’ [ZxETN p)%k] and ﬂfv [erTN r2k]_

X
Following the lines of the previous section, we notice that it is sufficient to control two quantities:

[Ema [Z Uk, (r)} do (mo, Co),

iETN

/Emoqu |:Z Vi],{i (t)i| do (mg, Co).

ieTy

(3.58)

Lemma 3.3 gives a constant C (A, Bp) which does not depend on N and ¢ such that

Emy.Co [Z Uf; (r)] <[C(ro, BT N,
i€y (3.59)
Emo.co [Z ‘/i’fi(r)] < [C(ro. BO)IE N.

ieTy

More precisely,

Cloopoy = sup | ——+ 20| (3.60)
wefo.1) | Bo@) B3 (u)

In order to keep the same control, we have to suppose that, for all k > 1,

/[K(m, O)1fdo(m, C) < 0o, where K(m, C) := sup C;;. (3.61)

iETN

Finally, let us observe that all estimates are given for i but are still true for the accelerated law
uN . Indeed, the constants that appear do not depend on N and .
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Appendix A. Proof of the Taylor expansions

Now we prove Proposition 2.1. For the sake of simplicity, we define

Tx )4
gx(,p) = —— (prrl + px + _rx) s
2y 2
1
folr,p) = = 2L (A1)

X

8x(r, p) = B, (%) gx + A (N

) Y =F (t, %) - Teh(r, p).

First we will compute the first part that appears in the integral N> (¢tN )_1 Ly ,N , then we will
compute the second part —o; ¢tN / d),N X ftN .
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A.l. First term: the adjoint operator

Lemma A.1.

N 2
N_ ¢ (X Py g x Tx+1
A, = ]\;2 E By (ﬁ) |:px+lrx 4 :| -2/ (ﬁ) |:Px+l + Xy :|

XETN 2]/
S [0 + Ao )]+0(i) (A2)
N2 XETN ' i N . .

Proof. First, remind that the expression of ¢/ is given by

¢ (r,p) = (;&—;?)));XI;IN exp (ex (-5 (%) +1) = (%) e

1 X
b F (02 e p)) . (A3)
By definition,
AgN = gV X;TN [(1= 8 (5)) Aten =2 () Aw ] + %ZT AGo. (A4

We write down the two conservation laws:

Alex) = jiy — Jr  Where ji = pyry1, (A5)
A(ry) = jio — Jy  Wwhere ji = py. (A.6)
Hence,
N
Ap) = g L= (N VG = (2) VD] + 22 3 Ay @)
! ! XEXT:N [( ’(N)> ’(N) ] N XGXTIN

where V(f)x = fot1 — fx.
We are interested in the first two terms in the sum, and we compute a discrete summation by

part. Indeed,

Y AVE@y == gV (A.8)

yETN yETN

We obtain the following terms:
x+1 XN X\ 1 srx\ 1 1
ﬂf( N )—5f(ﬁ>—ﬂr(ﬁ)ﬁ+ﬂf(ﬁ)m+0 N ) (4.9

()G G o () e

First of all, we look at the term obtained in the sum with O (N _3). We want to prove

1
N2/ Z Prsirx O <F) fNduly < C Hy(t) + o(N). (A.11)

xETN
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We use the entropy inequality. Let ¢ : N — R be a bounded function. We get

1
N/ Z Px+17x 8(N)ftNdM?{()

XETN

HN(I) o
<= log / exp <N ;pmrx e(N)) ¢ dufo. (A.12)

But, let us recall the inequality py4 17y < ( p)% at rf) /2 and for N large enough, we have

N 2m 2N —0d A13
v [exp (55 P2e) ] ~heaoe Vi 3ae ) ,/ (D). (A.13)

We obtain a similar estimate for vx [exp (aN Ly e(N )
Therefore, we have showed

%/ > perir e(N) fNdp o < O Lo, (A.14)
xeTy
Hence,
A0 = 2 B (2) pere 31 () pent | + 25 3[4 (2) peors
xeTN xeTy
/ 5 (¥)
+ 2! (N>px+l]+ ]QXEZT:NA(SX)JM v ) (A.15)

Moreover, we can compute two equations which are called “fluctuation—dissipation equations”.
In other words, we decompose the current of energy and the current of deformation as the sum
of a discrete gradient and a dissipative term:

Prt1 =V (_yrx) + L*(fo), (A.16)
p;% + rerx—1 %
Dx+1rx =V <_T> + L7(gx). (A.17)

We use the two Egs. (A.16) and (A.17), and we obtain

N 2
agt =S S n () [T () o]

x€Ty
+3 (%) [v(‘y’) +c*(fx)“+‘;—'N2 > [6(5) prsrs
x xeTy
+,\”(N)px+1] +— 3 AG, )+0<;]) (A.18)

XETN
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We sum again by part, on the two terms with a gradient, and we obtain as before

N 2
N _ ¢ n* Piy1 T Ixlx41 ni*
P Y | [ ITES

2y

x " 1
x [r;l+px+1”+_ > {AGY) + L7 (s )}+0<N> (A.19)

XETN

We get the result. [

Lemma A.2.

S¢l =

2
4N2 Z <Z 8 (p”) — 6y (p)> + ¢ e(N), (A.20)

xeTy yeTy eTy
where ;Lfv [Nze(N)] = o(N).

Proof. Thanks to the exponential term, we have

N
Sol = ‘% > {exp|: > 8(p) =6, (p):| - 1} (A21)

yETN XETN

The main idea consists in noting that ¥ — 1 = x +x2/2+4 o(x?). We are going to give a rigorous
proof of this estimate in our context thanks to the hypothesis on the energy moments. More
precisely, in view of (1.42) and Lemma 2.1, we want to prove that

Fk
|: Z Z 7 Nk:| =o(N), where Fy = Z (5:(p”) — 5:(p)) - (A22)

veTy k=3 xeTy
Let us compute Fy. We notice that in the following expression,
'x |4 X\ Px+l
> B (%) 5 (P +pe+ 5m) =i (5) 25 (A.23)
xeTy 2y 14
the only terms which are changing when we flip p into p” are

e the term when x = y, and the difference is

ryp > g1 ( ) (A.24)
e the term When x =y — 1, and the difference is
Tv—1Py —1 -1\ 2
1Py g (y ) Yy <y ) 2py. (A25)
14 N N 14

In other words, we have to show that

N p! [Z > K}\'}k} ———0 (A.26)

yeTy k>3

with
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'yPy ry—1Py o (¥ —1 (Y —1Y\ 2py
2Ry - M —) 222
’3’<) Vﬂt<N>+t<N>V

< G |”ypy| + C |ry7117y| +C |Py|

2 2 2 2
ry+ py rs tp
L O A G p))

K (1+ey+ey_1),

[Fy ()] =

< Co
<

where K is a constant which does not depend on N and 7.
First of all, we introduce the space Ay, = {e, <1, ey,_1 < 1}

(ey +ey—1+ DF KX Lpp <1 e, <1y (K)*
N Y Y yxb €y—1x
N D m [Z k! N SN2 Gk

yeTy k>3 yeTy k>3
GK)*
— 0. A.27
Z k! Nk N*)OO ( )
Since we have (ey+ey—_1)* ]].A)q < (2ey+ey—1)K, we deduce (ey—i-ey_l)k]lAc Ck ek—f-C1 ey -
Consequently,
|Fyl* KK 1 ,c ek Kk
N y st
vy S e DD
yeTy k>3 yeTy
k 1k
ey 1 K
+N D> [ k' Nk } (A.28)
yeTy k>3

Now we deal with N Zye’]I‘N ,us [Zk>3 g];/(k!Nk)]. Remind that e <2 (pzk + rzk)_
We are reduced to prove that

2k 2k
P r2
N [Zk‘Nk:| TS0 and N ) [Zk!Nk]F_TO.?O' (A.29)

yeTy k>3 yeTy k>3

We can flip the summations thanks to the Fubini theorem. From the hypothesis on the moments
bounds we get

2k k
p (Ch
N Z Mgv |:Z k! jvk:| Z k! Nk N_)OO oo V- (A.30)

yeTy k>3

This last limit is deduced from the property of the series S(x) := Zk>3 k% xk=2/(kY) . Ttis a
power series which has a strictly positive radius and is continuous at 0. Then,

C it c

N2Y €O _ g o (A.31)
k! Nk N N—o00

k>3
The same happens for the second sum. It follows that
Fk
N> [Z o Nk:| ———>0. 0O (A.32)
yeTy k>3

After adding the two terms and get some simplifications, we obtain this following final result.
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Proposition A.1.
1 X p2 |t rx1rx
arciel = T |- o) [ B
t XETN

5 X Tx+1 1 2 X
—8q)\<t, N)|: y +px+1i|}+g Z px I:anqﬂ <t7 N)

XGTN

2
+re 10,8 (r, %) +20,1 (r, Al 1)] + o(N). (A33)

Proof. There are simplifications when we write (—A + yS)(¢N). Actually,

¢N *
# Z {=A@x) + yS(8x) — L7(8:)} = 0. (A.34)

xETN

The result follows. [
A.2. Second term: the logarithmic derivative

First, we notice that ;¢ /N = 8;{log(¢¥)}. Moreover,
X X X r
log(9/") = € (=6 () + 1) =2 () =8 (5) 5,5
og(¢;") +xe21r:1\,ex B N + \y)™ B NN

x (peet et Gr) 420 () Sy T 1082 B0 2 O (A39)

We need to estimate the partition function Z(B;(-), A+(-)). More precisely, we compare this new
partition function to the exact partition function

- _ 2 A2(x/N)
Z(Bi (), A (1) = xl;r[N B /N exp <M> . (A.36)

We prove the following lemma.

Lemma A.3.

31 10g Z(Bi (), A () — 8, log Z (B (), M-))] — 0(1) when N — oo. (A37)

Proof. First of all, remind that the exact expression of Z; := Z(f;(-), A+(-)) can be written as

2= L[ oo (5 (3)

XETN
1, /x\ 7y y ) 1, /7x\ Pxt1
——p (2 LA N (—) dpd
Nﬁt(N> 2y (Px+l+Px+ er NN v par

1 1
=6XP{§IIthIZ}/ eXp{——<X—bz,Cz(X—bt))}dX
R2N 2

= exp {%nbtnz} @m)N| det(C)|'/? (A.38)

where b; is a vector and C; is a symmetric positive matrix.
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More precisely, one can see that

A7 1
I = X;jN A () ﬁx;v m(%) (A39)

where &, is a function that can be easily expressed with A;, 8;, A, and 8;. Then, h; is smooth.

Moreover, C; can be written as C; = D; + N _1H, with D; a diagonal matrix and H; a
symmetric matrix which has at most three non-zero components on each row and each column.
More precisely,

0)
D, = Bi(x/N) : (A.40)
0) ‘
©) Co =@ TEa/N)O)
—(1/4)B/(x/N) —Q2y)"'Bl(x/N)
0 £
H, = © ©) . (A4
E 0)
—Qy) " B/ 0)

©) —Qy) 'Bl(x/N)

Now we write

1 22 x 1 1 x
ologZ, = 5 ; 3 (E (ﬁ)) + 50 logdet(Cy) + - ; dhy (ﬁ) , (A42)
| A2 x 1
ologZ; = 3 ; 3 (E <N)) + 50 log det(Dy). (A.43)

But, [N"23", 3, (x/N)| = O(1) since h, is smooth.

It remains to show that the following quantity is bounded above by a constant that does not

depend on N:
o, (10g 3| = |5, [1ogdet (1 + LD 8,
; OgdetD, = |0t | logae Nt t
d{det(I + D; " H;/N)} ‘

" | det(I + D;'H,;/N)

(A.44)

We denote by K; the matrix D, U'H,, which also has at most three non-zero components on each
row and each column, and by K] the derivative of K; with respect to ¢. We notice that for N large
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enough, the matrix / + K;/N is invertible, and we have

det C,
% <10g det Dt )‘ -
t

Tr('com(I + K;/N) - (I + K!/N)) ’
det(I + K;/N)

Tr [(1 + %1{,>_1 (1 + K;)} ' , (A45)

where com(A) is the comatrix of A.
Now we deal with (I + Kt/N)_l:

I+ ik _1—1 K (_l)kKk A.46
<+ﬁt)——,+2 b (A.46)

But, the component (i, j) of KX can be written as D iy @iy Giyiy - @i j Where a; j are the
components of K;. We know that there are at most three non-zero components on each row and
each column, and that they are all bounded by a constant C that does not depend on N (since S;
and X; are smooth). Then, it implies that |Tr(K ,k )| < N3kC.

It follows that

w| ()|

- (=DF .
T I—K,+Z i K

k=2

3k
< 1+ Tr(Ko)l + c; ~e=t = 0, (A47)
>

because Tr(K;) = O(1) (we can compute it and again use the smoothness of the profiles).

In the same way, we show that

1 —1
Tr |:K; <I + NKt> :|

It ends the proof. [

= 0(1). (A.48)

We deduce from the previous result that

0B (x/N) At(x/N)
0;log [Z VoA ()] = —— = 4+ A N)———
P log [Z (B (1), Ar ()] XEETN B.(x/N) + 0 A (x/ )ﬂ,(x/N)
8,8 (x/N) A2 (x/N)
— + 0(1). A.49
2 B&/N) o (A4

Consequently, we get the following statement.
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Proposition A.2.

Ullog) = 32 —ext (1) = e (1) = 3y (1)

XETN
Y O\ P x\ , 4B x/N)
X (px—H + px + ET};) - y—Nataq)» (l, N> + Bt x/N)
2
_atk(t’x/N))L(t,x/N) B, x/N) 2200, x/N) (A50)
Bl x/N) 2 Ba/N)
ollog@)) = Y —[ex—e(r.5)]aB (%)
XETN
(A51)

—}—[rx—r( N)]at ( N)+0(1).

A.3. Ending proof

We are now able to prove the Taylor expansion. According to the results of the two previous
parts, we have

1
— N>y — 8, {log(¢]"))

ol
{ —28 (r —> [M + pxrx_1i| — 92 (:, %) [%‘ n px]

-y -

xGTN

px [(rx+rx 0, (1. 5) + 20,2 1 ;)]2

) T R ) P ) et

Using the notations introduced in Section 2, it becomes

(A.52)

1
— N2y — 8, {log(¢]"))

¢
x\ 4 1., X\ o 1 x\1?% 3
() 2 = i () 22 g [oap ()]

1
A

Lan a0 2) e L 2T
el ) b S o as

We denote by H; the function defined as follows:

X _ N k
e (n (1 N)) = Kt/ ) [JO] :

(A.54)
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The explicit formulations for Hy are given by Proposition 2.1. The sum

S| () i () - S () e (0 (1 3)

)CETN

b T ) L) e 3)

oo )+ L 60T o0 2)

is of order o(N) (thanks to the regularity of the functions e, r, 8, 1), so that we can introduce it
in the right member of the equality (A.52).
Then, we obtain after computations

32 2 3,81 3, B9, A
— 9 8Hy — L 9.Hy + (%] 89H3+q/3—q8eH4
2y 4y Y
[0,2]°
+ , deHs = —0; B, (A.56)
and
32 2 3,81 3, B9, A
_%p o Hy — 2 8rﬂz+ﬂ3rl‘l 4P o Hy
2y Y
[3,2]°
Indeed, these two quantities are respectively equal to
92 3, B2 2 39, 80.n  [9,4]
q_ﬁ_M(Hr_)_Zr WP _ [0g2] (A58)
2y 4 2 4 4
and
32 ax (9,8 3,80, a
q—'Br+q——ﬂr(2e—3r2)—lﬂg—q(2e—3rz)+ru. (A.59)
2y Y 2y Y 4

This concludes the proof and gives Proposition 2.1.
Appendix B. Proof of the one-block estimate

We just give a sketch of the proof, which is done in [5, Section 3.4]. First, we define the space
time average of distribution:

_ 1 X
N=— / . fNds, (B.1)
tN; 0

and ka its projection on {(r;, p;) € R2k+D- i e Ap = {—[k/21 =1, ..., [k/2] + 1}}.
We also denote dv¥ = FN [Tier,,
probability measures on R?Y and R2*+D,

dridp; and dv,iv = ka nie’JI‘N dridp; the corresponding
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Observe first that (2.22) can be rewritten as

1
tlimsuplimsuplimsup/ - Z Jim — H(me,m(0)) dvN =0, (B.2)
because
121 1 &
T2 2Tk =y L (B.3)
k=0 j=1 x=1

We can prove the first following lemma.

Lemma B.1. For each fixed k, the sequence of probability measures (v,iv N>k IS tight.

For any k let v be a limit point of the sequence (v,iv )n>1. The sequence of probability measures
(Vk)k>1 forms a consistent family and by Kolmogorov’s theorem there exists a unique probability
measure v on (R x ]R)Z such that the restriction of v on {(r;, p;) € R2G+D. ;¢ Ar} is vg. One
has easily that v is invariant by translations.

Lemma B.2. For any bounded smooth local function F (r, p), we have [ LFdv = 0.

Then, v is a convex combination of grand canonical Gibbs measures puy, = pgy: v =
fd,o()()ux, with p a probability measure such that fdp()()ux le;j] < Cpforany j € Z.
Hence, it results that

1
limsuplimsuplimsup/ 7 Z Jim — H(nem(0))] + dvV

M—oo {—00 N—o00 i€/ (0)

. . 1
= lim sup lim sup f dp(x) / 7 O Jim = Hanew ()]t dysy

1
7 2 i = HOwmO)| pdiy |, (B4)

=1imsupfd,o(x) limsup/
ieAy(0)

M—o0 {—00

where the last equality is a consequence of the dominated convergence theorem. Since p, is
ergodic with respect to {t, ; x € Z}, the last term is equal to

lim sup / dp (O |1y [Jo.m] = H(ay lno,mD| - (B.5)

As M — 00, puy[Jo,m] converges to py [Jol = H (1 [0]) and pay [Eo,p] to sy [£0].
By Fatou’s lemma, the limit in M is equal to O and this concludes the proof of the one-block
lemma.
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