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Abstract

In this paper, we identify Laplace transforms of occupation times of intervals until first passage times for
spectrally negative Lévy processes. New analytical identities for scale functions are derived and therefore
the results are explicitly stated in terms of the scale functions of the process. Applications to option pricing
and insurance risk models are also presented.
© 2013 Elsevier B.V. All rights reserved.

Keywords: Occupation times; Spectrally negative Lévy processes; Fluctuation theory; Scale functions

1. Introduction and main results

In this paper, we are interested in the joint Laplace transforms of
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where X = (X;);>0 is a spectrally negative Lévy process, where

7, =inf{r > 0: X; <0} and rc+ =inf{t > 0: X; > ¢},

and where 0 < a < b < c. Recently, Landriault et al. [10] and Kyprianou et al. [9] have studied
occupation times of half lines for spectrally negative Lévy processes, though the latter article
considers a more general process, namely a refracted spectrally negative Lévy process. The main
difference between this paper and the papers [10,9] is that by using some of the techniques
in [8], we find considerably simpler expressions, which further allow us to establish a more
general set of identities involving occupation times of spectrally negative Lévy processes. Note
that occupation times appear both in option pricing and in insurance risk models; we will mention
two applications later on.

We now briefly introduce spectrally negative Lévy processes and the associated scale
functions, before stating our main results. Let X = (X;);>0 on the filtered probability space
(12, (F1)>0, P) be a spectrally negative Lévy process, that is a process with stationary and
independent increments and no positive jumps. Hereby we exclude the case that X is the negative
of a subordinator, i.e. we exclude the case of X having decreasing paths. The law of X such that
Xo = x is denoted by P, and the corresponding expectation by E,. We write P and [E when
x = 0. As the Lévy process X has no positive jumps, its Laplace transform exists and is given by

E [exx,] — V),
for A > 0, where
1 o
v =yr+ Eazﬂ + /0 (e™% — 1+ Azl0,11(2)) 1 (d2),

for y € R and o > 0, and where I is a o-finite measure on (0, 0co) such that

foo(l A ZH) I (dz) < oo.
0

We call the measure I the Lévy measure of X, while we refer to (y, o, IT) as the Lévy triplet of
X . Note that for convenience we define the Lévy measure in such a way that it is a measure on
the positive half line instead of the negative half line. Further, note that E[X] = ¥'(0+). The
process X has paths of bounded variation if and only if 0 = 0 and fol zII(dz) < oo. In that case
we denote by d := y + fol zII(dz) the so-called drift of X.

For an arbitrary spectrally negative Lévy process, the Laplace exponent 1 is strictly convex
and lim)_, o ¥(X) = oo. Thus, there exists a function @: [0,00) — [0, 00) defined by
@(q) = sup{r > 0 | ¥ (L) = g} (the right inverse of i) such that

Y(P(q)=q, q=0.

We have that @(g) = 0 if and only if ¢ = 0 and v’ (0+) > 0.
We now recall the definition of the g-scale function W@ For ¢ > 0, the g-scale function of
the process X is defined on [0, co) as the continuous function with Laplace transform given by

o0 1
YWD ()dy = ,
/0 © Oy =50 =4

with the following definition for the initial value: W) (0) := lim, ;o W@ (x). This function is
unique, positive and strictly increasing for x > 0 and is further continuous for g > 0. We extend

for A > &(q), (D
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W@ to the whole real line by setting W@ (x) = 0 for x < 0. We write W = W when g = 0.
We will also frequently use the following function

X
ZDx)=1+gq f W@ (y)dy, xeR. )
0

We recall some of the properties of the g-scale function W@ and its use in fluctuation theory.
Most results are taken, or can easily be derived, from [7]. The initial value of W@ is known to
be

1
W@ (0) = 1/d wheno =0 and /02H(dz><oo’

0 otherwise.
Now, for a € R, define
7, =inf{t > 0: X; < a},
and

r‘;L =inf{t > 0: X; > a},

with the convention inf# = oo. It is well known that, if @ > 0 and x < a, then the solution to
the two-sided exit problem is given by

W@ (x)
7qra+. + —| —
E, [e T < T ] = W@’ (3)
- W@ (x)
—qty . - +| = 7@ — 7@
E, [e 011, <za]_z @ = 2@ e @

where, for a random variable Y and an event A, E[Y; A] := E[Y14]. Also, it is known that, for
a < x < b and f apositive, measurable function, we have

E, [e’q’;f(xt;); T < T;r]

o2 , W@ (b — a)
_ i (q) — ) — W@y _ 7
_f(a)2|:W‘1(x a) — W9 a)W(q)(b—a)]
b—a oo
+/ dy/ SO —0+a)ll(d)
0 y
Wb —a—=y) @
[qu(x—a)—wq(x—a—y) . (5)

where W@’ (x) is the derivative of W@ (x), which is well-defined if ¢ > 0. The first term of
this identity corresponds to the case when X o =a.a behaviour called creeping.

For more details on spectrally negative Lévy processes and fluctuation identities, the reader
is referred to [7]. Further information, examples and numerical techniques related to the
computation of scale functions can be found in [6], see also Remark 1.1 below.
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1.1. Main results

For our main results we first need to introduce three auxiliary functions. We note that by
taking Laplace transforms on both sides and using (1) we can easily check that the following two
equalities hold:

(q—p) / ’ WP (a — WD (y)dy = WP (a) — WP (a),
0

, (©)

(= p) / WP (a =) Z @ (y)dy = 29 (@) - 27 (a).

0
We now introduce the following two functions for p, g > 0 and x € R,
(p.q) — wrte _ ¢ (P+q) (y _ (p)
Wa 7 (x) = W ®—qf W (x — )W (y)dy
0
X
— W(P)(x) + C]/ W(P-H])(x _ y)W(")(y)dy,
‘ (7)

a
ZPD(x) = 2P (x) —‘1/0 WPHD (x — y) 2P (y)dy
X
= 2PV () +f1/ WD (x — 3)ZP) (y)dy,
a

where the second representations of W% (x) and Z7*? (x) follow from (6). We will use both
representations throughout the text. We further introduce, for p > 0 and ¢ € R such that
p + g > 0, the function

HPD () = P <1 +q /X Pl W(p+q)(y)dy> . xeR
0
Note that H?9) (x) = e?P)* for x < 0 and that the Laplace transform of H?-9) on [0, c0) is
explicitly given by

! (1+ 1
e\ Y —p g

‘We now state our two main results.

o
/ e HPD (x)dx = ) ., A>d(p+q).
0

Theorem 1. For0 <a <b <c¢,p,q>0and0 <x <gc,
_ T, X
E, |:ep’0 =4 Jo" Tap (Xs)ds. T, < t:r:| = ZPD () — q/ WP (x — )29 (2)dz
b

L ZPP© g [f WP - 92 @)z
W;p,q)(c) —q fhc WP (c — Z)W,Ep’q)(z)dz

% <Wc$p’q)(x) 4 /x W(p)(x _ Z)ngp’q)(z)dz> ) ®)
b



1412 R.L. Loeffen et al. / Stochastic Processes and their Applications 124 (2014) 1408-1435

Theorem 2. For0 <a <b <c¢,p,q>0and0 <x <g,

o+
E, |:e—PT;——q Jo¢ Liap) (Xs)ds, Tc+ < T()_]

_ W) — g fy WP - oW @d
Wﬂ({p,q)(c) —q fbc WP (c — z)Wép’q)(Z)dZ .

C))

Note that the two theorems generalize (3) and (4). From these two theorems we can derive the

following corollaries.

Corollary 1. (i) ForO <a <band p,q,x >0,

_ T, X
E, |:e_1”0 -4 p° Liap) (Xs)ds. 7, < oo:| = Z,g‘"’q)(x) - q/ W@ (x — z)Z;p’q)(z)dz
b

b _ ) s
gy e TP ED T (dy
1+q [0 e 2@yWP? (y)dy
X
x (Wé”*”(x) —q / WP (x — z)Wép’q)(z)dz>,
b

where lim,_.o p/ ®(p) = ¥’ (04+) V 0 in the case p = 0.
(ii) Fora, p,q,x =0,

_ I
]Ex |:epT0 —-q fo l(a,oo)(xx)ds; T()_ < OO:|

ptq a —B(p+q)y
Tty ~ qfo e~ ¢y z(P) (y)dy

j— fO“ e~ P+ y WP (y)dy

=2 (x) - Wi ().

Corollary 2. (i) For —oo <a <b<c¢,p,q >0andx <c,
.[+
E, [C—Ptf—q Jo¢ l(a.b)(Xs)dS; .L.:- < OO]

B HPD(x —a) —gq fbx WP (x — y)yHPD(y — a)dy
- H(Pv‘l)(c — a) —q be W(p)(c — y)H(P»q)(y — a)dy ’
(i) Forb <c,p,q = 0and x <,

oF (P+4.—9) ( —
B, |e-re =0k lemnods, o+ _ oo = X1 x—b)
¢ HP+a:~9) (¢ — b)

Corollary 3. (i) Assume ' (0+) > 0. Then for —co <a < b,q > 0and x € R,

Z@(x —a)—q [, Wx —»ZD(y —a)dy

]Ex [e_‘i fOoo 1(a<b)(Xs)dsi| _ /
L+ b Jo 29 0)dy

(i) Assume ' (0+) > 0. Then for g > 0 and b, x € R,

E, [e_q I 1(—oo,b)(Xs)dS] — MH(%—Q)(X — b).
q
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(iii) Assume ' (0+) < 0. Then for —o0 <a < b, g > 0and x € R,
E, [e—q I 1<a,b>(xs)ds] — 2D —a)— g fx W — )29y — a)dy
q fob*“ eh— 20y 7@ (y)dy
YR0) +q i e POIHOD ()dy
x (H(O’q)(x —a)—q /bx Wx — yHOD (y - a)dy) .

(iv) Assume ' (0+) < 0. Thenfor g > 0 and a, x € R,
_ 9(g) — P(0)
2(q)

E, [e,q fowl(a,ooxxnds] — 7@ (x — q) HOD (x — qa).

We remark that Corollary 3(ii) was derived earlier in [10, Corollary 1]. Note that regarding
Corollary 3, due to the long-term behaviour of X, if ¥/'(0+) < 0, then fooo 1(—00,)(X5)ds = 00
a.s.,if ¥/(0+) > 0, then fooo 1(4,00)(X5)ds = oo a.s. and if //(0+) = 0, then fooo 1iap)(Xs)ds =
00 a.s.

We also mention the following useful identities,

WD () — q/ WP (x — WP (2)dz
b

b
= WP (x) + q/ wP (x — z)Wa(p’q)(z)dz,
a (10)

X
2PV — g / W (x — 220 (2)dz
b

b
= 7P (x) + q/ WP (x — Z)Zé(zp’q)(z)dz.
a

These two identities can be proved easily by setting first x = a = b in Theorem 2 and comparing
with (3) and then setting x = a = b in Theorem 1 and comparing with (4). Similarly,

H(P»q)(x —a)— q/ w P (x — y)H(p’q)(y — a)dy
b

b

=t g [Ty - aray. (an
a

which can be proved easily by setting x = a = b in Corollary 2(i) and comparing with the

identity in Corollary 2(i) for ¢ = 0. Note that (10) and (11) lead to alternative identities for the

main theorems and corollaries. Further, (10) and (11) will also be used to prove Corollary 1(i)

and Corollary 3(i) respectively.

Remark 1.1. The expressions appearing in Theorems 1 and 2 and Corollaries 1-3 are all given
in terms of scale functions for which in general only the Laplace transform is known. However,
there are examples of spectrally negative Lévy processes for which an explicit formula (though
the degree of explicitness can vary case by case) exists for the scale function W@, For instance,
in the case where X is a compound Poisson process plus drift whose jump distribution has
a rational Laplace transform (i.e. the Laplace transform is a ratio of two polynomials), then
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the Laplace transform of the scale function 1/(¥()) — ¢) is also a rational function and an
explicit expression (in terms of the roots of A +— (1) — g) for the scale function W@, for
any g > 0, can then be found by the method of partial fractions. We treat a specific example
of this class in Example 1.1 below. Another example is the case where ¥ (1) = (A + n)* — n“
for 1 < o < 2and n > 0, which corresponds to a so-called spectrally negative tempered stable
process, which is a zero-mean Lévy process with no Gaussian component and Lévy measure
II(dz) = l‘fgg:;;e”’zz’“’ldz, where I'(-) denotes the Gamma function. In this case, the scale
function is given by

WD) =e P x"  Eqq ((g +1")x%), x,q >0,

where Ey g(-) is the Mittag-Leffler function defined by E, g(x) = ZZOZO F(#n_‘_ﬂ), see Chazal
et al. [3, Example 3.2]. For the above mentioned examples one is then able to get a more explicit
expression for the functions appearing in the aforementioned theorems and corollaries.

On the other hand (when considering other examples for which the scale function is not
explicit), there are good numerical methods for dealing with Laplace inversion (cf. [6, Section 5]
which deals specifically with Laplace inversion of the scale function and its derivative) and these
can be used to numerically evaluate the expressions in Theorems 1 and 2 and Corollaries 1-3.
Although the Laplace transforms of Z@ and H(”*%) are known and thus these functions can be
computed via a single Laplace inversion, this is not true in general for the functions Wép 4 and
ZLEP 9 due to the appearance of incomplete convolutions. This also means that several of our
identities cannot be computed via a single Laplace inversion and more complicated numerical
procedures involving Laplace inversion and computation of iterated integrals are needed.

Our results improve the results from [10,9] (in the non refraction case) in several ways. First,
we consider occupation times of an arbitrary interval, not just intervals of the form (—oo, b).
Second, we deal with the case p > 0. Third, we deal with a general starting point x; note that
the expressions simplify when x < b or x < a. Finally, our expressions are considerably simpler
than the ones derived in [10,9]. To illustrate this consider Corollary 1(i) with p = 0,a = 0 and
x = b. Then

’TO_
Ep |:e—q Jo Lo, (Xs)ds, Ty < ooj|

(W (00) v 0) +q [ e~ P07 2@ (y)dy
L+4q [y e POy W@ (y)dy

— Z(q)(b) _ W(q)(b),

which is a more compact expression and easier to evaluate than the one in Theorem 2 of [10]
and Corollary 1(ii) of [9] (in the no refraction case). Below we give an example for which we
compute explicitly the functions appearing in Theorems 1 and 2.

Example 1.1. In this example we let X be a compound Poisson process plus drift, and possibly
perturbed by Brownian motion, with a hyperexponential jump distribution, i.e.
Ni
Xl = dt+UB[ _ZYI’
i=1
where 0 > 0,d > 0ifo = 0andd € Rifo > 0,{B; : t > 0} is a Brownian motion,
{N; : t > 0} is a Poisson process with intensity n > 0 independent of {B; : + > O} and Y7, Y>, ...
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are i.i.d. positive random variables, independent of {B; : t+ > 0} and {N; : t > 0}, with common
probability density function given by

n
7 E ajo;e %% 7> 0,

where n is a positive integer, 0 < «] < a2 < -+ < &, and Z?:l a; = 1, where a; > 0 for all
i =1,...,n. The Laplace exponent ¥ of X is given by

1
2 =1 E[“‘l]:dx = § . A> —a.
Y(2) =logE |e +20 —-n+n k—i—al > —aj

Denote (with abuse of notation) by ¥ (1) the right hand side of the above equation and note that
this expression is well defined for all A € R\ {—«q, ..., —,}. We assume for convenience that
g > 0or ¥/(0) # 0. Then by the method of partial fractions,

n
[T +a)
1 . 1 i=1
N—q YR — n
i=1
n
H A+ ;)
i=1
S @
AT =67
i=1
n N
. lZ j=1 j=1j# ‘
A= A= 9,-((1)
N /0@
1 0.
=ZM, AGR\({G(q),...,G(q)}U{al,...,an}), (12)
_a@ 1 N
; A —0;
d ifo =0
where N =n + 1+ 1ig=0), A = {102 oo and 0 > 0\ > ... > 6\ are the roots of
2
A+ ¥ (L) — g, which, one can easily show, satisfy 01(’1) = &(g) and
—oy < 0,5(_131 < —ap 1 <09 < _a < 92(‘1) < qu) ifo =0,
6((12 < —a, < G(q)l < —,_] < O(q) < -y < 92(‘1) < Gl(q) ifo >0,

provided g > 0 or ¥'(0) # 0, which we will assume throughout this example. Note that the third
line in (12) follows because

ﬁ (9(‘1) + (X])

] N

3

’N: O — 9}5’))
i=1 H (Qi(q) _ Ql(q)) j=1,j#i
1 ;
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and [[/_,; (A + o;) are both polynomials in A of maximum degrees N — 1 and n respectively,

which coincide for A = 91(‘1), el 91(\7 ) and thus by the unisolvence theorem, they coincide for all
A € R. The fourth line in (12) follows because by the third line

n
(q)
1 ][[1(0 o) x—e“” @
- lim ——— =1/y'6;").
A N @ Y(A) —
(@) (q) r—>0;
[T ®*—=6")
j=l i /

We can easily apply Laplace inversion on the right hand side of (12) in order to get via (1) and
(2), forg > 0 or g = 0 and ¥'(0) # 0,

(q)
N 69" X

W (x) = Z Vo x>0,
—1

a(q)
(q) _
Z%x) =1+gq Zw 6@

N 6(‘])
< ifg >0
. 1 s
= w/(ei(q))ei(‘]) x > 0’

1 ifg =0,

where the last equality follows by (12) with A = 0. For convenience, we only consider the case
p > 0. Then using the first identities in (7), we get

a - w,(efp+q)) q v (ej(p) _ ei(p+q))¢/(6;p)) >
N egl(wq)
Zél’ﬂ)(x) = ZW
- p+q SO =07 e
9(p+q) —4qp jX_: (9(17) _ Qi(pﬂ))w/(@.,('p))@l;p) , X>a,

and then using (10), we get for x > b,

WD () — q/ WP (x — WP (2)dz

N 9(17) N e(ej(p)_ei(1a+q))a

e |

(p+a) _p(p) (p+a) _p(p)
N e(@jl’ q 70/(17 b . e(eil’ q 791(17 Ya

= (9](_17) _ ei(PJF(I))w/(QJ(_P))

P (Qi(P+(1) _ eép))w/(gi(P‘Fq))



R.L. Loeffen et al. / Stochastic Processes and their Applications 124 (2014) 1408-1435 1417
and
x
ZPD (xy — q/ WP (x — 2) 2P (7)dz
b
)y (p) _pr+a)
Z < +q|Ltd —qpi S
() (p) (p+q) (p) (p+9) (P o (@)

S | e 6, SO -0y e

N e(gi(erq)_glgp))b _ e(9i<p+q)_9]§p))a

= (Qi(P+q) _ 91517))1#/(91_(])"‘4))
Note that for other values of x, we have

WPD(xy ifx < b,

X
W(p,q) _ / W(P) — W(P,l]) dz =
0 —q | W=D @ =0 o ifx <,

. (p.9) i

(P.9) ) (P.q) _ |2 ") ifx<b,
z _ w —2)Z dz =

a ()C) CI/b (X Z) a (Z) v4 {2(17) (x) if x <a.

When n = 0 and o > 0, the Lévy process X is a Brownian motion plus drift and in this case the

roots Hi(q), i=1,..., N =2, can be found explicitly,
Vd2 +2g02 Vd2 +2g0?
00 = —ajo? + YETLT @ _ _gjp2 YT 207

o? ’ o2

When n = 1 and 0 = 0, the Lévy process X is a compound Poisson process plus drift with

exponential jumps with parameter «; and in this case the roots Ql.(q), i=1,...,N = 2, are
given by
g _ @ —n—q)+ V(day —n — @) +4qaid
1 2d k
g _ @ —n—q) - V(day —n — q)% +4qad
2 - .
2d

The rest of the paper is organized as follows. The main lemma needed for the proofs, which is
based on some of the techniques used in [8], is given in the next section. It is this lemma which
allows us in the end to simplify the expressions obtained in [10,9]. Then in Sections 3-5 the
proofs of the theorems and corollaries are given. The arguments used in Sections 3 and 4 (at least
for the case where X has paths of bounded variation) are similar to the ones in [10]. Finally, in
Section 6 we give two applications of our results.

2. Main lemma

Recall that X is a spectrally negative Lévy process with Lévy triplet (y, o, IT). For some
particular functions f associated with X, the right hand side of (5) can be written in a much
nicer form (namely, (13) below) and this observation is the starting point of what leads in the end
to the simple form, compared to the earlier works [10,9], of the identities in the main theorems.

For a positive, measurable function v @ (x), x € (—00, 00), consider the following condition:

(9)
W x —a) v@((b), 0<a<x<b. (13)

E, [e*quU(Q)(Xt;)l{r;q;}] — v(q)(x) W
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Remark 2.1. Note that (13) implies via the Markov property, (3) and the lack of upward jumps
that the process

—q(tATy AT (q)
t—e a N )y (Xt/\r;/\r,jr>’

is alP,-martingale for all x € [a, b]. Conversely, if the above displayed process is a [P,-martingale
for x € [a, b], then by taking expectations and the limit as ¢ — oo, one can show that (13) is
satisfied provided v is sufficiently regular so that switching of the expectation and the limit is
justified.

For g,a > 0, we define V,gq) to be the function space consisting of functions v (x) that
satisfy (13) for all x and b such thata < x < b. We will now show that several types of functions

lie in V(EQ). Consider first the scale function W(‘f)(x). We have for all 0 < @ < x < b by the
strong Markov property and (3),

WD (x) B
W@ @)
—_get T et
= B [e % 1{T1jr<f(;}_ + Ex [Ex [e % 1{r{<r,,+<r(;}‘ ft{;]]
W@ (x — a) M o —art
= W _a e B [ oy | U <ot
_ WO o WO,
W(tI) (b — a) x W(q)(b) {ta <7y I

P
Ex [e % 1{r:<r(;}_

from which it follows that W@ satisfies (13) and thus W@ e Véq) for all g, a > 0. By spatial
homogeneity it then follows that x — W@ (x — y) lies in vgf“ forallg > 0and 0 <y < a. Let
now

V0@ =By [ X o], xR, (14)

for some measurable function f such that [v@ (x)| < co. Note that v? (x) = f(x) for x < 0.
Then we have for 0 < a < x by using the strong Markov property,

v(q)(x) =E, [Ex I:e_qf(;f(xt(;)l{r(;<oo}‘fr{]:l =E, [e_qfc;v(‘l)(xt[)l{nf<oo}:| (15)
and therefore again by the strong Markov property and (3), we have forall 0 <a < x < b,
VD (x) = E, [e—qu U(Q)(XT;)I{M—<OO}]
=E, [C_qr‘:U(q)(Xr;)l{rJ<Tb+}i|
+E, [Ex [e—‘ﬁiv<‘1>(xt;)1{rb+<t;<oo}‘f,;]]

—F, [e—%’ @ (X, ), +}]

T
— + ! -
B[ 1o [ B [e 0O X1 ]
- W(q) (_x — a)
_ —qt; ., (q) _ _ —_—
= E, [e v (Xra )l{ra <rb+}] + W@ (b —a)

x Ep [e_‘”ﬂ_ U(")(XT;)I{T{;@O}] .
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Now using (15) for x = b for the last term on the right hand side of the previous computation,
we see that v(?) (-) of the form (14) satisfies (13). In particular, for f = 1, v@ () of the form (14)

lies in Véq) forall g,a > 0. As V,Sq) is a linear space it follows via (4) that we also have for all
qg,a >0,

Z(q)(x) %@ )W(q)(x) +E, [e qty l{r <OO}] c V(Q)

The proofs of the theorems and corollaries in Section 1.1 and the next lemma in the case
where the process X has paths of unbounded variation use an approximation argument for which
we need to introduce a sequence (X"),>; of spectrally negative Lévy processes of bounded
variation. To this end, suppose X is a spectrally negative Lévy process having paths of unbounded
variation with Lévy triplet (y, o, IT) and, on the same probability space, form for n > 1 the
spectrally negative Lévy process X" = (X]');>0 with Lévy triplet (y, 0, II,), whereby

11,(d8) == 1(g>1/m IT(d0) + 02?8}, (d6),

with 81,,(df) standing for the Dirac point mass at 1/n. Note that X" has paths of bounded
variation with the so-called drift given by d,, == y + 11/ o 011(d0) + o2n?, which means that
d, may be negative for small n. Though we do have that X" is a true spectrally negative Lévy
process for large enough n which is all that we need. By Bertoin [2, p. 210], we can construct
the sequence (X™) so that X" converges almost surely to X uniformly on compact time intervals.

Denote by V%) the function space V¢’ corresponding to X”. The following lemma is the main
result of this section.

Lemma 2.1. Let g, a > 0 and v'? be a positive, measurable function on R. Given a spectrally
negative Lévy process X, consider the following assumptions:

() If X has paths of bounded variation, assume that v@ € V(gq) and
oo
f e 0@ (2)dz < 0o, for A large enough. (16)
0

(ii) If X has paths of unbounded variation, assume that v'9) is continuous and that there exists

a sequence of functions v(Q) € V,Sq) satisfying (16) such that v(q) converges to v9 uniformly
on compact subsets, i.e.,

lim  sup [0\(x) — v @) =0, forallxy<x, (17)
=00 xelxg,x1]

and such that for all xo > 0 there exists Ky, > 0, ng > 1 such that

@ (x)| < Ky, foralln > ng, x < xq. (18)
If (i) or (ii) holds, then we have for all p > 0 and x, b such thata < x < b,

— X
E, [e7rm v@(X,;)l{r;«;}] =v @) ~ (g - p) f W (@ = y)o'® (y)dy

WP —a) () @) @
WO —a) ( ) - P)/ WP (b — y)v' (y)dy> (19)
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Proof. We first prove (in three steps) the lemma for the case that X has paths of bounded
variation, i.e. o = 0 and [} 011(d) < oo. Recall thatd = y + [, 611(d6) > 0 is the drift

of X.
Step 1. We have by (13) and (5), fora < x < b,
WD (x — a) _
(q) _ M) — —4%4 (@) _ _
vT) W@ (b — a) ve(b) = Ex [e v (Xra )1{10 <r,,+}]

o0
=f / v 9 (y — 0 4 a)I1(d9)
0 (y,00)

|:W(q)(b —a—y)

Dy — gy — WD (y — 4 —
Wb —a) WW(x—a)— WY x —a y)j|dy

o Wb —a—y)
— (@) (@)
= vV (y —0 +a)[1(d)) —————— WD (x —a)dy
»/0 /(y,oo) W(q>(b — a)

o0
3 f / V@ (y — 6 +a) 1YW (x —a — y)dy,
0 J(y,00)

(20)

whereby the splitting of the integral in the last line is possible due to fol 011(df) < oco. By putting

x = a in (20) and recalling W'?(0) = 1/d, we get for all b > a,
o
/ / v (y — 04 a)ITdOYWD (b — a — y)dy
0 (y,00)

=dWD (b — a)pV(a) — v (b).

2D

Step 2. Let 49 > 0 be large enough such that the Laplace transform of v(?) (x) exists for A > Ag,
cf. condition (16). Taking Laplace transforms in » on both sides of (21) and using (1) leads to,

for L > ®(q) V Ao,

o0
/ e—xy/ V@ (y — 0 + a)I1(dO)dy
0 (y,00)

=dv'? () — (Y (1) — g)e /OO e @ (p)db.

Let p > 0. Then using (22), we get for A > &(q) vV @(p) V o,

o0 o0
/ e~ b / / v (y — 60+ a)IT(dO)WP (b — a — y)dydb
a 0 (y,00)

—Xa 00
s (dv(q)(a) — (W) — q)er / e“’u@(b)db)

TYm—p a
ef)»a 00 3 qg-p 00 B
—_ - gay@ _ Ab o (q) I R b (q)
= I//(k)_pdv‘f (a) /a e v (b)db + Iﬁ(k)—p/a e v P (b)db.

Now by Laplace inversion, we get for all b > a,

o0
/ / VD (y — 0 +a)IT(dO)WP (b — a — y)dy
0 (y,00)

b
=D @WP (b —a) v ®) +(q - p) / WP (b — y)v'® (y)dy.

(22)

(23)
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Step 3. We know by (5) that fora < x < b,
o0
E, [e—prffv(q)(er)l{fqﬂ] - / / VD (y — 6 + a)IT(d6)
e 0 Jy.00

[W(”)(b —a-y)

P (v — gy — WP (v — 4 —
Wb —a) WWi(x —a)— WY¥YW(x—a y):|dy.

Hence using (23) twice, we get the identity in (19) when X has paths of bounded variation.

We now prove the lemma for the case that X has paths of unbounded variation. Hereby we
assume without loss of generality that p > 0 as the case p = 0 can be dealt with by taking limits
as p | 0 using the fact that WP (x) is continuous and increasing (cf. (6)) in p > 0. We denote
by W,Ep ) the p-scale function corresponding to the spectrally negative Lévy process X”. Further,
let

T, =inf{t >0: X <a}, 1, =inf{t >0:X] > b}.

n

Then since we have proved the lemma for the case of bounded variation,
o @ @ ) @)
E, [e_m"'"”"q X ez, <ef, }] = v, (x) = (¢ = p) / Wo” (x = yyv" (y)dy
n ’ W a

WP (x — a)
WP (b — a)

We aim to prove (19) by taking limits as n — oo on both sides of (24).

By p. 210 of Bertoin [2], X" converges almost surely to X uniformly on compact time
intervals, i.e. for all + > 0, lim,_ o SUP;e[0.1] X! — Xs| = 0,P-a.s. Given € > 0, observe
that P,-a.s.,

b
(vé”(b) —(@-p / WP (b — y)vﬁ”(y)dy) : (24)

Tade NES T g ANES T AT
for n large enough. Since X has paths of unbounded variation, we have Py-a.s.,
T ANt T, At and T, At ] T, At
as € — 0+. This implies that for any ¢ > 0, P,-a.s.,
Tun NE—> T, AL
Similarly,
r;“n At — t,j At Py-as.

Next, we aim to show that

n
- X - -a.s.
Xt(;nM Xra A Px-as
. n n . .
Since |Xra‘,.At — Xl = IXra‘nAt = Xl T 1Xoo = X o5 it remains to show, by the
uniform convergence of X", that
XTJHM = X P,-a.s. 25)
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Now (25) is obvious when t, >t ort, <t and X - < a because then 7, AT =17, At for

n large enough. In the remaining case, condmonally on the event that 7,7 < fand X_- = a, it

is well known that the Lévy process must cross the level a by creeplng over it (almost surely),

meaning that then lim;_, — X; = a and so (25) must follow because 7, ,, A1 — 7, A L.
Combining the above convergence results with (17), we have for any ¢ > 0, Py-as.,

e P(Tan /D) (q)(Xn . — e P A1 (q)(X _

/\t) {r,,n/\l<rb At} /\l)l{ra AL<T) /\t}

or equivalently

e~ PTan Uz(zq)(X;l‘;n)l{r;,,<r,jnAt} — e Pl v(q)(Xr;)l{r;qh*At}‘ (26)
Notice that Py-a.s.,
X:afnl{r;nd,fn} =a, X lrr <oy = @ @D
which implies further in combination with the triangle inequality,
le” Pf”v(q)(X" M <oy € TP DX - <)
<l|e” Panv(q)(X” i copy =€ “”U(q)(Xn e, <ol
i |e—pfanv(q)(x” e Y e Pl v(q)(Xf;)l{r,7<r;At}|
Fle P @ (X *)l{r;<r+At} —e Pl @ (x 7)1{T—<,+}|
|e—p‘L'anv(Q)(Xn 1 e Lieoo }|+|e_’"“"v(q)(xn Wi <ot n)
e P v(‘”(X,;)l{r;a*Ar}' + e 7P @ (X, i <o i<y
<e <l{t<r a1 SUP o )1+ 1, .. }Suplv(q)(y)l)
e (X M iy = €T VDX g 29

By (18) and (26) we can (since we assumed p > 0) first choose a ¢ large enough and then choose
n large to make the right hand side of (28) arbitrarily small, which means that P,-a.s.,

e—PTzvar(zq)(X:‘;n) } ¢ -ty v(lI)(X )l{r <oy

{7a, n<fb

By (27) and (18) in combination with the dominated convergence theorem (DCT) we can then
conclude that
Jim B [ o X0 M, <o, ) = B[O X 1 |

It remains to show that the rlght hand side of (24) converges to the right hand side of (19). It
is an easy exercise to show that the Laplace exponent of X" converges to the Laplace exponent
of X which means via (1) that the Laplace transform of W,Ep ) converges to the Laplace transform
of W(P), Hence by the continuity theorem of Laplace transforms (cf. [4, Theorem 2a in Section
XIL1]), WP (x) — WP (x) forall x > 0 and p > 0. Using the DCT in combination with
(17), (18) and the fact that scale functions are increasing, we deduce that indeed the right hand
side of (24) converges to the right hand side of (19). [
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Lemma 2.2. The conclusion of Lemma 2.1 holds for (i) v\ (x) = W9 (x) for any q,a >
0, (i) v (x) = ZD (x) for any q,a > 0 and (iii) v¥ (x) = WD (x — y) for any ¢ > 0 and
0<y=<a

Proof. Note that case (iii) will follow from case (i) by spatial homogeneity of a Lévy process. For
cases (i) and (ii), from the considerations in the beginning of Section 2 and (1), the assumptions
in Lemma 2.1 are clearly satisfied when X has paths of bounded variation. When X has paths of

unbounded variation, we let the function v,(,(” € V,E?,z in case (i), respectively case (ii), be W,i‘f)

(the g-scale function corresponding to X"), respectively Z\¥ (x) == 1 + ¢ I W (y)dy. We
have seen in the proof of Lemma 2.1 that W,EQ)(x) converges to W@ (x) and since the g-scale
function is increasing and positive, it follows that (18) is satisfied in case (i). This implies further
by the DCT, that Z,(lq) (x) converges to Z @ (x) and as Z,(ﬂ) is also positive and increasing, (18) is
also satisfied in case (ii).

What remains to show is that the convergence of W,Eq) to W@ and Z,(ﬂ) to Z@ is actually
uniform on compact subsets. Since x — log W,Eq)(x) is a concave function (cf. [11, p. 89]) and
converges pointwise to log W@ (x), it follows that log W,Eq) converges uniformly on compact
subsets to log W@, cf. [13, p. 17, Theorem E]. As the exponential function is locally Lipschitz,
it is then easy to show that also W,§‘f> converges to W@ uniformly on compact subsets. It then
easily follows that also Z,(,q) converges to Z? uniformly on compact subsets. [

Remark 2.2. The proof of Lemma 2.1 in the bounded variation case uses very similar steps
as the proof of Theorem 16 in [8]. In order to make the connection clear between these two
results, let us reformulate the left hand side of (19) in a different setting. Let Y be a spectrally
negative Lévy process with Lévy triplet (y, o, IT) and killing rate p > 0, which means that Y
is a spectrally negative Lévy process killed at an independent exponentially distributed amount
of time with parameter p. Further, let Z be another spectrally negative Lévy process with Lévy
triplet (y’, o’, II') and killing rate ¢ > 0. Define the first passage times,

T, =inf{t > 0:Y; <a}, 1:l;|r =inf{t > 0: Y, > b},
k, =inf{t > 0: Z; < a}, K]j_ =inf{t > 0: Z; > b}

and denote by Wy the scale function associated to Y, which is defined as the p-scale function
WP corresponding to the unkilled spectrally negative Lévy process with Lévy triplet (y, o, IT).
Similarly, define Wz. Also, let v be a positive, measurable function satisfying
Wz(x —a)
Ex 02 o] = v - Wotb—a)
Then Lemma 2.1 provides, under some additional regularity assumptions on v, an expression for
the quantity

By [0V )1 o] (29)

in the case where y = y’, 0 = ¢’ and IT = II’ (i.e. only the killing rates differ), whereas
Kyprianou and Loeffen [8, Theorem 16] provide a similar-looking expression for (29) with
v = Wy in the case where 0 = o', I = I’ and p = ¢ (i.e. only the first parameters of
the Lévy triplets differ).
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3. Proof of Theorem 1

We first prove the theorem in the case where X has paths of bounded variation. Fix0 < a < b
and p, g > 0. For x < ¢, define

g [0 _
w(x) = E, |:e P =0 Jo” Nan (Xo)ds, o t:’j| :

Using the strong Markov property of X, the fact that X is skip-free upward and (3) and (4), we
can write, for x < a,

wx) = E, [e_l’t(;; T, < l';_] + w(a)E, [e_’"fj; Tl < ‘L'(;]

_ 7 w@ = ZP@ Y\ L)

Similarly, for a < x < b, using (30), we have
w(x) = wb)E, [e*(p”)t'j; T, < r;] + Ey [e*(pﬂ)gw (Xt;) T, < t;r]

WPt (x — q) _
= - = 7 —(p+g)ty 7(p) ). +
_w(b)W(P+‘l)(b—a)+Ex [e VA (Xra>,1:a <1:b]

w(a) — 27 (a) ~rtT -
+(W)Ex[e P+ WP(XI(;),IH <rh]. 31)

Since one can show by the lemmas in Section 2 that

WP+ (x — q)

(p.q)
mwa b)) (32

E, [ef(erq)fJ w® (chf> it < t;’] = WP (x) —

and
WPt (x — a)

(p,q)
WP+ (b — a) Za (b,

a

E, [e—(p+q)fa_ AR (Xfa_) T < rlj] = ZP () -
we get, fora < x < b,

W(p+q)(x —a) ».0) w(a) — Z(p)(a) (».0)
w(x) = m (w(b) — Z"7 (b)) — W W, (b)

w(a) — ZP (a)

(p.q)
+Za (.X) + ( W(l’)(a)

) WD (x). (33)

Recalling (7) one easily sees that (33) also holds for x < a. Finally, for b < x < ¢, we have
using (33),

wx) = E, [e*’”l:w (Xr,’) T, < rf]

=E, [e‘prl; WPt (XT; — a) T, < ‘E:_]
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, iy A0)] R
U)(b) _ Z{EI’ 4)(b) _ <w(av€/(p)(a)(a)) W(E[’ q) (b)
WPta) (b — a)

+E, [e_mi:Za(p’q) (X 7) T, < t:r]

13

. (%) B [erimir (x, )iy <],

X

By the lemmas in Section 2 and Fubini’s theorem, we have,

c

E, [efprbiW(Ep’q) (Xr[;> (T, < r+]

=E, [e—pfb_ WPt <be_) 7 < r+]

C
a —
—q/O WP (y)Ey [e"”b W (Xf}; - y) (T, < TJL] dy

=W ) —q / WP (x = YW (2)dz
b

WP (x — b)

WG D) (e oy g [T e —
W@ (c — b) (Wu (©) ‘1/[; W (e — )Wy (Z)dZ)

and, similarly,

_ X
E, [e"”b Zép’q) (be_> 3Ty < rj] = Za(p’q)(x) — q/ W(”)(x — z)Za(p’q)(z)dz
b

W@ (x —b)

- (PD 0y — ‘ P, _ (p.q)
Ww@_m<% (© QA‘V (c—2)2, (@&)

1425

(34)

(35)

(36)

All is left to obtain are the expressions for w(a) and w(b). It is here that we need the
assumption that X has paths of bounded variation. Setting x =  in (33), using that W% (0) # 0

because X has paths of bounded variation and noticing that (cf. (7))
WP (@) = WP @ and ZP9 @) = 2P (),
leads to

w(b) — Z59? (b) ~w(a) — 2P (a)
Wrdgy W)

Using the above equation once in (33) and twice in (34),

w(x) = E, [e—f’fizép"” (X };) T, < rf]

T

b _Z(IMI) b _
+ wb) — 277 0) C ;l ®) E, [e_prb Wi (XT—) T, < r;”] ,
Wﬂl’ﬂ (b) b

(37
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for x < c. Setting x = b in (37) and using (35) and (36) then yields

W V) (p.q) ¢ (p) (p.9)
W@ (c — b) (Za () — q'/b W (c —2) 2, (Z)dZ)

wb) = 280\ (1) o w0 () va)
+<W WO " e —p (W“ «

w(b) = 2" () -

, /c W (e — Z)W;P*’”(z)dz) ) _ (38)
b

Solving (37) for w(b) leads to

20 g fy WP =92 ()dz

(p.q) c (p.q) W“(pvq)(b)'
WP () — q [y WP (e — )W, (2)dz

w(b) = Z9? b) —

Plugging this into (37), using (35)—(36), cancelling out a few terms and rearranging, we get
identity (8) when X has paths of bounded variation.

Now we assume that X has paths of unbounded variation. We assume here without loss of
generality that p > 0 as the boundary case p = 0 can be dealt with by taking limits as p | 0.
In order to prove this case, we use a similar argument as in the proof of Lemma 2.1. Using the
notation in that proof, we have since Theorem 1 has been proved for the case where the spectrally
negative Lévy process has paths of bounded variation,

- r(;n
—1t5,—4 o " Lap(XPds, _— + (p.q)
Ey |:e Pion=a o™ Nany (X S Tom <Ten | = Zan ()

X
—q / WP (x — 2) 2809 (2)dz
b

25T =g fy Wi e = 9287 @)dz
Wi (©) = q f Wi (c = Weli® (2)dz

x (wéf’n’"’(x) —q /b W Z)Wéf’riq)(z)dz> , (39)
where
WD (x) = WP (x) — ¢ /0 WD @~ W )y,
20 () =2 () — g /O WP - )z (dy.

As X" converges P,-almost surely to X uniformly on compact time intervals, we have, similarly
to (26), for all t > 0, Py-a.s.,

— ‘T_
+ N e_pf() —-q .]()0 1(zz,b)(Xs)d51 _

o~
— 0,

e P04 o " Lam(XDdsy +

{Ty., <TenAt} {rg <t At}



R.L. Loeffen et al. / Stochastic Processes and their Applications 124 (2014) 1408-1435 1427

Further, one can show similarly to (28),

-
_ 0,
e_l’fo,n_qfo nl(a.b)(Xﬁl)dsl _ L. —e P qfo La.p) (X )dSI B
{701n<fc,n} ‘L'O <Tc }

o
_ 70,
< ze*Pt + e_l’fo_,,_q ./() " l(a.b)(X?)dSl

{‘[(;n <r(.an At}

.= PTy qf 1( » (Xs)ds
€ 0 0 @0 1 T_<‘[( At}

which yields (because p > 0),

A —qfo Lg,b) (X3)ds —-pty qf 1a.p) (X5 )ds
€ " 1 Ty <Tec, ) — ¢ 0 0 @ ’ 1 {7y <t}

Thus by the DCT it follows that the left hand side of (39) converges, as n — 00, to
Ex [G_PTO_‘I foro l(a.b)(Xs)dS; T()_ < 1-;’:| .

On the other hand, we have seen that W,Eq)(x) and Zflq)(x) converge to W@ (x) and Z@D (x)
respectively for all ¢ > 0 and since W,Eq)(x), Z,(,q)(x) are increasing, positive functions it
follows by the DCT that Wa(fj,{q)(x) — WD (x) and Zéf’,;q)(x) — 29 (x) for any x. Since

ngp n’q)(x), Z,Ep ,;’J)(x) are also increasing, positive functions, it then follows by the DCT that the
right hand side of (39) converges to the right hand side of (8), which proves Theorem 1 also for
the case that X has paths of unbounded variation.

4. Proof of Theorem 2

The proof of this theorem is very similar to the proof of Theorem 1. We first prove it in the
case where X has paths of bounded variation. Fix 0 < a < b < cand p,q > 0. Forx < ¢,
define

o
w(x) = E, |:epfc+q IS ]I(a,b)(X.v)dS; T < TO_] )

c

Using the strong Markov property of X, the fact that X is skip-free upward and (3), we can write,
forO0 <x <a,

WP (x)

w(x) = w(a)E, [e_’”;: T, < To_] =wla )W(P)(a)

(40)
Similarly, for a < x < b, using (40) and (32), we have

w(x) = wb)E, [e*(’”q)’i:r; T, < r;] +E, [e*(’”“q)’;w (Xr;> T < tb+]

a

WPt (x — q) w(a)

= w(b) Ww+a) (h — q) W@ (a)

a

E, [ef(erq)r; w® (Xrg) 1T < 'L']j_:l
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WPt (x — q)
Wr+D (b — a)

w(a)a (W{gp,q)(x) _ Wwy’w(b)) , (41)

= w(b)

W+ (b — a)

Note that via (7) one can easily show that (41) holds also for x < a. Finally, for b < x < ¢, we
have

wx) = E, [e_’":r; T < rb_] +E, [e_’"b_w (be_) T, < rj]
_WOG b ) - LW (b)
T W®(c—b) WP+ (b — a)
x Ey [e_m; w(Pta) (Xf - a) (T, < ‘L'+]
b

c

w(a)
W) (a)
We need to obtain the expressions for w(a) and w(b). As we assumed that X has paths of
bounded variation, we have W9 (0) = 0 and thus setting x = a in (41) yields

w(b) w(a)

Wé”””(b) T wWP(a)
Plugging this into (41) and (42) using (35) yields,

E, [e—f’fb_ W (Xr}:> 1 < rj] . (42)

Wép,q)
w(x) = w(b)T)(x), < b,
W (b)
WP (x—b) w(b) (P S (P.q)
WO = e —p T W (b) {W" (- q/h W e @
w® (x —p ¢
— ﬁ (W;”'q)(c) —q /b WP (c — z)W}l””)(z)dzﬂ, b<x<c (43)

Setting x = b in (43) gives us
Wi ()
WD () — g [f WP (e — WP (2)dz

and plugging this into (43) leads to (9) for all x < c. This proves Theorem 2 when X has paths of
bounded variation. The case where X has paths of unbounded variation follows using the same
arguments as in the proof of Theorem 1.

w((b) =

5. Proof of corollaries

We will prove the corollaries only for p > 0 and ¢ > 0. The cases where p = O org = 0,
then follow by taking limits as p | 0 or ¢ | 0. For the proofs we will make heavy use of the fact
that (cf. [7, Lemma 8.4]) the scale function can be written for g, x > 0 as

WD (x) = e? D W) (x), (44)
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where W, (x) is the O-scale function of the spectrally negative Lévy process with Laplace
exponent ¥ ¢4)(0) := ¥ (P(q) + 6) — g. Further (cf. [7, 8.7]),

1
Vo OH ¥ (2@)

which implies that Wg,)(00) < oo except if simultaneously ¢ = 0 and ¥’ (0+4) = 0.

W (g)(00) = xlggo W) (x) =

5.1. Proof of Corollary 1

(i) Taking limits as ¢ — oo in Theorem 1, we see that we need to show

2O —a [y WP - 928 @)dz
CRWLP @) —q f; WP e = Wi (2)dz

oy +a [, e PP ZD ()dy s
L4q [, e P PYW D (y)dy

Using (10) and (44), it follows by the DCT (recalling that we assumed without loss of generality
p>0),
i W@ — g [y WP e - W )de
c—>00 W@ (c)

b
=1 +q/ e~ POIWPD (y)dy
a
and similarly, using also [7, Exercise 8.5(1)],

. 2P0 —q [ WP -2 @dz  p 4 /h -
Jim, W) "o 1),
Now (45) follows.

(i1) The proof is similar to part (i) and left to the reader.

e PPV 2D (y)dy.

5.2. Proof of Corollary 2

(1) Using spatial homogeneity and Theorem 2 for sufficiently large m,

+ +
E e—prj_q Jo€ Lgap (X)ds. <00l = lim E e_’”j_qforf Lapy(Xods. o+ _ .~
X v “e M 00 X » “e —m

+
+ Tetm
— 1 —PTeym—q Latm pm)(Xs)ds. —+ -
= mlg‘noo Ex+m |:e c+m fO (a+m,b+m) X S Team < T

WD (x4 m) — g [5T7 WO (x +m— WD (2)dz

= lim bt atm
m=00 WD (e m) — g [T WP (e +m — WD (2)dz
WED (x +m) — q [} WO (x = WED (v + m)dy

= lim
m=00 WD (e +m) — g [f WP (e — )Wl (v + m)dy

B HPD(x —a) —gq fbx WP (x — y)yHPD(y —a)dy
T HPD(c—a)—q [y W (c — yYHP-9 (y — a)dy ’
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where the last line follows by the DCT (noting that 77-9) is an increasing function) and

o Wl m) L WO m) g [fWO @ = ) WO+ mydy
ml—I>noo w P (m) - ml>moo w P (m)

X
— 2 4 / WHD (¢ — e PP dy
a

— e¢(P)uH(P»11)(x —a),

which follows again by the DCT and (44).
(i1) The proof is similar to part (i) and left to the reader.

5.3. Proof of Corollary 3

(i) Assume '(0+) > 0, which implies @(0) = 0. Then since 7" < oo almost surely, we get

using Corollary 2(i) with p = 0, noting that H*9) (x) = Z@ (x),

N
E, [e—q I's 1<a,b><xj)ds] _ lim E, [e—q S5 tam (X, g+ oo}
c—> 00

| Z@x —a)—q [, Wx—yZD(y—a)dy
= lim .
=00 Z@W(c —a) —q [ W(e = »)ZD(y — a)dy

Using (11), we deduce using the DCT,

c—>00

lim (Z(q)(c —a)—q /C Wic—y)ZD(y— a)dy>
b

b
lim <1 + q/ W(c—y)ZD(y — a)dy)
Cc—> 00 a

b
1+ qW (o) / Z9(y — a)dy
a

q b—a @
=1 A dy,
+W0+)/0 (»dy

which proves Corollary 3(i).
(ii) Similarly as for part (i), we have now using Corollary 2(ii) with p = 0,
oo (q’ —4) —
E, [e_q o 1(7oo,b)(Xs)dS:| — lim M
c—>00 H@:=9 (¢ — b)
Further, using (1) and I’Hopital’s rule,

c—b
lim He =9 (c —b) = lim e?@D (1 —q/ e—¢<q>yW(y)dy>
0

c—>00 c—>00

q [, e P@OrW(y)dy

= Jim, e~ @) (c—b)
_ q
v (0+)D(q)’

which proves Corollary 3(ii).
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(iii) Assume ¥'(04+) < 0, which implies #(0) > 0. Then since t_,, < oo almost surely for
any m > 0, we get using spatial homogeneity and Corollary 1(i) for p = 0 and sufficiently large

m,

m—0oQ

E, [e_q /Ooo 1(“’h)(XS)dsi| = lim E, |:e—q ™ l(a,[,)(Xs)ds; T, < OO]

o
— hm Eerm {e_q f() 1(a+771,b+m)(Xx)dS; T& < OO:|
m—00

X
=290 -a—q [ We- 3200 - ad
b
e~ POmge=2(0)a fb—a —20)y 7@ (y)dy

— lim
m=00 | 4 o= POmg [P o= 202 0D (7 4 m)dz

x( éif,?(x%—m)—q/ Wx —2)W, (?n)(z—i—m)dz).

Note that in the above we used that Zéo’q) (x) = Z9 (x —a). Now we have by the DCT and (44),

o Wi @tm) L Wt +q [; WO — )W +mdy
m—>00 W(m) m—>00 W (m)

X
_ PO | q/ W@ (x — y)e?O3dy
a

ePOap 0D (x —g) (46)
and thus also,

b 0,
i e?Om g e QB(O)ZWH(JFZ,) (z +m)dz
m— 00 W (m)

1 b
=———+¢q / e~ P02 20ap0.a) (7 _ g)dz
W0y (00) a

— W (BO) +q / e~ POY 00 (1) qy.
0

Combining all three computations gives us Corollary 3(iii).
(iv) Similarly, as for part (iii), we have now using Corollary 1(ii) with p = 0 and noting that
20 (x) = 29 x — a),

E, [e,q 5 1<a,oo)<xs>ds] = 7D (x —a)

a+m _QS(q)y
1 f had w q)(x + m)
a+m

9
— lim B(q)
m=00 | — g [T e= 2@y W (y)dy
W(m);e—¢(q)(a+m)
P(q)

— 7@y _ eP®ap0.q) ()
ZW(x —a)— HY P (x a)mhmoo f e SDW(ydy |
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where in the last line we used (1) and (46). By (44) and 1’'Hopital’s rule,

1 -9 + —_
W(m)me (q)(a+m) B W0 (00)e d(q)a

lim =
m—>00 fa"im e~ P@yW (y)dy d(q)

e (D)= PO0)m
x lim
m—00 f;jm ef@(q)f@(o))ywds(o) (y)dy

_ P(q) — 9(0) e_QS(O)a
2(q)

and in combination with the previous computation, this proves Corollary 3(iv).

6. Applications

6.1. Perpetual double knock-out corridor options in an exponential spectrally negative Lévy
model

We assume that the price process of an underlying security is given by (eX’),Zo under the
risk-neutral measure PP. For this model (which includes the Black—Scholes model) we would like
to price a so-called (European) perpetual double knock-out corridor option. In a corridor option
(see e.g. Pechtl [12]), the payoff function is the amount of time the underlying spends in a given
interval, the so-called corridor. For our option we include the feature, similar to barrier options,
that the option expires when the price process leaves a predetermined interval. In particular, if
we assume that the corridor is given by (e?, e”) and the option gets knocked out when the price
process leaves the interval [¢”, e“] with 0 < a < b < ¢ < 00, then the price of the option equals

R 7y At
V(x)=E, |e P "% )/ 1) (Xs)ds |,
0

where p > 0 is the risk-free interest rate and e” is the initial price of the security.
From Theorems 1 and 2 in combination with the DCT (which justifies switching derivative
and expectation), we have for x € [0, c],

— T7
V(x) = Ey |:el’fo [ ‘ Lap)(Xs)ds; 7y < r:ri|
0

o
+ E, |:e_[7fo+/ l(a’b)(Xs)dS; ‘L’:_ < Toi|
0

Y
( ' [e_pro B fo l(a.h)(XS)dS; ro_ < t:}
q:O

T+
+ Ex |:e_ptj_q f()c l(a,b)(xx)ds; T;" < -L-Oi| )

—d
dg

—d
dg

X
(za(”’q)oc) —q / WP (x — )28 (2)dz
q:O b
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WPD (x) — g Jyw (x — WP (2)dz
WD) =g f WP e = W ()dz

x (Zé”"”(c)—q / WP (c — 2P P (2)dz — 1))
b

Using (6) and (7) to compute the derivatives, one can get

b ® () —
veo = | (Z(”)(W——Zp(c) IW"’)(W)

W@ (c)
(W(p)(x)

P e — vy — WP (x —
WP W (e —y) = W (x y)) dy. (47)
The identity (47) can also be derived using the following known formula for the potential measure
of X killed on exiting [0, c]:

WP (x)

o0
—ps — + —
/0 e PPi(s <7y ATS, Xy edy)ds = <W(P>(c)

WP (e —y) = WP (x - y)) dy,
cf. [7, Theorem 8.7].

Using the above methods, we can of course also price corridor options with a single knock-out
feature or with the corridor being an interval of infinite length.

6.2. Probability of bankruptcy for an Omega Lévy risk process

Our results can also be applied to the so-called Omega model (for some specific rate functions)
introduced in [1] and further investigated in [5]. Intuitively in such a model bankruptcy (instead
of ruin) occurs at rate w(x) when the surplus process X = (Xs)s>0 is at level x. To be
more precise, given the rate function w : R — [0, 00) the bankruptcy time 7, can be
defined as

'
Tw :inf{t >0 :/ w(X;)ds > el},
0

where e; is an independent exponentially distributed random variable with parameter 1.
Typically, the rate function w is chosen to be a decreasing function equalling zero on the positive
half line so that bankruptcy does not occur when the surplus is positive.

In order to connect with the results in Section 1.1, we choose for some b, ¢ > 0 the bankruptcy
rate as

0 ifx >0,
wox)={qg if —b<x<0,
oo ifx < —b.

Then bankruptcy occurs at rate ¢ when X is between —b and 0 and bankruptcy occurs immedi-
ately when X is below level —b. Suppose that the positive loading condition holds, i.e. E[X] =
¥’ (04) > 0; this implies that bankruptcy does not happen almost surely. Then for any x € R,
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the probability that bankruptcy never occurs is
o
Py (Ty = 00) = Py </ o (Xy)ds < el)
0
—E, [e* fooow(X_v)ds:I
= E, [e—q ' Lip0)(X5)ds. T, = oo] _

Hence by spatial homogeneity, Theorem 2, (10) and (44) in combination with the DCT,

c—>00

N
. — IE p—
P (T, =00) = lim E, |:e 9 Jo¢ Loy (Xs)ds, < r_b:|
fr‘tf” Lo (Xds. _+
— 1 —-q (0,b) ¢)as . -
= Mim By | e Ui T < T

WD x+b)—q [T W +b-2)WD(2)dz
% W@e 4 b) —q [T Wie tb— WD)z

W(x+b)+q [ W +b—2)W9(2)dz
S Wt b +q JEW(c+b— WD (2)dz
W(x+b)+q [y W +b—2)W9D(2)dz

g + g Jo WO @z
W(x+b)+q [y W +b—2)W9D(2)dz
Z@(b) '

¥'(0+)

Similarly, the probability that bankruptcy occurs due to the surplus process dropping below the
level —b is given by

T,
Px(XTw <—=b,T, <o0) =P, (/ w(X;)ds <eyp, f:b < OO)
0
‘r:b
= E, |:e_q Jo 1(—b.0)(Xs)ds; T—_b - 00j|

= E)H»b |:e_q foo I(O,h)(Xx)ds; ‘L'(; - oo:| ’
which, by Corollary 1 and (10), equals

x+b
P, (X7, < —b,T, < 0) = ZD(x 4+ b) — q/ Wi +b—2)Z9(2)dz
b

W (04) +q [ Z9 (y)dy

b
1+q [y W@ (y)dy
b+x

% <W(‘1)(x +b)—¢q W(x+b— Z)W(q)(Z)dZ)

b
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b
=1+ q/ Wx+b—2ZP(2)dz
0

W O04) +q [ Z9 (y)dy
Z@ (b)

b
x (W(x +b) +qf Wx+b— z)W(q)(z)dz>.
0

In addition, the probability that bankruptcy occurs while the surplus is between —b and 0 is

Po(—b < X7, <0, T, < 00) = 1 = Py(T,, = 00) — Py (X7, < —b, T,y < 00)

b
q Jo Z9D(y)dy

b
= — W(x+b—2)Z9(z)d
q/o (x + 2) (z)dz + 7@ )

b
x (W(x +b)+ q/ Wx+b— z)W(q)(z)dz) .
0
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