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Abstract

We introduce a new random graph model motivated by biological questions
relating to speciation. This random graph is defined as the stationary distri-
bution of a Markov chain on the space of graphs on {1,...,n}. The dynamics
of this Markov chain is governed by two types of events: vertex duplication,
where at constant rate a pair of vertices is sampled uniformly and one of
these vertices loses its incident edges and is rewired to the other vertex and
its neighbors; and edge removal, where each edge disappears at constant rate.
Besides the number of vertices n, the model has a single parameter r,.

Using a coalescent approach, we obtain explicit formulas for the first
moments of several graph invariants such as the number of edges or the
number of complete subgraphs of order k. These are then used to identify
five non-trivial regimes depending on the asymptotics of the parameter r,.
We derive an explicit expression for the degree distribution, and show that
under appropriate rescaling it converges to classical distributions when the
number of vertices goes to infinity. Finally, we give asymptotic bounds for
the number of connected components, and show that in the sparse regime
the number of edges is Poissonian.

Keywords: dynamical network, duplication-divergence, vertex duplication,
genetic drift, species problem, coalescent
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1. Introduction

In this paper, we introduce a random graph derived from a minimalistic
model of speciation. This random graph bears superficial resemblance to
classic models of protein interaction networks [1, 2, 3, 4] in that the events
shaping the graph are the duplication of vertices and the loss of edges. How-
ever, our model is obtained as the steady state of a Markov process (rather
than by repeatedly adding vertices), and has the crucial feature that the du-
plication of vertices is independent from the loss of edges. These differences
result in a very different behavior of the model.

Before describing the model formally in Section 1.2, let us briefly explain
the motivation behind its introduction.

1.1. Biological context

Although it is often presented as central to biology, there is no consensus
about how the concept of species should be defined. A widely held view is
that it should be based on the capacity of individuals to interbreed. This is
the so-called “biological species concept”, wherein a species is defined as a
group of potentially interbreeding populations that cannot interbreed with
populations outside the group.

This view, whose origins can be traced back to the beginning of the 20th
century [5], was most famously promoted by Ernst Mayr [6] and has been
most influential in biology [7]. However, it remains quite imprecise: indeed,
groups of populations such that (1) all pairs of populations can interbreed
and (2) no population can interbreed with a population outside the group
are probably not common in nature — and, at any rate, do not correspond to
what is considered a species in practice. Therefore, some leniency is required
when applying conditions (1) and (2). But once we allow for this, there
are several ways to formalize the biological species concept, as illustrated in
Figure 1. Thus, it seems arbitrary to favor one over the others in the absence
of a mechanism to explain why some kind of groups should be more relevant

(e.g., arise more frequently) than others.

GOHOED

Figure 1: The vertices of the graph represent populations and its edges de-
note interbreeding potential (that is, individuals from two linked populations
could interbreed, if given the chance). Even with such perfect information,
it is not obvious how to delineate “groups of potentially interbreeding popu-
lations that cannot interbreed with populations outside the group”: should
these correspond to connected components (on the left, in green), maximal
complete subgraphs (on the right, in red), or be based on some other clus-
tering method (middle, in blue)?
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Our aim is to build a minimal model of speciation that would make pre-
dictions about the structure and dynamics of the interbreeding network and
allow one to recover species as an emergent property. To do so, we model spe-
ciation at the level of populations. Thus, we consider a set of n populations
and we track the interbreeding ability for every pair of populations. All this
information is encoded in a graph whose vertices correspond to populations
and whose edges indicate potential interbreeding, i.e., two vertices are linked
if and only if the corresponding populations can interbreed.

Speciation will result from the interplay between two mechanisms. First,
populations can sometimes “split” into two initially identical populations
which then behave as independent entities; this could happen as a result
of the fragmentation of the habitat or of the colonization of a new patch.
Second, because they behave as independent units, two initially identical
populations will diverge (e.g., as a result of genetic drift) until they can no
longer interbreed.

1.2. Formal description of the model

Start from any graph with vertex set V' = {1,...,n}, and let it evolve
according to the following rules

1. Vertex duplication: each vertex “duplicates” at rate 1; when a vertex
duplicates, it chooses another vertex uniformly at random among the
other vertices and replaces it with a copy of itself. The replacement of
j by a copy of ¢ means that j loses its incident edges and is then linked
to ¢ and to all of its neighbors, as depicted in Figure 2.

j 1

Figure 2: An illustration of vertex duplication. Here, i duplicates and
replaces j. After the duplication, j is linked to ¢ and to each of its
neighbors.

2. Edge removal: each edge disappears at constant rate p.

This procedure defines a continuous-time Markov chain (G,,(t)):=o on the
finite state space of all graphs whose vertices are the integers 1,...,n. It
is easy to see that this Markov chain is irreducible. Indeed, to go from
any graph G to any graph G®, one can consider the following sequence
of events: first, a vertex is duplicated repeatedly in order to obtain the
complete graph of order n (e.g., Vk € {2,...,n}, vertex k is replaced by a
copy of vertex 1); then, all the edges that are not in G® are removed.

4
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Because the Markov chain (G, (t)):=0 is irreducible, it has a unique sta-
tionary probability distribution p,, ,. This probability distribution on the set
of graphs of order n defines a random graph that is the object of study of
this paper.

1.5. Notation

To study the asymptotic behavior of our model as n — 400, we can let
p, the ratio of the edge removal rate to the vertex duplication rate, be a
function of n. As will become evident, it is more convenient to parametrize
the model by

w—_ n—

Ty =15 L
Thus, we write G, to refer to a random graph whose law is p,, 2rs .
‘n—1
Although some of our results hold for any (n,r), in many cases we will be
interested in asymptotic properties that are going to depend on the asymp-

totics of r,. To quantify these, we will use the Bachmann-Landau notation,
which for positive sequences r,, and f(n) can be summarized as:

e 7, ~ f(n) when r,/f(n) — 1.
e 1, =o(f(n)) when r,/f(n) — 0.

e 7, = O(f(n)) when there exists positive constants « and /3 such that,
asymptotically, af(n) < r, < Bf(n).

e 1, =w(f(n)) when r,/f(n) — +oo.

These notations also have stochastic counterparts, whose meaning will be
recalled when we use them.

Finally, we occasionally use the expression asymptotically almost surely
(abbreviated as a.a.s.) to that a property holds with probability that goes
to 1 as n tends to infinity:

Q, aas. <— PQ, ——1.

n—-+4o0o

1.4. Statement of results

Table 1 lists the first moments of several graph invariants obtained in
Section 3.1. These are then used to identify different regimes, depending on
the asymptotic behavior of the parameter r,, as stated in Theorem 3.10.

Theorem 3.10. Let D, be the degree of a fized vertex of Gy ,,. In the
limit as n — +o00, depending on the asymptotics of r,, we have the following
behaviors for G,

(i) Complete graph: when r, = o(1/n), P(G,,., is complete) goes to 1,
while when r, = w(1/n) it goes to 0; when r, = ©(1/n), this probability
is bounded away from 0 and from 1.
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(ii) Dense regime: when r, = o(1), P(D, =n —1) — 1.
(iii) Sparse regime: when r, = w(n), P(D, =0) — 1.

(iv) Empty graph: when 1, = o(n?), P(G,.,, is empty) goes to 0 while when
r, = w(n?) it goes to 1; when r, = O(n?), this probability is bounded
away from 0 and from 1.

Variable Expectation Variance Covariance
1 T ' . .
]].{1(_>]} Ttr (1+7’)2 W if vertex in common,
(2G4 (352 Otherwise.

(@) n—1 r(n=1)(1+2r+n) T 3(n—=2) | 2(n—2)(n—3)
D] 1+r (1+7)2 (3+2r) 1412 (1 3 T (3+7")(3+27’))
|E | n(n—1) rn(n—1)(n?+2r2+2nr+n+5r+3)

n 2(1+r) 2 (147)2(3+4r) (3+2r)

k—1
Xn,k (Z) (liir) unknown —

104

106

108

110

112

114

116

Table 1: First and second moments of several graph invariants of Gy ,: lyie;y is the
variable indicating that {ij} is an edge, DY’ the degree of vertex 4, |E,| the number of
edges and X,, ;, the number of complete subgraphs of order k. The covariance of the
indicator variables of two edges depends on whether these edges share a common end,
hence the two expressions. All expressions hold for every value of n and r.

In Section 4, we derive an explicit expression for the degree distribution,
which holds for every value of n and r,,. We then show that, under appro-
priate rescaling, this degree converges to classical distributions.

Theorem 4.1. Let D,, be the degree of a fized vertex of G, .. Then, for
each k € {0,...,n — 1},

27, (27, + 1) k n—i
P(D,=k) = k+1
( ) (n+2rn)(n—1+2rn)( - >Z.:1_[1n—i+2rn—1

Y

where the empty product is 1.
Theorem 4.2.

(i) Ifr, = r >0, then 2= converges in distribution to a Beta(2,2r) random
variable.

(ii) If r, is both w(1) and o(n), then n[/);j”n converges in distribution to a
size-biased exponential variable with parameter 2.

(iii) If2r,/mn — p >0, then D,,+ 1 converges in distribution to a size-biased
geometric variable with parameter p/(1+ p).
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Asymptotic bounds for the number of connected components are obtained

in Section 5, where the following theorem is proved.

Theorem 5.1. Let #CC,, be the number of connected components of Gy, ..

If vy, is both w(1) and o(n), then

T'n

2

where, for a positive sequence (uy), oy(u,) denotes a given sequence of ran-

+0p(rn) < #CC,, < 27, logn + 0,(ry logn)

dom variables (X,,) such that X,,/u, — 0 in probability.

Because the method used to obtain the upper bound in Theorem 5.1 is
rather crude, we formulate the following conjecture, which is well supported

by simulations.

Conjecture 5.4.

do, 6> 0 s.t. P(ar, < #CC, < fr,) —— 1.

Finally, in Section 6 we use the Stein-Chen method to show that the
number of edges is Poissonian in the sparse regime, as shown by Theorem 6.1.

Theorem 6.1. Let |E,| be the number of edges of Gy,. If 1, = w(n) then

where dry stands for the total variation distance and N\, = E(|E,|) ~ % If

n—oo

drv (]En\, Poisson()\n)> — 0,

n—-+o0o

in addition 1, = o(n?), then \, — +o00 and as a result

‘En’ _)\n D

n—-+00

vV

» N(0,1),

where N'(0,1) denotes the standard normal distribution.

These results are summarized in Figure 3.

|Ey| = Poisson(A,,)
—An

< #OC, S 21log(n) Eaetn 25 N(0,1)

complete empty

graph ,i < Kn Kn < ”1%(7") graph

D,=n-1 % 25 Beta(2, 27) 7?/:3" 2y fre2 dg P(D,+1=k) — p2k(1-p)+! D, =0
>
1 2
o(%) o(1) e(1) e(n) w(n) w(n?) T
—— ~~

dense regime

intermediate regime

sparse regime

Figure 3: A graphical summary of the main results established in the paper; D,, is the degree of a fixed
vertex, |E,| the number of edges, #CC,, the number of connected components, and k,, the clique number.
All equalities and inequalities are to be understood “asymptotically almost surely” (i.e. hold with probability

that goes to 1 as n tends to infinity).
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2. Coalescent constructions of G,, .,

In this section, we detail coalescent constructions of G, ,, that will be
used throughout the rest of the paper. Let us start by recalling some results
about the Moran model.

2.1. The standard Moran process

The Moran model [8] is a classic model of population genetics. It consists
in a set of n particles governed by the following dynamics: after an exponen-
tial waiting time with parameter (g), a pair of particles is sampled uniformly
at random. One of these particles is then removed (death) and replaced by
a copy of the other (birth), and we iterate the procedure.

In this document, we will use the Poissonian representation of the Moran
process detailed in the next definition.

Definition 2.1. The driving measure of a standard Moran process on V is
a collection M = (M(;j))j)ev2 of i.i.d. Poisson point processes with rate 1/2
on R.

We think of the elements of V' as sites, each occupied by a single particle.
In forward time, each atom ¢ € M(;; indicates the replacement, at time ¢, of
the particle in ¢ by a copy of the particle in j.

For any given time o € R, M defines a genealogy of V' on |—o0, a]. Taking
«a = 0 and working in backward time, i.e. writing ¢ > 0 to refer to the absolute
time —t, this genealogy is described by a collection of ancestor functions a,
t €10,400[, a;: V — V, defined as follows: (a;);>o is the piecewise constant
process such that

(i) ag is the identity on V.

e For all k such that a; (k) =14, a;(k) = j.
e For all k such that a; (k) # i, ai(k) = a;— (k).

(iii) If for all (ij) € V2, Myj N [s,t] = @, then a; = a,.

We refer to a;(i) as the ancestor of i at time ¢ before the present — or,
more simply, as the ancestor of i at time t.

The standard Moran process is closely related to the Kingman coales-
cent [9]. Indeed, let R; denote the equivalence relation on V' defined by

ZRtj < at(i) = at(j),

and let K; = V/R; be the partition of V' induced by R;. Then, (K});>o is
a Kingman coalescent on V. In particular, we will frequently use the next
lemma.
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Lemma 2.2. Let (a;);=0 be the ancestor functions of a standard Moran pro-
cess on' V. For any i # j, let

Tujy =1inf{t > 0: a:(i) = a:(j)}
be the coalescence time of © and j and, for any S C V, let

Then, for all t > 0, conditional on {Ts > t}, (Ts — t) is an exponential

variable with parameter (‘g‘).

For a more general introduction to Kingman’s coalescent and Moran’s
model, one can refer to e.g. [10] or [11].

2.2. Backward construction

We now turn to the description of the coalescent framework on which
our study relies. The crucial observation is that, for ¢ large enough, every
edge of G,(t) can ultimately be traced back to an initial edge that was
inserted between a duplicating vertex and its copy. To find out whether
two vertices ¢ and j are linked in G, (t) , we can trace back the ancestry of
the potential link between them and see whether the corresponding initial
edge and its subsequent copies survived up to time t. The first part of this
procedure depends only on the vertex duplication process and, conditional
on the sequence of ancestors of {ij}, the second one depends only on the edge
removal process, making the whole procedure tractable. The next proposition
formalizes these ideas.

Proposition 2.3. Let V = {1,...,n} and let V?) be the set of unordered
pairs of elements of V.. Let M be the driving measure of a standard Moran
process on V., and (at)i=o the associated ancestor functions (that is, for each
i in 'V, a(i) is the ancestor of i at time t). Let P = (Pujy)upeve be a
collection of i.i.d. Poisson point processes with rate r,, on [0, 400 such that
M and P are independent. For every pair {ij} € V®, define

P,y = {t >0:te P{atu)at(a‘)}}’

with the convention that, Vk € V, Pyy = @. Finally, let G = (V,E) be the
graph defined by

E={{ij} e v Py, =@},
Then, G ~ Gy, .

Throughout the rest of this document, we will write Gy, ,,, for the graph
obtained by the procedure of Proposition 2.3.
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Proof of Proposition 2.3. First, consider the two-sided extension of (G,,(t)):>0,
i.e. the corresponding stationary process on R (see, e.g., Section 7.1 of [12]),
which by a slight abuse of notation we note (G, (t))wer. Next, let (G, (t))ier
be the time-rescaled process defined by

Gu(t) = Gp(t(n —1)/2).

This time-rescaled process has the same stationary distribution as (G,,(t))ter
and so, in particular, G,,(0) ~ G,

In the time-rescaled process, each vertex duplicates at rate (n — 1)/2
and each edge disappears at rate r, = (n — 1)p,/2. All these events being
independent, we see that the vertex duplications correspond to the atoms of
a standard Moran process on V = {1,...,n}, and the edge removals to the

atoms of (;‘) i.i.d. Poisson point processes with rate r, on R, that are also

independent of the Moran process. Thus, there exists (M ,P) with the same
law as (M, P) from the proposition and such that, for ¢t > 0,

o Ift € M(Z-j), then j duplicates and replaces 4 in G,,(—t).

o If t € Pyjy, then if there is an edge between i and j in G,(—t), it is
removed.

Since (M, P) has the same law as (M, P), if we show that
{ij} € Go(0) <= P =9,

where ]5{*1-]-} = {t =>0:te p{at(i)at(j)}} is the same deterministic function of

(M, P) as Ppy of (M, P), then we will have proved that G,(0) has the same
law as the graph G from the proposition.

Now to see why the edges of G,(0) are exactly the pairs {ij} such that
Py;y is empty, note that, in the absence of edge-removal events, G, (0) is the
complete graph and the ancestor the edge {ij} at time ¢ is {a( ) +(7)}. Con-
versely, deleting the edge {k¢} from G,,(—t) will remove all of its subsequent
copies from G, (0), i.e. all edges {ij} such that {a,(i)a,(j)} = {k¢}. Thus,
the edges of G,(0) are exactly the edges that have no edge-removal events
on their ancestral lineage — i.e, such that Paj} = Q. O]

Proposition 2.3 shows that G, ,,, can be obtained as a deterministic func-
tion of the genealogy (a;);>0 of a Moran process and of independent Poisson
point processes. Our next result shows that, in this construction, (a;);>o can
be replaced by a more coarse-grained process — namely, a Kingman coales-
cent (note that the Kingman coalescent contains less information because it
only keeps track of blocks, not of which ancestor corresponds to which block
at a given time ¢). This will be useful to give a forward construction of G,, .,
in Section 2.3. The proof of this result is straightforward and can be found
in Section A of the Appendix.

10
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Proposition 2.4. Let (K)o be a Kingman coalescent on V- = {1,...,n},
and let (i) denote the block containing i in the corresponding partition at
time t. Let the associated genealogy of pairs be the set

G = {(t, {m(i) m(5)}) : {ij} e V@, t e [o,T{ij}[} :

where T = inf{t > 0: (i) = m(j)}. Denote by

Lj = {(t, {m(4) Wt(j)}> te [07T{ij}[}

the lineage of {ij} in this genealogy. Finally, let P* be a Poisson point process
with constant intensity r, on G and let G = (V, E), where

E={{ij} eV®: P*0 Ly =0}
Then, G ~ Gy, .

We finish this section with a technical lemma that will be useful in the
calculations of Section 3.1. Again, the proof of this result has no interest in
itself and can be found in Section A of the Appendix.

Lemma 2.5. Let S be a subset of V. Conditional on the measure M, for
any interval I C [0, 00| such that

(i) Forall{ij} € S, Vte I, a(i) # ai(j).
(ii) For all {kl} # {ij} in S, Vt € I, {a(i) ar(j)} # {ar(k) ar(€)},

PinnlI, {ij} € S, are independent Poisson point processes with rate ry, on I.
Moreover, for any disjoint intervals I and J, (P{*ij} N1)gjres s indepen-
dent Of (P{*Z]} N J){ij}GS-

Before closing this section, let us sum up our results in words: if we think
of {a;(7) a;(j)} as being the ancestor of {ij} at time ¢, then the genealogy of
vertices induces a genealogy of pairs of vertices, as illustrated by Figure 4.
Edge-removal events occur at constant rate r, along the branches of this
genealogy and the events affecting disjoint sections of branches are indepen-
dent, so that we can think of P, {ij} € V@ as a single Poisson point
process P* on the lineages of pairs of vertices. A pair of vertices is an edge
of Gy, if and only if there is no atom of P* on its lineage.

11
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Figure 4: On the left, a genealogy on {1, j, k, £} and on the right
the corresponding genealogy of the pairs. Edge removal events
occur at constant rate along the lineages of pairs of vertices,
and a pair of vertices is an edge of G, ., if and only if there is
no atom on its lineage.

2.3. Forward construction

We now give a forward version of the coalescent construction presented
in the previous section. Here, unlike in the previous section, the graph G, ,
is built by adding vertices one at a time. This construction will be useful in
proofs and provides a computationally efficient way to sample G, .
Consider the Markov process (GI(t));>o defined by

(i) GI0) = ({1,2},{{1,2}}) is the complete graph of order 2.

(ii) Conditional on V; = {1,...,n}, where V; is the set of vertices of G} (t):

at rate (Z), a vertex is sampled uniformly in V; and duplicated with-

out replacement — that is, we copy the vertex and all incident edges,
and label the new vertex n + 1, resulting in a graph with vertex set
{1,...,n+1}.

(iii) During the whole process, each edge disappears at constant rate r.
Next, for every integer n > 2, let G*(n) = Gi(t,—), where
th = sup{t >0:Gl(t) has n Vertices} .

Finally, let ®,,(Gx(n)) denote the graph obtained by shuffling the labels of
the vertices of G(n) uniformly at random, i.e. let ®,, be picked uniformly at
random among all the permutations of {1,...,n} and, by a slight abuse of
notation, let

Du(Grm) = ({1, 0}, {{8a(0) @)} : i3} € Gi(m)})
Proposition 2.6. For any r > 0, for any integer n > 2,

D,(G2(n)) ~ G

12
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Going from a backward construction such as Proposition 2.4 to a forward
construction such as Proposition 2.6 is common in coalescent theory. The
proofs, though straightforward, are somewhat tedious. They can be found in
Section A of the Appendix, and we save the rest of this section to comment
on the forward construction.

Proposition 2.6 shows that, for any given sequence (r,), for any n > 2,
®,(Gr. (n)) ~ Gp,y,. Note however that this is not a compatible construc-
tion of a sequence (G, )n>2. In particular, all elements of a sequence
(,,(GE(n)))n>2 are associated to the same value of r, while each term of
a sequence (G, ., )n>2 corresponds to a different value of r,,.

Finally, it is necessary to relabel the vertices of G(n) in Proposition 2.6,
as failing to do so would condition on {k,k — 1} being the (n — k + 1)-th
pair of vertices to coalesce in the genealogy of G, (in particular, the edges
of G(n) are not exchangeable: “old” edges such as {1,2} are least likely to
be present than more recent ones such as {n — 1,n}). However, since G(n)
and ®,,(Gx(n)) are isomorphic, when studying properties that are invariant
under graph isomorphism (such as the number of connected components in
Section 5 or the positive association of the edges in Section 6), we can work
directly on G£(n).

3. First and second moment methods

In this section, we apply Proposition 2.3 and Lemma 2.5 to obtain the
expressions presented in Table 1. These are then used to identify different
regimes for G, ., , depending on the asymptotic behavior of the parameter r,,.

In order to be able to use Lemma 2.5, we will always reason conditionally
on the genealogy of the vertices (i.e. on the vertex duplication process M)
and then integrate against its law.

3.1. First moments of graph invariants
3.1.1. Degree and number of edges
Proposition 3.1. For any fized vertices i and j, i # j, the probability that
v and j are linked in G, ., is
1
1+7r,

P(i ¢ j) =

Corollary 3.2. Let D,, be the degree of a fized vertex of Gy, and |E,| be
the number of edges of G, .. Then,

-1 n 1
E(D,) = T and E(|E,|) = (2>1+r )

Proof. By Proposition 2.3,
{i = j} <= Piyn[0,Tup[=0.

13
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Reasoning conditionally on Ty;;y and applying Lemma 2.5 to S = {{ij}} and
I =10, T3], we see that Pp,;y 1s a Poisson point process with rate 7, on 1.
Since T ~ Exp(1),

P(i< j) = P(el > T{z‘j}) :

where e; = inf Py, is an exponential variable with rate r,, that is indepen-
dent of T{,-j}.

The corollary follows directly from the fact that the degree of a vertex v
can be written as

DY) =" 1o

1#v
and that the number of edges of G,, ., is
Eal =" ) Lios- O
{ij}ev®@

Proposition 3.3. Let i, j and k be three distinct vertices of Gy, ,,,. We have

TTL
3+2r,)(1+1,)?

COV(]I{iHj}a]l{in}) =1
Corollary 3.4. Let D,, be the degree of a fized vertex of G, ,,. We have

ro(n—1)(1 427, +n)
(I1+7)2(3+27r,)

Proof. Forallt > 0,let Sy = {a:(i),a(j),as(k)}. Let 7 = inf{t > 0:|S;| = 2}
and 7o = inf{t > 7, : |Sy| = 1}. Recall from Lemma 2.2 that 7 and 7 — 7
are independent exponential variables with parameter 3 and 1, respectively.
Finally, let {u,v} = S;,.

By Proposition 2.3, {ij} and {ik} are edges of G, if and only if Pran
[0, T3 [ and Py N 0, Tk [ are empty, which can also be written

Var(D,,) =

(Pijy 010, 7[) U (Plg N[0, 71[) U (Piy N[, m]) = &

Conditionally on 71 and 72, by Lemma 2.5, (Pf;;, N[0, 71[) U (P, N[0, 71[) is
independent of Pf,,, N [T1, T2], Py and Pfy, are independent Poisson point
processes with rate r,, on [0, 7], and P,y is a Poisson point process with
rate r,, on |11, 7»[. Therefore,

P(i < j,i< k) =P(ey > 1) Pley > 1 —71),

where e; = inf(P{*ij} U P{*Z.k}) ~ Exp(2r,) is independent of 7 and ey =

inf(Pp,,, N [71,+00[) ~ Exp(r,) is independent of 7 — 1. As a result,

3 1
X .
34+2r, 1+7r,

P(i« j,i¢> k)=

14
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A short calculation shows that

T'n

(34 2r,)(1+1,)2"

Cov (]l{iﬁj}, ]l{in}) =

proving the proposition.
As before, the corollary follows from writing the degree of v as D) =
>izv Liiesvy, which gives

Var(Dr(f’)) =(n-1) Var(]l{mvﬂ +(n—1)(n—2) Cov(]l{my}, ]1{j<—>v}) )

Substituting Var (]l{mv}) =7,/(1+71,)? and Cov(]l{mv}, ]l{ij}) yields the
desired expression. O

Proposition 3.5. Let i, j, k and € be four distinct vertices of Gy, ,,. We

have
2r,

14+7,)2(3+7)(3+2r,)

COV(]l{iHj},]l{ngﬂ = (

Corollary 3.6. Let DY) and DY) be the respective degrees of two fived ver-
tices i and j, and let |E,| be the number of edges of G,,,,. We have

D onGi) T 3(n—2) 2(n —2)(n—3)
Cov (D, DY) = (1+7,)? (H 5+2r, | (3+7’n)(3+2rn)>

and
_rpn(n—1)(n*4+2r24+2nr, +n+ 57, +3)

Var(|En|) 2(1‘|‘7°n)2 (3—{—7’n) (3—}—27“”)

The proof of Proposition 3.5 and its corollary are conceptually identical
to the proofs of Propositions 3.1 and 3.3 and their corollaries, but the calcu-
lations are more tedious and so they have been relegated to Section B of the
Appendix.

3.1.2. Complete subgraphs

From a biological perspective, complete subgraphs are interesting because
they are related to how fine the partition of the set of populations into species
can be. Indeed, the vertices of a complete subgraph — and especially of a large
one — should be considered as part of the same species. A complementary
point of view will be brought by connected components in Section 5.

In this section we establish the following results.

Proposition 3.7. Let X, be the number of complete subgraphs of order k

in Gyp,. Then,
n 1 k—1
E(X,) = )
(Xns) <k><1+rn)

15
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Corollary 3.8. Let r,, be the clique number of Gy, ,, , i.e. the mazimal number
of vertices in a complete subgraph of G, If (k) is such that

1 kn—1
L)) =
kn)\1+r, n—00

then k,, is asymptotically almost surely an upper bound on Kk, i.e. P(k, < k,) — 1
as n — +oo. In particular, when r, — +0o0,

(i) Ifr, =o(n), then k, <log(r,)n/r, a.a.s.
(ii) Ifr, = O(n/log(n)), kn = Oy(n/ry,), i.e.
Ve >0,3M >0, 3N s.t. Yn > N, P(k, > Mn/r,) < e.
Proof of Proposition 3.7. The number of complete subgraphs of order k of

Gnr, 18

Xn,k = Z ]I{Gnyrn [S] is complete}
Sev k)

where the elements of V*) are the k-subsets of V = {1,...,n}, and G, [9]
is the subgraph of G,,,, induced by S. By exchangeability,

E(Xnx) = (Z) P(Gn,rn [S] is Complete) ,

where S is any fixed set of k vertices. Using the notation of Proposition 2.3,
G, [S] is complete <= V{ij} € S, Pjij, = 0.

For all ¢ > 0, let A; = {a(i) : i € S} be the set of ancestors of S at t. Let
7o = 0 and for each ¢ =1, ...,k — 1 let 7, be the time of the /-th coalescence
between two lineages of 9, i.e.

Ty = inf{t > Ty—1: ’At| - |A7’471’ - 1}

Finally, let 4, = A,, and I, = |14, To41[. With this notation,
k-2
{Wij} € 8, Py =B} = () By,
=0

where
B, = ﬂ {P{*ij} NI, = @}
{ij}eAl?

and AEQ) denotes the (unordered) pairs of A,. Since for ¢ #m, NI, =0,
Lemma 2.5 shows that conditionally on Iy, ..., [;_1, the events By, ..., Br_o
are independent. By construction, for all {ij} # {uv} in Af),

Vt € I, {ar(i), ai(§) } # {ae(u), ar(v)} # O

16
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and so it follows from Lemma 2.5 that, conditional on I, (Pf;;,NIr), {ij} € ﬁf)

are i.i.d. Poisson point processes with rate r,, on I,. Therefore,
P(By) = P(min{e), : {ij} € A7} > |1]),
¢ . (2 k—¢
where eF{%}v {ij} € Ag ) are ( 5
r, that are also independent of |I,|. Since |Iy| ~ Exp((kge»,

) i.i.d. exponential variables with parameter

1

IP(BE) - 1+r

and Proposition 3.7 follows. O

Proof of Corollary 3.8. The first part of the corollary is a direct consequence
of Proposition 3.7. First, note that

Xn,kn =0 <= Ky < kn

that a complete subgraph of order k contains complete subgraphs of order ¢
for all ¢ < k. As a result, any k,, such that P(X,, =0) — 1 is asymptoti-
cally almost surely an upper bound on the clique number x,,. Now, observe
that since X, is a non-negative integer, X, 5, > 1 (X kn0} and therefore

E(Xnk,) = P(Xok, #0).
Finally, X, & being integer-valued, P (X, 5, # 0) — 0implies P(X,,x, = 0) —

To prove the second part of the corollary, using Stirling’s formula we find
that whenever r,, and k,, are o(n) and go to +o00 as n — +o0,

n ( 1 )’“”‘1 C n" < 1 )k”_l
kn)\1+m, Vky kkn(n — k)= \1 41,/

where C' = /2. The right-hand side goes to zero if and only if its logarithm
goes to —oo, i.e. if and only if

n — ky, k., 1+7r,

A, = k,l — | —nl 1-—— 1
i) o) w5
goes to —oo. Now let k, = ng,/r,, where g, — 400 and is o(r,), so that
kn, = o(n). Then,

n—=k
ko log — = ) o k1
n Og<kn(1+rn)> n 10g(gn)

—nlog<1 — kj") ~ k.
n

17
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Moreover, as long as it does not go to zero,

1+, 3 1
log(\/k_> ~ 5 log(r,) — 5 log(ng,) -

Putting the pieces together, we find that A, is asymptotically equivalent to

ngn 3 1
———log(gn) + B log(ry) — 5 log(ngy) -

Taking g, = log(r,), this expression goes to —oo as n — +00, yielding (i). If
rn, = O(n/log(n)), then it goes to —oo for any g, — 400, which proves (ii).
Indeed, if there exists € > 0 such that

VM >0, VN, 3n > N s.t. P(k, > Mn/r,) > ¢,

then considering successively M = 1,2,..., we can find n; < ny < --- such
that
Vk € N, P(kp, > kng/rn,) = €.

Defining (g,) by

Vn € {nka""nk-i—l_]-}a gn:k)
we obtain a sequence (g,) that goes to infinity and yet is such that for all N
there exists n := min{ny, : ny, > N} such that P(k,, > g.,n/r,) > . O

A natural pendant to Proposition 3.7 and Corollary 3.8 would be to use
the variance of X, to find a lower bound on the clique number. Indeed, it
follows from Chebychev’s inequality that

Var (X, )

E(X,.)°"

However, computing Var(X,, ) requires being able to compute the probabil-
ity that two subsets of k vertices S and S’ both induce a complete subgraph,
which we have not managed to do. Using the probability that G, ,, [S] is

complete as an upper bound for this quantity, we have the very crude in-
equality

P(X,r=0)<

Var(X,, ;) < (Z) p(1—p),

where p = 1/(1 + r,,)*"1. This shows that when r,, — 0 and k, = o(1/r,),
P (X, %, = 0) tends to zero, proving that &, is at least ©(1/r,,).

Finally, because we expect our model to form dense connected compo-
nents, whose number we conjecture to be on the order of r,, in the interme-
diate regime (see Theorem 5.1 and Conjecture 5.4), and since the degree of
a typical vertex is approximately n/r, in that regime, it seems reasonable to
conjecture

Conjecture 3.9. In the intermediate regime, i.e. when r, — +o0 and r, =

o(n),
do, B> 0 s.t. P(an/r, < Kk, < pn/r,) —— 1.

n—-4o00

18
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3.2. Identification of different regimes

We now use the results of the previous section to identify different regimes
for the behavior of G, ,,. The proof of our next theorem relies in part on
results proved later in the paper (namely, Theorems 4.1 and 6.1), but no
subsequent result depends on it, avoiding cyclic dependencies. While this
section could have been placed at the end of the paper, it makes more sense
to present it here because it relies mostly on Section 3.1 and because it helps
structure the rest of the paper.

Theorem 3.10. Let D, be the degree of a fized vertex of Gy,,. In the
limit as n — +o00, depending on the asymptotics of r, we have the following
behaviors for G,

(i) Transition for the complete graph: whenr, = o(1/n), P(G,,,, is complete)
goes to 1, while when r, = w(1/n) it goes to 0; when r, = O(1/n), this
probability is bounded away from 0 and from 1.

(ii) Dense regime: when r, = o(1), P(D, =n—1) — 1.
(iii) Sparse regime: when r, = w(n), P(D,, =0) — 1.

(iv) Transition for the empty graph: when r, = o(n?), P(G,.,, is empty)
goes to 0 while when 1, = w(n?) it goes to 1; when r, = O(n?), this
probability is bounded away from 0 and from 1.

Proof. (i) is a direct consequence of Proposition 3.7 which, applied to k = n,
yields

1 n—1

P(G,,, is complete) = <1 n Tn) :

(ii) is intuitive since E(D,,) = (n —1)/(1 +r,); but because it takes r, =

o(1/n?) for Var(D,,) to go to zero, a second moment method is not sufficient

to prove it. However, using Theorem 4.1, we see that IP(D,, = n — 1) can be
written as

F'2+2r,)n+1)

I'n+1+2m,)

where I' is the gamma function. The results follows by letting r,, go to zero
and using the continuity of I'.

(iii) follows from the same argument as in the proof of Corollary 3.8, by
which, D,, being a non-negative integer, P(D,, # 0) < E(D,,) = 1’":7,1

In (iv), the fact that G, ., is empty when r, = w(n?) is yet another
application of this argument, but this time using the expected number of
edges, E(|E,|) = ;((173;?)’ in conjunction with the fact that G, is empty if
and only if | E,| = 0; to see why the graph cannot be empty when 7, = o(n?),
consider the edge that was created between the duplicated vertex and its copy
in the most recent duplication. Clearly, if this edge has not disappeared

P(D,=n—-1)=

Y
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yet then G, ,, cannot be empty. But the probability that this edge has
disappeared is just

_ I

&)+
which goes to zero when 7, = o(n?). Finally, the fact that P(G,,,, is empty)
is bounded away from 0 and from 1 when 7, = ©O(n?) is a consequence
of Theorem 6.1, which shows that the number of edges is Poissonian when
r, = w(n). As a result, P(|E,| = 0) ~ e BUE), O

Remark 3.11. Note that when r,, = o(1), Var(D,,) ~ r,n*/3 can go to infinity
even though D, = n — 1 with probability that goes to 1. Similarly, when

r, = o(1/n), Var(|E,|) ~ r,n*/18 and |E,| = (g) a.a.s. Notably, D, =

(n —1) — D,, converges to 0 in probability while Var (17,1) goes to infinity.

4. The degree distribution

The degree distribution is one of the most widely studied graph invariants
in network science. Our model makes it possible to obtain an exact expression
for its probability distribution:

Theorem 4.1 (degree distribution). Let D,, be the degree of a fized vertex
of G, . Then, for each k € {0,...,n — 1},

2r, (2r, + 1) n—i
P(D, =k) = E+1 ‘ :
( ) (n+2rn)(n—1—|—2rn)( + )Hln—z+2rn—1

1=

where the empty product is 1.

The expression above holds for any positive sequence (r,,) and any n; but
as n — —+o00 it becomes much simpler and, under appropriate rescaling, the
degree converges to classical distributions:

Theorem 4.2 (convergence of the rescaled degree).

(i) Ifr, = r >0, then 2= converges in distribution to a Beta(2,2r) random
variable.

(ii) If r, is both w(1) and o(n), then n%}n converges in distribution to a

size-biased exponential variable with parameter 2.

(iii) If2r,/n — p >0, then D, +1 converges in distribution to a size-biased
geometric variable with parameter p/(1+ p).

In this section we prove Theorem 4.1 by coupling the degree to the num-
ber of individuals descended from a founder in a branching process with
immigration. Theorem 4.2 is then easily deduced by a standard study that
has been relegated to Section C of the Appendix.
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4.1. Ideas of the proof of Theorem 4.1

Before jumping to the formal proof of Theorem 4.1, we give a verbal
account of the main ideas of the proof.

In order to find the degree of a fixed vertex v, we have to consider all
pairs {iv} and look at their ancestry to assess the absence/presence of atoms
in the corresponding Poisson point processes. To do so, we can restrict our
attention to the genealogy of the vertices, and consider that edge-removal
events occur along the lineages of this genealogy: a point that falls on the
lineage of vertex ¢ at time ¢ means that ¢ € Pgy- In this setting, edge-
removal events occur at constant rate r, on every lineage different from that
of v.

Next, the closed neighborhood of v (i.e. the set of vertices that are linked
to v, plus v itself) can be obtained through the following procedure: we trace
the genealogy of vertices, backwards in time; if we encounter an edge-removal
event on lineage ¢ at time ¢, then we mark all vertices that descend from this
lineage, i.e. all vertices whose ancestor at time ¢ is ¢; only the lineages of
unmarked vertices are considered after t. We stop when there is only one
lineage left in the genealogy. The unmarked vertices are then exactly the
neighbors of v (plus v itself). The procedure is illustrated in Figure 5.

]
— LT
A0 g0l dh

v v v

Figure 5: Illustration of the procedure used to find the neighborhood of v. On the left, the
genealogy of the vertices. The dashed blue line represents the lineage of the focal vertex v,
and a dot on lineage k corresponds to a point in Py, (v)}- In the middle, we uncover the
genealogy and edge-removal events in backward time, as described in the main text. On
the right, the forest that we get when the procedure is complete. The non-colored (black)
branches are exactly the neighbors of v.

This vertex marking process is not convenient to describe in backward
time because we typically mark several vertices simultaneously. By contrast,
the forest that results from the completed process seems much easier to de-
scribe in forward time. Indeed, the arrival of a new lineage corresponds either
to the addition of a new unmarked vertex or to the addition of a marked one,
depending on whether the new lineage belongs to the same tree as v or not.

Moreover, in forward time, the process is reminiscent of a branching
process with immigration: new lineages are either grafted to existing ones
(branching) or sprout spontaneously (immigration). Let us try to find what
the branching and immigration rates should be. In backward time, when
there are k + 1 lineages then a coalescence occurs at rate (k+1), while an

2
edge-removal event occurs at rate kr,. Reversing time, these events occur
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at the same rates. As a result, when going from k to k + 1 lineages, the
probability that the next event is a branching is (k+1)/(k + 1+ 2r,).

Next, we have to find the probability that each lineage has to branch,
given that the next event is a branching. Here, a spinal decomposition [13, 14]
suggests that every lineage branches at rate 1, except for the lineage of v,
which branches at rate 2. To see why, observe that this is coherent with the
fact that, in backward time, when going from k£ + 1 to k lineages there are k
pairs out of (kgl) that involve the lineage of v, so that the probability that
the lineage of v is involved in the next coalescence is 2/(k + 1).

If this heuristic is correct, then in forward time it is easy to track the
number of branches of the tree of v versus the number of branches of other
trees: when there are p branches in the tree of v and ¢ branches in the other
trees, the probability that the next branch is added to the tree of v is just
(p+1)/(p+1+q—+2r,). Moreover, when the total number of branches
reaches n, the number of branches in the tree of v is also the number of
unmarked vertices at the end of the vertex marking procedure, which is itself
D™ 4 1, the degree of v plus one.

4.2. Formal proof of Theorem 4.1

The ideas and outline of the proof parallels the account given in the
previous section: first, given a realization of the vertex-duplication process
M and of the edge-removal process P, we describe a deterministic procedure
that gives the closed neighborhood of any vertex v,

Nol) ={i € V: {iv} € E}u{v},

where G = (V| F) is the graph associated to M and P; then, we identify the
law of the process (F});>o corresponding to this procedure, and recognize it
as the law of a branching process with immigration.

Definition 4.3. A rooted forest with marked vertices is a triple F' = (V°,V*, E)
such that

i) Vvenve=aq.

(ii) Letting V- =VeuvVe, (V, E) is an acyclic digraph with the property that
Vi € V, deg™ (i) € {0,1}, where deg™ (4) is the out-degree of vertex i.

The marked vertices are the elements of V*; the roots of F' are the vertices
with out-degree 0 (that is, edges are oriented towards the root), whose set we
denote by R(F'); finally, the trees of F are its connected components (in the
weak sense, i.e. considering the underlying undirected graph), and we write
Tr(i) for the tree containing ¢ in F.
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4.2.1. The vertex-marking process

We now define the backward-time process (F});>o that corresponds to the
procedure described informally in Section 4.1. Recall the notation of Propo-
sition 2.3. For a given realization of M and P, and for any fixed vertex v, let
(F})i=0 be the piecewise constant process defined deterministically by

L FO = (‘/7 Qa ®)
o Ift € M, then Vk, 0 € R(F,_)NV,2 such that (a;—(k), a;,—(£)) = (4,7),
Et — E_:t, U {(k,g)} .

o If t € Ppg,(v)}, then letting di(i) = {j € V : a,(j) =i} be the set of
descendants of ¢ born after time ¢,

Ve =V \di(i)
Vit = VI Udi(d).
What makes (F});>¢ interesting is that
Nglv] = V2.
Indeed, by construction,
ieVy = U ( U P{jas(’v)}> =9,
s€[0,t] \ j:€ds(j)
and since for every s the unique j such that i € d,(j) is as(i), we have
Ve ={ieV: Py, n0,1=0}.

The Poissonian construction given above shows that (Fy, a; )0 is a Markov
process. Now, observe that conditional on a;

(i) MupyNlt,+00] ~ Ma,@)a)) N]t, +00[ and is independent of (Fj, as)s<t
(i) PliasnN]t; +00[ ~ Pa,(i)as(v)3N]t, +00[ and is independent of (Fy, as) <t
(iii) j € di(i) <= i€ R(F;) and j € T (i)

As a consequence, (F})io is also a Markov process, whose law is character-
ized by

o [y =(V,0,0).
e F, goes from (V2, V2, E,) to
— (Ve Ve, By U{(i, 4)}) at rate 1/2, for all i, j in R(F)
— (Ve \ T (i), Vi UTk (i), Ey) at rate r,, for all i in R(F).
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Let (ﬁ’k)ke{l n} be the chain embedded in (F})>o, i.e. defined by

Fy = F,, where ty =inf{t > 0: |R(F)| =n—k+1}.

The rooted forests with marked vertices that correspond to realizations of
F, are exactly the f, = (Ve,ve, ) that have n vertices and are such that
Ve = Ty, (v). Moreover, for each of these there exists a unique trajectory

(fis--., fn) of (Fy,..., F,) such that E, = f, and it follows from the transi-
tion rates of (F})i=o that

]P(ﬁ’n — fn> S (1/2)n=1RU)| [ R(n) =1
L (k(k = 1)/2+ (k = Dra)
1 (27, BUwI-1

T (n-1) X ﬁ(k+27"n)

k=2

(1)

Finally, note that 1775’ = V2 is the closed neighborhood of v in our graph.

4.2.2. The branching process

The process with which we will couple the vertex-marking process de-
scribed in the previous section is a simple random function of the trajectories
of a branching process with immigration (Z;);>o. In this branching process,
immigration occurs at rate 2, and each particle gives birth to a new particle
at rate 1 — except for one particle, which carries a special item that enables
it to give birth at rate 2; when this lineage reproduces, it keeps the item with
probability 1/2, and passes it to its offspring with probability 1/2.

Formally, we consider the Markov process on the set of rooted forests with
marked vertices (augmented with an indication of the carrier of the item),
defined by Zy = ({1},D,®, 1) and by the following transition rates:

(Z))is0 goes from (W°, W*, E. ¢) to

o (WO U{N}, W, EU{(N,q}, c) at rate 1, for all 7+ € W°
o (WO, WeU{N}, EU{(N,i)}, c) at rate 1, for all i € WW'*
. (WOU {N}, W*, EU{(N,¢)}, N) at rate 1

) (WO, WeU{N}, E, c) at rate 271,

where N = |[W°UW?®| + 1 is the label of the new particle. The fourth
coordinate of (Z;)s=o tracks the carrier of the item.
As previously, the Markov chain (Zy)gen+ embedded in (Z;);0 is defined
by
Zy, = Zy,, where t;, = inf{t >0: |[WUW?| = k:}
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The realizations of Z, are exactly the (W2, W, E, c,) such that f, =
(W2, We E,) is arooted forest with marked vertices on {1,...,n} and W? =
Ty, (1) = Ty, (cn). For these, it follows from the transition rates of (Z;)i=o
that ( )\R(f -1

27y, m~
n—1 ' <2)
[Mk+1+2r,)
k=1

Finally, note that (Xj)ken+ = <|W,§|, |W,€'|>k€]N*, which counts the num-
ber of descendants of the first particle and the number of descendants of
immigrants, is a Markov chain whose law is characterized by X; = (1,0) and
X}, goes from (p, q) to

P(Zy = (We, Wy, En,ca)) =

e (p+1,q) with probability %

e (p,q+ 1) with probability }%,

4.2.8. Relabeling and end of proof

The last step before finishing the proof of Theorem 4.1 is to shuffle the
vertices of the forest associated to Z,, appropriately. For any fixed n, v and
cin {1,...,n}, let ®.,) be uniformly and independently of anything else
picked among the permutations of {1,...,n} that map ¢ to v; define ®,(7,)
by

By (W, W, B @) = (P (W), Py (W), a0y (En))

where CD(émv)(E’n) is to be understood as {(CID@M) (1), P(en0) (])) 2 (i,7) € En}

With all these elements, the proof of Theorem 4.1 goes as follows. First,

from equations (1) and (2) and the definition of ®,,, we see that for all rooted
forest with marked vertices f,,

P(Fy = fn) =P(®u(Zn) = fu)

In particular, ‘77;’ , the set of unmarked vertices in the vertex-marking process,
and @, (W), the relabeled set of descendants of the first particle in the
branching process, have the same law. Now, on the one hand we have

Vil = [Nalvl| = DY + 1,

and on the other hand we have

@z ) (W)

= |

Since ‘ij is the first coordinate of the Markov chain (X})gen+ introduced
in the previous section, it follows directly from the transition probabilities of
(Xk‘)k‘E]N* that

k n—k—2
oo\ L+ T (g+2m)
]P(Xn:(k:Jrl,n—k:—l)):( ] )p—nl_l ¢=0 ,
T ((p+a)+1+27,)
(pt+q)=1
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from which the expression of Theorem 4.1 can be deduced through elementary
calculations.

5. Connected components in the intermediate regime

From a biological perspective, connected components are good candidates
to define species, and have frequently been used to that end. Moreover,
among the possible definitions of species, they play a special role because
they indicate how coarse the partition of the set of populations into species
can be; indeed, it would not make sense biologically for distinct connected
components to be part of the same species. As a result, connected compo-
nents are in a sense the “loosest” possible definition of species. This comple-
ments the perspective brought by complete subgraphs, which inform us on
how fine the species partition can be (see Section 3.1.2). For a discussion of
the definition of species in a context where traits and ancestral relationships
between individuals are known, see [15].

The aim of this section is to prove the following theorem.

Theorem 5.1. Let #CC,, be the number of connected components of G, . .
If vy, is both w(1) and o(n), then

T'n

9 + OP(T’VL) < #Ccn < 2Tn 1Ogn + Op(rn 10g n)

where, for a positive sequence (u,), oy(u,) denotes a given sequence of ran-
dom wvariables (X,,) such that X,,/u, — 0 in probability.

5.1. Lower bound on the number of connected components

The proof of the lower bound on the number of connected components
uses the forward construction introduced in Section 2.2 and the associated
notation. It relies on the simple observation that, letting #CC(G) denote
the number of connected components of a graph G, #CC(G7. (k)) is a nonde-
creasing function of k. Indeed, in the sequence of events defining (G, (k))i>2,
vertex duplications do not change the number of connected components — be-
cause a new vertex is always linked to an existing vertex (its ‘mother’) and her
neighbors — and edge removals can only increase it. Thus, if m,, < n and ¢,
are such that ]P(#CC(G:n(mn) > €n> — 1 as n — oo, then ¢, is asymptot-
ically almost surely a lower bound on the number of connected components
of Gy (n) — and therefore of Gy, ., .

To find such a pair (m,, ¢,), note that, for every graph G of order m,

#CC(G) = m — #edges(G) .

Moreover, since for any fixed n, G}, (m,) has the same law as Gy, ,, the
exact expressions for the expectation and the variance of |E}, |, the number

26




O©CoO~NOUTAWNER

748

750

752

754

756

758

762

764

766

768

770

772

774

776

of edges of G (m,,), are given in Table 1. We see that, if r,, and m,, are both
w(1) and o(n),

E(12;,1) N;ni and  Var(|E}, |) Nﬁ(mij%ri)‘
By Chebychev’s inequality,
Var(|E*
P<‘|E;n|—E<|E;n|)‘ >m711_6> < w

When m,, = O(r,), since 7, = w(1) the right-hand side of this inequality
goes to 0 as n — 400, for all ¢ < 1/2. It follows that

5| = E(1E;, 1) + 0p(ra) -
Taking m,, = |ar,], we find that

HOC(Gr, (1) = my — |Efy | =a (1~ %) P+ 0p(1n) -

The right-hand side is maximal for a = 1 and is then r,,/2 + 0, (7).

5.2. Upper bound on the number of connected components

Our strategy to get an upper bound on the number of connected com-
ponents is to find a spanning subgraph whose number of connected compo-
nents we can estimate. A natural idea is to look for a spanning forest, because
forests have the property that their number of connected components is their
number of vertices minus their number of edges.

Definition 5.2. A pair of vertices {ij} is said to be a founder if it has no
ancestor other than itself, i.e., letting Ty;;3 = sup{t > 0: a;(i) # a:,(j)} be
the coalescence time of ¢ and j, {ij} is a founder if and only if Vt < Ty;jy,

{au(i) ar(5)} = {ag}-

Let ¥ be the set of founders of G,,,,, = (V, E), and let T,, = (V, F). Note
that #F = n — 1 and that T, is a tree. Therefore, letting F,, = (V, F N E)
be the spanning forest of G, ,, induced by T},, we have

#CC,, < n — #edges(F),) .
Let us estimate the number of edges of F,,. Recall Proposition 2.3. By
construction, V{ij} € F, P(;;, = Py N[0, T3] 1t follows that

#edges(F,) = Z ]I{P{ij}m[()?T{ij}]:@}
{ijter

and, as a consequence,

#CC, <1+ {ij}Z;f Ly oo 120} -
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Now, Lep  niory,;,120} < #(Ppjy N[0, Tz]), and since (Ppijy){ijier are
i.i.d. Poisson point processes with intensity r, that are also independent
of (Tisy)igyer

Y #(Puy N[0, Tupl) < #(P N0, L)),
{ij}eF

where P is a Poisson point process on |0, +oc| with intensity r, and L, =
Tyvrea + > {ijter Tyi5 is the total branch length of the genealogy of the ver-
tices. Putting the pieces together,

HCOC, <1+ #(P N[0, Ly]) -

Conditional on L,,, #(PnNI0, L,]) is a Poisson random variable with parameter
7nLy. Moreover, it is known [16] that

n—1 1 n—1 1
E(L,) =2) - and Var(L,)=4)
i=1 ¢ i=1 ¢
As a result,
E(#(PNI0,Ly,))) =r,E(L,) ~2r,logn
and

Var(#(P N[0, L)) = r,E(Ly) + Var(r,L,) ~ 27, logn + ar?

n

with o = 272 /3. Using Chebychev’s inequality, we find that for all ¢ > 0,

2 @

P PNl0,L,])—27r,1 >er,l =0 .
(|#< 10, La]) ralogn| > er ogn) (52 rnlog(n) + g2 log(n)2>
The right-hand side goes to 0 as n — +00, which shows that #(PN|[0, L,]) —

2r,logn = o,(r, logn) and finishes the proof.

Remark 5.3. Using #(PN[0, L,]) as an upper bound for Y ;e ]I{P{ij}m[O,T{ij}]yéQ}
turns out not to be a great source of imprecision, because most of the total
branch length of a Kingman coalescent comes from very short branches. As
a result, when 7, = o(n), only a negligible proportion of the Py N[0, Tg;j3]’s,
{ij} € #, have more than one point.

By contrast, using n — #edges(F},) as an upper bound on #CC,, is very
crude. This leads us to formulate the following conjecture:

Conjecture 5.4.

do, 6> 0 s.t. P(ar, < #CC, < fr,) —— 1.

n—oo
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6. Number of edges in the sparse regime
From the expressions obtained in section 3.1.1 and recapitulated in Ta-
ble 1, we see that when r, = w(n),

n2

E([En[) ~ Var(|E,|) ~ 5— .

2r,

This suggests that the number of edges is Poissonian in the sparse regime,
and this is what the next theorem states.

Theorem 6.1. Let |E,| be the number of edges of Gy, If 1, = w(n) then

drv (|En|7 Poisson(An)> V.

n—-+0o

where dry stands for the total variation distance and N\, = E(|E,|) ~ % If

in addition r, = o(n?), then \, — +o00 and as a result

En _)\n D
| \!/A_ —— N(0,1),

where N'(0,1) denotes the standard normal distribution.

The proof of Theorem 6.1 is a standard application of the Stein—Chen
method [17, 18]. A reference on the topic is [19], and another excellent
survey is given in [20]. Let us state briefly the results that we will need.

Definition A. The Bernoulli variables X, ..., Xy are said to be positively
related if for each i = 1, ..., N there exists (Xl(l), o ,X](VZ)), built on the same
space as (X1,...,Xy), such that

O (XX~ (X X)X =1

(i) Forallj=1,...N, X\ > X;.

Note that there are other equivalent definitions of positive relation (see
e.g. Lemma 4.27 in [20]). Finally, we will need the following classic theorem,
which appears, e.g., as Theorem 4.20 in [20].

Theorem A. Let Xq,..., Xy be positively related Bernoulli variables with
P(X;=1)=p;. Let W =N, X; and A = E(W). Then,

N
drv (W, Poisson()\)) < min{1, A~} (Var(W) —A+2 Zp?) .
i=1

6.1. Proof of the positive relation between the edges

It is intuitive that the variables indicating the presence of edges in our
graph are positively related, because the only way through which these vari-
ables depend on each other is through the fact that the edges share ancestors.
Our proof is nevertheless technical.
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6.1.1. Preliminary lemmas
In this section we isolate the proof of two useful results that are not tied
to the particular setting of our model.

Lemma 6.2. Let X = (Xy,...,Xn) be a vector of Bernoulli variables. The
distribution of X is uniquely characterized by the quantities

E(sz), Ic{l,... N, I+¢

el

Proof. For all I C {1,...,N}, I # @, let

by — ]E(HXZ) ond 0 :]E(HXi e _Xj))

iel iel  jelc

where the empty product is understood to be 1.
Clearly, the distribution of X is fully specified by (g;). Now observe that,
by the inclusion-exclusion principle,

qr = Z(_1)|J|—|I|pJ7
JoI

which terminates the proof. m

Lemma 6.3. Let Xy,..., Xy be independent random mondecreasing func-
tions from [0, 4o00| to {0,1} such that

Vie{l,...,N}, inf{t >0:X,(t) =1} < 400 almost surely.

Let T be a non-negative random variable that is independent of (X1, ..., Xn).
Then, X1(T), ..., Xn(T) are positively related.

Proof. Pick i € {1,...,N}. Now, let 7, = inf{t > 0: X;(t) = 1}. Assume
without loss of generality that X; is left-continuous, so that {X;(T) =1} =
{T > 7;}. Next, note that,

Ve, t 20, P(T>zT>t)>P(T>x)P(T>1).
Integrating in ¢ against the law of 7;, we find that
Ve>0, PT>z|T>7)2P(T>zx).

This shows that T is stochastically dominated by T®, where T has the
law of T' conditioned on {T" > 7;}. As a result, there exists S, built on the
same space as X1, ..., Xy and independent of (X;);4;, such that S ~ T

and S >T. For all j # i, let X]@ = X;(5). Since X; is nondecreasing,

X\ > X;(T), and since (X;)j L (T, 1), (X)) ~ (X;(T))j | Xi(T) = 1).

J J

This shows that X(T),..., Xn(T') are positively related. ]

Remark 6.4. Lemma 6.3 and its proof are easily adapted to the case where
Xi,...,Xn are nonincreasing and such that inf{t > 0: X;(t) = 0} < 400
almost surely.
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6.1.2. Stein—Chen coupling

Proposition 6.5. For any n > 2 and r > 0, the random variables 15
for {ij} € V@ which indicate the presence of edges in G, are positively
related.

Proof. We use the forward construction described in Section 2.3 and proceed
by induction. To keep the notation light, throughout the rest of the proof
we index the pairs of vertices of Gi(n) = ({1,...,n}, E¥) by the integers
from 1 to N = Z) and, for 7 € {1,..., N}, we let X; = Lgcp:y. We also
make consistent use of bold letters to denote vectors, i.e., given any family
of random variables Z1, ..., Z,, we write Z for (Zy,...,2Z,).

For n = 2, the family X; for i € {1,...,n} consists of a single variable
X1, so it is trivially positively related.

Now assume that X7, ..., Xy are positively related in G:(n), i.e.

Vi< N, 3YD = (V" YA such that
i) YO~ (X|X;=1) (3)
(i) Vk<N, v\ > X,

Remember that G (n+1) is obtained by (1) adding a vertex to G}(n) (which,
without loss of generality, we label n+1) and linking it to a uniformly chosen
vertex u, of Gi(n) as well as to the neighbors of u,; and (2) waiting for an
exponential time 7" with parameter (g) while removing each edge at constant
rate r.

Formally, Yk < N +n, define the “mother” of k, M € {1,..., N} U{@},
by

o If k < N (ie., if k is the label of {u,v}, with 1 < u < v < n), then
My =k.

o If k£ > N is the label of {v,n+ 1}, with 1 < v < n, then M, = ¢, where
¢ is the label of {u,,v}.

e If k > N is the label of {u,,n + 1}, then M; = @.

Letting X = ]l{keE*+1}’ we then have
X = { A My =0

X, A otherwise

with A, = Ly, >7y, where we recall that 7' ~ Exp(N) and, ey, ..., en4, are
i.i.d. exponential variables with parameter r that are also independent of
everything else.

Note that the random functions Ay: t — Lie,>ty, k€ {1,...N +n} are

nonincreasing and such that inf{t > 0 : Ax(t) = 0} < +o0 almost surely. By
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Lemma 6.3 (see also Remark 6.4), it follows that Ay, ..., Ay, are positively
related.
We now pick any 7 < (";rl) = N +n and build a vector Y’ that has the

same law as (X' | X; = 1) and satisfies Y'® > X'.
Assume that M; # (). In that case,

1. By the induction hypothesis, there exists Y™ that satisfies (3).

2. Since by Ay, ..., Ay, are positively related, IB® ~ (A | 4; = 1)
such that B® > A.

Note that A, B®, X and Y™ are all built on the same space. Therefore,
omitting the (M;) and (i) superscripts to keep the notation light, we can set
Y/ =1 and, for k # i,

kj:

, {Bk if My, = @

Yy, Br  otherwise.

With this definition, VJ C {1,..., N + n},

() < { 10 (s

where J = {M, : j € J, M; # @}. By hypothesis,

E| 1Y | =B [IX;| X =1 :E(XMZ.HX])/]E(XMZ.)

jed el pct
Similarly,
N (HBJ') =B (Ai 11 Aj) /E(4).
jed jEJ
As a result,
E H Y| = E(XMZ HJEjXJ)E(Az HjGJ A])
e’ E(Xa)E(4)
JjeJ

By Lemma 6.2, this shows that Y' ~ (X' | X! =1).
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. However, in that case, X!

If M; = @), we can no longer choose Y !

depends only on A;. Therefore, we set Y/ = 1 and, for k # 1,
Y, = X, By
Remembering that X = A;, we then check that

E(HY;’) _ Bl %) e 4) =E(HX§

jeJ ]E(Ai) jeJ

ngl).

Finally, it is clear that, with both constructions of Y& Y’ S) > X, O

6.2. Proof of Theorem 6.1
Applying Theorem A to |E,| = ;51 L{iess) and using the expressions in
Table 1, we get

dTV(\En], Poisson()\n)> < min{l, )\;1} Ch

. _ n(n-1)
with A\, = 50T 1) and

n(n — 1)(n*r, + 2nr2 + nr, — 2r2 + 3r, +9)

Cn = 2275 + 3)(rn + 3)(ry + 1)2

When 7, = w(n),

Now, if r, > n(”;l) —1, so that min{1, A1} = 1, we see that C,, = ©(n?®/r?).
If by contrast r, < @ — 1 then \'C, = ©(n/r,). In both cases,
min{1, A\, '} C,, goes to zero as n — -+oo, proving the first part of Theo-
rem 6.1.

The convergence of W%L)‘" to the standard normal distribution is a classic
consequence of the conjunction of dry(|E,|, Poisson()\,)) — 0 with A, —
+oo. See, e.g., [19], page 17, where this is recovered as a consequence of

inequality (1.39).
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A. Proofs of Propositions 2.4 and 2.6 and of Lemma 2.5

A.1. Proof of Propositions 2./ and 2.6

Proposition 2.4. Let (K;);>0 be a Kingman coalescent on'V = {1,...,n},
and let (i) denote the block containing i in the corresponding partition at
time t. Let the associated genealogy of pairs be the set

G = { (1 {m)ml)}) : (17} €V, 1€ 0.7 [}
where Ty = inf{t > 0 : m(i) = m(j)}. Denote by

Ly = {(t m@ m(i)) ¢ € 0T [}

the lineage of {ij} in this genealogy. Finally, let P* be a Poisson point process
with constant intensity r, on G and let G = (V, E), where

E = {{Z]} evV®@.pn L{ij} = @}
Then, G ~ Gy, .
Proof. Let (a;)i=0 and P* be as in Proposition 2.3, and let

6" = { (1 e )} (i) € VO 1 € 0,75 [f

where 77, = inf{t > 0: a,(i) = a,(j)}. Being essentially a finite union of
intervals, G* can be endowed with the Lebesgue measure.

As already suggested, conditional on (a;);>0, P* can be seen as a Poisson
point process P* with constant intensity r, on G*. More specifically,

P =L (et < s} VO, e iy L

With this formalism, writing
Ly = {(t: {au(i) at(j)}> te [OaT{*ij}[}
for the lineage of {ij} in this genealogy, we see that P, is isomorphic to
P N L@j}. In particular,
Pijy =90 < PNl =9
Now let (7¢)¢>0 be defined by

Then, ¢: (¢, {a:(i) a:(7)}) — (¢, {7(i) 7(j)}) is a measure-preserving bijec-
tion from G* to ¥(G*). Therefore, ¥(P*) is a Poisson point process with
constant intensity 7, on ¥(G*). Since (7;)=0 has the same law as (m;)i=0
from the proposition, we conclude that

(4(67), w(P*)) ~ (G, P*)

which terminates the proof. [
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Proposition 2.6. For any r > 0, for any integer n > 2,
®,(Gr(n)) ~ Gy

Proof. First, let us give a Poissonian construction of (GI(t));>o. The edge-

) 3 of i.i.d.
{ij}ev®
Poisson point processes with rate 7 on R such that, if £ € Py;;, and there is
an edge between i and j in GI(t—), it is removed at time t. The duplication
events induce a genealogy on the vertices of G¥(n) that is independent of
2. Using a backward-time notation, let a] (i) denote the ancestor of i at
time (¢, —t), i.e. t time-units before we reach Gj(n). Observe that, by
construction of G%(n),

removal events can be recovered from a collection Pf = (P{T i)

{ij} € Gi(n) <= {t >0:t¢ PTGT(,) T(j)}} — Q.

{a;(?) a;

Taking the relabeling of vertices into account, the genealogy on the ver-

tices of G%(n) translates into a genealogy on the vertices of ®,,(G(n)), where

the ancestor a; function is given by a; = ®,, o aI o ® 1. To keep only the

relevant information about this genealogy, define
(i) ={j € V 1 a(j) = a(i)}
and let
G ={ (bt R : (17} € VO, 1 e 0,7y [}

where Ty = inf{t > 0: 7,(i) = m(j)}. As before, let us denote by

Ly = {( m@m0)N) b € 0T [}

the lineage of {ij} in this genealogy. Finally, define
) _ — /\ — . . .. (2) T
P {(t @) 7)) : {ijh eV, t e P{aI(@#(i))aI(cb#(j))}}‘

Then, conditional on G, P is a Poisson point process with constant intensity
r, on G. Moreover,
{ij} € 2.(Gr(n) = {2;'(1)2,'(j)} € Gy (n)
<— >0: f
{t »0:te P{ai(@gl(z’))al(@;l(j))}}

=0

Therefore, by Proposition 2.4, to conclude the proof it is sufficient to show
that (7)o has the same law as the corresponding process for a Kingman
coalescent. By construction, the time to go from k to k — 1 blocks in (7;)>0

is an exponential variable with parameter (g) and thus it only remains to
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prove that the tree encoded by (7)o has the same topology as the Kingman
coalescent tree. This follows directly from the standard fact that the shape of
a Yule tree with n tips labeled uniformly at random with the integers from
1 to n is the same as that of the shape of a Kingman n-coalescent tree —
namely, the uniform law on the set of ranked tree shapes with n tips labeled
by {1,...,n} (see e.g. [21]).

Alternatively, we can finish the proof as follows: working in backward
time, for e = 1,...,n — 1, consider the i-th coalescence and let U; denote the
mother in the corresponding duplication in the construction of G%(n). Note
that U; ~ Uniform({1,...,n —i}), and that the coalescing blocks are then
the block that contains ®,(U;) and the block that contains ®,,(n —i + 1).
Let us record the information about the ¢ first coalescences in the variable
A; defined by Ay = @ and, for i > 1,

Ay = (®n(n =k +1), @, (Ux))

k=1,..,i

Thus, we have to show that, conditional on A; 1, the block containing ®,,(n—
i+ 1) and the block containing ®,,(U;) are uniformly chosen. We proceed by
induction. For ¢ = 1, this is trivial. Now, for ¢ > 1, observe that, conditional
on A;_1, the restriction of ®, to

L={1....n}\{®,(n),...,P,(n—1)}

is a uniform permutation on [;. As a result, {®,(n —i + 1), ®,(U;)} is a
uniformly chosen pair of elements of I; (note that the fact that U; is uniformly
distributed on {1,...,n — i} is not necessary for this, but is needed to ensure
that the restriction of ®, to I;;; remains uniform when conditioning on A;
in the next step of the induction). Since each block contains exactly one
element of I;, this terminates the proof. n

A.2. Proof of Lemma 2.5

Lemma 2.5. Let S be a subset of V®. Conditional on the measure M, for
any interval I C [0,4o00[ such that

(i) Forall{ij} € S, Vt € I, a;(i) # ai(y).
(ii) For all {kl} # {ij} in S, ¥Vt € I, {a(i),a:(j)} # {ac(k), a: ()},

P{*Z-j} NI, {ij} € S, are independent Poisson point processes with rate r,, on I.
Moreover, for any disjoint intervals I and J, (Pfij} N1)gjres 5 indepen-
dent of (P{*ij} N J){ijres-

Proof. For all t > 0, define S; by
Se = {{a(i), a(5)} : {is} € S}

Set tg = inf I and let ¢y,...,t,_1 be the jump times of (S;);>0 on I, i.e.

tp:inf{t>tp_1:St7EStp71}, p=1,....m—1.
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Finally, set ¢,, = sup/ and, for p = 0,...,m — 1, let I, = [t,,t,11] and
ap, = ay,, 50 that (Gp)pefo,...m} is the embedded chain of (a;)we;. With this
notation, for all {ij} € S,

m—1

Py NI = U (Payiraon N 1)

p=0

where for p # ¢, I, NI, = @, and Pp,y, {uw} € V@, are iid. Pois-
son point processes on [0, +oo[ with rate r,. By assumption, for all p =

0,. — 1, for all {45} # {kf} in S, a,(i) # a,(j), a,(k) # a,(¢) and
@i ) o()} # @ (k). 3,(0)). This shows that (Pia,(o.4,0) 0 1,). {1} € 5
and p = 0,...,m — 1, are i.i.d. Poisson point processes with rate r, on the

corresponding intervals, proving the first part of the lemma.

The second assertion is proved similarly. Adapting the previous notation
to work with two disjoint intervals I and J, i.e. letting (a )pE{O ,my} be the
embedded chain of (a;);e; and (a )pe{o, m,} that of (at)tej, for all {ij} € S

we write
mr—1

Piy NI = U (Paganaon N 1)

p=0

and
my—1

PipyndJ = U0 (Peazayagon N ) -
p:
We conclude the proof by noting that the families

(P{a’(l) aj()y 1 ]p) {ij}eS, pe{0,...m}

and
(Paagc.agony N ) (175, pE{0,...0m1}

are independent because the elements of these families are either determin-
istic (if, e.g, @,(i) = a,(j), in which case P (. al(;y = ©) or Poisson point
processes on 1ntervals that are disjoint from each of the intervals involved in
the definition of the other family. O]
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B. Proofs of Proposition 3.5 and Corollary 3.6

Proposition 3.5. Let i, j, k and { be four distinct vertices of Gy, ,,. We

have
27,

1+7.)28+7,)(3+2r,)

Cov (:[L{i<—>j}a ]1{/«—%}) =1

Corollary 3.6. Let DY) and DY) be the respective degrees of two fived ver-
tices i and j, and let |E,| be the number of edges of G,,,,. We have

o o T 3(n—2)  2(n—2)(n—3)
VD) = W(” 312, <3+rn)<3+2rn>>

Cov (D

and
Cran(n—=1)(n*4+2r2+2nr, +n+ 57, +3)

2(1+7,)2B4r,) (3+21,)

Var(|E,|)

B.1. Proof of Proposition 3.5

The proof of Proposition 3.5 parallels that of Proposition 3.3, but this
time the topology of the genealogy of the pairs of vertices has to be taken
into account. Indeed, define

Sy = {aw(i), ar(j), ar(k), ar(0) }

and let 7 < 75 < 73 be the times of coalescence in the genealogy of {i, j, k, (},
i.e.
7, =inf{t >0:|S|=4—-p}, p=123.

Write I} = [0, 71|, Iy = [11, 72| and I3 = |2, 73[. Finally, for m = 1,2, let
AP = {ar, - (0) # ag,—(v)} N {ar, (u) = a5, (v)}

be the event that the m-th coalescence in the genealogy of {4, j, k, £} involved
the lineages of u and v (note that the third coalescence is uniquely determined
by the first and the second, so we do not need Af{i)v}).

On AS;‘} n Aﬁ)g}) {i > j, k <> (} is equivalent to

so that, conditionally on /; and I, by Lemma 2.5,

P(i ¢ g k< 0| Al NARY) = P (Pl U Piy) NI = @) x PPy N 1o = §)

{ij
6 3
= X .
6+2r, 3+,

By contrast, on AS;.} N Ag,)c}, {i & J,k < (}is
(Pijy V1) U (P N 1) U (P N 1) U (Pl N I3) = @
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and thus

6 3 1
X X )
6+2r, 3+r, 1+r,

]P(z’ g, kL ‘ Ag])} N A{m}) =

leen a realization of the topology of the genealogy of the form AW {uror} )

AP {usvs}» WE can always express {i <+ j, k <+ (} as a union of intersections of

P{Z]} and P{*k[} with I7, Is and I3. In total, there are (3) X (g) = 18 possible

events A{um} N A{uzv y» each having probability 1 /18. This enables us to
compute P (i <> j, k <> £), but in fact the calculations can be simplified by
exploiting symmetries, such as the fact that {ij} and {k¢} are interchange-
able. In the end, it suffices to consider four cases, as depicted in Figure B.6.

A B C D
| |

{e0} {O0O} {e@} {OO} {e@} {O0O} {e@} {O0O}
P(i < j, k< L] A) P(i <+ j,k < £ | B) P(i+ j, k< £|C) P(i < j,k < | D)
:H_%x%xﬁ%r :ﬁxﬁxﬁzr :}i—rx% zli_rx%xm%

Figure B.6: The four cases that we consider to compute P (i ++ j, k <> £). Top, the “aggre-
gated” genealogies of vertices and their probability. Each of these correspond to sev-
eral genealogies on {i,7,k,¢}, which are obtained by labeling symbols in such a way
that a pair of matching symbols has to correspond to either {ij} or {k¢}. For in-

stance, C' = (Ag]} N A{Qk)é}) (A{?é} NAG 2) ) and therefore P(C) = 2/18. Similarly,
(1) (2) (1) (2) (1) (2) (1) (2)
A= (A NAG V(AL NAGR) U (A{M}QA{M}) (A NAG,y) and P(A) = 4/18,

etc. Bottom, the associated genealogy of the pairs and the corresponding conditional
probability of {i > j,k < ¢} & {0+ 0,0 < @}
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Putting the pieces together, we find that

PG« k,j

)= =X ! X E X y
9 1+, 342 T 6421,
2 1 3 6
+ = X X X
9 147, 3+r, 6+27r,
1 3 6
+ = X X
9 3+r, 6+2r,

9427,
(1+7)B+7r,)38+2r,)

and Proposition 3.5 follows, since

P(i

<—>j)]P(k<—>£):<1+1rn>2.

B.2. Proof of Corollary 3.6
Corollary 3.6 is proved by standard calculations. First,

n

Cov (fo), D(j)) = Cov (Z Ty, Z ]l{j<—>£})

Remembering from Proposition 3.1 that Var(Lye) = 7,/(1+7r,)? and from
Proposition 3.3 that Cov(1iory, Lijor) = (HTTL)ZW, and using Proposi-

tion 3.5, we find that

ki t#j
= Var (hmj})
+3(n—2) COV(]I{in}a ]1{j<—>k})
+ (n —2)(n —3) Cov(l{mk}, ]l{j<—>€}>

Cov (D(i), D(j)) = (

n n

Finally, to compute Var(| E,|), we could do a similar calculation. However,

it is easier to note that

As a result,

Tn 3(n—2)  2(n—2)(n—3)
5 1) (1 3+2m, BB +2m)

1 & :
|En| :7ZD’£7:L)‘
24

Var(|E,|) = i(n Var(D)) + n(n — 1) Cov(D{, DY)

_rmpn(n—1)(n*4+2r2+2nr, +n+ 57, +3)

214+ 7,)2(83+7,)(34+27,)
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C. Proof of Theorem 4.2

In this section, we prove Theorem 4.2.

Theorem 4.2 (convergence of the rescaled degree).

(i) Ifr, = r >0, then 2= converges in distribution to a Beta(2,2r) random

variable.

(ii) If r, is both w(1)

size-biased exponential variable with parameter 2.

and o(n), then n[/):n converges in distribution to a

(iii) If2r,/n — p >0, then D,,+1 converges in distribution to a size-biased
geometric variable with parameter p/(1 + p).

The proof of (iii) is immediate: indeed, by Theorem 4.1,

P(D,+1=k)=

If 2r,/n — p, then for any fixed k this goes to k(ﬁpp>2<

27, (271, +1) kol

n—1

(n+2r,)(n—14+2r,) Gn—1t4+2r,—1

C.1. Qutline of the proof

To prove (i) and (ii), we show the pointwise convergence of the cumulative
distribution function F), of the rescaled degree. To do so, in both cases,

1. We show that, for any € > 0, for n large enough,

1
T+p

k—1
) as n — +oo.

w20, [h@d <R < [0 ) d

for some function f,, to be introduced later.

2. We identify the limit of f,, as a classical probability density f, and use
dominated convergence to conclude that

Yy > 0, /Oyfn(m)da:%/oyf(az)dx.

In order to factorize as much of the reasoning as possible, we introduce

the rescaling factor N,,:

e When r, — r, i.e. when we want to prove (i), N,, = n.

e When r, is both w(1) and o(n), i.e. when we want to prove (ii), IV,, =

n/ry,.

Thus, in both cases the rescaled degree is D,,/N,, and its cumulative distri-

bution function is

[Nny]
Fuly) = > P(Dn=k).
k=0
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C.2. Step 1
For all x > 0, let

so that

(k+1)/Nn

VkeN, P(D,=k)= / fulz)de .

k/Nn

If follows that
([Nny]+1)/Nn
Fuly) = | ful@) de.

Finally, since y < W”Tyjﬂ Sy+ Nin and f, is non-negative, for any € > 0,

for n large enough,

Vy =0, /Oyfn(m)dngn@) </0y+€fn(x)dxv

and the rank after which these inequalities hold is uniform in y, because the
convergence of (| N,y| +1)/N, to y is.

C.3. Step 2

To identify the limit of f,,, we reexpress it in terms of the gamma function.
Using that I'(z) = 2I'(z), by induction,

k L T(n) 3 4 - ln+2r,—1)
1= 72 . flo—i2r, 1) - (L2

=1

Therefore, f,(x) can also be written

N,2r, (2r, +1)

falw) = n+2r,)(n—1+2r,

) ([Noz] +1) x Po(), (C.1)

where
I'(n)T(n— |Nyz] 421, —1)

I'(n— |Nyz|)T(n+2r, —1)°
We now turn to the specificities of the proofs of (i) and (ii).

P,(z) =
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C.3.1. Proof of (i)
In this subsection, r,, — r > 0 and N,, = n.

Limit of f,. Recall that

I'(n+ a) N

Using this in (C.2), we see that, for all z € [0,1],
Py(z) = (1 —x)* 1.
Therefore, for all z € [0, 1],
falz) = 2r@2r+1)a(1—z)* .

Noting that 2r(2r + 1) = 1/B(2,2r), where B denotes the beta function, we
can write f = lim,, f,, as

lL‘(l 4 :L,)Zr‘fl

foe= TG

11[0,1[(1’)

and we recognize the probability density function of the Beta(2,2r) distribu-
tion.

Domination of (f,). First note that, for all z € [0, 1],

1 na] n—i 1 S

n—1+2rni:1—[1n—i+2rn—1 n—LnquLan—li:l—[ln—i—l—an’

where the empty product is understood to be 1. Since 27, > 0, this enables
us to write that, for all z € [0, 1],

fn(x):nQr(Qr—l—l)X nz| +1 y 1 XWCJ n—z ‘
n+ 2r n—14+2r n—|nz]+2r—1 ;5 n—i+2r
—_——— =
<(2r+1)2 < <1

where, to avoid cluttering the expression, the n index of r,, has been dropped.
Since
1 —1 1 2 uniform
na)+1 _(n=Da+asl oy
n—1+4+2r, n—1

n—1 n—-+o0o
there exists ¢ such that, for all x € [0, 1] and n large enough,
folz) <cx

Since f,, is zero outside of [0, 1], this shows that (f,,) is dominated by g: = —
cx Lpq(x).
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C.3.2. Proof of (ii)
In this subsection, r, is both w(1) and o(n), and N,, = n/r,. For brevity,
we will write k,, for [nz/r,]. It should be noted that

e k, is both w(1) and o(n).
e k,r,/n — z uniformly in x on [0, +-00].

Limit of f,,. In this paragraph, we will need Stirling’s formula for the asymp-
totics of I':

tt
e
Using this in Equation (C.2),

I'(n)T(n — | Npz] +2r, — 1)
I(n— |Npx|)T(n+2r, —1)

Pu(x) =

-1 —92_ kn 2 Q n—1—kn ,n—242r,
N \l (n )(n +2r,) e e <0,

X
(n—1—=k,)(n—2+2r,) e len 2kt
=1

~1

where
(n—1)""1(n—2—k,+2r,) 2kt

(n—1— k)" 1Fn (n — 24 27, )0 242m

Let us show that Q,, — e 2*:

Qn:

log@, = (n—1)log(n—1)

+ (n—a+b)log(n —a+10b)

(n —a)log(n — a)
(n—1+0b)log(n —1+0b)

where, to avoid cluttering the text, we have written a for k, + 1 and b for
2r, — 1. Factorizing, we get

(

log Q,, = nlog(

(n—a)(n—1+0) - n—1+b
Now,
(n—l)(n—a—l—b)_l+ (a—1)b
(n—a)(n—1+0b) n? —n-+nb—na+a—ab
~2kngn = o(1)
so that

(n—1)(n—a+Db) N 2knrn .
n10g<(n—a)(n—1+b)> n —2

46
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Similarly,

and, finally, — 1og(

—alog<m> = —alog(l + b
/”L_

blog <a+b) = blog

n—a

-1+

1+b

(5 m15)
n—1+5b

log @, — —2x.

Having done that, we note that

2n(2r, + 1)

(n+2r,)(n—1+2r,)

Plugging these results in Equation (C.1), we see that

and we recognize the probability density function of a size-biased exponential

) — 0. Putting the pieces together,

(kn+1) — 4x.

Ve eR, fo(z) = 4dae ™ L oof()

distribution with parameter 2.

Domination of (f,). Recall that, since N,, = n/r,, for all z € [0, 1],

2n(2r, + 1) o n—1i
n(x) = (kn+1)
Ja(@) (n+2rn)(n—1+2r) * Hn—z+2rn—1
Next, note that, for all 7,
n—1 2r, — 1 ( 2r, — 1
. =1- . Sexp(— .
n—it+2r,—1 n—it+2r,—1 n—i+2r,—1
so that
k : k,
L n—1 n 2r, —1
Zrlln—z+2rn—1\eXp( z;71—z‘+27“n—1)’
with
o 21, —1 27, — 1

=1

Zn—i+2rn—1/

Because 1, = w(1l), foralle >0, 2r, — 1 >

Similarly, since r,, = o(n)

such that

1 1
’ 4271, 2 (1+e)n”
27, —1 k., 27,
"n—1—|—2rn—1/0 n
47

(1 —¢)2r, for n large enough.
As a result, there exists ¢ > 0

uniformly

"n—142r,—1"

2cx .
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132 We conclude that

kn

n—1
’ izl_[ln—z—i—an—l exp(—2ez)

124 for n large enough. Finally,

n (27, +1)(k, + 1)

2 % < dex
n+2r, (n—1+2m,)
—_——
<1 —2x, uniformly
w26 and so (f,) is dominated by g: z — 4z e L 4oo(x).
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