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Abstract

Consider a sequence of i.i.d. random Lipschitz functions { ¥y },>¢. Using this sequence we can define
a Markov chain via the recursive formula R, | = ¥, 1 (Ry). Itis a well known fact that under some mild
moment assumptions this Markov chain has a unique stationary distribution. We are interested in the tail
behaviour of this distribution in the case when ¥ (1) &~ Agt + By. We will show that under subexponential
assumptions on the random variable logt (A( V Bp) the tail asymptotic in question can be described using
the integrated tail function of logt (A V Bp). In particular we will obtain new results for the random
difference equation R, 1 = A, 1Ry + Bj41.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a sequence of independent identically distributed (i.i.d.) random Lipschitz functions
{¥,}n>0, where ¥,,: R — R for n € N. Using this sequence we can define a Markov chain via
the recursive formula

Ry+1 = Ypt1(Ry) forn >0, (1.1)
where Ry € R is arbitrary but independent of the sequence {¥,},>0. Put ¥ = ¥,. We are

interested in the existence and properties of the stationary distribution of the Markov chain
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{Rx}n>0, that is the solution of the stochastic fixed point equation

R 4 Y(R) R independent of ¥, (1.2)

where the distribution of random variable R is the stationary distribution of the Markov chain
{Rn}n20~

The main example, we have in mind, is the random difference equation, where ¥ is an affine
transformation, that is ¥, (1) = A,t + B, with {(A,, B,)}sx>0 being an i.i.d. sequence of two-
dimensional random vectors. Then the formula (1.1) can be written as

Rpt1 =Aur 1Ry + By forn > 0. (1.3)
Put (A, B) = (Ag, Bp). It is a well known fact that if
E[log|A]] <0 and IEl[logJr |B|] < o0,

then the Markov chain {R,},>¢ given by (1.3) has a unique stationary distribution which can be
represented as the distribution of the random variable

n
R = ZB”'H 1—[ Ar, 1.4)
k=1

n>0

for details see [28]. Random variables of this form can be found in analysis of probabilistic algo-
rithms or financial mathematics, where R would be called a perpetuity. Such random variables
occur also in number theory, combinatorics, as a solution to stochastic fixed point equation

R 4 AR + B R independent of (A, B), (1.5)

atomic cascades, random environment branching processes, exponential functionals of Lévy pro-

cesses, Additive Increase Multiplicative Decrease algorithms [17], COGARCH processes [22],

and more. A variety of examples for possible applications of R can be found in [14,15,11].
From the application point of view, the key information is the behaviour of the tail of R, that is

P[R > x] asx — oo.

This problem was investigated by various authors, for example by Goldie and Griibel [14]
and in a similar setting by Hitczenko and Wesotowski [18]. The first result says that if B is
bounded, P[A € [0, 1]] = 1 and the distribution of A behaves like the uniform distribution in
the neighbourhood of 1, then R given by (1.4) has thin tail, more precisely logP[R > x] ~
—cx log(x). Recall that for two positive functions f(-) and g(-), by f(x) ~ g(x) we mean that
limy_, » f(x)/g(x) = 1. In this paper we are only interested in limits as x — 00, so from now
we omit the specification of the limit.

There is also the result of Kesten [20] and later on, in the same setting, of Goldie [13]. The
essence of this result is that under Cramér’s condition, that is if E[|A|*] = 1 for some a > 0 such
that E[|B|*] < oo, the tail of R is regularly varying, i.e. P[R > x] ~ cx~“ for some positive
and finite constant ¢ and R defined by (1.4).

Finally, the result of Grincevicius [16], which was later generalised by Grey [15], states that
in the case of positive A if for some @ > 0 we have E[A“] < 1 and P[B > x] ~ x"*L(x),
where L is slowly varying (that is L(cx) ~ L(x) for any positive c¢), then the tail of R is again
regularly varying, in fact P[R > x] ~ cx~%L(x). Note that in this case the tail of perpetuity R
exhibits the same rate of decay as the tail of the input, that is P[R > x] ~ cP[B > x].
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However, in the case when P[A > x] or P[B > x] is a slowly varying function of x, up to our
knowledge, little is known about the behaviour of P[R > x] as x — o0. This is the problem we
consider in the present paper.

The case of general fixed point equation (1.2) was studied by Goldie [13], where several
particular forms of the transformation ¥ were treated. Later Mirek [24] found the tail asymptotic
of the solution of (1.2) with ¥ being Lipschitz such that ¥ (¢) ~ Lip(¥)t, where Lip(¥) is the
Lipschitz constant. The result says that if E[log(Lip(¥))] < 0 and E[Lip(¥)*] = 1 for some
a > 0, then R solving (1.2) exhibits regularly varying tail P[|R| > x] ~ cx®. Grey [15] also
treated generalised fixed point equations (1.2) in the setting introduced by Grincevicius [16].

It turns out that the assumption E[log(Lip(¥))] < 0 is necessary for the existence of the
probabilistic solutions of (1.2). For the existence and asymptotic behaviour of the invariant
measure of the Markov chain (1.1) in the critical case, that is E[log(Lip(¥))] = 0, see [1,6,5,4].

This paper gives an answer to the question about asymptotic of P[R > x], where R solves
(1.2), in the case of slowly varying input. Assuming that the Lipschitz function ¥ satisfies

At+B—-D<VU({t)<Att+BtY+D fort eR,

with D > 0 being relatively small and A > 0, we will show that under subexponential assump-
tions on the random variable log(A Vv B) one has

o0

P[R > x] =< / Pllog(A v B) > y]dy.
log(x)

Recall that for two positive functions f(-), g(-) by f(x) < g(x) we mean that g(x) = O(f(x))
and f(x) = O(g(x)). Furthermore, in our setting, the integral expression on the right hand side
will be a slowly varying function of x. Moreover in several cases we will establish a precise tail
asymptotic of R. In order to obtain full description of tail behaviour for the sequence {R,},>0 we
will study finite time horizon. We will show that if distribution of log(A Vv B) is subexponential,
then it holds true that

P[R, > x] < nP[AV B > x],

where {R,},>0 in given by (1.1).
The main result gives description of tail asymptotic of the solution of (1.5) and also

R 4 ART+B R independent of (A, B),

which is closely related to the ruin probability, for details see [9]. We can also obtain a description
of the solutions to

RZ AR+ VD + A2R? R independent of (A1, As, D),

where P[D > x] = o (IF’ [Al +JA; > x]) This corresponds to an autoregressive process with
ARCH(1) errors, which was described by Borkovec and Kliippelberg [3]. To find the behaviour
of P[|R| > x]justtake ¥ (¢) = |A1t ++/D + Ax(tH)2|.

The paper is organised as follows: In Section 2 we will briefly recall basic definitions and
properties of subexponential distributions, after that in Section 3 we will present a precise
statement of the result followed by some remarks and sketch of the proof. Finally, in Section 4,
we will give the full proof of the results.
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2. Subexponential distributions

In this section we will recall well known notions from the theory of heavy-tailed distributions.
Next we will quote a theorem about tail behaviour of a maxima of perturbed random walk, which
will be particularly useful in the proof of the main result. Firstly, for a distribution ¥ on R we
define tail function F by the formula F(x)=1— F(x) forx € R.

Definition 2.1. A distribution F on R is called long-tailed if F(x) > 0 for all x € R and for any
fixedy e R
F(x+y) ~ F(x).
We denote the class of long-tailed distributions by L.
Notice that if F € £ then the function x > F (log(x)) is slowly varying as x — oo. There-

fore one can use Potter’s Theorem (see [2, Theorem 1.5.6]) to obtain the following corollary.

Corollary 2.2. If F € L, then for any chosen A > 1 and § > 0O there exists X = X (A, §) such
that

F
& < ALK forx,y > X.
F(y)

It turns out that class £ is too big for our purposes. More precisely, we will need distributions
satisfying some convolution properties. Recall that F*? stands for the twofold convolution of the
distribution F.

Definition 2.3. A distribution F on R is called subexponential if F € £ and
F2(x) ~ 2F (x).
The class of subexponential distributions will be denoted by S.
Note that if X and X» are i.i.d. with distribution F € S, then by the definition above
PIX1 + X2 > x] ~2P[X1 > x] ~P[X; VvV X7 > x].

This is a type of phenomena that we want to use in the near future. We see that S C £ and it is
a well known fact that this inclusion is proper. For examples of distributions in £\ S see [10]
or [26]. The following proposition is a well known fact which will be useful thought the proofs
of the results. We follow the statement presented in [12].

PIBposition 2.4. Suppose that F € S. Let Gy, ..., G, be distributions such that G;(x) ~
¢i F (x) for some constants ¢; > 0,i = 1,...,n. Then

G- xGu(x) ~ (c1 4+ en) F(x).
Ifci+-+¢, >0 thenGy*---%xG, €8.

The following theorem by Palmowski and Zwart [25] is crucial for our future purposes.
The result itself deals with i.i.d. sequence {(X;, Y,)},>0, where X,, are i.i.d. increments of
negatively driven stochastic process and Y,, being maxima of this process taken at some renewal
epochs. Nevertheless the result and the proof presented in [25] remains valid for arbitrary i.i.d.
sequence {(X,, Y»)}n>o0.
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Theorem 2.5. Let {(X,, Yy)}n>0 be a sequence of i.i.d. two-dimensional random vectors such
that E[X1] < 0and E[X| Vv Y1] < oo. Assume that distribution on Ry given by the tail function

o
xv—>1/\/ P[X; Vv Y] > yldy
X

is subexponential. Then

1 oo

n
P(sup?Y,a1 + Xit>x|~——=—— P[X, VY > yldy.
LZ’S{ " ; -’} ] EIX11 /.

The R in the theorem above and for the rest of the paper stands for [0, 4+00). For conditions
on F guaranteeing subexponentiality of distribution given by the tail function x — 1 A
o —
[ F(y)dy see [21].

3. Main result

In this section we will give a precise statement of the main result of the paper followed by
some remarks and idea behind the proof.

3.1. Statement

Recall that we consider a Markov chain {R,},>0 given by (1.1), where for each n € N the
function ¥,: R — R satisfies

Ant + By — Dy < W, (t) < Aytt + B + D, forteR 3.1)

and some random variables A,, B, and D,. We are assuming that {(¥,, A,, By, Dy)}n>0 are
i.i.d., where ¥, are Lipschitz functions with

Lip(%,) = sup Int) = Tat) | (3.2)
H#t n—n
Put (¥, A, B, D) = (¥, Ao, By, Do). From now our standing assumptions will be
A, D >0 as., E[log(A)] > —o0, Ellog(Lip(¥))] < 0,
E[log™ |B £ D|] < oo. (3.3)

Recall that log™ (x) = log(x Vv 1). Note that (3.1) implies
A, < Lip(¥,)

and hence E[log(A)] < 0. For infinite time horizon, that is the case of the stationary distribution,
we will also need to assume

E[logt(A Vv B)!77] < 0o for some y > 0. (3.4)

In order to ensure that the stationary distribution has right-unbounded support we will need
to assume the following tail behaviour

P[AvV (B£D)>x]~P[AV B > x],
P[A>x,B—D < —x]=0(P[AV B > x]). 3.5
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Define a probability distribution F; on R via its tail function F; which is given by

Fix)=1A f P[log(A v B) > y]dy. (3.6)

Theorem 3.1. Assume that conditions (3.1), (3.3), (3.4) and (3.5) are satisfied and that F;
defined by (3.6) is subexponential. Then the Markov chain {R,},>0 given by (1.1) converges in
distribution to a unique stationary distribution which is a unique solution of (1.2). Furthermore

_ P[R > 0] i P[R > x] < limsu P[R > x] - 1 3.7)

—— < liminf = < p= < - .
Eflog(A)] = x—o0 F;(log(x)) = x—o00 Fr(log(x)) Eflog(A)]

In particular, if B — D > 0 a.s., then
1 o0

_ Pllog(A v B dy. 3.8
El0g(A)] Jogeo [log(A v B) > yldy (3.8)

P[R > x] ~

Moreover, if
e P[A > x] = o(P[B > x]) then
1 00
~ Ellog(A)] Jioger)
e P[B > x] = o(P[A > x]) then
P[R > 0] [*
_m log(x)

P[R > x] ~ Pllog™ (B) > yldy,

PR > x] ~ Pllog(A) > yldy.

Since in last two cases of the above theorem we obtain P[R > x] ~ cF; (log(x)) with
F; € § C L and some constant ¢ we see that in each case the distribution of R exhibits slowly

varying tail.

Remark 3.2. From the proof of Theorem 3.1 one can see that in order to establish the lower
bound in (3.7) one only uses the fact that the distribution of the random variable A v B has
a slowly varying tail. Precisely, assume (3.1), (3.3), (3.5) and that the function x > P[AV B > x]
is slowly varying. Then
P[R > 0] .. . PIR > x]
——— < liminf ———
E[log(A)] = x=co F;(log(x))
where the function F; is given Ey (3.6). Since when F; € L it is true that P[A Vv B > x] =
Pllog(A v B) > log(x)] = o(F;(log(x))) and we can also conclude that P[A vV B > x] =
o(P[R > x]).
In order to obtain an extensive description of the asymptotic properties of the Markov chain
{Ru}n>0 given by (1.1) we will also investigate the tail behaviour of random variables R, for
finite n. Put

F(x) =P[log(AV B) > x]. (3.9)

It turns out that in case of finite time horizon one can obtain result analogous to Theorem 3.1.
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Theorem 3.3. Assume (3.1), (3.3), (3.5), 0 < n < o0 and that F defined by (3.9) is subexponen-
tial. Assume additionally that

P[Ry > x] ~ wP[AV B > x] (3.10)

for some constant w > 0. Then

n—1
. P[R, > x] . P[R, > x]
Y PRy > 0] < liminf — = <1 Sl hd N CRY
w+k20 [Ri > Ol = liminf o = S mswP oy g = w e GID

In particular if Ry > 0 a.s. and B — D > 0 a.s. then
PR, > x] ~ (w +n)P[AV B > x].
Furthermore if
o P[A > x] = o(P[B > x]) then
P[R, > x] ~ (w + n)P[B > x], (3.12)
e P[B > x] = o(P[A > x]) then

n—1

P[R, > x] ~ <w + ZP[Rk > 0]) P[A > x]. (3.13)

k=0

Remark 3.4. Assume (3.10), (3.1), (3.5), (3.3), 0 < n < o0, and that the function x
P[A Vv B > x] is slowly varying. Then
=l P[R, > x]

3.2. Random difference equation

Suppose, for the rest of this section, that ¥(¢) = At + B and D = 0. In the case when
B > 0O a.s., Theorem 3.1 gives a description of the tail of R in terms of the distribution of A Vv B,
which allows us to present an example showing that in the case when P[A > x] ~ P[B > x],
the information about marginal distributions of A and B is not enough to determine the tail
asymptotic of R.

Example 3.5. Fix a distribution F on R and consider two types of input: First one (A(l), B(l)):
with AD = BW with distribution F. Then, assuming that the assumptions are satisfied,
Theorem 3.1 states in (3.8) that the corresponding perpetuity R satisfies

P[RY > x] ~ —m le) P [log (4V) > y]dv.

If now we consider the second type of input, namely (A(2), B(z)) where A®, B® are
independent with the same distribution F', Theorem 3.1 states that the corresponding perpetuity
R satisfies

P [ R < x] ~_

o]

1
E [lOg (A(z))] ~/10g(x)

P [1og (A<2) v B<2)) > y] dy
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and since A £ A® we can write

P [A<2> v B? > x] ~ 2P [A@) > x] = 2P [A(l) > x]
and we see that

P [R(z) > x] ~ 2P [R(l) > x] .

Even though the marginal distributions of the two types of input are exactly the same, the
corresponding perpetuities have different tail asymptotic.

The main result of this paper is closely related to Theorem 4.1 by Maulik and Zwart [23]
where so-called exponential functional of Lévy process is treated, i.e. a random variable of the
form fooo efsds where {& | s > 0} is a Lévy proses with negative drift. Note that this is a
perpetuity corresponding to

1
A=¢ and B:/ eSds.
0

The theorem in question states that

o0 1 o0
P 5d } ~— / P d
|:/0 cams E[&1] Jiogx) (&1 > yidy

ifx > [ xoo P[&; > y]dy is subexponential. We see that Theorem 4.1 by Maulik and Zwart [23]
is a particular case of the main result of this paper. Next example shows the importance of second
condition in (3.5).

Example 3.6. Consider the input (A, B) where B = 1 1j(A) — A. Assume that A > 0 and
E[log(A)] < 0. This ensures the existence of the solution R to

RZ AR+ 101j(A)— A R independent of A.

We see that P[B > 0] = P[A € [0, 1)] > 0, but the solution is bounded. Indeed, notice that R
also satisfies

R—1£AR—=1)+1101(A)—1 R independent of A

and so R — 1 is a perpetuity obtained from the input (A, Lo, 1;(A) — 1). Since L 1;(A) —1 <0
a.s., we know that R — 1 < 0 a.s. Whence we can conclude that the perpetuity R obtained from
the input (A, B) is bounded above by 1 a.s. This is due to the fact that in this case

P[A>x,B<—x]=P[A>x]=P[AVB>x] forx>1.

Theorem 3.1 is also related to results from [16,15,27,19] where arising perpetuities exhibit
the tail behaviour similar to the tail behaviour of the input. The first one, for example, says that
P[R > x] 1
P[B > x] 1—E[AY]

if E[A*] < 1 and P[B > x] ~ x~*L(x) for some slowly varying function L and & > 0. We
see that when o — 0 the constant (1 — E[A%])~! tends to infinity. Theorem 3.1 corresponds to
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the case with ¢ = 0 and tells us what is the proper asymptotic. This also gives the reason for the
blowup of the constant. By Remark 3.2, P[A vV B > x] = o(P[R > x]) and we can write
P[R > x] - P[R > x]
P[B >x] ~ P[AV B > x]

— 00 asx — OQ.

3.3. Idea of the proof

The key problem is to understand the random difference equation, i.e. the case ¥ (t) = A+ B.
For simplicity, we will focus on that case in the following discussion. The convolution property
in Definition 2.3 of the subexponential distributions says that for X; and X, independent with
the same distribution F € S it is true that P[X| + X, > x] ~ P[X; V X3 > x]. It turn’s out that
the series (1.4) exhibits a similar phenomena, more precisely we are able to approximate

n n
P |:Z Byt 1_[ Aj > x:| by using P |:su[()) {Bn—i-l 1_[ A.,'} > xi| .
j=1 nz j=1

n>0

In order to achieve that we apply technique used in [8,7]. This technique revolves around the idea
of grouping the terms of the series of the same order and investigating the sizes of the groups.
Then, after obtaining the above relation, we can interpret random variable sup,, Bn+1 ]_[7:1 Aj
as a supremum of a perturbed random walk and use the known theory, namely Theorem 2.5, to
derive upper bound for the desired tail asymptotic. Next, adapting some classical techniques, used
for example in [25], we get lower bound for tail asymptotic. Roughly speaking, we find relatively

big subsets of {R > x} on which we have control over the whole sequence {Bn+1 H?:l Aj } o
n>

4. Proof

In this section we will prove the main result of the paper. Recall that we consider an i.i.d.
sequence {(¥y,, Ay, By, Dy)}n>0 such that A, > 0, D, > 0 and

Ayt + By — Dy < U, (t) < Aytt + BF + D, forn>0andteR.
Put (¥, A, B, D) = (W, Ao, By, Do) and let

ju = —Eflog(A)].
Random walk generated by log(A) will be very useful, hence define

n

S, = Zlog(Aj) forn >0 4.1)
j=1
and
B,=BI'+D,) V1, B,=B,— D, forn>0 4.2)

finally let B = Bg, B = By. Notice that (3.5) implies
P[AVB>x]~P[AVB>x]~P[AVB > x].

For k < n define the backward iterations of ¥ by
Upn(t) = Wy 0o Yy 0---0 Uy(t).
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We will use the convention that for k > n ., (t) = t. For n € N we can put
U, (t)=A,t+B, and U,(t)= At + B,

and define ¥,., and Wy, in the same manner as ¥y.,. Notice that using this notation and the
bounds on ¥, (¢), we get

Y, (1) < W) < ¥n(0)

and since ¥ and ¥ are monotone by iteration it gives
Vi (1) < Wen (1) < Pien (0).

In particular

k

n—1 n
P, 0= B [[Ai+1[] A5 £ a0
k=0 j=1 j=1

and

—1 k
Vi) <Y Bept [ [ Aj+1F
=1

n n o
Aj = wl:n(t)~
k=0 j= j=l1

We will use the following lemma quite often. The proof follows the idea presented in [25].

Lemma 4.1. Assume (3.3) and for 8, K > 0 consider the sets

E,=En(K,8) ={Sje(=j(u+8) —K,—ju—908)+K),j=n} (4.3)
and
Fo=Fy(K.8) ={|B,| <%, j <nl. 4.4)
Then the following claim holds
V8,e > 03K >0 P|:ﬂ(EjﬂFj):| >1—¢. (4.5)
Jj=1

Proof. For K large enough it is true that P [log |§| > K] < 1/2 and since for y € (0, 1/2) it
holds that log(1 — y) > —2y, we can write

log(P[F,]) = ilog (1 —P[log ‘gj‘ > 8j + K]) > —2Xn:P[log |B| > 8j + K]
Jj=1 j=I1

v

_Zipl}s_l (log ’§| - K) > J:I > _28—1E|:(10g ‘§| _ K)+:|

and so P[F,,] — 1 as K — oo uniformly with respect to n since

E[(log |§| - K)+] =E[(log+ |§’ — K)+] < 00.

Combining this fact with the strong law of large numbers for the sequence {S,},>0 we observe
that we have shown that for any €, § > 0 we can always take K > 0 large enough such that

Vn PIE,NF]>1—¢
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and since the sequence of sets {E, N Fy,},>0 is decreasing in the sense of inclusion, we can
conclude that

P[ﬂ(Ej ij)} >1—c¢
j=1
and hence the proof is complete. [

Note that the statement of Lemma 4.1 remains true if we replace B ; by B j in the definition of
the set F;,. The bounds on ¥ imply that we can bound the solution of (1.2) by two perpetuities,
namely

n

R=Y Bui]]A4, (4.6)
n>0 k=1

and

n
R=) B[4
k=1

n>0

The main idea of the proof is to approximate P [R > ¢*| by using P[M > x], where

n
M = sup {log (Bnt1) + Zlog(Aj) )
=

n>0

Since B; > 1 we know that M > 0 a.s. Furthermore, we have ¢ < R and the last series is
convergent a.s by (3.3). Having introduced this notation, we are ready to prove the main theorem.

Proof of Theorem 3.1. Fix large x € R. The proof consists of five steps.
Step 1: Existence, uniqueness and representation of the stationary distribution. Note that
d
Ry, = wl:n(RO)

so in order to prove that {R,},>0 converges in distribution, it is sufficient to show that the
sequence { ¥1.,(Rp)},>0 converges a.s. Recall that (3.1) implies

A, < Lip(¥,)
also, by the definition (3.2)

m

Lip(#1,,) < [ [ Lip(%;) form € N.

j=l1
Forn > m and 11, t, € R we have
| wl:n(tl) - !plzm(t2)| < Llp( kpl:m)| wm—i—l:n(tl) - t2| =< LIP( &plzm) (| me+l:n(t1)| + |[2|)
< Lip(1m) (Tonttn(01) V [ 21, ()| + |12])

n—1

k n
< Lip(¥1:) (Z(Bk+1v|§k+1|> [T A+l ] A,-+|rz|)

k=m j=m+1 j=m+1
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n—1
< Lip(¥1m) (Z(Bk+1v|§k+1|> [T Lip(#)) +al H L1p<m+|rz|>
k=m j=m+1 j=m+1

< Z(Bkﬂ VB k+1|)]"[L1p<av>+ I HLlpw>+ |rz|1"[L1p(w ) = 0.

Jj=1 Jj= Jj=1

The first term tends to O since the series Zkzo(EkH VB ]_[1;=1 Lip(¥;) is convergent,
for details see [28], and the last two terms tend to O by the strong law of large numbers for the
sequence {log(Lip(¥,))},=0. If we take #; = r» = Rp we see that { ¥1.,(Ro)},>0 1S convergent
and if we take t{ = 0, £, = Rp and n = m we see that the limit does not depend on Ry, hence the
stationary distribution is unique and it is the distribution of random variable

R = lim ¥y.,(Rp). 4.7
n—00

For the rest of the proof we will assume that R is given by the limit above.
Step 2: Upper bound in (3.7). We claim that

P [E > e*, M <log(e) +x] = ¢"*OP[M > x]) 4.8)

for ¢ € (0, 1) sufficiently small and ¥ > 0 given in the condition (3.4). To prove (4.8), we will
apply the technique from [8,7]. For k € Z define random set of integers by

Q(k) = {S € N‘Es+1 li[ A] (S (e_kex’ g_k+lex]} .
j=1

Notice that if M < log(e) 4+ x then Q(k) = @ for k satisfying e * >~ ¢. The following inclusion
holds

k
{F>ex,M§10g(£)+x} - {Elk:e_kfe,#Q(k)> Se?} 4.9)

Indeed, assume that R > ¢*, M < log(e) + x and that for any k such that e™* < & we have
#O(k) < 5k2 Since Q(k) = (Z) for k satisfying e™* > &, we can write

ZBn-H l_[A, —Z Z Ex+lli[Aj

n>0 keZ seQ(k)
-y ¥ s+11_[A = Tt = e STt e

k>—log(e) s€ Q(k) k>0

This is a contradiction. Using the inclusion (4.9) one gets instantly that

k
[R>e", M <log(e) +x} € {M < log(e) + x, 3k > —log(e), #Q(k) > 5%} . (4.10)

Let us focus our interest on the set RHS (4.10). Define the sequence t(k) = inf Q(k) (we use
the convention that inf@} = +4o00). On the set RHS (4.10) there exists k > —log(e) such that
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t(k) < oo and from the fact that (k) € Q(k) and #Q(k) > %, we conclude that
- (k) o T(k)+p ok
Bro+1 1_[ Aj, Bty p+1 1_[ Aj e (eikex, ekarlex] for some p > W —1.

j=1 j=1
ek

. . k
By taking ¢ > O sufficiently small we can ensure that 587 -1 > 5

dividing the two quantities above we obtain that

for k > —log(e). By

Avrsl = tk)+p ok
== Br(ty+p+1 1_[ Aje (e_l, el) for some p > —. “4.11)
Brao+ j=tk)+2 10k
The quotient A )1 /Er(k)+l is bounded on the set RHS (4.10), because
T(k)+1 _ T()+1
Aj Brgy+2- [l Aj
Af(k).H j=1 ’ j=1 ’ eM ge* k
= = < < < <e. (4.12)
Bry+1  — 409) e kex e~kex T e~kex

Bry+1 [1 A
j=I

Combining bounds in (4.11) and (4.12) we can conclude: on the set RHS (4.10) there exists
an integer k > — log(¢) for which t(k) < oo and

_ T(k)+p o
Bro+p+1 -_1—[ Aj > e * 1 for some p > o2
j=tk)+2
Whence
T(k)+p k
B w m e
log (B — +log(A Zl— 1) k-1
g ( r(k)+[7+l)+l=r(zk)+22 +log(Ap) > 3 (10k2 )

from which me may infer that
n Jj—1 1 I ok
M{ = sup log(Bj)—i— Z — +log(A)) >—(—2—1>—k—l>ek/2
izTk)42 ler i) 2 2 \ 10k

if & is small enough (recall that k > —log(g)). So the following inclusion is also correct

(R>e" M<toge)+xhc | [rk) <o mi> ). 4.13)
k>—log(e)

Notice that by the strong Markov property, conditioned in 7 (k), the distribution of M}’ is the
same as the distribution of

j—1
— "
M* =sup log(B;) + — +log(A) ¢ .
jzg{ ¢(B)) 12222 g

Theorem 2.5 says that

2 [ 2
IP’[M* > x] ~ ;/ Pllog(A v B) > yldy ~ ;F](x) <cix77, (4.14)
X



P. Dyszewski / Stochastic Processes and their Applications 126 (2016) 392-413 405

for some ¢ > 0. In terms of probability (4.13) yields

P[E>e",M§log(s)+x]§ Z IP’_r(k)<oo,M,f>ek/2]
k>—1log(e)

P M} > e k) < oo]IP[t(k) < 0]
k>—1log(e)

P > ek/z] Pt (k) < o]
k>—1log(e)

by the strong Markov property of the sequence {(A,, B,)}n>0. Using (4.14) we obtain for n > 0
IF’[E > e*, M <log(e) +x]
<cy Z Pt (k) < oole X7/? < ¢ Z P[M > x — kle *v/?

k>—log(e) k>—log(e)
<c1 Z PIM >x —kle ¥/? ¢, Z P[M > x — ke ¥7/?
x—n>k>—log(e) k>x—n

=:c11(x) + c1(x).

Now we will investigate I1 and I, separately. From Theorem 2.5 we can conclude that the
distribution of the random variable M belongs to the class S € £ and so we can use Potter
bounds (Corollary 2.2) for P[M > t] to find n > 0, such that for ¢, s > n we have

IE”[M>t]<2 { |t—s|}
_— expY .

P[M >s] — 4
Then for x > n — log(e) we have
I (x) PIM>x—kl _ i —yk/4 4
_ = P <2 vk/ <C v/
P[M > x] 2. PIM > x] < = 2. e =&e

x—n>=k>—log(e) x—n>k>—log(e)

and for the second term

h(x) < Z e 2 < eV = o (P[M > x))
k>x—n

for some ¢, > 0, since the dis_tribution of M is long-tailed. Thus claim (4.8) follows. Now we
need to notice that since R < R we have

[R>e¢"} S{R>e", M <log(e) +x} U{M > log(e) + x}
and thus using (4.8), we get

P[R > €*] v /4 OP[M > x]) P[M > x + log(e)]

EEEE—— &

PM > x] — PIM > x] PM > x]

First let x — oo and notice that from Theorem 2.5

1 o 1—

From this we can conclude that
P[R X 1
lim sup g <Ce’t 4 =
xX—00 F] (x)
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for some finite constant C > 0 independent of ¢ > 0. Since ¢ > 0 is arbitrary small we get the
upper bound.

Step 3: Lower bound in (3.7). Fix0 < e¢and 0 < § < % A 1. For K > 0 consider the sets E,,
and F;, given by (4.3) and (4.4) respectively. Choose K > 0 large enough for (4.5) to be satisfied.
Consider also the random variables

R:= lim W, 0-- 0 Uy(Ry). (4.16)

N—o0
Note that R £ R and
R= Wit (R}yo)
Finally put
G,=E,NF,N {An+1 VB, > "Wtk g _en(M78)7K+x}
N{R12 > 8}

where L > 0 is a constant independent of x and n. We see that the sets {G,},>0 are disjoint if
we take L = L(K, 8, n) sufficiently large. Moreover on the set G,, we have

n—1 k n
R = V(R ) = ¥y (R 1) = Z§k+1 l_[ Aj+ (§n+1 + RZ+2AH+1) l_[ Aj
k=0 j=1 j=1

v

n—1 k
=Y 1Bl 14
k=0 =1

n n
+ <§n+l +en(#——5)—K+x +An+1RZ+2) HAk _ en(ll—ﬁ)—K+x HAJ
k=1

j=Ii

€2K

s 8 (At v (B + D)) K
—e
2K 2K

—n(u+8)—K ¢
+8(Ant+1V Byyye o) =K _ o > EEppeET]

e
T — o—mt28
+8ex+L R P

v

and the last inequality is valid for all x > Oand alln € Nif L = L(K, §, w) is sufficiently large.
We see that G, € {R > "} and this allows us to write

P[R > ¢'1= ) PIGy]

n>0

>(1—¢) Z]P[AVHI VB, > WLk

n>0

> (1 —&)P[R > 4] Z {IP’ [A VB> en(ﬂ+3)+L+K+x:|

n>0

—IP’[A o SMUADFLAK+Y B _ex+n(M78)+Ki”

(1 —=¢8)P[R >3] [
W+ 6 x

By z _eHn(Ma)K]P[R:H > 5]

Pllog(A v B) > yldy.
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This yields
P[R > ¢* 1 - &)P[R > 8
lim inf — [k >e] > L= oFR > 01
% [XPllog(A v B) > yldy R

If we allow €, § — 0 we see that we have proven the lower estimate for the desired limit.
Step 4: The case P[A > x] = o(P[B > x]). Firstly, notice that we need only to prove the
lower bound and that in this case Theorem 2.5 yields

1 ©

For0 < 6,0 <6 < u/2 and K > O consider the sets E,, and F; given by (4.3) and (4.4)
respectively with K > 0 large enough for (4.5) to be satisfied. Finally, put

J,=E,NF,N {§n+1 > UKL g o e”<“—5>—K+X} n {|R;;+2| < 5—1} ,

for some large L > 0 independent of x. We see that the sets {J,},>0 are disjoint. Moreover on
the set J,, we have

n—1 k n
R= Wi 1(Ryyp) = Wy (R ) = D Bigy [ [ Aj + By [ [ 4
k=0 j=1 j=1

n
+ R A [ [ 4
j=1

n—1 k n n
= =Y Bt | [T A5 + Bt [T A = Ani IR [ A
k=0 j=1 j=1 k=1
ek +L 1
X -1 _x X
> —m +e -6 e >e

and the last inequality is valid for all x > 0 if L = L(K, §, u) is sufficiently large. Therefore
Jo € {R > ¢*} and this allows us to write

PR > ¢*] = Y P[J,]

n>0

> (1—¢) ZP[QHI S X TK AL

n>0

Apg1 = e"(“_a)_K+x:|P [|RZ+2| < 8_1]

> (1—¢)P [|R| < 571] Z{p [E > ex+n(u+a)+K+L]

n>0
) [A - en(u—&)—K+x]}

(1—e)P[IR| =8"]
w+3s

/oo P[log™ (B) > yldy.
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This yields
P[R > ¢* 1 —e)P[|R| <87!
lim inf — [+ ] U-oP[IRI=6T]
x—>o0 [*Pllog*(B) > yldy w38

If we allow ¢, § — 0 we get the lower estimate.
Step 5: The case P[B > x] = o(P[A > x]). Notice that we only need to prove the upper
estimate and that in this case

1 o0
P[M > x] ~ ——/ Pllog(A) > y]dy. (4.18)
Eflog(A)] J, ¢
Fix ¢ € (0.1) and notice that since (4.8) holds we only need to focus on the set LHS (4.19):

{R > e*, M > log(¢) +x} C {M e (log(e) +x,x]} U {R >e'\ M > x} (4.19)

and since the distribution of M is long-tailed and (4.18) is valid we have

P[M € (log(e) + x,x]] = 0 ( / - P[log(A) > y]dy> . (4.20)

For the other set we have
{R>ex,M>x}={M>x}\{R§ex,M>x}
so by (4.18) now we only need to prove that

.. P[R=<e M > x| P[R < 0]
liminf —55 > — .
x—o0 [ P[log(A) > yldy Eflog(A)]

We achieve that using the same technique, but this time we consider the sets
— 1 Y
Hn — En N F}; N {Bn—i-l < Eex-l-n(ﬂ 3) K’ An—‘,—l > en(l/«+5)+K+x} N {R;lk+2 < O},

where
Fr=Fy6. K) = [[By| < K j <.

Note that (4.5) also holds true for big K > 0 if we replace F, by F,. Fix such K. We see that the
sets { H,}»>0 are disjoint if x is sufficiently large. Moreover on the set H,, we have

R = Vi1 (R < Vg1 (REL,)
n+1

n—1 i n
=Y B [[Ac+Buni [T A+ Ry [ A
j=0 k=1 k=1 k=1

2K 1
< —— 4+ " +0<e
T l—ent2 D -
and the last inequality is valid for all x > xo = xo(K, 3, u). Therefore H, C {R < e*}.
Moreover on the set H,,

n+1
M > log(Ay) > —n(u+68) —K+n(u+8)+K+x=x
k=1
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and this proves that H, € {R < e*, M > x}, which allows us to write

]P’[R <e''M > x] > Z]P’[Hn]

n>0

> (1-¢) ZP[ w1 < —e”n(“—”—K, Angr > enw”’fﬂ P[Rys2 < 0]

n>0

> (1 —e)P[R <0] Z {P [A > ex+”(“+8)+K] —P I:E > %e”(“_5)+x_K:|}

n>0

~ U= OPIR =01 [ b o) > yidy.

n+3 x
This yields
P|R<e*, M > 1—¢)P[R=<O0
liminf LR =€ ] | A-oPIR<0] 421
x—0o [ Plog(A) > y]dy w+8

So if we put everything together, we notice that since R < R we have
{R> e} € {R>e", M <log(e) + x} U{M € (log(e) + x, x]}
U({M>x}\{R§e",M>x})
and thus
P[R > "] < ]P’[ﬁ > e', M <log(e) +x] —i—]P’[M € (log(e) +x,x]]
+P[M >x]-P[R<e" M > x|
and so using (4.8), (4.20), (4.18) and (4.21) we get
lim sup —5 ]P’[R>ex] §C8y/4+0+l——(1_8)P[R§0].
x—oo [ P[log(A) > yldy 0 w+8

If we allow ¢, — 0 we see that we achieved the desired upper bound and hence the proof is
complete. [J

Now we can turn our attention to the finite time horizon. Notice that Theorem 3.3 follows by
induction form the following lemma.

Lemma 4.2. Assume (3.1), (3.3), (3.5) and that F defined by (3.9) is subexponential. Assume
additionally that

lim inf P[Ry > x] < lims P[Ry > x]
w1 =11 _— 1 up —— = w
L PAV B =] = Py B A 2

for some finite constants w1, wa > 0. Then, for Ry = ¥1(Rp)

+P[Ry > 0] < liminf — 0L >* PLR > x] (4.22)
w > lmln _— msup —mmmm@@@ w .
! 0 Y PAVE=x] - P BAVE > o] 2

Furthermore if
o P[A > x] = o(P[B > x]) then
PR > x] PR > x]

1 <liminf ——— < lim — <1 . 4.23
e T T A - e B (25
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e P[B > x] = o(P[A > x]) then

PRy > 0] < Timinf 0 pinsup R e o7
w > 1 _ up ——mmm@@@@ > wo.
! 0= =M PlA =] — P AT o = 2

(4.24)
Proof. The proof mimics the one of the main result. Fix x € R.
Step 1: Upper bound in (4.22). Notice that
Ri = Vi(Ro) < ¥1(Ro) = B1 + R{ Ay
< A1V Bi+ Ry (A1 Vv B1) < (14 R))(A1 V By)
and so
P[R; > x] <P[(1+ R )(A1 VB)) > x] < (1 +wy+o()P[AV B > x]

as x — 0o, since F is subexponential.
Step 2: Lower bound in (4.22). Fix0 < eand 0 < § < % A 1. For K, L > 0O consider the sets

Go = {A] VB> 6L+K+x,§1 > —E_K+x} N{Ry > 8}

and

G = {e_K < Ay <X,

£1| < eK} A {Ro - eL+K+x].
Take K > 0 sufficiently large such that
P[e_K§A1§eK,|§1|§eK]zl—s. (4.25)
We see that the sets Gy and G are disjoint. Moreover on the set Gy we have
Ry = ¥1(Ro) = ¥ (Ro) = B, + ARy
= (gl e Kty A1R0> — e K S §(A]VB)) — " > 8t — o > o

and the last inequality is valid for all x > 0if L = L(K, §) is sufficiently large. On the set G
we have

Ry = ¥1(Ro) = ¥ (Ro) = B) + RoA1 = —|B;| + RoA;
> —eK 4+ Rpe ™K > —eK 5L 5 ¢

and again, the last inequality holds if we take L = L(K, ) sufficiently large. Therefore
GoUG| C {R; > ¢} and since

P[Go] > IP’[Al VB, >l HK B> _e—K+x]P[RO 8
> P[Ry > §] (]P’ [A1 vV B, > eL+x+K:| _ ]P’[Al > oLtk pos —e_K'H‘])
~ P[Ry > SIP[AV B > €]
and

P[G]> (1 — e)IP’[RO > eL+K+X] > (1 — &)w; 4+ o(1)P[AV B > €'].



P. Dyszewski / Stochastic Processes and their Applications 126 (2016) 392-413 411

We can write

P[R; > '] > P[Go] + P[G1] = ((1 — &)wy +P[Ry > 8] +0(1))P[AV B > ¢*].
This yields

. Lk > ((1— e)w; + P[Ry > 8]).

x—oo P[AV B > e¥]

If we allow ¢, 8§ — 0 we see that we have proven the lower estimate for the desired limit.
Step 3: The case P[A > x] = o(P[B > x]). For0 < ¢,0 < 6 < /2 and K, L > 0 consider
the sets

JO — {E] > €x+K+L,A] Se—K+X] N {|RO| S(S_l}
and

Jl={e*K§A1 <k,

£1| SeK] ﬂ{Ro - ex+K+L}

with K such that (4.25) is satisfied. We see that the sets Jo and J; are disjoint. Moreover for
L = L(K, §) large enough, on the set Jy

1
Ry = U\(Ro) = &, (Ro) = By + RoA1 = By — |Rol A1 = €7 — <e” > ¢
and on the set J;
Ry = T1(Ro) > ¥ (Ro) = By + RoA1 > —|B;| + RoAs > —eX + &t > ¢

and the last inequalities are valid for all x > 0 if L = L(K, §, w) is sufficiently large. Therefore
JoUJi C{R > €*}.

PlJol = P[ B, > e"K+E Ay < e K| P[Ro| <57
_ IP’[|R0| < 8_1] (IP’ [Q - ex+K+L] _ ]P’[A - e—K+x])
> (P[IRol =571 +0(D) PIB > ¢]
and
P[J1] = (1 = &)P[Ro > "X > (1 — e)wy + o(1)P[B > €'].
This allows us to write

PIR, > €] = PLUo] + PL/i] = ((1 = e)wy +P [|Ro| < 5—1] +o(1) P[B > ¢*].

This yields
o IP[R > e"] .

If we allow ¢, 6 — 0 we get the lower estimate.
Step 4: The case P[B > x] = o(P[A > x]). Notice that we only need to prove the upper
estimate. Let

M, = {log(B1)} v {log" (Ro) + log(A1)} .
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Next, notice that

{¥1(Ro) > ", M <x —log(2)} =0
and so

{Z1(Ro) > e} = {W1(Ro) > €*, My > x —log(2)}

= (M) > x —log@}\ {¥1(Ro) < €', M; > x —log(2)} .

Since M < log"(Ro) + log(A; v B1) we can write

P[M; > x —log(2)] < P[log*(Ro) +1log(A; V By) > x —log(2)]

> (w1 + 14+ 0(1))P[log(A Vv B) > x]

so we only need to prove that

. P[T(Ry) <5, My > x —log(2)]
lim inf
xX—00 Pllog(A) > x]

We achieve that using the same technique, but this time we consider the set

> P[Ro = 0].

Hy = {El <er A > ex}ﬂ{Ro <0}
on which we have
U1(Ro) < ¥1(Ro) = Bi + RjAj e’ +0 < ¢
and
M; > log(Ay) > x.
We see that Hy € {¥1(Ro) < e*, M > x — log(2)} and this allows us to write
P[%(Ro) < e, M) > x —log(2)] = P[Ho] = P[B) < ¢*, A > ¢"] P[Ry < 0]
> {IP’ [Al > ex] —P[ﬁl > e"]}IP’[RO < 0]
> P[A > '] (P[Ro < 0] + o(1)).
This yields
I [Ri <", M) > x —log(2)] .
x—00 Pllog(A) > x]
Putting everything together, that is (4.26), (4.27) and the last inequality we get

o Pllog(A) > x] = 2T OH0=

which is the desired upper bound and hence the proof is complete in this case. [

P[Ry < 0].
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