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Abstract

A risk process with delay in claim settlement is usually described in terms of a Poisson
shot-noise process (see Kliippelberg and Mikosch (Bernoulli 1 (1995) 125) and Brémaud (Appl.
Probab. 37 (2000) 914)). In particular, Brémaud proves that under suitable conditions the corre-
sponding ruin probability goes to zero not slower than an exponential rate. This yields problems
if we want to estimate the ruin probability by a Monte Carlo simulation. In this paper we
overcome these difficulties deriving the asymptotically efficient simulation law.
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1. Introduction

A Poisson shot-noise is a stochastic process of the form

X(6) =" h(t = T, Z)lo.n(T),
n=1
where {T,},> is the sequence of times of a homogeneous Poisson process with in-
tensity A, {Z,},>1 is a sequence of ii.d. (independent and identically distributed)
non-negative random variables, independent of the Poisson process, and % : R x [0, c0)
— [0,00) is a measurable function such that 4(z,z) =0 for non-positive times.
We define in a natural way the integrated Poisson shot-noise process by

S = [ X()ds = 3D HG =T Z)0(T,)

n=1
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where

H(t,z) = /Ot h(s,z)ds.

The interpretation of this model in terms of non-life insurance is the following (see
Kliippelberg and Mikosch, 1995; Brémaud, 2000). Let us suppose that a claim occurs
at time 7),, and the insurance company honours this claim at the rate A(t — T,,Z,).
The total amount paid in the time interval (0,¢] is therefore S(#). Assuming that the
insurance company starts with an initial fortune u# > 0, and letting ¢ > 0 denote the
gross premium risk, the corresponding ruin probability is

Y(u) =P(T, < ),
where
T,=inf{t >0:8(t)—ct > u}

and inf ) = +oo by convention.
In Brémaud (2000) it is proved that under the following assumptions:

E[e?(>%)] < o0 for all 0 in a neighbourhood of 0, (1.1)

¢ > JE[H(c0,Z))] (1.2)
and

there exists w > 0 such that A(E[e"?>%)] — 1) —cw =0 (1.3)
it holds

Y(u)<e ™ foralluz=0 (1.4)
and

Tim i In(u) = —w. (1.5)

Throughout this paper we make the following further assumptions on the model:
H(oco,z)=z (1.6)
and
P0<Z <o0)=1 (1.7)

As far as assumption (1.6) is concerned we notice that it holds in many cases interesting
for applications. For instance, when A(#,z)=1o(¢) the Poisson shot-noise process can
be interpreted as a teletraffic model (see Section 5).

In this work we consider the estimation of the ruin probability y/(u) by an efficient
Monte Carlo simulation. We observe that the direct estimation by the relative frequency

n
L1 1
D D) VP
k=1

where t,sl),...,t,sn) are n independent simulations under P of the random variable T,

is inefficient. Indeed, for a good relative accuracy, it is required a great number of
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replications n because, under assumptions (1.1)—(1.3), W(u) goes to zero not slower
than an exponential rate as u — oo. Moreover, in our case a direct simulation is even
impossible because each realization of the event {7, = +o00} requires an infinite time
in simulation.

To overcome these difficulties we use importance sampling (the reader is referred
to the paper by Glynn and Iglehart (1989) and the book by Bucklew (1990) for a
thorough treatment on the importance sampling). The idea is to consider independent
simulations of the event {7, < co} under another suitable law Q which belongs to
a class of admissible laws. Allowing a wide class of simulation laws, we derive the
unique asymptotically efficient simulation law (as ¥ — o0) in a sense closely related
to large deviations theory.

An early related paper on importance sampling techniques is Siegmund (1976), where
it is considered the simulation of probabilities that occur in sequential tests, and opti-
mality results are proved for an exponential family of possible simulation distributions.
Similar ideas have been applied by Asmussen (1985) within the framework of insur-
ance risk for the simulation of ruin probabilities. Lehtonen and Nyrhinen (1992) use
importance sampling for the simulation of level-crossing probabilities of discrete time
random walks. Their techniques involve again exponentially twisted distributions, but
while in Siegmund (1976) and Asmussen (1985) the efficiency of a possible simula-
tion distribution is measured directly by the variance of the estimator, in Lehtonen and
Nyrhinen (1992) a new criterion is used, based on large deviations theory. A related
work is Macci (2001). In this article, we adapt the techniques developed by Lehtonen
and Nyrhinen (1992) to the simulation’s problem described before. In the particular
case of a compound Poisson risk model, the asymptotically efficient simulation law
given in this paper coincides with the one given in Asmussen (2000, Chapter X) by
importance sampling via Lundberg conjugation.

The paper is organized as follows. In Section 2, we give some preliminaries on the
importance sampling technique, introducing the class of admissible laws. An asymptot-
ically efficient law for simulations will be derived in Section 3. In Section 4 we show
the uniqueness (or optimality) of such a law. In Section 5, we apply our result to a
teletraffic model described in Kostantopoulos and Lin (1998) and Brémaud (2000).

2. Preliminaries

In this section, we describe the importance sampling technique in our specific case.
For this we start introducing the following class of probability measures. We say that
a probability measure Q belongs to the class & if and only if:

(A1) Q is absolutely continuous with respect to P on the o-field ZC, for each ¢ > 0,
where {#C},50 is the filtration generated by the compound Poisson process

C)= Z Zy(0,0(Ty).

n=1

(A2) Under Q the stochastic process {7, },>1 is a homogeneous Poisson process with
intensity D independent of the i.i.d. sequence of random variables {Z,},>1, whose
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common law Q%) under Q is absolutely continuous with respect to their common law
PP under P, with

dP? 2
(dg z & ))] < 0. (2.1)

To avoid the case of infinite time in simulation, we define the class of admissible
laws as

[EQ(Z)

¢={0€2:0(T, <x)=1 for all u> 0}.

Remark 2.1. We notice that if O € & then, for each ¢ > 0,

do® do® JON\M )

where y,Q’P denotes the density of Q with respect to P on the o-field # and

Ni=> Ton(Ty). (2.3)

n=1

Moreover, letting yf’Q denote the density of P with respect to Q on the o-field #¢
then

AR Ol (2.4)

Remark 2.2. We observe that an unbiased estimator of the ruin probability y/(u) when

we consider n independent simulations tf,l),...,tf,") of T, under Q €% is

A 1 n P
fo=- Z ytg;?ltwm. (2.5)
k=1

Indeed, T, is an Z(-stopping time (as can be easily realized noticing that S(¢) has
continuous trajectories), therefore it is fTC -measurable, and

Eoly 217, <o) = W(u).

After straightforward computations it is easily seen that the variance of the estimator
7o defined by (2.5) is

Eol(75:2)17, <o0] — [P(T, < 00)P?
: .

varg(Fp) =

To get an asymptotically efficient simulation law, the idea is to minimize in some
sense, for u large, the quantity varp(7p), varying Q € €. For this we can concentrate
our attention on the only part depending on Q, that is

Eol(v} 217, <o0] = Eo[(77 )%,
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where the equality follows since
O(T,<o0)=1 forall Qe%.

Following the criterion described by Lehtonen and Nyrhinen (1992) (see also Macci,
2001) we say that an admissible law O* € € is asymptotically efficient for simulations
if

lim inf — ln [EQ[(V ) 1= — 2w,

u— 00
for all admissible laws Q € €, and

lim — ! ln Eo- [(/T ) 1= —2w.

u— 00

In words, this means that for a given number » of replications to obtain the best possible
accuracy of the estimate we should perform the simulation of the random variable T,
under the law Q*. Such a law will be derived in Section 3. The asymptotically efficient
simulation law Q* is unique (or optimal) if

lim inf — ln Eol(y72)*] > —2w
U—r 0o

for all Qe%, 0 # QO*. In Section 4 we show the uniqueness of the asymptotically
efficient simulation law determined in Section 3.

3. Asymptotically efficient simulation law

In a way similar to the paper by Lehtonen and Nyrhinen (1992) (see also Macci,
2001), we introduce a suitable family of conjugate laws

{PO}H:K(0)<00
of the original law P where, for all 0 € R,
k(0) = E[e?].

Such a family is defined as follows: the probability measure Py is absolutely con-

tinuous with respect to P on the o-field %, for each ¢ > 0, and the corresponding
density is

» Q0C() )

yol = W = exp{0C(t) — At(x(0) — 1)}

As it is well-known (see, for instance, Asmussen, 1987, pp. 262-263), under Py the
process {7, },>1 is a Poisson process with intensity A" = Jx(0), independent of the
sequence {Z,},> of ii.d. random variables, whose common law P(SZ) is absolutely
continuous with respect to their common law P?) under P, with density

dP(Z) elz

0 D=1y (3.1)
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As announced in the introduction, in this section we derive an asymptotically efficient
law for simulation. More precisely, we show the following Proposition 3.1.

Proposition 3.1. Let us assume

k(0) < oo for all 0 in a neighbourhood of 0, say (0,n) (3.2)
and

there exists w € (0,n) such that A(k(w)—1)—cw =0

and JE[Z)e""] — ¢ > 0. (33)

Then P,, is an asymptotically efficient law for simulations.
The proof of Proposition 3.1 is based on the following preliminary lemma.

Lemma 3.2. Let us assume (3.2), then Py €€ for all 0 €(0,n) such that
JE[Ze" ] — ¢ > 0. (3.4)

Proof. Let 0 € (0,7) be such that (3.2) and (3.4) hold. After a straightforward compu-
tation it is easily checked that (3.2) implies Py € &. Therefore, the conclusion follows
if we prove

Po(T, <o0)=1 for all u>0.
In particular, this follows if we show

i S0 —et

t—o0

= 59 Pg-a.S., (3.5)

for some positive constant Jy.
By the definition of Py and formulas in Klippelberg and Mikosch (1995, p. 127)
we have, for each ¢ > 0,

Ep,[S(1)] = /x(0) /0 B [H (s, Z1)]ds
and

varp,(S(1)) = Ax(0) / t Ep,[H?(s,Z1)] ds.
In order to show (3.5) we (;tart proving

O
tl—lg;lo m = 1 P@-a.S. (36)

This follows by Proposition 3.1 in Kliippelberg and Mikosch (1995) if we show
S 2
Zvagpo( (l; ) _
= B, [S(™)]
ie.
n2
Z Jo Ep,[H?(s,Z1)]ds
n2
n>=1 (f() [EP()[H(Sazl )] dS)Z

(3.7)
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and

772
Ep,[H(s,Z;)]d
fim o T2 (338)
! Oofo Ep,[H(s,Z1)]ds

For (3.7) it suffices to show

Vlz 2 nz 2
i o En L (s,zl)]dsl//(’ﬁ En[H(s, 201457 _ 39)

for some positive constant ;. We start observing that by assumption (1.6) we have
sl—lg;lo [EPU [HZ(S’ Zl )] = [EP() [le]
and

sl—lg;lo [EPU [H(S, Zl )] = [EPU [Zl]

Employing (3.1) we obtain

[E ZZ 921
and
07,
B (2] = % (3.10)

and these quantities are finite by (3.2). By assumption (1.7) these quantities are also
positive. Thus

1T
lim — / Ep,[H?(s,Z1)]ds = Ep,[Z7]
0

n—oo N
and
1
lim = / Ep,[H(s,Z1)]ds = Ep,[Z;].
n—oo N 0
Therefore
nz I’lz
lim Jo Ep[H*(s,ZD)1ds/([; Ep,[H(s,Z1)]ds)? _ Ep,[Z7] -0
n—o0 l/}’l2 [E%J')[Zl]
and

lim Jo EnlH(Z01ds _ EplZi] _
n— 00 fo(n—l)l Ep,[H(s,Z1)]ds Ep,[Z1]

which correspond, respectively, to (3.9) and (3.8).
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We now observe that

lim [EPU[S( N 0)En, (1]
—00
and therefore by (3.6) and (3.10) we have

lim SO =€ _ jjp, 3@ En[SO)]
t—00 t oo [EP,) [S(t)] t

—c=E[Ze"] - ¢

Relation (3.5) follows by assumption (3.4) setting
89 = AE[Z1e"4] — c. O
Finally we show Proposition 3.1.
Proof. In view of Lemma 3.2 we have just to show
lim 1nf InEo[(y72)*] = —2w (3.11)
for all admissible laws Q € %, and

1
lim - InEp, [(y7")*] = —2w. (3.12)

u—00 U

We start proving (3.11). By Jensen’s inequality, for all O € 4,
o1 1 2 PO 1
lim inf — ln [EQ[(y ) ]z liminf — InEp[y7 %] =2 liminf — ln [EQ[yT 1. (3.13)
U— 00 u—oo U u U— 00

Since [EQ[“/I;;Q] =y(u), by (3.13) and (1.5) we have (3.11). We now show (3.12). For
this, by virtue of (3.11), it suffices to prove

lim sup 1n Ep, [(yPP” )] < —2w. (3.14)

u—s00
By the definition of the density 77" it follows, for all 6 € (0,7),

VPP — exp{—0(C(t) — ct) + At(r(0) — 1) — cOt}. (3.15)
Setting 0 =w and t =T, in (3.15), by assumption (3.3) it follows

v = exp{—w(C(T,)) — cT,)}. (3.16)
Since, for all > 0, S(¢) < C(t) a.s., by the definition of T;, we have

C(Ty)—cl,>u as, (3.17)

for all u > 0. Relation (3.14) it follows by (3.16) and (3.17). O
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4. Uniqueness of the asymptotically efficient simulation law

In this section, we prove the uniqueness (or optimality) of the asymptotically efficient
simulation law P,,. More precisely, we show the following result.

Proposition 4.1. Let us assume (3.2) and (3.3). Then P,, is the unique asymptotically
efficient simulation law.

To prove this proposition we need some preliminaries.
Given Q € 2, let us consider a law L € & such that under L the process {7, },>1 is
a Poisson process with intensity

12
o~
20

independent of the i.i.d. sequence of random variables {Z,},>1, whose common law
L) is absolutely continuous with respect to Q) with density

dL® dap®  1?
d0@ @)= Kap |:dQ(Z)(Z):| Lip)(2)- (4.1)

In the above expression

dpP@
A= {zert iz <. 5000 < )

for €(0,00) large enough so that

dP (Z)
KA(ﬂ) / |:dQ(Z) ( ):| dQ(Z)(Z) > 0.

Proposition 4.1 above is consequence of two basic preliminary results: Lemmas 4.2
and 4.6 to be given. In our framework, they correspond, respectively, to Lemmas 3
and 4 in Lehtonen and Nyrhinen (1992). We start stating Lemma 4.2.

Lemma 4.2. Let d > 0 be arbitrarily fixed, then
1
lim inf — ln Eol(y72)] = — dA®* ( d), (4.2)
Uu—r 0o

where

AD*(x) = sup (Ox — AD(0))
0ER

is the Fenchel-Legendre transform of the function
ABD(0) = —0c + I DK yy11(0) + 1D — 27, (4.3)
being
k(0) = B[],
The proof of this result is based on Lemmas 4.3—4.5 below.
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Lemma 4.3. The probability measure L is absolutely continuous with respect to Q on
the a-field FE, for each t > 0, with density

N,
7€ = (9 exp{—(AD + i — 20)t — Ny n Ky} [ [ 1{Zi € 4(B)},

i=1
where yf’Q is given by (2.4), and N, is defined by (2.3).
Proof. The conclusion is a straightforward consequence of the definition of L. [J

Before stating Lemmas 4.4 and 4.5 we introduce another family {Ly}ocr of laws,
defined as follows: the probability measure Ly is absolutely continuous with respect to
L on the o-field ?,C, for each ¢ > 0, with density

L QOC(+N, In K yp)

t - E, [e()C(t)JrM In KA(,”] '

0,L

By the definition of L it is easily seen that ytL can be rewritten as

7t = exp{0C(t) + N, In Ky, — 2P t(Kyy1c0(0) — 1)} (4.4)

Lemmas 4.4 and 4.5 give the almost sure convergence (as ¢t — oo) of the processes
(C(t) — ct)/t and (S(¢) — ct)/t under the law Ly. The proof of Lemma 4.4 is similar
to the proof of Lemma 3.6 in Macci (2001), and therefore omitted.

Lemma 4.4. For all 0 € R

o C)

t—00 t

=AW 0) Ly-as.,

where the function AX(-) is defined by (4.3) and AL (0) denotes the derivative of
AD(D).

The analogous result for the (integrated) Poisson shot-noise process S(¢) is the
following.

Lemma 4.5. For all 0 R

. S@)—ct
lim ——

t— 00

=ADO)  Ly-as.

Proof. Let 0 € R be arbitrarily fixed. By (4.4) and the result in Asmussen (1987,
pp. 262-263) it follows that under LyS(¢) is a Poisson shot-noise process where the
underlying Poisson process {7,},>1 has intensity AWK, x.(0). In particular (see
Kliippelberg and Mikosch, 1995, p. 127), for each ¢ > 0,

B4 1S(0)] = 2DK sy (0) / £, [H (s Z)] ds.
0
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Arguing as in the proof of Lemma 3.2, replacing Py by Ly, it can be shown
S(t)

lim ————— =1 Ly-as. 4.5
AL E sy )
We now observe that
. g [S(e .
lim M = /L<L)KA([g)KL(0)[ELU[Zl]
t—00 t
and moreover
EL[Zie"']
E. [Z)]= —— 4.6
Wizl =20 (46)
as we shall show later. Therefore by (4.5) and (4.6) it follows
S(t) —ct /
lim % =1 OK ) EL[Z1"7] —c = AP (0)  Ly-as.
—00

It remains to show (4.6). By the strong law of the large numbers
C(t)—ct
lim C@—c

t—00 t

= ;L(L)KA(/})KL(Q)[EL(’ [Zl] —C L@-a.S.,
and therefore (4.6) follows by Lemma 4.4 and the uniqueness of the limit. [
We now show the announced Lemma 4.2.

Proof. The proof can be divided in four steps. Let d > 0 be arbitrarily fixed. As first
step we show that there exists b € R such that

AL (p) = % > 0. (4.7)

For this we start noticing that by assumption (1.7) and L*) < P%) it follows L(Z; > 0)
=1, and therefore A“)"(0) > 0 for each 0 € R. Thus A% (0) is an increasing function
of 0. Since

A(L)'(O) = ¢+ JV(L)KA(/j)HEL[Zl CQZ]]
we have

lim AY'(0)=—-c<0
0——o0

and

lim AD'(0) = +cc.

0—+o00

Therefore A(L)/(H) assumes all the values larger than —c, and (4.7) is proved.
The second step consists in proving
C Tu - Tu
lim SUw) ¢

— T U1 Lyas. 4.8
Jm Ty e, b=2.S., (4.8)
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where
Vo=inf{t 20:C(¢t) — ct > u}.
As can be easily realized using Lemma 4.4 and (4.7), relation (4.8) follows if we

show
T,

lim <X =d Lyas. (4.9)
u—oo UY
and
W
lim —=d Ly-as. (4.10)
u—00 Y

We now prove (4.9). By Lemma 4.5 and (4.7) Ly(T, < c0)=1 for all u > 0. Since
the process S(¢) — ¢t has continuous trajectories, by the definition of 7, we have

S(T,)—cT,=u Ly-as.
We observe that

ILm T,=+occ Lp-as.
and therefore dividing by 7, and letting u tend to +oco, by Lemma 4.5 and (4.7) we
have

im LWyt

ulggo T, AY(b) p Ly-as.,
which yields (4.9).

We now show (4.10). By Lemma 4.4 and (4.7) Ly(V, <oo) =1 for all u > 0.

Since L, is absolutely continuous with respect to L, and L(Z; €(0,]) =1 we get
Ly(Z, €(0,6]) =1, and therefore

uCVy)—cVy<u+pf Lpas. (4.11)
We observe that

lim V, =400 Lp-as.
uU—r 00

and then dividing all the terms in inequality (4.11) by ¥, and letting u tend to +oo,
Lemma 4.4 and (4.7) give (4.10).
The third step consists in the following application of Egorov’s theorem. By (4.8)
and Egorov’s theorem we have, for any sequence {u,} such that u, — oo as n — oo,
. C(1,)—cT,
lim —————— =
n—oo C(V,,) — ¢V,
almost uniformly with respect to the probability measure L,, that is for all 6 €(0,1)
there exists a measurable set Es such that L,(Es) < ¢ and
L C(T,(0) = cT, (@) _
n—o0 C(V,,(0)) — cVy,(w)
uniformly on @ — Es. Thus, employing (4.11) we have that for any o > 0 there exists
7n=n(a) such that for all n > n

up(1 — o) < C(T,,(w)) = Ty, (@) < (un + B)(1 + ), (4.12)

for almost all w € Q — Ej, with respect to the probability measure L.
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Now we perform the final step proving (4.2). By Lemma 4.3 and (4.4) we obtain
for any sequence {u,} such that u, — co as n — o0

NTHU

Eol(27:9)°] = Eo |72V T, <und} ][ 1{Z € 4(B)}

i=1
= E[exp{(AQ + 1Y) —20)T,, + Ny, In Ky }1{T,, < u,d}]
= [y, [exp{—b(C(T,,) — cT,,) + ADDB)T, T, <u,d}]. (4.13)
Now let ¢ € (0,d/2) be arbitrarily fixed. By (4.13) we obtain
Eol(v7:2)]
> Ey, lexp{—b(C(T,,) — cT,,) + AP(bD)T,, }
xWuy(d —26) < T,

n

< u,d}]. (4.14)
By (4.12) it follows, for all n > 7,
Ez,[exp{—b(C(T,,) — cT,,) + ADDB)T, W {u,(d — 2¢) < T, < u,d}]

> / exp{—B(C(T, (@) — T, (@) + ADBIT, ()
Q—E,

x Huy(d — 2¢) < T, (0) < u,d} dLp(w)
> exp{—b(u, + B)(1 + &) + AD(B)uyd — 2u,e[ AP ()|}

x / H{un(d — 26),, (0) < upd} dLy(w), (4.15)
Q—E;

where in the latter inequality we use also that, for any u > 0 and o, if
u(d —2¢) < Ty(w) <ud
then
AP BT () = AP (b)ud — 2ue| AP (b)].
We now observe that the latter term in (4.15) is bigger than or equal to
exp{—b(u, + B)(1 + &) + AL (b)und — 2une| AV (b)[}
X[Lo(un(d — 26) < Ty, < tpd) — ).

Therefore, for all « € (0,1) there exists 7 =7(o) such that for all n > 7
Eol(77.2)]
> exp{—b(u, + f)(1 + o) + AL (b)u,d — 2u,e| AD(b)|}
X[Lp(un(d — 2¢) < T, < upd) — 6]
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Since ¢ and o are arbitrary, by this latter inequality, (4.9) and (4.7) we have

lim inf ui In EQ[(y?;?)z] > b+ AD(b)d = —d (2 _ A(L)(b))

n— oo
1
= —dAD* (=),
d

The conclusion follows recalling that the sequence {u,} is arbitrary. [

Before stating Lemma 4.6, we introduce another law R € & such that under R the
process {T,},>1 is a Poisson process with intensity A*), independent of the i.i.d. se-
quence of random variables {Z,},>1, whose common law R is absolutely continuous
with respect to Q%) with density

dR®
40D

AP 2

(z)=K"! [

where

2
K =[Epa [(gg(;)) (Zl)) 1 .
In the following we explicit the dependence of A%)(-) from B writing A%L)(-) in
place of AX)(.).
Lemma 4.6. For all d >0
ﬁlijolo AP (d) = A9*(d), (4.16)
where A;f)*() and AD*(-) are, respectively, the Fenchel-Legendre transforms of
ALY and AQ(), AF(-) is defined by (43) and, for all € R,
AD(0) = —0c + I P Kicp(0) + 29 —2), (4.17)
being
kr(0) = Eg[e"].
Proof. We preliminarly notice that
Ir={0€R: kg(0) < 00}

is an interval of the following form: % =(—00,a) for some a € (0, 00] or Zr=(—00, a]
for some a € [0,00). Indeed, R(0 < Z; < c0) = 1 since R¥) is absolutely continuous
with respect to P“) and P(0 < Z; < co) = 1 by assumption (1.7).

We now observe that the proof can be divided in two steps.
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Letting d > 0 denote an arbitrarily fixed positive constant, the first step consists in
showing that only the following two cases are possible:

(1) there exists b € (—oo,a) so that A(Q)'(b) =d and then
AD*(d)=bd — A9 (b), (4.18)
(ii) AD*(d)=ad — A9(a).

Now we are going to prove that (i) holds if %z =(—o00,a) for some a € (0,00]. Let
us first take 0 < @ < 4 co. By (4.17) it is easily realized that, for all d > 0,

lim (6d — A9(0)) = —oc0 (4.19)
O0—a
and
lim (0d — A9(0)) = —o. (4.20)
0——o0

Therefore, the supremum A@*(d) is necessarily attained on (—o0,a), and this gives
(4.18). Let us now show (4.18) taking a = +o0. Arguing as above, for this it suffices
to prove (4.19) with a = +o00. We first notice that, for all 6 € R and for all f,

0d — AD(0) < 0(d + ¢) — 2PKypyr(0) — 29 + 2. (4.21)

Since L(Z; > 0) =1, there exists ¢ > 0 such that L(Z; > ) > 0. Therefore by (4.21)
it follows, for all 6 > 0 and for all f,

0d — AD(0) < 0(d + ¢) — 2Py e L(Z) > 8) — 2D + 2. (4.22)

Indeed, x;(0) = e L(Z; > §). Passing to the limit as 0 — +oc in inequality (4.22) we
get (4.19) with a =+oo. Similar arguments show that (i) or (ii) hold if P =(—o00,a]
for some a € [0, +00).

The final step consists in proving (4.16). We give the details just in the case when
(1) holds (the proof of (4.16) under (ii) is similar). For each f, let 0;(f) be such that

AP 0B = d

(the existence of 0;(f), for each f3, can be proved as at the beginning of the proof of
Lemma 4.2). We now show that

0;(8) L b (4.23)

as ff T +00. Reasoning by contradiction let us suppose that 07 (1) < 07(f2) if i < fa.
Then since the functions

B AV (0) = —c + IVK g EL[Z1e"] (4.24)
and

0 — AL (0) (4.25)
are increasing we have

d = Ay O (B)) < AL Oi(p)) =d
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which is impossible. Therefore
0p(p) L 0" = i%f 0.(P)

as f§ 1 4oc.
We now observe that, for all € (—oo,a), the function (4.25) converges monotoni-
cally increasing, as f§ 1 oo, to the function

A9 (0) = —c + ADKE[Z1e"].
Reasoning by contradiction, let us assume that there exists f such that HZ(ﬁ_ ) < b, then
d =AY 0;(F)) < A () =d
which is impossible. Therefore 0* > b. It remains to show 6* = b. Reasoning again
by contradiction, let us assume 0* > b. We notice that
lim [0°d — AY(0")] = 0"d — AD(07) < bd — AV(b).
p—ro0
Moreover, since 0;(f) = 0* > b for each f, and the function 0 — 0d — A%L)(O) is
increasing on (—oo, 07 ()] we get
07d — AP (0%) > bd — AL (D).
Taking the limit as S T oo, it follows
0*d — AP0 = bd — A9 (b)

which is impossible. Thus, we have (4.23).
We now notice that, as 07(f) | b,

ADLO;(B)) — AP (B) = AL (505 (B) — b) + 0(0;(B) — b).

Therefore
AL ()= 05(B)d — AP O03(B)) = 05(B)d — AP (b) — AL (b)(OF(B) — b)

+o(0.(p) — b),
and this latter quantity converges to bd — AQ(b) = AD*(d) as f 1 c0. [

Next Lemma 4.7, whose proof can be found in Macci (2001), is also needed to
show Proposition 4.1.

Lemma 4.7. For all 0eR and Q€ 9

A920) = 24P)(0), (4.26)
where the function AQ)(-) is defined by (4.17) and
APN(0) = —0c + A(x(0) — 1). (4.27)

Moreover, if there exists 0eR such that
A920) =24 (0) < o,
then Q = P;.
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Now we prove Proposition 4.1.
Proof. Arguing as in the proof of Proposition 3.1 it follows that for all Q € ¥
lim inf 5 In Eg[(y7.2)*] = — 2w

and therefore the result follows if we show that for any O € ¢ such that

1
liminf — In Eg[(y52)*] = —2w (4.28)
u—oo Y u
then Q = P,,. We first show that the following inequalities hold:
1 1 1
u—oo U u g g
where

g=(—c+ JE[Z;e"4])~ .
By Lemma 4.7
A9 20) = 24P (0),
for all Q € € and 0 € R. Therefore, for all x € R,
AD*(x) < 24P (x).
In particular,
) (;) < 24P (;) ’
for all d > 0. Thus, by Lemmas 4.2 and 4.6 we have
lim inf ~ In Eol(7}2)*] = —d A9 <1> > —2d AP (1) . (4.30)
u—oo 1 d d

Since for all 6 € (—o0,7)
APY(0) = —c + AE[Z1e"71],
we have AP (w)=g~!, thus
AP (1> YAy =2
g g g

where the latter equality follows by (3.3). Therefore, setting d =g in (4.30) we obtain
(4.29).

As can be easily realized after an elementary study of the function 6 — Og—! —
AQ)(0), there exists 0 € R such that

0 (;) _ S A9, (4.31)
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By Lemma 4.7 again it follows

40 (1> Vg0 <Y aqe [0 < oqe <1) _ (432)
g9/ 9 g 2 g

We now observe that if Q €% is such that (4.28) holds, then all the inequalities in

(4.29) turn into equalities, and therefore

(@) (1> _ 5 Py (1> .
g g

In particular, by (4.32) it follows

a0 (Y20 oy —a| L g0 (2| Zoae (1Y, (433)
g g 29 2 g

Since the supremum A)* (gfl) is attained for 0 = w, (4.33) yields
0 =2w. (4.34)
Therefore by (4.33) and (4.34) we have

%W — A9 2w) =2 B - A(P)(w)} ,

that is
AQ(2w) = 24P (w)(=0).

The conclusion follows by Lemma 4.7. [

5. Application to a teletraffic model

We now apply Proposition 4.1 to the teletraffic model described in Kostantopoulos
and Lin (1998) and Brémaud (2000). In this model the points of a Poisson process
{T,}»>0 with intensity A > 0 are the times when a new ON-period of an individual
source in a computer network starts. The i.i.d. lengths {Z,},> of the ON-periods are
independent of the Poisson process. During an ON-period the source sends a signal at
unit rate. At time ¢ the number of active computers in the network is given by the
Poisson shot-noise process

X(0) =Y Voz1(t = T)loa(T) = Y Lz,.1,121(0).
n=1 n=1

Now let us consider a single server queue with service rate ¢ > 0 and Poisson shot-noise
traffic intensity X (¢). The corresponding workload process in the time interval (0,¢] is
then given by the process

S(t) — ct,

where S(¢) is the integrated Poisson shot-noise process

S(t) = /0, X(s)ds=>_min{t — T, Z,}10.0(T,)-

n=1
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Table 1

Simulation results

0 1057p, 10"(7p,)) Po
0.8 1.18 3.69 1.62
0.9 1.17 1.37 1

1 1.29 0.95 0.75
1.1 1.22 2.83 1.37
1.2 0.89 2.50 1.77

We observe that if T, + Z, < t, then the full period Z, contributes to the workload.
Otherwise, only the length of the unfinished ON-period ¢ — 7, is taken into account.
When the buffer is not finite the queue length is

sup {S(¢) — ct},

120
and therefore for a finite buffer with capacity u > 0 the overflow probability is over-
estimated by

Y(u)="r (sup {S(¢) — ct} > u) =P(T, < o0).
>0

Assuming that the random variables Z, are exponentially distributed with mean !
such that § > Jc~!, by Proposition 4.1 it follows that Pg_;c—1 is the unique asymptot-
ically efficient simulation law. Indeed, for the model described above assumption (1.6)
is satisfied since A(t,z) = 1(.(¢). Moreover, since Z; has an exponential distribution
with mean B!, (1.7) is trivially satisfied and (3.2) holds with 5 = f. Finally, as it is
easily realized after straightforward calculations, setting w = — Ac~! we have

AMrw)—1)—cw=0
and
JE[Z1e"4] — ¢ > 0,

and therefore (3.3) is satisfied.

Below we give a numerical illustration. We consider the estimation of the probability
Y(u) by using different importance sampling estimators 7p,, where Py are admissible
laws for simulation, and we compute their sample variances s(7p,) and their estimated
precisions py = [s(7p, Y %/fp,. In Table 1 we summarize our simulation results in the
case when n =200 is the number of replications in each simulation, u = 10, § = 3,
A=2, ¢c=1, and the parameter 6 is varied in the set {0.8,0.9,1,1.1,1.2}. Simulation
results are in accordance with the theoretical ones, indeed the asymptotically efficient
importance sampling estimator 7p, has the lowest sample variance and estimated pre-
cision. We also notice that the importance sampling estimators considered in Table 1
lead to interesting simulated values, in that they are all less than 4.54 x 10~°, which
corresponds to the upper bound on (10) given in Brémaud (2000) (see inequality
(1.4)). It is worthwhile to point out that this is not a general property of the impor-
tance sampling estimators, as the following numerical argument shows. If Z; has a
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gamma distribution with shape parameter 2 and inverse scale parameter 5, 4 =2, and
c=1, a straightforward computation gives w = 0.68. Therefore, by inequality (1.4), for
u=10 we have ¥(10) < 1.11 x 1073, However, setting n=2 and 0=0.5, we found that
for different computer simulations 10°7p,; assumes the values {1.4,1.6,1.8,1.9,2.4}.
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