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Abstract

For the solution Y of a multivariate random recurrence model Y, = A,Y,_| + ¢, in RY we investigate
the extremal behaviour of the process y, = 7z, Yy, n € N, for zx € RY with |z«| = 1. This extends results for
positive matrices A,. Moreover, we obtain explicit representations of the compound Poisson limit of point
processes of exceedances over high thresholds in terms of its Poisson intensity and its jump distribution,
which represents the cluster behaviour of such models on high levels. As a principal example we investigate
a random coefficient autoregressive process.
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1. Introduction

We consider a g-dimensional stochastic recurrence equation
Yo=AYy-1+8, neN, (1.1)

for some iid sequence {(A;, {y)}nen of random g X g-matrices A, and g-dimensional vectors
Zn. Let z, € R? be some fixed nonrandom vector with Euclidean norm |z,| = 1. Our goal is to
describe the extremal behaviour of the process y, = z,¥,, n € N, where ’ denotes transposition,
and throughout the paper all vectors are column vectors. The extremal behaviour includes besides
the asymptotic behaviour of the running maxima
M, = max y;, neN,
I<j<n
also a precise description of the limit behaviour of the point processes of exceedances over high
thresholds.
Our principal example is the random coefficient autoregressive process

Yn = QpYn—1+ -+ QgnYn—g +8&, nE N, (1.2)
with random variables (rvs) «j, = a; + 0;nin, Where a; € Rando; > Ofori =1, ..., ¢q. Set
op = @in, .. gn) and 0y = ns - 1gn)

We suppose that the sequences of coefficient vectors {n,},en and noise variables {&,},cN are
independent and that both sequences are iid with

E&; =Eni; =0 and E& =En? =1, i=1,...,q. (1.3)

Setting Y, = (yn, ..., yn,qH)’ it follows immediately from (1.2) that the multivariate process
{Y,},en satisfies the random recurrence equation (1.1) with

An = (“‘" “W) and &, = (£.0.....0), (1.4)
Iy—1 0
where I, | denotes the identity matrix of order ¢ — 1. In this case y, = z,.Y, for z, =
(1,0,...,0).

Solutions to random recurrence equations have usually Pareto-like tails, a fact which is based
on seminal work by Kesten [12] and was further developed by Goldie [7] for the one-dimensional
case, and by Le Page [18] and, more recently, by Kliippelberg and Pergamenchtchikov [13], and
De Sapporta, Guivarc’h and Le Page [22] for the multivariate case. Applications of such results
appear in various areas; see e.g. Diaconis and Freedman [4] for an overview. Prominent examples
in the area of financial time series include the GARCH(1,1) model, which was investigated by
Mikosch and Starica [17]. In Kliippelberg and Pergamenchtchikov [14] we investigated model
(1.2). We presented conditions such that the process {y,},cn allows for a stationary version,
represented by a rv yoo. We also proved that y, has, under natural conditions, a Pareto-like tail.

The extremal behaviour of solutions to random recurrence equations has been investigated in
the one-dimensional case for positive rvs A, and ¢, in de Haan et al. [9]. The multivariate case
has been studied in Basrak et al. [2] and Mikosch and Starica [17]. A prominent condition in all
these papers is that the matrix A, in (1.1) has a.s. positive entries.

Our paper can be considered as an extension of results of de Haan et al. [9] and Basrak et al. [2]
to arbitrary matrices in R?. De Haan et al. [9] considered the univariate model (1.1) with positive
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random variables A, and gave a precise account of the extremal behaviour. In [2] the multivariate
model (1.1) is considered with positive entry matrices A, and its extremal behaviour is studied. In
that paper the authors show the existence of a limit process for the point processes of exceedances
and existence of an extremal index. In the present paper we give a precise description of this limit
process for model (1.1) with general matrices A,,. The limit is a compound Poisson process, and
besides the Poisson intensity we also give a complete account of the jump distribution, where
jump sizes of the process correspond to the cluster sizes of extremes. We also present an explicit
form of the extremal index.

Our paper is organized as follows. In Section 2 we present results on the existence of a
stationary solution of the process {y,},cN. Stationarity is a usual prerequisite in extreme value
theory and we shall work with the stationary model. We also prove strong mixing of the process
defined in (1.1), which implies the weaker mixing conditions needed for our results on the
extremal behaviour of {y,},en. In Section 3 we state our main results. Starting from the fact
that solutions to stochastic recurrence equations have usually Pareto-like tails, we embed our
model into the context of multivariate regular variation. We describe the limit distribution of
properly normalized running maxima. Furthermore, results on the extremal behaviour of the
stationary model include an explicit representation of the limit process of the point processes of
exceedances over high thresholds.

In Section 4 we present a new proof of the fact that for such models regular variation of every
linear combination of marginals implies multivariate regular variation. This new approach also
extends results from Basrak et al. [1] to symmetric distributions, which will prove useful for our
principal example (1.2). In Section 5 we prove our main result from Section 3 and present in
Section 6 its consequences for the random coefficient autoregressive model. Technical details are
summarized in the Appendix.

2. Existence of a stationary solution and the strong mixing property

We consider the model (1.1) and use the following notation to formulate our assumptions. The
symbol ® denotes the Kronecker product of matrices. Furthermore, | - | denotes the Euclidean
norm in R? and |A|? = trAA’ is the corresponding matrix norm.

We make the following assumptions:

(A1) The sequences { A, }neN and {$n}nen are both iid and independent of each other, satisfying
E|A>? <oo, E;;=0 and E|¢]* < oo.

(A2) The Markov chain {Y,},eN defined in (1.1) is aperiodic and irreducible with respect to
some nontrivial measure in RY.

Sufficient conditions on {(A,, {;)},eN to ensure A, are well known in Markov chain theory
and, for instance, given in Feigin and Tweedie [6]. For example, it suffices in the general
model (1.1) that the random vectors ¢, have a positive Lebesgue density in R? on the set
{x € RY : |x| < R} for some R € (0, co].

In the context of random recurrence equations there exist necessary and sufficient conditions
for stationarity, going back to Kesten’s seminal work on the subject; see Kesten [12], also Goldie
and Maller [8]. Such conditions involve a negative Lyapunov exponent, a condition which is
in general difficult to verify. Because of the structure of our model we can give an equivalent
condition based on the eigenvalues of a certain matrix.

Assume that the following condition holds:
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(A3) The eigenvalues of the matrix
EA| ® A 2.1)
have moduli less than one.
As stated in Remark 2.2(ii) of [14], since E((A1---A,) ® (A1---A,) = (E(A1 ® A)",
condition A3 guarantees that for some constants cy, y > 0,

E|A;] - Ap? < coe™". 2.2)

Classical Markov chain theory ensures that under A and A3 the Y, converge in distribution
to its stationary distribution given by the random vector

o0
Yoo =014 ) Al A1l (2.3)
k=2

satisfying E|Y»|?> < oo. We denote by 7 the distribution of Y in R? and by P"(x, -) the
transition probability

P'x,[N)=PY,el'|Yo=x), xeRY

for every measurable I' C RY.
Moreover, for some function v : R? — [1,00) we define (see p. 383 in Meyn and
Tweedie [16])

IP"(x, ) — ()
IP" — x|, = sup :
xeR4 U(X)

9
where

IP"(x,) =7 ()llv = sup

0<f=v

f@P"(x,dz) — / f@m(dz)
Ra Rg

We need the following definitions.

Definition 2.1. (a) A Markov chain {Y,},cN is called v-uniformly geometric ergodic if there
exist R > 0and 0 < p < 1 such that for every n € N

IP* —xll, < Rp".
(b) For the stationary process {Y;,}, N the mixing coefficient is for k € N defined as

af =sup [Ef (..., Y1, Yo)h(Yy, Yig1,...) —Ef(..,Y_1, YOEA(Yy, Vg1, .. )|, (2.4)
fih

where the supremum is taken over all measurable functions f and £ satisfying | f], |h] < 1.

Note that Theorem 3 in Feigin and Tweedie [6] and Theorem 16.1.2 in Meyn and Tweedie [16]
imply part (a) of the following result; part (b) is proved in the Appendix.

Theorem 2.2. Let {Y,},,eN be as defined in (1.3) such that A1—A3 hold.

(@) {Yu}nen is v-uniformly geometric ergodic with v(x) = 1 + x'Tx, x € RY, for some fixed
positive definite g x g-matrix T.
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(b) The stationary process (1.1) is strongly mixing with geometric rate, i.e. for some positive
constant C*,

af <C*pk, keN, (2.5)

Remark 2.3. Consider two sequences {Y;, (Yoo) }n>0 and {¥; (¥)},>0 given by the same recursion
(1.1), but with different initial vectors Yo, and Y, where Y, is supposed to have the stationary
distribution and E|Y|?> < oco. Both vectors Y4, and Y are supposed to be independent of the
future values {(A,, &) }.eN. For the initial vector ¥ we have the recursion

n
Ya(Y)=Ap- - AlY + > Ay Arpile, neN,
k=1

where A, A,11 = I, and analogously for initial vector Y. By independence of the matrices A,
for all n € N and the vectors Y, Yo, we obtain, invoking inequality (2.2),

n
E[Y,(Y) = Y, (Yoo) P S E[[I14;PEY — Yool < c.E|Y — Yool e 77" (2.6)
j=1

Therefore, E|Y,,(Y) — Y,,(Yso)|? tends to 0 exponentially fast as n — oo for any initial vector Y
withE|Y|? <oco. O

3. Extremal behaviour

The main goal of this paper is the investigation of the extremal behaviour of model (1.1). We
introduce the unit sphere S in R?, i.e. § = {x € R? : |x| = 1}. We assume that the vector (2.3)
satisfies the following condition
(Hg) There exists A > 0 such that

lim *P(Z'Ys > 1) =h(z), z€S,

t—00

for some strictly positive continuous function h on S.

Remark 3.1. We call condition Hg regular variation of the vector Y in the Kesten sense; see for
example, [12], Remark 4 on p. 245. Indeed, it means that every linear combination of Y, is one-
dimensional regularly varying, where the slowly varying function is a positive constant. Regular
variation in the Kesten sense is not necessarily equivalent to multivariate regular variation, which
is defined as follows (see Resnick [19,20] for details). The g-dimensional random vector Y is
called regularly varying with index o > 0 if there exists a random vector © with values on the
unit sphere S in R? such that for all > 0

P(Y|>tx,Y/IY|e) v _,
P . 1
PUY > 1) —t (Be.), x— o0, 3.1)

where —> means vague convergence of measures. We shall show in Section 4 that under weak
conditions the finite dimensional distributions of {y,},cn are multivariate regularly varying in
the sense of Eq. (3.1). O

Condition Hy implies that for yoo = 7} Yoo
lim nP(yoo > ;) = hex ™", x>0, (3.2)
n— o0

where u, = n'/*x and h, = h(z,).
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This Poisson condition implies for the so-called associated iid sequence {Vi}reny with the
same distribution as y., that the partial maxima M,, = max|<x<, yk, n € N, satisfy

lim P~ Y*M, < x) = exp(—hsx ), x> 0. (3.3)
n—oo
This is classical extreme value theory and can be found in any textbook on this topic; see
e.g. Embrechts, Kliippelberg and Mikosch [5].

For the extremal behaviour of model (1.1) we expect that the running maxima of {y, },,en have
a limit of the same type as (3.3), but with different norming constants. Loosely speaking, large
values of {y,},cn have a tendency to cluster, which implies that the maximum of M, behaves
as the maximum of 6n iid rvs with the same distribution. The constant & € (0, 1] is called
extremal index of {y;}ren. It is a measure of local dependence amongst the exceedances over
a high threshold by the process {yi}ren and has a natural interpretation as the reciprocal of the
mean cluster size.

To describe the extremal behaviour in more detail we shall also study the point processes of
exceedances of {y,},en over high thresholds. We denote by € the Dirac measure and define for
n € N and appropriate thresholds u, the time normalized point process of exceedances on the
Borel sets of [0, c0)

Na() = €jmO iy ou,)- (3.4)
j=1

We show that the sequences N, converge for n — oo and u, 1 oo weakly to a compound
Poisson process N. Moreover, we derive for the limit process N the intensity and cluster size
distribution, which is a discrete distribution, denoted by {v;} ;c. Whereas the intensity describes
the frequency of threshold exceedances, the cluster size distribution gives the distribution of the
cluster sizes over thresholds. For further background we refer the reader to Leadbetter, Lindgren
and Rootzén [15], Section 3.7, and Rootzén [21]; see also Embrechts et al. [5], Chapter 5 and
Section 8.1.
Before stating our main results, we prove an analogue of Remark 2.3 for partial maxima.

Remark 3.2. (a) Recall that M,, = max{yi, ..., y,} = max{z,Y, ..., z,Y,}, where the vector

(Y1, ..., Y,) depends on the initial vector ¥ and we indicate this by writing M, (Y). Taking into
account that | max ay — max bx| < max |a — by| we obtain for every 6 > 0

P (IMu(Y) = My (Yoo)| > 8n'/) < P <1mfx 2LV (Y) — 2, (Yoo)| > 8n”*)
<k=n

IA

P (lm]?x 1Yi(Y) — Yi(Yoo)| > 8n1/}‘>
=<K=n

1 n
< s DB = (Yool
=

Now inequality (2.6) implies that the right hand side tends to 0, i.e.

n V(M (Y) = Mp(Yoo)) > 0, 11— o0,

for any initial vector ¥ with E|Y|?> < oo. Therefore the weak limit of partial maxima M, is
independent of the initial vector Y.
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(b) To show that the point process convergence is independent of the initial vector ¥ we need to
assume condition Hy. For n € N we set u, = xn!/* for some x > 0 and denote by

n
NY ()= Zéj/n(-)l{z;yj(Y)>u,,}
=

the point process of exceedances over u;, corresponding to the process {Y;} ;cn with initial vector
Y. For arbitrary 0 < ¢ < 1 we define I}, , = {maxi<j<, |2,Y;(Y) — z.Y;(Yoo)| < €u,}, and
then

n
P(NY() = NY=()|>0) <P (Z Mz y; (0>t — Ly (Vo) >un} | > 0)
=1

IA

n
P (Z Mz y; 0>y = Nl ¥ (Vo) >ua) | > 05 Fms) + P, ,)
j=1

IA

D Pun(l — &) < 2LY;(Yoo) < (1 + &)uy) + P(I5 )
j=l1

=nPu,(1 —¢) < 2,Yoo < (1 +8)un) +P(I ).
By definition, lim,,—, o P(I; ,) = 0 and condition Hy implies that
NG =N 50, n— oo,

for any initial vector ¥ with E|Y|> < oo. Thus the weak limit of N,(-) is independent of the
initial vector Y. [

The extremal index 6 and the cluster size distribution {v;} ;en can be represented by the limit
measure Q of the following measures on R?:
Pt Yo e ' NW,,)

Pt~ Yo € W)

O =Pt Wo eI |t Vo eW,) = , (3.5)

for t — 0o, where W, = {y e R? : 7'y > 1} for z € RY.

Theorem 3.3. Assume that condition Hy holds. If the positive exponent )\ in this condition is
non-integer, then there exists a weak limit Q of the family {Q;};>1 of measures (3.5) as t — oo.
It satisfies for measurable I' C RY

QI = uI'NW,,), (3.6)
where [ is some positive o -finite measure on RY \ {0} with p(W,,) = 1.
In our principal example (1.2) with Gaussian rvs {§,}, < the stationary distribution given by

the vector (2.3) is symmetric. For such cases we can prove a stronger result.

Theorem 3.4. Assume that condition Hy holds and Yo, has a symmetric distribution on RY;
i.e. that Y = —Y. If the positive exponent X in condition Hy is non-even, then the assertion of
Theorem 3.3 holds.

We shall prove this result in Section 4. The measure Q plays an important role in the
description of the joint distribution of the stationary vector (yi, ..., yx) for every k € N on
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high levels. In this sense it is not surprising that Q describes the partial maxima of {y,}, <N and
the limit behaviour of point processes of exceedances.
We set

o0
s =) Nmy=1) with II;=A;-Ar. (3.7
=

and define the following technical conditions:

(Hy) P(sc(y) =0) > 0 foreveryy e W,,.
(Hp) P(Z, Iljy = 1) =0 foreveryy € W,, and j € N.

H; and H; are conditions on the distribution of the sequence (A, ),cN. Condition H; implies
that max ;e 2, I1;y falls with positive probability in the interval [—1, 1]. Condition H; is for
example satisfied if the random variables z/ /1; y have a density in R for every y € W, and every
J € N. In Lemma 6.5 with proof in Section 6.2 we shall check these conditions for the random
coefficient autoregressive model (1.2).

The following result describes the extremal behaviour of any process with multivariate
random recurrence state space representation under natural conditions.

Theorem 3.5. Assume that the conditions A1—Az and Ho—Hy hold. Moreover, let the exponent
A in condition Hy be non-even if Y~ is symmetric, and non-integer otherwise.
(a) Then

. _ _ —A
lim P~ '*"M, <x)=e " x>0,
n—>oo

where hy, = h(z4) and the extremal index 0 is defined as

0 =f g(»Qdy) > 0. (3.8)
RY
The probability measure Q(-) is the weak limit of the family (3.5) as t — oo and

g =Pc(y)=0), yeW,, (3.9

with the function ¢ (-) defined in (3.7).
(b) For n € N let N, be the point process of exceedances over the threshold u, = n
x > 0 given by (3.4). Then

l”xfor
d
N, — N, n — oo,

where N is a compound Poisson process with intensity 0t (t = hyx ") and the cluster size
probabilities

v =0""O0 — 1), keN,
satisfying 0y =0 > 6, > 03 > --- > 0 with
Ok = /R ex()OWy) and g(y)=Pc(y)=k—-1), yeW,, (3.10)
q

for k € N with g1(y) = g(y) as defined in (3.9).
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Remark 3.6. (a) In Appendix B we shall show that H, implies that all g are continuous.
(b) For g = 1 the limit measure Q has a Lebesgue density; more precisely,

0(dy) = Ay 1y=1ydy.

In this case the extremal index has representation

o0
0 =k/ P(maxAk~~~A1 §y_1> y~*ldy.
1 keN

This result has been obtained in Borkovec [3]. [
4. Properties of the measures Q; — multivariate regular variation

In this section we come back to Remark 3.1. Basrak et al. [1] investigate the various notions of
regular variation and their relationships, in particular the relationship between regular variation
in the Kesten sense and in the sense of (3.1). They proved in their Theorem 1.1 that for non-
integer A > 0 regular variation in the Kesten sense implies (3.1). They also proved this result for
A an odd integer and vectors Y in Ri. As an important class of models is symmetric — also our
principal model (1.2) is in the important Gaussian case symmetric — we reconsider the problem
in this context. We present a new proof of Theorem 1.1 of [1], together with an extension of this
result for symmetric models.

We follow the point process theory as presented in Kallenberg [11]. Set R = R U {—o0, 400}
and consider in what follows E = R’ \ {0} as the state space of the point processes.

We study the properties of the family of measures defined in (3.5). Define

P(Yoo € tT)

MN=_—x€ci)
me (1) P(Yoo € 1W.)

t>1, 4.1)
for any measurable I" € R? and notice that Q;(I") = m,(I' N Wy)).

Remark 4.1. (a) Regular variation in the Kesten sense as given in Hy can be rewritten as
P(Ys >t ~
im 2o >0 _ g0 ey 42)
t=>00 P(Z, Yoo > 1)
where h(-) = h(-)/ hy. Moreover, the function / satisfies for every ¢ > 0,
h(tz) = *h(z), z €S,

where A is defined in Hy. This means that for all z # 0 the rv z'Yo is regularly varying with
index A.
(b) The limit relation (4.2) is equivalent to

P(Yso €tW)

lim ————* = j(z), zeS. O 43
Jim PV € 1W.) (2), =z 4.3)
Now define
e y) 1 1 '+ 1 1 cR
X, = - - 3 X, )
pOLE Y xy+1  yp+1 x-+1 y_+1 Y




C. Kliippelberg, S. Pergamenchtchikov / Stochastic Processes and their Applications 117 (2007) 432—456 441

were we used the notation x; = max(x,0) and x_ = —min(x, 0). With this notation we
introduce the following metric on E
1 1

——', x,y€eE.
x| [yl

q
p(x,y) =Y polxj, yj) +
j=1

Then (E, p) is a separable and complete metric space. Moreover, for every § > 0 the set
{x € E : |x| = 8} is compact in this space, and bounded sets are those that are bounded away
from 0 € R?. The topology on E is discussed in more detail in Resnick [20].

We are interested in vague convergence of measures (4.1) in (E, p), i.e. conditions for which

. . v v
there exists a measure m in E such that m; — m as t — oo. We recall that m;, — m means
vague convergence of m; to m; i.e.

tim [ foma) = [ rom@
1—00 E E
for all continuous functions f with compact support in (E, p). We shall use the following results.

Theorem 4.2 (Basrak, Davis and Mikosch [1], Theorem 1.1(ii)). Let condition Hy hold for non-
integer A > 0. Then the family (4.1) of measures has a vague limit in (E, p). Moreover, Y is
multivariate regularly varying in the sense of Eq. (3.1).

The following result is essential for this investigation, in particular, for our principal example
(1.2).

Theorem 4.3. Assume that Y~ has a symmetric distribution on R?. Let condition Hy hold for
non-even ) > 0. Then the family (4.1) of measures has a vague limit in (E, p). Moreover, Y is
multivariate regularly varying in the sense of (3.1).

Remark 4.4. Note that this theorem does not hold in general for even integers A. This follows
directly from the counterexample given in Hult and Lindskog [10]: take on p. 136 above

e.g. fo=1/2m).

We shall use the following lemma, whose proof is given in Appendix C. To formulate the result
we recall the definition of a subsequential vague limit. The measure p is called a subsequential

vague limit of m, if there exists a sequence f, — oo such that m;,, 5 uw.

Lemma 4.5. Assume that condition Hy holds. If w is a subsequential vague limit of {m;};>1,
then for every u > 0 we have

w(y eRY: 7y >u) =u""h(z), ze€S. (4.4)
Moreover, setting fz(z) = ﬁ(z) + ﬁ(—z), we obtain foru > 0and 0 <v < A

A N
/I I 2"y (dy) = ﬁu"_'\h(z), z€S, “4.5)
Z'yl>u -

and forv > A

Y A V—A7T
/ |z yl" u(dy) = u’h(z), ze€S. (4.6)
|2/ yl<u V=2
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Proof of Theorem 4.3. We first show that the family (4.1) is relatively compact; i.e. that
sup,~; m;(B) < oo for all bounded Borel sets B in E (see Kallenberg [11], Theorem 15.7.5). To
see this recall that in the space E bounded sets are those that are bounded away from 0 € RY,
i.e. for every bounded B there exist non-zero vectors xi, ..., x; in R? \ {0} such that

k
B C U Wy, U (@R’ \RY)
=1
and, hence, by (4.3)

kK P(Yoo € tWy,
supm;(B) < sup H <
>1 =152 (Yoo € tW,,)

This implies that the family {m,},;~; has a subsequential vague limit.

To complete the proof it suffices to show that any two such limits, p1 and wo, are identical.
First we suppose that A is non-integer, i.e. A € (I — 1,[) for some / € N. Let ;1 and pu, be two
subsequential vague limits.

First note now that (4.4) implies that

Uix e E: x| =00) =u2(x € E: |x| =00) =0.

Therefore, for the identity of the measures (| and u; it suffices to show that

/f(X)m(dX)=/ JF(x)p2(dx) 4.7)
R4 R4

for every continuous bounded function f satisfying
f)=0 if|x[ <r (4.8)

for some positive r. W.1.o.g. we can assume that f is infinitely often differentiable and periodic
(with period 2L) in every component of x. Hence, f has a representation as Fourier series

f) =" @Y xeRY, 4.9)
keN4

where zx = wk/L and (zg, x) = z;(x. Now note that condition (4.8) implies for all d € Ny

> .y =0, yeR?, (4.10)
keN4

which implies that f has representation
f) =" adi 1z x), xeRY,
keNd¢

where
i

. ] j
A1((zg, X)) = el @x) _ Z M7

m x e RY.
— Jj!
j=0

Recall from standard analysis that

(2! ¢
|A[(x)|§m1n<(l+1)!, ) x e RY. 4.11)
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Moreover, we can represent the function f as
fx)=H_1(x)+ H_-1(x), xeRY,
where, setting 7 = z/|z/,

Hi(x) =Y adilG@e ez, He) =Y adilG@e O)ge.m<1)-
keN4 keNd4

Taking (4.5) and (4.11) into account we obtain

[ Haeman = Y o | A (G ¥ ()
R S gy

- Z Ck/ Ar—1((zk, x)) 2 (dx)
keNda (|G, ) =1}

/ Hyy () ().
R4a

We have used that the integrals on the right hand side are finite by Lemma 4.5, which also
justifies the interchange of summation and integral. Equality of the two integrals follows from
the integrands’ dependence on the inner products (zx, x) only. Analogously, from (4.6) and (4.11)
we obtain

Hy_1(x) 1 (dx) = / Hy—1(x)pa(dx).
Rg Rg

We show now equality of w1 and u; for odd integers / = A = 2p + 1 for some p € Ny. For such
| we represent the function (4.9) as
1
N i
fx) = Hi—1(x) + H(x) — l—,Pz(X), x € RY,

where Pj(x) = Y e ¢k (ks x)ll{|(gk,x)‘<1}. From the calculations above it follows that (4.7)
holds if

/Pz(X)m(dx)=/ P(x)p2(dx).
R4 Rg

From the definition of the measures w1 and w; there follows the existence of sequences {r,},eN
and {rp,},eN such that m,, — u; asn — oo fori = 1,2. Let Dp, be the set of discontinuity
points of the function P;, which is given by

Dp = |Jlx eRT: @ x)| = 1),
keNd
In Appendix C we prove that u; (Dp,) = 0 fori = 1, 2. Moreover, for every x € RY
1P| < ) lex] < o0,
keN4

i.e. P; is bounded, since the function (4.9) is infinitely often differentiable. Furthermore, if
x € R? with |x| < 1 then |(Zk, x)| < |zk||x| < 1 for every k € N9. Thus (4.10) implies

P(x) =Y a0 gmi<n = ) alzuex)' =0, |x| <1,
keN4 keN4
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i.e. this function has bounded support {x € R? : |x| > 1}. Therefore, by Theorem 15.7.3 of
Kallenberg [11] we can write

f Poui ) = lim [ Piomy, (dx)
R4 R4

n—00
1
= lim ———EP(Y,
n—00 P(Yoo € rinWy,) 1(Xoo/Tin)
1
= lim crlzkl EGx, Yoo) Ty vao)<ny)
n—o00 rinP(Z/l Yoo > I"ln) kGZNq > * -
= O’

by symmetry of Y. Analogously we obtain qu P;(x)u2(dx) = 0. Hence, (4.1) converges to a
limit u. [

Proof of Theorems 3.3 and 3.4. We denote by u the vague limit of the measures (4.1). From
(4.4) it follows directly that (0 W;,) = 0. Therefore, the family (3.5) has also a vague limit Q
(see Kallenberg [11], Theorem 15.7.3), which satisfies (3.6). Moreover, by definition, for every
t>1,

0/(RY) = Q;(W;)) = 1= Q(W,,) = Q(RY).
Thus, Theorem 15.7.6 of [11] guarantees weak convergence of the family (3.5)to Q. O

5. The existence of an extremal index and point process convergence
5.1. Definitions and existing results

We consider a stationary process {yr}ren such that for every T > 0 there exists a sequence
{un(t)},en for which

nl_i)rgonP(yl >u,(t)) =r1. 5.1

The conditions D(u, (7)) and A(u, (7)) are extreme mixing conditions (for the definitions see
for example Rootzén [21], p. 379), which are both implied by strong mixing; i.e. they follow
immediately from Theorem 2.2 for every appropriate sequence {u,},eN.

Definition 5.1 (Extremal Index). Assume that there exists a constant 0 < 6 < 1 such that for
every T > 0

n—oo

lim P ( max yp < un(1)> =e7 07,
1<k<n
Then 6 is called the extremal index of the sequence {yi}reN.

Theorem 5.2 (Rootzén [21], Theorem 4.1(i)). Suppose that condition D(u, (7)) holds for each
T > 0. Then {yx}reN has extremal index 6 > 0 if and only if

lim lim sup [P(M{¢n) < up | Yo > uy) — 61 =0 5.2)

€e>0 p—soo

for u, = u, (7o) for some g > 0.
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We consider now the point process of exceedances for the process {yx }ren defined as
n
Ny ()= Z 6j/n(')l{yj>:,¢,,(7:)}7
j=1

where the sequence {u,(7)} is given in (5.1).
To study the asymptotic properties of these processes we apply the following criterion.

Theorem 5.3 (Rootzén [21], Theorem 4.1(ii)). Suppose that {yi}reN has extremal index 0 <
0 < 1 and the condition A(u,(t)) holds for each Tt > 0. If for every k > 2 and some 1y > 0

lim lim sup [P(Ny,7,((0, €]) =k — 1| yo > un) — 6| =0, (5.3)

€e—0 p—oo

then the sequence {0 }renN is decreasing, i.e. 61 =6 > 0y > 03 > ..., and for every T > 0 the
point processes Ny r converge weakly to a compound Poisson process N with intensity 6t and
cluster size probabilities vy = 9’1(9/( — Ok+1), ke N

5.2. Proof of Theorem 3.5

In view of Remarks 2.3 and 3.2 we prove this theorem for the stationary process (1.1), i.e. the

e d .
process starts with initial vector Yo = Y as in (2.3).

5.2.1. Extremal index

In this section we prove Theorem 3.5(a). We apply Rootzén’s criterion (Theorem 5.2) based
on mixing properties of the process (1.1) which immediately follow from Theorem 2.2(b). The
most important issue will be representation (3.8) for the extremal index.

First of all, note that condition H; implies that 6 as defined in (3.8) is strictly positive.
We verify property (5.2) for {yi}ren With u, = n'/*x for arbitrary x > 0. Defining again
Il = Ay - - - A we define the auxiliary process

Yo=Yo, Yi=ILYy, keN,
which obviously satisfies
?k = Ak?k—l-

Hence the diffeLence process Vy = Y — 17k, k € N, satisfies Eq. (1.1) with initial value zero.
Define y; = z,Y;, m = [en] for some € > 0, and V,;; = sup; 4, | Vk|. To check condition (5.2)
notice that forevery 0 < § < 1

P(M,, <u, | Yo > Up) = P (ln}(ax (yk + Z;Vk) <uu |y > un>
<k<m
< P( max yr < (1 +8)u, | yo > u,,) + PV, > duy)
1<k<m

Yy
=< /Rq g (m) Ou, ([dy) + Ay (n) 4+ Az(n),

where g is as in (3.9), the measure Q,(-) is defined in (3.5) and

Ai(n) =P (inax Ve > (1 +8uy, | yo > un> and  Ax(n) =PV, > Suy). (5.4)
>m
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By Lemma B.1 the function g(-) = gi(-) is continuous. Moreover, Theorems 3.3-3.4 imply that
there exists a weak limit Q for the family {Q;};>1. Therefore,

A <1+3> Qi(dy) = / <1+5)Q(dy)

Next we show
lim A;(n) =0. (5.5)
n—0oo

Indeed, for every L > 0 we have

P <maxz;HkY0 > (14 8up, 2L.Yo > u,,)
k>m
Ay(n) =

P(Z;YO > Uy)
1 +8> P(|Yo| > Luy, z,Yo > un)
L P(z\ Yo > uy)
1+8 P(|Yy| > Lu

et P(z,.Yy > u,)

IA

| <max |1l | >
k>m

From (2.2) and Chebyshev’s inequality we conclude
1+ L? L?
P(1ml > —") < EILP < — e ™,
L (1+6)2 (1+96)?

Therefore, condition Hy yields for every L > 0

limsup A;(n) < const L™
n— o0

Taking now L — oo implies (5.5).
Next we consider the second term in (5.4). We shall show that

A% = limsup Az (n) < const €. (5.6)

n—oo

Indeed, we have

As(n) < Y P(Vi] > Suy)

1<k<m
< Y Pl > dug/+ Y P(Yil > 8un/2)
1<k<m 1<k<m

IA

4E|Yy|* &
mP(|Y1| > Suun/2) + | 0' ZE|H|2

IA

E|Y,|? _
enP(IY1] > Sun/2) +4es 55 Z vk,

”kl

The last inequality implies (5.6). Taking into account that g(ry) — g(y) as r — 1 for each
y € R4, we obtain the following upper bound

limsupP(M,, <u, | yo > up) <6 + conste
n—oo
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for every € > 0. Analogously, we obtain the lower bound
P(My < unlyo > un) = P (1rr}ca<x Ok + 2, Vi) < un | yo > un)
<k<m

> P( max Vi < (1 —8)u,, V,r <éu, | yo >un>
1<k<m

v

P( max z, Yo < (1 — 8)uy, | yo > un> — As(n)

1<k<m

>P (mag{cz;ﬂkYo < =8u, | z2,Yo > un> — Aa(n)
ke

_ y .
- /ng<1—5> 01, (@) — Ax(n).

This implies for every € > 0

liminf P(M,, < u, | yo > u,) > 6 — const €.
n—oo

These bounds imply (5.2), i.e. Theorem 3.5(a). U

5.2.2. Point process convergence
In this section we prove Theorem 3.5(b). We invoke Theorem 5.3, which characterizes point
process convergence of N, to a compound Poisson process. As mentioned above the mixing
condition A(u,) immediately follows from Theorem 2.2(b). We verify property (5.3) for {yx }ren-
As in the proof of Theorem 3.5(a) we set m = [en] for some € > 0 and y; = z,Y; for j € N.
Forevery 0 < § < 1 we get
Yo > un)

Yo > un> + Az (n)

m
P(N,((0,€]) =k —1]yo>un) =P (Z Lyjsuy =k =1
j=1

m
P (Zl{yj>un} =k—1,V} < éu,

<
Jj=1
< Iys+ Dps+ Ax(n), (5.7
where
m
Ins =P (Z L=y =k =1} y0 > Mn) ;
Jj=1

Yo > un)
Yo > un)

m
Dys =P (Z (5> -8un) = Liyj>un)) = L Voy < Suy
=

and Ay (n) is defined in (5.4). We estimate [, s first.

m
Ips <P (Z 15>,y = k = 1 max§; < (1= uy
Jj=1

Yo > un)

+P <I_nax§j > (1—98)u,
j>m
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.Yy > u,,)
Yo > un)

= f 2 <1y_a> 0., dy) + A} (n),
Ra -

Yo > un)~

Notice that like for (5.5) we obtain lim,,_, o A’l (n) = 0. Next we estimate D,, s. For fixed/ € N,
1 <1 < m, we can write
Yo > un)

Yo = un)

1
ZP(yj <up,yj > (1 —=8u,, V), < 8un|yo > un)
j=1

Yo > Mn)-

o0
=P (Z V11, v0>(-8)u,y = k — 1
j=1

+P (maxyj > (1 =98u,
Jj>m

where

Ai(n) =P (r_nax yj > (1 —8uy
j>m

m
D,s =P (Z Ly <up.5>(1=8)un) = 1, Vyy < Sup
j=1

m
j=1

A

m
j=l+1

Moreover, setting I, = U;-”le {y; > (1 — 8)u,} we obtain

1
P((1 —28)up < yj < un)
Dys < + P Lulyo > un)
n J; POo > ) n n
P((1 —-26 <
— 1 (( )u”<y0_un)+P(Fn|yo>un).
P(yo > un)

Taking into account that for every fixed L > 0
m
LN {Yol < Lugy < | J {111 > L7 = 8)}
J=l+1
and that {A};cn is independent of Yy, we deduce

P (| yo > uy) <P(Iy, Yol < Luylyo > up) +P (1Yol > Luy| yo > uy)

n 1-36 P(|Y, L
< ZP(|Hj|> . )+ (ol = L)
j:l+1 (J’O>un)
L & P(|Yy| > Lu
< h 3 o P )
—O0 . (yo > up)

Jj=I+1
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Hence inequality (2.2) yields

P(Lulyo > un) <

00
< Lcy Z e_yj + P(|Yp| > Lun).
1_8;l+1 P(yo > uy,)

Thus we obtain the following upper bound:

P((1 —28)uy, < yo < un) i i 4 PUYol > Lun)
1- 5

D, s <l
" P(yo > uy,) P(yo > uy)

j=l+1

By condition Hy there exists some universal constant ¢ > 0 such that for every § > 0,/ > 1 and
L>0

. 1 Lc
limsup D, 5 <1 ((1 25 ) 1—*8 Z eV 4L

n—00 j=I+1

Taking in this inequality the limits limyz _, o, lim;— oo lims_, ¢ implies

lim limsup D, s = 0.

=0 n—oo

Therefore, by (5.7) we get the following upper bound

P(N,((0,€]) =k — 1| yo > up) < /Rq 8k ( ) Qu, (dy) + Ay (n) + A2(n) + Dy s.

A
1-5

Analogously, we obtain a lower bound

P(N,((0,e]) =k —1]y0 > uy) 2/ gk<1

) Ou, (dy) — Aj(n) — Asr(n) —
This concludes the proof of Theorem 3.5(b). [

6. The random coefficient autoregressive model

6.1. Extreme behaviour

In this section we consider model (1.2) satisfying (1.3). We can represent this process in the
form (1.1) with the sequences {A,},en and {{,},en defined in (1.4). We suppose that {A, },en
satisfies condition Aj.

Example 6.1. We start with an example satisfying A3. Consider model (1.2) for ¢ = 2 with
a1 = 0 and o7 = 0. In this case the corresponding matrix (1.4) has the following form:

2 2

An=<‘l"’“" gz> and EA; ® Aj = 8 22 o 8

1 0 0 O

The eigenvalues of this matrix can be calculated as

’ ) 4 2’ 2 4 2
O

Hence, condition A3 holds if o7 + a3 < 1.
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Theorem 3 in Feigin and Tweedie [6] in combination with Theorem 2.2(a) and (b) implies
immediately the following result.

Theorem 6.2. Consider model (1.2)—(1.3). We assume that &, has a positive Lebesgue density
on (=R, R) for some R € (0,00]. If A3 holds, then Y, = (yp,..., Yn—q+1) converges in
distribution to the random vector Yo in (2.3) for which E|Yso|? < o0. The process {Yp}nen
is v-uniformly geometric ergodic, where v(x) = 1 + x'Tx, x € RY, for some positive definite
matrix T. Moreover, {Y,},,eN is strongly mixing with geometric rate.

To derive the tail behaviour of the stationary rv ys = 7, Yoo for z, = (1,0, ..., 0)’ we require
the following additional conditions for the distributions of the coefficient vectors {n;,},cn and
the noise variables {&,}, cry in model (1.2).

D) The rvs {nin, 1 < i < q,n € N} are iid with symmetric continuous positive density ¢ (-)
which is non-increasing on Ry and moments of all order exist.
(D,) For some m € N we assume that E(cy; — ap)®" = Uf’"En%{" € (1, 00). In particular,
o1 > 0.
D3) E|&1|" < oo forallm > 2.
(D4) For every real sequence {ci}ren with 0 < Z,fil |ck| < oo, thervt = Z,fil ckéx has a
symmetric density, which is non-increasing on R .

As stated in Proposition 2.3 of [14] condition Dy is satisfied if the following simpler condition
holds:
(D)) The rv & has bounded symmetric density f, which is continuously differentiable with
bounded derivative ' < 0 on [0, 00).

An important example is the following.
Example 6.3 (Gaussian Model). Recall from Proposition 2.6 of [14] that for ;1,i = 1,...,q,
and & Gaussian rvs and o > 0 the conditions D; — D4 hold. We call this model the Gaussian
linear random coefficient model or simply Gaussian model. As was shown in Lemma 2.7 of [14],

this model is equivalent in distribution to an autoregressive model (with deterministic coefficients
a;) and ARCH(g) error term. [

A first step in studying the extremal behaviour of any stationary time series model is the tail
behaviour of the stationary distribution.

Theorem 6.4 (Kliippelberg and Pergamenchtchikov [14], Theorem 2.4). Consider model (1.1)
and (1.4). We assume that the sequences {nin, 1 <i < q},eN and {&,},eN are independent, that
conditions Az and D1-Dy4 hold, and that ag + qu > 0. Then the distribution of the vector (2.3)
satisfies

lim *P(' Yoo > 1) = h(z), z€S.
11— 00

The function h(-) is strictly positive and continuous on S and the parameter ) is given as the
unique positive solution of

k() =1, 6.1)
where for some probability measure v on S

. 1
() = tim (BlA; - A4,[%)!" szpc’Amv(dx),
N

and the solution of (6.1) satisfies . > 2.
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For the stationary process (1.1) this means that for every marginal rv y; = z,Yx with
Z* = (1503""0)/

lim *P(yx > 1) = h(zy) = hy.
11— 00

Thus Theorem 6.4 implies condition Hy for the model (1.2). The following Lemma guarantees
H; and Hj; its proof can be found in Section 6.2.

Lemma 6.5. Assume that condition D holds and that 012 > 0. Then the sequence of matrices
{A,}hen given in (1.4) satisfies H; and Hy.

Thus Theorem 3.4 implies immediately the following result.

Theorem 6.6. Consider model (1.2)—(1.3). Assume that conditions Az and D1 — D4 hold and
that 012 > 0 and aé + qu > 0. Assume, furthermore, that the positive solution A of (6.1) is
non-even. Then Theorem 3.4 holds for the process (1.2).

Example 6.7 (Continuation of Example 6.3). We derive sufficient conditions for the coefficients
in the Gaussian model (1.1) such that the solution A of Eq. (6.1) is non-even. To this end we
calculate « (4). For every matrix we denote its elements by (-). This yields II, = A, --- A =
({({In)ij)1<i, j<q- We represent the (1, 1)-element of this matrix by its recurrence form

(L) 11 = onin({n—1)11 +mn—1,
where m,_1 = a1{(Il,—1)11 + Z(;:z ajn(Il,—1) ;1 is independent of 7y,. Therefore, from the
Newton formula we get forn € N

E((IL) 10" = E@mia{l-)n +ma-)*
> o E(min) E(I-1)11)*

30 E( T, 1)1)*.

This implies that E((Hn)11)4 > (3014)” for all n € N. Then it is easy to show that « (4) > 3(7{t >
1 for all o7 > o0y = 3-1/4 ~ 0.76. From Theorem 6.4 we know that A > 2; therefore, for
o1 > 371/ the value X is non-even. [

6.2. Distributional properties of the random coefficient autoregressive model

In this section we prove Lemma 6.5. Condition D; ensures that the rv n1; has symmetric
positive density ¢ with certain additional properties. In the following lemma we show that this
implies that p,(y) = II;y has also a density, which can be given explicitly in terms of ¢. As
before we denote by (-) the components of the corresponding vector.

Lemma 6.8. Assume that condition D holds and 1 > 0. Then for y = (y1,...,y4) € Iy =
{y € R? : y1 # 0} the vector py(y) = (IIgy)1, ..., (II;y)q)" has a density given by

px,y) = p(x1,...,x4,¥)
qg—1
= 00, V) [ [ L2000 mjzi(x, ), x € RY, (6.2)

j=1
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where mj(x,y) = (Xj, ..., Xg, Y1, ...,yj_l)’ and
q
v—aiyr — ) oj1y;
=2
o, y) = E¢ ! , veR y=(,...,yy) € RL.
oilyil o1yl
Proof. The special form (1.4) of the matrices A; implies that for j = 1,...,g the vector

0j(y) € R? has the following components:

P =(Aj Ayt (AL Y1 Yg—j)

In particular,

Pg(¥) = Ay Aiy)1, ... (Aiy)). (6.3)
Notice now that for £ € N every linear combination Z?: L @jky; with y1 # 0 has the density
¢(v,y). Moreover, for j > 2 the rv (/I;y); has a conditional (conditioned on Ay, ..., A;_1)
density

Y, vy 20000, pj—1 ().

Here we took into account that P({(I];_1y); = 0) = 0 for j > 2. Now it is easy to show by
induction on J that the random vector ((A1y)1, ..., (II;y)1)" has for every y € I the following
density on R/

J
fj(zl’ ceesZj y) = QD(ZI, Y)Hl{z_,-_lgéO}‘P(ij ﬂj—l(zv )’)),

i=2
where
B2 Y) = (Zjs s 2 V1o Yg—j)
Therefore,
px1, . xg,Y) = fy(xgy oo X1, Y)

and we obtain (6.2). [

Next we prove H;: Notice that for z, = (1,0, ..., 0) we have W, C I, where [ is defined
in Lemma 6.8. Define I7*(y) = sup ;< z;11;y. We shall show by contradiction that for every
yelp

P(c(»)=0)=PUI"(y) =1 >0. (6.4)

So assume that P(¢(y) = 0) = 0 for some y € Ij. Then, immediately, P(IT*(y) > 1) = 1.
Now note that for the matrices {A,},cn of type (1.4) the vector p,(y) = Il;y has the form (6.3),
ie. pg(y) = (L I,y, ...,z II1y)'. Therefore,

PUI*(y) > 1) = EPUI"(y) > 1] pg(»)) = EF (p4(y)),

where the function F' is defined as

F(x) =P<<lmax xj> v IT*(x) > 1), x=(x1,...,x5) €RY,
<J=q
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with a V b = max(a, b). Moreover, for |x| < 1 by (2.2)

o0

F(x) =PUI"(x) > 1) < ZP(Z/IH]'X > 1)

j=1

o0 o0 .
< D EULxP <cy eVl
j=1 j=1

This implies that there exists 0 < r < 1 such that F(x) < 1/2ontheset B, = {x € RY : |x| <
r}. But by our assumption above we get

1 =PUI*(y) > 1) = EF(p4(y)) = /]1‘g F(x)p(x, y)dx, (6.5)
q
where the density p(x, y) is defined in (6.2) and, therefore,
/ p(x,y)dx > 0.
B,

Hence, the right hand side of equality (6.5) is strictly less than 1. This contradiction proves for
all y € I inequality (6.4), which implies condition Hj.

Finally, we check condition H;. By condition D and 012 > 0 the rv z,, A1y has a density for all
y € Iy, and thus P(z, A1y = a) = O fora € R. Suppose for some j € Nthat P(z II;y = a) =0
for every a € R. Then fora € R,

P i1y =a) <PEAjnlljy=a,zIy=0)+PAji1lljy=a,z Iy #0)

< P(Z;ij =0) +A P(Z;AjJr]x = a)P(ij € dx)
0

=PIy =0) +/ P(Z,A1x = a)P(Il;y € dx).

Iy
The first probability is equal to zero by assumption. The second term is equal to zero as the rv
Z,, A1x has a density for every x € I. This means that for all j € N and all a € R we have
P(z, 1}y = a) = 0. This implies Hj.
This concludes the proof of Lemma 6.5. [

Appendix A. Proof of Theorem 2.2(b)

For a stationary Markov process we have for functions f and % as in Definition 2.1,

E[f(....Y_1,YO)h(Yi, Yit1,...)]
=E[f(...Y_ 1, YQE[h(Ys, Yig1...) | Y}, j < k]
=E[f(....Y_1, Y0 H(Yp)]
=E[f(...Y_1,YQOEy,H(Yy],

where E, denotes the expectation, given the process starts in x, and
Eh(Yy, Yit1,...) = EH(Y;) = EH(Yoo),
where H(y) = Eyh(y, Y1, ...). Thus
IEfC..,Y_1,Y0)h(Yk, Yix1,...) —Ef(..,Y_1, YO )ER(Yy, Yiy1, .. )|
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= [E[f(...,Y_1, Yo)(Ey, H(Yy) — EH(Yoo))]|
< E|Ey,H(Y;) — EH(Yx)|
< RpFEv(Yo) = Rp*Ev(Yoo) < Ro*(1 4 |T|E| Yoo %),

and this implies inequality (2.5) with C* = R(1 + ITIE|Ys|?) < 00. O
Appendix B. Properties of the functions g

Recall the functions g from (3.10).

Lemma B.1. Under condition Hj the functions gi(-) are continuous for all k € N.
Proof. By the definition of ¢ in (3.7) we have for every k € N

gk () — gx(o)| < 2P(w(y,yo) = 1), y,y0 € Wy,

where v(y, yo) = ZC;OZI Lig; =1y — Lig;5p)=13] and &;(y) = 2z, 11} y. Therefore, it suffices to
show that

lim P(u(y, yo) = 1) = 0. (B.1)
y—>Yo

For every fixed) < ¢ < 1/2 weset [, = ﬂ;ilﬂf;’j(y) —£&;(y0)| < &}. Taking into account that

oy =N (il —e <&(o) < 1+¢)
j=1

we get
Pw(y,y0) = 1) =P(u(y. y0) = L. Is) + P([Y)
< P(U{l —e<&() <1 +e}) +P(I)
j=1

<Y PU-e<t00<1+e+ Y PEG) = 1/2) +PUY)

j=l+1

~.
I
—_

I [ee)
<Y PA-e<&00) <1+e)+4 > ElgGo) +PUY).
1 j=l+1

~.
Il

Moreover, by Chebyshev’s inequality and (2.2) we can estimate the last probability as

P(IY) = D _P(E() — &G0l > &) = 5 D Kl (0) = &G0l
j=1 j=1

1 s 00 s Cx 5 00 )
—ly — 4 Hly — —vi
< 82|y Yol E E|I1;| ngly yol E e .
j=1 J=1
Therefore,

l

Pu(y,y0) = 1) < Y P(l—& <&(y0) < 1+¢)
j=1
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00 c )
i * —yi
eyl Y e+ Sy =yl Y e
j=l+1 € j=1

By condition H; and taking here limits y — yg, ¢ — 0 and [ — oo we obtain (B.1). O
Appendix C. Proof of Lemma 4.5

Let u be a subsequential vague limit, i.e. if there exists a sequence #, — oo such that

my, = W, then (@B, ;) = O for the set B, , = uW, forevery u > 0 and x € R? \ {0}.
Indeed, in this case

Bux={yeE:(x,y)=ulC{yeE:(1-8u< (x,y) < (1+8u}= G

for all 0 < § < 1. Therefore, by the property of vague convergence (see Kallenberg [11],
Theorem 15.7.2(iii)) and the limiting relationship (4.3) we have for every 0 < § < u and Gs as
above,

M(aBu,x)

IA

w(Gs) < liminfm,, (Gy)

— lim P(x' Yoo > th(1 — 8)u) — P(x' Yoo > t,(1 + 8)u)

fn—>00 P(Z, Yoo > ty)
i P(x'Yoo > (1 — &)ut,) — P(x'Ys

tp—>00 Pz, Yoo > tn)

= h@u ™ (1= =1 +87%).

Taking the limit for 6 — O implies that (9B, x) = 0. By Theorem 15.7.2(ii) of Kallenberg [11]
and condition Hy we get (4.4). Next we show (4.5). An application of (4.4) yields

v

(1 + 8)uty)

o0
f 12’ yI" n(dy) = V/ "y € RY : |2'y| > max(u, 1))dt
|2/ yl>u 0
o0
=u'uly eR?: |7y >u)+ v/ Py eRY |y > ndr
u

o0
=h(z)u”**+h(z)u/ A

u

This implies (4.5). Analogous reasoning yields (4.6). O
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